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Introduktion

Detta är en avhandling inom ämnet teoretisk fysik som bygger på tre veten-

skapliga artiklar. Dessa, liksom en stor del av denna avhandling, är ganska

specialiserade och uttryckta på ett rätt tekniskt språk. Jag avser därför att i

denna svenska introduktion ge en kort populärvetenskaplig framställning. Av

nödvändighet måste jag då vidga perspektiven en aning. Därför kommer all-

ra först en diskussion om teoretisk fysik i allmänhet, som kan sägas vara av

filosofisk eller vetenskapsteoretisk karaktär. Därpå följer en introduktion till

strängteori. De tre artiklarna kan alla sägas ha kopplingar till denna teori som

är ett försök att förklara alla grundläggande naturlagar på ett enhetligt sätt.

Strängteorins grad av vetenskaplighet och dess plats i fysiken kommer då

också att behandlas. Slutligen kommer jag att göra ett försök att förklara vad

själva artiklarna egentligen handlar om.

Vad är då egentligen teoretisk fysik? Man skulle kunna säga att det är den

vetenskap, som med teoretiska begrepp och matematiska modeller försöker

beskriva vår fysiska omgivning. Med detta menar jag här det som vi kan upp-

fatta med våra sinnen eller mäta med instrument. Detta skiljer sig från den

experimentella fysiken som är den del av fysiken som utför mätningar och ex-

periment. De tar alltså reda på sådant som den teoretiska fysiken kan försöka

förklara i termer av sina modeller och teorier. Kopplingen till experiment gör

att man betraktar fysiken i sin helhet som en empirisk vetenskap. Betyder då

detta att den teoretiska fysiken alltid först måste utgå från empiriska data och

därifrån dra slutsatser om hur teorierna ska utformas? Nej, det krävs inte med

nödvändighet, även om man ofta har en sådan koppling. Låt mig här dock först

ge två exempel på när teoretikern faktiskt utgår från experiment.

Det första är då en teoretiker ger en förklaring av ett ett iakttaget fenomen

eller experimentresultat med utgångspunkt från en tidigare väletablerad teori.

Det andra fallet är mer dramatiskt. Det är då teoretikern tvingas modifiera sin

teori för att förklara ett iakttaget fenomen. Ett bra exempel på detta är när Max

Planck, för att lösa problemet med den så kallade ”svartkroppsstrålningen”,

införde en ny hypotes om att energin endast kan sändas ut i vissa små ”paket”

av bestämda storlekar, så kallade ”kvanta”. Därmed inleddes den vetenskapli-

ga revolution som givit oss kvantfysiken. I båda dessa fall kan man säga att

experimenten kommit först och det teoretiska arbetet sedan. Det finns dock

även situationer där det omvända gäller.
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Hur går det då till i de situationer då teorin kommer först? Svaret på den

frågan är att det varierar. Det vanligaste och mest odramatiska är när man med

utgångspunkt från en tidigare väletablerad teori gör matematiska beräkningar

och härledningar och helt enkelt kommer fram till hur olika saker borde bete

sig innan experiment eller iakttagelser har visat på det. Det finns emellertid

även tillfällen när det finns motiv att ändra en teori enbart på grund av teo-

retiska problem. Här sker alltså en modifikation av teorin utan att några di-

rekta experimentella skäl föreligger. Nämnas kan till exempel när James Clerk

Maxwell introducede den så kallade ”förskjutningsströmmen” för att få bort

motsägelser i teorin för elektromagnetism. Tack vare detta kunde elektromag-

netiska vågor förutsägas och kopplas samman med ljuset. Den nya förståelsen

av elektromagnetiska vågor var också en förutsättning för att vardagliga ting

såsom radio, TV och mobiltelefoner kunnat konstrueras. Vägen dit var natur-

ligtvis lång och gick via nya experiment och uppfinningar. Här var det alltså

teoretiska problem i sig själva som vägledde teoretikern till att modifiera teorin.

Andra exempel på detta kan sägas vara Einsteins konstruktion av sina rela-

tivitetsteorier. Även om den speciella relativitesteorin i många framställningar

direkt kopplas samman med Michelson-Morley experimentet så anser man nu

allmänt att det huvudsakligen var teoretiska skäl som vägledde Einstein. När

det gäller den allmänna relativitetsteorin råder i vilket fall som helst inga tviv-

el; här är alla ense om att det var rent teoretiska skäl som var vägledande. Det

tog Einstein många år av rent teoretiskt arbete att konstruera en teori som han

var nöjd med och som sedan visade sig kunna användas till förutsägelser av

nya fenomen och ge en förklaring till tidigare utförda observationer som inte

hade fått en tillfredsställande förklaring, såsom vissa avvikelser från Newtons

teorier som iakttagits i Merkurius rörelser kring solen.

Alla teorier rättfärdigas i slutändan genom att de bättre kan förklara om-

givningen än tidigare teorier. Man kan då se den gamla teorin som en approx-

imation till den nyare teorin, även om man ibland kanske har en helt ny be-

greppsapparat. Det kan nämnas att man i många fall fortfarande har stor nytta

av den gamla teorin då den fortfarande kan användas i de sammanhang där den

tidigare fungerade bra. Den nya teorin är naturligtvis inte bevisad att vara helt

korrekt, bara i någon mening bättre än den gamla teorin.

Det hela kan alltså sammanfattas på följande sätt:

Den teoretiska fysiken försöker antingen att från gamla teorier matematiskt

härleda nya förutsägelser eller förklara iakttagna fenomen och därigenom bidra

till en bättre beskrivning av vår omgivning. Alternativt så försöker den kon-

struera nya teorier för att ge en ännu bättre beskrivning än vad som tidigare var

möjligt. I detta sökande efter nya teorier kan både teoretiska och experimentel-

la skäl vara av betydelse. De nya teorierna får sitt erkännande just genom att

de kan förklara fenomen på ett bättre sätt en tidigare.

Efter denna mycket översiktliga och närmast filosofiska framställning av
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vad som utgör teoretisk fysik så ska jag diskutera en teori som nuförtiden

tilldrar sig stor uppmärksamhet från många teoretiska fysiker — nämligen

strängteorin.

Denna avhandling har en hel del kopplingar till denna teori. Många av de

frågeställningar som behandlas har motiverats av eller kan sägas vara rele-

vanta för strängteori på ett eller annat sätt. Strängteorin är en teori som idag

inte har något empiriskt stöd. Den är alltså för närvarande en teori av det

slag som huvudsakligen är byggd på teoretiska antaganden och hypoteser.

De undersökningar som görs motiveras alltså enbart av teoretiska skäl. Or-

saken till att så många teoretiska fysiker ändå är intresserade av denna teori

är att den tycks lösa ett problem som länge har förbryllat forskarna. Detta

problem är att kvantfysiken och den allmänna relativitetsteorin inte tycks vara

förenliga. Båda dessa teorier är nuförtiden mycket vältestade i den meningen

att de förutsägelser som dessa teorier gör stämmer mycket väl överens med de

experimentella resultat som finns.

Kvantfysiken, eller snarare kvantfältteorin, kan på ett tillfredsställande sätt

beskriva tre av de fyra sorters växelverkan som vi idag betraktar som funda-

mentala, dvs elektromagnetisk, svag och stark växelverkan. Den förstnämnda

är tämligen välkänd för de flesta och behandlar alla elektomagnetiska fenomen.

Svag växelverkan beskriver huvudsakligen olika former av radioaktivitet och

den starka hanterar den kraft som håller samman atomkärnorna.

Den allmänna relativitetsteorin beskriver gravitationen i termer av en krökt

rumtid, genom vilken objekt försöker röra sig ”så rakt som möjligt”. En planet i

omloppsbana kring solen dras enligt denna bild inte av en kraft mot solen. Man

ser det istället som att solen kröker rumtiden genom vilken planeten faktiskt

rör sig rakt fram. Det kan grovt sett jämföras med vad som händer när man på

jordytan går rakt fram. Då åstadkommer jordytans krökning att man följer en

krökt bana genom det omgivande rummet.

Båda dessa vältestade teorier innehåller en hel del saker som det vardagli-

ga ”sunda förnuftet” skulle uppfatta som tämligen märkvärdiga. Bland annat

så innehåller kvantfysiken en hel del underligheter, exempelvis att det inte

är möjligt att samtidigt bestämma en partikels läge och hastighet. Det visar

sig också att många fenomen som i en tidigare klassisk beskrivning ansågs

följa strikt deterministiska lagar, istället ges en beskrivning där endast san-

nolikheter för olika händelser kan förutsägas. Den allmänna relativitetsteorin

innehåller andra till synes konstiga förutsägelser. Personer på olika platser i

gravitationsfält och med olika rörelser genom rumtiden uppfattar inte tiden

likadant. Detta kan bland annat resultera i att två personer som är lika gamla

när de träffas en gång vid ett annat möte är olika gamla.

De underligheter som teorierna förutsäger är som sagt vältestade på så sätt

att de förutsägelser teorierna gör tycks stämma mycket väl överens med exper-

iment, inte bara kvalitativt utan också kvantitativt. Att tiden går olika fort kan
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bland annat mätas med atomur.

Problemet med dessa teorier är som sagt att de inte passar ihop; de använder

helt olika språk och det har hittills tyckts vara omöjligt att konstruera någon

kvantfysikalisk beskrivning av gravitationen. Strängteorin är den idag mest

lovande vägen till en lösning på problemet med att förena de båda teorierna i en

sammanhängande teori. Den tycks nämligen lösa problemet genom antagandet

att det som vi betraktar som fundamentala partiklar, tidigare beskrivna med

hjälp av punkter, bättre beskrivs som små utsträckta objekt dvs en sorts små

strängar. De olika partiklarna kan sedan tolkas som olika vibrationstillstånd

hos dessa strängar. Man kan använda sig både av slutna strängar som sluter sig

likt ett gummiband, eller öppna strängar som har två ändpunkter.

Det intressanta med detta antagande är att om det görs på kvantnivå så in-

nehåller en sådan teori med nödvändighet en kvantfysikalisk beskrivning av

gravitationen. Denna stämmer väl överens med Einsteins allmänna relativitet-

steori, fast med små modifikationer som vi med dagens teknik tyvärr inte skulle

kunna detektera. Det finns också utrymme att beskriva partiklar och alla de an-

dra formerna av växelverkan inom teorins ramverk.

Det dyker dock upp många nya egendomligheter, till exempel så fungerar

teorin endast i ett visst antal dimensioner. Tio rumtidsdimensioner förutsägs

av de strängteorier som kan tänkas beskriva vår värld. Dessutom ansåg man

länge att det existerade flera olika strängteorier. Man upptäckte senare att dessa

teorier är relaterade till varandra på så sätt att de verkar vara olika delar av en

underliggande teori som allmänt kallas M-teori.

Denna M-teori förutsäger en elfte dimension och att det som vi förut såg

som strängar egentligen är membran i denna M-teori. Man borde därför kanske

inte säga att strängteorin är den riktigt grundläggande teorin, men än så länge

är vår förståelse av M-teorin mycket mer begränsad än vår förståelse av sträng-

teorin. Dessutom brukar man oftast när man säger strängteori numera använda

det i en utvidgad betydelse som även inkluderar M-teorin. När fortsättningsvis

termen ”strängteori” används kommer detta att avse hela det forskningsområde

som strängteorin gett upphov till.

Det visade sig ungefär samtidigt med upptäckten av relationerna mellan

de olika strängteorierna, att det var möjligt att introducera nya objekt. Vikti-

gast bland dessa torde de så kallade D-branen vara. Ett D-bran kan beskrivas

som ett objekt på vilket en strängs ändpunkter kan fastna. Detta objekt kan

ha en lägre dimensionalitet än den omgivande rumtiden, som för de relevanta

strängteorierna skulle vara tiodimensionell.

Man kan nu tänkas invända att det här verkar nu bara vara en massa flum-

miga hjärnspöken och fantasier — vi ser ju inte alla dessa extra dimensioner.

Nu är det dock så att i strängteori är det möjligt att dessa dimensioner kan vara

väldigt små och ”hopkrullade”. Eller så kanske vi lever på en samling D-bran

där partiklarna vi består av beskrivs av öppna strängar som inte kan röra sig ut
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från D-branen. Dessa hopkrullningar och D-branskonfigurationer bestämmer

också egenskaperna hos de partiklar som strängarna ska beskriva. Det stora

problemet i strängteori är att ingen lyckats konstruera en lämplig bakgrund,

hopkrullning och D-branskonfiguration som förutsäger precis de partiklar vi

ser i vår omgivning. En förhoppning har varit att just en bakgrund som beskriv-

er vår värld skulle vara extra naturlig eller stabil. Detta är dock inte nödvändigt,

det kan vara så att vår värld blott är en av många tänkbara stabila bakgrunder

till strängteorin. Ännu har dock, som sagt, ingen lyckats hitta någon bakgrund

som beskriver vår värld, även om det finns modeller som kommer ganska nära.

Förhoppningen är att om man hittar en sådan så kommer man kunna göra nya

förutsägelser om iakttagbara fenomen, eller så kan den på ett vackert och el-

egant sätt förklara varför olika fysikaliska konstanter har just de numeriska

värden som de har. Man hoppas alltså naturligtvis att man förr eller senare ska

kunna testa strängteorin empiriskt, men än tycks vi tyvärr vara långt därifrån.

Är då strängteorin ”vetenskaplig” som den bedrivs idag? Det är relevant

att ställa sig denna fråga eftersom den inte ännu ger vare sig några testbara

förutsägelser eller förklaringar av nya fenomen. Det finns heller, i detta nu,

inga sätt att visa att den är inkorrekt. Detta kan faktiskt ses som en nackdel

eftersom en teori som tillåter vad som helst inte säger någonting om världen.

Min uppfattning är att man kan se strängteorin som ett hypotetiskt teoretiskt

ramverk som tycks vara det mest lovande för att hitta en tänkbar beskrivning

av vår värld som förenar kvantfysik och allmän relativitetsteori. Men det är

en teori som ännu inte har kommit till det stadium där det är möjligt att testa

den genom direkta iakttagelser eller experiment. Den kan sålunda inte hävdas

vara en färdig vetenskaplig teori. Man kan kanske likna den vid den allmänna

relativitetsteorin under de många år då den ännu inte fått sin färdiga form.

Strängteorin bör dock så småningom återkoppla till empirin om den ska kunna

kallas ett riktigt framsteg. Man kan även undra hur lång tid man kan fortsätta

ett fysikaliskt teoribyggande med enbart teoretiska medel? Strängteorin har nu

en mer än 35-årig historia, som förvisso har innehållit många framsteg, men

om det dröjer alltför länge innan några testbara resultat dyker upp så kanske

intresset kommer att svalna. Än så länge verkar dock inte många alternativ

finnas. Kanske kommer vi så småningom förstå strängteorin så bra att riktiga

testbara förutsägelser kan göras. Alternativt så kanske en helt ny idé dyker upp

— hur det går får framtiden utvisa. Dock kan sägas att oavsett om strängteorin

kommer att visa sig fungera som teori, och ge oss en bättre beskrivning av

världen, eller ej, så kommer den åtminstone att ha inspirerat till en hel del

intressanta matematiska resultat. Dessa kan tänkas komma till användning i

helt andra sammanhang. Det är ju en av de fina egenskaperna med matematik

och matematiska modeller i fysiken att samma strukturer ofta kan uppkomma

i till synes helt olika sammanhang.

Mina egna arbeten är kopplade till konform fältteori och ickekommutativ
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geometri. Dessa är båda av stor betydelse inom strängteori men har också

tillämpningar inom andra områden.

Konform fältteori är av stor betydelse när man beskriver strängars rörelser

genom rumtiden på kvantnivå. Den kan dock också användas för att beskriva så

kallade andra ordingens fasövergångar i tvådimensionella modeller i statistisk

mekanik. Detta är något som är betydligt mer jordnära och som man dessutom

kan testa med för närvarande tillgängliga tekniska hjälpmedel.

Ickekommutativ geometri dyker upp som en viktig ingrediens i strängteorin

i ett flertal olika sammanhang. Ett exempel är när man konstruerar approxima-

tiva beskrivningar av öppna strängar kopplade till D-bran när dessa befinner

sig i vissa bakgrundsfält. Men denna form av geometri kan bland annat även

användas för att ge en alternativ framställning av traditionell kvantmekanik,

eller användas när man beskriver partiklar i magnetiska fält.

Låt mig nu mycket kort försöka förklara, på ett populärt sätt, vad avhandlin-

gens tre artiklar handlar om:

Den första artikeln behandlar gaugeteorier på en ickekommutativ bakgrund.

Vad betyder då detta? En gaugeteori kan sägas vara en teori, till exempel en

kvantfältteori, som har en viss sorts symmetri. De kvantfältteorier som beskriv-

er elektromagnetismen, samt svag och stark växelverkan, är alla exempel på

gaugeteorier. I en ickekommutativ geometri kan man inte exakt bestämma en

position. Det kan jämföras med det som ovan nämndes om kvantfysik där man

inte både kan bestämma en partikels läge och hastighet. Här kan man alltså

inte ens klart bestämma ett objekts läge. I strängteori kan teorier av detta slag

beskrivas med hjälp av öppna strängar vars ändpunkter sitter fast på D-bran.

Gaugeteorierna dyker upp som approximativa beskrivningar då energierna är

låga. Om D-branen befinner sig i ett så kallat B-fält, som grovt sett kan ses som

ett slags flerdimensionell generalisering av ett magnetiskt fält, så måste man

använda sig av ickekommutativ geometri. I artikeln visas att en gaugeteori på

ett ickekommutativt rum inte kan ha alla tänkbara gaugesymmetrier.

I den andra artikeln används så kallad ”randkonform fältteori”, för att beskri-

va olika randvillkor som kan finnas i tvådimensionella konforma fältteorier där

man har en rand eller kant. Randkonform fältteori kan användas för att beskriva

öppna strängar och hur dessa strängars ändpunkter beter sig. De olika randvill-

koren kan i strängteori tolkas som olika D-bran som ändpunkterna är kopplade

till. I artikeln bestäms operatorproduktsexpansionen och partitionsfunktioner-

na för ”randfält”. Dessa objekt kan sägas koda in hur strängarna växelverkar

med varandra. Det hela är ganska tekniskt men kan ses som nya exempel på

tidigare liknande resultat.

I den tredje artikeln undersöks en stjärnprodukt som är definierad på en

tvådimensionell sfär. En stjärnprodukt är lite slarvigt uttryckt en ändring av

sättet att multiplicera funktioner som gör att man får en ickekommutativ ge-

ometri. Artikeln behandlar sålunda en ickekommutativ sfär. Sådana har blivit
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beskrivna tidigare och det är också möjligt att de kan dyka upp som D-bran i

en teori. Här betraktas dock ett rent matematiskt problem. Ett exempel stud-

eras där man kan använda ett teorem från matematiken som klassificerar olika

sådana här stjärnprodukter på olika rum. Problemet med teoremet är att det kan

vara svårt att använda eftersom man för att klassificera en stjärnprodukt måste

göra en matematisk transformation som i de flesta fall kan vara mycket svår

att utföra. Ett exempel ges där man kan använda teoremet utan att fullständigt

utföra den önskade transformationen. En intressant sak här är att man med

hjälp av en begränsad ”lokal” information kan få reda på ”global” information

om vilken typ av stjärnprodukt vi har.

Jag hoppas att denna lilla introduktion har givit åtminstone någon förståelse

av vad jag har arbetat med och beskrivit bakgrunden till mina resultat och

därmed placerat in dem i ett något större sammanhang. Det har också varit

min förhoppning att förmedla min syn på den teoretiska fysiken i stort och den

nuvarande teorin som kallas strängteori. Jag hoppas där att det har framgått att

jag inte vill ansluta mig till den ”lovsångskör” över strängteorin, som utmålar

den som ett otroligt framsteg, men heller inte vill ge mitt bifall till de kritiker

som betraktar teorin som ett rent ovetenskapligt fantasifoster.





Background and Introduction

This introductory chapter is intended to place the three papers, on which this

thesis is based, in a somewhat larger context. Some overlap with the Swedish

introduction is unavoidable. However I will here be slightly more technical

and assume some more background knowledge on the part of the reader.

In my work I have investigated aspects of noncommutative geometry and

conformal field theory. The questions that I have been working on are, to a

large extent, motivated by string theory which today is considered to be the

most promising candidate for giving us a unified description of quantum field

theory and the general theory of relativity. However, the results in the three pa-

pers might also have a relevance outside the realm of string theory. Therefore

the following chapters that will give a somewhat more involved presentation of

noncommutative geometry and conformal field theory will be presented with-

out much reference to string theory.

Here I will first give a nontechnical introduction to noncommutative geom-

etry and conformal field theory. Then follows a brief introduction to string

theory together with discussions of how noncommutative geometry and con-

formal field theory are of relevance within the string theoretical framework.

When it comes to citations of references, in this chapter as well as the fol-

lowing, I do not claim to be complete in my citations of original works. Ref-

erences to these can be found in the cited sources or in Papers 1–3.

2.1 Introducing Noncommutative Geometry

In physics one is quite used to the noncommutative structure of phase-space

as it is described in quantum mechanics. In this case the phase-space coordi-

nates qi and pi can be replaced by operators q̂i and p̂i satisfying the familiar

Heisenberg commutation relation

[q̂i, p̂ j] = i�δi j . (2.1)

This identity is known to imply our inability to completely know both position

and momentum of a particle and can be seen as a “fuzziness” in phase-space.

Surprisingly this type of noncommutativity can also arise on spaces which we

physically would consider to be configuration spaces such as space-time itself.

9



The coordinates xi describing the space can then be replaced by operators x̂i

satisfying a similar relation

[x̂i, x̂ j] = iθi j . (2.2)

In these situations it would not even be possible to completely decide the po-

sition of a particle.

It is plausible that noncommuting space-time coordinates can arise as an

effect of quantum gravity as it is expected that the structure of space-time

breaks down at the Planck scale. In fact, such effects are realized in string

theory as will be discussed later.

Noncommutative geometry is an attempt to describe noncommutative struc-

tures geometrically in the following sense. Many of the concepts and ideas of

noncommutative geometry have their origin in quantum physics. The tradi-

tional way of doing quantum physics is to use operators acting on the space

of states of the quantum theory. Mathematicians have tried to formalize this

and also to relate noncommutative algebras to geometric concepts. It is known

that much of standard differential geometry can be described starting from the

commutative algebra of functions on manifolds. In noncommutative geometry

this is replaced by a noncommutative algebra. This could be an operator alge-

bra of the kind used in quantum physics, a matrix algebra or some deformed

version of the ordinary algebra of functions on a manifold.

This procedure of extending concepts from geometry, in an algebraic way, is

what defines the mathematical subject called noncommutative geometry. This

can involve quite advanced mathematics and the interested reader is referred

to Connes’ introduction [Con94] or the somewhat simpler and more physics

oriented text by Madore [Mad99].

In this thesis mostly the case where the underlying noncommutative algebra

is a deformed version of the algebra of functions will be considered. By de-

formed it is meant that the standard point-wise multiplication of functions has

been replaced by a new product which is no longer commutative. The noncom-

mutativity is governed by a parameter such that the commutative case appear in

the limit where this parameter approaches zero. The most well known example

of such a product is the Moyal-product.

When this approach is applied to the phase-space we get an example of

what is called deformation quantization [BFF+78]. This can be seen as an

alternative description of quantum mechanics where one instead of operators

uses functions with a deformed multiplication to encode the noncommutative

structures of quantum physics.

In particular, if one uses Weyl-quantization then functions of the phase-

space variables are mapped to operators (see Section 2.2). Here it is important

to note that given classical functions functions f and g one obtains operators

f̂ and ĝ with the property that the operator product f̂ ĝ is not equal to the
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operator f̂ g. Instead it is possible to construct a deformed product � such that

f̂ ĝ = f̂ �g.

From an abstract point of view this, to a large extent, just corresponds to

isomorphic descriptions of the same noncommutative geometry. However, the

way of looking at noncommutative geometry in terms of deformed products

can give new insights. Indeed, this approach has contributed to the develop-

ment both of mathematics and physics for example in the discovery of the

Fedosov-Nest-Tsygan index theorem which play a key role in Paper 3. This

description of noncommutative spaces is not confined to the description of a

phase-space and can therefore be used also on other spaces including the case

of configuration spaces.

Besides their place in string theory, noncommutative configuration spaces

also are of use in physics in different contexts such as in the description of the

Quantum Hall effect or of charged particles in magnetic fields.

2.2 Introducing Conformal Field Theory

A conformal transformations preserves angles. A good and well known ex-

ample of such a transformation, or map, is the Mercator projection. Here the

sizes of countries are distorted, and more so the closer one comes to the poles.

The important property of the projection is that angles between curves drawn

on the surface of the earth are preserved, making maps constructed using the

Mercator projection suitable for navigation.

For a manifold endowed with a metric, a mapping is conformal if it results

in a rescaling of the metric depending on position. That is if we have some

local coordinate system described by coordinates x there is a mapping to a new

space with local coordinates x′, or it could also be the same space with new

coordinates x′, such that if x �→ x′ then,

g′µν(x
′) = Ω(x)gµν(x). (2.3)

This can either be seen as an active act i.e. we blow up an object and distort it.

Or in terms of a map such as the Mercator projection which depicts one object

on another. The transformations of this type define the conformal group for

this metric. In a flat space of signature (p,q) the conformal group is given by

SO(p+1,q+1).

Conformal field theories are by definition field theories that are independent

under conformal transformations. In other words, they are not only insensitive

to overall scale, that is look the same at different length scales, but they also

have the same behavior on spaces which can be quite distorted as long as angles

are preserved. This can be compared to special relativity where the symmetry
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is encoded in terms of the Poincare group. This is the subgroup of the confor-

mal group of the flat metric where the scaling function Ω is everywhere equal

to one. The additional constraints from conformal invariance make these theo-

ries more accessible and natural starting points for an improved understanding

of quantum field theories in general.

Conformal field theories in various number of dimensions is of relevance

in the much celebrated AdS/CFT correspondence which describes a new type

of duality between string theory and quantum field theories. This subject will

however not be discussed in this thesis.

The most radical implications of conformal symmetry occur in two dimen-

sions and this is the case which will be considered in what follows. The reason

why conformal invariance is extra interesting in two dimensions is that in this

case we have locally an infinite amount of symmetry. This is related to the fact

that in two dimensions we can use complex coordinates and from complex

analysis it is known that every holomorphic map is conformal.

There will also be a presentation of boundary conformal field theory, or

BCFT. In such a theory one also allows the existence of boundaries to our

two dimensional space. The BCFT formalism was first introduced by Cardy

[Car84][Car86a][Car86b][Car89] and applied for the first time to describe open

strings by Sagnotti [Sag87].

Two-dimensional conformal field theory can be used in many contexts. Be-

low it will be described how it appears in string theory. It should also be men-

tioned that it has been very important in the description of two-dimensional sta-

tistical models at second order phase transitions such as the two-dimensional

Ising model. Introductions to conformal field theory can be found in [FMS97]

[Gin88][Sch96]. For a review on BCFT, I refer to [Rec00][BPPZ00] and to the

above mentioned original articles.

2.3 Introducing String Theory

A lot of work has been done and much has been written on the subject of

string theory. This section contains a short nontechnical presentation. For a

more detailed introduction to string theory the reader can consult the standard

references [Pol99] [GSW87].

Our present description of the physical world is based on two major the-

ories, quantum field theory and Einstein’s theory of gravity i.e. the theory of

general relativity. Quantum field theory gives the description of the other three

fundamental interactions: the electromagnetic, the weak and the strong inter-

action. However, it has been a problem to reconcile these theories with each

other. It is for instance not possible to describe gravitation using quantum field

theory. Every such attempt has lead to nonrenormalizable theories containing

infinities of a type which can not be removed through any reasonable scheme.
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String theory is today considered to be the most promising way to find a

solution to this problem.

The main difference between ordinary quantum field theory and string the-

ory is that in the latter the fundamental objects are no longer considered to be

point-like. Instead they are considered to be small vibrating strings. The dif-

ferent vibrational modes of these strings can then be interpreted to correspond

to different particles.

Let me now first make some observations which are of a non-quantum na-

ture and only consider the classical motion of particles and strings.

If an ordinary classical particle propagates through space-time it follows a

geodesic, that is a path of extremal length. The line through space-time that

the particle trace out is called the world-line. This can be expressed by letting

the path length define the action and then through the calculus of variations

derive the classical equations of motion.

If instead a string propagates through space-time it would trace out a world-

sheet. It would be natural to assume that the string would move in such a way

that it extremizes the area of the world-sheet. This was basically the approach

taken by Nambu and Goto when they wrote down the so called Nambu-Goto

action.

Let this two dimensional manifold or world-sheet be called Σ. Coordinates

τ and σ are used to parameterize Σ. If the space-time in which the string

propagates is ordinary Minkowski in D dimensions which is denoted MD then

a string classically propagating through space-time is described by a map

X : Σ → MD. (2.4)

The coordinates of the string world-sheet in the embedding Minkowski space

time is given by Xµ(τ,σ), µ = 0, . . . ,D−1. The induced metric on the world-

sheet is called hab where the a and b indices go from 0 to 1 and refer to the τ

and σ coordinates respectively. It follows that

hab = ∂aXµ∂bXνηµν, (2.5)

where ηµν is the standard Minkowski metric.

The Nambu-Goto action can now be written as

SNG[X ] = −T

∫
Σ

dA = −T

∫
Σ
(−dethab)

1/2 dτdσ , (2.6)

where T denotes the tension of the string. This action is in some sense the

most natural generalization of the point particle case. However the square root

in the action makes it difficult to quantize. So one normally introduces an

independent metric γab on the world-sheet. Then one instead uses the so called
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Polyakov action

SP[X ,γ] = −
T

2

∫
Σ
(−γ)1/2(γab∂aXµ∂bXµ)dτdσ (2.7)

= −
T

2

∫
Σ
(−γ)1/2(γabhab)dτdσ . (2.8)

When equations of motion for this action are derived one can see that classi-

cally it must be equivalent to the Nambu-Goto action and that the independent

metric γab must be proportional to the induced metric hab.

The problem of quantizing the string involves quite a few subtleties. But

what one ends up with is that low energy states of this theory describes a gravi-

ton, an antisymmetric tensor field and a scalar particle known as the dilaton.

So an object which can be interpreted as the force particle for gravitation is

included. This is the first indication that the theory seems to include grav-

itation at the quantum level. These low energy states can be interpreted as

particles propagating in the D-dimensional target space. For the string theory

here described, which is called the bosonic string theory, it turns out that 26-

dimensions are needed. This is called the critical dimension of the theory and

severe problems occur if the string theory is to be defined in a space-time with

another number of dimensions. It should also be mentioned that even in the 26-

dimensional case this theory still contains a tachyon which indicates that the

theory is not well defined. Theories without these problems will be introduced

below.

If one wants to describe string theory in a curved background one can in-

troduce in the string theory action a general metric for the higher dimensional

space-time and extra fields such as the B-field which would correspond to the

above mentioned antisymmetric tensor field and a field corresponding to the

dilaton. String theory by itself describes the graviton which is supposed to ex-

plain the curved space. Here by just rewriting the action we make some sort

of semi-classical approximation, where the background fields are supposed to

be interpreted as describing a coherent background of strings. This is a quite

natural interpretation and there are strong arguments for why this would be a

reasonable description. Similar constructions are also often done in ordinary

quantum field theory. If the modification from the dilaton field is discarded,

the action would be changed to

S = −
T

2

∫
Σ
(−γ)1/2((γabGµν(X)+ iεabBµν)∂aXµ∂bXν)dτdσ. (2.9)

The interesting thing with this action is that if the string theory is to work,

equations for allowed values of the background fields can be derived. The

equations for the metric Gµν turn out to be the Einstein field equations with

extra corrections which normally are small. This means that the assumption
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that we have a string theory implies that the background metric must behave

more or less according to Einstein’s theory of general relativity.

To get theories without the before mentioned problems one can generalize

the bosonic string theory to supersymmetric theories called superstring theo-

ries which also include fermions and does not include tachyons. This would of

course be necessary if one wants to obtain any sort of realistic theory describ-

ing our physical world. The generalizations also retains all the good properties

of the bosonic string theory so it is still possible to derive the Einstein field

equations. These theories work in 10 dimensions and not in 26 which is the

natural number of dimensions for the bosonic string. For a long time one

considered that there were five different consistent superstring theories. They

are called type I, type IIA, type IIB, heterotic SO(32) and heterotic E8 ×E8.

One can further consider the background to have different topologies so that

for instance some of the dimensions would be curled up into some compact

manifold. If the background manifold was essentially M4 ×C6 where M4 is

the four dimensional Minkowski space and C6 is some small six dimensional

compact manifold, it would in principle be possible to get a description of a

world resembling the one we live in. The shape and size of this small mani-

fold would decide the properties of the particles in the theory. For a long time

one thought that heterotic E8 ×E8 compactified on a space where the small

compact manifold was a so called Calabi-Yau space, was the way to produce

a realistic world. Later developments show that there exist new possibilities.

These appeared when one realized that the five string theories where actually

related. They seemed to be just different limits of an underlying theory. For

instance two different theories compactified on two different manifolds where

found to describe the same physical situation. In this context one also no-

ticed connections to 11-dimensional supersymmetric theories of gravity. And

it is now thought that all string theories and 11-dimensional supergravity actu-

ally are different limits of one underlying theory called M-theory. When these

relations where discovered many new objects have been found to appear natu-

rally in string/M-theory. Of these the probably most important objects are the

so called D-branes which can be described as submanifolds of space time on

which the ends of the open strings are forced to stay. A good reference on D-

branes is [Joh03], and I refer to this book for further references to the original

work.

All this has opened up new possibilities to constructing realistic string the-

ory scenarios which could describe our world. But it must be said that no real

understanding of the mechanisms choosing between the possible backgrounds

or “worlds” has been achieved. And it remains to be seen whether or not string

theory eventually will provide a natural explanation to the world we live in.
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2.3.1 Conformal Field theory and String Theory

The concept of conformal field theory arise in string theory in the following

way. The Polyakov action is conformally invariant with respect to the two-

dimensional metric γab. This essentially means that the world sheet of the

string when it moves through space time can be described in terms of a two-

dimensional conformal field theory. The coordinates of the target space can

be considered to be fields on the world-sheet. So even though the string prop-

agates in a background of higher dimensions a lot of information is encoded

in the two-dimensional world-sheet. String theory is however not only a con-

formal field theory since it contains other constraints as well, the conformal

symmetry is basically a gauge symmetry of the theory. When quantized in

terms of a Feynman path integral, we need to fix the gauge by introducing

Fadeev-Popov ghosts, which are also described by a conformal field theory.

For the theory to work properly without anomalies constraints on the allowed

number of space-time dimensions of the theory appear, these constraints come

from the string theory demands that the theory must be completely conformal

invariant even at the quantum level. This is hence one way of deducing the

critical dimensions of string theories. In ordinary conformal field theory one

normally allow a minimal breaking of conformal symmetry at the quantum

level. For more explanations of this I refer to the chapter on conformal field

theory.

When a perturbative calculation to describe an n-point function in string

theory is performed, the world-sheet of the strings can topologically be de-

scribed by different two-dimensional topologies. One must take a sum over

all different genera and integrate over non conformally equivalent metrics. At

tree level all world-sheets are conformally equivalent to a sphere, the in and out

states are encoded in terms of vertex operators which can be seen as local fields

on the two-dimensional world sheet. The fact that the theory should be well

defined at first loop where the world-sheet is described by a torus give us extra

conditions, such as modular invariance. This can be thoroughly investigated in

the CFT framework.

If open strings are considered one can use Boundary CFT, or BCFT for

short. Here we can encode the boundary conditions of the strings. This can be

useful formalism for describing the previously mentioned D-branes.

2.3.2 Noncommutative Geometry in String Theory

Noncommutative geometry has appeared in string theory in several contexts.

The first example came from open string field theory [Wit86]. It has also

appeared in M-theory in the context of matrix models [CDS98].

The case which is of most importance for the work in this thesis is the

observation that for D-branes in non vanishing background B-fields, the world-
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volumes of the D-branes can be described in terms of a noncommutative space.

The first instance of this was found in [DH98]. This has also been investigated

further in many contexts and the noncommutative nature of the world-volumes

of D-branes can also be derived using the formalism of boundary conformal

field theory and thus there is actually a connection between the two subjects

[Sch99].

The low energy theories describing this are noncommutative field theories

which will be discussed below in the text. On a stack of D-branes one will get

gauge symmetries for these theories so what one has is a Yang-Mills theory on

a noncommutative manifold. The results of Paper 1 give some constraints on

which gauge groups that can straightforwardly be used in the noncommutative

background.

The first type of noncommutative D-branes were contaned in flat back-

grounds such as Minkowski space or flat tori. Noncommutative spherical

branes which were embedded in SU(2) were also found [ARS99]. Since these

branes are noncommutative they should be described in terms of noncommu-

tative or “fuzzy” spheres. These noncommutative spheres will be further de-

scribed in the text and in Paper 3 fuzzy spheres are described in terms of a

deformed product of the type mentioned earlier in the introduction to noncom-

mutative geometry.

It can then certainly be said that noncommutative geometry as well as con-

formal field theory are of relevance for string theory. Now the more detailed

discussions of these subjects follow.
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Noncommutative Geometry and Physics

Noncommutative geometry is a rather vast and complicated mathematical sub-

ject, relevant references might be [Mad99][Con94]. Here I will only give a

brief introduction, focusing on those aspects of noncommutative geometry

which will be of interest for the understanding of the papers on which this

thesis is based. It has already been mentioned that noncommutative geometry

can be of use in string theory and in many other situations. In this chapter

I will discuss deformation quantization, which when originally invented had

nothing to do with string theory. Instead it was devised as an alternative way

of describing quantum mechanics. The noncommutative geometry was intro-

duced in terms of a deformed product of functions on the phase-space, and the

formalism was extended to the case of more general symplectic and Poisson

manifolds.

The deformed products used in deformation quantization can also be ap-

plied on other spaces which we physically consider to be configuration spaces.

Quantum field theories on noncommutative backgrounds arise as low energy

approximations of open string theory in the presence of D-branes in a B-field.

These theories can also be studied by themselves without considering their

connection to string theory. In this chapter there will be a short discussion on

these theories.

First of all I would like to give a short reasonably elementary presentation

of how one in general goes from ordinary differential geometry to noncommu-

tative geometry.

3.1 From Ordinary to Noncommutative Geometry

The main idea in noncommutative geometry is to generalize concepts from

ordinary differential geometry to a noncommutative setting.

Concepts used in traditional differential geometry can often be expressed

in many different ways, not all would be suitable as starting points for non-

commutative geometry. A vector in a point of a manifold can for instance be

described as an equivalence class of curves going through this point however

such a definition would not be of much use in a case where points and curves

are no longer well defined.

It is well known that a vector can also be described as a directional deriva-
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tive acting on functions on the manifold. This description is in ordinary dif-

ferential geometry equivalent to the one above. If not only a single vector at a

point but instead a whole vector field is considered, then this vector field can

be described by a derivation acting on functions on the manifold. This gives

an algebraic way of describing vector fields.

It is this way of focusing on the algebraic description, which is most suitable

for generalizations to the noncommutative case. One then basically substitutes

the ordinary algebra of functions with some other algebra which does no longer

need to be commutative. The generalization of geometric ideas in this way is

in general not simple or straightforward. The above mentioned example can in

mathematical terms be more carefully stated as follows.

Let M be a smooth manifold and C∞(M) be the algebra of smooth functions

on it, with the ordinary sum and product rules, that is for f ,g ∈ C∞(M) and

x ∈ M, ( f + g)(x) = f (x) + g(x), ( f g)(x) = f (x)g(x). On the manifold we

can also define vector fields. The set of vector fields is denoted by χ(M). Let

X ∈ χ(M) be described in some local coordinate patch U ⊂ M by using local

coordinates, X = Xi∂i. That is we use the partial derivatives with respect to

the local coordinates to describe the vector field. Written like this it is clear

that the vector defines a map X : C∞(M)−→C∞(M), which due to the ordinary

product rule for derivatives must satisfy the Leibniz rule

X( f g) = (X f )g+ f (Xg). (3.1)

This means that a vector field can be defined as a derivation on the algebra

of functions on M and it is also true that all derivations can be described as a

vector field. Hence

χ(M) ≡ Der(C∞(M)). (3.2)

When generalizing this to the noncommutative case one just substitutes the

ordinary algebra C∞(M) by some other algebra which might be called A , and

this algebra does no longer have to be commutative. This can be done in a very

general setting however here the main interest will be in the algebras which can

be seen as deformed versions of the ordinary algebra of functions, but finite

matrix algebras would also be possible or some operator algebra. To construct

“vector fields” in this context one can take the Lie algebra of derivations on

A which is denoted Der(A). Elements of Der(A) would then correspond to

vector fields in ordinary differential geometry.

In the noncommutative situation we can distinguish between two differ-

ent types of derivations, inner and outer derivations. An inner derivation is a

derivation which can be written in terms of the commutator with a specified

element of the algebra. So for some elements f ∈ A there can be an associated

derivation Xf such that

Xf g = ad( f )g = [ f ,g], ∀g ∈ A . (3.3)
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It is clear that in the commutative case this would not be of much interest for

they would all just become the trivial “zero derivation”. In the noncommutative

case these derivations can however be highly relevant. In the finite dimensional

case where the noncommutative algebra is a matrix algebra, it is known that

all derivations are of this type.

Other objects such as differentials and covariant derivatives can also be in-

troduced in this context by describing these objects in the ordinary differential

geometric setting in a way that emphasizes the algebra of functions and then

substitute the algebra of functions with the noncommutative algebra A .

3.1.1 The Fuzzy Sphere

One interesting example of a noncommutative geometry is the so called “fuzzy

sphere” it can be described in different ways and here I present a more alge-

braic version. In article 3 and in the there mentioned references a noncom-

mutative sphere is described in terms of a star product. Here the fuzzy sphere

is introduced as an example of a noncommutative geometry generated by a

finite dimensional matrix algebra. The presentation in terms of matrices can

be related to the star product description if one restricts to certain values of

the parameter
(

�

r

)
this will be briefly explained when the results of Paper 3, is

presented.

Let the sphere be represented by operators x̂a, a = 1,2,3 that satisfy the

following condition,

(x̂1)2 +(x̂2)2 +(x̂3)2 = r2Id. (3.4)

This can be seen as a very natural generalization of a sphere embedded in R
3

with radius r.

To describe “vector fields” we use derivations of the algebra as explained

above. As was mentioned in the finite dimensional case every derivation is

inner and ad(x̂a) can be taken to be such derivations. On the ordinary com-

mutative sphere there is a natural action of SO(3) that would generate three

vector fields. This is the rotations around the three different coordinate axes.

These fields are related to the standard orbital angular momentum operators,

they differ only by a factor i and satisfy an su(2) algebra. Since one want the

derivations to satisfy similar relations it becomes quite natural to assume that

the derivations on the fuzzy sphere satisfy

[x̂a, x̂b] = 2i

(
�

r

)
εabcx̂c. (3.5)

Here I have introduced an extra i which is the normal convention in physics

even though it will not make this “su(2)” algebra closed as an algebra over the

real numbers. I however use the term su(2) in this slightly incorrect sense.
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The operators x̂a can be described in terms of matrices. Unitary repre-

sentations of su(2) can be labeled by j where 2 j ∈ Z
+. For each value of

j we get one type of fuzzy sphere where x̂ is represented by a hermitian

(2 j + 1)× (2 j + 1) matrix. Which can be further decomposed into 2 j + 1

irreducible representations with different angular momentum. This is all just

as in elementary quantum mechanics. Corresponding to these representations

one can associate some sort of objects corresponding to the spherical harmon-

ics but with a cutoff, only a finite number of spherical harmonics exist since

there are a finite number of degrees of freedom.

This fuzzy sphere is an example of a noncommutative geometry for which

the underlying algebra is finite dimensional. It is also a natural generalization

of a sphere to the noncommutative framework.

3.2 Deformation Quantization and Star-Products

The subject of deformatition quantization is due to the authors of [BFF+78].

The point with this formalism is basically to look at ordinary quantum me-

chanics in a somewhat different fashion than usual. To introduce this subject

and to give a motivation for the use of star-products it is quite natural to give a

short description of Weyl-quantization.

Let us first assume that we have an ordinary phase-space described in the

standard fashion with coordinates pi and qi. Given a function f (pi,qi) we can

take the inverse Fourier transform and denote it f̃ (ki, li). Assume then that we

also have operators p̂i and q̂i that satisfy the standard Heisenberg commuta-

tion relations, [p̂i, q̂i] = i�δi j We can then define the map W which converts a

function to a corresponding operator

W : f �→ f̂ =
∫

f̃ (ki, li)exp(−i�(kp̂i + lq̂i))dkidli . (3.6)

One can say that we use Fourier transformations and map one way and

then back again. However when going back the ordinary coordinates pi,qi are

substituted by the operators p̂i, q̂i.

The standard Moyal-product �m is defined by W−1( f̂ ĝ) = f �m g. This gives

the following commuting diagram

f̂ , ĝ −−−−→ f̂ ĝ

W−1

� �W−1

f ,g −−−−→ f �g

One could just as well use this procedure on a configuration space and use

the commutation relation for coordinates xi and introduce operators x̂i such
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that, [x̂i, x̂ j] = iθi j. Here θi j is an antisymmetric matrix. If one wants to relate

this expression to the discussion of star-products one can assume that � is a

factor in θi j.

The resulting star-product of this type is still a Moyal-product and it can

actually always be written in the same way as the standard one for p and q by

choosing suitable coordinates. The Moyal-product has the following expres-

sion

( f �m g)(x) = exp

(
i

2
θi j∂x

i ∂
y
j

)
f (x)g(y)|x=y. (3.7)

These products are the most famous examples of star-products and here I will

give a general introduction to such products giving some more details and spec-

ifications.

The above given Moyal-product can be said to be defined on a standard

phase-space, or a configuration space with the same structure. However similar

constructions can be done for all Poisson manifolds. The situation is somewhat

simpler when one considers symplectic manifolds . When defining a star-

product on a Poisson manifold one deforms the algebra of functions in such

a way that to first order in � the commutator in the new algebra will be equal

to the Poisson bracket. To be a bit more precise, a star-product should be

defined on C∞(M)[[�]] which is the algebra of formal power series in the formal

parameter � with coefficients in C∞(M). The reason for doing this is that one

does not have to consider questions of convergence. The star-product is first

defined to be a function of type C∞(M)×C∞(M) →C∞(M)[[�]] which is then

extended linearly to a product on C∞(M)[[�]], let f ,g ∈C∞(M),

f �g =
∞

∑
n=0

�
nCn( f ,g). (3.8)

Where Cn are bilinear differential operators and the product must satisfy the

following axioms:

� defines an associative product (3.9)

C0( f ,g) = f g (3.10)

[ f ,g]� = −i�{ f ,g}+O(�2). (3.11)

In the expression (3.11) { f ,g} is the Poisson bracket of f and g. Also a mul-

tiplication by a constant is demanded to give the same result as the ordinary

product.

Two star-products �1 and �2 are called equivalent if there exists a differential

operator F such that

f �2 g = F −1(F f �1 F g), ∀ f ,g ∈C∞(M). (3.12)
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If the manifolds are symplectic there is a theorem stating that locally every star-

product is equivalent to the Moyal-product. Hence from a local point of view

we basically only need the Moyal-product. Star-products on general Poisson

manifolds, which does not have to be symplectic, have been investigated by

Kontsevich and has been thouroghly analyzed in his paper [Kon03]. His results

has later been redone in terms quantum field theory [CF00].

3.2.1 The Fedosov-Nest-Tsygan Index Theorem

Even though locally every star-product on a symplectic manifold is equivalent

to the Moyal-product this is not necessarily the case globally, hence one wants

to classify different types of star-products on the same manifold. This brings in

relations between topology, geometry and deformation quantization. There is

a fascinating theorem due to Fedosov, Nest and Tsygan,[Fed96][NT95], which

incorporates this in a nice way. I will describe this theorem below but first I

must introduce a few new concepts.

Given a star-product on a symplectic manifold M, with associated symplec-

tic two form ω, one can always introduce a map f �→ Tr( f ) such that it is cyclic

and hence satisfies the relation Tr( f �g) = Tr(g� f ),∀ f ,g ∈C(M)∞[[�]].

In the context of star-products one can introduce a canonical trace which

gives a normalization to the trace. For the special case of the Moyal-product,

�m one defines the canonical trace,

Trcan( f ) =
∫

f µm (3.13)

Where µm is called the canonical trace density of the Moyal product. It is

basically just the Liouville form of the symplectic manifold up to a factor. So

for a 2n-dimensional symplectic manifold µm is given by

µm =

(
1

2π�

)n ωn

n!
. (3.14)

Here the normalization in [Kar98] has been used.

Since it is known that locally every other product on the symplectic mani-

fold is equivalent to the Moyal-product it follows that in a patch U there exists

an equivalence operator F relating the two products. This makes it possible

to locally define the canonical trace density for the other star product µcan. In

terms of the trace density for the Moyal-product the equation that µcan must

satisfy is ∫
U

F f µcan =
∫

U
f µm, ∀ f ∈C∞(M)[[�]]. (3.15)

If the manifold is covered by an atlas of patches this procedure can be carried

out on each patch. On overlaps the trace densities will be the same [Kar98],
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which makes it possible to define the canonical trace of a star product defined

over the whole manifold.

The Fedosov-Nest-Tsygan index theorem can now be stated, here I only

give its formulation for the case which will be of relevance for Paper 3 namely

a compact symplectic manifold M

Trcan(1) =
∫

M
eθÂ(M). (3.16)

The right hand side of this expression contains topological data described in

terms of characteristic classes. The class Â = e−c1(M)/2Td(M) is the so called

Dirac genus or Â-genus, Td(M) is the Todd class and c1 is the first Chern

class of the manifold. The Chern class is defined using the complex structure

induced from the symplectic form. For further explanations of these objects

I refer to standard literature, a presentation suitable for physicists is given in

[Nak90].

The characteristic class θ∈ω/2π�+H2(M)[[�]] characterizes star products

of the manifold up to global equivalence, which means that one can find a dif-

ferential operator F that relates the products over the whole manifold not just

locally in a patch. This theorem was used in article 3 to derive the characteris-

tic class of an invariant star product on S2.

3.2.2 The Results of Paper 3

A star-product on the sphere which is defined in [HNT03], is given by

f �g = f g+
∞

∑
n=1

Cn(
�

r
)Ja1b1 . . .Janbn∂a1

. . .∂an
f ∂b1

. . .∂bn
g,

(3.17)

where

Cn(
�

r
) =

(�

r
)n

n!(1− �

r
)(1−2�

r
) · · ·(1− (n−1)�

r
)
, (3.18)

and

Jab = r2δab − xaxb + irεabcxc. (3.19)

The star product is here defined on R
3\{0}, but it restricts to two spheres

centered at the origin since f (r2) � g(x) = g(x) � f (r2) = f (r2)g(x), and it is

rotation invariant since Jab is a covariant 2-tensor.

This star-product can alternatively be described in the following way , which

is of the type defined in [AL03],

f �g = f g+
∞

∑
n=1

Cn(
�

r
)Ln

− f Ln
+g. (3.20)
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To explain how this expression is to be interpreted it is needed to make a little

digression.

Left invariant vector fields on SU(2) correspond to elements of the Lie al-

gebra su(2). If X ∈ su(2) we get a vector field acting on functions,

X( f (a)) =
d

dt
f (aexp(tX))|t=0, (3.21)

f ∈C∞(SU(2)) and a ∈ SU(2). If Z ∈ sl(2,C) then,

Z( f ) = X( f )+ iY ( f ), X ,Y ∈ su(2). (3.22)

Take La ∈ su(2) so that [La,Lb] = −εabcLc, and define L± = L1 ± iL2. The

same symbols are used for the Lie algebra elements and the corresponding

vector fields.

Now it has been described how the operators act on functions on SU(2), but

we want to define operators acting on functions on S2. We use the fact that

S2 = SU(2)/U(1), and let our U(1) be the subgroup generated by L3. To lift

functions on S2 to SU(2) we use functions on SU(2) satisfying, f (a) = f (ah) :

∀a ∈ SU(2), ∀h ∈U(1).

For two such functions f and g it can be shown that Ln
− f Ln

+g again has the

same property, but Ln
± f by itself would not be defined as a function on S2. This

imply that (3.20) is well defined.

In the paper it is shown that the two descriptions are equivalent. For further

citations on earlier work on star products on S2 using various notations and

conventions I refer to the references in Paper 3.

It can here also be noted that for certain values of �/r the coefficient Cn

become singular. This happens if r/� ∈ Z
+ and then for r/� = k it follows

that Cn is singular for all values n > k +1. In these situation one must impose

a cutoff on which functions are allowed. Only polynomials up to a certain

degree are allowed, or equivalently only spherical harmonics up to a certain

degree are allowed. We will in this situation also have only a finite number of

degrees of freedom and the description above will be equivalent to the matrix

description of fuzzy spheres.

By investigating the properties of transformation that would locally connect

this product with the Moyal product, the Fedosov-Nest-Tsygan index theorem

can be applied. The canonical trace was calculated and it was found that the

characteristic class for the above described star-product is given by the follow-

ing expression

θ =
ω

2π�
+

c1(S
2)

2
=

ω

2π�
+

ω

2πr
. (3.23)
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3.3 Field Theory on Noncommutative Spaces

Field theory on noncommutative spaces have received a lot of attention in re-

cent years. Two recommended standard review articles are [Sza03] [DN01].

Here I will take a look at just a few simple properties of these theories.

In the simplest example it is assumed that the noncommutativity of the

space on which it is defined is encoded in terms of a Moyal-product. When

defining noncommutative field theories in this context one starts with an or-

dinary quantum field theory in which one replaces the ordinary product with

the Moyal-product in the defining action functional. In this section I will only

consider the deformed algebra described in terms of the Moyal-product and

tensor products of this algebra with matrix algebras. This means for instance

that for an ordinary scalar field theory with action

S[φ] =
∫ (

1

2
(∂1φ(x))2 +

m2

2
φ(x)2 +

g2

4!
φ(x)4

)
dDx, (3.24)

the action for the corresponding noncommutative version is

S[φ] =
∫ (

1

2
(∂1φ(x))2 +

m2

2
φ(x)2 +

g2

4!
φ(x)�φ(x)�φ(x)�φ(x)

)
dDx (3.25)

where the relation ∫
f �g dDx =

∫
f g dDx , (3.26)

has been used to simplify the expression.

Then one can proceed according to the usual routes and quantize this theory

with path integral calculations and deduce Feynman rules and so forth. Much

of the things will be quite similar to the ordinary case however extra phase

factors will occur in the Feynman diagrams. This means that one already in

the scalar case can distinguish between planar and non-planar diagrams. Here

I will not consider these types of perturbative calculations and I refer the inter-

ested reader to [Sza03][MRS00]. However I can here just state that in this case

one can see an interesting UV/IR-mixing relating behavior of the theory in low

energy and high energy regimes. Similar phenomena arise in string theory and

one can also give arguments for considering field theories on noncommuta-

tive spaces to be in some sense somewhere between ordinary quantum field

theory and string theory. This should not be too surprising bearing in mind

that noncommutative field theories can arise from string theory as previously

mentioned.

In the string theoretical context noncommutative versions of Yang-Mills

theories appear naturally. In that case one considers the tensor product of the

“Moyal algebra” with matrix algebras. So � here denotes matrix multiplication
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where multiplications of components are done by the Moyal-product. Given

an ordinary Yang-Mills theory described by an action

SY M = K

∫
Tr(Fi jF

i j)dDx . (3.27)

Where,

Fi j = ∂iA j −∂ jAi − i[Ai,A j]. (3.28)

The parameter K is just a convention dependent constant which I defer from

specifying and Tr denotes just the trace of the matrices and should of course

not be confused with the previously mentioned canonical trace. The gauge

field Ai take values in the corresponding matrix Lie algebra.

When this is extended to the noncommutative case we get the immediate

generalization,

SY M = K

∫
Tr(Fi j �Fi j)dDx (3.29)

where now

Fi j = ∂iA j −∂ jAi − i[Ai,A j]�, (3.30)

and

[Ai,A j]� = Ai �A j −A j �Ai. (3.31)

One interesting observation was done in [SW99] that that one can relate

gauge theories on a noncommutative space with ordinary gauge theory this is

described through the so called Seiberg-Witten map. It must however be stated

that if one maps a noncommutative gauge theory to a commutative one the

actions would differ.

For the noncommutative versions of Yang-Mills theories it turns out that

the above given generalization does not always work and this is the subject of

Paper 1.

3.3.1 The Results of Paper 1

In the paper it is shown that only for the gauge group U(N) can the above

construction be performed without problems, this was also noted in [Ter00]

and [MSSW00].

It is observed that for the Moyal-product over matrices satisfy the relation

(X �Y )t = Y t �Xt . (3.32)

The elements of u(N) can be described by anti-Hermitian matrices satis-

fying Xt = −X . Using this and the above given relation one can deduce the

following,

[X ,Y ]t� = (X �Y )t − (Y �X)t = Y t �Xt −Xt �Y t (3.33)

= Y �X −X �Y = −[X ,Y ]�. (3.34)
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This means that u(N) is closed with respect to the Moyal-commutator indicat-

ing that a noncommutative version of Yang-Mills theory for U(N) can straight-

forwardly be defined. For the Lie algebras corresponding to SO(N) and Sp(N)
we do not have such a closure. This means that such theories can not be imme-

diately defined. However as with any no-go theorem in physics it can be possi-

ble to bypass the problem by abandoning some assumptions. Ideas on how to

construct SO(N) and Sp(N) gauge theories on a noncommutative background

has been proposed in [BSSJT00].

It was noted that the results of the paper were independently found by oth-

ers. One thing that was novel and somewhat different in Paper 1 was a heuristic

argument from string theory, that in some sense indicated that problems would

arise for SO(N) and Sp(N). These gauge groups can be constructed for un-

oriented strings where we have D-branes on a so called orientifold plane. It

is known that it is the B-field that turns the D-branes into noncommutative

spaces.When the orientifold projection is done invariance of the action and

continuity of the B-field implies that the B-field vanishes on the orientifold

plane. This would indicate that there will not arise any noncommutative ver-

sion of SO(N) or Sp(N) gauge theories from string theory. For details I refer

to Paper 1.
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Conformal Field Theory, with and without
Boundaries

In this chapter the attention is directed towards conformal field theory (CFT).

Both the cases with and without the inclusion of boundaries, is considered.

The purpose of this chapter is to give a background to Paper 2.

First I introduce the standard conformal field theory which is defined for

surfaces without boundaries. Such CFT appears in the description of world

sheets of closed strings. Then I turn to the description of boundary conformal

field theory (BCFT). When boundaries are included it is possible to describe

open strings. Different boundary conditions can be included which can be

interpreted to describe different D-brane configurations. One of the virtues of

BCFT is that it is more suitable to describe backgrounds for which a traditional

target space point of view would not be sufficient. Examples of this are D-

branes which have become noncommutative spaces, so there is actually some

very interesting connections between noncommutative geometry and confor-

mal field theory.

The purpose of this chapter in not to give a complete introduction to the sub-

ject. Good reference texts are among others,[FMS97][Gin88][Sch96][Rec00],

I refer to these for further details and clarifications. Here I can also men-

tion that the original paper investigating two-dimensional CFT is the work by

Belavin, Polyakov and Zamolodchikov [BPZ84].

The discussion here is more or less completely focused to the two-dimen-

sional versions of conformal field theory, except for some few short remarks.

4.1 Conformal Field Theory without Boundaries

Conformal field theory can be defined in all dimensions and refers to theories

invariant with respect to conformal transformations. For a theory described in

the standard way using an action then it means that this action must posses

such an invariance. This is by itself sufficient to ensure conformal invariance

at the classical level but at the quantum level new complications may arise. It

should however be remarked that at the quantum level many cases exist for

which there is no known classical action. This imply that the subject of CFT

is, to a large extent, independent of the Lagrangian description used in path

integral quantization.
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A conformal transformation of a (Pseudo)-Riemannian manifold M is a dif-

feomorphism which can be described in terms of some local coordinates such

that the metric is rescaled by some function Ω, i.e. if x �→ x′, then

g′µν(x
′) = Ω(x)gµν(x). (4.1)

In arbitrary dimensions conformal invariance will provide some extra in-

formation. This will give constraints on allowed correlation functions; it can

decide, up to numerical coefficients, the values of two and three point func-

tions of certain fields of the theory. These fields are called quasi-primary and

transform nicely with respect to the global conformal group. This group is for

a space of signature (p,q) given by SO(p+1,q+1).
Even though conformal field theory can be defined in all dimensions it is in

the two-dimensional case that conformal symmetry gives extra much informa-

tion on the theory. The reason for this is that the equations defining a conformal

transformation can be seen to be equivalent to the Cauchy-Riemann equations,

it is hence quite natural to introduce complex coordinates. It is also a well

known fact from Complex analysis that every holomorphic map is conformal.

To see that this indeed is the case I here give a derivation.

Assume that we have local coordinates xµ, where µ is either 0 or 1, we

then make a mapping to new coordinates x′α(xµ). The following relation exist

between the expressions for the contravariant metric tensor,

g′µν =

(
∂x′µ

∂xα

)(
∂x′ν

∂xβ

)
gαβ. (4.2)

To satisfy the condition imposed in (4.1) this means that the following two

equalities must hold:(
∂x′0

∂x0

)2

+

(
∂x′0

∂x1

)2

=

(
∂x′1

∂x1

)2

+

(
∂x′1

∂x1

)2

, (4.3)

∂x′0

∂x0

∂x′1

∂x0
+

∂x′0

∂x1

∂x′1

∂x1
= 0. (4.4)

These conditions demand, that either

∂x′1

∂x0
=

∂x′0

∂x1
,

∂x′0

∂x0
= −

∂x′1

∂x1
(4.5)

or
∂x′1

∂x0
= −

∂x′0

∂x1
,

∂x′0

∂x0
=

∂x′1

∂x1
, (4.6)

is fulfilled. But these are just the Cauchy-Riemann equations for holomorphic

and antiholomorphic functions respectively. We can then introduce coordi-

nates,

z = x0 + ix1 , z̄ = x0 + ix2 . (4.7)
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Transformations (z, z̄) �→ ( f (z), f̄ (z̄)) define conformal transformations. There

is however one subtlety here. Now the mapping is defined to be over the com-

plex coordinates and z and z̄ are treated as independent variables. However

after a transformation the real surface considered is the one where the new

coordinates are related so that they are the complex conjugates of each other.

This is just the most efficient way of describing conformal transformations.

This implies that the local symmetry algebra for a two-dimensional con-

formal field theory is infinite dimensional and it is this fact that makes two

dimensional CFT so interesting.

One important class of objects in a CFT are primary fields, these fields have

extra nice properties under conformal transformations. To define the primary

fields I use the complex notation introduced above.

If the line element is ds2 = dzdz̄ and (z, z̄) �→ ( f (z), f̄ (z̄)) so that

ds2 →

(
∂ f

∂z

)(
∂ f̄

∂z̄

)
ds2. (4.8)

Fields which under this transformation behave as,

Φ(z, z̄) →

(
∂ f

∂z

)h(∂ f̄

∂z̄

)h̄

Φ(z, z̄), (4.9)

are called primary fields, and the numbers (h, h̄) are the conformal weights.

These fields are now considered to be quantum fields. This means that corre-

lation functions and operator relations they have to satisfy can be considered.

In a CFT the stress energy tensor can always be split into a holomorphic

and an antiholomorphic part, Tzz(z)
.
= T (z) and Tz̄z̄(z̄)

.
= T̄ (z̄) respectively, the

other components of the stress energy tensor is identically zero. The holomor-

phic and antiholomorphic parts can be expanded in modes Ln and L̄n in the

following way:

T (z) = ∑
n∈Z

z−n−2Ln, T̄ (z̄) = ∑
n∈Z

z̄−n−2L̄n. (4.10)

Conversely the modes are given by

Ln =
1

2πi

∮
zn+1T (z)dz, L̄n =

1

2πi

∮
z̄n+1T̄ (z̄)dz̄. (4.11)

Here Ln and L̄n are considered to be operators. The behavior of the operators

and their commutation relations can be derived using contour integrals in the

complex plane. For instance the operator commutators can be described by

taking the difference of two contour integrals. Interesting and rather central as

this is I will here not give a more detailed description of this procedure, details

can be found in [FMS97][Gin88][Sch96].
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The operators Ln satisfy the Virasoro algebra,

[Ln,Lm] = (n−m)Ln+m +
c

12
(n3 −n)δn+m,0, (4.12)

and the L̄n satisfy independently another Virasoro algebra. This holds for every

CFT but the parameter c can differ. The c is called the central charge and can be

said to describe a minimal breaking of conformal invariance which can occur

at the quantum level. Theories with such minimal breaking are still considered

to be conformal field theories. In string theory where it is important that the

theory must be completely conformally invariant for the path integral quantiza-

tion to work it is demanded that for the full theory ctotal = 0. In bosonic string

theory the world-sheet action which describe the particles will have cm = D

where D is the number of space time dimensions. But to make a path integral

quantization one must fix a gauge and this introduces Fadeev-Popov ghosts.

The action for the ghosts give a conformal field theory with cgh = −26. Since

ctotal = cm + cgh this means that consistency of the string theory demands 26

space-time dimensions for the bosonic string and for the superstring one needs

exactly 10 dimensions, but in that case one has an extended superconformal

symmetry which will not be discussed here.

The Ln and L̄n encode the conformal symmetry algebra, so the pair of Vira-

soro algebras describe local two dimensional conformal symmetry at the quan-

tum level. Since there are two independent copies of the Virasoro algebra,

which I denote Vir, the total symmetry algebra of a CFT is at least Vir×Vir.

It is possible that a CFT can have further symmetries as well, then the full

symmetry algebra will be W ×W̄ , where W and W̄ must both contain Vir.

In many theories and in CFT in particular one considers the so called oper-

ator product expansions (OPE). This can be applied when there are an infinite

number of local fields {A j}. This set is supposed to be complete in the sense

that it will always be possible to write the product of two fields as,

Ai(x)A j(0) = ∑
k

Ck
i j(x)Ak(0), x → 0. (4.13)

The functions Ck
i j are the OPE coefficients.

In a CFT the OPE between the holomorphic or the antiholomorphic part

of the stress energy tensor with a primary field of conformal weights (h, h̄) is

always given by,

T (z)Φ(w, w̄) =
h

(z−w)2
Φ(w, w̄)+

1

z−w
∂wΦ(w, w̄)+ · · · (4.14)

T̄ (z̄)Φ(w, w̄) =
h̄

(z̄− w̄)2
Φ(w, w̄)+

1

z̄− w̄
∂w̄Φ(w, w̄)+ · · · , (4.15)
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where “· · ·” indicates regular terms that vanish as z → w. In a conformal field

theory one is able to deduce quite a lot from the knowledge only of the OPE

between different primary fields. This is due to the fact that conformal sym-

metry alone defines the structure of two and three point functions between the

primary fields. The two point function read,

< Φ1(z1, z̄1)Φ1(z2, z̄2) >=
C12

(z1 − z2)2h(z̄1 − z̄2)2h̄
, (4.16)

where one can always choose a basis such that the C coefficients will just

be given by Kronecker deltas. The relation (4.16) hold if h1 = h2 = h and

h̄1 = h̄2 = h̄, otherwise the correlation function is zero. The three point function

is given by the expression,

< Φ1(z1, z̄1)Φ1(z2, z̄2)Φ1(z3, z̄3) >= (4.17)

= C123
1

z
h1+h2−h3

12 z
h2+h3−h1

23 z
h3+h1−h2

13

×
1

z̄
h̄1+h̄2−h̄3

12 z̄
h̄2+h̄3−h̄1

23 z̄
h̄3+h̄1−h̄2

13

.

The C coefficients with three indices are directly related to the OPE coeffi-

cients. The C:s are just numbers the functional part of the OPE coefficients in

(4.13) are decided from conformal invariance only.

Every other field in a conformal field theory, the so called secondary fields,

are related uniquely to a primary field through certain differential operators.

This makes it possible to deduce correlation functions between all fields at

least in theory, in practice it can be quite difficult at least for more complicated

examples. Here I must give a comment on the fact that the word “field” in CFT

has a somewhat more extended meaning than in ordinary quantum field theory

here this refers to every type of relevant local expression.

Another very important property that one has in a CFT is a direct correspon-

dence between states and fields in the theory. Corresponding to a primary field

Φ(h,h̄) there is a state |h, h̄ >≡ |h > ⊗|h̄ >. The holomorphic and the antiholo-

morphic parts define two chiral halves of the theory. These different halves

are to a large extent independent of each other and here first only consider the

holomorphic part is considered. Given the state |h > it is possible to construct

so called descendant states in the following way,

Lnk
· · ·Ln1

|h >, nk ≥ ·· · ≥ n1 > 0, k ∈ Z
+. (4.18)

The state |h > corresponding to a chiral half of a primary field can be seen

as a highest weight vector and the construction above defines a Verma mod-

ule generated from this highest weight state. Corresponding to the descendant

states we have secondary fields and they can through differential operators cor-

responding to the Ln operators be defined in terms of the Primary field Φ(h,h̄).

This is how every secondary field is related to a primary field.
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Sometimes the Verma modules are reducible, this happens when the vectors

constructed above are not linearly independent. The maximally reducible so

called minimal models have been extensively studied, first in the famous paper

[BPZ84], and have been seen to describe critical behavior of different two

dimensional statistical systems such as the two dimensional Ising model.

Corresponding to a Verma module one can define a character which encodes

the structure of the spectrum and will be important in the construction of the

partition function for the theory. A character corresponding to the Verma mod-

ule Vc,h where c is the central charge and h is the conformal weight is given by

the expression,

χVc,h(q) ≡ TrVc,hqL0−
c

24

∞

∑
N=0

P(N)qN =
qh − c−1

24

η(q)
. (4.19)

Here P(N) is the number of partitions of the integer N and η denotes the

Dedekind eta function, q can here be seen just as a formal parameter but in

the case where one needs to consider the conformal field theory on a torus we

let q = exp(2πiτ) where τ is the modular parameter for the torus, for the an-

tiholomorphic part we have characters described in the same way but with L̄0

and q̄ = exp(−2πiτ̄) instead.

From this it follows that the Hilbert space of the theory can be written as

the direct sum, or if one has a continuous number of primary fields a direct

integral, in the following way

H =
⊗
(i,ī)

Hi ⊗Hī . (4.20)

The subspaces Hi and Hī correspond normally to the Verma modules con-

structed above where i or ī are short labels for one of these “sectors” of the

theory. If the theory is reducible it is possible that the different subspaces

are smaller but they are always derived from a Verma module constructed as

above. If there are extra symmetries, such as in the below mentioned Wess-

Zumino-Witten models, the characters can be slightly modified. I will however

not discuss that in any detail but focus on the fact that the Hilbert space has

the structure as in (4.20. If there is a finite number of sectors then we have a

rational conformal field theory or RCFT.

It is possible to consider only a chiral half of a primary field Φi,ı̄ and call it

φi. This correspond to a highest weight state and all its secondary fields cor-

respond to descendant states. These fields are all parts of the chiral conformal

family [φi] the fields in such a family correspond to the representation space

Hi.

These define a ring structure described through the structure constants Nk
i j

and this encodes the “fusion rules” of the theory,

[φi]× [φ j] = ∑
k

Nk
i j[φk]. (4.21)
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This means that in the OPE derived from fields in [φi] and fields in [φ j] fields

in [φk] will appear if Nk
i j �= 0. Here only the somewhat artificial families [φi]

were mentioned. This is possible since the holomorphic and antiholomorphic

parts of the theory are independent and the information can be applied to the

real physical fields as well. This means that if Nk
i j = 0 no field descending from

Φ(k,k̄) will come up in the expansion between a field descending from Φ(i,ī) and

a field descending from Φ( j, j̄). There will exist Nk
i j different fusing channels

between the conformal families. Or equivalently there are Nk
i j different inter-

twiners between the representation spaces. This will be further clarified when

I describe the intertwiners and chiral vertex operators.

The fusion rule coefficients must satisfy certain relations such as,

Nk
i j = Nk

ji (4.22)

and,

∑
m

Nl
imNm

jk = ∑
n

Nn
i jN

l
nk. (4.23)

This means that fusing is associative. In a correlation function we must get the

same result regardless of in which order we fuse the fields. By fuse the fields I

mean to rewrite a product of two fields using the OPE-expansion.

A partition function for the theory can in general be written like:

Z(q, q̄) = ∑
i,ı̄

Miī χi(q)χī(q̄). (4.24)

Here χi(q) and χī(q̄), are the characters corresponding to the sectors Hi and Hī

in (4.20). This partition function encodes the spectrum of the theory.

For the theory to be well defined on a torus extra constraints on the possible

form of the partition function must be satisfied. The modular parameter τ

which is related to q as explained above, give the complex structure of the

torus and given a conformal transformation of the torus the complex structure

must remain the same. However different values of τ correspond to the same

complex structure. They are given by the PSL(2,Z) transformations,

τ �→
aτ+b

cτ+d
, (4.25)

where a,b,c,d ∈ Z and ad−bc = 1. For the theories to be well defined on the

torus the partition function can not change under these modular transforma-

tions. Therefore,

Z(τ, τ̄) = Z

(
aτ+b

cτ+d
,
aτ̄+b

cτ̄+d

)
(4.26)

is demanded for a conformal field theory to be well defined on a torus. The

need for this modular invariance is clear in the case of string theory where at

the first loop it will be necessary for the theory to be well defined.

37



I now introduce a new type of objects called Chiral Vertex Operators (CVO).

These are closely related to the above mentioned chiral halves of fields φi.

Many things depend only on one chiral part of the theory e.g. the Nk
i j were

only defined through the holomorphic data. Using these CVO:s one can define

so called conformal blocks. Here for simplicity, I assume that there is at most

one channel connecting the fusing of two fields with a third. This means that it

is assumed that Nk
i j is either 1 or 0, if this was not the case one would need to

assign extra indices to all the following objects but I do not want to clutter up

the notation to much. If the above given assumption was dropped there would

exist Nk
i j intertwiners (

k

i j

)
z

: Hi ⊗H j → Hk ,

which we would need an extra label to distinguish between. Now it is possible

to define the Chiral Vertex Operators

φi
k j(ξ,z) ≡

(
k

i j

)
z

(ξ⊗ .) : H j → Hk , (4.27)

where ξ ∈ Hi. The corresponding CVO:s can also be defined in the same way

for the antiholomorphic part.

Using these objects it is possible to construct real physical fields. The field

corresponding to the vector v = ξi ⊗ξī ∈ H can be written,

Φv(z, z̄) = ∑
j j̄kk̄

Diī[ j j̄kk̄]φi
jk(ξi,z)φ̄

ī
k̄ j̄

(ξ̄z̄). (4.28)

Here I have also assumed that there is only one possible way of sewing the

pieces together avoiding the appearance of extra indices. Chiral blocks are

now defined as

F
p

i =< ξi1 |φ
i2
i1 p1

(ξi2 ,z2)φ
i3
p1 p2

(ξi3 ,z3) · · ·φ
iN−1

pN−2iN
(ξiN−12,zN−1)|ξiN > , (4.29)

where p and i are multi indices for the p:s and i:s in the expression. These

chiral blocks are often written in a diagrammatic way like this

F
p

i =


i1

i2 i3 iN−2 iN−2

iN
p1 p2 pN−2 pN−1

 . (4.30)

Correlation functions for real fields can be given as expressions in terms

of these conformal blocks. Due to the fact that physical correlators must be

independent of the order of fusing the fields one should be able to describe the

same physical correlator in many ways using different conformal blocks, these

constitute certain “duality” relations. If one looks at it from the point of view
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of string theory and see the conformal blocks as made up of tubes and not lines

one can see that different fusings must be related since they describe the same

physical situation. It turns out that these relations can be deduced from the

behavior of 4-point conformal blocks. The blocks in different fusings must be

related through a change of basis and there are matrices describing these base

changes.

Here I only present the fusing matrices but there also exists braiding matri-

ces. A fusing matrix relates the different Conformal blocks as


i

j k

l
p

= ∑Fp,q [ j k

i l
]


i

j

k

l

q .

 (4.31)

It is possible to construct a lot of identities that the braiding and fusing ma-

trices need to satisfy. What one does is to use the braiding and fusing matrices

to flip around the endpoints in such a way that a closed loop is constructed,

starting and ending with the same block. Then an identity that the matrices

must satisfy can be deduced. These identities are for instance the Pentagon and

the Hexagon identities. All this has admittedly been a rather vague description

of the properties of conformal blocks and for a more detailed exposition of this

I refer to [MS89][MS90].

4.1.1 Wess-Zumino-Witten models

A Wess Zumino Witten model is a conformal field theory whose “target space”

is a group manifold G. These theories are also one of few conformal field

theories which can be derived from an action.

If we let the two dimensional manifold or, world sheet, be denoted by Σ

there is a mapping Σ → G. The action is then defined to be

SWZW =
k

16π

∫
Σ

Tr′(∂µg−1∂µg)d2x+ kΓ. (4.32)

Here, g take values in some unitary representation of G and Tr′ is a normalized

trace so that the expression (4.32) will be independent of the representation.

The term kΓ is a bit peculiar; it is defined in terms of an integral over a three

dimensional manifold B which has the (compactified) world-sheet Σ as bound-

ary. The variation of this term can be written as a two dimensional integral

making it is possible to derive classical equations of motion. The extra term is

called the Wess-Zumino term and the expression for Γ is

Γ = −
1

2π

∫
B

εαβγTr′(g̃−1∂αg̃g̃−1∂βg̃g̃−1∂γg̃)d3y. (4.33)
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Now g̃ is an extension of the group valued field g to the three dimensional

manifold. The parameter k must be a positive integer for the theory to be well

defined at the quantum level, the reason for this is of a topological nature but I

will here defer from discussing the details any further. The number k is referred

to as the level of the WZW-model. It is possible that WZW-models can appear

in string theory, then the group manifold would be part of the total target space.

The WZW-models contain two conserved currents

J(z) = −k∂zgg−1 (4.34)

J̄(z̄) = kg−1∂z̄g . (4.35)

These currents can be divided up such that

J = ∑
a

Jata, (4.36)

where ta is a basis of the Lie Algebra g of the Group G. After this each part Ja

can be further split up into modes

Ja(z) = ∑
n∈Z

z−n−1Ja
n , (4.37)

and correspondingly for the antiholomorphic part. The commutation relations

for these algebras define an affine Lie algebra at level k and is denoted ĝk.

The commutation relations are given by

[Ja
n ,Jb

m] = ∑
c

i fabcJc
n+m + knδa,bδn+m,0 (4.38)

Here fabc are just the structure coefficients of the ordinary Lie algebra. This

implies that the zero modes by themselves satisfy the ordinary Lie algebra.

It is possible to construct the following stress energy tensor using these

currents and from this also deduce the Virasoro generators in terms of the

currents, these are given by the expressions,

T (z) =
1

2(k +h) ∑
a

(JaJa)(z) (4.39)

Ln =
1

2(k +h) ∑
a

(
∑

m≤−1

Ja
mJa

n−m + ∑
m≥0

Ja
n−mJa

m

)
. (4.40)

This is called the Sugawara construction and h above denotes the dual Coxeter

number of g. As always the same construction is done for the antiholomorphic

part. WZW-models are examples of rational conformal field theories hence

they only have a finite number of sectors labeled by integers n. To each sector
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there is a corresponding character. When constructing modular invariant par-

tition functions, restrictions on which possible combinations of characters that

are allowed appear. For the ŝu(2) case we have for different levels k among

others the following series called (Ak+1) and D2l+2 where l also must be an

integer

k, (Ak+1) :
k

∑
n=0,n∈Z

|χn|
2, (4.41)

k = 4l ,(D2l+2) :
2l−2

∑
n=0,n∈2Z

|χn +χ4l−n|
2 +2|χ2l|

2. (4.42)

These are not all of the allowed modular invariant partition functions corre-

sponding to the ŝu(2) case but it is the ones that are of relevance to the un-

derstanding of Paper 2. The D2l+2 partition functions can in some sense be

considered to be related to an orbifold version of the diagonal Ak+1 series this

will be explained further below when we discuss the results of Paper 2.

4.2 Conformal Field Theory with Boundaries

Boundary conformal field theory or BCFT is suitable for the description of

open strings, the theory is not directly defined on the complex plane or a torus

instead we use a certain part of it, the upper half-plane H is the normal case to

consider. Now only maps which respect the boundary are allowed,

f : H → H, (4.43)

such that,

f (x) ∈ R, ∀x ∈ R. (4.44)

Here, R is the boundary of the upper half-plane described by z = x+ iy, y ≥ 0.

In a boundary conformal field theory the holomorphic and antiholomorphic

parts are not unrelated. This means that one only needs to work with one chiral

part of the theory and there is only one Virasoro algebra. However, one usually

defines this by describing the theory in terms of a theory defined on the whole

plane but imposes the boundary conditions,

T (z) = T̄ (z̄), when z = z̄. (4.45)

The single Virasoro Algebra can be defined by

LH

n ≡
1

2πi

∫
C

zn+1T (z)dz−
1

2πi

∫
C

z̄n+1T̄ (z̄)dz̄ (4.46)

where the contour C is a half-circle on the upper half plane.
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In a BCFT one has certain boundary conditions, these can in string theory be

interpreted as different D-branes, Neumann boundary conditions can be seen

as a space filling brane.

The boundary conditions will be labeled by capital letters I,J,K and are

encoded in certain boundary states which are actually given in terms of the

closed string data or a CFT without boundary. They are formal states in the

Hilbert space of the “parent” CFT and can be written in terms of the so called

Ishibashi states.

In a BCFT one must introduce new fields namely so called “boundary

fields”, these fields are only defined along the boundary and will hence be

parametrized by the real variable x. Such a field with boundary conditions L

and M on each side corresponding to the sector i will be denoted ψLM
i (x). The

boundary fields have OPE coefficients with the bulk fields and also with each

other. The OPE expansion between two boundary fields can only be non zero

if the “right” boundary condition of the first field correspond to the “left” of

the second field. We write the OPE expansion like this.

ψLM
i (x1)ψ

MN
j (x2) = ∑

k

(x1 − x2)
hk−hi−h jCLMN

i jk ψLN
k (x2). (4.47)

One has derived a lot of relation that these OPE coefficient have to satisfy and

they turn out to be related to the fusing matrices described above. The relevant

constraint that we need to consider is of the form

∑CCCF = CCC. (4.48)

Where I have just indicated it schematically all C:s and the F have six different

indices. This and other relations was first derived by Lewellen in [Lew92].

Cardy has analyzed a large class of BCFT:s, for which there actually is a

one-to-one correspondence between the sectors belonging to the primary fields

and the Boundary conditions [Car89]. For these cases I only distinguish be-

tween a boundary condition and a sector by using capital letters for the bound-

ary conditions and small letters for the sectors but they actually belong to the

same set. This is the reason for choosing I,J,K . . . to denote boundary condi-

tions.

It turns out that in this case the partition function describing the spectrum

of “open strings” stretching between boundary conditions (branes) labeled by

I and J is given by the expression,

ZIJ(q) = ∑
j

NJ
I jχ j(q). (4.49)

This relation only holds if there is this direct one to one correspondence be-

tween the sectors and the boundary condition. In paper 2 this result is general-

ized to cases which can be seen as a certain orbifold versions of a theory of the
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above given type. The boundary conditions then become related to equivalence

classes of boundary conditions of the previous type. Also in many situations

where one can relate the sectors and boundary conditions in this way the OPE

coefficients satisfying the constraint, (4.48) has been solved. This was first

done By Runkel [Run99][Run00], for minimal models and then generalized

further to other models, by among others [BPPZ00]. For these cases one has

the following relation

CLMN
i jk = FM,k [

i j

L N
]. (4.50)

To be more precise this holds only if there is just one channel, otherwise extra

indices are introduced. An extra technical assumption is also made that is that

the fields are self conjugate i+ = i. The conjugate sector i+ is defined to be the

unique sector which when fused with i, contains the vacuum representation.

Similar type of relations are investigated in Paper 2.

4.2.1 D-branes in WZW-models

Here I give some short comments on D-branes in Wess-Zumino-Witten mod-

els. The existence of “D-branes” in the WZW-models was first indicated at

the classical or rather semiclassical level in [AS99]. Here the D-branes can be

seen to be described by conjugacy classes defined by elements ghg−1 ∈ G for

a fixed h ∈ G. For instance in SU(2) which topologically is S3, the D-branes

would be spherical or point like. There is a condition determining that only

certain conjugacy classes are allowed so that at level k we only have k +1 dif-

ferent boundary conditions this is given by topological considerations and the

demand that it is enough that the action is defined only up to multiples of 2π.

These semi-classically derived D-branes fit perfectly in the above given frame-

work by Cardy [Car89]. Here the original bulk partition function is taken to be

in the diagonal Ak+1-series (4.41).

This can also be further investigated in terms of BCFT methods[ARS99].

Where it actually turns out that the D-branes are described by fuzzy spheres,

this show another connection between the BCFT-methods and noncommuta-

tive geometry.

Different aspects of D-branes in WZW models have also been investigated

by other authors I can refer to [FFFS00] but other work has also been done.

Other relevant references will be mentioned in connection with the presenta-

tion of the results of Paper 2.

4.2.2 The Results of Paper 2

In Paper 2 situations are considered for which the one-to-one correspondence

between sectors and boundary conditions no longer hold. The theories here
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considered can be seen as orbifold versions of theories for which there is such

a correspondence. An orbifold is geometrically a manifold for which points

related by the action of a discrete group are considered to be the same. Here

we work at an algebraic level. The orbifold group is generated by so called

simple currents of the conformal field theory. The sectors of a conformal field

theory form a set which will be denoted J . Within this set there can be non-

trivial elements g ∈ J such that the fusion product of g with any other j ∈ J

results in just one other sector so, g× j = g j ∈ J . These g are called simple

currents and the set C of all these simple currents forms an Abelian group

C ⊂ J . The product in C is inherited from the fusion product. The orbifold

group will be a subgroup Γ of this group, Γ ⊂ C .

Through the fusion of representations, the index set J comes equipped with

an action Γ× J → J of the group Γ on labels j ∈ J . Under this action, J may

be decomposed into orbits. The space of these orbits will be denoted by J /Γ

and the symbol [ j] is used to denote the orbit represented by j ∈ J . These orbits

may have fixed points, i.e. there can be labels j ∈ J for which the following

stabilizer subgroup S j ⊂ Γ

S j = { g ∈ Γ | g · j = j } (4.51)

is nontrivial. Up to isomorphism, the stabilizer subgroups depend only on the

orbits [ j] not on the choice of a particular representative j ∈ [ j], i.e. S j = S[ j].

To each sector j a charge Q̂g( j) is associated with respect to the simple

current g. The charges is defined up to an even integer, i.e. Q̂g( j)∈R/2Z. The

charge Q̂g( j) is related to the more standard monodromy charge Qg( j) ∈ R/Z

by the prescription Qg( j) := Q̂g( j) mod 1. Where the conformal weights of

the primaries in the sectors define Qg( j),

Qg( j) = h j +hg −hg j mod 1 .

For the precise definition of Q̂g( j) I refer to Paper 2. From the above given

description one sees that Qg( j) can be decided from Q̂g( j) but not the other

way around. In cases where the simple currents have integer conformal weight

and also in some other situations the monodromy charge Qg( j) depends only

on the equivalence class [ j] of j ∈ J. That this hold is assumed. An orbit [ j] is

said to be invariant, if Qg([ j]) = Qg( j) = 0 for all g ∈ Γ.

The group Γ of simple currents can now be used on sectors of a theory for

which there is a direct correspondence between sectors and boundary condi-

tions. The boundary conditions in the orbifold theory is then denoted [I].

The geometric interpretation of this can be described for the SU(2) case.

There the “branes” classically are spheres S2 embedded in S3 and the orbifold

group Z2. After orbifolding we have an SO(3) which topolgically is the pro-

jective space RP2 and the spheres are identified with each other. Now the field
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or sectors will have multiplicity depending on their origin, this means that a

boundary field can be denoted

Ψ
[I][J]
k,g , (4.52)

where g ∈ Γ but not all values of g denote different fields, see Paper 2 for de-

tails. In some cases the boundary conditions [I] can be further resolved, so

there exists more independent “branes”. This happens when S[I] is non-trivial.

In cases where we do not have something called discrete torsion the elementary

branes resolving the boundary condition [I] are labeled by characters a,b,c, . . .

of S[I]. The characters are mappings e
[I]
a : S[I] → U(1), here this is just the

ordinary characters for finite Abelian groups. If there is no possibility for con-

fusion the [I] index for the character is not written. Fields stretching between

such “branes” are denoted

Ψ
[I]a[J]b
k,g , (4.53)

and can be written in terms of the unresolved fields (4.52).

The results of Paper 2 can now be stated.

It is assumed that there is an orbifold group Γ within the group of all simple

currents such that the bulk partition function Zorb is of the form

Zorb(q, q̄) = ∑
[ j],QΓ([ j])=0

|S[ j] | | ∑
j′∈[ j]

χ j′(q) |2 , (4.54)

then there exists consistent boundary theories

Zorb
[I][J](q) = ∑

g,k

N
gJ
I kχk(q) . (4.55)

The partition functions for the resolved branes become

Zorb
[I]a[J]b

(q) =
1

|S[I] ·S[J]|
∑
g,k

N
gJ
I k d a k

b χk(q) . (4.56)

How to calculate the coefficients d a k
b is described in Paper 2.

The bulk partition functions in the (D2l+2) series (4.42)are of the form

(4.54) and this also means that these theories can be seen as Z2 orbifolds of the

(Ak+1) series (4.41).

The above written formalism was used to describe boundary partition func-

tions for this case. For branes sitting at the fixed point which will be labeled

by k/2 the unresolved partition function is

Zorb
[k/2][k/2](q) =

k

∑
l=0

2χl(q). (4.57)

When [k/2] is resolved into [k/2]± there will be partition functions,

Zorb
[k/2]±[k/2]±

(q) =
n

∑
p=0

χ4p(q) , Zorb
[k/2]±[k/2]∓

(q) =
n

∑
p=1

χ4p−2(q) . (4.58)
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The D-series of unitary minimal models was also investigated and partition

functions for these were also calculated in Paper 2, there it is not clear that we

can interpret the results in terms of D-branes and open strings but the results

might be important in the statistical mechanics description of two dimensional

systems at criticality.

For the OPE coefficients the expressions are

Ψ
[L][M]
i,g1

Ψ
[M][N]
j,g2

= ∑
k

Ψ
[L][N]
k,g12

(−1)−Q̂g1
( j) Fg1M,k [

i j

L g12N
] + . . . , (4.59)

for the unresolved case and

Ψ
[I]a[J]b
i,g1

Ψ
[J]c[K]d
j,g2

= δb,c ∑
g∈SJ ,k

Ψ
[I]a[K]d
k,gg1g2

eb(g)(−1)−Q̂gg1
( j) Fg1J,k [

i j

I gg1g2K
]+ . . . ,

(4.60)

for the resolved case. Here g12 = g1g2. To see that this was indeed the case a

sewing constraint of the form (4.48) was solved.

Constructions similar to these can be found in [PAS95] [FS99a] [FS99b]

[BPPZ00]. See also the recent article [Gaw04]. Many of these constructions

are both more rigorous and general. In these articles cases are also considered

where one allow for many different channels to sectors and have hence extra

indices. In Paper 2 this is not allowed for the original theory before orbifolding,

but in the orbifold theory higher multiplicities do appear. In Paper 2 some

assumptions that only hold for a smaller class of theories are made. Paper 2 is

however somewhat more “geometric” in the presentation, and we express our

OPE coefficients by using the Fusing matrices from the original CFT which is

not an orbifold.

The partition functions are in perfect agreement with the ones in [BPPZ00].
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Epilogue

Above has been given a short presentation of noncommutative geometry and

conformal field theory, with discussions concerning their relevance for string

theory. If string theory finally will become a real success and become a theory

which can actually be used for testable predictions, remains to be seen. If it

succeeds in this it would certainly be an enormous achievement which would

unify our description of the physical world.

In terms of practical applications we would even in this situation still be far

away, but no one can really predict which new inventions that a theory can lead

up to. This is because the invention of applications is a new creative process

in which the persons involved in the construction of theories usually are not

involved. And further since the theory has not reached the testable stage, ap-

plications can hardly be predicted by engineers and technicians, except maybe

for some wild speculations.

It might take hundreds of years before any real application can be made but

it might also go much faster, who knows?

For people working with theories it is however not really their future appli-

cation which are of importance. The motivation usually comes from an urge

to better understand the universe and the forces of nature.
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