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Abstract

Background: The most relevant determinant in scheduling monitoring intervals for abdominal aortic aneurysms (AAAs) is
maximum diameter. The aim of the study was to develop a statistical model that takes into account specific characteristics of AAA
growth distributions such as between-patient variability as well as within-patient variability across time, and allows probabilistic
statements to be made regarding expected AAA growth.

Methods: CT angiography (CTA) data from patients monitored at 6-month intervals with maximum AAA diameters at baseline
between 30 and 66 mm were used to develop the model. By extending the model of geometric Brownian motion with a log-normal
random effect, a stochastic growth model was developed. An additional set of ultrasound-based growth data was used for external
validation.

Results: The study data included 363 CTAs from 87 patients, and the external validation set comprised 390 patients. Internal and ex-
ternal cross-validation showed that the stochastic growth model allowed accurate description of the distribution of aneurysm
growth. Median relative growth within 1 year was 4.1 (5–95 per cent quantile 0.5–13.3) per cent. Model calculations further resulted
in relative 1-year growth of 7.0 (1.0–16.4) per cent for patients with previously observed rapid 1-year growth of 10 per cent, and 2.6
(0.3–8.3) per cent for those with previously observed slow growth of 1 per cent. The probability of exceeding a threshold of 55 mm was
calculated to be 1.78 per cent at most when adhering to the current RESCAN guidelines for rescreening intervals. An online calculator
based on the fitted model was made available.

Conclusion: The stochastic growth model was found to provide a reliable tool for predicting AAA growth.

Introduction
Abdominal aortic aneurysm (AAA) is an important cause of death
among people over 55 years of age and is responsible for more
than 1.7 million deaths per year worldwide (CDC WISQARS
https://www.cdc.gov/injury/wisqars/index.html, UK Office for
National Statistics, Swedish National Board of Health and
Welfare). This is a reason why AAA screening has been adopted
in many healthcare systems for men, but not women1. Owing to
its chronic inflammatory nature, it may well take 7–14 years for a
small AAA of 3 cm maximum diameter to grow to 5–5.5 cm,
which is the indication for surgery2. The appropriate timing of
follow-up visits depends on the current AAA size and the
expected growth rate because other methods of predicting
growth and AAA rupture have proven unreliable3. Accurate sta-
tistical models for AAA growth in a defined patient population,
and ultimately for individual patients, are required to plan appro-
priate follow-up visits. The established measure of AAA size and

growth is the maximum diameter, which can be determined us-

ing ultrasound imaging or CT angiography (CTA).
The established RESCAN study2 quantified the average AAA

growth across a patient population and its results have been

adopted in some clinical guidelines4. However, to describe the

heterogeneity in growth between patients and to calculate the
risk for an individual patient experiencing critically fast AAA

growth, tail quantiles of the growth rate distribution, such as the

95 per cent quantile, are of main interest. In contrast to estima-

tors of average growth rates, estimators of tail quantiles are typi-

cally less robust with respect to model misspecifications.
The objective of this study was to develop a stochastic growth

model that adequately considers known properties of the natural
growth of AAAs. In particular, the aim was for the model to sat-

isfy the following criteria: absolute growth depends on AAA size5

(criterion 1), growth rates may vary in individual patients across

time (within-patient heterogeneity)6,7 (criterion 2), and growth
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rates may vary between patients (between-patient heterogeneity)
(criterion 3). Furthermore, the model should be applicable inde-
pendently of different timings of first AAA measurements in dif-
ferent patients (criterion 4), and self-consistent when applied to
time series of AAA measurements (criterion 5). The model was
established and validated using a data set of longitudinal CTA
measurements of maximum AAA diameter obtained from a con-
temporary sample of patients who underwent regular CTA at
6-month intervals. For further validation, an external set of ultra-
sound-based growth data was used. As a second outcome, the
growth distribution of maximum AAA diameter based on the
sample data was quantified. Furthermore, the estimated risks of
exceeding critical AAA sizes within different time spans for differ-
ent initial maximum diameters were calculated, and the current
recommendations for screening intervals were evaluated in the
model.

Methods
Study population
Patients with known or newly diagnosed AAA visiting the outpa-
tient clinic at a tertiary university hospital (Division of Vascular
Surgery, Department of General Surgery, General Hospital of
Vienna, Medical University of Vienna, Vienna, Austria) between
2014 and 2019 were included prospectively. Patients with a recent
malignancy or chemotherapy (within 1 year), autoimmune dis-
ease, and organ transplantation were excluded from the analysis.
This study was defined as an observational study, approved by
the Vienna General Hospital Local Ethics Committee with licence
number 1729/2014. It adhered to the principles of the Declaration
of Helsinki and STROBE guidelines8, and was registered at
ClinicalTrials.gov (NCT03507413). The study is reported in line
with the TRIPOD statement9. All patients gave informed consent
before participation in the study. The morphometric growth
analysis was performed at 6-month intervals for up to 5 years.
For CTA, a Somatom FlashVR or Somatom Force instrument
(Siemens, Erlangen, Germany) was used with tube voltage set-
tings of 120 or 100 kV, and a tube current of 120 ref mA (collima-
tion 2� 64� 0.6 mm). Images reconstructed in 1-mm slices were
used for multiplanar reconstructions. Leading-edge-to-leading-
edge diameter in axial corrected matter was defined as maxi-
mum diameter. Morphometric AAA analysis (maximum aortic di-
ameter) was performed by two independent experts blinded to
the previous CT measurement data, with a mean interobserver
variability of 0.2 mm or 0.4 per cent (Table S1).

Statistical analysis
To describe patient characteristics, mean(s.d.) values were calcu-
lated for continuous variables, and absolute and relative frequen-
cies for categorical variables.

Stochastic growth model
A stochastic growth model was developed based on the prede-
fined criteria. To satisfy criterion 1, exponential growth was de-
fined as core of the model. To address within-patient
heterogeneity of growth rates (criterion 2), it was assumed that in
each small time step a normally distributed random value with
mean zero is added to the previous growth rate. This results in a
geometric Brownian motion model, a well studied approach to
modelling general growth processes10,11. The model equation
for a single patient is Ytþd

Yt
¼ exp k – r2

2

� �
dþ r Wd

n o
, where Yt is

the AAA size at time t, k is the patient-specific growth rate,
Wd denotes a Brownian motion process at time d, and r

determines the within-patient variability of the growth rate. It
was further assumed that the within-patient variability is propor-
tional to the growth rate k by a scale factor k (r ¼ k � kÞ, which
is supported by Fig. S1.

To address between-patient heterogeneity in growth rates (cri-
terion 3), the geometric Brownian motion model was extended by
a log-normally distributed random effect for k. This assumption
was supported by the empirical distribution of patient-specific
growth rates (Fig. S1).

An optimization routine to estimate the model parameters via
maximum likelihood was implemented in R 4.0 (R Foundation for
Statistical Computing, Vienna, Austria).

Linear mixed model
For comparison, the growth of AAAs was also modelled using a
linear mixed model similar to the methods used in previous stud-
ies2,6,7. For a single patient, the respective model equation is
Yt ¼ b0 þ b1 � tþ e. The regression coefficients b0 and b1 are as-
sumed to be bivariate normally distributed between patients.
Here, the variability of the intercept b0 reflects the different val-
ues of initially observed AAA size between patients. The variabil-
ity of the slope b1 reflects the heterogeneity in growth rates
between patients, and the correlation between the two parame-
ters accounts for the fact that AAA growth is on average faster in
patients with a larger initial AAA size. However, the model does
not capture the possibility that growth may increase with time in
a patient. The error term e is assumed to be normally distributed
and independent for all measurements. It reflects within-patient
variability to some extent. Linear mixed models were fitted using
restricted maximum likelihood with the library lme412 in R 4.0.

Probabilities and quantiles
Probabilities of exceeding a certain maximum diameter and, con-
versely, quantiles of predicted maximum diameter distributions
were calculated from the stochastic growth and linear mixed
models. Computational details are available in the Supplementary
material. In brief, in the stochastic growth model, given an initial
maximum AAA diameter, the distribution of maximum AAA
diameters at a specified later time point is an integral of log-
normal distributions over the random-effect distribution for the
individual growth rate. In the linear mixed model, the corre-
sponding maximum AAA diameters have a normal distribution.
Probabilities and quantiles were calculated from these distribu-
tions after plugging in maximum likelihood estimates for the re-
quired model parameters and, for the stochastic growth model,
by performing numerical integration. Further details can be
found in the Supplementary material. Standard errors for probabili-
ties and quantiles were calculated using the leave-one-out jack-
knife method.

Model validation
Leave-one-out cross-validation was applied to assess the validity
of the stochastic growth and linear mixed models. In each cross-
validation round, the data set was split into a training sample, in-
cluding all but one patient, and a test sample comprising data
from the patient who was left out of the training sample. Each
patient was left out once. In each round, the stochastic growth
model and the mixed model were fitted with the training sample.
The models were then used to predict the 5, 10, 25, 50, 75, 90, and
95 per cent quantiles of the distribution of the last observation of
the test sample, using the first observation of the test sample as
input. For each quantile, the percentage of patients for whom the
observed final value was below the predicted quantile was
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determined and compared with the nominal quantile levels. For

a model that perfectly predicts growth distribution, these two

quantiles should be identical up to sampling variation. The

expected sampling variation was assessed in terms of the stan-

dard error for proportions as derived from the normal approxi-

mation of the binomial distribution. In a supplementary analysis,

the same assessment was made including all observations after

each patient’s initial measurement.

External validation
External validation was undertaken using a data set from

Uppsala, Sweden13, of longitudinal ultrasound-based measure-

ments of maximal AAA leading-edge-to-leading-edge diameter14

in patients with a screening-detected AAA. The reported mea-

surement variability was 2.0 (6 4.0) mm with a coefficient of vari-

ability of 5.0 per cent14. The patients originated from two

population-based screening cohorts; all 65-year-old men15 and

all 70-year-old women in the county of Uppsala16 were invited for

an ultrasound examination of the aorta. Some 83.7 per cent of all

men accepted the invitation, and 74.2 per cent of all women

attended. For each patient, the measurement time point closest

to 1 year within 0.5–1.5 years after the initial observation was

identified. Similarly, the measurement time point closest to

2 years within 1.5–2.5 years after the initial observation was iden-

tified. The stochastic growth model and the linear mixed model,

which were fit with the Viennese data set, were used to predict

the 5, 10, 25, 50, 75, 90, and 95 per cent quantiles of the growth

distribution for each patient at these two measurement points,

based on the maximum diameter at the initial time point and the

individual time intervals. Similar to the internal cross-validation,

for each quantile, the percentage of patients for whom the ob-

served value was below the predicted quantile was determined,

and compared with the respective nominal quantile levels. For

further comparison of model parameters, the stochastic growth

model was also fit using the validation data.

Evaluation of prognostic properties for threshold
crossing
Use of the stochastic growth and linear mixed models as prog-

nostic tools for the crossing of a specific threshold diameter was

further assessed in a receiver operating characteristic (ROC)

analysis using leave-one-out sample splitting with the study data

set. For each patient with an initial maximum diameter below

55 mm, the probability of having crossed that threshold at the ob-

served measurement time point closest to the recommended sur-

veillance interval (3, 1 or 0.5 years respectively for initial

diameters below 40 mm, or 40 mm or more, and less than 50 mm,

or 50 mm or more) was calculated using models that were fitted

with data from all other patients. In a ROC analysis, the calcu-

lated probabilities, based on the initial value, were used as pre-

dictor and the observed status of crossing as the outcome. The

best cut-off for the predictor was determined as the value provid-

ing the largest sum of sensitivity and specificity. The same analy-

ses were performed for all patients in whom the second

measurement was below 55 mm, with surveillance intervals

starting at the second time point and with probabilities calcu-

lated from refined individual growth distributions based on the

first two measurements. Owing to the small number of patients

whose aneurysm crossed the threshold, these analyses are con-

sidered exploratory.

Results
Characteristics of patient sample
A total of 363 CTA measurements, in 87 patients (11 women and
76 men), in whom AAA growth was monitored by CTA at regular
intervals of approximately 6 months, were included in the study
(Table 1). The maximum AAA diameter at baseline was between
30 and 66 mm, with a median of 46 mm. The minimum, median,
and maximum number of visits with CTA was two, four, and
nine respectively.

Visualization of observed and modelled AAA
growth
Time trajectories for the median absolute growth and different
quantiles of the relative growth distribution in the studied patient
population were estimated from the model and plotted together
with the observed data (Fig. 1). The observed growth of maximum
diameter was larger in patients with a larger aneurysm at the ini-
tial visit. Accordingly, median growth curves as predicted by the
stochastic growth model were steeper and showed stronger cur-
vature for larger initial maximum diameters (Fig. 1a). Individual
curves of relative growth showed a right skewed distribution,
with some patients exhibiting much faster growth than the
vast majority. On visual inspection, the estimated quantiles
of the stochastic growth model matched well with the observed
distribution of individual growth curves (Fig. 1b). In contrast,
the linear mixed model assumes a more symmetric distribution

Table 1 Patient characteristics

No. of missing
observations

No. of
patients*

Demographics
Age at first visit (years)† 0 71.6(7.7)
Men 0 76 (87)
BMI (kg/m2)† 1 28.2(4.5)
Duration of follow-up (years)† 0 1.9(1.2)

Vascular characteristics†
Maximum AAA diameter
at first visit (mm)

0 45.8(7.9)

Maximum thrombus at
first visit (mm)

8 12.2(7.9)

Thrombus volume at
first visit (ml)

12 33.2(30.4)

Smoking habits
Never smoked 0 5 (6)
Past smoker 0 52 (60)
Current smoker 0 30 (34)
Pack-years (of past and
current smokers)†

5 46.4(29.8)

Co-morbidities
Hypertension 0 74 (85)
Hyperlipidaemia 0 72 (83)
Peripheral artery disease 0 15 (17)
Coronary heart disease 0 30 (34)
Myocardial infarction 0 20 (23)
Stroke 0 5 (6)
Diabetes mellitus 0 20 (23)
COPD 0 30 (34)

Medication
Antiplatelet therapy 0 78 (90)
Anticoagulation therapy 0 17 (20)
Antihypertensive therapy 0 74 (85)
Lipid-lowering agents 0 82 (94)
Diabetic medication 0 20 (23)

*With percentages in parentheses unless indicated otherwise; †values are
mean(s.d.). Hypertension, hyperlipidemia, peripheral artery disease,
myocardial infarction, stroke, coronary heart disease, diabetes mellitus, and
chronic obstructive pulmonary disease (COPD) were defined according to the
American Heart Disease classification. AAA, abdominal aortic aneurysm.
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of individual growth curves and does not allow for the modelled
within-patient variability to increase with time. Consequently,
the linear mixed model overestimated the median growth and
underestimated quantiles at the upper end of the growth distri-
bution, thereby underestimating the potential for individuals
with rapidly growing aneurysms (Fig. 1c).

Model validation
The leave-one-out cross validation showed good agreement of
the predictions of the stochastic growth model with the observed
data. For risk assessment, the upper-tail quantiles, such as the
75, 90, and 95 per cent values, are most relevant. The stochastic
growth model performed particularly well for the prediction of
these quantiles. In contrast, the linear mixed model performed
well only up to the 75 per cent quantile of the maximum diame-
ter, but underestimated the 90 and the 95 per cent quantiles
(Table 2 and Table S2).

In the external validation data set (390 patients in total), for
191 patients (85.9 per cent men, 14.1 per cent women) an ultra-
sound-based measurement of maximum diameter was available
between 0.5 and 1.5 years after the initial measurement. The ini-
tially measured maximum diameters were between 30 and

58 mm, with mean of 39.7 mm. For 283 patients (90.1 per cent
men, 9.9 per cent women), a measurement was available be-
tween 1.5 and 2.5 years, and the initially measured maximum
diameters were between 28 and 58 mm, with a mean of 36.3 mm.
Hence, the external validation data set was comparable to the
study data set in terms of sex distribution and initial maximum
diameters. Nonetheless, the overall pattern of growth curves
showed relevant differences.

In the CT-based study data set, all patients showed some
increase in maximum diameter with time. In particular, the max-
imum diameter was larger than the initial maximum diameter
at all follow-up visits for all patients. In contrast, in the ultra-
sound-based validation data set, a considerable number
of patients showed temporary decreasing maximum diameter
measurements and values below the initially observed maximum
diameter (Fig. 2a). Accordingly, both the stochastic growth model
and the linear mixed model that were fit with the study data set
considerably overestimated the 5, 10, and 25 per cent quantiles in
the validation data set at both time points considered (Table 3).
The linear mixed model underestimated the 75 per cent and, to a
greater extent, the 90 and 95 per cent quantiles, at both time
points. The stochastic growth model showed some underestima-
tion of these quantiles at the 1-year time point; however, it
showed very good agreement for the 2-year time point. Both mod-
els performed reasonably well in estimating the median.

The larger variability within individual AAA growth curves in
the validation data set compared with the study data set may be
attributed, at least in part, to the different measurement meth-
ods, as ultrasound-based measurements are expected to be less
precise than those based on CTA. This assumption was sup-
ported by the model parameters of the stochastic growth model
when fitted to the validation data set. The values for mean
growth rate and between-patient variability were almost identi-
cal to the corresponding estimates obtained with the study data
set, but the value of the scale factor describing within-patient
variability was larger (Table S3 and estimated model parameters
in the Supplementary material). Finally, quantiles that were pre-
dicted from the model fit to the validation data suggested an ac-
curate model fit (Fig. 2b). Hence, the proposed parametrization of
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a   Trajectory relative to maximum diameter:
     stochastic growth model

b   Relative maximum diameter:
     stochastic growth model

c   Relative maximum diameter:
      linear mixed model

Fig. 1 Absolute and relative growth of maximum abdominal aortic aneurysm diameter

a Change in maximum abdominal aortic aneurysm (AAA) diameter for individual patients, and median trajectories as estimated from the stochastic growth
model for starting values of 30, 40, 50, and 60 mm maximum diameter. b,c Relative growth of maximum AAA diameter and its growth distribution modelled by
b stochastic growth model and c linear mixed model. The observed relative growth for each patient is defined as the ratio of the current value of maximum
diameter and the value at the initial visit. Median values and selected quantiles are shown for the study sample as estimated from each model.

Table 2 Leave-one-out cross validation

Quantile level (%) % below predicted quantile

SGM LMM Standard error

5 1.1 1.1 2.3
10 6.9 8.0 3.2
25 18.4 20.7 4.6
50 41.4 56.3 5.4
75 74.7 73.6 4.6
90 92.0 85.1 3.2
95 96.6 89.7 2.3

Values are the percentage of patients for whom the observed final abdominal
aortic aneurysm (AAA) maximum diameter was below the 5, 10, 25, 50, 75, 90
or 95 per cent quantile that was predicted individually for each patient using
the stochastic growth model (SGM) or the linear mixed model (LMM). Standard
errors for the percentages were calculated under the assumption of a perfect
prediction model and are shown to assess the expected impact of sampling
variability on deviations from the nominal quantile level
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the stochastic growth model allows sufficient flexibility to also
cover data with larger variability.

Estimated growth of maximum AAA diameter in
relation to monitoring recommendations
Using the stochastic growth model, a mean growth rate of maxi-
mum AAA diameter of 5.2 per cent per year was estimated; for
example, in a patient with a maximum AAA diameter of 40 mm,
this translates into an expected absolute growth of 2.1 mm within
the next year. The estimated median growth rate was 4.1 (i.q.r.
2.3–6.8) per cent. The estimated range between the 5 and 95 per
cent quantiles was a growth of 0.5–13.3 per cent. A comprehen-
sive description of the estimated growth distribution is given in
Table 4. The estimated model parameters are shown in Table S3,
together with a brief discussion of their interpretation.

Assessment of monitoring recommendations
European clinical guidelines4 for the management of AAA recom-
mend rescreening of aneurysms with diameters up to 30, 40 or
50 mm within 3, 1 or 0.5 years respectively. The stochastic growth
model was used to estimate, for aneurysms with 30, 40 or 50 mm

maximum diameter, the probability of exceeding a threshold
maximum diameter of 50, 55 or 60 mm within the rescreening
time recommended by the guideline (Table 5). In general, when
adhering to the European clinical guideline, the probabilities of
exceeding the threshold were small, in the order of a few patients
per 1000. The calculated probability of exceeding 55 mm within
the recommended interval was largest for patients with a maxi-
mum diameter of 50 mm, with a value of 1.78 per cent. For com-
parison, the probabilities in this setting associated with smaller
rescreening intervals of 3 or 4 months were 0.5 and 0.2 per cent
respectively (Table 5). The calculated probability of exceeding
50 mm within the recommended interval was largest for patients
with a maximum diameter of 30 mm, with a value of 0.8 per cent.
The calculated probability of exceeding 60 mm within the recom-
mended interval was also largest for patients with a maximum
diameter of 30 mm, at 0.16 per cent.

Refined estimation of growth distribution
depending on previous measurements
When using a random-effects model such as the stochastic
growth model to predict AAA growth in an individual patient,
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Fig. 2 Relative growth of maximum abdominal aortic aneurysm diameter in validation data set compared with study data set, and as modelled by
stochastic growth model

a Validation versus study data sets, and b validation data set. Observed relative growth is shown for each patient in the validation and study data sets, along with
median and quantile estimates of the relative growth distribution estimated from the stochastic growth model fit to each data set.

Table 3 External validation

Quantile level (%) % below predicted quantile after 1 year % below predicted quantile after 2 years

SGM LMM Standard error SGM LMM Standard error

5 31.4 20.9 1.6 29.0 10.6 1.3
10 31.4 24.6 2.2 39.2 18.0 1.8
25 41.9 41.4 3.1 43.5 38.9 2.6
50 53.9 56.0 3.6 56.5 57.6 3.0
75 68.6 69.1 3.1 74.6 71.4 2.6
90 85.9 80.6 2.2 88.0 82.7 1.8
95 90.1 84.3 1.6 95.1 86.6 1.3

Values are percentage of patients in the external validation data set for whom the observed abdominal aortic aneurysm (AAA) maximum diameter after 1 year
(60.5 years) or approximately 2 years (60.5 years) was below the 5, 10, 25, 50, 75, 90 or 95 per cent quantile that was predicted individually for each patient using
the stochastic growth model (SGM) or the linear mixed model (LMM). Standard errors for the percentages were calculated under the assumption of a perfect
prediction model and are shown to assess the expected impact of sampling variability on deviations from the nominal quantile level.
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previous measurements may be included by calculating the re-
spective conditional growth distribution. The effect of subse-
quently updating predictions is illustrated in Fig. 3. For these
patients, the updated growth distributions resulted in consider-
ably reduced variance and narrower prediction intervals com-
pared with the growth distribution of the overall population.
Additionally, the refined distributions were shifted towards lower
or greater average growth rates, reflecting the respective infor-
mation from previous growth. Some uncertainty remains, as the
model still accounts for individual growth rates, which may
change with time. In all three patients, the observed maximum
diameter values were within the range of the updated 5 and 95
per cent quantiles. When performing analogous predictions and
updating using the linear mixed model, the predicted

distributions were shifted towards smaller values and included
declining diameters to a greater extent (Fig. S3). However, with
subsequent updating, the modelled distributions of both models
tended to become more similar, as the influence of model-spe-
cific assumptions on the random-effect distribution weakened,
once the individual slope could be determined by sufficient data.
After updating, the linear mixed model in some instances
predicted a wider distribution than the stochastic growth model,
because a constant error term that is not time-dependent was
always added, whereas in the stochastic growth model the
modelled variability was smaller for short time intervals and
increased with time.

A systematic assessment of updated growth distributions us-
ing the stochastic growth model when two previous AAA

Table 4 Estimated distribution of 1-year growth of maximum abdominal aortic aneurysm diameter calculated from novel stochastic
growth model

Growth Initial
value

Mean
increase

Quantiles of 1-year growth distribution

5% 10% 25% Median 75% 90% 95%

Relative (%) 100 5.2 (0.4) 0.5 (0.2) 1.2 (0.2) 2.3 (0.2) 4.1 (0.3) 6.8 (0.5) 10.4 (0.9) 13.3(1.3)
Absolute (mm) 30 1.6 (0.1) 0.2 (0.1) 0.3 (0.0) 0.7 (0.1) 1.2 (0.1) 2 (0.1) 3.1 (0.3) 4.0 (0.4)
Absolute (mm) 40 2.1 (0.2) 0.2 (0.1) 0.5 (0.1) 0.9 (0.1) 1.7 (0.1) 2.7 (0.2) 4.1 (0.4) 5.3 (0.5)
Absolute (mm) 50 2.6 (0.2) 0.3 (0.1) 0.6 (0.1) 1.2 (0.1) 2.1 (0.1) 3.4 (0.2) 5.2 (0.5) 6.6 (0.7)

Values in parentheses are standard errors. Mean and median increase, and selected quantiles of growth distribution, are shown for a starting value of 100 per cent
(showing relative growth as a percentage) and for starting values of 30, 40, and 50 mm (showing absolute growth in millimetres).

Table 5 Estimated risk of maximum abdominal aortic aneurysm diameter exceeding 50, 55 or 60 mm within selected surveillance
intervals for current diameters of 30, 40, and 50 mm

Initial maximum
diameter (mm)

Time until next
surveillance (years)

Estimated % of patients exceeding threshold

50-mm threshold 55-mm threshold 60-mm threshold

30 3 0.80 (0.48) 0.34 (0.24) 0.16 (0.13)
40 1 0.48 (0.29) 0.07 (0.06) 0.02 (0.02)
50 0.5 – 1.78 (0.71) 0.09 (0.07)
50 0.33 – 0.50 (0.27) 0.02 (0.02)
50 0.25 – 0.20 (0.13) 0 (0.01)

Values in parentheses are standard errors.
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Fig. 3 Updated predictions for growth of maximum abdominal aortic aneurysm diameter based on previous measurements using stochastic growth
model

a–c Individual growth data are shown for three patients, along with estimates of the median, and 5 and 95 per cent quantiles, of the maximum abdominal aortic
aneurysm (AAA) diameter distribution at the next time point, based on the growth model for the overall population and the current value for the patient, and
refined estimates of the conditional distribution of maximum AAA diameters taking into account all previous measurements from an individual patient.
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measurements with an interval of 1 year were available is
reported in Table 6. The relative growth within 1 year was esti-
mated, assuming that the relative growth in the previous year
was between 1 and 13 per cent. For example, in subjects with a
relative growth of 4 per cent in the previous year (which is close
to the estimated population median; Table 4), the estimated me-
dian for the relative growth in the subsequent year remained al-
most unchanged at 3.8 (5–95 per cent quantile 0.6–10.0) per cent.
In contrast, model calculations indicated 1-year growth of 7.0
(1.0–16.4) per cent for patients with previously observed fast 1-
year growth of 10 per cent, and 2.6 (0.3–8.3) per cent for patients
with previously observed slow growth of 1 per cent.

Evaluation of prognostic properties for threshold
crossing
For patients with an initial maximum diameter below 40 mm,
40 mm or above and less than 50 mm, or 50 mm and over and
less than 55 mm, the observed measurement time point closest
to the recommended surveillance interval was, on average, after
2.2, 1.1, and 0.5 years. Both models showed similar performance
in discriminating between patients whose aneurysms did or did
not cross the 55-mm maximum diameter threshold at these time
points, with high sensitivity and specificity (Table 7; ROC curves in
Fig. S4). With predictions based on the initial diameter, both mod-
els correctly classified five of seven patients with crossing. In the
two patients who were not classified correctly, the aneurysms
grew by 7.0 per cent within 6 months, from 51.6 to 55.2 mm, and
by 12.8 per cent within 4 months, from 50.1 to 56.5 mm. The

stochastic growth model attributed a crossing probability of 6

and 0.5 per cent respectively to these subjects, and the linear

mixed model suggested much smaller probabilities of 1.5 and

0.0004 per cent. When predictions were based on the first two

measurements, both models correctly classified all three remain-

ing patients who crossed the threshold.

Online calculator and programming code
An online calculator, based on the fitted model, is available for

research purposes at https://sny.cemsiis.meduniwien.ac.at/

~zrx5rdf/jhG93c/. In particular, it allows the calculation of quan-

tiles of the modelled growth distribution (median or 95 per cent

quantile), calculation of the risk of exceeding a given threshold

diameter, and calculation of updated growth predictions based

on a sequence of previous measurements. In addition, the pro-

gramming code for the statistical programming language R to fit

the stochastic growth model and to perform calculations as de-

scribed in this article is available at https://github.com/rmaster1/

SGM.

Discussion
Based on an accurate data set of consecutive CTA measure-

ments, a statistical model was developed to describe the natural

growth of maximum AAA diameter, which allows probabilistic

statements to be made regarding the suspected increase in AAA

growth within given time intervals. Other studies17–20 have

reported mean growth rates, defined as the mean of the patient-

specific change in diameter between the first and last measure-

ment divided by the individual observation interval. Values

obtained in this way were typically in the order of 2 to 3 mm/

year. Some authors21 have calculated growth rates from an expo-

nential growth model. Others2 have used linear mixed models

with a normally distributed intercept and slope as the core

method to model the increase in AAA size as a linear function of

the time since first measurement. Brady and colleagues6, in addi-

tion, allowed the linear slope to depend on the size at baseline,

whereas Bailey et al.7 also reported models with quadratic AAA

growth with time. In the RESCAN study2, which formed the basis

for current AAA monitoring guidelines, the linear mixed model

was applied to data in each of 18 separate data sets and fit into a

combined model in terms of a Bayesian meta-analysis. However,

owing to the heterogeneity in growth between patients and the

risk of an individual patient experiencing critically rapid AAA

growth, tail quantiles of the growth rate are of main interest.

Estimators of tail quantiles are typically less robust with respect

to model misspecifications compared with estimators of average

growth rates.

Table 6 Conditional distribution of relative 1-year growth of
maximum abdominal aortic aneurysm diameter, assuming
that the relative growth in the previous year was between 1 and
13 per cent

Previous 1-year
growth (%)

Predicted 1-year growth (%)

5% quantile Median 95% quantile

1 0.3 (0.1) 2.6 (0.3) 8.3 (0.7)
2 0.4 (0.1) 2.8 (0.2) 8.3 (0.6)
3 0.5 (0.2) 3.3 (0.1) 9.0 (0.5)
4 0.6 (0.2) 3.8 (0.1) 10.0 (0.5)
5 0.6 (0.2) 4.4 (0.1) 11.0 (0.6)
6 0.7 (0.2) 4.9 (0.1) 12.1 (0.7)
7 0.8 (0.3) 5.4 (0.2) 13.2 (0.7)
8 0.8 (0.3) 5.9 (0.2) 14.3 (0.8)
9 0.9 (0.3) 6.5 (0.2) 15.3 (0.9)
10 1.0 (0.3) 7.0 (0.3) 16.4 (1.0)
11 1.0 (0.4) 7.4 (0.3) 17.5 (1.1)
12 1.1 (0.4) 7.9 (0.3) 18.6 (1.1)
13 1.2 (0.4) 8.4 (0.4) 19.6 (1.2)

Values in parentheses are standard errors. Data calculated using stochastic
growth model.

Table 7 Sensitivity and specificity of stochastic growth model and linear mixed model for crossing a 55-mm maximum diameter
threshold within the recommended surveillance interval

Crossing probability
cut-off

Patients with crossing of 55-mm threshold Patients without crossing of 55-mm threshold

Proportion correctly classified Sensitivity (%) Proportion correctly classified Specificity (%)

SGM 0.48 5 of 7 71 (29, 96) 72 of 72 100 (95, 100)
LMM 0.60 5 of 7 71 (29, 96) 71 of 72 99 (93, 100)
Updated SGM 0.47 3 of 3 100 (29, 100) 50 of 53 94 (84, 99)
Updated LMM 0.48 3 of 3 100 (29, 100) 49 of 53 92 (82, 98)

Values in parentheses are exact 95 per cent confidence intervals. Individual probabilities of crossing are based on the initial measurement and the modelled
distribution for the population (stochastic growth model, SGM; linear mixed model, LMM), or on the first two measurements and the modelled distribution
conditional on the individual growth between these. Crossing is predicted when the calculated probability of crossing is equal to or larger than the respective
cut-off.
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The present model allows for growth rates that increase
with increasing aneurysm size (criterion 1), right-skewed hetero-
geneity in growth rates between patients (criterion 3), and hetero-
geneity in growth rates in a patient across time (criterion 2). In
particular, the modelled within-patient heterogeneity of growth
rates allows the model to accommodate a ‘staccato’ type growth
comprising alternating phases of fast and slow growth.
Furthermore, the model is applicable to patients who present at
different stages of disease at the initial diagnosis (criterion 4) and
the proposed model is self-consistent (criterion 5). This means
that, if the model is correct, it is applicable to all data points with-
out contradictory results. Meeting these criteria is a requirement
for a reliable and plausible AAA growth model. Criteria 1, 4, and 5
are natural properties of exponential growth models, which sup-
ports the use of this type of model as the basis for the present ap-
proach. Criteria 1 and 4 are also met by linear or quadratic
models in which a slope term depends on the initial AAA size.
However, these models fail to meet criterion 5 (Fig. S2a). With the
appropriate choice of a random-effect distribution, linear or qua-
dratic models may meet criterion 3. However, previous models in
the literature all used normally distributed random effects. This
is not an entirely plausible assumption as this approach tends to
underestimate the skewness of the distribution of growth rates
across patients, and may even allow for patients with entirely
negative growth21, which has not been observed in the clinical
situation. Criterion 2 may in principle be captured by the residual
term in common regression models. However, even given a pa-
tient-specific random effect, these residuals are neither indepen-
dent nor do they have the same variance for all time points, and
it is challenging to define an appropriate residual distribution for
AAA growth in these models. Criterion 5 can be a particular issue
when reporting mean growth rates; as the growth of AAAs is not
linear, these estimates depend on the observation interval and
will give inherently different results when the observation inter-
val is extended (Fig. S2b). Simple mean growth rates are, however,
reasonable approximations, if the observation intervals are rela-
tively short (6–12 months), such that a linear approximation is
adequate.

The observed average growth rate of 1.6 mm/year for aneur-
ysms with a maximum diameter of 30 mm was similar to values
of approximately 1–3 mm/year reported in the literature2,5. For
larger aneurysms, the observed growth rates were below pub-
lished values; for example, 2.6 mm/year for a maximum diameter
of 50 mm compared with 3.6 mm/year in the RESCAN study2.
These differences may reflect improved management of AAA
growth in the more recent study cohort, in part through use of
improved cardiovascular medications22. The calculated probabil-
ity of exceeding 60 mm within the recommended interval was
largest for patients with a maximum diameter of 30 mm, with a
value of 0.16 per cent. Current European surveillance guidelines
for AAA are thus supported by the prospectively collected data
set and the stochastic growth model. Comparing the Austrian
and Swedish data sets, the stochastic growth model estimated
the relevant 75, 90, and 95 per cent quantiles within reasonable
limits for the 1-year time point and with very good agreement for
the 2-year time point. The linear mixed model tended to underes-
timate these upper-tail quantiles. However, both models per-
formed reasonably well in estimating the median and both
showed similar performance in the exploratory ROC analysis for
threshold crossing.

Even though the proposed model was fitted with precise CTA
data, one must take certain limitations into account. Only 87
patients (363 screening visits) were included in the study, which

is a limited patient cohort. All patients were Caucasian from cen-
tral Europe; larger groups with different ethnicities from all
around the world would increase the value of the study. For
some patients, follow-up was censored owing to surgical inter-
vention, whereas surgery was not possible for other patients and
monitoring was continued to maximum diameters above 55 mm.
Although this may result in a selected patient population with
larger diameters, inspection of the individual trajectories supports
the assumption that the growth process behaves similarly over the
full range of observed diameters. Furthermore, random-effect
models, such as the stochastic growth model and the linear mixed
model, are robust with respect to missing data, as long as missing-
ness depends only on observed values (such as an observed diame-
ter above some threshold). The risk of bias in the analyses should
therefore be low. The stochastic growth model allows refined pre-
dictions for individual patients based on previous measurements
of maximum AAA diameter. In addition, the effect of co-variables
on AAA growth could be explored by extending the growth rate pa-
rameter of the model by an appropriate regression function.
Establishing the required mathematical background and computa-
tional routines is matter of current research.

Supplementary material
Supplementary material is available at BJS online.
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