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One of the still big problems in the Standard Model of particle physics is the problem of

confinement. Quarks or other coloured particles have never been observed in isolation. Quarks

are only observed in colour neutral bound states. The strong interactions are described using a

Yang-Mills theory. These type of theories exhibits asymptotic freedom, i.e. the coupling is weak

at high energies. This means that the theory is perturbative at high energies only. Understanding

quark confinement requires knowledge of the non perturbative regime. One attempt has been

to identify the proper order parameters for describing the low energy limit and then to write

down effective actions in terms of these order parameters. We discuss one possible scenario for

confinement and the effective models constructed with this as inspiration. Further we discuss

solitons in these models and their properties.

Yang-Mills theory has also become important in the context of string theory. According to

the AdS/CFT correspondence string theory in AdS5×S5 is dual to four dimensional Yang-Mills

with four supersymmetries. The duality relate the non perturbative regime of one of the theories

to the perturbative regime of the other. This makes it in general hard to test this conjecture. For

a special type of solutions it is however possible to use a perturbative expansion in both theories.

We discuss this type of solutions and in particular we discuss a method, the Bethe ansatz, to find

the solutions on the gauge theory side.
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Introduction

Particle physics today is based on quantum field theory and all the fundamental

particles yet observed are described by the Standard Model. In particle physics

there are three types of interactions, the electric, strong and weak force. The

Standard Model unifies these three types of interactions. An interaction is in

quantum field theory described by mediating particles, photons in the case of

electromagnetism, theW and Z boson for the weak interactions and gluons in

the case of strong.

The most involved interaction is the strong. The gluons have color charge

and belong to a non-abelian gauge group. The effect is that the dynamics of

gluons is highly non-trivial. The theory of pure gluon interaction is Yang-Mills

theory with the action

S= −1
4

∫

d4xFµ F
µ (1.1)

where Faµ = µA
a− Aaµ+g f abcAbµA

c . 1The indices µ, are space-time indices

and the indices a,b are associated with the gauge group. The relevant gauge
group is SU(3) but for simplicity we will often study SU(2) instead. Here we
will essentially discuss two aspects of this model.

The first will be its connection to the dynamics of quarks. So far no free

quarks have been observed in nature. The quarks are always confined inside

hadrons at the energies where we can observe them. In particle physics ex-

periments energy is directly related to distances. The more energy we have

access to the further we can penetrate matter. If we want to see really small

structures we need extremely high energy. The quarks are confined at low en-

ergies (the energies where we can do experiments). This is what we observe

experimentally but so far no one has been able to derive this behaviour from

field theory. The reason is that the recipe for success in most field theoretical

computations is perturbation theory. That is the expansion in some parameter,

1We use the convention of Peskin and Schroeder [PS] and most field theory texts that the

metric is

gµ =













1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1













. (1.2)

In the following we will always use this metric unless specified differently.
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usually the coupling constant of the theory. As long as the coupling constant

is small we can use this tool and make computations. Non perturbative calcu-

lations is much more difficult and in general we simply do not know how to do

them.

In electromagnetism and for the weak interactions the coupling constants

are small at low energies. Perturbative methods are then applicable for the

phenomena we observe in experiments. The problem with strong interactions

is that here the coupling constant becomes large at low energies and perturba-

tive methods is no longer applicable. It is however possible to compute things

at high energies as the coupling there becomes weak. This has lead to inter-

esting results such as asymptotic freedom in non-abelian gauge theories, i.e.

the fact that we do not expect interacting quarks at high energies. However in

order to be able to describe the world we see we need to be able to compute

things in the nonperturbative regime. This is one of the still big problems in

quantum field theory, it has been interesting people for the least 30-40 years

and resulted in numerous publications. Still no solution has been found. There

have been some suggestions on how to write down effective models that could

perhaps capture the essential behaviour of the theory at strong coupling. In the

first part of the thesis we will discuss some attempts in that direction.

The second aspect of the model we wish to discuss could actually be re-

lated to the first as we will see. Constructing field theories symmetries are

extremely important and have been used extensively to construct the Standard

model. One symmetry not present in the Standard Model however is super-

symmetry. It is a symmetry between bosons and fermions which says that

for every bosonic degree of freedom there is a fermionic. That would mean

that all the particles we observe today would have superpartners of the same

energy if supersymmetry was realised. From this we can immediately draw

the conclusion that supersymmetry, if at all there, must be broken at the en-

ergies where we can make observations. At higher energies however it is a

possibility. We can use supersymmetry to extend Yang-Mills theory to contain

fermions as well. Yang-Mills theory with four supersymmetries (N = 4) will

be of particular interest.

Field theory succesfully describes three out of the four types of interaction.

Attempts to construct a gauge theory of gravity have not been succesful. Field

theories with gravity are not renormalisable, i.e. it is not possible to get rid of

the divergences showing up in this type of theories. This has made it difficult

to write down unifying theories for all forces. However one attempt to do so is

string theory. The fundamental objects here are vibrating strings propagating

in 10 dimensional space-time. 10 dimensions is needed in order to quantise

this theory consistently. In string theory the interaction terms are not needed in

the action, they are inherent in the formalism. String theory offers a consistent

way to quantise gravity and suggests a unifying theory for all forces and is in
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that respect succesful. However string theory offers no way to experimentally

test it, not so far at least.

The last years there has been much interest in a conjecture (the AdS/CFT

conjecture) that might actually lead to testable results. This conjecture says

that string theory in a certain background is dual to a special Yang-Mills theory,

N = 4 supersymmetric Yang-Mills in four dimensions. In string theory there

are, except strings, a type of extended objects called D-branes. These objects

can be of different dimension and they will affect the strings that moves near

them providing non-trivial backgrounds. It has been observed that N 3+1 di-

mensional D-branes placed on top of each other results in a background called

anti-deSitter space, a background with negative cosmological constant. This

type of space can be thought of as having a boundary and it can be shown that

on that boundary we have four dimensional Minkowski space. The conjec-

ture states that the string theory in the anti-deSitter background corresponds to

N = 4 super Yang-Mills on the boundary. The physics on the boundary reflects
physics in the bulk. This type of duality is a strong-weak duality, i.e. string

theory at small coupling would be dual to gauge theory at strong coupling.

It looks like we are almost back where we started, at the problem of com-

puting things in non-abelian gauge theories at low energy where the coupling

is strong. Could string theory resolve this problem? That might be a possibility

but in that case the duality discussed above has to be extended. N = 4 super-

symmetric Yang-Mills is in fact quite far from the gauge theory that describes

strong interactions. Even for N = 4 SYM what we have is just a conjecture,

not a proof, that the two types of theories are dual.

Since no proof exists it is important to apply all kind of tests to the AdS/CFT

conjecture. This might lead to a better understanding of the duality and even-

tually even to a proof. To test a strong-weak correspondence is hard in general

since usually perturbation theory is only applicable on one side of the conjec-

ture. In the last chapters of this thesis we will discuss a test of the correspon-

dence. Special solutions will allow us to apply perturbation theory on both

sides of the conjecture.

The thesis is organised as follows. In chapter 2 we will discuss confinement

in general terms and describe one picture of how it might occur. Chapter 3

will be devoted to two possible decompositions of the gauge field. The idea

is to identify the appropriate order parameters for the low energy theory. We

also discuss how a suggested low energy model, the Faddeev model, might

be derived from these considerations. Effective actions, obtained taking quan-

tum corrections into account, are discussed in chapter 4. In chapter 5 we give

examples of solitons in effective models of Yang-Mills and discuss the solu-

tions presumably important for confinement. These solitons are characterised

by certain quantum numbers etc, we discuss that in the chapter 6. Chapter 7

introduces supersymmetry and the connection between supersymmetric Yang-

3



Mills theory and string theory is reviewed in chapter 8. In chapter 9 and 10 the

connection between special solutions in string theory and their gauge theory

duals is explained.

My aim with this thesis is to put my work in context. This involves par-

tially to explain the work itself but also to discuss related work upon which it

is based. Details in the papers 1-5 in this thesis will not be discussed here, the

reader is referred to the actual papers. As for the reference list it is not com-

plete, for a more complete set of references see the papers 1-5. My hope is that

this will serve as an introduction for someone with some basic knowledge of

field and string theory, for instance any graduate student in theoretical physics

or related fields.
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Yang-Mills theory and confinement

One of the important, not yet solved, problems in field theory is the existence of

confinement. Confinement has to do with the fact that quarks are confined in-

side hadrons. At the low energies where we live there are no free quarks. This

means that the coupling between quarks is strong in the low energy regime.

At large energies the coupling becomes weak and perturbative methods are

applicable. Another way to say this is that the coupling is strong on small

scales and weak at large. I.e suppose that we take two quarks and pull them

apart, we would have to apply more and more force the further we try to pull

them. Compare this to for example electromagnetism where the force applied

goes as one over the distance squared, i.e. where the interaction decrease with

distance.

There is to date no satisfactory explanation of how this phenomena occurs.

What will be discussed in the following will be one out of many attempts to

gain some understanding on confinement.

The action of QCD can be broken up into parts, excluding the quarks from

the picture we get a theory of interacting gluons. Gluons, unlike photons,

have a charge under the relevant gauge group and hence there is non-trivial

dynamics. This is called a Yang-Mills theory. It turns out that this is all we

have to study in order to formulate the problem of confinement.

The particles in a field theory is determined by its field content. There is

also another type of objects found in certain field theories, stable finite energy

objects that are exact solutions to the equations of motion. This type of objects

are called solitons. Two types of solitons in field theory will be particularly

important trying to understand confinement. The magnetic monopole and the

Nielsen-Olesen vortex.

The mechanism that is believed to be responsible for confinement uses an

analogue from the physics of superconductors. Applying a magnetic field to

a superconductor it is found that the no magnetic field goes through it, it is

completely expelled from the interior of the conductor. However if the su-

perconductor is of type II it is possible for the magnetic flux to go trough in

distinct tubes. It is also possible to show that the flux inside a tube like this

is quantised. The endpoints resemble magnetic monopoles. The models used

to describe these superconductors are also used in other contexts in field the-

ory. The superconducting phase is characterised by a condensate of pairs of

5
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Figure 2.1: The superconductor, to the left, provides a picture for the confining

phase, to the right.

electric charge, the Cooper pairs. Hence we say that we have a formation of

magnetic vortices in the condensate of pairs of electric charge. The energy of

the magnetic vortices is proportional to their length. This means that if we try

to move the monopoles at their ends apart it will cost us more and more energy

the further we try to move them. This resembles the situation we expect to

arise in confinement.

A mechanism like the Meissner effect could however not explain the con-

finement of quarks. Quarks are colour charged objects and what we expect is

hence confinement of colour electric charge, not magnetic. If we had some-

thing like a dual Meissner effect, the formation of colour electric flux tubes in

a condensate of magnetic monopoles, this could be a candidate for a confining

mechanism. The hope is to find an effective model of Yang-Mills theory at low

energies that exhibits something like a dual Meissner effect. The picture we

have of the colour electric flux tubes is the following. As we move the quarks

at the ends of the tube apart we will have to add energy to the system. When

the quarks are at a certain distance from each other this energy is equal to the

energy it takes to form a new quark-antiquark pair by pair creation from the

vacuum. The string joining the quarks then break and instead of one meson we

will have two. In order to realise this scheme one has to establish the conden-

sation of the magnetic monopoles in the vacuum. This requires a non-trivial

ground state – a mass gap in the model.

The formation of monopole-antimonopole pairs is modeled in field theory

by the Nielsen-Olesen vortices. They have the same properties as the flux tubes

in the superconductors, hence they connect monopoles by a flux tube with

energy proportional to its length. They are the solitons in an abelian model in

interaction with a Higgs field and owes their stability to the topology of the

model. This model is directly related to the model of the superconductors and

we will discuss its relation to low energy Yang-Mills theory.

In pure Yang-Mills theory in 3+1 dimensions there are no solitons. The

formation of monopoles, vortices and other topological objects require a non-

trivial ground state of the theory. Their existence is dependent on a ground

state that would break part of the symmetry of the model. Studying the ground

6



state is particularly difficult in a theory of strong interactions since it requires

knowledge about the low energy regime of the theory. At low energy the cou-

pling becomes strong and perturbative methods which involves an expansion

in the coupling becomes impossible. Much of the progress so far in quantum

field theory owes its success to the development of perturbative methods.

As it is hard to study the full Yang-Mills theory in the low energy limit

one attempt has been to write down effective theories describing just the low

energy regime of the theory. This involves decomposing the Yang-Mills field

inte several parts and then try to identify the appropriate order parameters at

low energy. One such attempt is the Faddeev model which will be discussed in

the following. This model is particularly interesting since it contains the type

of solitons described above.
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Introduction of new variables and appropriate
order parameters

Skyrme was the first to suggest that hadrons could be described by soliton

solutions to the classical equations of motion [Sky62]. He introduced a phe-

nomenological model of strong interactions where the field configurations that

are exact solutions to the equations of motion were suggested to describe

bound states of quarks. The Skyrme model is a nonlinear sigma model that

contains the fieldU(x) which defines a mapping from the compactified spatial
R
3, S3, to the group manifold of SU(2), S3. The Lagrangian is

L=
1

4
f 2Tr(U†

µUU
† µU)− 1

32e2
Tr[U†

µU,U† U ]2. (3.1)

e is a dimensionless constant and f is a constant of dimension one, both con-

stants are of phenomenological origin. The second term in this Lagrangian

acts as a stabilising term for eventual solitons. Solitons are not possible unless

this term is present. This model shows a rich spectrum of soliton solutions and

hence is interesting as a low energy effective model. Later Faddeev proposed

another effective model where he essentially reduced the target space in the

Skyrme model from S3 to the coset S2 ≃ SU(2)/U(1). The order parameter
in this model, the Faddeev model, is the three component unit vector, n̄. The

lagrangian is given by

L= 2
µn

a µna− ( abc
µn

b nc)2. (3.2)

This was introduced looking for strings in QCD and indeed, as we will see, the

simplest soliton in this model is axially symmetric. The solitons in this model

shows the confining properties that we expect of an effective low energy theory

of Yang-Mills. This is however not enough, we would like to be able to derive

this model directly from Yang-Mills to claim that it says anything about its low

energy limit.

3.1 The decomposition of the gauge field

In order to describe the low energy limit of Yang-Mills theories one approach

has been to introduce new variables more appropriate for the considered limit.

9



The idea is that these new variables would be order parameters in this particular

limit of Yang-Mills theory. The new variables are introduced by decomposing

the Yang-Mills field into different parts, a particular decomposition has been

discussed in [FN99a][FN99c][FN99b]. Something similar has also been sug-

gested in [Cho80b][Cho81]. The decomposition is motivated by the picture of

confinement occuring as a dual Meissner effect in a condensate of magnetic

monopoles. We start with the simplest case, the gauge group SU(2), the ap-
proach can then be generalised to SU(N) (and in particular to SU(3) which is
relevant to the strong interactions). There the solution for a magnetic monopole

is

Aai = a
ik

xk

r2
. (3.3)

Introducing the unit vector, na = xa/r, this can be written as

Aai = abc
in
bnc. (3.4)

The above introduces the new order parameter, n, which is supposed to be

appropriate to describe the condensate of monopoles. However the above does

not work as a general decomposition of the gauge field, first of all it does not

transform correctly under gauge transformations and second it does not have

enough degrees of freedom. We expect the gauge field to remain form invariant

under gauge transformations,

Aaµ = µ
a+ abcAbµ

c, (3.5)

where is the gauge parameter, a = na. In order to get the right form of the

decomposed gauge fields such that they transform as in (2.3) we will have to

add a term. We find the generalised field

Aaµ =Cµn
a+ abc

µn
bnc (3.6)

where Cµ transforms as an abelian vector field, Cµ →Cµ+ µ . The question

now is if the above has enough degrees of freedom. We expect the vector field

in ordinary SU(2) Yang-Mills to have six degrees of freedom. From the usual
equations of motion we have 12 degrees of freedom to start with. Then the

three A0s acts as Lagrange multipliers and the three first order equations as

constraints. Therefore 6 degrees of freedom remains. This is the same thing

as saying that we consider the gauge fixed version of the theory. Counting the

degrees of freedom in equation (3.6) we have two degrees of freedom fromCµ
and two from the unit vector, n. As this is not enough we consider the trans-

formation of a connection under a SU(2) gauge transformation determined by

U(x) = exp

(

i

2
(x)na a

)

(3.7)

10



where are the Pauli sigma matrices and (x) is an arbitrary real function.
For the decomposed gauge field to transform correctly we have to generalise it

further, one obtains [FN99c]

Aaµ =Cµn
a+ abc

µn
bnc+ µn

a+ abc
µn

bnc (3.8)

where and are real scalar fields. From this we get for the action

S= − 1

4g2

∫

d4xFµ F
µ = − 1

4g2

∫

d4x
(

na
(

Gµ − (1− ( 2+ 2))Hµ
)

+(Dµ na−D µn
a)+(Dµ

abc nbnc−D abc
µn

bnc)
)2

(3.9)

Here we have introduced

Gµ = µC − Cµ (3.10)

Hµ = na abc nb nc (3.11)

Introducing the complex scalar field, = + i , this can be rewritten as

S= − 1

4g2

∫

d4x
(

G2µ −2Gµ H
µ (1− ∗ )

+(1− ∗ )2H2µ +(|D |2 µ −Dµ D ∗) µn n
)

(3.12)

The conjecture is that in the low energy limit the unit vector, n, is the proper

order parameter. In order to obtain the effective theory in this limit we should

hence integrate out all the other degrees of freedom. We note that the above

action seems to have the right structure. If we average over the fields and

Cµ with the term in front of the
µn n in (3.12) proportional to µ we obtain

the Faddeev model. If instead taking the average over the field n the abelian

Higgs model is obtained. These arguments, discussed in more detail in [LN99],

should be taken as a hint of what might be expected.

In order to find the proper effective action in terms of n (by integrating out

the other fields in the path integral, more about this in chapter 4) there are a few

problems one has to solve first. The decomposition of the gauge field that we

consider here contains the right degrees of freedom corresponding to the de-

grees of freedom of the gauge fixed Yang-Mills theory, i.e. it is the gauge fixed

version of the decomposition. However in order to find the effective action we

need a decomposition that contains the gauge degrees of freedom. Several at-

tempts have been made in order address this problem [Sha99][Sha00][Gie01],

see also [FN02] which will be discussed in the next section. What is suggested

is a more general decomposition,

Aaµ =Cµn
a+ abc

µn
bnc+W a

µ , (3.13)

11



whereW a
µ n

a = 0. Counting the degrees of freedom one obtains 14, that is two

too many. In order to fix these degrees of freedom we introduce the constraint
a(na,Cµ,W

a
µ ) = 0 with na a = 0. The decomposition now depends on the

choice of . In particular the choice

a = µW
aµ+Cµ

abcnbW cµ+naW b
µ

µnb (3.14)

together with the gauge condition µA
µ= 0 gives the effective action up to one

loop [Gie01], see also [LN99, CLP99]:

Se f f =
∫

d4x
( 2

16 2
(1− e2t)( µn)

2− 1
4

(

1

g2
+
44

3

1

16 2
t

)

( abc
µn

b nc)2

+
1

2

(

1

g2
+
14

3

1

16 2
t

)

( µn)
4−

(

1

g2
+
14

3

1

16 2
t

)

( 2na 2na)
)

(3.15)

Here t = ln
(

k
)

where k and are two momentum scales.1 We see that the first

term in the Faddeev model is indeed generated by the one loop corrections. The

second term in the model behaves as it should. From the radiative corrections

we get the expected form of the renormalised coupling and the -function.

Hence we still have asymptotic freedom in this model as expected. In the above

there are also other terms not present in the original conjecture of an effective

model. The motivation for not including these terms in the Faddeev model

was that terms with more than two time derivatives will spoil the Hamiltonian

interpretation of the theory.

The above is a one-loop computation i.e. it takes only the first radiative cor-

rections into account and are supposed to be valid for small coupling. Hence

the above is just a hint of what could be expected of an effective theory in the

low energy limit. It could be that the higher order corrections would qualita-

tively alter the behaviour that we see above. In order to determine the correct

behaviour we would have to resort to nonperturbative methods.

3.2 Alternative decomposition

Another decomposition that assumes no gauge fixing has been proposed in

[FN02]. This decomposition introduces electric and magnetic variables and

are suggested to be important for studying dualities between different phases

1The above result might at first look a bit odd. The first term contains a quadratic divergence,

this is contrary to the fact that Yang-Mills theories are supposed to have only logarithmic diver-

gences. This is true in a manifestly gauge invariant regularisation scheme. In [Gie01] such a

scheme is not used. The gauge invariance is then decoded in Ward identities which controls the

running of the first term in (3.15) towards the infrared. Whether this term will play a dominant

role in the infrared however is not at all clear. See [Gie01] for details.
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of the theory. In particular we seek a duality between electric and magnetic

variables. The gauge field is decomposed as

Aaµ =Ma
be

b
µ (3.16)

where a,b = 1,2 and ebµ are vectors with e
a
µe
bµ = ab. This suggest a decom-

position for the first two components of the gauge field, the third is left intact.

Counting the degrees of freedom here we find that the left hand side has 8

degrees of freedom while the left hand side seems to have 9. Ma
b has four in-

dependent components and ebµ has 8− 3 degrees of freedom since the above

condition on the vector reduces the number by 3. The right hand side how-

ever also has an internal U(1) symmetry, it is invariant under the following
transformation

eaµ→ Oa
be
b
µ Ma

b →Ma
cO

c
b. (3.17)

This reduces the degrees of freedom by one and hence the decomposition is

consistent. The decomposition can also be written as

A+
µ = i 1eµ+ i 2e

∗
µ (3.18)

We have arranged the components of the matrix M above into two complex

scalars, 1,2, and introduced eµ = e1µ+ ie2µ.

If we now perform a diagonal SU(2) gauge transformation the fields trans-
form as

A3µ→ A3µ− µ

1,2 → ei 1,2

eµ→ eµ. (3.19)

This looks like an electric U(1) where the complex scalars are electrically
charged fields. The internal U(1) transformation has the following effects on
the fields

eµ→ e−i
′
eµ

1 → ei
′
1

2 → e−i
′
2. (3.20)

We can introduce the combination Cµ = ie µe
∗, under the internal transfor-

mation this transforms as Cµ → Cµ+ µ
′ and hence it can be viewed as a

gauge field for the internal rotation. The internal gauge transformation could

be interpreted as a magnetic gauge transformation.

What we will try to do in the following is to formulate the theory in terms of

variables invariant under the electric respective magnetic transformations. The

13



hope is that as we consider the magnetic/electric variables as order parameters

we will obtain effective actions that look like the Faddeev model plus some

potential term. To start with we will introduce the field

Gµ = i(eµe
∗− e e∗µ) (3.21)

that is invariant under both electric and magnetic transformations. The field

can be separated into ”electric” and ”magnetic” parts and two new vectors can

be introduced as follows.

Ei = G0i Bi =
1

2
i jkG jk (3.22)

ui = Ei+Bi vi = Ei−Bi (3.23)

The previous variables eµ and Cµ can be expressed in terms of these two new

three component unit vectors. The action for SU(2) Yang-Mills theory with a
gauge condition for A±

µ is

L= −1
4
Fµ F

µ − 1
2

(

( µ
ab− abAµ)A

bµ
)2

(3.24)

where we have used a background gauge condition, A3µ≡ Aµ considered as the

background field. This Lagrangian is, in terms of the fields in the decomposi-

tion,

L= −1
4
F2µ −|Dab

µ b|2−
1

8
(| 1|2−| 2|2)2−

1

2
| |2(| µū|2+ | µv̄|2)

−1
2
| |2(t−UµV µ+ t+U

∗
µV

∗µ)− 1
2
| |2t3Fµ Gµ (3.25)

The field strength, Fµ , now refers to µA
3− A3µ. Here we have introduced

some new notation aiming to make the electric/magnetic variables transparent,

Uµ = ei
µū(v̄+ iū× v̄)
√

1− (ū · v̄)2
(3.26)

Vµ = ei
µv̄(ū+ iū× v̄)
√

1− (ū · v̄)2
(3.27)

t̄ =
1

| |2 (
∗
1,

∗
2) ¯

(

1

2

)

(3.28)

Dab
µ = ab( µ+ iAµ)− i ab

3 Cµ (3.29)

Mµ = t̄ · D̄µt× D̄ t. (3.30)

Here is the phase of the zeroth component of eµ. This action is invariant under

both electric and magnetic gauge transformations. We will now introduce a

vector field invariant under theU(1) subgroup of SU(2)

Bµ = Aµ+
i

2| |2 ( aD̃
ab ∗

b− ∗
aD̃

ab
b) (3.31)
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where D̃ab = ab
µ− i ab

3 Cµ. We also introduce the field strength correspond-

ing to the above vector field, Hµ = µB − Bµ, and the field strength for

the magnetic vector Kµ = µC − Cµ. In terms of these new variables the

Lagrangian can be written in a way manifestly invariant under electric U(1)
gauge transformations

L= −1
4
(Hµ +Mµ +Kµ t3)

2− 1
2
( µ| |)2−| |2( i j

µ t j)
2

−| |2B2µ−
1

8
| |4t23 −

1

2
| |2(| µū|2+ | µv̄|2)

−1
2
| |2(t−UµV µ+ t+U

∗
µV

µ∗ + t3(Hµ +Mµ +Kµ t3)G
µ )) (3.32)

We notice the similarity between the parts of the action that contains electric

variables with the parts that is expressed in terms of magnetic. The hope is that

there would be an exact duality, i.e. as we exchange the electric variables for

the corresponding magnetic the action would be the same. In order to make

such a transformation we summarise what we have found previously. The

electric variables are Bµ and t̄ and the magnetic areCµ, ū and v̄.

In the static limit the relation between the vectors is m̄ ≡ ū = −v̄. We note
that the vectorfield Cµ can not directly be written in terms of m̄ in the static

limit,

Cµ =
1

1+ ū · v̄( µū+ µv̄) · ū× v̄+2 µ . (3.33)

The field strength however is

Ki j = m̄ · im̄× jm̄. (3.34)

This can be derived by expressing the vectors ū and v̄ in terms of four indepen-

dent angles as follows

ū=







cos sin

sin sin

cos






v̄=







cos sin

sin sin

cos






(3.35)

Taking the static limit corresponds to setting = and = + . The values

ofUi andVi coincide in the static limit, we label them by Qi. Using this we can

write the Hamiltonian in the static limit,

H =
1

4
(Hi j +Mi j +Ki jt3)

2+
1

2
( i| |)2+ | |2( it̄)

2+ | |2B2i +
1

8
| |4t23

+| |2| im̄|2+
1

2
| |2

(

t+Q
2
i + t−Q

∗2
i + t3 i jk(H jk +M jk +K jkt3)

)

. (3.36)
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The Hamiltonian is now written such that the symmetry between electric and

magnetic variables is suggested. Exactly what the transformation is is not clear.

A transformation of the following form might be a candidate though

B j →C j(m3+1) t̄ → m̄. (3.37)

Following [FN02] we make an attempt to write down the two effective the-

ories, one for the electric and one for the magnetic fields. The proper way

to do this is to consider one of the two types of fields as slowly varying, or

equivalently as a background to the other fields.

To find the effective electric theory we assume that the magnetic variables,

m̄ and Ci are slowly varying. This means that terms that contain derivatives of

these fields can be assumed small. We further note that in order to keep the

underlying rotation symmetry we need to assume that the expectation value of

m̄ is zero. The effective Hamiltonian for the electric variables is then

Helectric = 2( it̄)
2+

1

4
(Hi j + t̄ · it̄× jt̄)

2+ 2B2i +
1

8
2t23

+
1

2
2(t+ < Q2i > +t− < Q̄2i >) (3.38)

Similarly we get the effective Hamiltonian for the magnetic variables

Hmagnetic = 2( im̄)2+
1

48
(Ki j + m̄ · im̄× jm̄)2+ 2 8

3
C2i

+
1

6
2
i jkmiK jk (3.39)

We note that both the above effective models contain the Faddeev model. This

could be taken as evidence that the Faddeev model is indeed important for

studying low energy Yang-Mills theory. The hand-waving arguments above

how to obtain the effective models should be taken as a hint of what might be

expected. In order to find the proper effective actions one should take the field

theoretic approach and, in the path integral formalism, integrate out all but the

appropriate fields. It should be emphasised that the result will depend on the

decomposition chosen and which of the fields that are believed to be relevant

in the regime in question. In a later section we will discuss methods to obtain

effective actions in more detail.

3.3 Generalisation to SU(N)

The above suggested decompositions are specific to the gauge group SU(2).
This is considered for simplicity, it is believed that the basic mechanisms

should be similar in higher gauge groups as well. If we eventually want to
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make connections with the standard model we need the corresponding de-

composition of the gauge fields in SU(3). Generalisations of the decompo-
sition to SU(N) has been discussed in [FN99b][FN99a][Per98] and earlier by

[Cho80a, Cho80b]. Analogously to the SU(2) case the following decomposi-
tion of the gauge field is proposed

Aaµ =Ciµm
a
i + f abc µm

bimc
i +

i j f abc µm
b
im

c
j +

i jdabc µm
b
im

c
j (3.40)

The index i here denotes the number of orthogonal unit vectors involved in

the decomposition. In the SU(2) case one unit vector was needed, here we
will need N−1 of them. The above decomposition describes the gauge fixed
version of the gauge field. The more general decomposition without gauge

fixing is discussed in [FN99a]. In the following we will mostly discuss the

SU(2) case and therefore we refer to the references for the derivation of (3.40).
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Effective actions

In last chapter we discussed ways of decomposing the gauge field. The pur-

pose was to introduce order parameters that better describe the physics in the

low energy regime. In order to achieve this we needed to get rid of the param-

eters that were irrelevant to low energy physics. In the previous chapter it was

suggested that we integrate them out, i.e. evaluate the path integral for these

fields. This gives a new action in terms of the appropriate order parameters,

the effective action.

As we will see in the following, solitons are not possible in Yang-Mills

theories. This is due to the scale invariance of the theory. As explained in

section 2, one way of understanding confinement could be as a dual Meissner

effect in a condensate of magnetic monopoles. In order to realise this picture

we have to allow for solitons. In the following we will consider the effect

of quantum fluctuations on the classical Yang-Mills action and discuss if it is

possible to this way generate a scale.

4.1 The background field method

To obtain the effective action we will use the so called background field method

[Dew67a, Dew67b, CW73, Abb82]. The idea behind it is to take the fields in

the classical action and split them into two parts. One that is close to constant,

varying very slowly, and one varying rapidly. Integrating out the higher mo-

mentum modes in the path integral leads to an effective theory that only con-

tains the fields relevant at low energy. Once this effective action is obtained it

can again be treated as a classical action, with the difference that it now con-

tains the quantum corrections. We will briefly review how the effective actions

are obtained using the background field method. We are ultimately interested

in Yang-Mills theories but as an illustration we will consider a theory of scalar

fields, the 4-theory. This is done for illustrational purposes only and the case

of a non-abelian gauge theory is discussed in one of the following sections and

in paper 2.

We start from the generating functional,

Z[J] =
∫

[d ]exp

(

i

(

S( )+
∫

d4xJ

))

, (4.1)
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which by taking functional derivatives with repect to J generates Green’s func-

tions and thereby amplitudes. The effective action is defined as

Se f f (˜) = −i lnZ[J]−
∫

d4xJ ˜ (4.2)

where ˜ is determined by the equation of motion

˜ = −i (lnZ[J])

J
. (4.3)

We can think of the variable ˜ as the vacuum expectation value of in the

presence of a source, J. Our example action is

S=
∫

d4x

(

1

2
( µ )2−

4!
4

)

(4.4)

and we now introduce the following shift of our scalar fields

→ 0+ (4.5)

where 0 is the piece that varies slowly. Applying this shift in the action (4.4)

we find for the generating functional

Z[J] ≈ ei
∫

d4x( 12 ( µ 0)
2−

4!
2
0+J 0)

∫

[d ]ei
∫

d4x (− 1
2 µ

µ−
4!
6 2
0) . (4.6)

In the above we have already removed the part that is linear in since it vanish

by the classical field equation. Higher order terms in will contribute but the

contribution will be smaller than from the quadratic terms and as an approxi-

mation we do not include them. We will now perform the functional integral,

the result is

Z[J] ≈
(

det

(

µ
µ+

12

4!
2
0

))−1/2
ei

∫

d4x( 12 ( µ 0)
2−

4!
2
0+J 0). (4.7)

From the definition (4.2) we find that the effective action is

Se f f =
∫

d4x

(

1

2
( µ 0)

2−
4!

4
0

)

+
i

2
lndet

(

µ
µ+

2
2
0

)

. (4.8)

What is left to do is to compute the functional determinant. There are several

methods to do this. One of them is an ordinary loop expansion as can be

understood from

lndet

(

µ
µ+

2
2
0

)

= lndet( 2)+ lndet

(

1+( 2)−1(
2

2
0)

)

= lndet( 2)+Trln

(

1+( 2)−1(
2

2
0)

)

= lndet( 2)+Tr

(

( 2)−1(
2

2
0)+ . . .

)

(4.9)
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Figure 4.1: The diagrams contributing to the effective action of 4 theory at

one-loop.

The first term is just a constant and therefore unimportant for the effective

action. The last term can be written in terms of the diagrams in figure 4.1.

Summing all diagrams we get

i

∫

d4k

(2 )4
n=1

1

2n

(

2
0

2k2

)n

= −1
2

∫

d4k

(2 )4
ln

(

1+
2
0

2k2

)

(4.10)

In the above we have used that in the left hand side of (4.10) there is a geomet-

ric sum and we have also rotated the integral into Euclidean space. To compute

the integral we use the trick

n=1

xn

n
= − ln(1− x) = − 1

(1− x)

∣

∣

∣

∣

=0

. (4.11)

Interchanging the order of integration and the derivative we compute the inte-

gral and find the effective potential

Ve f f =
4!

4
0+

2 4
0

256 2

(

ln
2
0

2 2
− 1
2

)

. (4.12)

Here is a cutoff we introduced when integrating over the momenta. The

renormalisation condition is

=
d4V

d 4
0

∣

∣

∣

∣

0=M

(4.13)

and from that it follows

ln
M2

2 2
= −8

3
. (4.14)

The final result for the effective potential is then

Ve f f =
4!

4
0+

2 4
0

256 2

(

ln
2
0

M2
− 25
6

)

(4.15)

Note that the vacuum is fundamentally different when quantum corrections

are added. The minima of the potential is no longer at = 0, there is now a
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mass gap in the model. This is very important since this will lead to symme-

try breaking and the introduction of a scale in the model. Note also that the

logarithmic behaviour of the coupling constant disappears after renormalisa-

tion. This is something that generalise to higher orders in loops, the n-loop

calculation produce a result proportional to n+1. 1

The classical action of scalar electrodynamics with two massless scalars, f1
and f2, is

L= −1
4
Fµ F

µ +
1

2
( µ f1− eAµ f2)

2+
1

2
( µ f2+ eAµ f1)

2

−
4!

( f 21 + f 22 )
2. (4.16)

This is the model that Coleman and Weinberg use as illustration of where the

background field method actually produce a non-trivial ground state and the

calculation can be trusted. Fµ is the abelian field strength. Computing the

one-loop correction to the potential in this model, analogous to the 4 case, it

is found that

Ve f f =
4!
f 40 +

(

5 2

1152 2
+
3e4

64 2

)

f 40

(

ln
f 20
M2

− 25
6

)

(4.17)

Here f 20 = ( f1)
2
0+( f2)

2
0 and we have used the renormalisation condition

=
4V

f 40

∣

∣

∣

∣

f0=M

(4.18)

to introduce the renormalisation scale,M. Here we have only integrated out the

rapidly varying part of the scalar fields and ( f1,2)0 are the slowly varying parts.
Assuming that is of the same order as e4 we can approximate the potential

with

Ve f f =
4!
f 40 +

3e4

64 2
f 40

(

ln
f 20
M2

− 25
6

)

. (4.19)

This is assumed since we hope that the new term coming from the quantum

corrections will be able to cancel the original term and produce a non-trivial

minimum of the potential. Since M is an arbitratry scale we can chose it to be

the minima of the potential, then we should have

Ve f f

f0

∣

∣

∣

∣

f0=M

= 0. (4.20)

1In fact in this particular model the result is not entirely reliable, higher-loop effects will be

important as it in addition to introducing higher powers of the coupling constant also introduce

higher powers of logaritms of 0. There are however models in which very similar types of

calculations lead to reliable results, such as abelian gauge theories with scalar fields, and we are

anyway just using this model for illustration. We refer to [CW73] for a detailed discussion.
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This gives the condition

=
33

8 2
e4 (4.21)

which is consistent with the previous assumption about . The effective poten-

tial is

Ve f f =
3e4

64 2
f 40

(

ln
f 20
M2

− 1
2

)

. (4.22)

Note that here we have exchanged the original dimensionless parameter for

the dimensionfull parameter M. Hence we have introduced a scale in the

model. This is referred to as dimensional transmutation. We expect higher

loops to introduce higher powers of ln
f 20
M2 along with higher powers of the cou-

pling constant. Around the minima the logarithm is small and at that scale the

coupling is finite. Computing the running of the coupling constant we find that

it increases with energy,

e =
e3

48 2
, (4.23)

and the theory is infrared stable.

The hope is that these simple examples will serve as illustrations for the

more involved applications of the background field method and effective ac-

tions that we wish to discuss.

4.2 Effective potential in Yang-Mills?

The reason for discussing the models above is that we want to use the same

type of method to construct the low energy effective action of Yang-Mills. If

we could understand the quantum corrections to the classical action by use of

an effective model there is a good chance we will understand confinement. We

expect that quantum corrections will give rise to a symmetry breaking and the

introduction of a scale in the model.

As an example we used a theory of scalar fields. 4-theory is actually

an infrared stable theory, i.e. at low energies the coupling constant is small

and perturbation theory is therefore valid around the vacuum. The same is

true for quantum electrodynamics which is also stable in the infrared and here

it allows us to draw conclusions about the vacuum structure from a simple

computation of the effective potential. In this respect non-abelian theories are

fundamentally different. They are asymptotically free and hence ultraviolet

stable. In particular this means that the minima of the classical action has

nothing to do with the vacuum of the theory. Perturbation theory will only

work at high energies where the coupling is weak, i.e. for fields with large

momentum. This puts us in an unfortunate position if we want to calculate an

effective potential of Yang-Mills in the low energy regime. We will however
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try to do the best we can in the situation. Even though the actual vacuum is out

of reach it might be possible to draw other conclusions about the structure of

the quantum theory.

The approach is the following. Computing the effective action up to one

loop gives a result that we will reinterpret as a classical action but which now

contains some information about the quantum theory. The hope is that this will,

despite the obvious drawbacks, give us some hints to what the structure of the

vacuum theory could be. For example we can look for hints of a mass gap.

Just as in 4 and scalar electrodynamics we expect higher loops to introduce

higher orders in the coupling constant. This means that higher loops will be of

increasing importance at strong coupling, however it also means that different

orders in loops do not mix different orders in couplings. A mass gap at one

loop hint that there is a mass gap put it tells us nothing about how the actual

potential look, unless there are some restrictions on the higher order terms.

Whether this is the case or not is not at all clear.

We have already discussed radiative corrections to Yang-Mills theory in the

previous section reviewing the attempts to derive the Faddeev model directly

from Yang-Mills. The approach was to decompose the gauge field and then

integrate out the degrees of freedom that are believed to be irrelevant at low

energies. The result was therefore dependent on the particular decomposition

chosen and which degrees of freedom that are believed to be important. An-

other approach is to compute the effective action directly from the original

Yang-Mills action without any decomposition. This has been discussed in sev-

eral papers, see for instance [MS78, Sav77, NO78, PT78, Sch82]. All of these

papers computes the corrections up to one loop coming from certain back-

ground fields. In particular they discuss background fields that are covariantly

constant as this is what should be relevant for the ground state. Also they all

use the proper time method [Sch51]. In evaluating the proper time integral it

is important which contour is chosen. It turns out that different contours give

different results. The original result of Savvidy for the energy density up to

one-loop is

E =
B2

2
+

11

48 2
g2B2

(

ln
gB

µ2
− 1
2

)

(4.24)

in a background of a covariantly constant magnetic field, B. This is an inter-

esting result since the minima of the energy occurs for a nonzero value of the

magnetic field, contrary to the classical case. This suggests that the theory has

a mass gap and hence allows for spontaneous symmetry breaking. There was

however a problem with the result (4.24) pointed out by Nielsen and Olesen

in [NO78]. They found that in addition to the result of Savvidy (4.24) there is

also an imaginary term,

ImE = − 1

8
g2B2, (4.25)
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which was interpreted as a tachyonic mode. An imaginary term means that

the ground state that we have found up to one loop is not stable. This leads

to the conclusion that a calculation of the effective potential can not give us

information about the true ground state of the theory. However it was pointed

out by Schanbacher [Sch82] that choosing the countour in the proper time

method using arguments of causality the result is exactly that of Savvidy, the

result without the imaginary term. This result has more recently been discussed

in [CLP02, CWP04, CP02, Kon04] and the conclusion is the same.

It is also possible to compute the effective action in a purely electric back-

ground. The result is

E =
1

2
E2+

11

48 2
g2E2

(

ln
gE

µ2
− 1
2

)

− 11i

96
g2E2. (4.26)

Here there is an actual imaginary term in the effective potential. Hence it seems

that the electric and magnetic ground states should be of different nature. The

negative imaginary part of the effective action in a background of electric fields

is intepreted as coming from the pair annihilation of gluons as suggested in for

example [CWP04].

My understanding is that the controversy about the imaginary term in the so

called Savvidy-Nielsen-Olesen vacuum discussed above originated from the

method chosen. The proper time methods requires a choice of integration path

and the result is seen to depend on that. In paper 3 we compute the effective

action in Yang-Mills and discuss it in connection with the decomposition of the

gauge field discussed in section 3.2. We use the background field method and

calculational methods very similar to Coleman and Weinberg [CW73]. Our

result confirms the conclusion of Schanbacher and others, there is no imaginary

term in the effective action in a background of purely magnetic fields. We have

also found the effective potential in the special decomposition of section 3.2.

The classical potential is, in terms of the scalar fields in the decomposition,

Vcl =
g2

8
( 2

1− 2
2)
2. (4.27)

For this type of potential there is no mass gap and hence there is no sponta-

neous symmetry breaking in this model. Computing the one-loop contribution

we find that the effective potential is

Ve f f =
g2

8
( 2

1− 2
2)
2+

22

3

g4

8(4 )2
( 2

1− 2
2)
2

(

ln
| 2
1− 2

2|
M2

− 25
6

)

, (4.28)

where M is the renormalisation scale. Contrary to the classical potential this

will give rise to a symmetry breaking. This suggest that the quantum theory

exhibits a mass gap and would make soliton solutions possible in Yang-Mills

when quantum corrections are taken into account.
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From the above discussion it looks like the effective potential in an asymp-

totically free theory would be almost useless, unless we are very lucky and the

one-loop behaviour is preserved in higher loops. The motivation for studying

the effective action in the first place was that we wanted to establish the exis-

tence of a mass gap, important for the existence of solitons. The Montonen-

Olive conjecture [MO77] states that the gauge theory can have two equivalent

descriptions. One description in terms of magnetic fields and monopoles and

another in terms of electric fields and electrically charged particles. The Dirac

quantisation condition gives the following relation between electric and mag-

netic charges (e and g)

eg= 2 n. (4.29)

Hence the electric charge is inversely proportional to the magnetic charge. An

electric magnetic duality would therefore relate the perturbative regime to the

nonperturbative regime of the corresponding theories. For instance a strongly

coupled magnetic description would correspond to a weakly coupled electric.

Since this is a duality between strong and weak coupling it is extremely hard

to verify, the only way to do this would be by nonperturbative methods and it

has therefore not been proved in general. Progress has been made for certain

supersymmetric models as will be discussed in a later section. That the conjec-

ture would work for non-supersymmetric models as well is perhaps too much

to hope for. The conjecture is however suggestive as it would justify drawing

conclusions from the one-loop effective action.
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Soliton solutions

A soliton is a stable exact solution to the equations of motion and its energy

density is localised in space. Usually the term soliton also refers to a time in-

dependent solution. In the previous sections we have mentioned solitons and

their possible relation to the confining properties seen for the strong interac-

tions. The reason we are interested in the Faddeev model as an effective action

of low energy QCD is that the spectrum of solitons in this model is particularly

interesting. The solitons give rise to confining properties and come in many

varieties. However solitons in the Faddeev model has been obtained using nu-

merical methods and are therefore not very transparent. Here we will therefore

also discuss solitons in related models accessible without numerical methods.

The properties of these solutions are very similar to the solutions found in the

actual model.

5.1 Derrick’s theorem

An important tool to determine the existence of soliton solutions in a theory

is Derrick’s theorem [Der64]. The idea is to scale the spatial coordinates, this

will also introduce a scaling of the fields in the model. The scaling results in a

certain scaling of the different terms in the energy. Assuming that removing the

scaling of the coordinates, i.e. setting it to one, corresponds to the minimum

of the energy gives us the following condition

d

d
E( x)

∣

∣

∣

=1
= 0, (5.1)

where x→ x is the scaling introduced and E( x) is the scaled energy. This
condition is in fact nothing else than the statement that the energy-momentum

tensor is conserved applied for a theory of static fields. Considering solitons

we will in general be interested in static solutions. The conservation of the

energy-momentum tensor gives

µT
µ = 0⇒ iT

i j = 0 for static fields (5.2)

xk jT
jk = j(xkT

jk)−T kk (5.3)

⇒
∫

T kk =
∫

j(xkT
jk) = 0 (5.4)
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The last term vanishes assuming there are no surface terms. Hence the integral

of the trace of the spatial part of the energy-momentum tensor has to vanish

for static solutions.

Now consider the condition (5.1).

d

d
E( x)

∣

∣

∣

=1
= −

∫

dL

d

∣

∣

∣

=1
= −

∫

( k(x
kL)+T kk ) (5.5)

The energy momentum tensor is defined up to an arbitrary factor (X
µ
) and

hence (5.1) is the same as the condition that the trace over the spatial part of

the energy-momentum tensor vanish for static solutions.

We will illustrate the use of Derrick’s theorem by an explicit example. Con-

sider the existence of static solitons in a Yang-Mills theory in arbitrary dimen-

sions, d+1. The energy is

E =
1

4

∫

ddxF2i j (5.6)

As we introduce the scaling of the spatial coordinates, x→ x, the fields trans-

form as

Aµ→
1
Aµ( x). (5.7)

This gives the scaling of the energy

E( x) =
1

4

∫

dddx
1
4
F2i j( x). (5.8)

Applying (5.1) to this scaled energy we find the condition

1

4
(d−4)

∫

ddxF2i j = 0 (5.9)

as the condition for existence of static solutions. Hence we see that unless

the dimension is 4+1 solitons are not possible in a Yang-Mills theory unless

additional fields, such as Higgs fields for instance, are added.

Note that Derrick’s theorem is useful to rule out solitons in various models,

however it says nothing about their actual existence.

5.2 The magnetic monopole

One of the most important examples of soliton solutions in Yang-Mills theory

is the magnetic monopole. As it is also believed to play an important role in

understanding confinement we will explicitly review how it is found in Yang-

Mills [tH74]. For simplicity we will restrict to the gauge group SU(2). As
Yang-Mills theory by itself can not contain any stable finite energy localised

field configurations in three space dimensions we have to study its coupling to
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other fields in order to find solitons. Here we chose to study the gauge fields

coupled to a matter or Higgs field. In particular we will study the non-abelian

Higgs model (or Georgi-Glashow model) since this is the simplest example of

how monopoles occur. The action of the model is the following

S=
∫

d4x

(

−1
4
Faµ F

aµ +
1

2
Dab
µ

bDacµ c−V ( )

)

(5.10)

where Faµ = µA
a− Aaµ+g abcAbµA

c
µ and the covariant derivative is given by

Dac
µ = µ

ac− g abcAbµ. Specifying to static solutions and choosing the gauge

where A0 = 0 the energy is

E =
∫

d3x

(

1

2
Bai B

a
i +

1

2
Dab
i

bDac
i

c+V ( )

)

. (5.11)

Here we have used Bai = 1
2 i jkF

a
jk which is the magnetic field. We will also

specify the potential to

V ( ) = ( a a−a2)2 (5.12)

where and a are positive constants.

We require that our solutions should have finite energy density, that means

that as |x| → the energy density has to go to zero. All the terms in the energy

are positive definite and therefore we have a minimum when

¯ → aˆ0, Bai → 0, Dab
i

b → 0. (5.13)

At infinity the Higgs field is oriented in the direction of the unit vector ˆ0 in

color space. The last condition in (5.13) gives an expression for the gauge field

at infinity,

Aai →
1

ga2
abc b

i
c+

1

a
aÃi. (5.14)

Note the similarity to the decomposition in (3.6). From (5.13) we get condi-

tions for the gauge fields orthogonal to the the Higgs field, the parallel gauge

field is Ã in (5.14). One example of a field configuration as described above is

a → a
xa

r
Aai →

1

g
a
i j

x j

r2
. (5.15)

This is called the hegdehog configuration. Knowing the asymptotic behaviour

of the fields we now proceed and construct the full solution. We make the

ansatz
a = a

xa

r
H(r) Aai =

1

g
a
i j

x j

r2
(1−K(r)) (5.16)

In order to satisify (5.13) we have to impose the conditions

H(r) → 1, K(r) → 0 as r→ (5.17)
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In order for the ansatz to be nonsingular we have to impose the following

conditions at the origin

H(0) = 0 K(0) = 1 (5.18)

Using the ansatz the action (5.10) is rewritten as

S = −
∫

d4x
( 1

g2
K′(r)2

r2
+

1

2g2
(K(r)(1−K(r))2

r4
+a2

H(r)2K(r)2

r2

+
a2

2

(

HK

r
+H ′(r)(1−K(r))

)2

+ a4(H2−1)2
)

(5.19)

In order to find the functions H(r) and K(r) we could derive the equations of
motion from the action above. We would then obtain differential equations

which we would have to solve for H(r) and K(r) with respect to the boundary
conditions (5.17) and (5.18). The equations of motion are two coupled dif-

ferential equations, in general they are hard to solve without a computer. The

solution are referred to as the ’t Hooft-Polyakov monopole. One way to sim-

plify the equations of motion is to use the fact that we are looking for stable

solutions. It is possible to rewrite the energy (5.11) as follows

E =
∫

d3x

(

1

2
(Bi±Di )2+V ( )∓BiDi

)

. (5.20)

Here the SU(2) indices are supressed. The two first terms in the action are
positive definite hence we find the following bound on the energy

E ≥ |
∫

d3xBaiD
ab
i

b| = |
∫

i(B
a
i

a)| = |
∫

S2
daiB

a
i

a|

= a|
∫

S2
daiBi| = a|m| (5.21)

Here Bi is the magnetic field in the ˆ0-direction and m is the magnetic charge

which will be identified with the winding number of the Higgs field. This

bound for the energy is called a Bogomolnyi or BPS bound. It is saturated

when = 0 and

Bi±Di = 0 (5.22)

These are first order equations and therefore much easier to solve than the full

equations of motion. The solution is given by

H(r) = coth(agr)− 1

agr
K(r) =

agr

sinh(agr)
(5.23)

and is called the Prasad-Sommerfield monopole [PS75]. From this we see

that the magnitude of the Higgs field is zero at the origin and approaches a
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constant at infinity. The magnitude of the magnetic field, B, on the other hand

approaches a constant at the origin and zero at infinity.

Magnetic monopoles are one example of topologically stable soliton solu-

tions. Asymptotically the field configurations lie on a sphere, S2. The space of

zeros of the potential for the Higgs field is also S2. There is a map between the

asymptotic S2 to the space of zeros of the potential. The map is characterised

by 2(S
2) ∼ Z, the non-trivial homotopy group associated to the mapping.

It counts the number of times the phase of the asymptotic Higgs field winds

around the the space of zeros of the potential.

A non-trivial winding number will mean a topologically stable solution with

energy greater than zero. In eq. (5.21) we computed the integral of the mag-

netic field over the surface S2 at infinity. These topologically non-trivial solu-

tions have magnetic charges given by

m=
∫

S2
Bidai =

1

2ga3

∫

S2
i jk

abc a
j
b

k
cdai. (5.24)

This is directly proportional to the winding number of the solution. Hence the

bound on the energy (5.21) is determined by the winding number.

We have seen that the vacuum solution requires that the Higgs field goes to

a constant times a unit vector (5.13). We shift the Higgs field choosing a gauge

such that it is directed in the third direction,

→







0

0

a






+







0

0






. (5.25)

Substituting this into the original action we find that the Higgs field as well as

the A1,2 get a mass. The third component of the vector field however is still

massless reflecting the unbroken U(1) symmetry of the model. It is possible
to show that monopoles in the model with SU(2) symmetry, in particular the
hedgehog configuration (5.15), under spontaneous symmetry breaking turns to

the Dirac monopole. The Dirac monopole is the monopole in an abelian theory.

It is not possible to introduce a Dirac monopole by itself, it must be introduced

together with a so called Dirac string. The string carries magnetic flux and the

monopole is its endpoint. This kind of monopoles will be discussed further in

the next section in the context of the Nielsen-Olesen vortices.

5.3 Stringlike solutions

In the abelian Higgs model stringlike solitons, the Nielsen-Olesen vortices,

have been found [NO73]. This model is introduced to model superconductors
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as well as electroweak theory. These solutions have been used as inspiration

in studying solitons in confining theories.

The lagrangian for the abelian Higgs model is

L= −1
4
Fµ F

µ +
1

2
|( µ+ ieAµ) |2−V ( ). (5.26)

Here we have that the field strength is given by Fµ = µA − Aµ and the

potential is of the Mexican hat type, V ( ) =
4
(| |2− a2)2. We now want to

find the solution that describes a vortex, i.e. a stringlike solution that describes

a tube of magnetic flux. We expect the eventual solution to have cylindrical

symmetry and we chose the symmetry axis to be in the ẑ-direction. The so-

lution should be time independent and for simplicity we choose a gauge such

that A0 = 0. One ansatz for the gauge field that describes such a vortex is

Ā(r̄) =
r̄× ẑ

r
|Ā(r̄)|. (5.27)

The Higgs field can be written as

= | |ei . (5.28)

Using cylindrical coordinates and the ansatz above the equations of motion are

−1
r

d

dr

(

r
d| |
dr

)

+

(

1

r
− e|A(r)|

)2

| |−V ′( ) = 0 (5.29)

− d

dr

(

1

r

d

dr
(r|A(r)|)

)

+
(

|A(r)|e2− e

r

)

| |2 = 0 (5.30)

The requirement of a finite energy solution leads to | | → a at infinity. Using

this in eq. (5.30) the asymptotic behaviour of the gauge field is found,

|A(r)| → 1

er
+
C

e

√

2e| |r e
−e| |r. (5.31)

Here C is a constant of integration. The second part is the r→ limit of the

solution to the modified Bessel equation. Far away from the core of the vortex

the magnetic field behaves as

|B(r)| → C

e

√

| |
2er

e−e| |r. (5.32)

Considering small fluctuations around the vacuum value of | | it is found that
the asymptotic behaviour of the Higgs field is | |−a∼ e−

a2

2
r.

At the center of the vortex we expect the solutions to be nonsingular. We

therefore impose the boundary conditions

|A|(r = 0) = 0 | |(r = 0) = 0. (5.33)
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This means that near the center the solutions behave as |A| ∼ r2 and | | ∼
rn. This is the behaviour that we expect from a tube of magnetic flux. The

magnetic field decrease exponentially as we go outside the core of the solution.

This behaviour is analogous to the Meissner effect in superconductors.

Computing the magnetic flux inside these tubes it is found that the flux is

quantised and it is possible to conclude that a string can end on a monopole. As

we have seen the solutions are symmetric around the z-axis and independent

of z. Computing the energy of the stringlike solutions will therefore give that

they are proportional to the length of the tube. Hence as two Dirac monopoles

of opposite magnetic charge is moved from each other their magnetic fields are

joined and form a tube of magnetic flux between them. The further we move

them the further the tube extends.

The Nielsen-Olesen vortices connects pairs of monopoles in an abelian the-

ory. The question is what this abelian theory has to do with the vacuum in the

non-abelian gauge theory. If at strong coupling the off-diagonal gauge fields

become massive while the diagonal field remains massless the theory can be

approximated by an abelian theory. This is referred to as abelian dominance

[EI82a, EI82b]. To model this behaviour one can chose a special gauge, this

is referred to as abelian projection and was originally introduced in [tH81]. In

these gauges the monopoles appear as singularities of the gauge conditions,

the result will be an effective abelian theory with monopoles. It is important

to note however that the behaviour of the fields found in these special gauges

can not depend on the gauge chosen. It could be that it is difficult to see the

behaviour in other gauges but it has to be there.

Several attempts has been made to construct the abelian low energy theory.

The Faddeev model is one example of such a model.

5.4 Solitons in the Faddeev model

We now turn to our candidate model for low energy Yang-Mills, the Faddeev

model (3.2). Using Derrick’s theorem solitons were ruled out in Yang-Mills

theory in 3+1 dimensions. In the effective model however this is no longer the

case. The energy of the Faddeev model, considering static solutions, is

E =
∫

d3x
(

2( in̄)
2+(n̄ · in̄× jn̄)

2
)

= E1+E2. (5.34)

As we scale the spatial coordinates, x → x, the unit vectorfield scales as

n̄(x) → n̄( x). Applying Derrick’s theorem to the model we find

E1 = E2. (5.35)

This means that soliton solutions are not excluded in this model.
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Maximal energy on this surface

r
C

φτ

θ

Figure 5.1: The coordinates describing the Faddeev-Niemi soliton.

Solutions to the model have been studied in [FN97a, FN97b, GH97, War98,

HS99, MNS00, Nie00, War00, HS00]. Here the fact that solitons are localised

structures is used. This means that the solutions are described by variations of

the unit vector field in an otherwise smooth background. Infinitely far from the

soliton we therefore expect n̄ to go to a constant vector, n̄0. For convenience we

choose n̄0 to point in the direction of ẑ. This means thatR
3 can be compactified

to S3. The unit vector n̄ maps R
3 ∼ S3 to S2. The mapping is in the non-trivial

homotopy class 3(S
2). We will look for solutions describing tubes of flux.

The following parametrisation is chosed

n̄(x̄) =







cos(k + l )sin

sin(k + l )sin

cos






. (5.36)

The angles and introduced here describes the angle around the tube and

the variation of the unit vector field, see figure 5.1. Using the cylindrical coor-

dinates (r,z, ), and are functions of r and z. The direction along the tube is

parametrised by . Furthermore k measures the number of times that the field

twists as we follow the tube. The map from the two sphere defined by and

to the internal two-sphere is characterised by the integer 2(S
2) = Z, this is la-

beled by l. Using this parametrisation the equations of motion are solved using

numerical methods. Before discussing the results of the simulations we will

discuss the conclusions we can draw directly by just looking at the expression

for the energy in terms of the variables in the paramerisation,

E =
∫

rdrdz

(

2

4
( 2

r + 2
z )+ sin2

(

2

4

(

l2( 2
r + 2

z )+
k2

r2

)

+
1

16

(

l( r z− z r)
2+

k2

r2
( 2

r + 2
z )

)

))

. (5.37)
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At r = 0, for any value of z, the energy density diverges unless = 0. This

means that for finite energy density solutions is zero at r = 0 and far away

from the soliton. We define the center of the vortex to be where the unit vector

points in the opposite direction to the vacuum, i.e. where = . For simplicity,

assume that this happen for a unique value of r and z (this simplification will

restrict to solutions with toroidal symmetry). Note that the energy density

(5.37) is symmetric as z→−z, this means that the center is defined by zc = 0.

Hence the center is given by the coordinates r = rc and z = zc = 0. From

(5.37) we find that for the maximal and minimal values of the energy density

vanish. This means that the energy density is zero at r = 0, far away from the

soliton and at its center. Hence the maximal value of the energy density occurs

somewhere on a circle between the boundary of the half-plane (r,z) and (rc,0)
and gives a tube of high energy density density around the center as shown in

figure 5.1.

Each solution is characterised by the topological invariant 2(S
3), the Hopf

invariant. In terms of the parameterisation chosen here it is written as

QH =
kl

8 2

∫

sin d ∧d ∧d . (5.38)

Amass bound is found in [VK79] and also discussed in [War98]. The bound

is

E ≥CQ
3/4
H , (5.39)

whereC is a constant. This is found rewriting the energy (5.34) as

E = (
√
E2−

√
E4)

2+2
√
E2

√
E4 ≥ 2

√
E2

√
E4 (5.40)

and then use a so called Sobolev-type inequality. This bound suggest that the

solitons we should expect are those characterised by a non-trivial topological

invariant. Comparing this with the flux tubes found previously (for instance

in the abelian Higgs model) this suggest a mechanism for stabilisation. The

energy of the magnetic flux tubes is proportional to their length, this makes

finite length solutions unstable. Imagine twisting the tube and then gluing the

ends together. As it shrinks the winding will increase and presumably give rise

to a repulsive force that eventually will render the solution stable. In fact this is

just what is observed in numerical simulations [FN97b, GH97, HS99, HS00].

Among the other solutions observed is the so called baby Skyrmion, two

magnetic monopoles of opposite charge connected by a fluxtube. This re-

semble the Nielsen-Olesen vortex previously discussed. One has also found

the helical baby Skyrmion, two monopoles connected by a twisted fluxtube.

These solutions are not stable unless the flux tubes are infinitely long. Stable

solutions found are twisted tubes with the ends connected and tubes in other

configurations with non-trivial topology. Examples of this are the the trefoil
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vortex, with QH = ±3, and other configurations with higher Hopf invariant.
The solutions describing flux tubes with connected ends are gluonic bound

states. This suggest them as candidates for glueballs.

5.4.1 Other applications of the Faddeev model and its solitons

We introduced the Faddeev model as a candidate for the low energy effective

model of Yang-Mills theory and its solitons were discussed in connection with

confinement. However it has been suggested that the model could describe

other physical systems as well. One such example is discussed in [FN00] and

concerns the connection between the Faddeev model and an electrically neutral

plasma. The model suggested for the plasma is

S=
∫

d4x
(

− 1
4
F2µ − 1

2mI

|( k− ieAk) I|2−
1

2me

|( k + ieAk) e|2

+i ∗
e( t + ieAt) e+ i ∗

I ( t − ieAt) I

)

. (5.41)

The field strength is abelian and e and I are fields for the electrons and

ions in the plasma. me,I are their masses. For a stationary plasma fluid in

the regime where the fields are slowly varying it turns out that this action can

be reduced to the Faddeev model plus some potential term. The action now

supports solitons like those in the previous section. In particular one find stable

tubelike configurations with non-trivial winding. We will not discuss this in

any detail since models for plasma are outside the scope of this thesis.

What is interesting however is that in magnetohydrodynamics there is a

virial theorem saying that stable static plasma configurations in isolation must

be unstable. According to [FN00] there are stable solitons in the model for

plasma above. How is this possible? In paper 1 we used simple field theoretical

methods to investigate this suggested contradiction. We find that the virial

theorem in magnetohydrodynamics is related to Derrick’s scaling arguments

described in section 5.1. Furthermore we find that the field theoretical model

does not allow for solitons in an otherwise empty space, this correspond to

the situation considered in magnetohydrodynamics. However in the the bulk

of the plasma where the background is non-trivial the model (5.41) allows for

solitons. This situation is not considered in the simple virial theorem.
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Quantum numbers and characteristics of
solitons

Both the Nielsen-Olesen vortex, the magnetic monopole and the Faddeev-

Niemi solitons discussed in the previous chapter owe their stability to the topol-

ogy of the symmetry group in the model. We have seen that the solitons can

be characterised by a non-trivial topological invariant. This is something that

is of general importance for the existence of solitons. The number of differ-

ent solitons is determined by the homotopy group k(G). Here k denotes the
dimension of the asymptotic sphere of the space considered. G is the vacuum

manifold and is determined by the specific models. Models with a non-trivial

homotopy group admits solitons that will be characterised by a topological

charge. Usually a charge is associated with a conserved current coming from

the invariance of the Lagrangian under some symmetry. This is not the case for

the topological charge. As we have seen one example of a topological charge

is the Hopf invariant,

QH =
∫

S2n−1
wn−1∧dwn−1. (6.1)

The invariant is independent of smooth deformations of wn−1, the (n−1)-form
on S2n−1. The solitons in the Faddeev model are characterised by the Hopf
invariant (5.38) which in that case is the integer given by the homotopy group

3(S
2) = Z.

It is also possible to relate the Hopf invariant to the winding number and

link invariants.

6.1 Fermion number induced by solitons

We have seen several examples of topologically non-trivial solutions in the

bosonic sector. We will now discuss their effect on eventual fermions included

in the models. As the fermions are coupled to the bosons the bosonic soli-

tons will provide backgrounds that are very different from the vacuum around

which the fields are normally quantised. This might induce changes in the

quantum numbers in the vicinity of a soliton.

States in theories containing fermions are characterised by, among other

things, their fermion number. The fermion number is a conserved charge as-
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sociated to the fermionic current, it basically counts the number of fermions

in each state. The fermion number is always an integer unless there is a back-

ground of topologically non-trivial solitons, then fractional values of the in-

variant are possible. A special case is models with charge conjugation symme-

try where integer or half integer fermion numbers are possible. Two quantum

states may differ in fermion number by an integer,

N1−N2 = n n ∈ Z (6.2)

where N1,2 labels the fermion numbers of two different quantum states. Charge

conjugation symmetry means that if a state characterised by N1 exists there is

also a state with fermion number −N1. Hence it follows that

N1 = n/2 (6.3)

are possible fermion numbers and so half integer values are possible. As we

will see in the following it will be backgrounds of solitons that give rise to

these fractional charges.

The fermion number is computed analysing the fermionic current in the

background of the soliton solutions. In the presence of a non-trivial back-

ground it happens that the fermionic current is no longer conserved when quan-

tum corrections are taken into account. In the background of electromagnetic

fields this is referred to as the chiral anomaly. What happens in the case of the

soliton background is that the fermions obtain a zero mode due to the presence

of the soliton. This zero mode will give rise to fractional fermion numbers, this

can be illustrated by a simple example in 1+1 dimensions originally discussed

in [JR76].

Consider the model

H =
∫

dx

(

1

2
2+

1

2

(

d

dx

)2

+
2a2

( 2−a2)2+ †

(

1 d

dx
+ 0

)

)

.

(6.4)

Here is the canonical momenta and the gamma matrices are given by

0 =

(

0 1

1 0

)

1 =

(

0 −1
1 0

)

. (6.5)

Solving the bosonic equation of motion we find for the vacuum sector:

= ±a. (6.6)

We also find another exact solution,

(x) = ±a tanh(ax). (6.7)
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This is the so called kink solution centered around the origin. The solution

interpolates between the vacua of the the potential, as x is taken to plus/minus

infinity the scalar field goes to ±a. Now consider the fermionic equations of
motion in the backgrounds of these two types of solutions. Writing the Dirac

fermion as =
(

u
v

)

the equations of motion are

(

d

dx
+ (x)

)

u(x) = Ev(x) (6.8)

(

− d

dx
+ (x)

)

v(x) = Eu(x) (6.9)

In the vacuum sector this is just the free Dirac equation with a mass term. More

interesting is the soliton sector where we find a non-trivial zero mode solution

0 =C

(

1

0

)

exp

(

−
∫ x

0
dy (y)

)

, (6.10)

where is given by (6.7). Quantising this by expanding the solution in eigen-

modes we find the creation and annihilation operators, b
†
k and bk. These create

fermions. The corresponding operators for antifermions are c
†
k and ck. We

also find the operators, a and a† associated to the eigenmode with zero energy

found above.

(x, t) = a 0(x)+
k

(

bk k(x)e
−iEkt + c

†
k

∗
k(x)

0 1eiEkt
)

(6.11)

In the case of a trivial background, the vacuum sector, the expansion in eigen-

modes is as above but with the first term missing. The following anticommu-

tation relations are imposed

{a,a†} = 1 {b†k1,bk2} = {c†k1 ,ck2} = (k1− k2). (6.12)

The fermion number is given by

Q f ermion =
1

2

∫

dx[ †, ]. (6.13)

In the soliton sector, using the mode expansion (6.11) we find

Qs
f ermion = −1

2
+a†a+

∫

dk(b†kbk− c
†
kck). (6.14)

Compare this with the fermion number operator in the trivial background,

Qv
f ermion =

∫

dk(b†kbk− c
†
kck). (6.15)
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Hence in the vacuum sector we have

Q f ermion|vacuum>= 0. (6.16)

Considering the soliton sector we find that the ground state there is doubly

degenerate, the operator a is associated to the zero-energy mode and does not

change the energy of the state it acts on. Acting on the groundstate it produces

a new state of the same energy. Denoting the ground state in the soliton sector

by |sol1,2 > we can write

a|sol1 >= |sol2 > a†|sol2 >= |sol1 > a|sol2 >= a†|sol1 >= 0. (6.17)

Using this we find that

Q f ermion|sol1,2 >= ±1/2|sol1,2 >, (6.18)

i.e. we have found states with half integer fermion number in the background

of a soliton. In the above example we note that the resulting fermion number

does not seem to depend on the actual profile of the background. In fact the

only thing that is needed is that the soliton has a topological charge different

from zero. To see this in this particular example add another field to the model:

H f ermion = †

(

1 d

dx
+ 0

2+ 1

)

(6.19)

The classical fermionic current, jµ = † µ , in the background of non-trivial

background fields receive quantum corrections,

< jµ >=
1

2
µ

ab
a b

| |2 . (6.20)

The corresponding charge, Q=
∫

dx j0, coincides with the winding number of

the bosonic soliton. Rewriting j0 the following charge is found

Q f ermion =
∫

−
dx
1

2

d

dx
arctan

(

2

1

)

=
1
arctan

(

a

1

)

. (6.21)

Identify 2 with which then goes to ±a as x→± . Taking the limit of just

one scalar field, 1 → 0± the fermion number is ±1/2 and the result in (6.18)
is reproduced. Note however that one has to be careful in taking the limit

1 → 0. If we would have done it from the beginning we would have obtained

fermion number 0, we need the small perturbation of 1 to see the degeneracy

of the ground state. Also note that Q f ermion has the interpretation of a winding

number before removing 1. This means that it should take integer values.

However after removing one of the fields this is no longer true. It is therefore

okay to obtain non-integer values.

What is suggested in the above example is actually quite general. The

fermion number does not depend on the actual soliton solution only on its

topological properties. This has been suggested in several examples see for

instance [NS86] for a review and the references there in.
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6.1.1 Fermion number and the Faddeev-Niemi solitons

In paper 3 we discuss the effect of solitons in the Faddeev model on fermion

numbers. The Faddeev model contains topologically stable soliton solutions

that are characterised by a non-trivial Hopf invariant. Therefore we expect this

to have an effect on the fermion numbers of states. The Faddeev model is a

purely bosonic model as it stands. However we think of it as a low energy

effective action of Yang-Mills and since Yang-Mills can couple to fermions

we consider the coupling to fermionic fields in the Faddeev model. Specifying

the interaction terms as

Lint = igAµ
†
+ ¯

µ
+− igAµ

†
−

µ
−, (6.22)

where ± is the chiral Weyl components of the Dirac spinor, leads to inter-
esting results. Here Aµ is the vector field corresponding to the field strength

introduced in the Faddeev model

F = dA=
i

2
n̄ ·dn̄∧dn̄. (6.23)

The result of a coupling like this is that the fermion numbers will be propor-

tional to the Hopf invariant of the soliton in question. In particular

N+ = −N− = QH (6.24)

where N+ and N− are the fermion numbers associated with the right respective
left chiral fermions. Furthermore it is found that the Hopf invariant plus the

fermion number is conserved in reactions, though the quantities do not have

to be separately conserved. This means that interactions between solitons and

fermions in general change the fermion number and the topological invariant

of the soliton solution. This is discussed in detail in paper 3.
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Supersymmetry

Constructing unifying theories symmetries are important tools. One such sym-

metry is supersymmetry, a symmetry between bosons and fermions. It is im-

plemented using a space of anticommuting coordinates in addition to the ordi-

nary spacetime coordinates. This allows for operators that transform bosonic

states into fermionic. This means that for every fundamental particle there has

to be a partner, the so called superpartner, if supersymmetry is realised. The

particles will be ordered in multiplets, each containing at least two particles

whose spin differ by 1/2. Due to the symmetry all the particles in the same
multiplet will have the same mass. Of course, we do not observe any of this in

ordinary particle physics. This means that supersymmetry, if at all there, must

be broken at the scales of particle physics experiment. In fact it is believed

that supersymmetry might be observable in the next generation of accelera-

tors, for instance the large hadron collider, LHC, currently under construction

at CERN. Until then supersymmetry remains just a theoretical construction,

albeit an attractive one.

In order to write down the algebra one has to introduce Grassmann odd

variables and a graded Lie algebra [HLS75]. The algebra is

{QI , Q̄J
˙} = 2i

µ
˙
Pµ

IJ (7.1)

{QI ,QJ} = 2ZIJ (7.2)

Here Q are the generators of supersymmetry, they are Grassmann odd. The in-

dices , are spinor indices and I,J labels the number of supersymmetries. Pµ
is the four-momentum and ZIJ is the central charge. The number of supersym-

metries governs the field content. Here I,J = 1, . . . ,N whereN is the number

of supersymmetries. It is also connected to the maximum spin of the particles

in the multiplet, the particles will have spins at least as large as N /4. This
means that for a renormalisable field theory more than 4 supersymmetries are

not allowed. (For supergravity 8 supersymmetries is allowed, but that is an-

other story.) The helicities of the fields are given by = 0+ ni/2 where the
maximal value of ni is N . The number of states with one helicity are given

by
(

N
ni

)

, the number of different combinations of generators applied to the

field to produce the helicity in question. For a more detailed discussion see for

instance [Soh85, WB].
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7.1 N = 1 supersymmetry

From the general considerations above we obtain the multiplet with helicities

−1/2, 0 and 1/2 with the multiplicities 1,2 and 1, this we call the scalar mul-
tiplet. Note that this is obtained using that each multiplet containing a state of

helicity must also contain the state with helicity − , the above is actually

built from two multiplets with helicities 0, 1/2 and −1/2, 0 respectively. We
will also be interested in the so called vector multiplet which consists of one

vector field and one spin 1/2 field. I.e. states with helicities −1, −1/2, 1/2
and 1 all with multiplicity 1. It is also possible to build supersymmetric ac-

tions from both these multiplets. In the formalism of supersymmetry a field

called the superfield is introduced, it is a function of the coordinates in super-

space i.e. a function of spacetime coordinates and the additional Grassmann

odd variables which we will denote by I . A supersymmetric transformation

is a translation in superspace. Considering an infinitesimal transformation, ,

the coordinates transform as

→ +

xµ→ xµ+ µ¯− µ¯ (7.3)

The generator of this transformation can be written as Q+ ¯Q̄ where

Q = − i
µ
˙
¯ ˙

µ. (7.4)

In order to find how the component fields tranform we consider the expansion

of the superfield in the anticommuting variable, . The expansion terminates

at order 2 ¯2 due to the anticommutativity of the ’s. Each coefficient in the

expansion defines a field in the supermultiplet. In general superfields do not

correspond to irreducible representations, in order to obtain this we need to

make restrictions to the superfields. This is done subjecting the superfields to

different conditions, each condition leading to a different multiplet. In the case

of the scalar multiplet for example the condition is

D̄ ˙ = 0. (7.5)

The expansion is

(x, , ¯) = (y)+ (y)+ F(y), (7.6)

where we have introduced the new coordinate yµ = xµ+ i µ¯ . Now if we

apply the generator of transformations, Q+ ¯Q̄, to this field we find how the

individual components in the multiplet transform. Here the result is

=
√
2 (7.7)

= i
√
2

µ
˙
¯ ˙

µ +
√
2 F (7.8)

F = i
√
2¯ ˙

µ˙
µ . (7.9)
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We have found a multiplet containing the bosonic fields and F and the

fermions . and F are complex scalar fields and defines 4 bosonic de-

grees of freedom. are two component complex Weyl spinors and hence

defines 4 fermionic degrees of freedom. This is as expected, as many bosonic

degrees of freedom as fermionic.

The next step is to build an action that exhibits this kind of symmetry. This

is most easily done using the formalism of superfields. Integrating any com-

bination of superfields over the full superspace results in an invariant under

supersymmetry. Integration over the anticommuting variables is equivalent to

differentiation. We find for example.

S=
∫

d4xd2 d2 ¯ † =
∫

d4x( ∗
µ

µ + i µ ¯
µ +F∗F) . (7.10)

Note that F is an auxiliary field, it has no dynamics and can be completely

removed using its equation of motion. Usually one also adds a superpotential

term in (7.10), this is then referred to as the Wess-Zumino model.

The construction of a multiplet that contains vector fields is similar to the

above construction of the chiral multiplet. The condition on the superfield is

this time V = V †. This multiplet contain one vector field Aµ, the fermions

and the auxiliary fields D.

In the construction of Lagrangians invariance under gauge transformations

is required. It is necessary to implement gauge transformations in the context

of supersymmetry. As an example of gauge invariant interactions we consider

the chiral and vector multiplet in interaction, the gauge group is specified to

U(1). This leads to the modified transformations

=
√
2

= i
√
2

µ
˙
¯ ˙Dµ +

√
2 F

F = i
√
2¯ ˙ ¯

µ˙ Dµ −2i¯ ˙ ¯ ˙

Aµ = i(¯ ˙ ¯
˙

µ + µ ˙
¯ ˙ )

=
1

2

µ
Fµ + i D

D= ¯
˙ ¯

µ˙
µ − µ

˙ µ
¯ ˙ (7.11)

for both the fields in the chiral and the vector multiplet. The covariant deriva-

tive is Dµ = µ+ iAµ and Fµ the abelian field strength.

7.2 Extended supersymmetry, N = 2 and N = 4

The simplest multiplet invariant under 2 supersymmetries we find from =

0 + ni/2 is a multiplet containing fields of spin 1/2 and spin 0. The next
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simplest multiplet will contain spin one fields as well and is therefore a mul-

tiplet that contains gauge fields. In this case we will have fields with helicity

−1,−1/2,0,1/2,1 with multplicities 1,2,2,2,11. We note that this field con-
tent is the same as in theN = 1 chiral multiplet in combination with theN = 1
vector multiplet. In fact a model with 2 supersymmetries can be constructed

from these two multiplets. This defines one irreducible representation of the

N = 2 algebra.

Another representation is the so called hypermultiplet. This multiplet con-

tains only spin 1/2 and spin 0 fields, i.e. fields with helicities −1/2,0,0,1/2.
In terms of superfields this multiplet is obtained from the condition

D (I J) = D̄ ˙ (I J) = 0. (7.12)

The transformations of the component fields that follow from this constraint is

I =
√
2 I

= i
√
2

µ
˙
¯ ˙ I

µ I +
√
2 I FI

F I = i
√
2¯ I˙ ¯

µ˙
µ (7.13)

It is then possible to couple this multiplet to the multiplet containing gauge

fields discussed above. In fact gauge interactions is the only type of interac-

tions possible for the hypermultiplet. Introducing a coupling to gauge fields

will modify the supersymmetry transformations, introducing covariant deriva-

tives instead of ordinary derivatives etc.

We can still increase the number of supersymmetries without destroying

renormalisability of our models. The highest number of supersymmetries is

four and the simplest multiplet in that case consists of fields with helicities

−1,−1/2,0,1/2 and 1 and multiplicites 1,4,6,4 and 1. This is in fact the only
possible set of fields that leads to a renormalisable model. We write down an

action with this field content, the N = 4 supersymmetric Yang-Mills theory:

S =
∫

d4x

(

− 1
4
Fµ F

µ +
1

2
Dµ

iDµ i− 1
4
[ i,

j]2

+i¯ a µD
µ

a+ i a[ b,
i i
ab]+ i¯ a[¯ b,

i i
ab]

)

(7.14)

Here we have for notational simplicity suppressed the gauge group indices.

Furthermore i runs from 1 to 6 and a,b from 1 to 4. This model is particularly
interesting since it is actually conformally invariant. It is possible to compute

the -function and it has been shown that it vanishes. The -function has been

1This is actually constructed from the two multiplets with helicities 0,1/2,1/2,1 and
0,−1/2,−1/2,−1.
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computed to three loops and it recieves no contributions. It has been proved

that this actually holds up to all loops. This means that N = 4 super Yang-

Mills is a finite theory. A comment that could be made about N = 4 SYM in

four dimensions is that it can be directly obtained from ten dimensional SYM

with one supersymmetry compactifying six of the dimensions.

As we will need it later we will briefly comment about the symmetries of

N = 4 SYM. The action (7.14) is manifestly invariant under the internal sym-

metry SU(4) ≃ SO(6), this is also referred to as R-symmetry. The transforma-
tions are

ab →Ua
c

cd(U†)bd
a →Ua

b
b , (7.15)

where U is a unitary matrix and we have introduced the notation ab = i i
ab.

The fact that the -function is zero reflects the fact that the theory is supercon-

formal. The conformal group is SO(4,2).

7.3 Topological charge and supersymmetry

From (7.1) we see that the extended algebra involves the central charges. The

central charges commutes with all the other generators of the algebra. The

natural way to include topological charges is to include them as central charges

in the algebra [WO78]. In the context of topologically stable soliton solutions

this is particularly useful. The existence of a topological invariant or a central

charge in a model with extended supersymmetry provides a lower bound on

the mass. As an example of this we consider a two-dimensional model with

two supersymmetries. There are two generators in such a model, denote them

by Q±. The algebra (7.1) is then

Q2+ = P+

Q2− = P−
Q+Q− +Q−Q+ = 2Z. (7.16)

From this it follows

P+ +P− = Q2+ +Q2− = (Q+±Q−)2∓2Z ≥ 2|Z| (7.17)

In a representation where P+ = P− =M/
√
2 the inequality is

M ≥
√
2|Z|. (7.18)

Hence the central charge gives a lower bound to the mass, the bound is referred

to as the BPS bound. The BPS bound is saturated for states that are annihilated

by (Q+ +Q−) or (Q+ −Q−). This can be generalised to any supersymmetric
algebra with more than one supersymmetry. Usually the central charges appear
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as boundary terms. I.e. it is possible to discard them by choosing appropriate

boundary conditions unless there are soliton solutions. It has been shown that

the central charge is essentially equivalent to the topological charge. It can

differ in the actual form but their origin is the same. A non-trivial topology

leads to a central charge.

A non-trivial mass bound is of essential importance trying to establish the

existence of solitons. Considering quantum corrections it is important to see

if the BPS condition will hold at the quantum level as well. In that case we

can trust the classical soliton solutions even beyond the tree level. In many

examples this is the case, solitons in certain supersymmetric models do not

receive quantum corrections [WO78]. This is something that is of importance

discussing the Montonen-Olive conjecture. If solitons do not receive quantum

corrections, or a limited amount of them, it is actually possible to establish the

conjecture. This is discussed in the work by Seiberg and Witten [SW94] for

a N = 2 version of supersymmetric QCD. Here the effective action receives

quantum corrections up to one-loop and it is shown that this model actually

exhibits confinement.

7.4 The supersymmetric Faddeev model

We have seen the importance of supersymmetry for solitons. Often supersym-

metry simplifies the structure of the quantum theory due to renormalisation

theorems. In section 5.4 we have found three dimensional topologically non-

trivial solutions in the Faddeev model. There are in fact very few examples of

solitons in three dimensions and the Faddeev-Niemi solitons are of a particu-

larly interesting type. Motivated by this and the successes in supersymmetric

theories we constructed in paper 4 a supersymmetric version of the Faddeev

model. The questions we set out to answer was, first of all if it is at all possible

to supersymmetrise the model and second what this could say about eventual

solitons in it. The Faddeev model has a mass bound proportional to the Hopf

invariant to the power 3/4 (5.39), this looks strange from the perspective of su-
persymmetry where we expect a mass bound proportional to the central charge

or the topological invariant. Investigating the supersymmetric model the hope

was to understand this.

In order to construct the supersymmetric model we make a change of vari-

ables

na = Z̄T aZ (7.19)

where Z = (Z1,Z2) and Z1,2 are complex scalar fields. The generators of SU(2)
in the fundamental representation are denoted by T a. Considering N = 1 su-

persymmetry Z belongs to the covariantly chiral multiplet (7.11). Studying

the N = 2 extension of the model we consider the complex scalars as part of
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the hypermultiplet (7.13) in interaction with the vector multiplet. In the case

of one and two supersymmetries it was found that the Faddeev model can not

be supersymmetrised as it stands. New bosonic terms has to be added to the

original Lagrangian. They are of the form ( µn
µn)2. The part of the super-

symmetric action containing the original fields are

S=
∫

d4x
(

2( µn)
2− (na abc

µn
b nc)2+( µn)

4
)

. (7.20)

The motivation for the higher derivative term in the original Faddeev model

was that it should act as a stabilising term for the solitons while it should

still allow for a Hamiltonian interpretation of the theory. It turns out that it is

possible to construct a model where the stability of eventual solitons are not

destroyed, however it is not possible to preserve the Hamiltonian interpreta-

tion.

We have also compared the saturated mass bounds and found that the bound

in the original model is contained in the extended supersymmetric model.
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Strings and gauge theories, the AdS/CFT
correspondence

So far we have tried to find effective descriptions of the physics in low energy

QCD. This has proved to be difficult since we can not make use of pertur-

bative methods in this regime. Our ‘dream’ would be some kind of duality

that allows us to make a computation where perturbative methods are appli-

cable and from this computation draw conclusions about the regime not ac-

cesible by perturbation theory. From a different part of physics something

very close to our ‘dream’ has been suggested. The conjecture by Maldacena

[Mal98, GKP98, Wit98] states that string theory in a certain background is

dual to N = 4 super Yang-Mills. Perturbative string theory corresponds to

strongly coupled N = 4 SYM. To be able to discuss this conjecture we need

some background from string theory.

As previously mentioned string theory is a suggestion for a unifying theory

containing gravity. The basic building blocks are strings, the vibrational modes

of the string give rise to particles. A consistent quantisation of supersymmetric

strings require the spacetime to be ten dimensional. There are different types

of string theories which can be related to each other using different types of

dualities. The string theory important for the correspondence between gauge

theories and strings that we wish to discuss is called type IIB and describes a

theory of closed superstrings. In string theory certain solutions that describe

extended objects are found, they are referred to as D-branes and are one type

of solitons in string theory. Type IIB contains only closed strings but the intro-

duction of D-branes will allow for open strings as well, with their ends on the

brane. The D here stands for Dirichlet referring to the boundary conditions of

the open strings.

In type IIB a particularly interesting brane is found, the D3-brane, the num-

ber indicating the spatial dimension of the brane. Considering N branes of

this type close to each other it is found that the spacetime geometry near this

pile of branes is described as an anti-deSitter space (AdS space) [HS91]. In

particular the geometry near the D3-brane is given by a five dimensional AdS

space times a five sphere, AdS5×S5. An AdS5 space can be described as a sub-
manifold of an embedding space with signature (-,+,+,+,+,-) with coordinates

(y0,y1, . . . ,y5). The AdS5 space is then described by the surface ȳ
2 =R2 where

R is some constant. Introducing the coordinates u = y0+ iy5 and v = y0− iy5

51



gives

−uv+
4

i=1

y2i = R2. (8.1)

The ‘boundary’ of a space like this can be obtained by defining new variables

by ya = sỹa, a = 0, . . . ,5, and letting the limit where s→ define the bound-

ary (i.e. take the coordinates to infinity but preserve 8.1). This gives for the

boundary

−ũṽ+
4

i=1

ỹ21 = 0 where (ũ, ṽ, ỹi) ∼ (tũ, tṽ, tỹi) t ∈ R. (8.2)

The second condition can be dropped choosing a t such that i ỹ
2
i = 1 = ũṽ.

This means that the boundary has the topology of S1× S3, the same topology

as compactified Minkowski space.

This gives us a four dimensional boundary with Minkowski metric. It is

suggested that the effective theory on the boundary is in fact a four dimensional

conformally invariant Yang-Mills theory, in particularN = 4 SYMwith gauge

group SU(N). The string coupling, gs, the string scale,
′−1/2, and tension, T,

are related to the Yang-Mills coupling as

gs =
g2YM
4

,
R4

′2 = = g2YMN, T =
1

2 ′ . (8.3)

This means that if we consider the ’t Hooft limit N → where ≡ g2YMN =
fixed this corresponds to the limit where the string coupling goes to zero. The

’t Hooft limit is also called the planar limit since only planar Feynman dia-

grams contribute there. Hence the planar limit of the gauge theory is dual to

noninteracting strings.

In the limit where is large and N→ , i.e. the strong coupling limit of the

gauge theory the corresponding string theory reduces to classical supergravity

(string coupling goes to zero and the tension is large).

As we have seen N = 4 super Yang-Mills in four dimensions has a confor-

mal symmetry, SO(4,2), and also an R-symmetry group, SO(6). For AdS5×S5
the isometry group is SO(4,2)× SO(6). That the symmetry group of the two
theories, type IIB string theory in AdS5×S5 and N = 4 SYM in four dimen-

sional Minkowski space, coincides supports the conjecture that they should be

dual.

String theory is a theory that contains gravity. It is unclear how to include

gravity in a field theory since gravity in not renormalisable. To conjecture that

the two types of theories are dual to each other is not a contradiction however.

The theories live in different spaces and the fact that we can get information

about the ten dimensional theory by studying the four dimensional theory on

the boundary is an example of the holographic principle [tH93, Sus95].
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Maldacena conjectured that string and gauge theories are dual to each other,

exactly how they should be related was then worked out in [GKP98, Wit98].

States in IIB string theory are related to operators in the Yang-Mills theory. In

particular it was found that the energy of a one string state in type IIB string

theory is equivalent to the scaling dimension of single trace operators inN = 4
SYM.

N = 4 SYM is a conformally invariant theory and quite different from ordi-

nary Yang-Mills theory or QCD. It has been suggested that the conjecture can

be extended to gauge theories without supersymmetry and conformal invari-

ance. This might eventually lead to an understanding of confinement from the

string point of view. What is more it might actually lead to some prediction of

string theory that one would be able to test. This will however not be discussed

further here, instead we will focus on one of the possible tests of the ordinary

AdS/CFT conjecture.
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Testing the AdS/CFT conjecture: Semiclassical
strings

According to the AdS/CFT correspondence the energy of strings in AdS5×S5

is dual to the scaling dimensions of operators in N = 4 SYM. In order to test

this conjecture we need to look for solutions on both sides of the duality which

we will be able to compare. The fact that quantum corrections are supressed

at small gYM and
′ in Yang-Mills theory and string theory respectively makes

the correspondence hard to check. When the gauge theory is perturbative the

string theory is not and vice versa. For certain types of solutions it is however

possible to define an effective coupling that can be used in expansions. The

first example of this is the so called BMN limit [BMN02]. The trick is to con-

sider a small string moving fast around a circle in the S5 part of space. The

angular momentum of the string, J, can be taken to infinity at the same time

as , keeping the effective coupling ′ =
J2
finite and small. This allows for

a perturbative expansion in ′ and AdS5×S5 reduces to the plane wave back-

ground. On the gauge side this corresponds to operators of the form Tr(ZJ . . .)
where Z is constructed from two of the SO(6) scalars in SYM, Z = 5+ i 6.

The dots stand for a small amount of other SYM fields. These type of con-

siderations has lead to a precise correspondence between the energies of the

string states and the scaling dimension of the above type of operators.

Similar type of reasoning has lead to further examples of where perturbative

expansions can be used on both sides of the conjecture. One has considered

strings with large total angular momenta, L. This allows for an expansion in

/L2 which is a small parameter even though is large to allow for a pertur-

bative expansion in string theory. This type of string solutions has been dis-

cussed in a number of papers [GKP02, FT02, Rus02, Min03, Tse03, FT03a,

FT03b, FT03c, AFRT03, KL04, ART04, Mik03, Ste04, DR04, Sme04], here

we will make no attempt to review these results but instead focus on the gen-

eral idea and consider one simple example. We consider classical solutions to

the bosonic part of the string action:

S=

√

4

∫

d d Gµ (X) aX
µ aX . (9.1)

and denote the world sheet coordinates, Xµ the coordinates of spacetime

and Gµ the spacetime metric. The string tension is proportional to
√

which
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is, by the AdS/CFT correspondence, related to the Yang-Mills coupling con-

stant, = g2YMN. For closed strings (periodic in ) in the background of

AdS5×S5 the action can be written as

S=
√ ∫

d

∫ 2

0

d

2
(IAdS5 + IS5) (9.2)

where

IAdS5 = −1
2

PQ
aYP

aYQ+
1

2
˜ ( PQYPYQ+1) (9.3)

IS5 = −1
2

aXM
aXM +

1

2
(XMXM−1). (9.4)

and ˜ are Lagrange multipliers, in general functions of and , introduced

to take the different backgrounds into account. The indices P,Q run from 0

to 5 and M,N from 1 to 6. A solution has to satisfy the equations of motion

derived from (9.2) plus the conformal constraints:

PQ(ẎPẎQ+Y ′
PY

′
Q)+ ẊMẊM +X ′

MX
′
M = 0 (9.5)

PQẎPY
′
Q+ ẊMX

′
M = 0 (9.6)

where XMXM = 1 and PQYPYQ =−1. All the fields also have to be periodic in
as we consider closed strings.

Due to the symmetries of the action we find the following conserved charges

SPQ =
√ ∫ 2

0

d

2
(YPẎQ−YQẎP) JMN =

√ ∫ 2

0

d

2
(XMẊN−XNẊM).

(9.7)

The physical interpretation of these charges depends on the particular choice

of coordinates. As we want our solution to describe spinning strings we will

choose convenient coordinates such that the conserved charges are identified

with the energy, spin, S1,2, and angular momentum in S
5, J1,2,3,

S50 = E, S12 = S1, S34 = S2, J12 = J1, J34 = J2, J56 = J3. (9.8)

The coordinates are

Y1+ iY2 = sinh sin ei 1 X1+ iX2 = sin cos ei 1

Y3+ iY4 = sinh cos ei 2 X3+ iX4 = sin sin ei 2

Y5+ iY0 = cosh eit X5+ iX6 = cos ei 3 (9.9)

As a simple example we will consider a closed string located at = 0, the

center of AdS, orbiting around a circle in S5 and rotating with equal frequen-

cies in two orthogonal planes also in the S5 part of space. This type of solution
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has been discussed in [FT03a, FT03b]. Then gauge dual of this simple solution

is discussed in [EMZ03] and in paper 5. This kind of string should satisfy

t = , = 0, = 0 and 1 = , 2 = 3 = w , = . (9.10)

Here we have considered the special case of nonwrapped strings where k = 1

in = k , k we refer to as the winding number. The equations of motion and

the conformal constraints give the following relations between the parameters

w2 = 2+1, 2 = 2+2sin2 0. (9.11)

From (9.7) and (9.8) it follows

J1 ≡ J =
√

cos2 0, J2 = J3 ≡ J′ =
1

2

√
wsin2 0, E =

√

(9.12)

From the first two relations it is possible to derive a relation that determines

in terms of J and J′,

˜
√

˜2+ = J
√

˜2+ +2J′ ˜ (9.13)

where ˜ =
√

. If we assume that ˜≫
√

it is possible to make the expansion

˜ = J+2J′ +
J′

(J+2J′)2
+ · · · (9.14)

Using (9.8) and the conformal constraint (9.10) the energy can be expressed in

terms of ˜ , J and J′. Using (9.13) and (9.14) the energy can be written as an
expansion in /(J+2J′)2

E =

√

˜2+2

(

1− J

˜

)

= L+
J′

L2
+ · · · (9.15)

where we have introduced L for the total angular momentum J+2J′. The dots
indicate terms that are higher order in /L2. Hence the only thing we require
for this to be valid is that the angular momenta are large compared to the string

tension, L≫
√
.

9.1 Quantum corrections

We have considered the classical string solutions and found their energy. Con-

sidering fluctuations to the classical solutions it is possible to find the quantum

corrections to these solutions [FT03a, FT03b]. Making a shift of the fields

Xi → Xi+ X̃i (9.16)
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the action can be expanded in the fluctuations, X̃i. Keeping quadratic fluctua-

tions it is possible to find the one-loop correction to the energy. The energy of

the semiclassical string states written as a perturbative expansion is

E = E0(J1,J2,J3)+
L2
E1(J1,J2,J3)+

(

L2

)2

E2(J1,J2,J3)+ · · · (9.17)

Taking quantum corrections into account E1,E2 can be expanded in 1/L. The
first term in their expansion corresponds to the classical solution and the sec-

ond to the one-loop quantum corrections. To make the 1/L expansion more
transparent the energy can also be written as

E = LẼ0

(

L2
,
J1

L
,
J2

L
,
J3

L

)

+ Ẽ1

(

L2
,
J1

L
,
J2

L
,
J3

L

)

+
1

L
Ẽ2

(

L2
,
J1

L
,
J2

L
,
J3

L

)

+ · · · . (9.18)

Here the first term is the classical energy of the string, the second is the one-

loop correction etc.
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Testing the AdS/CFT conjecture: The gauge
side

10.1 The anomalous dimension matrix

In the previous section we discussed a certain type of semiclassical strings.

Here we will consider the corresponding operators in N = 4 SYM. We will

focus on operators containing scalar fields only, i.e. the SO(6) sector. Oper-
ators involving vector fields and fermions can be considered but that would

involve the full symmetry group and will therefore be more complicated. The

operators we will consider are of the form

O(x) = TrXJ1Y J2ZJ3 + · · · (10.1)

where X , Y and Z are combinations of the six scalar fields inN = 4 supersym-
metric Yang-Mills, X = 1+ i 2, Y = 3+ i 4 and Z = 5+ i 6. (J1,J2,J3)
are the SO(6) charges. This operator is holomorphic, non-holomorphic oper-
ators can in principle also be considered and corresponds to pulsating strings.

The dots stand for permutations of the consituent fields. The number of fields

is L = J1+ J2+ J3, this is also the bare dimension of the operator. The action

of N = 4 SYM is not renormalised, the -function is zero. However oper-

ators in the theory can still receive quantum corrections. The diagrams that

contribute to the correlation function at the one-loop level are given in figure

(10.1). Using the Feynman rules, derived from the action (7.14), the diagrams

can be evaluated exactly. However that is a bit technical and not very trans-

parent. It is possible to determine the general structure using other arguments.

l+1

l
jj

i i

l+1

l

Figure 10.1: The diagrams contributing to the anomalous dimension at one

loop.
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The correlation function is of the form

< On(x)On(y) >=
C

|x− y|2( 0+ n)
≈ C′

|x− y|2 0
(1− n ln(

2|x− y|2)) (10.2)

where C is a constant, 0 the bare dimension and n the anomalous dimen-

sion corresponding to the operator On. is a cutoff which is necessary to

make the argument of the logarithm dimensionless. Computing the diagrams

it will be the renormalisation scale. Now consider the first diagram, There is

an exchange of momenta between the two scalars via a gauge boson, there

is however no exchange of scalars. Hence this diagram must be proportional

to
jl
il

jl+1
il+1
, where the indices are the SO(6) indices of the scalar operators.

The same is true in the second diagram since there is still no exchange of

scalars. The third diagram is a bit more tricky. There are three ways to picture

the interaction in the third diagram, either il is connected to jl , jl+1 or il+1.

s

=                                   −

p p

s s s

p

p

Figure 10.2: The structure of the four

scalar vertex.

From the quartic term in the action

it follows that the structure of the

four scalar vertex is as in figure 10.2.

The diagram is then proportional to
jl
il

jl+1
il+1

+ il il+1
jl jl+1 − 2 jl+1

il

jl
il+1
, see

figure 10.3. Adding the correct nu-

merical constants in front of the differ-

ent diagrams (for which we actually

have to do the computation) we find

that the anomalous dimension matrix is

=
g2N

16 2

L

l=1

(2 ·1l,l+1−2Pl,l+1+Kl,l+1) (10.3)

Here we have introduced the trace and permutation operator,

Pl,l+1 =
jl+1
il

jl
il+1

Kl,l+1 = il il+1
jl jl+1 . (10.4)

The eigenvalues to (10.3) gives the anomalous dimension of the operators.

The problem is now to compute them. Since the operators in general mix

+

pp

ss p

ps

s

s

s

p

p

p

ps

s

−−=

ii

j j l+1

l+1l

l

Figure 10.3: The structure of the third diagram.
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under renormalisation this can be difficult, we need a method to diagonalise

the operator . The expression in (10.3) can be identified with the Hamiltonian

of a spin chain [MZ03], a system that is in fact integrable as we will see in the

next section. The eigenvalues of this system can be found using a method

called the Bethe ansatz.

10.2 The Bethe ansatz

One important point concerning the matrix of anomalous dimension (10.3),

which we will identify with the Hamiltonian of a spin chain, is that a system

defined by a Hamiltonian like this is integrable and hence exactly solvable. As

this is of fundamental importance for finding the eigenvalues of (10.3) we will

start by a general discussion about integrability.

A system is called integrable when there are as many conserved charges as

degrees of freedom. In that case the equations of motion can be written as a

system of first order equations that can directly be integrated/solved. This is

done in terms of action/angle variables. One way to construct an integrable

system is to consider the Yang-Baxter equation . It turns out that a system

can be shown to be integrable if its R-matrix is a solution to the Yang-Baxter

equation. The R-matrix acts on a tensor product of vector spaces and depends

on the spectral parameter u. Here we define the R-matrix Rab to act on Va⊗Vb
where Va,b are n-dimensional vector spaces. The Yang-Baxter equation for the

R-matrix is

R12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u). (10.5)

Here u and v are spectral parameters. The indices denote which vector spaces

the operator acts on. One component of R12 is written as (R12)
i1i2
j1 j2
. Using the

R-matrices we can construct the so called transfer matrix

t(u) = TraTa(u) Ta(u) = Ra1Ra2 . . .RaL. (10.6)

The index a is used to denote an auxiliary space that we then take the trace

over. The transfer matrix acts on V1⊗V2⊗ ·· ·⊗VL. Using the Yang-Baxter

equation we find

Rab(u− v)Ta(u)Tb(v) = Tb(v)Ta(u)Rab(u− v). (10.7)

This can be thought of as the commutation relations of the matrices Ta. Multi-

plying both sides with the inverse of the R-matrix we find

(Ta)
ia
ja
(u)(Tb)

ib
jb
(v) = (R−1

ab )iaibkakb
(u− v)(Tb)

kb
lb

(v)(Ta)
ka
la

(u)(Rab)
lalb
iaib

(u− v)
(10.8)
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Taking the trace over both vector spaces, Va and Vb, we find

Tra(Ta(u))Trb(Tb(v)) = Trb(Tb(v))Tra(Ta(u)). (10.9)

This means that the transfer matrices commute

[t(u), t(v)] = 0. (10.10)

It is then possible to expand the transfer matrix in terms of the spectral param-

eter, t(u) = m tmu
m. Supposing that the R-matrix is at least linear in the spec-

tral parameter, this means that the transfer matrix contains at least the spectral

parameter to the power L. Hence there are at least L terms in the expansion.

(10.10) leads to a family of commuting operators. The expansion tells us that

there are at least L independent operators that commute with each other.

If the Hamiltonian is in the family of operators that we have found above,

i.e. that the Hamiltonian can be written in terms of transfer matrices, we have

found at least L commuting charges where one is the Hamiltonian. Charges

that commute with the Hamiltonian are conserved and we have found a system

where the number of conserved charges are as many as the degrees of freedom.

This defines an integrable system.

We have seen that the Yang-Baxter equation leads to an integrable system.

In our case we need to find the R-matrix that allows us to construct transfer

matrices that defines a family of operators which our Hamiltonian is part of.

10.2.1 Example 1: The Heisenberg spin chain

Figure 10.4: The Heisenberg

spin chain

The Heisenberg spin chain describes a line of

spin half particles where neighbouring spins

interact, see figure 10.4. The observables at

each site are the spin matrices, constructed

from the unit matrix and the Pauli matrices.

For a spin chain with L sites the observables

are

¯ l =
1

1⊗·· ·⊗1⊗
l
¯ ⊗1⊗·· ·⊗

L

1 . (10.11)

The hilbert space is the product of the spaces at each site,H = L
l=1⊗hl . Here

hl = C
2. In the following we will consider a closed chain as in figure 10.4. The

Hamiltonian is

H =
1

4

L

l=1

( ¯ l · ¯ l+1−1) , (10.12)

together with the periodicity condition ¯ l+L = ¯ l . Here ¯ are the 2× 2 Pauli
matrices. In order to construct the R-matrix we define the permutation opera-

tor. In C
2×C

2 the permutation operator is written as

P=
1

2
(1⊗1+ ¯ ⊗ ¯ ) . (10.13)
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Here we denote the operator that acts non-trivially on Va and Vb by Pab. This

means that the Hamiltonian can be written as

H =
1

4

L

l=1

(2Pl,l+1−2) . (10.14)

The permutation operator acts as P(a⊗ b) = b⊗ a and satisfies the following

relations.

Pna1Pna2 = Pa1a2Pna1 = Pna2Pa2a1 Pa1a2 = Pa2a1 (10.15)

Using these relations for the permutation operator it is possible to show that

the R-matrix

Rab(u) = u1ab+ iPab (10.16)

satisfy the Yang-Baxter equation. From (10.6) we find the transfer matrix

which also satisfy the Yang-Baxter equation as in (10.7). The question is now

how to relate the transfer matrix to the Hamiltonian of the spin chain (10.12).

We start by noting that setting the spectral parameter to zero we find

Ta(u= 0) = iLPLa . . .P1a = iLP12P23 . . .PL−1,LPLa. (10.17)

In the last relation we have used (10.15). Using that P2 = 1we find

dt(u)

du
t(u)−1

∣

∣

∣

∣

u=0

=
1

i

L

l=1

Pl,l+1 (10.18)

This means that the Hamiltonian (10.14) can be written in terms of the deriva-

tive of the transfer matrix

H =
1

2

(

i
dt(u)

du
t(u)−1

∣

∣

∣

∣

u=0

−L1⊗L
)

. (10.19)

This shows that the Hamiltonian belongs to a family of operators that can be

constructed from the transfer matrices. Expanding this type of operators we

find L independent components that commute.

10.2.2 Example 2: The SO(6) spin chain

For the SO(n) spin chain the hilbert space is H = R
n⊗ . . .⊗R

n and the ob-

servables for a chain with L sites is nL×nL matrices. The R-matrix is

R12 =
1

n−2 (u(2u+2−n)112− (2u+2−n)P12+2uK12) (10.20)

and it satisfies the Yang-Baxter equation. Expanding the corresponding Ta
matrix in the spectral parameter gives

Ta(u) =
L

l=1

Pal +u
L

l=1

l−1

m=1

Pam

(

−1al−
2

n−2Pal +
2

n−2Kal
)

L

n=l+1

Pan+ · · ·

(10.21)
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The transfer matrix is obtained obtained by taking the trace over the auxiliary

space. The result is

t(u) = t0+u
2

n−2 t0
L

l=1

(

Kl,l+1−1−
n−2
2

Pl,l−1

)

+ · · · . (10.22)

The first operator acts as a shift operator, it shifts everything by one site. From

(10.10) we see that the first and the second coefficient commutes. Using this

and the fact that we are free to add any constant we can construct the following

commuting operator

L

l=1

(

Kl,l+1+
n−2
2

− n−2
2

Pl,l+1

)

. (10.23)

This is the Hamiltonian of an SO(n) spin chain. For n = 6 we find that this is

proportional to the anomalous dimension matrix (10.3) discussed in the previ-

ous section. The Hamiltonian of the SO(n) chain can be written in terms of the
transfer matrix as follows,

H =
n−2
2

1

t(u)

dt(u)

du

∣

∣

∣

∣

u=0

. (10.24)

This means that the Hamiltonian is part of an integrable system.

Showing that a system is integrable means that we can solve it, in princi-

ple. However actually finding the eigenvalues of the Hamiltonian could still

be difficult. The observables of an L site spin chain with V the vector space at

each site are dim(V )L× dim(V )L matrices. If the number of sites are small it
might be possible to solve this by numerical methods. However we will even-

tually be interested in the continuum limit where the number of sites goes to

infinity and will therefore need an analytical method. This method is referred

to as the Bethe ansatz. Since the derivation is quite long and technical we will

refer to the literature for it. The original paper by Bethe [Bet31] uses a spe-

cial ansatz for the eigenfunctions to solve the Heisenberg spin chain. Later

new and more efficient methods appeared but the name still refers to Bethe’s

original paper. For the Heisenberg spin chain the algebraic Bethe ansatz, de-

scribed in [Fad96], is the most transparent. For higher gauge groups such as

SO(6) it is still possible to use the same method although it gets much more
complicated [dVK87, MR97]. An alternative is to use Reshetikhins method

[Res83, Res85] see also [MZ03] for an explicit review for SO(6). The result
for a general gauge group was worked out in [OW86]. As we will mostly dis-

cuss the SO(6) case we will state that result explicitly here. The Hamiltonian
can be diagonalised provided that the spectral parameters of the eigenstate sat-
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isfy the following system of equations

(

u1,i+ i/2

u1,i− i/2

)L

=
n1

j �=i

u1,i−u1, j + i

u1,i−u1, j− i

n2

j

u1,i−u2, j− i/2

u1,i−u2, j + i/2

n3

j

u1,i−u3, j− i/2

u1,i−u3, j + i/2

1 =
n2

j �=i

u2,i−u2, j + i

u2,i−u2, j− i

n1

j

u2,i−u1, j− i/2

u2,i−u1, j + i/2

1 =
n3

j �=i

u3,i−u3, j + i

u3,i−u3, j− i

n1

j

u3,i−u1, j− i/2

u3,i−u1, j + i/2
(10.25)

The parameters ua, j are also called Bethe roots, as they are solutions to the

Bethe equations. Here n1, n2 and n3 are the number of Bethe roots of each type.

The number of different types of Bethe roots can be related to the R-charges J1,

J2 and J3. Exactly how they are related depends on the representation chosen.

The different types of Bethe roots are associated to the simple roots of SO(6).
Here there are three different types. 1 The eigenvalues of the Hamiltonian can

be written in terms of the first type of roots

E =
1

2

n1

i=1

1

u21,i+1/4
. (10.27)

We then have that the anomalous dimension is

=
8 2

n1

i=1

1

u21,i+1/4
. (10.28)

10.3 Solving the Bethe equations

In general the Bethe equations are hard to solve as they stand. It can be done

for two impurities, i.e. the Heisenberg chain with two excitations of u1 roots,

and for some special cases for more than two impurities [MZ03]. In the ther-

modynamic limit the number of sites in the spin chain is infinite and here

simplifications are possible. When L is large it is possible to rewrite the Bethe

equations (10.25) as integral equations [MZ03, BMSZ03]. This makes them

considerably much easier to solve. The integral equations are found by rescal-

ing the roots, u = qL, and taking the logarithm of the Bethe equations. In the

1For a general gauge group the corresponding result is

(

uq,i+ i ¯ q · w̄/2

uq,i− i ¯ q · w̄/2

)L

=
nq

j �=i

uq,i−uq, j + i ¯ q · ¯ q/2
uq,i−uq, j− i ¯ q · ¯ q/2

q′ �=q

nq′

j

uq,i−uq′, j + i ¯ q · ¯ ′q/2
uq,i−uq′, j− i ¯ q · ¯ ′q/2

(10.26)

where w̄ is the highest weight and ¯ q the simple roots of the Lie algebra.
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− C+C

Figure 10.5: The distribution of roots for the double contour solution with R-

charges (J1,J2,J3) = (L− J,J,0).

large L limit the sums (obtained from taking the logarithm of the products in

(10.25))are converted into integrals. The result is

1

q
−2 m = −

∫

C+

dq′
(q′)

q−q′
+

∫

C+

dq′
(q′)

q+q′
−

∫

C2

dq′ 2(q
′)

q−q′
− ′

∫

C3

dq′ 3(q
′)

q−q′

0 = 2 −
∫

C2

2(q
′)

q−q′
−
2

∫

C+

dq′
(q′)

q−q′
−
2

∫

C+

dq′
(q′)

q+q′

0 = 2 ′−
∫

C3

3(q
′)

q−q′
−
2

∫

C+

dq′
(q′)

q−q′
−
2

∫

C+

dq′
(q′)

q+q′
(10.29)

where = n1/L, = n2/L and
′ = n3/L where n1, n2 and n3 are the number

of Bethe roots of each type. m is an integer and specifies the branch of the

logarithm. The bar over the integral is used to denote principal value. (q),

2(q) and 3(q) are the densities of the different types of roots, defined as

(q) =
2

L

n1

i

(q−qi) 2(q) =
2

L

n2

i

(q−qi) 3(q) =
2
′L

n3

i

(q−qi).

(10.30)

The roots will be located along the contours C±, C2 and C3 in the complex
plane. The shape of the contours is determined by the interactions between the

roots. The procedure to solve these equations is to introduce the resolvent,

W (q) =
∫

C+

dq′
(q′)

q−q′
, (10.31)

and then, as the anomalous dimension (10.28) can be expressed in terms of it,

solve for it. We find that

=
8 2L

∫

C+

dq
(q)

q2
= −

8 2L
W ′(0). (10.32)

Hence if the (10.29) are solved for the density (q) or the resolvent, directly,
we have the anomalous dimension. This has been achieved for several dif-

ferent combinations of R-charges (J1,J2,J3). The simplest solutions are those

66



that involves just one type of Bethe roots. One example is the double contour

solution, see figure 10.5, where (J1,J2,J3) = (L− J,J,0) and the number of
Bethe roots are given by n1 = J and n2 = n3 = 0 [BMSZ03]. Here the roots are
distributed on two arcs in the complex plane and the anomalous dimension can

be computed. The result agrees with the string result and in the limit where

→ 0 the result reduces to the BMN result. The double contour correspond to

the ground state, however it is also possible to find states with higher energies

in the same representation. One such example is the gauge dual of the semi-

classical spinning string. Here all the roots lie along the imaginary axis and

for = 1/2, ”half-filling”, the anomalous dimension is =
2L
. This matches

the energy of spinning strings in [FT03a].

In [EMZ03] three spin solutions with R-charge (J′,J′,J) where discussed.
These solutions involves two types of Bethe roots and the solutions match the

result (9.15), = J′

L2
, for strings rotating in two orthogonal planes in S5 with

its center of mass orbiting around S5 [FT03a]. The gauge duals of the folded

string, with two large angular momenta, and circular string, with R-charges

(J′,J′,J), are found in [Kri04]. Other three spin solutions in the SU(3) sector
are explored in [KM04].

Solutions to the full SO(6) (or SU(4)) spin chain involving all three types
of roots are discussed in [EMZ03, Min04].

10.4 Fluctuations in Yang-Mills operators

The energy of the semiclassical string states found by solving the classical

equations of motion corresponds to the scaling dimension of the corresponding

Yang-Mills operators to all loops. Considering quantum corrections to the

classical string solutions we find contributions to the energy that are higher

orders in 1/L (9.17).

On the gauge side the quantum corrections correspond to fluctuations in the

Bethe roots. One way to obtain the corrections to the anomalous dimension is

to move Bethe roots around in the complex plane. As long as we do not want to

change the representation we have to consider spinless fluctuations, i.e. move

existing roots. A moved Bethe root contributes in two ways. As a root is

moved it interacts with the other roots, a new equilibrium will be reached and

the roots new position can be determined. The new position of the root directly

contributes to the anomalous dimension as seen from (10.28). The moved root

might also alter the densities which will give another contribution to .

Fluctuations to Bethe equations have been discussed in [BMSZ03] and also

in paper 5. In paper 5 we find the corrections to the anomalous dimension

of a spin chain corresponding to the string in [FT03a]. That is the string that

rotates with angular momentum J′ in two orthogonal planes in S5 and orbits,
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with angular momenta J, around a circle in S5. It should be noted that what

we obtain considering fluctuations is corrections to the scaling dimension that

corresponds to eigenfrequencies of the near classical string states. In order

to obtain the full quantum corrections on the string side we have to sum up

the eigenfrequencies. A way to find the full 1/L correction in Yang-Mills
was discussed in [LZ04] for the Heisenberg spin chain. This is based on a

completely different method than discussed above however.

To consider fluctuations is of interest for studying the stability of solutions.

In [FT03a] it is found that the energy of the spinning string becomes unstable

for certain values of the angular momenta. If we where to reproduce this on

the gauge side it would mean that we would find an imaginary contribution to

the anomalous dimension. A well defined quantum state requires a complex

Bethe root to appear with its conjugate. This means that well defined quantum

states can not give an imaginary contribution to the scaling dimension. This is

what we expect since the spin chain is a Hamiltonian system and hence should

not have complex energy states.

From the discussion in paper 5 we have the following picture in terms of

the roots. To consider fluctuations we move roots to the real axis. That corre-

sponds to well defined quantum states. Interactions with the other Bethe roots

determine the position of the moved root, where it ends up depends on rela-

tions between the different R-charges J and J′. For certain J and J′ the root
is positioned on the real axis and the energy of the corresponding state is real,

changing the value of them will move the root. As it moves into the complex

plane it no longer corresponds to a well defined quantum state and an imagi-

nary term appears in the scaling dimension of the operator. This happens when

J′ > 3
2
J for a string with winding number 1 (as considered in section 9). For

a general winding number this relation is modified. To do the computation in

paper 5 we assume the representation where J′ ≤ J. This means that strictly

speaking J′ > 3
2
J is outside the regime of validity of the computation. However

we do not expect the anomalous dimension to depend on the representation and

it is indeed possible to make an analytic continuation of the result to the regime

where J′ ≥ J.

10.5 Higher loops and other spin chains

We have considered the matrix of anomalous dimension up to one-loop and

found that it can be identified with the Hamiltonian of a spin chain and di-

agonalised using the Bethe equations. In particular we considered operators

built from scalar fields. We can extend this by considering more loops or other

operators. The matrix of anomalous dimension to one-loop for all types of

operators was discussed in [Bei04a, Bei04b] and the corresponding spin chain
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in [BS03]. At one-loop different scalar operators mix but there is no mix-

ing with other types of operators. Considering scalar operators to two loops

however they will mix with operators containing other types of fields as well

[BKS03, Bei03]. In general higher loop computations will involve interactions

between more states than just nearest neighbours. The more loops considered

the longer the range of the interaction. To solve the hamiltonian system cor-

responding to the higher loop calculation generalised spin chains have been

proposed, [SS04, BDS04], these chains involve interactions beyond nearest

neighbours.

For the planar one loop system integrability has been proved for operators

containing all types of fields. We saw a special case of this in section 10.2.1 and

10.2.2. Integrability to higher loops has been proved in certain subsectors only

[Bei04b, BDS04]. The conserved charges on both the string and the gauge side

have also been identified in many cases [DNW03, AS04, Eng04, KMMZ04].

Up to three loops the program works, the anomalous dimension of the oper-

ators are identified with the energy of the corresponding string states. At three

loops however there seems to be some problems, the results on the gauge side

does not match the result on the string side. It is not clear from where this

discrepancy comes. It might be due to the method used in which case it is not

a threat to the correspondence itself.
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Summary of papers

I

We consider a suggested field theoretical model for neutral plasma. The model

can be related to the Faddeev model. It therefore allows for topologically non-

trivial stable configurations of plasma. Seemingly, this is in contradiction with

a simple virial theorem from magnetohydrodynamics. The theorem states that

stable configurations of plasma are not possible in isolation. We investigate

this contradiction and find that the virial theorem relates to Derrick’s scaling

theorem used in field theory. This leads to a solution of the contradiction.

II

The existence of a non-trivial ground state in Yang-Mills theory is of funda-

mental importence for confinement. Being in the nonperturbative regime it is

very difficult to establish however. We use the decomposition of the gauge

field introduced in [FN02] and compute the effective potential to one loop. We

find a mass gap and hence a scale is introduced in the effective model. This

could be taken as a hint of what might be expected but it is still very unclear

how this would relate to a nonperturbative calculation.

Correction

There is a misprint in the paper. Equation (30) should read

g4

g′2
=
1

3

4Ve f f

f 40

∣

∣

∣

∣

( f0,g0)=(M′,0)

=
1

3

4Ve f f

g40

∣

∣

∣

∣

( f0,g0)=(0,M′)

. (A.1)

III

The Faddeev model is known to contain stable topologically non-trivial soli-

ton solutions. These describe fluxtubes in different shapes characterised by the

Hopf invariant, QH . The Hopf invariant is the relevant topological charge for

these solutions. We introduce fermions in the Faddeev model and discuss the

induced fermion number by the solitons. It is shown that the fermion num-

ber is proportional to the Hopf invariant. Furthermore the fermion number
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together with the Hopf invariant is conserved in interactions, even thought the

two quantities are not separately conserved.

IV

The supersymmetric version of the Faddeev model is constructed. The result

is that the model can not be supersymmetrised as it stands, additional bosonic

terms has to be added. The reason for not including those terms from the

beginning was motivated by that the model should have a Hamiltonian inter-

pretation. Adding supersymmetry the Hamiltonian interpretation is lost. We

have to add terms that contains more than two time derivatives. This is the case

introducing both N = 1 and N = 2 supersymmetries.

The existence of solitons in a supersymmetric model is discussed and we

find that it is possible to construct a model where the stability of the solutions

is not affected. Furthermore we find a mass bound to the solutions.

V

We consider the anomalous dimension of certain operators in N = 4 super-

symmetric Yang-Mills. According to the AdS/CFT correspondence the energy

of strings in AdS5×S5 is dual to the scaling dimensions of operators inN = 4
SYM. The operators considered in the paper are dual to strings rotating with

equal angular momenta in two othogonal planes in S5. The center of mass

orbits around another circle in S5. Previously the scaling dimension corre-

sponding to the energy of the classical string has been considered. We find the

scaling dimension that corresponds to the energy of the string when quantum

corrections are taken into account. The techniques involving the Bethe ansatz

is used and we find a match with the string results.
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Summary in Swedish

Aspekter av Yang-Millsteori: Solitoner, Dualiteter och
Spinkedjor

För att beskiva världen vi ser omkring oss har vi idag mycket välfungerande

modeller. Modellerna ger oss möjlighet att förutsäga vad vi kommer att obser-

vera i vissa situationer, t.ex. då vi utför ett visst försök eller experiment. För

många tekniska tillämpningar räcker det med att använda klassisk fysik såsom

t.ex. Newtonsk mekanik. Studerar man mindre strukturer, exempelvis atomer1

och deras egenskaper, måste man ta till kvantmekanik. Kvantmekaniken ger

en modell av hur fysiken fungerar på små avstånd och leder bland annat till en

kvantisering av energin. En partikel kan inte ha vilken energi som helst utan

bara befinna sig i vissa diskreta energinivåer.

För fysik på mycket stora avstånd ersätter relativitetsteorin Newtonsk me-

kanik. Den speciella relativitetsteorin ger oss möjlighet att räkna på partiklar

som rör sig mycket fort, med hastigheter nära ljusets. Den allmänna ger en

modell av hur gravitationen fungerar. Tillsammans ger de en helt ny bild av

rummet och tiden.

För att beskriva både kvantmekanik och speciell relativitetsteori introduce-

rar man något man kallar för en fältteori. Partiklarna beskrivs nu i termer av

fält. Fältteorin som partikelfysiker använder sig av kallas för standardmodel-

len. Den har testats vid stora acceleratoranläggningar, såsom CERN, där man

låter partiklar nära ljushastigheten kollidera. På så sätt kan man studera vad de

består av och hur de växelverkar. Ju mindre strukturer man vill se desto mer

energi måste man tillföra partiklarna. Modellen innehåller tre typer av krafter

och tolv sorters partiklar. En atom består av en kärna innehållande protoner

och neutroner, kring kärnan kretsar elektroner. När man låter partiklar kolli-

dera upptäcker man att protonen och neutronen inte verkar vara fundamentala

partiklar. De består i sin tur av mindre delar – kvarkarna, det finns totalt sex

sorters kvarkar. Elektronen är dock en fundamental partikel. Förutom elektro-

nen finns även två andra partiklar av samma typ. Till slut har vi tre typer av

1Lika bra att en gång för alla göra klart att fysiken inte gör några anspråk på att förklara hur

världen egentligen ser ut. Att vi beskriver materien med hjälp av något vi kallar atomer betyder

inte att atomen nödvändigtvis måste existera. Det betyder bara att detta är en bra modell för att

förklara fenomen vi ser. Fysiken har på det sättet ingenting att göra med verkligheten. Av det

språk vi använder kan man luras att tro att detta är fallet.
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mycket svagt växelverkande partiklar , tre sorters neutriner.

Växelverkan ses som ett utväxlande av partiklar, vilken typ partiklar bestäms

av växelverkan. Det finns fyra krafter till vilka vi associerar partiklar. Den

elektromagnetiska kraften associeras med fotonen, den svaga medW± och Z0

bosonerna. Den starka kraften överförs med hjälp av gluoner. Gravitationens

växelverkanspartiklar kallas för gravitoner. Standardmodellen innehåller tre av

dessa krafter, den elektromagnetiska, den starka och den svaga växelverkan.

All typ av växelverkan utom gravitationen förenas i standardmodellen. När

man försöker konstruera en liknande teori för gravitationen så fungerar det inte.

Försöker man räkna ut något i en sådan modell får man som svar oändligheten.

Detta har att göra med att man i standardmodellen och i andra s.k. fältteorier

utgår från att växelverkan sker i en punkt. Om man istället för att betrakta

punktpartiklar betraktar en sträng blir man av med detta problem. Om man

ritar upp en strängs bana i rummet och tiden ser man att detta kommer att

definiera en yta. Konsekvensen blir att växelverkan mellan två strängar inte

längre kan ses som att den sker i en punkt.

Strängteori utgör ett förslag till hur man kan konstruera en förenande teori

för allt. Det är dock inte den enda teorin som försöker göra detta. Strängteori

är inte heller i närheten av att vara en färdig teori, den går t.ex. inte att testa

idag. Behöver vi då en teori för allting? Det är förstås estetiskt tilltalande, men

det bör inte vara ett skäl. Kan vi räkna på allt borde vi nöja oss med det även

om modellen inte tilltalar oss. Faktum är att både relativitetsteori och kvant-

mekanik (tillsammans med standardmodellen) har varit oerhört framgångsrika.

Det är ingen överdrift att säga att vi idag har mycket välfungerande modeller

för världen vi ser omkring oss. Poängen är nu att vi faktiskt inte kan räkna ut

vad som helst. Vi har ingen modell som förklarar de situationer där vi måste

använda både kvantmekanik och allmän relativitetsteori. Dessa situationer är

visserligen något exotiska och knappast något vi inom en snar framtid kom-

mer att kunna göra experiment på men det gör inte att vi kan bortse från dem.

x

t

Figur B.1: Strängen sveper ut

en yta i rumtiden.

Om man konstruerar en modell där de funda-

mentala objekten är strängar så ser man att

man aldrig för hand behöver introducera hur

växelverkan går till. Det finns inbyggt i mo-

dellen från början. Detta är fundamentalt an-

norlunda mot hur det fungerar i fältteoretiska

modeller. Strängens egenskaper beror av hur

den vibrerar. När man inför kvantmekanik för

strängen ser man att detta kommer att ge upp-

hov till egenskaper som vi normalt ser hos

partiklar. Man tänker sig därför att partiklar-

na egentligen är vibrerande strängar. Det intressanta här är att strängen kan

beskriva gravitonen, liksom den beskriver de övriga partiklarna.
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När man inför kvantmekanik för strängen blir man tvungen att låta strängen

röra sig i 26 dimensioner för att teorin ska fungera. Inför man något man kallar

supersymmetri2 räcker det med att betrakta strängen i 10 dimensioner. Även

detta är en aning för många då världen vi lever i ser ut att ha 3 rumsdimensioner

och en tidsdimension. Man behöver alltså ett sätt att bli av med de 6 överflödiga

dimensionerna som strängteorin ger. Om de extra dimensionerna är mycket

små och hoprullade så skulle vi inte ha möjlighet att se dem. Problemet här

är att det finns många sätt att rulla ihop dem, flera möjliga kompaktifieringar.

Beroende på vilken man väljer så får man olika fyrdimensionella modeller.

Vilken, eller vilka, som beskriver just vår värld vet man inte idag och bland

annat detta gör att det blir mycket svårt att experimentellt testa strängteorin.

Strängteorin introduceras för att beskriva just strängar. Det visar sig dock att

den även beskriver andra membranliknande objekt. Dessa objekt brukar kallas

för D-bran. Det visar sig även att de öppna strängarna kan ha sina ändpunter

på denna typ av objekt. D-bran med tre rumsdimensioner är av speciellt in-

tresse då de ger upphov till en intressant förmodan. Det verkar som den tio-

dimensionella strängteorin utanför sådana bran kan säga något om teorin som

bestämmer fysiken på branet. Detta kallas för AdS/CFT korrespondensen. Te-

orin på branet verkar vara en fyrdimensionell teori som liknar de teorier som i

Standardmodellen används för att beskriva stark växelverkan. Detta kallas för

en Yang-Millsteori. Det man nu förmodar är att teorin på branet, dvs. Yang-

Millsteorin, är dual till strängteorin som beskriver fysiken utanför branet. Med

det menar man att det i Yang-Mills teorin finns en motsvarighet till det som

beskrivs i strängteorin och omvänt. Detta ger oss två sätt att beskriva det som

egentligen är en och samma sak. Som det ser ut verkar det som att det är

lämpligt att använda Yang-Millsbeskrivningen då strängteoribeskrivningen är

svår att tillämpa. Då det är lätt att räkna ut saker i Yang-Mills teorin är det

mycket svårt att göra beräkningar i strängteorin och vice versa. Detta innebär

att det blir mycket svårt att testa att de två teorierna verkligen beskriver samma

sak och AdS/CFT korrespondansen är därför fortfarande bara en förmodan.

Det som gör AdS/CFT korrespondensen svårtestad är dock inte alls bara

ett problem, det utgör även en möjlighet att beräkna saker man inte tidigare

kunnat i både strängteori och i Yang-Millsteorin. Ett problem som har visat

sig mycket svårt att lösa i standardmodellen är hur den starka växelverkan

fungerar vid låga energier. Detta har att göra med det faktum att kvarkar aldrig

har observerats för sig själva utan bara i bundna tillstånd tillsammans med

andra kvarkar.

Att kvantfältteori och standardmodellen har varit så framgångsrika byg-

ger på något som kallas för störningsteori. Detta är en approximationsmetod

2Detta krävs för att strängen ska kunna bete sig som alla sorters partiklar vi observerar. Både

fermioner, som t.ex. elektronen, och bosoner, som t.ex. protonen, ska finnas med i strängens

spektrum.
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som gör det möjligt att faktiskt göra beräkningar. För att metoden ska fungera

behöver man någon liten parameter som möjliggör att olika uttryck kan skri-

vas som en utveckling i denna parameter. Dvs. om en funktion kan skrivas som

f (g) = a+ bg+ cg2+ dg3+ · · · så kan vi säga att f (g) är ungefär lika med a
om g är liten. Detta är förstås en approximation som innehåller ett visst fel. Vill

vi bättra på den tar vi med även nästa term, poängen är dock att vi inte behöver

ta med alla termer. Den naturliga utvecklingsparametern i stark växelverkan

är stor vid låga energier (stora avstånd) men liten vid höga energier (små av-

stånd). Detta innebär att störningsteori bara fungerar vid höga energier. Vi har

alltså på det sättet ingen möjlighet att förklara det vi observerar i experiment

– att kvarkarna alltid är bundna inuti större partiklar. Här skulle AdS/CFT kor-

respondensen kunna komma till hjälp. Strängteorin ger oss nämligen just en

beskrivning av fysiken då vår utvecklingsparameter i fältteorin är stor. Proble-

met är nu bara att fältteorin i AdS/CFT korrespondensen inte är den fältteori

som beskriver vår värld, även om den på vissa sätt liknar den. Tyvärr går det

därför inte direkt att tillämpa strängteori för att förklara varför vi inte observe-

rar fria kvarkar.

Mycket skulle vara vunnet om man inte behövde använda störningsteori för

att göra beräkningar. Då skulle man ha tillgång till hela den teori man stude-

rar, inte bara den del av den där utvecklingsparametern är liten. Att utveckla

metoder för att slippa använda störningsteori är i allmänhet mycket svårt men

vissa försök har ändå gjorts. Just problemet med kvarkarna är ett problem som

kräver metoder utöver störningsteori om man vill lösa det inom standardmo-

dellen. Olika förslag på hur man ska behandla detta problem har kommit fram

de senaste 30–40 åren men fortfarande är man långt ifrån en lösning.

Ett av förslagen går ut på att använda en analogi från fysiken som beskriver

supraledare. En supraledare är ett material som under speciella förutsättningar

kan bete sig som att det inte har någon resistens. Elektronerna i en supraledare

parar ihop sig i så kallade Cooper-par och det är detta som ger upphov till de

supraledande egenskaperna. Vi går inte närmare in på detta men noterar en in-

tressant effekt man har observerat. Det visar sig att om man låter ett magnetfält

gå genom supraledaren kommer det att ’puttas’ ut. En sorts supraledare tillåter

att fältet faktiskt går genom ledaren men då bara i tunna tuber. Skulle man dela

en sån här flödestub så skulle man se ett magnetfält komma ut från änden av

tuben. Tubens ände liknar alltså en källa för ett magnetfält. Detta är något vi

normalt inte observerar i naturen, källor för magnetfält kommer alltid i par. En

magnet har alltid en nord och en sydpol, ingen har någonsin observerat en en-

sam nordpol. Om tubens ena ände liknar en källa för magnetfält så liknar dess

andra ände en punkt där fältlinjerna strålar samman och försvinner. Om man

försöker att dra ut en flödestub och på det sättet separera dess ändar kommer

detta att kräva mer och mer energi ju längre man drar ut den.

Vad har nu detta med omöjligheten av ensamma kvarkar att göra? Om
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tubens ena ände istället för att vara en källa till det magnetiska fältet ha-

de varit en källa till det elektriska fältet och om det hade gått ett elektriskt

fält genom tuben istället för ett magnetiskt så kan tubens ände faktiskt ses

som en kvark. Källor till det elektriska fältet är elektriska laddningar. Kvar-

kar har elektrisk s.k. färgladdning och kan därför tänkas vara ändpunkter på

färgelektriska flödestuber. Om tuben i ena änden slutar i en kvark så kommer

den i andra änden sluta i en antikvark (en likadan partikel men med motsatt

laddning). Tuben ger upphov till en kraft mellan kvarkarna som gör att det blir

svårt att dra isär dem. Det blir i princip omöjligt att dela på dem.

Ovanstående bild av hur de mekanismer som beskriver hur den starka växel-

verkan fungerar vid låga energier har använts som inspirationskälla för att kon-

struera så kallade effektiva modeller. Detta är modeller där man i princip bort-

ser från vissa egenskaper hos det man studerar för att på så sätt kunna skriva

ner en enklare modell. Tanken är att det man inte tar med i modellen ändå

inte ska ha särskilt stor betydelse just där man hoppas att modellen ska vara

tillämpbar. För stark växelverkan försöker man alltså finna enklare modeller

som kan beskriva hur den fungerar vid låga energier. Ett förslag till en sådan

effektiv modell kallas Faddeevmodellen och är vad som studeras i artikel 1–4.

Faddeevmodellen introduceras som en effektiv modell enligt vad som be-

skrivits ovan. Det har dock visat sig att den även kan användas till att beskriva

helt andra saker. Man har föreslagit att den relaterar till vissa modeller som

beskriver ett plasma. Normalt beskriver vi materien som fast, flytande eller i

gasform. Ett fjärde tillstånd kallas för plasma och beskriver materiens egen-

skaper vid mycket höga temperaturer.

Det finns välfungerande klassiska modeller för hur plasma beter sig. För

dessa teorier kan man visa att det är omöjligt att ha isolerade stabila konfigura-

tioner av plasma. I de fältteoretiska modellerna som relaterar till Faddeevmo-

dellen verkar detta vara möjligt. I artikel 1 diskuterar vi hur detta går ihop.

Artikel 2 behandlar en speciell uppdelning av fälten i Yang-Mills teorin

för stark växelverkan. Vi diskuterar hur denna uppdelning leder till effektiva

modeller och speciellt hur kvantkorrektioner leder till en effektiv potential.

Artikel 3 diskuterar egenskaper hos speciella lösningar i Faddeevmodellen.

Dessa lösningar beskriver stabila tubliknande objekt som kan vara vridna på

vissa speciella sätt. Normalt sett innehåller modellen bara en typ av partiklar,

bosoner. Om även fermioner läggs till kan man studera hur dessa påverkas av

de speciella stabila lösningarna man hittat.

Artikel 4 diskuteras ett sätt att lägga till fermioner i Faddeevmodellen, näm-

ligen genom supersymmetri. Detta är en symmetri som leder till att varje bo-

sonisk partikel kommer att få en fermionisk partner. Supersymmetri har inte

påvisats som en egenskap hos materien men man förväntar sig se effekter av

den vid energier som ligger precis över gränsen för vad vi kan mäta idag. Vi

diskuterar om det är möjligt att införa denna typ av symmetri i Faddeevmodel-
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len och vad det i så fall leder till för de lösningar man tidigare hittat.

Som tidigare har nämnts så är det svårt att testa AdS/CFT korresponden-

sen (den förmodan som säger att strängteori i en viss bakgrund kan beskrivas

med hjälp av en speciell Yang-Mills teori och vice versa). Detta hade att göra

med att störningsteori inte samtidigt är tillämpbar i båda teorierna. Det finns

dock speciella fall då det faktiskt går att använda störningsteori i båda teori-

erna, det gäller bara att hitta en lämplig liten parameter. I artikel 5 används

en sådan metod för att göra beräkningar i Yang-Millsteorin. Resultatet går di-

rekt att jämföra med motsvarande resultat från strängteorin och vi finner en

överensstämmelse.
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