
ACTA
UNIVERSITATIS

UPSALIENSIS
UPPSALA

2022

Digital Comprehensive Summaries of Uppsala Dissertations
from the Faculty of Science and Technology 2134

Numerical and laboratory studies
of seismic properties and elements
of rock fabric from the microscale
to the macroscale

MOHSEN BAZARGAN

ISSN 1651-6214
ISBN 978-91-513-1464-8
URN urn:nbn:se:uu:diva-469808



Dissertation presented at Uppsala University to be publicly examined in Hambergsalen,
Geocentrum, Villavägen 16, Uppsala, Friday, 20 May 2022 at 11:13 for the degree of Doctor
of Philosophy. The examination will be conducted in English. Faculty examiner: Professor
Qin Wang (Nanjing University, China).

Abstract
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Physical properties of rocks studied in the laboratory are useful to provide constraints on the
dynamics of Earth’s interior. This may include direct constraints on in-situ seismic properties,
such as elastic wave velocity measurements that can be compared to seismological data, or
petrofabric indicators such as anisotropy of magnetic susceptibility (AMS). Another approach
that provides predictive insight into the physical properties of Earth’s interior are computer
models. Numerical modelling, in particular, can be used to investigate the dynamic propagation
of elastic waves or the flow of a material to generate a fabric or texture (i.e., petrofabric in
rocks). This thesis focuses on an integrative approach, utilizing both laboratory measurements
and numerical modelling, to understand physical properties and petrofabric development in
rocks originating in Earth’s crust. The physical properties of rocks are affected by both intrinsic
sources (e.g., inherent to crystals) and extrinsic sources (e.g., layering, microcracks, shape
preferred orientation of crystals, grain size, presence of geological fluids). A versatile numerical
elastic wave propagation model is constructed with COMSOL Multiphysicsâ and benchmarked
against a stainless-steel standard used for laboratory elastic wave measurements. The numerical
model is flexible and enables setup of composite materials with different sample geometries,
which is of importance when modeling the physical properties of rocks in realistic geological
scenarios. Using the elastic wave propagation model, this thesis explores different scenarios
and their influence on seismic properties, including the effect of grain size on bulk elastic wave
speed and compositional layering on seismic anisotropy. The first application focuses on a joint
laboratory and numerical study of similar composition gabbro samples, with distinctly different
grain size. The numerical model is used to evaluate the relationship between wavelength and
grain size. The second application utilizes laboratory measurements as input data for the models,
to determine seismic properties of compositionally layered materials. It is shown that the seismic
properties, and in particular anisotropy, of a layered material depends on 1) the combination of
the inherent rock properties and layering and 2) the wavelength (l) to layer thickness ratio (d).
Importantly, independent of scale, the physical properties are wavelength dependent, showing
a decrease (apparent dispersion) in velocity, when transitioning from a ray medium (l/d <
1) to an effective medium (l/d > 10). In the second part of this thesis, another COMSOL
Multiphysics modelling approach is used to investigate how crystals rotate in a magmatic flow,
and how a petrofabric in different magmatic rocks may develop. A set of different magmatic
flow scenarios are explored, with direct application to natural examples of dykes and magma
chambers. These numerical models may serve as useful predictors of petrofabric in igneous
rocks where determination of flow direction of magma is of interest.
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1. Introduction  

 

1.1. Background and motivation for the thesis 

Geological reconstructions based on geophysical observations are important 

to understand the processes and structure of Earth’s unexposed interior. How-

ever, the challenge in the correlation between the geological and geophysical 

results remain, leaving uncertainties in interpretation. Seismic methods are 

particularly useful to understand and investigate tectonic and geodynamic pro-

cesses and understand Earth’s interior structure (Christensen and Mooney, 

1995; Mooney, 2015). Compressional (P) and shear (S) wave velocities (Vp, 

Vs), their ratio (Vp/Vs) and directional dependence (anisotropy) of Vp and Vs 

provide seismic attributes that can be extracted from geophysical data and 

used for a geological interpretation. These seismic attributes play a central role 

in this thesis, and they are explored using laboratory measurements and nu-

merical modelling.  

Another aspect addressed in this thesis concerns rock fabric and mineral 

orientation. These geological attributes reflect the dynamic processes that are 

ongoing inside the Earth. Rock and mineral fabrics concern a very wide area 

of research, which can by itself be divided into many sub-topics, including 

how tectonic deformation produces mineral textures and how magmatic flow 

can generate preferred orientation of crystals in a dike (e.g., Paaschier and 

Trouw, 2005; Higgins, 2006). Direct measurements for how minerals are ori-

ented, such as crystallographic preferred orientation (CPO) and shape pre-

ferred orientation (SPO), are crucial in regards to gaining insights into rock-

forming processes. Microstructural attributes such as CPO and SPO directly 

influence physical properties, and because of this, the anisotropy of physical 

properties tends to reflect the microstructural arrangement, as long as the 

mathematical expression of the physical property allows this (e.g., the prop-

erty needs to be expressed through a second rank tensor or higher rank).  

Interpreting seismic anisotropy is challenging, as anisotropy originates 

from across scales, and can result from both intrinsic and extrinsic sources 

(Almqvist and Mainprice 2017). Elastic anisotropy arising from a single crys-

tal is considered to be an intrinsic source of anisotropy; CPO and its effect on 

“I have not asked for life. But I 
try to accept whatever life 
brings without surprise.” 

Omar Khayyám 
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anisotropy are categorized as an intrinsic source of microscale anisotropy. Ex-

amples of extrinsic sources of anisotropy include grain shape (and shape pre-

ferred anisotropy; SPO), presence of pores and microcracks, grain size and 

layering. The study of anisotropy has an important role in various applications 

concerning the crust, and is used in exploration (e.g., Tsvankin et al., 2010; 

Thomsen, 2014), and in particular to better understand the structure and com-

position of the crust (Christensen 1965; 1979 and 1995; Anderson et al., 1974; 

Fountain, 1976; Mainprice and Nicolas, 1989; Burke and Fountain, 1990; Ba-

buska and Cara, 1992; Burlini and Fountain, 1993; Mooney and Meissner, 

1992; Kern, 1990; 2011; Kern et al., 1979; 1991; 1995; 1997; 2008; 2009; 

Kern and Wenk, 1990; Barruol and Mainprice, 1993; Barruol and Kern, 1996; 

Shapiro et al., 2004; Schulte-Pelkum et al., 2005; Valcke et al., 2006; Ferri et 

al., 2007; 2015; Wang et al., 2009; Schijns et al., 2012; Wenk et al., 2012; Ji 

et al., 2013; 2015; Almqvist et al., 2013; 2015; Audet, 2015; Mooney, 2015; 

Ko and Jung, 2015; Punturo et al., 2017; Cyprych et al., 2017; Cao et al., 2021; 

Han and Jung, 2021; note that this list of references is not exhaustive, but 

represents a selection of studies that focus on seismic anistropty as observed 

in crustal geological settings). Although seismic anisotropy and the origins of 

petrofabric have served as the main motivation for this thesis, several aspects 

of seismic properties are explored (in the first part of the thesis), and crystal 

rotation in magmatic rocks (second part of the thesis), which grew out of the 

research questions that were posed during the doctoratal studies.  

1.2. Aim of the thesis 

The aim of the thesis is to produce a better understanding of the physical prop-

erties of rocks, with particular emphasis on interpretative constraints on seis-

mic properties and anisotropy. To achieve this aim a numerical modelling tool 

is produced to provide predictive rock physics models that can be used in com-

bination with laboratory measurements. Particular focus is placed on how mi-

crostructural and geometrical effects influence seismic wave propagation and 

seismic attributes. Numerical and predictive models are valuable to study 

Earth’s interior. Numerical and analytical methods can assist in reducing the 

uncertainty arising from laboratory experiments and measurements. The out-

come of the thesis strives to impact not only in the field of rock physics but 

hopefully the larger geophysical and geodynamic science communities. 

1.3. Research approach and outcome 

The kappa of this thesis is presented in six chapters, and the scientific papers 

and manuscripts that accompany the thesis. Chapter 1 is an introduction with 

a motive for the doctoral research. Chapter 2 focuses on the methodology used 
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in the thesis, which includes laboratory measurements techniques (2.1), in-

cluding and elastic properties and anisotropy, and anisotropy of magnetic sus-

ceptibility (AMS). Section (2.2) introduces the numerical methods applied in 

the thesis. Summaries of the six papers comprising the thesis is given in chap-

ter 3, followed by a discussion. Chapter 5 provides conclusions and an outlook 

further potential research topics that can be explored. Chapter 6 contains a 

Swedish summary of the work contained in this thesis. The remainder of the 

thesis consists in the six manuscripts that were produced during the doctoral 

research and below follows a brief summary for each of these. 

In paper Ⅰ we present laboratory measurements of elastic wave speeds 

for eight samples collected from the COSC-1 scientific deep drilling project. 

Drill core samples were selected from the top 1500 m of the borehole, and 

chosen to be representative of the Lower Seve Nappe of the Scandinavian Cal-

edonides. Elastic wave speeds and anisotropy were measured at pressures up 

to 600 MPa and temperature up to 600 C, using a specially designed multi-

anvil apparatus at Kiel University. The contribution of microcracks to elastic 

anisotropy are established, and is shown to be non-trivial, even at the high 

confining pressures and temperatures expected in mid- to lower crustal set-

tings. In addition, anisotropy of magnetic susceptibility and the temperature 

of magnetic susceptibility were measured on the same samples for identifica-

tion of the magnetic mineral composition and was used as a proxy for the 

petrofabric. The connection between elastic wave speed anisotropy and ani-

sotropy of magnetic susceptibility is explored, and a schematic relationship is 

defined based on the observed magnetic susceptibility parameters. This sche-

matic relationship can provide a helpful guide for the circumstances where 

magnetic susceptibility anisotropy is a suitable proxy for elastic anistropy. 

In paper II we verify and benchmark a numerical model developed as part 

of this thesis with experimental data of a stainless-steel sample used for cali-

bration of the multianvil apparatus used for elastic wave speed measurements 

(see paper I). The model is developed with the COMSOL Multiphysics soft-

ware and tested with compressional and shear wave velocities (Vp, Vs) in a 

steel specimen, as a function of confining pressures up to 600 MPa and tem-

perature up to 600 C. 

In paper Ⅲ we explore the effect of grain size on elastic wave velocity in 

laboratory measurements. Three different gabbro samples, collected from the 

Troodos ophiolite on Cyprus, showed similar mineral modal and geochemical 

composition. Although minor compositional differences are observed, the 

main difference between these three gabbros are their grain size. From the 

elastic wave measurement, it is evident that pressure and shear wave velocities 

are significantly higher in the coarse-grained sample compared to the finer 

grained grained samples. Voigt and Reuss effective medium bounds fail to 

predict or explain the difference in elastic wave speeds calculated from the 

mineral composition of the three gabbros. We use the elastic wave propaga-
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tion numerical toolbox in COMSOL (paper II) to test the grain size effect nu-

merically, and find that differences in grain size has a significant impact on 

elastic wave speed. The change in elastic wave speed arises because of the 

material transition from a ray medium to an effective medium, arising from 

the relationship between the wavelength of the ultrasonic wave and the size of 

the grains in the rock.  

In paper IV we numerically explore the effect of layering on seismic at-

tributes, focusing on apparent velocities of compressional waves, Vp, and an-

isotropy of Vp. We address the relationship between wavelength to layer 

thickness ratio and wave velocity, which gives rise to a transition from a ray 

medium to an effective medium. We present the combination of intrinsic and 

extrinsic anisotropy effects on the seismic wave and their influences on seis-

mic attributes. We used the elastic property data from paper I, and applied 

these results as a case study for the layered metamorphic rocks observed in 

COSC-1, providing insights into sources of seismic wave speed, reflectivity 

and anisotropy in a layered medium with layers of either homogeneous (peri-

odic) or inhomogeneous (non-periodic) thickness. 

In paper V, we study the rotation of elongate crystals in viscous flows.  We 

present a new theory that allows the evolution of the probability density func-

tion of crystal orientations to be calculated based on the details of the flow 

field and the rotational behavior of a single crystal in a pure shear flow.  For 

the crystal rotation model, we mostly use the analytical solution for ellipsoidal 

crystals, but we also demonstrate the applicability of the model to other crystal 

shapes for which only numerical solutions exist.  The new model is verified 

against previous work on very simple flows, which used large numbers of 

crystals to approximate a probability density function.  Additional solutions 

are shown for different flow fields with known analytical solutions, which al-

low for the calculation of crystal orientations at very high spatial resolution. 

Paper VI provides numerical applications of the theory developed in paper 

V.  Whereas previous work was limited to steady and spatially homogeneous 

flows, in this study we show probability density functions of crystal orienta-

tions for more general flow patterns which are likely to be common in volcanic 

plumbing systems, such as flow from a dike into a reservoir or from a reservoir 

into a dike; flow inside an inflating or deflating magma chamber; flow in a 

dyke with a sharp bend, and thermal convection in a magma chamber.  The 

purpose of this study is to provide crystal orientations as the result of simpli-

fied flow geometries in order to help interpret observations of crystal orienta-

tions and infer the paleo-flow regimes in magmatic rocks. 
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2. Methodology 

Laboratory and numerical methods were used to conduct the research pre-

sented in this thesis. In this chapter, I present a brief overview of the main 

methods used to investigate the scientific questions formulated for this thesis 

and provide a reference for further information.  

2.1. Laboratory experimental methods 

A number of laboratory techniques were used on the rock samples that were 

investigated as part of this thesis. Here we present the laboratory methods that 

provided measurement data for the results section and articles of the thesis.  

2.1.1. Elastic wave speed measurements 

The elastic wave speed measurements presented as part of this thesis were 

measured with a multi-anvil apparatus at the Institute for Geosciences at the 

Christian Albert University of Kiel, Germany (Kern, 1990; Motra and Stutz, 

2018). This experimental setup is able to apply confining pressure to a sample 

and an associated furnace can heat samples (Figure 2.1a). The apparatus has 

six pistons to apply stresses along three principal axes; when the stresses are 

equal for all pistons it is possible to achieve a lithostatic confining pressure. 

The ultrasonic pulse transmission technique (Birch, 1960; 1961; Ji et al., 2002) 

was used for velocity measurements with transducers operating at 1 MHz for 

compressional - and shear - waves, respectively. Three ultrasonic transducers 

are mounted at the end of each piston, in a configuration that allowed for the 

measurements of one compressional wave velocity, Vp, and two orthogonally 

polarized shear wave velocities, Vs1 and Vs2. Each set of results for a sample 

is therefore composed of nine velocities: three P-wave velocities and six S-

wave velocities. Splitting of shear waves is obtained for each direction by two 

sets of orthogonally polarized transducers.  

Initially, the time-of-flight is measured, by picking the arrivals of the P- 

and two polarized S-waves. The precision of timing measurements is +/− 5 ns, 

and the timing accuracy is better than +/− 0.5%. Elastic wave velocities were 

calculated by considering the sample length divided by the time-of-flight. 

Along the different sample axes, the fastest Vp and Vs directions are referred 
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to as Vpmax and Vsmax, whereas the slowest axes are called Vpmin and Vsmin 

(Bazargan et al., 2019; 2020 and 2021). From Vp and Vs, we calculate the 

difference in shear wave speed (dVs), the anisotropy of the P-wave (% AVp) 

and anisotropy of the shear wave (% AVs), such that  

 

𝑑𝑉𝑠 =  𝑉𝑠1 –  𝑉𝑠2 1 

%𝐴𝑉𝑝 =
𝑉𝑝𝑚𝑎𝑥 − 𝑉𝑝𝑚𝑖𝑛

𝑉𝑝𝑚𝑒𝑎𝑛
∗ 100 

2 

% 𝐴𝑉𝑠 =
𝑉𝑠𝑚𝑎𝑥−𝑉𝑠𝑚𝑖𝑛

𝑉𝑠𝑚𝑒𝑎𝑛
*100  3 

Note that for the shear wave, the dVs is calculated along each of the three 

perpendicular sample axes, X, Y and Z, whereas %AVs represents the maxi-

mum and minimum Vs measured for a sample.  The mean Vp and Vs are 

calculated by 

𝑉𝑝𝑚𝑒𝑎𝑛 =
𝑉𝑝𝑚𝑎𝑥 + 𝑉𝑝𝑖𝑛𝑡 + 𝑉𝑝𝑚𝑖𝑛

3
 

4 

𝑉𝑠𝑚𝑒𝑎𝑛 =
𝑉𝑠𝑚𝑎𝑥 + 𝑉𝑠𝑖𝑛𝑡 + 𝑉𝑠𝑚𝑖𝑛

3
 

5 

The sample shape is cubic with sides that are 43 mm along each axis (Figure 

2.2). The edge of each sample were ground to prevent or reduce high-stress 

concentrations and sample damages when pressurizing the sample. The pis-

tons are capable to increase the confining pressure from ambient conditions to 

600 MPa. The heating system implanted in the pistons can apply temperatures 

up to 750oC. The increase in temperature is applied in parallel with confining 

pressure. By increasing the induced temperature by 1 C per 1 MPa confining 

pressure, it is possible to reduce the initiation or propagation of thermally in-

duced cracks. During measurements, with application of pressure and temper-

ature on the samples, the samples are subjected to compaction and thermal 

expansion. The compaction and expansion results in a change of volume of 

the sample. Twelve strain gauges are fitted on the six pistons to monitor the 

linear strain on each side of sample; changes in sample volume and length 

were accounted in the calculation of elastic wave speed. Calibration is im-

portant in order to collect reliable Vp and Vs data during measurements, which 

is performed with a stainless-steel standard of known elastic wave speed as a 

function of pressure and temperature. The calibration was carried out to ac-

count for the unknown travel time in the pistons, which could subsequently be 

subtracted from the time-of-flight for the sending transducer to the receiver. 

In addition, by accounting for the volume changes with the strain gauges or 

piston displacement sensors, it was possible to correct Vp and Vs during pres-

surization, depressurization and temperature cycling. 
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Figure 2.1. a) Pistons of the multi-anvil apparatus, showing the sample center; b) plan-
view of the apparatus, showing the setup of the sample, with respect to the pressuriz-
ing pistons and ultrasonic transducers (see text for further details); c) three principal 
axes where X is parallel to mineral lineation, Y is in the foliation plane but perpen-
dicular to X, and Z is perpendicular to the foliation plane. The images in b) and c) 
have been modified from Kern (2011). 
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Figure 2.2. Typical samples used for laboratory measurements of elastic wave speeds. 
Prior to testing, the samples were cut and grinded. The number written on each sample 
refers to their position in the samples list for experiments. These samples were carbon-
coated before placed in the apparatus and start the measurement.  

2.1.2. Magnetic susceptibility and anisotropy of 

magnetic susceptibility 

Magnetic susceptibility is the ability of a material to acquire an induced mag-

netization, or in other words the ability of a material to become magnetized. 

The susceptibility of a magnetically isotropic material (k) can be described by 

 

𝑴 = 𝑘𝑯     6 

 

where M is the magnetization in A/m and H the applied field in A/m. The 

magnetic susceptibility, k, is therefore unitless in the SI system. 
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Magnetic anisotropy is the directional variability of a certain magnetic 

property, usually of magnetic susceptibility, which is referred to as anisotropy 

of magnetic susceptibility (AMS). Magnetic susceptibility anisotropy is de-

fined as kij = Mi / Hj, where Hj is the magnetic field intensity applied along a 

vector and Mi is the magnetization vector (the bold lettering indicates that M 

and H are vector quantities). Given that M and H are vectors, kij is a second 

rank tensor that is symmetric, such that 

 

[
𝑀1

𝑀2

𝑀3

] = [

𝑘11 𝑘12 𝑘13

𝑘21 𝑘22 𝑘23

𝑘31 𝑘31 𝑘33

] [  
𝐻1

𝐻2

𝐻3

]   7 

Using the values of second rank tensor values, which are determined by meas-

urements, it is possible to calculate the eigenvalues and eigenvectors of the 

susceptibility. These values are represented by maximum (kmax), intermediate 

(kint) and minimum (kmin) principal axes of susceptibility, which are defined 

by kmax  kint  kmin. The principal axes are orthogonal and can be used to 

define an ellipsoid of susceptibility (Fig. 2.3a). The principal axes are used to 

calculate a number of different anisotropy parameters, including: 

 

μ1 = ln(kmax) , μ2 = ln(kInt) , μ3 = ln(kmin) , μm = ln(kmean)

  

8; 

 

𝑘𝑚𝑒𝑎𝑛 =
𝑘𝑚𝑎𝑥+𝑘𝐼𝑛𝑡+𝑘

3
  9; 

Pj = exp√(2(μ1 −  μm)2 + (μ2 −  μm)2 + (μ3 −  μm)2) 10; 

Tj = 
2μ2 − μ1 − μ3

μ1 −  μ3
 

11; 

F =  
kInt

kmin
  12; 

L =  
kmax

kInt
 

13. 

where kmean is the mean susceptibility; Pj is the degree of anisotropy (eq. 10), 

indicative of the magnitude of the anisotropy; Tj is the shape of anisotropy 

(eq. 11); F and L are the magnetic foliation and lineation. 

The Agico multifunction kappabridge (MFK1-FA) is a flexible instrument 

to measure magnetic susceptibility (Figure 2.4), with a range of options to 

measure bulk susceptibility and anisotropy of magnetic susceptibility (AMS) 

on cubic, cylindrical and powder packed samples. As part of this thesis we 

studied cubic samples are with 21 mm width (Fig. 2.5). These samples were 
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cut from cubic samples that had been used for seismic measurements with the 

true triaxial apparatus; eight cubic ~21 mm size samples were prepared from 

each 43 mm sample. The magnetic susceptibility anisotropy was determined 

by measuring the magnetic susceptibility in semi-continuous rotation mode, 

where the sample rotated continuously in three perpendicular planes. The data 

was processed to produce the second rank magnetic susceptibility tensor. The 

averaged values of kmax, kint and kmin, based on up to eight separate cubes, were 

used to calculate the AMS parameters in described equations 8-13. 

 
Figure 2.3. a) The three orthogonal axes kmax, kint and kmin, define the AMS ellipsoid; 
kmax and kint define the magnetic foliation plane, and the kmax axis define the magnetic 
lineation; kmin is perpendicular to the magnetic foliation plane; b) Degree of anisotropy 
(Pj) and shape factor of the AMS ellipsoid (T) shown in a Jelinek diagram, after 
Jelinek (1981). The figure is modified after de Wall (2005). 

2.1.3. Temperature dependent magnetic susceptibility 

The MFK1-FA can also be used measure the bulk susceptibility as a function 

of temperature from room temperature up to 700C in an inert argon gas at-

mosphere, using the CS-4 furnace attachment. This method is used to study 

what minerals are contributing to the susceptibility of each sample. This test 

is done on powdered samples. Therefore from eight small cubies that were 

measured for AMS (Figure 2.5), one was selected for temperature dependent 

measurements. The cube was crushed initially to smaller pieces with the mill-

ing machine, followed by grinding to a powder state with an agate pestle and 

mortar. During increasing and decreasing temperature the bulk susceptibility 

of each sample changes (Fig. 2.6). The shape of these curves provides insight 

into the types of magnetic minerals that exists in the rock samples and con-

tribute to the magnetic susceptibility of each sample. 
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Figure 2.4. The Agico multifunction Kappabridge (MFK1-FA) instrument used for 
AMS and thermomagnetic measurements at Uppsala University. 

 
Figure 2.5. eight cubic sub-samples were cut and prepared for AMS measurements, 
from sample 340 (after ultrasonic velocity measurements). The labels on the cube state 
346, but note that this is a labelling mistake. 

Ferromagnetic minerals are identified by the Curie temperature, which is a 

characteristic temperature for different minerals; above this temperature, the 

magnetic ordering in ferromagnetic minerals is destroyed and only 

paramagnetic behaviour is seen (e.g., Fig. 2.6). A characteristic behaviour of 
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magnetic susceptibility, during both heating and cooling is the Hopkinson 

peak. This peak defines a transition in domain state, and preceedes the Curie 

temperature of a specific ferromagnetic mineral; it is noticeable as increase of 

the k-T curve before the Curie temperature (e.g., Bazargan et al, 2021). 

 
Figure 2.6. Change in the magnetic susceptibility as a function of increasing temper-
ature (red line) from room temperature to 700C and during decreasing temperature 
(blue line) from 700C to room temperature. The sample is an amphibolite from the 
COSC-1 drill core (COSC-274) where the signal results mainly from paramagnetic 
amphibole (hornblende). 

2.1.4 Petrographic microscopy and analytical instrument use 

In order to do petrographic and mineral composition investigations, polished, 

oriented, thin sections were prepared for selected samples. Oriented thin sec-

tions were made perpendicular to and the foliation (Figure 2.7). We also used 

standard petrographic light microscopy to identify the microstructure, modal 

mineral composition and a qualitative signature of deformation. In this section 

we would like to indicate that an electron micro probe analyzer (Kiel Univer-

sity) was used for Paper III in the thesis, to identify the chemical composition 

of minerals.  
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Figure 2.7. Example of photomicrographs of an amphibolite, from the COSC-1 bore-
hole (sample COSC-274, studied in Paper I). The dominant minerals in the image are 
plagioclase (Plg) and amphibole (Amp). The left-hand image is taken in plane-polar-
ized light and the right-hand image in cross-polarized light. 

2.2. Theoretical background and numerical methods 

This section gives an overview of the theoretical background for elastic wave 

propagation and crystal rotations, which in part comprise the subjects of pa-

pers II-VI. Numerical modeling was carried out with COMSOL Multiphys-

ics, using mainly the solid mechanics module for the study of elastic wave 

propagation and the heat transfer, fluid flow and chemical species transport 

module for studies of crystal rotations in a flow (papers V and VI). 

2.2.1. Elastic wave propagation 

In the elastic limit, a solid body of material will change shape according to the 

stress () that is applied to it and revert back to its original shape once the 

stress is removed (i.e., small recoverable strains). In a linear elastic material, 

the strain () of the material (i.e., change in shape) is proportional to the ap-

plied stress, an effect that was originally described by Robert Hooke in 1676. 

In Hooke’s law the elasticity of a material is described either by its compli-

ance, s ( = s), or the reciprocal of compliance, which is known as the stiff-

ness, c ( = c, or c =1/s) (Nye, 1972).  

In an isotropic linear elastic material, Hooke’s law can be defined as 

(Mavko et al., 2020), 

𝜎𝑖𝑗 = 𝜆𝛿𝑖𝑗휀𝛼𝛼 + 2𝜇휀𝑖𝑗                        14, 

where, ij is the stress tensor, ij is the strain tensor,  is the volumetric strain, 

 is Lame’s first constant, µ is Lame’s second constant (shear modulus) and 

ij is the Kronecker delta where  ij = 0 if i  j and ij = 1 if i = j. From eq. 14 



 

 24 

it becomes clear that an isotropic linear elastic material is described by two 

elastic moduli, in this case  and µ. Several textbooks describe the mathemat-

ical relationship among the different elastic constants, and we refer to these 

for a more in-depth discussion on their relation (e.g., Mavko et al., 2020). 

From the generalized form of Hooke's law for an anisotropic, linear and elas-

tic material (Mavko et al., 2020), the relation between strain and stress tensors 

is 

ij = cijklεkl,     14, 

where ij and εkl are the elements of stress and strain tensors and cijkl are the 

elements of the elastic stiffness tensor, which is a fourth rank tensor with 81 

components (and, the reciprocal relationship the compliance is given by εij = 

sijkl). The symmetry of the strain and stress tensors implies cijkl = cjikl = cijlk = cjilk, 

which to 36. Using the strain energy function, the total number of independent 

parameters is reduced to 21, with the additional symmetry condition cijkl = cklij. 

For a homogeneous linear elastic material, the total number of independent 

constants. For specific cases, additional symmetries may further reduce the 

number of independent constants. The highest symmetry, for an isotropic me-

dium, is characterized by two elastic constants and the lowest symmetry rep-

resents a triclinic material, which is described by the full set of 21 elastic con-

stants. Because of the reduction in elastic constants, it is common to express 

the elastic stiffness tensor in Voigt matrix notation (Auld, 1990) as, 

 

[C] =

[
 
 
 
 
 
C11   C12 𝐶13 𝐶14 𝐶15 C16
C21
C31

C22
C32

C23
𝐶33

C24
C34

C25
C35

C26
C36

0
0
0

0
0
0

    0
    0
    0

  
𝐶44
0
0

C45
C55
   0

𝐶46
𝐶56
C66]

 
 
 
 
 

                    15. 

In this abbreviated Voigt notation matrix form, the indices ij(kl) are replaced 

with I(J), according to the convention:  

  

 ij(kl) I(J) 

 11 1 

 22 2 

 33 3 

 23, 32 4 

 13, 31 5 

 12, 21 6. 

The phase velocities of elastic body compressional (Vp) and shear (Vs) waves 

in an isotropic medium are given by, 
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𝑉𝑝 = √
λ+2μ

𝜌
 , or    𝑉𝑝 = √

C11

𝜌
   16; 

 

𝑉𝑠 = √
μ

𝜌
 , or    𝑉𝑠 = √

C44

𝜌
    17, 

where  is Lame’s first constant, µ is the shear modulus and ρ is the density 

(note that the expressions for C11 and C44 in equations 16 and 17 can be used 

only in the isotropic case; Mavko et al., 2020). 

In an anisotropic medium, the phase velocities are described by three prop-

agation modes: the quasi-longitudinal (Vp), quasi-shear (Vsv) and pure-shear 

(Vsh) (Mavko et al., 1996; Alkhalifah, 1998; 2000). A transversely isotropic 

(TI) or hexagonal medium is commonly used to describe the layered anisot-

ropy of Earth’s interior (Fig. 2.8), and has five independent elastic constants:  

 

[C(TI)] =

[
 
 
 
 
 
C11   C12 𝐶13 0 0 0
C12
C13

C11
C13

C13
𝐶33

0
0

0
 0

0
0

0
0
0

0
0
0

    0
    0
    0

  
𝐶44
0
0

0
C44
   0

0
0

C66]
 
 
 
 
 

  18 

The wave propagation of the three modes in any plane containing the sym-

metry axis are given by 

 

𝑉𝑝  = (𝐶11𝑠𝑖𝑛2 𝜃 +  𝐶33𝑐𝑜𝑠2 𝜃 +  𝐶44 + √𝑀)1/2(2𝜌)−1/2    19 

 

𝑉𝑠𝑣  = (𝐶11𝑠𝑖𝑛2 𝜃 +  𝐶33𝑐𝑜𝑠2 𝜃 +  𝐶44 − √𝑀)1/2(2𝜌)−1/2  20 

Vsh =  
(C66sin

2
θ + C44cos

2
θ) 1/2

ρ
   21 

 

and, 

 

𝑀 = [(𝐶11 − 𝐶44)𝑠𝑖𝑛2𝜃 − (𝐶33 − 𝐶44)𝑐𝑜𝑠2𝜃]2 + (𝐶13 +  𝐶44)2𝑠𝑖𝑛22𝜃.22 

The angle θ in equations 19 – 22, is the angle of the wave propagation direc-

tion relative to the symmetry axis. 
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Figure 2.8. Example of elastic wave propagation in a TI medium, formed from hori-
zontal layers. A point source (upper left corner) was used to generate a compressional 
wave that propagate dynamically through the material. The amplitude (given in µm) 
of the wave is shown in color. 

2.2.2. Transmission and reflection of elastic waves 

The transmission spectrum in a layered medium was computed in COMSOL 

Multiphysics by calculating the amplitude of the transmitted wave relative to 

the incident wave in a P-wave model with multiple layers that are perpendic-

ular to the propagation direction. This is best done in the frequency domain 

because the model runs rapidly in that mode, considering a large number of 

frequencies. Consider the following setup of Figure 2.9, with parameters for 

materials given in Table 2.1. The problem is solved in the space-frequency 

domain. 
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Table 2.1: Parameters used in the model, plus calculated P-wave velocities and reflec-

tion coefficient. 

Parameters Symbol Value 

Bulk modulus  K1 10e9 GPa 

Shear modulus μ1 5e9 GPa 

Density ρ1 2500 kg/m³ 

P-wave velocity V1 2.582e3 m/s 

Bulk modulus K2 40e9 GPa 

Shear modulus μ2 20e9 GPa 

Density ρ2 2500 kg/m³ 

P-wave velocity V2 5.165e3 m/s 

Reflection coefficient 1 to 2 R12 0.333 

 
Figure 2.9. Model setup. P-waves travel from top boundary to bottom boundary. Sides 
move freely up and down. The top boundary is driven with periodic displacement of 
amplitude Atop = 0.1 m. Material 1 is shown in gray, material 2 in purple. Additional 
horizontal lines can be used for measurement but have no physical effect. 

The result for a given frequency is shown in Figure 2.10 where waves at the 

left boundary has an amplitude of A = 0.1 m. However, the total wave field to 

the left of the boundary is a combination of the incident and the reflected wave. 

The question is, how to know the amplitude of the incident wave alone in order 

to compute the transmission coefficient, which is given by T = At/Ai, where At 

is the amplitude of the transmitted wave, and Ai is that of the incident wave. 

The amplitude of the transmitted wave is read off the graph as At = 0.75 m 
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(Fig. 2.10). In order to identify the Ai, the boundary condition of Atop = 0.1 m 

is the combined effect of the incident and reflected wave, and moreover, the 

boundary is not necessarily where the total amplitude is maximum. We need 

additional information to separate the incident and the reflected wave. The 

incident wave is a sinusoidal wave travelling towards the right, while the re-

flected wave is a sinusoidal wave travelling (back) towards the left. Consider 

two sine waves of equal amplitude traveling in opposite directions. The result-

ing wave is always a standing wave: 

 

sin (𝑘𝑥 − 𝜔𝑡) + sin (𝑘𝑥 + 𝜔𝑡) = 2sin (𝑘𝑥)cos (𝜔𝑡)  23 

The reflected wave must always be lower or equal in amplitude than the inci-

dent wave. The reflected wave thus combines with part of the incident wave 

to form a standing wave. The part of the incident wave by which it is greater 

than the reflected wave is the part which is transmitted, i.e., 

 

𝐴𝑖 − 𝐴𝑟 = 𝐴𝑡     24. 

The total incident wave in Figure 2.10 is thus the offset of the sinusoidal curve 

(which is equal to the amplitude of the transmitted wave to the right of the 

boundary), plus the amplitude of the standing wave (from the trigonometric 

identity (1) above, it is half of two times the total amplitude of the standing 

wave). Using the reflection coefficient in Table 1, calculated from 

 

𝑅12 =
𝜌2𝑉2−𝜌1𝑉1

𝜌2𝑉2+𝜌1𝑉1
    25, 

and using the setup in Figures 2.10 and 2.11, we estimate 𝐴𝑖, which is the mid-

height of the sinusoid, to be 𝐴𝑖 ≈ 
1

2
(14.8 + 7.4) = 11.1 cm. The amplitude 

of the reflected wave is estimated as 𝐴𝑟 ≈
1

2
(14.8 − 7.4) = 3.7 cm. Using 

instead the reflection coefficient and 𝐴𝑖 to compute 𝐴𝑟, we get 𝐴𝑟 = 𝑅‾12𝐴𝑖 =
0.333 ∗ 11.1 = 3.7 cm. Both approaches thus give the same result. For more 

complex models with multiple boundaries, the reflected wave will generally 

consist of multiple sinusoids, all with the same frequency and wavelength and 

all travelling to the left, but with different amplitudes. However, given that we 

see that the sum of any number of sinusoids of the same frequency will again 

result in a sinusoid of the same frequency (i.e., replace 𝛼 with 𝑘𝑥 + 𝜔𝑡, and 

interpret ϕ’S as different phase shifts). The reflected wave will thus always be 

a sinusoid of the same form as the incident wave. The result presented as: 
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Asin(α + ϕ1) + Bsin(α + ϕ2) =√[Acos(ϕ1) + Bcos(ϕ2)]
2 + [Asin(ϕ1) + Bsin(ϕ2)]

2

⋅ sin {α + tan−1 [
Asin(ϕ1)+Bsin(ϕ2)

Acos(ϕ1)+Bcos(ϕ2)
]}

     

26. 

In addition, the Appendix A details the derivation of the wave equation and 

the fundamentals of propagator matrices as used in MATLAB. Propagator 

matrix is introduced to investigate the illustrated results in layering medium 

article. However, this manuscript is still work in progress and propagator ma-

trix has not introduced there yet. 

 
Figure 2.10. Model result for frequency 4.1 Hz. The top of the model is to the left. 
The curve shows the spectral amplitude of the combined incident, reflected, and trans-
mitted waves. The boundary from material 1 to material 2 is located at x = 1 km. To 
the right of the boundary, the amplitude is constant; this implies a propagating wave, 
as the plotted amplitude contains no phase information. To the left of the boundary, 
there is a standing wave, as the material points at the minima of the curve oscillate 
with the lowest amplitude, and those at the maxima oscillate at the greatest amplitude. 
However, to the left of the boundary, there also is a propagating wave. 
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Figure 2.11. Pressure – and shear–wave propagation in a layered medium. The contact 
between the layers is welded and have no material properties of their own. Therefore, 
they behave purely as a contact between different or similar materials. 

2.2.2. Image processing 

As part of the research in paper V, the effect of grain size on elastic wave 

propagation was investigated numerically. Three approaches were used to in-

vestigate the grain-size effect. The first was to simplify the grain shape into 

rocks formed out of square shape grains, resulting in a checkerboard setup or 

an idealized rock texture (Figures 2.12 and 2.13). The second approach was 

to hand draw grain boundaries, for example in Corel Draw and import these 

images into Comsol Multiphysics for modelling the wave propagation (Figure 

2.14). The third option was to create an image processing toolbox in Matlab 

to produce a representative grain reconstruction  based on images of the grains 

with a graphics user interface (Figure 2.15), for example from thin sections 

(e.g., medium-grained gabbro sample in Paper III, Figure 2.16). 
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Figure 2.12. Square shape grains. Simplified grain structure to study grain sizes ef-
fected 

In the image processing application method, the detection of grain boundaries 

is based on color gradients. The computerized images are composed of build-

ing blocks that are pixel-based. In RGB colour space, three integers are as-

signed to each pixel which represents red, green and blue colour intensities 

that vary between 0 and 255. All colours are represented by a triple of these 

constitutive colours (𝑅, 𝐺, 𝐵); for example, white is (255, 255, 255) and 

black is (0, 0, 0). Table 2.2 shows an example of the corresponding colors for 

constitutive minerals of a gabbro rock sample that whose thin-section image 

was processed the grain-boundary method. 

 

Table 2.2: Colors of constitutive minerals in RGB format. 

Mineral Color(s) RGB(s) 

Amphibolite Blue, purple and Yellow (72,120,246) 

(231,234,3.01) 

Plagioclase Black and white (0,0,0) 

(255,255,255) 

Clinopyroxene Rest of the domain (231,234,3.01) 

 

In order to filter the grains of different minerals, the Euclidian distance of pixel 

colors in RGB space from a reference colour which represents the intended 

mineral (table 2.2) is calculated as is shown in the following 

 

𝑑 = ‖𝑴𝑝 − 𝑴𝑟‖ = √(𝑅𝑝 − 𝑅𝑟)
2
+ (𝐺𝑝 − 𝐺𝑟)

2
+ (𝐵𝑝 − 𝐵𝑟)

2
 27 
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where 𝑴 is the color vector in RGB space and subscripts 𝑝 and 𝑟 represent 

the intended and reference pixels, respectively. The pixels which are located 

at a distance within a threshold 𝑑𝑡ℎ, are collected in a color-map from which 

a binary image, i.e. black and white image (BW), is constructed. The BW im-

age contains only the grain boundaries of the intended mineral, based on a 

spectrum in RGB space. 

 
Figure 2.13. P wave propagation in the representative structure of a quartzite sample. 
The stiffness tensor from equation 15, is created to produce an anisotropic medium.  

The MATLAB function ‘’bwtraceboundary’’ is used to detect the grain 

boundaries from the BW image. This function provides the coordinates of the 

discretized boundaries of the identified objects. For example, Figure 2.16 

shows the identified boundaries of the blue grains in medium grain-size gab-

bro studied in Paper III. The resolution of the produced grain boundaries is 

high, which means that the number of discretized points in the boundaries are 

excessive and result in a fine finite element mesh, which comes with tremen-

dous computational costs. For this purpose, a sampling parameter 𝑆, is intro-

duced and only one in every 𝑆 points are sampled. The detection process is 

performed for each type of mineral. It is noted that the process does lead to 

some artifactual errors in identification of grain boundary and manual check-

ing and modifications may be necessary; the results can be optimized by a 

suitable selection of 𝑑𝑡ℎ and 𝑆 values. The coordinate points of the grain 
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boundaries are then written in a text file. In order to automatize the above 

processes, the Matlab application is designed which has a user-friendly inter-

face; Figure 2.15 shows a screenshot of the application.  

The processed images generate text files that were exported to the Auto-

CAD software to produce the thin section microstructure map. The command 

‘pline’, is used to import each mineral's data; the geometries are sorted into 

separate layers that are designated with different colors. In this step, the ge-

ometries can be improved by removing the extra parts or smoothing the grains. 

Finally, a “.dxf” file is produced that can be imported to COMSOL multiphys-

ics to construct the computational model. 

In COMSOL, each layer of the “dxf” file is imported as a separate geome-

try. For an isotropic case, the elastic constants and density of the respective 

minerals are assigned to each of the layers. Since the image size is in pixels, 

it must be re-scaled to the metric system. For this purpose, the geometry is 

scaled appropriately with regards to the image obtained from the thin section. 

For the numerical setup, two rectangular buffer zones are placed above and 

below the imported grain geometry to complete the model geometry. In poly-

mineralic rocks in general, like gabbro, the material properties of the adjacent 

REVs differ; thus, the model numerically recognizes the grain boundaries and 

implicitly the model considers the grain size and grain shape effects on the 

elastic wave propagation. 

 
Figure 2.14: Identification of thin section geometry produced for Comsol Multiphysic 
produced by hand drawing in corel draw 
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Figure 2.15: Screenshot of the developed MATLAB application for the image pro-
cessing procedure 

 

Figure 2.16: Identification of grain geometry in thin section the using the automatized 
(R,G,B) image processing. The extracted geometry was subsequently imported into 
Comsol Multiphysic for elastic wave propogation experiments. 
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2.2.3. Crystal rotations in viscous flows 

One part of the thesis is concerned with the rotation and alignment of rigid 

inclusions in a viscous, laminar flow.  The application field of our study is the 

rotation of elongate crystals in magmatic flows, but the theory applies equally 

to any other rigid inclusions, such as porphyroclasts in a embedded in a finer-

grained rock matrix that deforms by solid creep, The purpose of our study on 

crystal rotations is twofold.  Firstly, we derive a theory which allows the cal-

culation of a probability density function of crystal orientations directly from 

the flow conditions, and secondly, we apply this new method to flows which 

vary in both space and time, and calculate preferred crystal orientations as 

well as a measure of the strength of crystal alignment throughout the flow. 

All dynamical studies of crystal rotations are based on the rotation behavior 

of individual inclusions embedded in a fluid flow.  Jeffery (1922) showed that 

the rotation rate of a rigid ellipsoidal inclusion embedded in a flow of infinite 

extent (i.e., there is no interaction with neighboring particles or with nearby 

walls) is given by 

 

𝜔1
′ = 𝑤

·

23
′ +

𝑏2−𝑐2

𝑏2+𝑐2 휀
·

23
′     

𝜔2
′ = 𝑤

·

31
′ +

𝑐2−𝑎2

𝑐2+𝑎2 휀
·

31
′     28 

𝜔3
′ = 𝑤

·

12
′ +

𝑎2−𝑏2

𝑎2+𝑏2 휀
·

12
′   

where 𝜔𝑖 is the vector rotation rate of the ellipsoid, a, b, and c are three semi-

axes of the ellipsoid, and 𝑤
·

𝑖𝑗 and 휀
·

𝑖𝑗 are the rotation rate and strain rate of the 

flow field, which are given by 

 

𝑤
·

𝑖𝑗 =
1

2
(

𝜕𝑣𝑖

𝜕𝑥𝑗
−

𝜕𝑣𝑗

𝜕𝑥𝑖
)    29 

휀
·

𝑖𝑗 =
1

2
(

𝜕𝑣𝑖

𝜕𝑥𝑗
+

𝜕𝑣𝑗

𝜕𝑥𝑖
)    30 

The prime symbols on the variables indicate that these variables are measured 

in the reference frame of the (rotating) ellipsoid.  It is apparent from equations 

(28) that a rotational flow (𝑤
·

𝑖𝑗 ≠ 0) effects a rotation rate of all solid inclu-

sions, including equant inclusions such as spherical or cubic ones.  However, 

in an irrotational, pure shear flow (with 𝑤
·

𝑖𝑗 = 0 but 휀
·

𝑖𝑗 ≠ 0), equant shapes 

will generally translate but not spin, while elongate shapes rotate about their 

own axes.  This rotation of elongate inclusions generally depends on the angle 

that the inclusion axes make with respect to the principal deformation axes of 

the flow, and it is this dependence on the relative angles which may cause a 

coherent alignment of the inclusions. 
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Most previous studies either analyzed the evolution of the orientation of indi-

vidual crystals, or used a larger ensemble of initially randomly oriented crys-

tals in order to gain insight into the behavior of the probability distribution of 

orientations.  The notable exception is the work of March (1932), which gives 

an analytical solution based on the strain ellipsoid for the probability density 

function of crystals with infinite aspect ratio (i.e., needle-like crystals).  Using 

the concept of conservation of a generic property of the flow, we derive an 

evolution equation for the pdf of crystal orientations.  The complete pdf of 

crystal orientations is a function of physical space and time, but it is also a 

function of crystal orientations 𝜃, 𝜙, and 𝜓.  At a given position in space and 

time, the total probability of all orientations must be unity, 

 

∫
𝛼
𝑃(𝑥, 𝑦, 𝑧, 𝑡, 𝜃, 𝜙, 𝜓)𝑑𝜃𝑑𝜙𝑑𝜓 = 1   31 

where 𝑃 is the pdf, and the symbol 𝛼 represents the complete space defined 

by the three angles.  Assuming that crystals can neither be created or de-

stroyed, it follows that crystal orientations and their probabilities inside a fixed 

fluid parcel can move about in a continuous fashion within the space defined 

by the three angles, but there are no sources or sinks in the pdf evolution.  The 

conservation behavior of the pdf in angular space is thus analogous to the con-

servation behavior in physical (x,y,z)-space, and the generic conservation 

equation of the form (Malvern, 1969) 

 
𝜕𝑃

𝜕𝑡
= −𝜵 ⋅ (𝑃𝒖)    32 

 (with vector 𝒖 a generalized velocity field) can be extended to the six-dimen-

sional space of the crystal orientation pdf, 

 
𝜕𝑃

𝜕𝑡
= −𝜵𝑥 ⋅ (𝑃𝒗) − 𝜵𝑠 ⋅ (𝑃𝜞)   33 

Here, 𝒗 is the fluid velocity in physical space, 𝜞 is the rotation rate vector in 

angular space given by 

 

𝜞 = 𝜃
·

𝜃
̂

+ 𝜙
·

𝜙
̂

+ 𝜓
·

𝜓
̂

    34 

operator 𝜵𝑥 is the gradient operator in physical space which, in Cartesian co-

ordinates is given by 

 

𝜵𝑥 = 𝑥
̂ 𝜕

𝜕𝑥
+ 𝑦

̂ 𝜕

𝜕𝑦
+ 𝑧

̂ 𝜕

𝜕𝑧
    35 

and operator 𝜵𝑠 is the equivalent gradient operator in angular space given by 
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𝜵𝑠 = 𝜃
̂ 𝜕

𝜕𝜃
+ 𝜙

̂ 𝜕

𝜕𝜙
+ 𝜓

̂ 𝜕

𝜕𝜓
    36 

The pdf conservation equation (eq. 33) forms the basis for our analysis of 

crystal rotations. 

The crystal rotation rates represented by 𝜞 are referenced not in the rotating 

crystal frame, but in the fixed reference frame in which the fluid flow is com-

puted.  The details of this conversion are shown in paper VI, along with a brief 

description of the fully six-dimensional problem and a simple example to ver-

ify our theory with respect to March’s (1932) solution for needle-like crystals. 

However, with present-day computing power, the complete seven-dimen-

sional problem (three spatial dimensions, three angles, plus time) is computa-

tionally too expensive to yield results with the desired spatial and angular res-

olution.  Instead, we limit our analysis to problems of two spatial dimensions 

x and y, with crystal orientations limited to that same x,y-plane, which can 

thus be described by a single angle 𝜃.  The rotation of an individual ellipsoidal 

crystal in the x-y plane, specified in the fixed x-y coordinate system is (Jeffery, 

1922) 

 

𝜃
·

= 𝑤𝑥𝑦 −
𝜀
·
1−𝜀

·
2

2

𝑎2−𝑏2

𝑎2+𝑏2 𝑠𝑖𝑛(2𝜃 − 2𝜃𝑝)   37 

where 휀
·

1 and 휀
·

2 are the two principal strain rates, and 𝜃𝑝 is the angle that the 

eigenvector of 휀
·

1 makes with the x-axis.  For incompressible flow, the two-

dimensional form of the evolution equation for the pdf (eq. 37) becomes 

 

𝜕𝑃

𝜕𝑡
= −𝑣𝑥

𝜕𝑃

𝜕𝑥
− 𝑣𝑦

𝜕𝑃

𝜕𝑦
− 𝑃

𝜕𝜃
·

𝜕𝜃
− 𝜃

· 𝜕𝑃

𝜕𝜃
   38 

The advection part in x-y space may be solved either in an Eulerian or in a 

Lagrangian framework.  For very simple flow geometries, the velocity field is 

known and the positions of individual fluid parcels as a function of time can 

be found by analytical integration.  In this case, only the 𝜃-dependence has to 

be computed using numerical methods.  For more complex flows, especially 

those that involve time-dependence, the complete governing equation can be 

solved using standard numerical techniques such as upwind-differencing for 

the advection terms.  It is worth noting that the evolution equation for P (eq. 

38) is not limited to ellipsoidal inclusions, but can be used for any inclusion 

shape provided that the rotation rate 𝜃
·

(𝜃) is known either in analytical or in 

numerical form. 
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3. Summary of papers 

Here, I provide brief summaries of the six papers that are included in this the-

sis. Each section in this chapter covers information to motivate the works, a 

description of how data were collected, the steps of analysis, and the main 

results and the conclusions. This thesis is formed out of two projects, chrono-

logically first is the investigation of solid particle rotation in the viscous flow 

and second is the elastic wave propagation in rocks. Because the bulk of the 

thesis concerns elastic wave propagation, these chapters are presented initially 

and they are followed by the topics on solid particle rotation. In common, 

these topics utilize COMSOL Multiphysics to investigate numerical model-

ling aspects of crystal rotation and elastic wave propagation. Samples used for 

the articles Ⅰ and Ⅳ were collected from drill core obtained from the COSC-

1 scientific drilling project that took place in central-western Sweden (Figure 

3.1; Hedin et al., 2012; 2014; Lorenz et al., 2015). Gabbro samples used in the 

paper III were obtained from the Troodos ophiolite on Cyprus (Klein, 2018). 
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Figure 3.1: geological map of the area where the drilled hole is located and where the 
samples collected. Star signed shows the depth of the selected samples (modified from 
Strömberg et al., 1994 and Hedin et al., 2016). 

3.1. Paper I: Pressure, temperature and lithological 

dependence of seismic and magnetic susceptibility 

anisotropy in amphibolites and gneisses from the central 

Scandinavian Caledonides 

Published in Tectonophysics, vol.  820, 229113, 

https://doi.org/10.1016/j.tecto.2021.229113 

Seismic anisotropy of the middle and lower crust is thought to be strongly 

influenced by minerals such as mica and amphibole. This study investigates 

in detail the laboratory measured seismic properties and anisotropy of amphib-

olites, biotite gneiss, and quartz-feldspar dominated gneisses from a section 

of continental crust that has undergone orogenesis, at conditions that are rep-

resentative of in-situ pressure and temperature. Additionally, the link between 

seismic anisotropy and magnetic susceptibility anisotropy is evaluated for 

these samples. 

https://doi.org/10.1016/j.tecto.2021.229113
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Eight samples were used for the study and prepared from drill core, con-

sisting of pieces of 6.1 cm in diameter and ca. 10 cm in length. Core samples 

were retrieved from the top 1700 m of the borehole, where the rocks mainly 

consisted from layered units of amphibolite and quartz-feldspar dominated 

gneisses. For the laboratory seismic measurements, sample cubes with dimen-

sions 43 x 43 x 43 mm on edges were prepared from the core (Figure 2.2). 

Elastic wave speed measurements were per-formed with a multi-anvil appa-

ratus allowing for measurements of com-pressional (Vp) and orthogonally po-

larized shear wave velocities (Vs1, Vs2) along three perpendicular sample axes, 

X, Y and Z. Elastic wave speeds were measured with increasing pressure and 

temperature from room conditions up to 600 MPa and 600 oC. Figure 3.2 

shows an exam-ple of Vp as a function of confining pressure, for four of the 

samples in the study, with different mineral compositions. With this method, 

it was possible to establish seismic anisotropy through laboratory means. The 

laboratory investigation showed the highest seismic anisotropy for biotite 

gneiss, biotite bearing amphibolite and amphibolite, whereas smaller anisot-

ropy was observed for layered amphibolite and felsic gneisses. An important 

observation made in this study, is that microcracks may contribute signifi-

cantly to seismic anisotropy at conditions of the middle and lower crust. Tem-

perature tends to add to the microcrack contribution, especially in mica-bear-

ing rocks, likely because of (anisotropic) thermal expansion of grains and re-

opening of microcracks that were effectively closed at high confining pres-

sure. 

Magnetic susceptibility measurements were carried out with MFK1-FA 

kappabridge, on sub-samples of the 43 mm cubes used for the elas-tic wave 

measurements, where each original large cube resulted in eight 21 x 21 x 21 

mm size cubes (Figure 2.4). Anisotropy of magnetic sus-ceptibility (AMS) 

was measured as well as susceptibility as a function of temperature. Results 

for mean magnetic susceptibility ranged from ~0 SI up to ~1.6×10-3 SI (Fig. 

3.3). A link between AMS and seismic anisotro-py is seen in samples that are 

dominated by paramagnetic minerals; among the tested samples, those with 

mean susceptibility between 1×10-5 to 1×10-3 [SI] showed the best correlation 

between AMS and seismic anisotropy. Samples that have mean susceptibility 

close to 0 [SI] or contain ferromagnetic minerals do not show a clear correla-

tion between the two physical properties. 
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Figure 3.2. Vp and AVp (%) as a function of confining pressure for a) the felsic gneiss, 
b) intermediate biotite-gneiss, c) amphibolite and d) layered felsic-mafic gneiss. Data 
representing pressurization is provided by solid symbols and data showing de-pres-
surization is given by open symbols. 

Samples with weak magnetic susceptibility (~0 SI) will create a mathematical 

artifact, with anomalously high degree of anisotropy (Pj). Furthemore, while 

the ferromagnetic mineral fraction in the samples is generally small (<1 % by 

volume) and will not affect the seismic anisot-ropy, this small portion may 

significantly affect the AMS. Therefore, samples consisting of ferromagnetic 

minerals are presenting higher AMS compared to the seismic anisotropy. A 

schematic relationship between elastic wave anisotropy and AMS is shown in 

Figure 3.4. This diagram, explores the situations where a potential correlation 
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between the two physical properties can be established, as well as when it is 

not possible.  

There are some general difficulties in linking AMS with seismic ani-sot-

ropy (Fig. 3.5). First, samples whose AMS is dominated by ferrimag-netic 

minerals are not good candidates for correlating seismic anisotropy and AMS.  

Second, samples with very weak bulk susceptibility can pro-duce artifially 

high AMS. Finally, principal axes of magnetic susceptibil-ity order according 

to size, such that kmax ≥ kint ≥ kmin, whereas the same may not be the case 

for elastic constants (c11, c22, c33). In the latter case Vpmax, Vpint and Vpmin 

are oriented with regard to the highest, intermedi-ate and minimum elastic 

constants for a specified mineral. 

 
Figure 3.3. a) Mean magnetic susceptibility of the eight samples in the study; b) the 
degree of anisotropy (Pj) as a function of mean susceptibility (kmean). Abbreviations 
are FG: felsic gneiss; IBG: intermediate biotite gneiss; MF: mafic gneiss. 
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Figure 3.4: The relationship between elastic wave anisotropy and AMS, described by 
parameters of Pj (degree of anisotropy), AVp/AVs % (elastic wave anisotropy), and 
F (foliation parameter) 
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Figure 3.5: Schematic flow chart that indicates how seismic anisotropy (and elas-tic 
constants) relate to magnetic susceptibility and the principal axes of magnetic suscep-
tibility. Note that the data for the principal axes of magnetic susceptibility were ob-
tained from Biedermann (2010). 
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3.2. Paper II: Elastic Wave Propagation in a Stainless-

steel standard and Verification of a COMSOL 

Multiphysics Numerical Elastic Wave Toolbox 

In Revision for Resources 

In this study, a numerical method is presented that is used to investi-gate the 

seismic properties of rock samples. The model is constructed in COMSOL 

Multiphysics, and is used to propagate elastic waves through a solid isotropic 

material. To illustrate the applicability of the method and to verify (bench-

mark) the model, a case study is presented using the laboratory measurement 

results of Vp and Vs for a stainless-steel cali-bration sample performed with 

a multi anvil apparatus (Fig. 3.6). Elastic wave speeds were measured at ap-

plied confining pressures and tempera-tures from room conditions up to 600 

MPa and 600 oC (Fig. 3.6). 

 

 
Figure 3.6: Elastic wave speeds and anisotropy of Vp as a function of pressure and 
temperature. Panels a) and b) shows Vp, AVp (%), linear strain and volumetri strains 
as a function of pressure and temperature, respectively. Notably, a small anisotropy is 
observed at low confining pressures, which is essentially reduced <1 % at confining 
pressures >200 MPa. 

Based on the laboratory data, a numerical model was setup with elas-tic mod-

uli and density derived from the laboratory measurements. The model was 

tested and verified against the laboratory measurement re-sults. The numerical 

study presents two- and three-dimensional models (Fig. 3.7) with elastic wave 

propagation in the steel at room conditions and up to 600 MPa confining pres-

sure and 600 oC. The numerical mod-elling results illustrate 0% difference 
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with measured values. The difference most likely arises from uncertainty in 

the picking arrivals in the numerical model, as well as the numerical setup 

(e.g., setup of the finite element mesh). There was no difference between two- 

and three-dimensional results. The comparison of laboratory measurements 

and numerical results serve as a benchmark of the numerical method, which 

is important when considering further application of the numerical method. 

 
Figure 3.7: a) Setup of the numerical model for the three-dimensional Vp and Vs 
measurements in the steel specimen. The gray zones represent the apparatus pistons, 
which apply a stress on the specimen (in orange). b) Displacement field created via P-
wave propagation in the medium. 

3.3. Paper III: An experimental and numerical 

investigation of grain size effects on ultrasonic wave 

velocities in gabbro 

In preparation for: Geochemistry, Geophysics, Geosystems 

This study focuses on the influence of grain size on the elastic wave speed in 

rocks, which was investigated through laboratory and numerical methods. The 

samples used for this purpose were gabbro collected from the Troodos Massif 

ophiolite on Cyprus, with distinct differences in grain size but of very similar 

mineral and chemical composition (Klein, 2018). Three rock samples were 

collected and analyzed: one fine- (0.19-0.34 mm crystals), one medium- (1.7-

2.0 mm crystals) and one coarse-grained (3.9-5.2 mm crystals) (Fig. 3.8). X-

ray fluorescence (XRF) analysis was used to determine the bulk chemical 

composition of samples extracted from of the rocks. An electron probe micro 
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analyzer provided information on the chemical composition of individual min-

erals. In addition, the mineral composition and grain-size of each sample were 

determined with a petrographic microscope. Elastic wave velocity data was 

measured with a multi-anvil apparatus, as described in chapter 3.2. The inves-

tigated rock types are pyroxene-hornblende gabbros consisting mainly of pla-

gioclase (anorthite), clinopyroxene and amphibole (hornblende). In the most 

fine-grained sample, chlorite constituted up to 15 volume%. Other, accessory, 

phases such as iron-oxides, contributed <2 volume%. The main laboratory 

measurement result was a strong correlation between grain-size and Vp and 

Vs. The mean Vp and Vs, at maximum confining pressure (400 MPa), were 

for coarse-grained samples Vpmean = 7.2 km/s and Vsmean = 4.1 km/s; for the 

medium-grained sample Vpmean = 6.8 km/s and Vsmean = 3.8 km/s; and dor the 

fine-grained sample Vpmean = 6.4 km/s and Vsmean = 3.6 km/s (Fig. 3.9a). The 

correlation persists also for temperature dependent measurements (Fig. 3.9b). 

Thus, a general trend of decreasing Vp and Vs is observed with decreasing 

grain-size. 

 
Figure 3.8. petrographic thin-section images show the microstructure of the gabbro 
samples collected from the Troodos ophiolite. The images are shown in plane-polar-
ized light (top row) and cross-polarized light (bottom row), with the coarse-grained 
sample (left), medium-grained sample (middle) and fine-grained sample (right). 
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Figure 3.9. Vp as a function of a) pressure and b) temperature, for fine-grained, me-
dium-grained and coarse-grained gabbro. It shows the strongest evidence for grain-
size dependent wave speeds 

To test the potential effect of grain-size on elastic wave speeds, a series of 

numerical models were setup with the elastic wave propagation toolbox in 

COMSOL Multiphysics. Two of the models used an arrangement of crystals, 

represented by squares in a checkerboard and by idealized crystals. A third 

case was also investigated, with an attempt to reproduce the grain texture in 

the gabbro. In order to produce such a texture, an image processing application 

was constructed in Matlab, to identify and draw grain boundaries. Selected 

boundaries were imported into COMSOL multiphysics to create the geometry 

of investigation (Figure 3.10). Material properties were assigned to each of 

the grains and the effect of grain-sized on compressional and shear wave ve-

locities was studied numerically (Fig. 3.11). The numerical results are in line 

with experimental findings, that the more fine-grained the samples become, 

the slower the velocity becomes. This dispersion effect appears strongly de-

pendent on the ratio of wavelength () to grain-size (/d; Fig. 3.12). A transi-

tion in Vp is apparent, as a function of /d, where for /d << 1, Vp is high and 

for /d > 10, the Vp is lowest and nearly constant as a function of /d. This 

transition is most readily explained by the transitioning from a Ray medium 

at /d << 1, to an effective medium at /d > 10 (e.g., Marion et al., 1994). 
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Figure 3.10. An example of the imported grain geometry into COMSOL Multiphysics, 
where grains of individual minerals were identified based on a threshold range using 
a red-green-blue (RGB) coloring scheme. 
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Figure 3.11. Numerical modelling geometry setup, showing the propagation of a P 
wave throught the sample. 

 
Figure 3.12. Vp as function of /d in a) checkerboard model with a mixture of 50 % 
plagioclase and 50 % clinopyroxene; b) idealized texture model with a mixture of ~50 
% plagioclase and ~50 % clinopyrexene; c) image-processed model of medium-
grained gabbro, with composition of 35.9 % plagioclase, 28.73 % clinopyroxene and 
35.37 % amphibole.  
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3.4. Paper IV: Evaluating seismic anisotropy from 

sources of compositional layering and crystallographic 

preferred orientation 

In preparation for: Journal of Geodynamics 

The first borehole of the Collisional Orogeny in the Scandinavian Caledonides 

(COSC-1) project was drilled in 2014 (Lorenz et al., 2015). The scientific 

drilling project was accompanied by detailed surface seismic reflection sur-

veys around the borehole as well as a vertical seismic profile (VSP), using the 

borehole. Significant seismic anisotropy was apparent from comparison with 

the surface seismic results (and tomography) and the VSP (Simon et al., 2017). 

Several laboratory studies were additionally carried out to quantify the seismic 

properties of the drill core (Wenning et al., 2016; Kästner et al., 2020; Ba-

zargan et al., 2021). Laboratory samples were notably anisotropic, and gener-

ally described as the source of field scale observed anisotropy (Simon et al., 

2017). However, another source for potential anisotropy is the compositional 

layering that make up much of the drilled length of the borehole (Hedin et al., 

2016; Elger et al., 2021). Using the effect of intrinsic anistropy, as well as 

compositional layering as inspiration, the source of anisotropy was investi-

gated using a numerical model that takes into account a layered medium with 

different properties. The numerical investigation aimed at studying the effect 

of extrinsic, intrinsic and combined intrinsic and extrinsic anisotropy, in the 

case of compositional layering and crystallographic preferred orientation of 

minerals in the rock. The input data into the models consisted from laboratory 

measurements of elastic wave speeds and anisotropy. The results reveal that 

seismic anisotropy is enhanced in the case of a layered medium with intrinsi-

cally anisotropic rocks. Importantly, the wavelength to layer thickness (/d) 

significantly influences the elastic wave speed, as well as anisotropy (Fig. 

3.13a, b; 3.14). At low /d (<1), the  A layered medium of isotropic rocks is 

unlikely the source for the observed seismic anisotropy (Fig. 3.14). However, 

a model consisting only of intrinsically anisotropic rocks (i.e., with only CPO 

contributing to the seismic anisotropy) is also unlikely to fully explain the ob-

served seismic anisotropy. The most likely situation is thefore a combination 

of a layered medium consisting of intrinsically anisotropic rocks, which can 

yield a significant range in Vp and anisotropy (AVp) up ~13 % at high ratio 

of /d (>10), corresponding to an effective medium.   

Compositional layers, with both periodic or non-periodic repetition, 

show similar outcome in terms of predicted anisotropy. Integrating the 

numerical modeling, laboratory experiments, down hole logging with seismic 

reflectivity and seismic anisotropy can provide insight into the deformation 

that took place in the middle crust of the Scandinavian Caledonides. 
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Figure 3.13. P wave velocity (Vp) as a function of the wavelength to layer thickness 
ratio (/d), for a) intrinsically isotropic layers of quartzofeldspathic gneisses and am-
phibolite and b) intrinsically anisotropic layers of quartzofeldspathic gneisses and am-
phibolite.  

 
Figure 3.14. Anisotropy of Vp (AVp %) in the cases of layered media with intrinsi-
cally isotropic and anisotropic quartzofeldspathic and amphibolite rocks. 
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3.5. Paper V: Evolution of the statistical distribution of 

crystal orientations in time- and space-varying viscous 

flows 

Published in Geophysical Journal International, Volume 218, Issue 2, August 

2019, Pages 773–786, https://doi.org/10.1093/gji/ggz174 

Solid particles of various shapes and sizes rotate around their own axes when 

they are suspended in viscous flows. By neglecting particle-particle and flow 

particle interactions, the rotation rate of the solid crystal can be calculated 

based on the description of the flow motion. A general approach to analyse 

rotation of crystals suspended in a flow is to decompose the local velocity field 

into independent components (Figure 3.15). The first way to do this is to split 

the flow into a simple shear and pure shear component, while assuming that 

volume changes are negligible (Jeffery, 1922). This way is commonly used in 

the analysis of tectonic settings where large scale systems are subjected to 

pure and simple shear deformations, or a combination of both components, 

namely transmission and transpression (Figure 3.16). An alternative way, is 

to split the velocity field of the flow into two components of 1) pure shear and 

2) solid body rotation (Fig. 3.16; Willis, 1977). 

The crystal alignment pattern resulting from steady Couette flow (or 

Poiseuille flow) is the topic of the present study and the aim of the next study 

is about the space varying and time-varying flow to investigate the crystal 

alignment that is approximately parallel to the flow develops from models 

based on Jeffery’s theory (Figure 3.17). 

Shortly after initialization a random distribution of crystals in viscous flow 

a low peak develops at −45; at this point, there is very weak crystal alignment. 

The peak grows and moves toward 0, until a maximum is reached at a time 

corresponding to a quarter of a full crystal rotation. This peak is located at 0 

(i.e., perfectly aligned with the flow direction). The peak then decreases again 

and moves toward +45. Some important points are: 

 The PDF’s peak never deviates more than 45◦ from the flow direction. 

 Crystal alignment is weak when the peak deviates most from the flow 

direction and is strongest when the peak is parallel with the flow. 

 Whereas at any given time the PDF peak is likely to be different from 

0◦, the time-integrated solution peaks at exactly 0◦. 

An initially random PDF in a Poiseuille flow develops into a banded pattern, 

with individual bands corresponding to different times in the figure above. 

The width of the bands decreases both downstream and toward the edge. The 

total rotation rate of a solid particle embedded in a flow can thus be written as 
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the sum of the individual rotations rate due to the four flow components (Fig-

ures 3.15 and 3.16). 

Natural systems always include various types of perturbations. The crystal 

aspect ratios are not all identical,  dykes are not perfectly straight, there will 

be some crystal-crystal interaction (which is not taken into account in Jeffery’s 

theory), etc. The net behaviour (for example, at some distance from the en-

trance into a dyke) is given by a PDF with a peak that initially shows some 

oscillatory behaviour but then converges to 0 (the flow direction). The overall 

behaviour of crystals and their PDF in the irrotational and basic flows are re-

peated with the volcanic in dykes and sills. In dykes the crystal rotation can 

be rather complex, but in all, the crystal alignment is approximately parallel 

to the flow direction. 

 
Figure 3. 15: fields and boundaries for a) a Couette flow, b) a Poisseuille flow and c) 
a corner flow. 

 
Figure 3.16: Decomposition of the velocity field for a Couette flow 
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Figure 3.17: vorticity rate and aspect ratio variation for different shapes and size where 
a) a square to a diamond and b) is a circle to an ellipsoid 

3.6. Paper VI: Crystal rotations and alignment in 

spatially varying magma flows: Two-dimensional 

examples of common subvolcanic flow geometries 

Published in Geophysical Journal International, Volume 226, Issue 1, July 

2021, Pages 709–727, https://doi.org/10.1093/gji/ggab127 

In a planar dyke or sill, the flow is described by Poiseuille flow. At any loca-

tion, the Poiseuille flow is identical with the Couette flow, while the strength 

of the equivalent Couette flow varies across the dyke. Far downstream (and 

also near the dyke entrance but close to the dyke walls), the bands become 

arbitrarily thin, and individual bands of varying PDF orientations and 

strengths can no longer be discerned (at least not in nature, with individual 

crystals of finite size). The observed spatial net orientation is the same as the 

time average of the PDF, which is perfectly aligned with the flow. There is no 

net tendency in the model results for a dip towards the dyke centre or towards 

the dyke walls. There are many complications for the fabric test study and the 

dominant crystal orientation often is between 5 to 30 toward the centre of the 

dyke as observed from the laboratory studies of anisotropy of magnetic sus-

ceptibility (AMS) in dykes.In actual dykes, a fracture is the initial path for 

magma, which widens with magma injection that can produce a dyke hundreds 

of meters thick. Moreover, in the early stages cooling is fast (chilled margins), 

which means a small amount of flow/strain during the widening of fracture in 

the order of centimetres. This implies that, at least during the early stages of 

magma injection, there could be a significant effect of combination between 

simple and pure shears on crystal orientation. 
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We concede that a dyke with a significant opening motion will combine 

pure shear and simple shear, and an analysis based solely on Poiseuille flow 

is then flawed. The relation between approximately wall-parallel crystal align-

ment and Jeffery’s theory is discussed. AMS shows (approximately) the same 

(e.g., Knight and Walker, 1988; Tauxe et al., 1998; Vachon 2021): the crystal 

PDF is more or less aligned with the flow direction. The difference between 

our results and observations is the existence of imbrication (Figure 3.18). 

The observed imbrication pattern in dykes is thus not a result of the flow 

conditions in a dyke. Imbrication toward dyke centre or dyke wall can be the 

result of (1) synthetic and antithetic fabrics that have identical duration, which 

depends on the aspect ratio (cf. figure above); (2) flow with different combi-

nations of simple and pure shears; (3) confined flow or anisotropy, which can 

greatly affect rigid inclusion rotation. In figure 3.17, Most of the domain is 

governed by plane Poiseuille flow with corresponding flow-parallel crystal 

orientations. Within the transition, the crystals rapidly take an orientation par-

allel to the horizontal sill. The orientation at the junction is due to pure shear 

deformation similar to the outflow from a channel into a reservoir. At the top 

centre of the junction, there is a stagnation point where the velocity ap-

proaches zero and the degree of crystal orientation approaches unity (i.e. a 

Dirac delta function in the PDF). 
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Figure 3.18: Magma flows from a vertical dyke into a horizontal sill. (a) Velocity 
magnitude (shading) and direction (arrows). (b) Vorticity number (shading) and ori-
entation of ˙ε1 (short dashed lines). (c) Degree of the orientation of PDF (shading) 
and most likely orientation (peak of PDF) of particles with aspect ratio a/b = 2 (tshort 
dashed lines).  



 

 58 

4. Discussion 

In this chapter I discuss how different aspects of this thesis are connected to 

each other, and fits into a larger picture. I also discuss how the crystal rotation 

project is connected to the micro scale anisotropy such as shape preferred ori-

entation on single crystals and inherent anisotropy of minerals. 

4.1. Physical properties of rocks 

As a theme, this thesis has focused on of studies of physical properties on 

different scale, at different conditions, and through the investigation using dif-

ferent techniques, specifically laboratory measurements and numerical mod-

elling. A joint laboratory and numerical approach provides a significantly 

greater insight into the physical properties of rocks in comparison to either 

method alone.The first chapter of the thesis furthermore explored the relation-

ship between physical properties: elastic wave anisotropy and anisotropy of 

magnetic susceptibility (AMS). AMS does provide a very rapid way to infer 

the rock fabric, and in theory a link between the anisotropy of the two proper-

ties exists (e.g., Fig. 3.4). However, this link is valid mainly for rocks domi-

nated by paramagnetic minerals in which the mean magnetic susceptibility is 

between 1×10-5 to 1×10-3 [SI]. Higher bulk susceptibilities are likely to be sig-

nificantly influenced by ferrimagnetic minerals (e.g., Lagroix and Borradaile, 

2001) and the potential relationship between elastic anisotropy and AMS 

breaks down. 

The metamorphic rocks that were tested as part of paper I were also evalu-

ated for the effect of microcracks on seismic properties. By increasing velocity 

as a function of pressurization, we assume the microcracks, pores and voids 

are closing, and therefore their effect on seismic properties and anisotropy is 

decreasing to the point that we assume the effect of microcracks at 600 MPa 

confining pressure is very limited, although it is known that their inlfuence is 

not reduced to zero. From literature (e.g., Christensen, 1974), we know that 

cracks can remain incompletely closed at confining pressures >1 GPa. such 

high pressures may also cause localized damage through permanent defor-

mation, in order to close the open pores and badly orientated microcracks. 

Effectively, the seismic anisotropy of samples is much higher at room condi-

tions than at 600 MPa confining pressure, which is due to the effect of oriented 



 

 59 

open pores and micro-cracks contribution to the total seismic anisotropy. 

However, the effect of temperature on microcracks is also important to con-

sider, which is not done so commonly in the literature, possibly because of the 

relatively limited number of high-temperature measurements. It is apparent 

that increasing temperature (up to 600 oC) tend to re-open microcracks, as ve-

locity tends to reduce, but also elastic wave anisotropy increases; this is vice 

versa to confining pressure effect. Importantly, the effect of increasing anisot-

ropy was most pronounced in mica-rich rocks, and appears to arise because of 

the strong anisotropy of thermal expansion of biotite and muscovite. These 

results imply that seismic properties and anisotropy at deeper levels in the 

crust may be affected by the influence of micro-cracks, even though the lithos-

tatic pressure is high. 

A significant part of this thesis was the development of a numerical elastic 

wave propagation model, using COMSOL Multiphysics,  which the aim to 

offer a flexible toolbox to model seismic properties in different ways (Paper 

II). The numerical model was benchmarked using laboratory measurement re-

sults of a stainless-steel standard. Using a combination of laboratory measure-

ments and the elastic wave propagation numerical model, we studied seismic 

properties as a function of grain-size (Paper III) and layering (Paper IV). The 

studies showcase the versatility of the model, as well as the possibility to in-

vestigate seismic properties at different scales. In both Paper III and IV, the 

transition from the ray medium to the effective medium is a central aspect of 

the investigation. The ratio of the wavelength to the size of the geometrical 

element (i.e., grain size or layer thickness) can lead to an apparent dispersion 

of elastic wave velocity, which is inherently a scale-independent factor. This 

finding is not new (e.g., Marion et al., 1992; 1994; Rio et al., 1996; Mavko et 

al., 1998), but it is relevant for laboratory measurements, where it is likely 

underappreciated. An example of the importance of apparent dispersion in a 

laboratory setting is noted in the joint laboratory and numerical study that form 

Paper III, on the influence of grain size on elastic wave speed in samples of 

gabbro. The measurement results show a clear difference in elastic wave 

speeds between the coarse-grained sample to the medium-grained sample to 

the fine-grained sample, where the measured velocity is considerably higher 

in coarse-grained samples than in medium-grained and fine-grained samples. 

This effect is not possible to explain with standard effective medium models 

that do not take into account the microstructure (including grain size; Mavko 

et al., 2020), and anisotropy is nearly negligible and does not constitute the 

cause of the apparent dispersion. Therefore an alternative explanation is 

needed. In this case, a numerical approach to the problem is valuable and does 

explain the first-order trend of the laboratory measurement results, even 

though the numerical model does not reproduce the same magnitude of the 

elastic wave speed. As mentioned previosuly, the finding of apparent disper-

sion is not new (e.g., Marion et al., 1994), but it does highlight that when 

drawing conclusions from laboratory measurement results, it is important to 



 

 60 

take into consideration the apparent dispersive effect arising from grain size. 

The effect is referred to as apparent because the elastic waves in the model are 

not attenuated. 

In Paper IV, the transition from ray to effective medium is considered at a 

very different scale compared to the study of paper III. Seismic anisotropy 

was shown to be prevalent in the bedrock of the COSC-1 borehole, both in 

field scale geophysical measurements (Simon et al., 2017; 2019; Elger et al., 

2021; Kästner et al., 2022) and at laboratory scale (e.g., Wenning et al., 2016; 

Kästner et al., 2020; 2021; Bazargan et al., 2018; 2019; 2021). Simon et al. 

(2017; 2019) did evaluate the anisotropy in a vertical transverse isotropic 

(VTI) medium, with a layered geometry. Although this model showed signif-

icant anisotropy, an attempt at understanding the source of the anisotropy was 

not made in detail and the main source was considered to be intrinsic anisot-

ropy observed in laboratory measurements. In particular, the individual and 

combined influence of intrinsic (e.g., crystallographic preferred orientation) 

and extrinsic sources (layering) of anisotropy was not considered. The two 

sources combined can substantially increase the total anisotropy, mainly af-

fecting the apparent velocity of the elastic wave propagating normal to layer-

ing. Whether the total anisotropy increases or decreases depend on how the 

intrinsic and extrinsic sources for anisotropy constructively or destructively 

interfere. It is conceivable that the two sources of anisotropy can destructively 

inferfere and reduce the overall seismic anisotropy. In the case of the COSC-

1 borehole the individual sources are additive, and result in a 4-5 % increase 

in seismic anisotropy. The transition from a ray to effective medium showed 

an increase in Vp anisotropy, from 8.5 to 13.8 %. Concerning the reflection 

seismic experiment of Hedin et al. (2016), where a dominant frequency of 50 

Hz was considered, resulting a wavelength of ~120 m. At such wavelengths it 

is likely that many layers of quartzofeldspathic gneisses and amphibolites 

would fall into the effective medium (/d > 10). However, when layers ap-

proach 10 m in thickness, or greater, the velocity of the seismic wave could 

be affected by the apparent dispersive effect resulting from /d and velocity 

of seismic waves in such a case would potentially be higher than in the effec-

tive medium. 

4.2. Crystal rotation 

One aspect of the present thesis is the analytical and numerical study of elon-

gate rigid inclusions in a viscous flow, such as crystals embedded in a mag-

matic flow.  It is commonly observed in solidified magma flows that embed-

ded crystals preferentially align themselves in certain directions (Marsh, 1989; 

Trebbin et al., 2013).  This alignment direction generally depends on the de-

tails of the flow.  For example, in dykes, the alignment direction is typically 
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parallel or subparallel to the flow direction, while in a divergent flow (e.g., in 

a dyke that widens in the flow direction), the alignment direction is perpen-

dicular to the flow (Arbaret et al., 1996; 2019).  Observations of crystal orien-

tations can thus be used to infer the flow field of the magma before solidifica-

tion.  In many cases, the average crystal orientations can be related to AMS, 

thus making measurement of crystal orientations using AMS efficient and 

popular (Khan, 1962; Knight and Walker, 1988; Rochette et al., 1992; Bor-

radaile and Henry, 1997; Borradaile and Jackson, 2004; 2010).  However, 

without a complete theory that allows the computation of crystal orientations 

from the flow conditions (e.g., Marques and Coelho, 2003; Marques et al., 

2005; 2014), the inverse problem of finding the flow pattern from the crystal 

orientations has been studied in largely qualitative terms. 

This topic is of relevance in geology, in particular because deciphering pet-

rofabrics can be provide a lot of insight into the mechanisms of flow and ge-

ological processes. In addition, it relates to methods used to determine the 

petrofabric, such as seismic anisotropy and anisotropy of magnetic suscepti-

bility (AMS). This physics studies analytically and numerically which the mo-

tives are driven from nature and existing literature on crystal orientations in 

magmatic rocks and AMS. The crystal PDFs in models generally being ap-

proximately parallel to the flow direction, we describe the complete time-de-

pendent behaviour in more (and we think, sufficient) detail. 

The link of the numerical models with AMS is of particular value, because 

this physical property can rather rapidly be used to provide a statistical over-

view of the petrofabric over an area. Khan (1962) and later Knight and Walker 

(1988), in classical papers, shows particle orientations dipping toward the cen-

tre of the dyke.Interpretation of AMS has, nonetheless, been a major obstacle 

because the theoretical link between AMS and the petrofabric obtained from 

physical models has seen limited study (e.g., Cañon-Tapia and Chávez-Álva-

rez, 2004). Therefore, the different interpretations seen in the scientific litera-

ture of AMS data can lead confusion. For example, one can argue that an ob-

served imbrication is most likely due to post-flow stresses or deformations, 

but not due to crystal rotations in a viscous flow (e.g., Andersson et al., 2016).  

One of the most relevant studies in this case, is by Kratinova et al. (2006), 

who studied magnetite grain orientation in flowing plaster, which simulated 

magmatic flow in a diapir. This analogue experiment is not directly compara-

ble with the numerical simulations, for several reasons: (1) the aspect ratio of 

magnetite grains is not given in Kratinova et al. (2006); (2) the magnetic prop-

erties of the used magnetite are also not given, which means that the possible 

effects of single-domain magnetite (actual fabric at 90 to the AMS fabric) are 

unknown; (3) the analogue experiments started with a strong original fabric 

(in great contrast to the numerical simulations), whose effects on the final fab-

ric are not known; (4) it does not discern between the effects of grain shape 

and grain alignment on the final AMS fabric, therefore the authors’ inference 

that it is grain rotation is not justified unless clearly explained; (5) the density 
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of plaster (0.85 g/cm3) is almost one order of magnitude lower than that of 

magnetite (7.87 g/cm3), but the possible effects of gravity (buoyancy). Never-

theless, the experimental fabric and results of Kratinova et al. (2006) are very 

consistent with the numerical model outcome. The comparison with Kratinova 

et al’s results can only be made qualitatively. In regards to the challenges to 

compare numerical and analogue models, the following can be stated. The 

aspect ratio of the grains is of minor importance for a comparison because 

different aspect ratios will show similar patterns (although with different 

strengths). If very fine grains were considered in the analogue models, single-

domain particles with size from about 20 nm to 100 nm, it is possible to expect 

anomalous magnetic fabrics (Potter and Stephenson, 1988; Ferré, 2002). 

However, there is no indication from the AMS data for an anomalous fabric. 

Rather, the orientation of the magnetic lineation (kmax) and foliation appears 

to agree well with the inferred flow in the analogue model, which is in good 

agreement with the numerical model outcome. 



 

 63 

5. Conclusions and outlook 

5.1 Conclusions 

The work in this thesis concentrates on the sources and signatures of physical 

properties and anisotropy of crustal rocks. The work that was carried out dur-

ing the thesis used a combination of laboratory and numerical methods. 

The experimental work focused on study of the effect of pressure and tem-

perature on seismic velocity and seismic anisotropy. During this evaluation, 

we tested the pressure effect, temperature effect. Due to the expensive and 

time-consuming laboratory processes on seismic measurements, we evaluate 

the link between seismic anisotropy and anisotropy of magnetic susceptibility, 

as an alternative source to predict seismic properties minerals and rocks. An 

important observation from laboratory measurements was that microcracks 

may contribute up to 10-20 % of the elastic wave anisotropy at high confining 

pressure (600 MPa) and high temperature (600 C), which is considerable con-

sidering that microcracks are generally thought to be unimportant at the pres-

sures and temperatures of the middle and lower crust. The microcrack contri-

bution to anisotropy increases with increasing temperature, likely due to ther-

mal expansion of minerals, in particular to the high anisotropy of thermal ex-

pansion in mica. 

The value of numerical modelling and digitizing methods were also inves-

tigated by studying the effect of coupling elastic wave speeds and anisotropy 

sources from the micro-scale (µm) to the macro-scale (km). Bulk seismic ve-

locity was studied as a function of grain-size at the in laboratory-scale. The 

effect of layering was explored on the scale of km’s, using the geophysical 

surveys and borehole of the COSC-1 project. Both these studies were per-

formed considering different geometrical effects (grain size and layering 

thickness) in regards to the wavelength of elastic waves, to better understand 

the apparent dispersion that arises in the transition from a ray medium effec-

tive medium. 

The second part of this thesis focused on crystal rotation in magmatic flow. 

The first study of this part set out to evaluate the effect common assumption 

of crystal oriented in the viscous flow as well as valuing the Jeffries equation 

on ellipsoidal crystals rotation in the viscous flow. An effort was made to ex-

pand Jeffreys equations and his work for a variety of crystal shapes, sizes and 

aspect ratios in irrotational flows such as Couette flow, Poiseuille flow, Plug 

flow, Wedge flow and Corner flow. The assumption of crystal rotation due to 
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the convection and coupling of pressure gradient and convection has been 

studied. The  aim was to evaluate the flow pattern in the field and provide a 

theoretical link to the petrofabric observed in solidified magmatic rocks.  

5.2. Outlook 

In this section I discuss some future potential research directions, based on the 

outcome of this thesis. Essentially three topics of research are suggested to be 

explored further: 

1. Based on the results produced from the laboratory measurements in Paper 

I, it would be useful to further study the effects of joint pressure and tempera-

ture conditions on elastic wave velocities. Such joint derivatives may be used 

to investigate potential interdependent effects from pressure and temperature 

on elastic wave speeds (Figure 5.1). Although there is a tendency in the liter-

ature to assume a linear dependency of elastic wave speed as a function of 

pressure and temperature changes at high confining pressure, above the so-

called crack-closure pressure (e.g., Eberhart-Phillips et al., 1989;  Ji et al., 

2007; Ullemeyer et al., 2011), this is not what is actually observed. Instead, it 

appears that at high pressure and temperatures there is a non-linear depend-

ence of elastic velocities these physical conditions (Figure 5.1). An investiga-

tion of elastic wave speeds as a function of joint pressure and temperature 

measurements would be valuable to understand the crustal seismic properties, 

especially when attempting to extrapolate laboratory measured pressure and 

temperature derivatives to greater depths in the Earth. 

2. It is also possible to further investigate the connection between anisotropy 

of magnetic susceptibility (AMS) and seismic anisotropy, which was explored 

as part of Paper I. Since the AMS measurements are relatively easy to conduct, 

they would be valuable indicators to infer seismic anisotropy. One way to test 

the relationship in more detail would be to carry out joint laboratory measure-

ments of AMS and seismic velocity, and in parallel calculate the physical 

properties from texture data obtained from the studied samples (for example 

from electron backscatter diffraction data). The aim of this research can be 

employing data produced by AMS and arithmetic methods via thin section 

analysis to reproduce the laboratory measured data of seismic properties.  
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Figure 5.1: Surface fitting for measurements of elastic wave speeds as a function of 
pressure, temperature and joint pressure and temperature data measured with multi 
anvil apparatus, made for sample COSC-1. The fitted surface is not planar, but rather 
a curved surface. This is supported both by end-members of measurements, i.e., per-
formed by one parameter being fixed while the other is changed, as well as measure-
ments performed at simultaneous changed pressure and temperature.   

3.  The construction of an elastic wave propagation module for use with COM-

SOL Multiphysics offers great flexibility of numerical experiments. In this 

thesis I’ve touched on aspects of geometrical factors, such as grain size and 

shape, as well as layering. However, the possibility to implement different 

physics into COMSOL makes it possible to investigate different types of elas-

tic and seismic phenomena. The effect of anelasticity can be explored, arising 

from for example fluid-filled saturated rocks, or the influence of grain bound-

aries on elastic wave speeds are possible to investigate. Scaling-relationships 

can also be readily explored with relatively easy setup of models in COMSOL. 

An aim for future research should be the possibility to import data on crystal-

lographic preferred orientation, obtained from scanning electron microscope - 

electron backscatter diffraction, as a background medium for elastic wave 

propagation. 
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6. Sammanfattning på Svenska 

Fysikaliska egenskaper hos stenar som studerats i laboratorium är användbara 

för att ge insikt till jordens dynamiska inre. Detta kan inkludera direkta be-

gränsningar av in-situ seismiska egenskaper, såsom mätningar av elastiska 

våghastigheter som kan jämföras med seismologiska data eller petro-struktu-

rella indikatorer härledda från magnetisk anisotropi. Ett annat tillvägagångs-

sätt som ger prediktiv insikt i de fysikaliska egenskaperna hos jordens inre är 

datormodeller. Särskilt numerisk modellering är användbart för att undersöka 

den dynamiska utbredningen av elastiska vågor i material eller flödet av ett 

material för att generera texturella mönster i berg. Denna avhandling fokuserar 

på en integrativ metodik, som använder både laboratoriemätningar och nume-

risk modellering, för att förstå fysikaliska egenskaper och struktur i bergarter 

från jordskorpan. De fysikaliska egenskaperna hos bergarter påverkas av både 

inneboende källor (t.ex. inneboende egenskaper hos kristaller) och yttre källor 

(t.ex. skiktning, mikrosprickor, orientering av kristaller, geologiska vätskor 

och kornstorlek). En mångsidig numerisk elastisk vågutbredningsmodell är 

konstruerad med COMSOL Multiphysics och testad mot en laboratoriestan-

dard av rostfritt stål som används för mätningar av elastiska vågor. Modellen 

erbjuder ett flexibelt verktyg för att studera kompositmaterial med olika prov-

geometrier, vilket är viktigt vid modellering av bergarters fysikaliska egen-

skaper. Med hjälp av den elastiska vågutbredningsmodellen utforskade jag 

olika geologiska scenarier och deras inverkan på seismiska egenskaper, inklu-

sive effekten av kornstorlek på bulk-elastisk våghastighet och skiktade lager-

följder på seismisk anisotropi. Med hjälp av laboratoriedata som inmatning till 

modellerna undersökte jag de seismiska egenskaperna hos skiktade material, 

med skikt som förekommer med periodisk och icke-periodisk tjocklek. Det 

visas att de seismiska egenskaperna, och i synnerhet anisotropin, hos ett skik-

tat material beror på 1) kombinationen av bergets inneboende egenskaper och 

skiktning och 2) förhållandet mellan våglängd () och skiktens tjocklek (d). 

Detta observeras också i en gemensam laboratorie och numerisk studie av 

magmatiska bergarter (gabbro) med liknande mineral och kemisk samman-

sättning, men som varierar i kornstorlek. En viktig observation, oberoende av 

skala, är att de fysikaliska egenskaperna är våglängdsberoende och visar en 

minskning (dispersion) i hastighet, från ett strålmedium (/d < 1) till ett effek-

tivt medium (/d > 10). I den andra delen av denna avhandling tillämpar jag 
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en annan COMSOL Multiphysics modell för att undersöka hur kristaller rote-

rar i ett magmatiskt flöde, och hur mikrostrukturer i olika magmatiska bergar-

ter kan utvecklas. En uppsättning olika magmatiska flödesscenarier utforskas, 

med direkt tillämpning på naturliga exempel på gångar och magmakammare. 

Målet med dessa modeller är att ge prediktiva möjligheter för att tolka till ex-

empel flödesriktningar genom texturerella mönster i magmatiska bergarter. 
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A. Appendix 

 

A.1. Rotational matrix 

A.1.1. wave fundamental 

Consider seismic shear waves travelling in the z-direction, with displace-

ments in the x-direction. The governing equations are (1) the elastic rheol-

ogy, 

𝜎𝑥𝑧  = 2𝐺휀𝑥𝑦

 = 𝐺
∂𝑢

∂𝑧

 

and the momentum equation in 𝑥, 

∂𝜎𝑥𝑥

∂𝑥
+

∂𝜎𝑥𝑦

∂𝑦
+

∂𝜎𝑥𝑧

∂𝑧
+ 𝐹𝑥 = 𝜌

𝑑2𝑢

𝑑𝑡2
 

which, for the given geometry, simplifies to 

∂𝜎𝑥𝑧

∂𝑧
= 𝜌

∂2𝑢

∂𝑡2
 

For more compact notation, I will use 𝜏 = 𝜎𝑥𝑧, so that the complete equations 

are 

𝜏 = 𝐺
∂𝑢

∂𝑧
∂𝜏

∂𝑧
= 𝜌

∂2𝑢

∂𝑡2

 

We can combine these two equations by taking the 𝑧-derivative of the first and 

substituting into the second: 
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𝐺
∂2𝑢

∂𝑧2
= 𝜌

∂2𝑢

∂𝑡2
 

This is the well-known wave equation, which for constant 𝐺 and 𝜌 has as gen-

eral solution 

𝑢(𝑧, 𝑡) = 𝑓1(−𝑧 + 𝑣𝑡) + 𝑓2(𝑧 + 𝑣𝑡) 

where 𝑣 = √𝐺/𝜌 is the wave speed. The solution is composed of a forward 

travelling component 𝑓1, and a backward travelling component 𝑓2. Note that 

the more common way of writing this is = 𝑓1(𝑧 − 𝑣𝑡) + 𝑓2(𝑧 + 𝑣𝑡), but the 

net result is the same, and we would like to have the same time factor in both 

parts of the solution. 

Alternatively, we may describe the solution in terms of sinusoidal waves. For 

each wave with a given wavenumber 𝑘, we may write 

𝑢(𝑧, 𝑡) = 𝑈+𝑒𝑖(−𝑘𝑧+𝜔𝑡) + 𝑈−𝑒𝑖(𝑘𝑧+𝜔𝑡) 

where 𝜔 = 𝑘𝑣 = 𝑘√𝐺/𝜌. 

A.1.2. Wave propagation through a slab with constant 

parameters 

 

Consider a uniform slab of thickness 𝑙 between two positions 𝑧1 and 𝑧2, so 

that 𝑧2 = 𝑧1 + 𝑙. Using solution (9), we can absorb the time dependence into 

the pre-factor and write (for shorter notation) 

𝑢(𝑧, 𝑡) = 𝑈0+(𝑡)𝑒−𝑖𝑘𝑧 + 𝑈0−(𝑡)𝑒𝑖𝑘𝑧 

Evaluating the first part of the solution at 𝑧1 and 𝑧2, we have 

𝑈𝑧2+  = 𝑈0+𝑒−𝑖𝑘𝑧2

𝑈𝑧1+  = 𝑈0+𝑒−𝑖𝑘𝑧1

 = 𝑈0+𝑒−𝑖𝑘(𝑧2−𝑙)

 = 𝑈2+𝑒𝑖𝑘𝑙

 

Similarly, we get for 𝑈𝑧1− 
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𝑈𝑧1− = 𝑈𝑧2−𝑒−𝑖𝑘𝑙 

We can combine the two equations for 𝑈𝑧1+ and 𝑈𝑧1− into a single matrix 

equation, 

[
𝑈𝑧1+

𝑈𝑧1−
] = [𝑒

𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] [
𝑈2+

𝑈2−
] 

The matrix 

𝐏𝑙 = [𝑒
𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] 

is the propagation matrix for the forward and backward displacement fields 

for a propagation distance of 𝑙 in a uniform medium. Next, we look at the 

propagation over a distance of 2𝑙. We can simply replace 𝑙 with 2𝑙 in the ex-

pression for 𝐏𝑙 to get 

𝐏2𝑙 = [𝑒
2𝑖𝑘𝑙 0
0 𝑒−2𝑖𝑘𝑙

] 

Alternatively, we can define 3 positions 𝑧1, 𝑧2, and 𝑧3, each separated by a 

distance 𝑙. We have, for 𝑧1 and 𝑧2 (as before), 

[
𝑈𝑧1+

𝑈𝑧1−
] = [𝑒

𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] [
𝑈𝑧2+

𝑈𝑧2−
] 

and for 𝑧2 and 𝑧3, 

[
𝑈𝑧2+

𝑈𝑧2−
] = [𝑒

𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] [
𝑈𝑧3+

𝑈𝑧3−
] 

Combining (19) and (20), we get 

[
𝑈𝑧1+

𝑈𝑧1−
] = [𝑒

𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] [
𝑈𝑧2+

𝑈𝑧2−
] = [𝑒

𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] [𝑒
𝑖𝑘𝑙 0
0 𝑒−𝑖𝑘𝑙

] [
𝑈𝑧3+

𝑈𝑧3−
] 

Or 

𝐔𝑧1 = 𝐏𝑙𝐏𝑙 ⋅ 𝐔𝑧3 

It is easily verified that this result matches the solution given by (18). Wave 

propagation of any distance which is a multiple of 𝑙 can thus be written in 
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terms of a product of the propagation matrix 𝐏𝑙. Note that it is equally possible 

to multiply different propagation matrices representing different distances. 

e.g., 𝐏𝑙 ⋅ 𝐏𝑚 

A.1.3. Wave propagation across an interface 

 

In this section, we consider the propagation of waves across an interface be-

tween two regions, each with constant parameters. The orientation of the in-

terface is at right angles to the propagation direction. This is a similar bound-

ary condition for pressure – and shear–wave motions (figure A.1). The dis-

placement fields to the left of the interface in material 1 will be denoted 𝑢1, or 

𝑈1+ and 𝑈1−, and those to the right in material 2 are 𝑢2, 𝑈2+, and 𝑈2−. The 

boundary conditions on 𝑢 and 𝜏 at the interface are 

𝑢1 = 𝑢2

𝜏1 = 𝜏2
 

The first equation directly yields 

𝑈1+ + 𝑈1− = 𝑈2+ + 𝑈2− 

The second equation requires some manipulation. Start with the rheology 

equation (2), 

𝜏  = 𝐺
∂𝑢

∂𝑧
 = 𝐺(−𝑖𝑘𝑈+𝑒𝑖(−𝑘𝑧+𝜔𝑡) + 𝑖𝑘𝑈−𝑒𝑖(𝑘𝑧+𝜔𝑡))

 

Continuity of 𝜏 across the interface thus becomes 

𝐺1𝑖𝑘1(−𝑈1+𝑒𝑖(−𝑘1𝑧+𝜔1𝑡) + 𝑈1−𝑒𝑖(𝑘𝑧1+𝜔1𝑡))

= 𝐺2𝑖𝑘2(−𝑈2+𝑒𝑖(−𝑘2𝑧+𝜔2𝑡) + 𝑈2−𝑒𝑖(𝑘2𝑧+𝜔2𝑡)) 

⇒  𝑈1+ − 𝑈1− = (𝑈2+ − 𝑈2−)
𝐺2𝑘2

𝐺1𝑘1
 

where the exponentials in terms of 𝜔 cancel each other because the frequency 

must be the same in both media (𝜔1 = 𝜔2), and the exponential terms of 𝑘𝑧 

can be omitted by choosing 𝑧 = 0 for the interface. Since 𝜔1 = 𝜔2, and 𝜔 =

𝑘√𝐺/𝜌, we can replace 𝑘 to get 
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𝑈1+ − 𝑈2− = (𝑈2+ − 𝑈2−)√
𝐺2𝜌1

𝐺1𝜌2
 

Continuity of displacement (23) and stress (24) across the interface can thus 

be written as 

𝑈1+ + 𝑈1−  = 𝑈2+ + 𝑈2−

√
𝐺1

𝜌1

(𝑈1+ − 𝑈1)  = √
𝐺2

𝜌2

(𝑈2+ − 𝑈2−)
 

Using 𝑣 = √𝐺/𝜌, we can replace 𝐺 with 𝜌𝑣2 to derive the more common 

form 

𝑈1+ + 𝑈1− = 𝑈2+ + 𝑈2−

𝑈1+ − 𝑈1− =
𝜌2𝑣2

𝜌1𝑣1

(𝑈2+ − 𝑈2−) 

Next, we first add and then subtract (33) and (34), respectively, to yield 

2𝑈1+ = 𝑈2+ (1 +
𝜌2𝑣2

𝜌1𝑣1
) + 𝑈2− (1 −

𝜌2𝑣2

𝜌1𝑣1
)

2𝑈1− = 𝑈2+ (1 −
𝜌2𝑣2

𝜌1𝑣1
) + 𝑈2− (1 +

𝜌2𝑣2

𝜌1𝑣1
)

[
𝑈1+

𝑈1−
) =

1

2
[

1 +
𝜌2𝑣2

𝜌1𝑣1
1 −

𝜌2𝑣2

𝜌1𝑣1

1 −
𝜌2𝑣2

𝜌1𝑣1
1 +

𝜌2𝑣2

𝜌1𝑣1

] [
𝑈2+

𝑈2−
]

 

Another way of writing this result is 

[
𝑈1+

𝑈1−
] =

1

𝑇12
[

1 𝑅12

𝑅12 1
] [

𝑈2+

𝑈2−
] 

where 𝑇12 and 𝑅12, given by 

𝑇12  =
2𝑣1𝜌1

𝑣1𝜌1 + 𝑣2𝜌2

𝑅12  =
𝑣2𝜌2 − 𝑣1𝜌1

𝑣1𝜌1 + 𝑣2𝜌2
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are the transmission and the reflection coefficients, respectively (note that the 

reflection coefficient has the opposite sign from what is usually given in the 

literature; this is because the reflection coefficient as written above includes 

the 180∘ phase shift, so that the boundary conditions ( 33 ) and (34) are satis-

fied). Equation (38) can be inverted to yield 

[
𝑈2+

𝑈2−
] =

1

𝑇21
[

1 𝑅21

𝑅21 1
] [

𝑈1+

𝑈1−
] 

The standard reflection-transmission problem for a single interface is recov-

ered from either (38) or (41) by allowing for the incident and reflected wave 

on the side, and only a transmitted wave on the opposite side. For example. 

[
𝑈1+

𝑈1−
] =

1

𝑇12
[

1 𝑅12

𝑅12 1
] [

𝑈2+

0
] 

implies that (for incident wave 𝑈𝑖, transmitted wave 𝑈𝑡, and reflected wave 

𝑈𝑟 ) 

𝑈𝑖  = 𝑈1+ =
1

𝑇12
𝑈2+ =

1

𝑇12
𝑈𝑡

⇒  𝑈𝑡  = 𝑇12𝑈𝑖

 

and 

𝑈𝑟  =
𝑅12

𝑇12
𝑈2+ =

𝑅12

𝑇12
𝑈𝑡

⇒  𝑈𝑟  =
𝑅12

𝑇12

(𝑇12𝑈𝑖) = 𝑅12𝑈𝑖

 

The matrix 

𝐌12 =
1

𝑇12
[

1 𝑅12

𝑅12 1
] 

is called the matching matrix. The propagation matrix 𝐏 and the matching ma-

trix 𝐌 may be combined to describe more complex physical setups. For ex-

ample, the propagation of waves through a slab of material 2 and thickness 𝑙, 

embedded in an infinite space of material 1, can be written as 
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[
𝑈1+

𝑈1−
]  =

1

𝑇12
[

1 𝑅12

𝑅12 1
] [

𝑈2+

𝑈2−
]

 =
1

𝑇12
[

1 𝑅12

𝑅12 1
] [𝑒

𝑖𝑘𝑙 0
0 𝑒𝑖𝑘𝑙

] [
𝑈2′+

𝑈2′
]

 =
1

𝑇12
[

1 𝑅12

𝑅12 1
] [𝑒

𝑖𝑘𝑙 0
0 𝑒𝑖𝑘𝑙

]
1

𝑇21
[

1 𝑅21

𝑅21 1
] [

𝑈1′ +
𝑈1′

]

 

For the example of an incident and reflected wave on the unprimed side of the 

slab, and only a transmitted (but no incident) wave on the primed side of the 

slab, we get 

[
𝑈1+

𝑈1−
] =

1

𝑇12
[

1 𝑅12

𝑅12 1
] [𝑒

𝑖𝑘𝑙 0
0 𝑒𝑖𝑘𝑙

]
1

𝑇21
[

1 𝑅21

𝑅21 1
] [

𝑈1′+

0
] 

Multiplying out the matrix factors, we obtain 

𝑈1+ =
𝑒𝑖𝑘𝑙

𝑇12𝑇21
(1 + 𝑅12𝑅21𝑒

−2𝑖𝑘𝑙)𝑈1+
′

𝑈1− =
𝑒𝑖𝑘𝑙

𝑇12𝑇21
(𝑅12 + 𝑅21𝑒

−2𝑖𝑘𝑙)𝑈1+
′

 

 
Figure A.1: pressure – and shear–wave propagation in a layered medium. The contact 

between the layers are welded and have no material properties of their own. Therefore 

they behave purely as a contact between different or similar materials 
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