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Abstract. In this article we study the properties of preprojective algebras of representation finite species. To

understand the structure of a preprojective algebra, one often studies its Nakayama automorphism. A complete

description of the Nakayama automorphism is given by Brenner, Butler and King when the algebra is given by
a path algebra. We partially generalize this result to the species case, i.e. we manage to describe the Nakayama

automorphism up to an unknown constant.

We show that the preprojective algebra of a representation finite species is an almost Koszul algebra. With
this we know that almost Koszul complexes exist. It turns out that the almost Koszul complex for a represen-

tation finite species is given by a mapping cone of a certain chain map. We also study a higher dimensional
analogue of representation finite hereditary algebras called d-representation finite algebras. One source of d-

representation finite algebras comes from taking tensor products. By introducing a functor called the Segre

product, we manage to give a complete description of the almost Koszul complex of the preprojective algebra
of a tensor product of two species with relations with certain properties, in terms of the knowledge of the given

species with relations. This allows us to compute the almost Koszul complex explicitly for certain species with

relations more easily.
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1. Introduction

In the paper [Gab73] Gabriel gathered results regarding the problem to determine which algebras were of
finite representation type. One of these results, known as Gabriel’s Theorem [Gab72], says that a path algebra
over an algebraically closed field is representation finite if and only if its underlying diagram is a disjoint union
of Dynkin diagrams of type ADE. Gabriel also sketched the proof in [Gab73] of how one could extend one
direction of Gabriel’s Theorem to K-species when K is a perfect field, i.e. a K-species is representation finite if
its diagram is a disjoint union of Dynkin diagrams of type ADE. The general case was later solved completely
by Dlab and Ringel in [DR75]. They proved that a species is representation finite if and only if its diagram is
a finite disjoint union of Dynkin diagrams of type ABCDEFG. Thus by Dlab and Ringel we have a complete
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2 CHRISTOFFER SÖDERBERG

set of representation finite species. Given a hereditary finite dimensional K-algebra Λ we can consider its
preprojective algebra Π(Λ). It is a graded algebra with degree 0 equal to Λ and as a Λ-module it gives an
additive generator of the category of preprojective Λ-modules. Moreover, Λ is representation finite if and only
if Π(Λ) is a finite dimensional self-injective algebra. In this paper we study the properties of preprojective
algebras for representation finite species, such as the Nakayama permutation, Nakayama automorphism and
Koszul properties of the preprojective algebra.

The study of the preprojective algebra of a quiver shows up in all kind of topics in mathematics such as
cluster algebras [GLS13], quiver varieties [Nak94], quantum groups [Lus91, KS97], and many more topics. This
is a motivation to study the Koszul properties of the preprojective algebra Π(S) of some representation finite
species S. When S is representation finite, Π(S) is a Frobenius algebra, and so we have that DΠ(S) ∼= Π(S)
as left Π(S)-modules. This isomorphism yields an isomorphism of Π(S)-Π(S)-bimodules by introducing a twist
on Π(S) denoted by γ and it is called the Nakayama automorphism. The paper [BBK02] gave a complete
description of the Nakayama automorphism γ of the preprojective algebra of a path algebra of a Dynkin quiver.
Later Grant [Gra19] gave a partial description of the Nakayama automorphism of the preprojective algebra of
any hereditary K-algebra using the Nakayama permutation σ and the Auslander-Reiten translation. In this
paper we compute σ for all Dynkin diagrams in Theorem 3.1 so we can use Grant’s description to give a more
explicit description of γ. This is formulated in the following theorem.

Theorem. (Theorem 5.3) Let S be a species, with Dynkin diagram ∆, over division algebras F ⊂ G. The
Nakayama automorphism γ of Π(S) is given by

γ(yiα) =

{
yiσ(α), if α ∈ Q1

sgn(σ(α))fyiσ(α), if α 6∈ Q1

,

for some constant f ∈ F .

The proof of the classification of representation finite species by Dlab and Ringel shows that every represen-
tation finite species is isomorphic to a species, whose underlying diagram is a Dynkin diagram, over two division
algebras F ⊂ G, therefore this theorem applies to all representation finite species. In the case where the algebra
is given as a path algebra, [BBK02] showed that f = 1. We conjecture that one can do a similar computation
to prove that f = 1 for all representation finite species cases too. This sums up the first part of this paper.

In the second part of the paper we change focus from studying tensor algebras of species to algebras given by
species with relations. More specifically, we study so called d-representation finite algebras. We say that a finite
dimensional K-algebra Λ with gldimΛ ≤ d is a d-representation finite algebra if there exists a d-cluster tilting
Λ-module. A hereditary representation finite algebra is 1-representation finite. For a d-representation finite

algebra Λ, there exists a positive integer lP for each indecomposable projective Λ-module P such that τ
−(lP−1)
d P

is an indecomposable injective Λ-module. Here τd is the higher dimensional analogue of the Auslander-Reiten
translation τ . When lP = l for all indecomposable projective Λ-modules P we say that Λ is l-homogeneous.
If Λi is a di-representation finite l-homogeneous algebra for each i ∈ {1, 2} and K is a perfect field, then
Λ1⊗K Λ2 is l-homogeneous and (d1 + d2)-representation finite [HI11, Corollary 1.5]. For the case when d1 = d2,
McMahon and Williams showed that the (2d + 1)-preprojective algebra of Λ1 ⊗K Λ2 has a d-precluster tilting
module [MW21]. In general, Λ1 ⊗K Λ2 is not (d1 + d2)-representation finite if we drop the assumption that Λ1

and Λ2 are l-homogeneous. Relaxing the assumptions on Λ1 and Λ2 Pasquali proved that if Λi is an acyclic
di-complete algebra for each i ∈ {1, 2} then Λ1 ⊗K Λ2 is (d1 + d2)-complete [Pas19]. If Λi is a di-representation
infinite algebra such that Λi/Ji is semi-simple for each i ∈ {1, 2}, then Λ1 ⊗K Λ2 is a (d1 + d2)-representation
infinite algebra [HIO14, Theorem 2.10]. The preprojective algebra of such algebras were studied in [Thi20]. In
this paper we will further study the former case, that Λi is a di-representation finite l-homogeneous algebra,
but we also assume that Λi is a Koszul algebra for each i ∈ {1, 2} and focus on the Koszul properties of the
preprojective algebra of Λ1 ⊗K Λ2.

Let Π(Λ) be the (d + 1)-preprojective algebra introduced by Iyama and Oppermann in [IO13]. Iyama and
Oppermann proved that Π(Λ) is self-injective if Λ is d-representation finite. The (d+ 1)-preprojective algebra
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Π(Λ) was further studied by Grant and Iyama in [GI20] and they showed that when Λ is a d-representation
finite Koszul algebra, the (d + 1)-preprojective algebra is an almost Koszul algebra in the sense of [BBK02].
In this setting the homologies of the almost Koszul complex for Π(Λ) can be described using the Nakayama
automorphism. We investigate various properties for Π(Λ1) and Π(Λ2) that are related to the same properties
for Π(Λ1⊗Λ2). For example, we investigate how one can describe the almost Koszul complexes of Π(Λ1⊗K Λ2)
using the knowledge of the almost Koszul complexes of Π(Λ1) and Π(Λ2). This is formulated in the following
theorem.

Theorem. (Theorem 10.7) Let K be a perfect field. Let Λi be an acyclic di-representation finite l-homogeneous
Koszul algebra for each i ∈ {1, 2}. Let SΛi be a simple Π(Λi)-module and let ϕΛi : QΛi

• → RΛi
• be an almost

quasi-isomorphism as in Theorem 10.5 such that C(ϕΛi) is the almost Koszul complex for SΛi . The complex

C(Tot(ϕΛ1 ϕΛ2) : Tot(QΛ1
• KQ

Λ2
• )→ Tot(RΛ1

• KR
Λ2
• ))

is the almost Koszul complex for SΛ1 ⊗K S
Λ2 ∈ Π(Λ1 ⊗K Λ2)−mod.

Here, the C(ϕ) denotes the mapping cone of ϕ and K is the Segre product defined in Section 9. We define
almost quasi-isomorphisms in Section 10 and we define acyclic algebras in Section 2. This theorem allows us
to have total control of the almost Koszul complexes in Π(Λ1 ⊗K Λ2), and thus one of the corollaries is the
following.

Corollary. (Corollary 10.8) Let K be a perfect field. Let Λi be an acyclic di-representation finite l-homogeneous
Koszul algebra for each i ∈ {1, 2}. If Π(Λi) is an (pi, qi)-almost Koszul algebra, then Π(Λ1 ⊗K Λ2) is an
(p1 + p2 − l + 1, q1 + q2 − 1)-almost Koszul algebra.

Note that given the assumptions in the above corollary Λ1 ⊗K Λ2 is a (d1 + d2)-representation finite l-
homogeneous Koszul algebra and therefore we can apply the corollary iteratively. Moreover, for a species S
over a Dynkin diagram ∆ with Coxeter number h, the preprojective algebra Π(S) is a (h− 2, 2)-almost Koszul
algebra (Corollary 6.11).

The article has the following structure. In Section 2 we introduce preliminary concepts and notations. In
Section 3 we show that the Nakayama permutation only depends on the underlying diagram and we compute
the Nakayama permutation for all Dynkin diagrams of type ABCDEFG. In Section 4 we compare different
descriptions of the preprojective algebra. In Section 5 we give a partial description of the Nakayama automor-
phism for species of Dynkin type BCFG, and we extend the results from [BBK02] to species of Dynkin type
ADE. In Section 6 we extend results from [BBK02]. In [BBK02] it is shown that the preprojective algebra of a
path algebra is almost Koszul if it is of Dynkin type ADE and otherwise it is Koszul. We partially extend the
former result to the species case, i.e. the preprojective algebra of a species is almost Koszul if the diagram is
a Dynkin diagram of type ABCDEFG. In Section 7 we introduce d-representation finite algebras together with
the (d + 1)-preprojective algebra, also known as the higher preprojective algebra. In Section 8 we investigate
various properties of the tensor product of algebras relevant to the paper. In Section 9 we define the Segre
product of graded algebras and modules and state some basic properties and the Künneth formula for the Segre
product. In Section 10 we investigate the structure of the almost Koszul complexes. In Section 11 we finish
the paper by computing some examples to illustrate how every main theorem comes together to yield concrete
results.

Acknowledgements. The author wishes to thank his supervisor Martin Herschend for all the support during
the writing of this article. The author would also like to thank Daniel Simson for his helpful comments.

2. Preliminaries

Let K be a field. We first define species as it is given in [Ber11, Rin76, Gab73].
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Definition 2.1. (Species) Let Q be a finite quiver. A species S = (Di,Mα)i∈Q0,α∈Q1 is a collection of division
rings Di and Mα ∈ Dj-Di-mod, where α : i → j, such that HomDopi

(Mα, Di) ∼= HomDj (Mα, Dj) as Dj-Di-
modules. We say that a species S is a K-species if all Di are finite dimensional over a common central subfield
K and all Mα are finite dimensional over K satisfying λm = mλ for all m ∈Mα, λ ∈ K.

Definition 2.2. For a species S let D =
⊕

i∈Q0
Di and M =

⊕
α∈Q1

Mα ∈ D-D−mod. We define the tensor

algebra T (S) to be the tensor ring T (D,M). More explicitly,

T (S) = T (D,M) = D ⊕
⊕
k≥1

M⊗Dk.

Remark 2.3. In some contexts it is useful to allow for a more general definition of a species by requiring that
D has to be Morita equivalent to a sum of division rings, and not necessarily a division ring. In Section 11 we
will briefly discuss the fact that tensor products of tensor algebras of species is not necessarily a tensor algebra
over a species by Definition 2.1, but it will be a species according to this more general definition. Another
generalization of species called Pro-species is studied in [Kü17, LY15].

In this paper we assume that all our species are K-species. Since T (S) is a tensor algebra, T (S) has a natural
Z-grading which we will refer to as the path length grading. Also note that if S is a K-species then T (S) is a
K-algebra. One could relax the assumption on the species from being a K-species to be a polynomial identity
species, i.e. when the division algebras Di are polynomial identity algebras. In this setting, it does not have to
exist a common subfield K such that all Di are finitely generated over K. Hence we cannot use [DR75, Theorem
B]. Therefore, for convenience, we assume that all species are K-species.

We denote ei the identity element in Di. The set {e1, . . . , e|Q0|} is a complete set of pairwise orthogonal
primitive idempotents for T (S).

If Q is a quiver with multiple arrows α, α′ : i → j we consider a modified quiver Q′ which is obtained by
replacing α and α′ with β : i → j. Then if S is a species over Q, we can modify S to a species S′ over Q′ by
setting Mβ = Mα ⊕Mα′ . We see that

T (S) = T (D,M) = T (D,M ′) = T (S′).

Therefore we assume that Q has no multiple arrows.
A simple example of a species would be S = (Di,Mα)i∈Q0,α∈Q1

where Q : 1→ 2→ 3 and

Di =

{
C, if i = 1

R, if i = 2, 3

Mα =

{
C, if α : 1→ 2

R, if α : 2→ 3
.

We often write S as a decorated quivers given by decorated subquivers of the form

Ds(α)
Mα−−→ Dt(α)

for all α ∈ Q1. So in our example above we would write

C C−→ R R−→ R.
When Q is a finite and acyclic quiver and S a species over Q, the tensor algebra (S) is a basic finite

dimensional K-algebra. Moreover, since rad(T (S)) ∼=
⊕

α∈Q1

s(α)=i

(T (S)et(α))
dimDt(α)

Mα , and thus projective, we

can apply [Lam98, Theorem 2.35] to see that T (S) is indeed hereditary.

Definition 2.4. Let S be a species over an acyclic quiver Q. Then the diagram ∆ of S is defined to have its
vertices as Q0 and for every α ∈ Q1 we have an edge with valuation

(dimDs(α)
(Mα),dimDt(α)

(Mα)).
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If there is an edge with valuation (1, k) then we write s(α)
(k)
==⇒ t(α), if we have the valuation (k, 1) then

we write t(α)
(k)
==⇒ s(α) and if we have the valuation (1, 1) we simply write the edge without valuation, i.e.

s(α) t(α).

Definition 2.5. A representation V = (Vi, φα) over S is a collection of Di-modules Vi and Dt(α)-module
morphisms

φα : Mα ⊗Vs(α) Vs(α) → Vt(α).

A morphism f : V → V ′ between two representations V and V ′ over a species S is given by a family of
morphisms fi : Vi → V ′i such that

Mα ⊗s(α) Vs(α) Mα ⊗s(α) V
′
s(α)

Vt(α) V ′t(α)

1⊗fs(α)

φα φ′α

ft(α)

commutes for all α ∈ Q1. The set of representations over S together with the morphism forms an abelian
category and is denoted by RepS. The full subcategory of RepS consisting of representations V where dimK Vi <
∞ for all i ∈ Q0 is denoted by repS.

In this paper we will focus on the module category T (S)−mod, which is the category consisting of finitely
generated T (S)-modules, and usually when we relate representations over S and modules over T (S) we use the
following result.

Proposition 2.6. [DR75, Proposition 10.1] Let S be a species. The category RepS is equivalent to the category
T (S)−Mod.

Here T (S)−Mod is the category consisting of all T (S)-modules. When we restrict ourself to a finite quiver
we have the following.

Corollary 2.7. [Ber11, Corollary 2.2] Let S be a species over Q, where Q is a finite quiver. The category repS
is equivalent to the category T (S)−mod.

We say that a species S is representation finite if there is only a finite number of finitely generated indecom-
posable T (S)-modules up to isomorphism. Gabriel characterized all representation finite species S of the form
Di = Mα = F for some field F in [Gab80]. Gabriel’s result was extended by Dlab and Ringel in the following
theorem.

Theorem 2.8. [DR75, Theorem B]) A species S is representation finite if and only if ∆ is a finite disjoint
union of Dynkin diagrams.

The Dynkin diagrams are given in Figure 1.
Given a species S where ∆ is a Dynkin diagram. Then reading from the proof of [DR75, Theorem B] we

can assume that S is of the form where Di,Mα ∈ {F,G}, where F and G are division algebras satisfying
F ⊂ G. If ∆ is of type ADE, we call ∆ simply laced, then F = G. When ∆ is non-simply laced, the valuation
k = dimKG/dimK F . More explicitly, each case is described in Figure 2. In this description we did not specify
the orientation of Q. This is due to the fact that the orientation of Q only determines the module structure on
all Mα’s.

For a species S the Auslander-Reiten quiver ΓS is defined by setting the vertices to be isomorphism classes
of indecomposable objects in T (S)−mod. Given two indecomposable objects in X,Y ∈ T (S)−mod, then there

is an arrow [X]
dXY−−−→ [Y ] in ΓS if

rad(X,Y )/rad2(X,Y ) 6= 0
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(An) 1 2 · · · n− 1 n

(Bn) 1 2 · · · n− 1 n
(2)

(Cn) 1 2 · · · n− 1 n
(2)

1

(Dn) 3 · · · n− 1 n

2

1 2 3 4 5

(E6)

6

1 2 3 4 5 6

(E7)

7

1 2 3 4 5 6 7

(E8)

8

(F4) 1 2 3 4
(2)

(G2) 1 2
(3)

Figure 1. Dynkin Diagrams

and the valuation is given by

dXY = dimK(rad(X,Y )/rad2(X,Y )).

This construction is introduced in [ARS95] with a slight modification. In [ARS95] the valuation (a, b) indicates
that there is a minimal right almost split morphism Xa ⊕M → Y where X is not a summand of M , and a
minimal left almost split morphism X → Y b ⊕ N where Y is not a summand of N . To see the connection
between these two valuations, we introduce the following.

Definition 2.9. Let M ∈ Λ−mod be indecomposable for some K-algebra Λ. Then we define

δ(M) = dimK(EndΛ(M)/radΛ(M)).

Remark 2.10. Let S be a species where ∆ is a Dynkin diagram. Then

δ(Pi) = dimK(Di) =

{
dimK(F ), if Di = F

dimK(G), if Di = G
.

Now (a, b) = (dXY /δ(X), dXY /δ(Y )).
We define a functor τ = D ◦Tr, where D = HomK(−,K) denotes the K-dual and Tr is the Auslander-Bridger

transpose [ARS95, Chapter 4.1]. By [ARS95, Proposition 1.9] there is an equivalence

T (S)−mod T (S)−mod.
τ

τ−1
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(An) F F · · · F FF F F F

(Bn) F G · · · G GG G G G

(Cn) G F · · · F FG F F F

F

(Dn) F · · · F F

F

F
F

F
F F

F F F F F

(E6)

F

F F F

F

F

F F F F F F

(E7)

F

F F F

F

F F

F F F F F F F

(E8)

F

F F F

F

F F F

(F4) G G F FG G F

(G2) G FG

Figure 2. Description of species over Dynkin diagrams

If S is a species over an acyclic quiver Q, then T (S) is hereditary and τ = DExt1
T (S)(−, T (S)) is even defined

on the category T (S)−mod, and the inverse is given by τ−1 = Ext1
T (S)(DT (S), T (S)) ⊗T (S) −. We call τ the

Auslander-Reiten translation of ΓS .
Recall that for every species we have a complete set of orthogonal idempotents {e1, . . . , en} induced by

the identity elements in D1, D2, . . . , D|Q0|. With these idempotents we can write down the indecomposable
projective modules Pi and the indecomposable injective modules Ii as

Pi = T (S)ei, Ii = D(eiT (S)).

For a species S we define the preprojective component of ΓS to be the full subquiver of ΓS consisting of all
X ∈ (ΓS)0 such that τaX is projective for some a ∈ Z≥0. Similarly, we define the preinjective component of ΓS
to be the full subquiver of ΓS consisting of all Y ∈ (ΓS)0 such that τ−bY is injective for some b ∈ Z≥0.

Proposition 2.11. Let S be a species with a Dynkin diagram ∆. Then there exists a permutation σ : Q0 → Q0

and integers li such that
Pσ(i) = τ li−1Ii.

Proof. Since S is representation finite ΓS has finitely many vertices. Therefore, by [ARS95, Theorem 2.1], the
preprojective component of ΓS coincides with the preinjective component of ΓS . �

Definition 2.12. Let S be a species with Dynkin diagram ∆. We call σ in Proposition 2.11 the Nakayama
permutation of ∆. Moreover, if li = l for some integer l ∈ Z, then we call S l-homogeneous.

With these integers li we can explicitly describe the Auslander-Reiten quiver for representation finite species.
Let S be a representation finite species over a quiver Q. Then by [ARS95, Proposition 1.15], the projective
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modules in ΓS form a subquiver which is isomorphic to the opposite of Q. In fact, the quiver Q, the valuations
in ∆ and the length of each τ -orbit (i.e. the numbers li) is enough information to write down ΓS . This follows
from [ARS95, Theorem 2.1] together with the fact that ΓS is the preprojective component of ΓS .

We also introduce the Coxeter transformation. Since the Coxeter transformation is defined on the Grothendieck
group we first define the Grothendieck group.

Definition 2.13. Let S be a species. We define the Grothendieck group K0(T (S)−mod) = [T (S)−mod]/R,
where [T (S)−mod] is the free abelian group on the isomorphism classes [M ] of finitely generated T (S)-modules
M and R is the subgroup generated by expressions [A] + [C] − [B] whenever there is an exact sequence 0 →
A→ B → C → 0 of T (S)-modules.

First we note that {[Di]}|Q0|
i=0 is a basis for K0(T (S)−mod) by [ARS95, Chapter 1, Theorem 1.7]. We also

have two other basis given by {[Pi]}|Q0|
i=0 and {[Ii]}|Q0|

i=0 by [ARS95, Chapter 8, Lemma 2.1].

Definition 2.14. Let S be a species. We define the Coxeter transformation c : K0(T (S)−mod)→ K0(T (S)−mod)
by [Pi] 7→ −[Ii].

We call a non-zero element in K0(T (S)−mod) positive, respectively negative, if the coordinates are greater

than or equal to 0, respectively less than or equal to 0 in the basis {[Di]}|Q0|
i=0 . For hereditary K-algebras the

Coxeter transformation is closely related to the Auslander-Reiten translation, and since T (S) is a hereditary
K-algebra when Q is finite and acyclic we have the following proposition.

Proposition 2.15. [ARS95, Chapter 8, Proposition 2.2] Let S be a species over a finite acyclic quiver Q. We
have the following.

(1) If M ∈ T (S)−mod is a non-projective indecomposable module, then c[M ] = [τM ].
(2) Let M be an indecomposable T (S)-module. Then M is projective if and only if c[M ] is negative.
(3) If M is an indecomposable module, then c[M ] is either positive or negative.
(4) If M ∈ T (S)−mod is a non-injective indecomposable module, then c−1[M ] = [τ−1M ].
(5) Let M be an indecomposable T (S)-module. Then M is injective if and only if c−1[M ] is negative.
(6) If M is an indecomposable module, then c−1[M ] is either positive or negative.

The second and fifth condition in Proposition 2.15 yields a connection to the Auslander-Reiten quiver by
considering all of the elements [M ], where M is indecomposable T (S)-module, in K0(T (S)−mod).

For a K-algebra Λ we denote the bounded derived category of Λ−mod by Db(Λ−mod).

Definition 2.16. Let Λ be a finite dimensional K-algebra with gldim(Λ) <∞.

(1) We define the Nakayama functor ν : Db(Λ−mod)→ Db(Λ−mod) as the composition

ν = D ◦RHomDb(Λ−mod)(−,Λ).

(2) The Auslander-Reiten translation in the derived category is defined as ν1 = ν ◦ [−1], where [−1] is the
shift functor.

Let φ be an endomorphism of a K-algebra Λ. Using the derived tensor product we obtain an endomorphism

functor Λφ
L
⊗Λ − of Db(Λ−mod), where Λφ is the Λ-Λ-bimodule Λ where the right action is twisted by φ, i.e.

the right action is given by a · b = aφ(b).

Definition 2.17. [HI11, Definition 0.3] Let Λ be a finite dimensional K-algebra with gldim(Λ) < ∞. We say
that Λ is twisted m

l -Calabi-Yau if there is an isomorphism

νl ' [m] ◦ (Λφ
L
⊗Λ −)

of functors for some integer l 6= 0 and an algebra endomorphism φ of Λ. In this case φ is always an automorphism.

We also need to define acyclic algebras since our main results in Section 10 are only proved for acyclic
algebras.
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Definition 2.18. [Pas19, Definition 2.5] We say that Λ is cyclic if there exist indecomposable projective Λ-
modules P1, . . . , Pm with non-zero non-isomorphisms P1 → P2, . . . , Pm−1 → Pm, Pm → P1 for some m ≥ 1. We
call Λ acyclic if it is not cyclic.

Remark 2.19. Let S be a species over the quiver Q. The tensor algebra T (S) is acyclic if and only if Q is
acyclic.

3. Properties for Representation Finite Species

In this section we compute the Nakayama permutation for all Dynkin diagrams. As an application we
determine which species are l-homogeneous for each integer l. The Nakayama permutation is described in the
following main theorem of this section.

Theorem 3.1. Let S be a species with Dynkin diagram ∆. Then the Nakayama permutation is given by:

σA(i) = n+ 1− i, if ∆ = An

σD(i) = i, if ∆ = D2n

σD(i) =


2, if i = 1

1, if i = 2

i, otherwise

, if ∆ = D2n+1

σE6
(i) =

{
6− i, if i 6= 6

6, if i = 6
, if ∆ = E6

σE7(i) = i, if ∆ = E7

σE8
(i) = i, if ∆ = E8

σ∆(i) = i, if ∆ = Bn, Cn, F4, G2

We will later see the importance of this theorem when we describe the Nakayama automorphism in Section 5.
Before we prove this theorem we will state a couple of lemmas.

Lemma 3.2. Let S be a species. If there is an arrow

[Pi]
dij−−→ [Pj ]

in ΓS, then there is an arrow

[Ii]
dij−−→ [Ij ]

in ΓS.

Proof. Let S be a species. Note that

D : T (S)-mod
∼−→ T (S)op-mod.

Therefore, we have that

HomT (S)(T (S)ei, T (S)ej) ∼= eiT (S)ej ∼= HomT (S)op(ejT (S), eiT (S)) ∼= HomT (S)(D(eiT (S)), D(ejT (S))).

The claim now follows from the structure of ΓS described in Section 2. �

Lemma 3.3. Let ∆ be a Dynkin diagram. The Nakayama permutation σ of ∆ induces a diagram automorphism
of ∆.

Proof. Let S be a species with diagram ∆. Assume that there exist an arrow [Pi] → [Pj ] in ΓS . We need to
show that there is an arrow [Pσ(i)] → [Pσ(j)] or [Pσ(j)] → [Pσ(i)] in ΓS . Note that there is an arrow [Ii] → [Ij ]

by Lemma 3.2. By Proposition 2.11 there exists an integer li such that τ li−1Ii = Pσ(i). We only need to show
that li ≤ lj ≤ li + 1. Indeed, if lj = li then there is an arrow [Pσ(i)] → [Pσ(j)] in ΓS , and if lj = li + 1 then
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there is an arrow [Pσ(j)]→ [Pσ(i)] in ΓS , which is immediate since if τ li−1Ij is not projective, then there exists

an almost split sequence ending in τ li−1Ij by [ARS95, Chapter 5, Corollary 2.4].
Assume towards contradiction that lj > li+ 1. Then τ liIj is not a projective module. Let f : τ liIj → τ li−1Ii

be an irreducible map. Using the fact that T (S) is hereditary, we get that Im f is projective. Thus f̂ : τ liIj →
Im f is a split epimorphism, which contradicts the fact that τ liIj is indecomposable and non-projective. A
similar argument can be used when lj < li. Thus li ≤ lj ≤ li + 1. �

The following proposition is a special case of [Sch85, Theorem 10.1 and 10.5].

Proposition 3.4. Let S be a species. There is a short exact sequence of T (S)-T (S)-bimodules

0→
⊕
α∈Q1

s(α)=i

T (S)et(α) ⊗Dt(α)
Mα ⊗Ds(α)

es(α)T (S)
d−→
⊕
i∈Q0

T (S)ei ⊗Di eiT (S)
mult−−−→ T (S)→ 0, (3.4.1)

where d(a⊗ b⊗ c) = ab⊗ c− a⊗ bc and mult denotes the natural multiplication.

Lemma 3.5. Let ∆ be a Dynkin diagram of type ADE. The Nakayama permutation σ only depends on ∆.

Proof. It is enough to show that the Coxeter transformation only depends on the Dynkin diagram ∆, since we
can determine the structure of ΓS using the Coxeter transformation by Proposition 2.15. The description of
the Auslander-Reiten quivers by [Gab80] for the ADE cases gives us the information that σ only depends on ∆
when T (S) is a path algebra over a quiver Q with diagram ∆. This reduces our problem to showing that for a
given S with diagram ∆, σ only depends on Q and not the species S over Q.

Let S be a species with diagram ∆. Applying −⊗T (S) Di on the sequence (3.4.1) yields and exact sequence

0→
⊕
α∈Q1

s(α)=i

T (S)et(α) ⊗Dt(α)
Mα →

⊕
i∈Q0

T (S)ei → Di → 0.

Moreover, this is the minimal projective resolution of Di, which implies that [Pi] +
∑

α∈Q1

s(α)=i

[Pt(α)] = [Di].

The construction of this sequence only depends on Q, therefore the coordinates of [Pi] only depends on
Q in K0(T (S)−mod). By the dual argument we show that the coordinates of [Ii] only depends on Q in
K0(T (S)−mod). Hence ΓS only depends on Q. �

Lemma 3.6. Let Λ be a finite dimensional K-algebra. If M is an indecomposable and non-projective Λ-module
then δ(M) = δ(τM).

Proof. Recall that τ : Λ-mod
∼−→ Λ-mod. In particular,

EndΛ(M) ∼= EndΛ(τM).

Let α ∈ EndΛ(M) be such that the residue class of α is zero in EndΛ(M). In other words, we are in the
situation

M M

P

α

β
γ

where α = γβ and P projective (not necessarily indecomposable). Since M is not projective we have that β
and γ are not split. Therefore β ∈ rad(M,P ) and γ ∈ rad(P,M). This implies that α ∈ rad(M,M). In other
words, every endomorphism of M that factors through a projective object is in the radical. Therefore we have
the following

EndΛ(M)/rad(EndΛ(M)) ∼= EndΛ(M)/rad(EndΛ(M)).

A similar argument can be used to show that

EndΛ(τM)/rad(EndΛ(τM)) ∼= EndΛ(τM)/rad(EndΛ(τM)).
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Hence, composing the three isomorphism gives us the result. �

We finally have everything we need to prove Theorem 3.1.

Proof. (Theorem 3.1) Let S be a species where ∆ is a Dynkin diagram. With Lemma 3.5 we can use the
description of the Auslander-Reiten quivers by [Gab80] for the ADE cases.

Now let ∆ be non-simply laced. We define N(i) to be the number of neighbours of i in ∆. Note that ∆ satisfies
N(i) ≤ 2 for all i ∈ ∆0. Since there is only one arrow of valuation higher than one in ∆, using Lemma 3.2 and
Lemma 3.6 we have that the Nakayama permutation fixes the vertices that are connected to that arrow. Now

we use an inductive argument to show that the rest of the vertices are also fixed. Let i
(k)
==⇒ j be the arrow in

∆ such that k 6= 1 and δ(Pi) = kδ(Pj). Then σ(i) = i and σ(j) = j as discussed. By Lemma 3.3, neighbours
must be mapped to neighbours. In other words, j′, a neighbour of i different from j, must be mapped to j′ or
j, and since j is fixed j′ must be fixed too. Inductively we can use this argument to show that every vertex is
fixed. �

The following corollary is a generalization of [HI11, Proposition 3.2 a)].

Corollary 3.7. Let S be a species where ∆ is a Dynkin diagram. Then S is l-homogeneous if Q is stable under
σ. Moreover, for the different cases, the integer l is

∆ An Bn Cn Dn E6 E7 E8 F4 G2

l n+1
2 n n n− 1 6 9 15 6 3

Proof. By Lemma 3.5 the ADE cases follow from Gabriel’s description of the AR-quivers [Gab80].
In the non-simply laced cases σ is the identity by Theorem 3.1 and so S is always l-homogeneous by [HI11,

Proposition 2.1].
The number of indecomposable modules in T (S)−mod is the same as the number of positive roots for ∆.

Thus m = nh
2 is the number of indecomposable modules, where h is the Coxeter number for ∆. Since S is

l-homogeneous, l = m
n because l is the number of indecomposable module in each τ -orbit. Hence l = h

2 , which
gives the values in the above table. �

4. Preprojective Algebras

In this section we introduce the preprojective algebra of a hereditary representation finite K-algebra.

Definition 4.1. [BGL87] Let Λ be a hereditary representation finite K-algebra. The preprojective algebra
Π(Λ) is defined by

Π(Λ) =

∞⊕
i=0

Πi (4.1.1)

where Πi = HomΛ(Λ, τ−iΛ), with multiplication

Πi ×Πj → Πi+j ,

(u, v) 7→ uv = (τ−i(v) ◦ u : Λ→ τ−(i+j)Λ).

Remark 4.2. The preprojective algebra has a natural Z-grading due to (4.1.1). We will call this grading the
?-grading to avoid confusion. As it turns out in Section 10 the ?-grading will play an important role when
describing the almost Koszul complexes.

In the paper [DR80] there is a more explicit description of the preprojective algebra of a species. Let S be a
species and let α ∈ Q1. There exist x1, . . . , xn ∈Mα and f1, . . . , fn ∈ HomDop

s(α)
(Mα, Ds(α)) such that for every

x ∈Mα we have

x =

n∑
i=1

fi(x)xi.



12 CHRISTOFFER SÖDERBERG

Definition 4.3. Let xi and fi be as above. Then, the element

cα =

n∑
i=1

xi ⊗Ds(α)
fi ∈Mα ⊗Ds(α)

HomDop
s(α)

(Mα, Ds(α))

is called the Casimir element of Mα ⊗Ds(α)
HomDop

s(α)
(Mα, Ds(α)).

The Casimir element does not depend on the choice of xi and fi by [DR80, Lemma 1.1].

Definition 4.4. [DR80] Let S be a species where ∆ is a Dynkin diagram.

(1) The double quiver Q is defined to be Q0 = Q0 and Q1 = Q1 ∪Q∗1 where

Q∗1 = {α∗ : j → i | α : i→ j ∈ Q1}.

(2) Let S be the species over Q where Di = Di for all i ∈ Q0 and Mα = Mα when α ∈ Q1 and Mα∗ =
HomDop

s(α)
(Mα, Ds(α)).

(3) For each α ∈ Q1 let cα be the Casimir element of Mα ⊗Ds(α)
Mα∗ . Define

c =
∑
α∈Q1

sgn(α)cα,

where

sgn(α) =

{
1, α ∈ Q1

−1, else.

We define the preprojective algebra of S as Π(S) = T (S)/〈c〉.

Remark 4.5. Let S = (D,M) be a species. Given a decomposition

M =
⊕
i∈Z≥0

Mi

we may consider T (S) as a Z-graded algebra by setting elements in D to have degree zero and setting elements
in Mi to have degree i. This is equivalent to choosing a grading on the quiver Q of S by setting the arrow in
Q associated to Mi to have degree i. Note that for such a graded species S the quiver Q may have multiple
arrows between two vertices, but there will not be multiple arrows of the same degree.

We will consider several different gradings for our species. For instance, setting M = M1 we get a grading on
T (S) which corresponds to the path length grading on T (S). We sometimes consider the preprojective algebra
Π(S) = T (S)/〈c〉 as a Z2-graded algebra. The first grading is induced by the decomposition M = M1, and the
second grading is induced by the decomposition

M = M0 ⊕M1, M0 =
⊕
α∈Q

Mα, M1 =
⊕
α∗∈Q∗

Mα∗ .

In other words, the first grading corresponds to the path length grading and the second grading corresponds to
the ?-grading defined in Remark 4.2.

For a representation finite species S over division algebras F ⊂ G, let ds(α) = dimDs(α)
Mα and dt(α) =

dimDt(α)
Mα. We choose elements y1

α, . . . , y
max(ds(α),dt(α))
α ∈ Mα such that {y1

α, . . . , y
ds(α)
α } is a basis for Mα

when Mα is viewed as a Ds(α)-module and {y1
α, . . . , y

dt(α)
α } is a basis for Mα when Mα is viewed as a Dt(α)-

module.

Example 4.6. Let S be the species

C C−→ R1
R−→ R2.
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Then S is given as

C R1 R2

C

C∗
R

R∗
.

Pick the basis 1C, iC in C and 1R in R, and let us denote the dual basis with ∗ as a superscript. The preprojective
algebra of S is

Π(S) = T (S)/〈c〉,
where

c = −1∗C ⊗R1
1C − i∗C ⊗R1

iC + 1C ⊗C 1∗C − 1∗R ⊗R2
1R + 1R ⊗R1

1∗R.

We now derive a relation between Π(T (S)) and Π(S). In Section 2 we gave an explicit description of the
Auslander-Reiten quiver ΓS for a representation finite species S. Thus we can represent all indecomposable
modules in ΓS as translates of indecomposable projective modules. Let

s(α1) t(β1)

s(α2) t(β2)

i

...
...

s(αn) t(βm)

α1

α2

β1

β2

βmαn

be the subquiver of Q consisting of all outgoing and ingoing arrows to i. By [ARS95, Proposition 1.15] we have
a corresponding picture in ΓS .

Pt(β1) Ps(α1)

Pt(β2) Ps(α2)

Pi

...
...

Pt(βm) Ps(αm)

dPt(β1),Pi

dPt(β2),Pi

dPi,Ps(α1)

dPi,Ps(α2)

dPi,Ps(αn)
dPt(βm),Pi

Let us now consider the almost split sequence starting at Pi.⊕
α∈Q1

t(α)=i

P
dPi,Ps(α)

/δ(Ps(α))

s(α)

Pi τ−1Pi

⊕
α∈Q1

s(α)=i

τ−1P
dPt(α),Pi

/δ(Pt(α))

t(α)

g′ifi

gi −f ′i

(4.6.1)
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We write fi = [fα] α∈Q1

s(α)=i

, where fα =
[
f1
α f2

α · · · f
dPi,Ps(α)

/δ(Ps(α))

α

]
. We express gi, f

′
i and g′i in a similar

fashion. From the fact that (4.6.1) is an almost split sequence, we know that g′i ◦ fi − f ′i ◦ gi = 0. We want to
compare this equality to eicei, where c is the Casimir element for Π(S). Let us write out both expressions and
compare them.

g′i ◦ fi − f ′i ◦ gi =
∑
α∈Q1

t(α)=i

dPi,Ps(α)/δ(Ps(α))∑
k=1

g′
k
α ◦ fkα −

∑
α∈Q1

s(α)=i

dPi,Pt(α)/δ(Pt(α))∑
k=1

f ′
k
α ◦ gkα =

=
∑
α∈Q1

t(α)=i

dPi,Ps(α)/δ(Ps(α))∑
k=1

fkαg
′k
α −

∑
α∈Q1

s(α)=i

dPi,Pt(α)/δ(Pt(α))∑
k=1

gkατ(f ′
k
α)

(4.6.2)

Note that the second equality holds since the multiplication in the Π(T (S)) is in the reversed order compared
to composition. On the other hand

eicei =
∑
α∈Q1

t(α)=i

dimDs(α)
Mα∑

i=1

ykα ⊗Ds(α)
ykα∗ −

∑
α∈Q1

s(α)=i

dimDt(α)
Mα∑

i=1

ykα∗ ⊗Dt(α)
ykα. (4.6.3)

First note that if α : i→ j then

radT (S)(Pj , Pi) = HomT (S)(Pj , Pi) ∼= ejT (S)ei = Mα,

and also that rad2
T (S)(Pi, Pj) = 0 since i and j are neighbours in Q and ∆ is a tree. Therefore

dimDt(α)
Mα = dimK radT (S)(Pj , Pi)/dimKDt(α) = dPt(α),Pi/δ(Pt(α)).

Similarly, if α : j → i then

dimDs(α)
Mα = di,Ps(α)

/δ(Ps(α)).

Hence we know the ranges of the sums in (4.6.2) and (4.6.3) are the same. Let us now fix fi for all i ∈ Q0,
for example one can choose fkα = − · ykα. Using the equivalence τ : T (S)−mod → T (S)−mod, and the
fact that τ−1 : T (S)−mod → T (S)−mod is given by τ−1 = Ext1

T (S)(DT (S), T (S)) ⊗T (S) −, we know that

f ′i ∈ τ−1(radT (S)(T (S), T (S))) for all i, and therefore we can choose f ′α
k

= τ−1(fkα). Now choose gi and g′i such
that (4.6.1) becomes an almost split sequence for each i ∈ Q0. Comparing (4.6.2) and (4.6.3) we can construct
a well-defined isomorphism stated in the following proposition.

Proposition 4.7. Let S be a species, where ∆ is a Dynkin diagram, over division algebras F ⊂ G. There is an
isomorphism Π(S)

∼−→ Π(T (S)), where Π(T (S)) is the preprojective algebra of T (S) defined in [BGL87], given
by

Π(S)→ Π(T (S))

ei 7→ 1Di

ykα 7→

{
fkα if α ∈ Q1

gkα if α ∈ Q∗1.

In the path algebra case, i.e. when ∆ is of Dynkin type ADE, the above result is proven by Ringel in [Rin98,
Theorem A]. It is also proven for a generalization of species called phylum in [GKKP20, Theorem 7.6].
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Remark 4.8. Recall that Π(S) is Z2-graded. We can define a Z2-grading on Π(T (S)), motivated by Proposi-
tion 4.7, in the following way. We define a Z2-grading on Π(T (S)) by setting the first grading to be

Π(T (S))0 = T (S)0 = D,

Π(T (S))1 = T (S)1 ⊕
⊕
α∈Q1

HomT (S)(T (S)es(α), τ
−1T (S)et(α)),

Π(T (S))n = (Π(T (S))1)n,

and letting the second grading be the ?-grading. Then the morphism in Proposition 4.7 is compatible with
the Z2-gradings since it induces isomorphisms in the degrees (0, 0), (1, 0) and (1, 1) in which both Π(S) and
Π(T (S)) are generated.

5. Nakayama Automorphism

In this section we study the Nakayama automorphism of the preprojective algebra Π(Λ), where Λ is a basic
hereditary representation finite K-algebra. The existence of a Nakayama automorphism is a consequence of Π(Λ)
being a Frobenius algebra. In the paper [BBK02] they give an explicit formula for the Nakayama automorphism
for preprojective algebras Π(KQ), where Q is a quiver of Dynkin type ADE. Thus showing that Π(KQ) is
self-injective. Iyama and Oppermann later showed, in a more general setting, that the preprojective algebra
of a representation finite hereditary K-algebra is self-injective in the paper [IO13]. An alternative proof of this
statement was given in [Gra19].

Theorem 5.1. [BBK02, Theorem 4.8][Gra19, Theorem 3.1] Let Λ be basic, hereditary and representation finite,
then Π(Λ) is a Frobenius algebra.

For a Frobenius algebra Π(Λ) we know that Π(Λ) ∼= DΠ(Λ) as left Π(Λ)-modules, but this isomorphism can
be made into an isomorphism of Π(Λ)-Π(Λ)-bimodules by introducing a twist on DΠ(Λ), i.e. Π(Λ) ∼= DΠ(Λ)γ
as Π(Λ)-Π(Λ)-bimodules. This γ is unique up to an inner automorphism, and it is called the Nakayama
automorphism of Π(Λ).

From [Gra19] we also have a description of the Nakayama automorphism γ. By [Gra19, Proposition 3.4] we
have an isomorphism

HomΛ(Pi, τ
−rPj)

∼−→ DHomΛ(τ−rPj , Ii)
∼−→ DHomΛ(Pj , τ

rIi)
∼−→

∼−→ DDHomΛ(τ rIi, Ij)
∼−→ HomΛ(τ rIi, Ij).

(5.1.1)

In the [BGL87] perspective, let

f : Pi → τ−rPj

be a map. Choosing an isomorphism Pσ(i)
∼= τ li−1Ii and combining with the isomorphism in (5.1.1) we define

γ(f) : Pσ(i) → τ li−lj−rPσ(j).

Note that if f = IdPi , then r = 0 and i = j and therefore γ(IdPi) = IdPσ(i)
.

Theorem 5.2. [Gra19, Theorem 3.8] The morphism γ defined above is a Nakayama automorphism of Π(Λ).

The aim of this section is to prove the following result.

Theorem 5.3. Let S be a species, where ∆ is a Dynkin diagram, over division algebras F ⊂ G. There is a
Nakayama automorphism γ of Π(S) given by

γ(yiα) =

{
yiσ(α), if α ∈ Q1

sgn(σ(α))fyiσ(α), if α 6∈ Q1

,

for some constant f ∈ F , and γ(ei) = eσ(i) for all i ∈ Q0.
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Proof. We will divide the proof in two parts. The first part will consist of the proof for when ∆ is simply laced,
and the other part will cover when ∆ is non-simply laced.

Assume that ∆ is simply laced. Since ∆ is a Dynkin diagram of type ADE we have that Di = F for all
i ∈ Q0 and also Mα = F for all α ∈ Q1. Using Theorem 5.2 together with the isomorphism in Proposition 4.7
we see that the Nakayama automorphism is defined on the generators as

γ(yα) = f1
αyσ(α)f

2
α,

where f1
α, f

2
α ∈ F , and note that γ(ei) = eσ(i). Since Mα = F for all α ∈ Q1, we have that dimDs(α)

Mα =

dimF F = 1 and thus we can choose yα = 1F as a basis for Mα. Everything commutes with 1F in F and
therefore

γ(yα) = fαyσ(α),

where fα = f1
αf

2
α. Since the Nakayama automorphism is unique up to an inner automorphism, we can use inner

automorphisms to simplify γ. We define a map

g(−,−) : Q0 ×D → Inn(Π(S)),

(j, d = (d1, d2, . . . , d|Q0|)) 7→

x 7→
∑
i∈Q0
i 6=j

ei + d−1
j ej

x

∑
i∈Q0
i 6=j

ei + djej


 .

We can compute explicitly that g(t(β), fβ) ◦ γ is a Nakayama automorphism given by

(g(t(β), fβ) ◦ γ)(yα) =


yα, if α = β

fβfαyα, if s(α) = t(β)

f−1
β fαyα, if t(α) = t(β)

fαyα, else

(5.3.1)

Note that by replacing γ with (g(t(β), fβ) ◦ γ)(yα) we change fβ to 1 and leave fα unchanged for all α not

adjacent to t(β). We can also remove fβ by considering the Nakayama automorphism g(s(β), f−1
β ) ◦ γ.

Since Q is a tree we can enumerate Q0 by picking a root 0 and then proceed to label the other vertices by
1, 2, . . . such that for each i ≥ 1 there exists an arrow α : i → j ∈ Q1 or α : j → i ∈ Q1, where j < i. From

this we also have an enumeration of the arrows in Q1. Let αi be the unique arrow j i
αi , where j < i. The

uniqueness of αi comes from the fact that all Dynkin quivers are trees.
We can now use induction on the arrows yαi to simplify γ. Assume that γ(yαi) = yσ(αi) for all i ≤ n. Without

loss of generality we can assume that t(yαn+1
) = n + 1, since the proof for s(yαn+1

) = n + 1 uses the same
argument. Let us now consider g(n+1, fαn+1

)◦γ. By (5.3.1) we see that (g(n+1, fαn+1
)◦γ)(yαn+1

) = yσ(αn+1).
Since yαn+1

is the unique arrow connecting {1, . . . , n} to n+1 we still have that (g(n+1, fαn+1
)◦γ)(yαi) = yσ(αi)

for all i ≤ n. Therefore, by inductively modifying γ we get

γ(yα) =

{
yσ(α), if α ∈ Q1

fαyσ(α), if α 6∈ Q1

.

It is left to show that fα does not depend on α up to a sign. This is shown by comparing c and γ(c). Recall
that

c =
∑
α∈Q1

sgn(α)yα ⊗Ds(α)
yα∗ .

Now applying γ gives

γ(c) =
∑
α∈Q1

yσ(α) ⊗Ds(α)
fα∗yσ(α)∗ −

∑
α∗∈Q∗1

fα∗yσ(α)∗ ⊗Ds(α∗) yσ(α)
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Note that γ can be viewed as a graded morphism where the grading is given by deg(yα) = 1 for all α ∈ Q1

and deg(ei) = 0 for all i ∈ Q0. Let γ′ : T (S) → T (S) be defined by having the same constants as γ. Since γ′

induces γ we get that γ′ sends 〈c〉 to 〈c〉. We get that

γ′(eicei) = eσ(i)γ
′(c)eσ(i) ∈ eσ(i)T (S)2eσ(i) ∩ 〈c〉 = eσ(i)T (S)0ceσ(i)

since c has degree 2. Now eσ(i)T (S)0 = T (S)0eσ(i) = Di = F yields

γ′(eicei) ∈ F 〈eσ(i)ceσ(i)〉.

Let fi ∈ F be a constant such that

γ′(eicei) =
∑
α∈Q1,

s(α)=i or t(α)=i

− sgn(σ(α))fiyσ(α) ⊗Ds(α)
yσ(α)∗ .

Thus

fα∗ = − sgn(α) sgn(σ(α))fi = − sgn(α∗) sgn(σ(α∗))fi = sgn(σ(α∗))fi

for all α ∈ Q∗1 such that s(α) = i or t(α) = i. Since Q is connected, fi = fj for all i, j ∈ Q0, and therefore

γ(yα) =

{
yσ(α), if α ∈ Q1

sgn(σ(α))fyσ(α), if α 6∈ Q1

,

for some f ∈ F .
Now we assume that ∆ is non-simply laced. We want to reduce the problem so that we can reuse the logic

we used for when ∆ is simply laced. Similar to the simply laced case, we can assume that y1
α = 1F . Since ∆ is

a Dynkin diagram of BCFG, there exists a unique arrow α0 ∈ Q1 such that Mα0
= FGG or Mα0

= GGF . We
will assume the latter since both cases use similar arguments. Then we know dimDt(α)

Mα = 1 for all α ∈ Q1.
Therefore we can write

γ(yiα) = dαy
i
σ(α),

for all α ∈ Q1 where dα ∈ Dt(α). Let us now enumerate the vertices and apply the same argument as in
the simply laced case to simplify γ. Pick 0 = s(α0) as our root and let the other vertices be defined in
the same way as before. Then the same induction argument works for this case, since dimDt(α)

Mα = 1 and
dimDs(β)

Mβ = dimDt(β)
Mβ = 1 for all α 6= β ∈ Q1, and we can write

γ(yiα) =

{
yiσ(α), if α ∈ Q1,

dαy
i
σ(α), if α 6∈ Q1.

Now we want to show that dα ∈ F for all α ∈ Q1 and that dα does not depend on α. Let γ′ be defined in
the same way as in the simply laced case. We again compare c and γ′(c). Recall that

c =
∑
α∈Q1

dimDs(α)
(Mα)∑

i=1

sgn(α)yiα ⊗Ds(α)
yiα∗ .

Now applying γ′ gives

γ′(c) =
∑
α∈Q1

dimDs(α)
(Mα)∑

i=1

yiσ(α) ⊗Ds(α)
dα∗y

i
σ(α)∗ −

∑
α∗∈Q∗1

dimDs(α∗) (Mα∗ )∑
i=1

dα∗y
i
σ(α)∗ ⊗Ds(α∗) y

i
σ(α)

The same argument as in the simply laced case is used to show that γ′(c) ∈ 〈c〉. More explicitly,

γ′(eicei) = −dieσ(i)ceσ(i), (5.3.2)
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for some di ∈ Di. If we show that γ(cα) = dα∗cσ(α) and γ(cα∗) = dαcσ(α)∗ for all α ∈ Q1, then we can use the
same argument as in the simply laced case to say that dα∗ = d sgn(σ(α∗)) for some d ∈ G, and also use that
d ∈ Di for all i ∈ Q0 to say that d ∈ F .

Now we prove that γ′(cα) = dα∗cσ(α) and γ′(cα∗) = dα∗cσ(α)∗ for all α ∈ Q1. The latter is immediate from

γ′(cα∗) = γ

dimDs(α∗) (Mα∗ )∑
i=1

yiα∗ ⊗Ds(α∗) y
i
α

 =

dimDs(α∗) (Mα∗ )∑
i=1

dα∗y
i
σ(α)∗ ⊗Ds(α∗) y

i
α = dα∗cσ(α)∗ .

To prove that γ′(cα) = dα∗cσ(α) we first do a similar computation

γ′(cα) = γ

dimDs(α)
(Mα)∑

i=1

yiα ⊗Ds(α)
yiα∗

 =

dimDs(α)
(Mα)∑

i=1

yiσ(α) ⊗Ds(α)
dα∗y

i
σ(α)∗ =

=

dimDs(α)
(Mα)∑

i=1

diα∗y
i
σ(α) ⊗Ds(α)

yiσ(α)∗ ,

where diα∗ is defined via diα∗y
i
σ(α) = yiσ(α)dα∗ . By (5.3.2) we get diα∗ = djα∗ for all i, j = 1, . . . ,dimDs(α)

(Mα).

Moreover, since y1
α = 1F we have d1

α∗ = dα∗ . Hence γ′(cα) = dα∗cσ(α). �

In the path algebra case, Brenner, Butler and King [BBK02] showed that f = 1 for all path algebras over
Dynkin quiver of type ADE.

Theorem 5.4. [BBK02, Corollary 4.7] For a Dynkin quiver(ADE) Q, the Nakayama automorphism γ of the
preprojective algebra Π(KQ) is defined on the generators as:

γ(yα) =

{
yσ(α), if α ∈ Q1

sgn(σ(α))yσ(α), if α 6∈ Q1

It is not clear how one can generalize their proof to our setting. The first reason is that they use that the
division algebras are commutative and the second reason is that the socle of each projective Π(KQ)-module is
one dimensional. Still, we believe that it should be possible to make a similar computation to prove that f = 1
in our setting. Thus we make the following conjecture.

Conjecture 5.5. Theorem 5.3 still holds if we set f = 1.

6. Koszul algebras

The goal of this section is to show that the preprojective algebra of a representation finite species of Dynkin
type ∆ with Coxeter number h is (h− 2, 2)-almost Koszul. We will introduce the definition of the preprojective
algebra using the derived category, which in turn will be used to compute the almost Koszul complex for
Di ∈ Π(S)−mod.

Lemma 6.1. Let S be a species. Then T (S) is a Koszul algebra.

Proof. Applying −⊗T (S) T (S)0 to (3.4.1) yields an exact sequence of T (S)-modules

P• : 0 −−→
⊕
α∈Q1

T (S)et(α) ⊗Dt(α)
Mα

mult−−−−−−−→
⊕
i∈Q0

T (S)ei → T (S)0 −−→ 0. (6.1.1)

This is the Koszul complex of T (S), in other words, T (S) is a Koszul algebra. �
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We will now shift our focus to the bounded derived category of T (S). As we will see in this section, we
can describe the preprojective algebra in the bounded derived category and use the theory of Auslander-Reiten
triangles due to [Hap87] to compute the almost Koszul complex for all simple Π(S)-modules. Using ν1 we have
an alternate description of the preprojective algebra Π(S) as follows

Π(S) =
⊕
i≥0

HomDb(T (S)−mod)(T (S), ν−i1 T (S)).

This definition is indeed equivalent to the definition given by [BGL87]. This can be seen by noting that
T (S)−mod can be viewed as a subcategory of Db(T (S)−mod) and the fact that

HomDb(T (S)−mod)(T (S), ν−i1 T (S)) ∼= HomT (S)(T (S), τ−iT (S))

for all i ∈ Z≥0. We denote the Auslander-Reiten quiver for Db(T (S)−mod) by ΓD(S). The relation between

T (S)−mod and Db(T (S)−mod) can be seen via ΓD(S). More explicitly, we can describe ΓD(S) using ΓS as
follows. The vertex set is

(ΓD(S))0 =
⋃
i∈Z

(ΓS [i])0,

and the arrow set is

(ΓD(S))1 = V ∪
⋃
i∈Z

(ΓS [i])1,

where V is a set of arrows connecting ΓS [i] with ΓS [i + 1] for all i ∈ Z. A description of V will be given with

the following example. Let S be the species C C−→ R R−→ R over the quiver 1→ 2→ 3. The quiver ΓD(S) is

· · · I1[−1] P1 ν−1
1 P1 I1 P1[1]

· · · I2[−1] P2 ν−1
1 P2 I2 P2[1] · · ·

I3[−1] P3 ν−1
1 P3 I3 P3[1] · · ·

2 2 2 22 2 2 2 2

Here the red arrows are the arrows in V . Note that if there is an arrow Ps → Pt with valuation dPs,Pt , then
there is an arrow It[i]→ Ps[i+ 1] with valuation dIt[i],Ps[i+1] = dPs,Pt , for all i ∈ Z and these give all arrows in
V .

The almost split sequences in T (S)−mod relate to Auslander-Reiten triangles in Db(T (S)−mod) in the sense
that for any almost split sequence

0→M → X → N → 0

in T (S)−mod, there is an Auslander-Reiten triangle of the form

M → X → N →M [1]

in Db(T (S)−mod). We will use this relation between almost split sequences and Auslander-Reiten triangles to
prove that representation finite species are twisted fractionally Calabi-Yau.

Lemma 6.2. Let S be a representation finite species of Dynkin type ∆ with Coxeter number h. Then li+lσ(i) = h

for all i ∈ Q0. In particular, ν−h1 Pi = Pi[2].

Proof. Let ai = li + lσ(i). By Theorem 3.1 we know that σ2 = Id. Thus ν−ai1 Pi = Pi[2] for all i ∈ Q0. Now if
there is an arrow from i→ j in Q then HomT (S)(Pj , Pi) 6= 0, which means that

0 6= HomT (S)(ν
−aiaj
1 Pj , ν

−aiaj
1 Pi) = HomT (S)(Pj , Pi[2(aj − ai)]),
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and so aj = ai. Hence ai = a for all i ∈ Q0 and for some constant a ∈ Z. On the other hand, setting n = |Q0|,
we get

na =
∑
i∈Q0

ai = 2
∑
i∈Q0

li = 2n
h

2
= nh (6.2.1)

and therefore a = h. The third equality in (6.2.1) holds since that there are nh2 indecomposable T (S)-modules
and that li is the number of indecomposable T (S)-modules in the τ -orbit of Pi. �

Proposition 6.3. Let S be a representation finite species of Dynkin type ∆ with Coxeter number h. Then T (S)
is twisted h−2

h -Calabi-Yau.

Proof. By [HI11, Proposition 4.3] it is enough to show that νhT (S) ∼= T (S)[h − 2]. This can be seen via the
following computation

νhT (S) ∼= (ν1 ◦ [1])hT (S) = νh1 T (S)[h] ' T (S)[h− 2].

The third isomorphism holds by Lemma 6.2. �

Next we show for every representation finite species S that all paths in ΓD(S) from X to Y have the same
length W (X,Y ). To do this we first introduce integers W (i, j) for all i, j ∈ Q0. We will define W in several
steps.

First we define W (ω) where ω is a path in Q. Given a path ω in Q we can split it into a product of arrows
in Q1 as follows

ω = αmαm−1 . . . α1, αi ∈ Q1.

Let us define

W (ω) =

m∑
i=1

W (αi), W (αi) =

{
−1, if αi ∈ Q1

1, if αi 6∈ Q1

(6.3.1)

Proposition 6.4. Let Q be an acyclic quiver and let ω and ω′ be two paths from i to j in Q. Then W (ω) =
W (ω′). Thus we write W (i, j) = W (ω).

Proof. First we show that if ωcyc is a cycle in Q then W (ωcyc) = 0. First we write

ωcyc = αmαm−1 · · ·α1,

where αi ∈ Q1 for all i ∈ {1, . . . ,m}. Since Q is acyclic and without multiple arrows there exists k ∈ {1, . . . ,m}
such that αk = α∗k−1. Thus

W (ωcyc) = W (ω′cyc),

where

ω′cyc = αmαm−1 · · ·αk+1αk−2 · · ·α1.

Since ω′cyc is a cycle in Q we have that W (ωcyc) = 0 by induction on the length of ωcyc.

Now let ω and ω′ be path from i to j in Q. Then ω∗ω′ is a cycle, and therefore W (ω∗ω′) = 0. Rewriting the
left hand side we get

0 = W (ω∗ω′) = W (ω′) +W (ω∗) = W (ω′)−W (ω). �

Since T (S) is hereditary we know that the projective T (S)-modules in ΓD(S) form a subquiver which is
isomorphic to Q∗. So if there is a path in ΓD(S) from Pi to Pj , it must have length W (i, j). We can define W

on all indecomposable objects in Db(T (S)−mod) preserving this property by observing that any path in ΓD(S)

from X to ν−1
1 X has length 2, for all indecomposable objects X ∈ Db(T (S)−mod). Let X,Y ∈ Db(T (S)−mod).

Then since S is representation finite there exist k1, k2 ∈ Z≥0 such that X = ν−k1
1 Pi and Y = ν−k2

1 Pj for some
i, j ∈ Q0. We define

W (X,Y ) = 2(k2 − k1) +W (i, j).
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Let Z = ν−k3
1 Pm for some m ∈ Q0. We claim that W (X,Z) = W (X,Y ) +W (Y,Z). Indeed, we have that

W (X,Z) = 2(k3 − k1) +W (i,m) =

= 2(k2 − k1) +W (i, j) + 2(k3 − k2) +W (j,m) +W (i,m)−W (j,m)−W (i, j) =

= W (X,Y ) +W (Y, Z) +W (i,m)−W (j,m)−W (i, j).

Now let ω be a path in Q from i to j and ω′ be a path in Q from j to m. Then ω′ω is a path in Q from i to
m, and by Proposition 6.4, W (i,m) = W (ω′ω) = W (ω′) +W (ω) = W (j,m) +W (i, j) which proves our claim.

Proposition 6.5. Let X,Y ∈ Db(T (S)−mod) be indecomposable modules. Any path from X to Y in Db(T (S)−mod)
has length W (X,Y ).

Proof. As above, X = ν−k1
1 Pi and Y = ν−k2

1 Pj for some i, j ∈ Q0 and k1, k2 ∈ Z≥0. By construction of

W the claim holds when k1 = k2 = 0. Let Z ∈ Db(T (S)−mod) and let k3 be such that Z = ν−k3
1 Pl for

some l ∈ Q0. Assume that α : l → j ∈ Q1 and that there is a path of length 1 from Z to Y . We need to
show that W (X,Y ) = W (X,Z) + 1. Since there is a path of length 1 from Z to Y we get that |k2 − k3| ≤
1 and thus we have two cases. Either k3 = k2 or k3 = k2 − 1. If k3 = k2 then α 6∈ Q1 and therefore
W (X,Y ) = W (X,Z) + W (Z, Y ) = W (X,Z) + W (l, j) = W (X,Z) + 1. If k3 = k2 − 1 then α ∈ Q1 and thus
W (X,Y ) = W (X,Z) + W (Z, Y ) = W (X,Z) + 2(k2 − k3) + W (l, j) = W (X,Y ) + 2 − 1 = W (X,Y ) + 1. Now
the claim follows by induction on the length of the path from X to Y . �

Proposition 6.6. Let X ∈ Db(T (S)−mod). Then W (X,X[1]) = h.

Proof. Without loss of generality we can assume that X = Pi since

W (X,X[1]) = W (νk1X, ν
k
1X[1])

for all k ∈ Z. By Lemma 6.2 we have that ν−h1 Pi = Pi[2] for all i ∈ Q0. Now W (Pi, Pi[2]) = W (Pi, ν
−h
1 Pi) = 2h

and W (Pi, Pi[2]) = 2W (Pi, Pi[1]) give the claim. �

In the derived category we can look that the following Auslander-Reiten triangle

Ii → N → Pi[1]→ Ii[1] (6.6.1)

where ν1Pi[1] = Ii. Then W (Ii, Pi[1]) = 2 and W (Pi, Ii) = h − 2 by Proposition 6.6. This holds for every
i ∈ Q0. The following proposition uses this to compute the degree of the socle of the preprojective algebra.

Proposition 6.7. Let S be a representation finite species. Then

deg Soc(Π(S)) = h− 2.

Proof. If we shift (6.6.1) to the right we get

Pi → Ii → N → Pi[1]. (6.7.1)

Up to multiplication by a scalar the first morphism in (6.7.1) is given by

Pi � Top(Pi) = Soc(Ii) � Ii, (6.7.2)

and it is an element of Π(S)ei. Since (6.7.1) is obtained by shifting an Auslander-Reiten triangle starting at Ii,
any radical map from Ii can be factored through Ii → N . The exactness of the triangle yields that any radical
morphism composed with (6.7.2) is the zero map. Hence (6.7.2) lies in the socle of Π(S)ei. It is left to show
that the Soc(Π(S)ei) is D-generated by (6.7.2). Since Π(S) is self-injective

dimDσ(i)
Soc(Π(S)ei) = 1,

for all i ∈ Q0. This proves the proposition. �
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Proposition 6.8. Let S be a species of Dynkin type ∆. For every i ∈ Q0, there is an exact sequence of left
Π(S)-modules

0→ Dσ(i) → Π(S)ei →
⊕
j∈N(i)

Π(S)ej → Π(S)ei → Di → 0, (6.8.1)

where Di is the simple module at i ∈ Q0.

Proof. To construct the sequence (6.8.1) we start by considering Auslander-Reiten triangles inDb = Db(mod−T (S))
(i.e. we for the moment switch to considering right T (S)-modules).

By [DR80, Theorem], the preprojective algebra does not depend on the orientation of Q. Therefore, we
choose an orientation of Q such that Pi is simple. Consider the Auslander-Reiten triangle

Pi →
⊕
α∈Q1

t(α)=i

Ps(α) → ν−1
1 Pi → Pi[1]. (6.8.2)

The fact that the middle term of (6.8.2) is a direct sum of projective modules is a consequence of Pi being simple.
Note that this triangle consists of two length 1 morphisms and one length h−2 morphism ν−1

1 Pi → Pi[1], which

follows from the discussion for (6.6.1). Let 0 ≤ j ≤ lk. We apply HomDb(−, ν
−j
1 Pk) on (6.8.2) to get the long

exact sequence

· · · →
⊕
α∈Q1

t(α)=i

HomDb(Ps(α)[1], ν−j1 Pk)→ HomDb(Pi[1], ν−j1 Pk)→

→ HomDb(ν
−1
1 Pi, ν

−j
1 Pk)→

⊕
α∈Q1

t(α)=i

HomDb(Ps(α), ν
−j
1 Pk)→

→ HomDb(Pi, ν
−j
1 Pk)→ HomDb(ν

−1
1 Pi[−1], ν−j1 Pk)→

⊕
α∈Q1

t(α)=i

HomDb(Ps(α)[−1], ν−j1 Pk)→ · · ·

. (6.8.3)

First note that

HomDb(Pi[1], ν−j1 Pk) =


Dσ(i), if j = lk and k = σ(i)

radDb(Pi[1], Pσ(k)[1]), if j = lk and k 6= σ(i)

0, otherwise

, (6.8.4)

and since (6.8.2) is an Auslander-Reiten triangle starting Pi we have that every morphism in radDb(Pi, Pσ(k))
factors through the first morphism in (6.8.2). Hence

coker

 ⊕
α∈Q1

t(α)=i

HomDb(Ps(α)[1], ν−j1 Pk)→ HomDb(Pi[1], ν−j1 Pk)

 =

{
Dσ(i), if j = lk and k = σ(i)

0, otherwise.
(6.8.5)
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We can therefore consider the non-brutal truncation of (6.8.3), i.e.

0→ coker

 ⊕
α∈Q1

t(α)=i

HomDb(Ps(α)[1], ν−j1 Pk)→ HomDb(Pi[1], ν−j1 Pk)

→
→ HomDb(ν

−1
1 Pi, ν

−j
1 Pk)→

⊕
α∈Q1

t(α)=i

HomDb(Ps(α), ν
−j
1 Pk)→

→ HomDb(Pi, ν
−j
1 Pk)→ HomDb(ν

−1
1 Pi[−1], ν−j1 Pk)→

⊕
α∈Q1

t(α)=i

HomDb(Ps(α)[−1], ν−j1 Pk)→ · · · .

(6.8.6)

Also note that

HomDb(ν
−1
1 Pi[−1], ν−j1 Pk) =

{
Di, if j = 0 and k = i

0, otherwise
, (6.8.7)

which follows form the fact that we chose our orientation ofQ such that Pi is simple. Since HomDb(T (S)[−1], T (S)) =
0, the direct sum ⊕

α∈Q1

t(α)=i

HomDb(Ps(α)[−1], ν−j1 Pk) = 0. (6.8.8)

Let us now take the direct sum of (6.8.6) for values k ∈ Q0 and 0 ≤ j ≤ lk to get the following sequence

0→
⊕
k∈Q0

lk⊕
j=0

coker

 ⊕
α∈Q1

t(α)=i

HomDb(Ps(α)[1], ν−j1 Pk)→ HomDb(Pi[1], ν−j1 Pk)

→
→
⊕
k∈Q0

lk⊕
j=0

HomDb(ν
−1
1 Pi, ν

−j
1 Pk)→

⊕
α∈Q1

t(α)=i

⊕
k∈Q0

lk⊕
j=0

HomDb(Ps(α), ν
−j
1 Pk)→

→
⊕
k∈Q0

lk⊕
j=0

HomDb(Pi, ν
−j
1 Pk)→

⊕
k∈Q0

lk⊕
j=0

HomDb(ν
−1
1 Pi[−1], ν−j1 Pk)→ 0→ · · · .

(6.8.9)

From the definition of the preprojective algebra we know⊕
k∈Q0

lk−1⊕
j=0

HomDb(Pi, ν
−j
1 Pk) = Π(S)ei,

as a vector space. Naturally, we can view it as an Π(S)-module, and since all of the maps in (6.8.9) are given
by composition by certain morphisms, we can view the sequence as being a sequence of Π(S)-modules. Using
the fact that HomDb(T (S), T (S)[1]) = 0 it follows that

HomDb(Pi, ν
−lk
1 Pk) = 0.

Using (6.8.5), (6.8.7) and (6.8.8) we can rewrite (6.8.9) to

0→ Dσ(i) → Π(S)ei →
⊕
α∈Q1

t(α)=i

Π(S)es(α) → Π(S)ei → Di → 0.

�
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Remark 6.9. Note that taking the ?-degree 0 part of the complex in Proposition 6.8 yields the Koszul complex
(6.1.1).

Definition 6.10. [BBK02, Definition 3.1] Let Λ =
⊕p

i=0 Λi be a graded K-algebra. We say that Λ is an almost
Koszul, or (p, q)-almost Koszul algebra, if there exists a graded exact complex

0→W → Pq → · · · → P1 → P0 → Λ0 → 0,

of Λ-modules where Pi is projective and is generated by its component of degree i for all i = 0, . . . , q. Here
W = Λp ⊗Λ0

(Pq)q.

Corollary 6.11. If S is a species of Dynkin type ∆, then Π(S) is (h− 2, 2)-almost Koszul.

Proof. From the definition of the preprojective algebra it is easy to see that it is indeed a quadratic algebra.
The sequence in Proposition 6.8 is the almost Koszul complex for Si. All the morphism are of degree 1 except
for the fourth morphism which is of degree h − 2. This tells us that the third syzygy is Sσ(i), and therefore
Π(S) is (h− 2, 2)-almost Koszul. �

7. Higher Preprojective Algebras

In this section we recall the higher analogue of the preprojective algebra and the l-homogeneous property for
d-representation finite algebras.

In the setup of higher Auslander-Reiten theory [Iya07, Iya08], The notion of being representation finite and
hereditary is generalized by the following definition.

Definition 7.1. Let Λ be a finite dimensional K-algebra of global dimension d. We say that Λ is d-representation
finite if there exists a d-cluster tilting module M ∈ Λ−mod, i.e.

add(M) = {X ∈ Λ−mod | ExtiΛ(M,X) = 0 for any 0 < i < n} =

= {X ∈ Λ−mod | ExtiΛ(X,M) = 0 for any 0 < i < n}.

Before we introduce the higher analogue of being l-homogeneous, we need to introduce the higher Auslander-
Reiten translation together with some of its properties, which are stated in the following proposition.

Proposition 7.2. [Iya11, Proposition 1.3b)] Let Λ be a d-representation finite algebra. Let

τd = TorΛ
d (DΛ,−) ∼= DExtdΛ(−,Λ) : Λ−mod→ Λ−mod,

τ−1
d = DTorΛ

d (D−, DΛ) ∼= ExtdΛ(DΛ,−) : Λ−mod→ Λ−mod.

Let P1, . . . , Pa be the isomorphism classes of indecomposable projective Λ-modules, and let Ii be the indecom-
posable injective corresponding to Pi.

(1) There exists a permutation σ and positive integers l1, . . . , la such that τ li−1
d Ii = Pσ(i) for all 1 ≤ i ≤ a.

(2) There exists a unique basic d-cluster tilting Λ-module M , which is given as the direct sum of the following
mutually non-isomorphic indecomposable Λ-modules.

I1, τdI1, · · · τ l1−2
d I1, τ l1−1

d I1 = Pσ(1)

I2, τdI2, · · · τ l2−2
d I2, τ l2−1

d I2 = Pσ(2)

· · · · · · · · · · · · · · ·
Ia, τdIa, · · · τ la−2

d Ia, τ la−1
d Ia = Pσ(a)

(3) We have mutually quasi-inverse equivalences τd : add(M/Λ)
∼−→ add(M/DΛ) and τ−1

d : add(M/DΛ)
∼−→

add(M/Λ).

Definition 7.3. [HI11, Definition 1.2] Let Λ be a d-representation finite algebra. We say that Λ is l-homogeneous
if li = l for all i.

In the paper [IO13] Iyama and Oppermann introduced the (d + 1)-preprojective algebra of an algebra of
global dimension d, which is the higher analogue of Definition 4.1.
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Definition 7.4. [IO13, Definition 2.11] Let Λ be a d-representation finite algebra. We denote the (d + 1)-
preprojective algebra, or the higher preprojective algebra, of Λ by Π(Λ). It is defined as

Π(Λ) =
⊕
i≥0

Πi =
⊕
i≥0

HomΛ(Λ, τ−id Λ),

with multiplication
Πi ×Πj → Πi+j ,

(u, v) 7→ uv = (τ−id (v) ◦ u : Λ→ τ
−(i+j)
d Λ).

As for the preprojective algebra in Definition 4.1, the (d+ 1)-preprojective algebra is naturally Z-graded by
setting elements in Πi to have degree i. This grading will be referred to as the ?-grading for Π(Λ).

Definition 7.5. Let Λ be a K-algebra. We define νd = ν ◦ [−d] : Db(Λ−mod) → Db(Λ−mod), where ν the is
the Nakayama functor.

Remark 7.6. For a d-representation finite algebra Λ, we can also define the (d+ 1)-preprojective algebra using
ν−1
d instead of τ−1

d , i.e.

Π(Λ) =
⊕
i≥0

HomDb(Λ−mod)(Λ, ν
−i
d Λ). (7.6.1)

We have the following important result by Grant and Iyama.

Theorem 7.7. [GI20, Theorem 4.21(b)] Let Λ be a Koszul d-hereditary algebra, and Π its (d+ 1)-preprojective
algebra with the (d+ 1)-total grading given in [GI20, Definition 4.15]. If Λ is d-representation finite, then Π is
almost Koszul.

8. Tensor Product of algebras

In this section we study tensor products of d-representation finite algebras. The motivation comes from the
paper [HI11] that showed that if Λi is l-homogeneous and di-representation finite for i ∈ {1, 2}, then Λ1 ⊗K Λ2

is again l-homogeneous and (d1 + d2)-representation finite when K is a perfect field. For this reason we assume
that K is perfect from this point. The goal of this section is to prove that the higher preprojective algebra
Π(Λ1 ⊗K Λ2) is an almost Koszul algebra given certain conditions. This is formulated in Theorem 8.4. This
shows existence of almost Koszul complexes and in Section 10 we give a more complete description of the almost
Koszul complexes given certain assumptions on the algebras Λ1 and Λ2.

For completeness we will first prove the folklore statement that says that the tensor product of two Koszul
algebras is a Koszul algebra. This is proven for connected K-algebras in [PP05, Chapter 3.1, Corollary 1.2].

Lemma 8.1. Let Λ1 and Λ2 be two Koszul algebras. Then Λ1 ⊗K Λ2 is Koszul.

Proof. Let PΛ1
• and PΛ2

• be the Koszul complex for (Λ1)0 and (Λ2)0 respectively. Consider the following double
complex

...
...

· · · PΛ1
1 ⊗K P

Λ2
1 PΛ1

1 ⊗K P
Λ2
0 0

· · · PΛ1
0 ⊗K P

Λ2
1 PΛ1

0 ⊗K P
Λ2
0 0

0 0

1⊗pΛ2
1

p
Λ1
1 ⊗1 p

Λ1
1 ⊗1

1⊗pΛ2
1
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Denote this complex by PΛ1
• ⊗K P

Λ2
• . Note that all the squares in this complex commute, and therefore we can

take the total complex. At degree i we have

Tot(PΛ1
• ⊗K P

Λ2
• )i =

⊕
m+n=i

PΛ1
m ⊗K P

Λ2
n

and the morphism, denoted by di, from Tot(PΛ1
• ⊗K P

Λ2
• )i is

di =


pΛ1
i ⊗ 1 −1⊗ pΛ2

1

pΛ1
i−1 ⊗ 1 1⊗ pΛ2

2

. . .
. . .

pΛ1
2 ⊗ 1 (−1)i1⊗ pΛ2

i


Since all squares in PΛ1

• ⊗KP
Λ2
• commute, Tot(PΛ1

• ⊗KP
Λ2
• ) is exact except at degree 0. Moreover, H0(Tot(PΛ1

• ⊗K
PΛ2
• )) = (Λ1)0⊗K (Λ2)0 = (Λ1⊗KΛ2)0. The morphisms in Tot(PΛ1

• ⊗KP
Λ2
• ) have degree 1, and thus Tot(PΛ1

• ⊗K
PΛ2
• ) is the Koszul complex of (Λ1 ⊗K Λ2)0. �

Herschend and Iyama gave a description of the Calabi-Yau properties of tensor products of fractionally
Calabi-Yau algebras which is applicable to our case.

Proposition 8.2. [HI11, Proposition 1.4] Let K be a perfect field. If Λi is mi
li

-CY (respectively, twisted mi
li

-CY)

for each i ∈ {1, 2}, then Λ1 ⊗K Λ2 is m
l -CY (respectively, twisted m

l -CY) for the least common multiple l of
l1, l2 and

m = l

(
m1

l1
+
m2

l2

)
.

Corollary 8.3. [HI11, Corollary 1.5] Let K be a perfect field and l a positive integer. If Λi is l-homogeneous
di-representation finite for each i ∈ {1, 2}, then Λ1 ⊗K Λ2 is an l-homogeneous (d1 + d2)-representation-finite

algebra with a (d1 + d2)-cluster tilting module
⊕l−1

i=0(τ−id1
Λ1 ⊗K τ

−i
d2

Λ2).

Combining Lemma 8.1, Corollary 8.3 and Theorem 7.7 yields the following result.

Theorem 8.4. Let Λi be an l-homogeneous and di-representation finite Koszul algebra. Then the (d1 +d2 + 1)-
preprojective algebra Π(Λ1 ⊗K Λ2) is an almost Koszul algebra.

9. Properties of the Segre Product

In section 10 we describe the almost Koszul complexes in Π(Λ1 ⊗K Λ2) using the almost Koszul complexes
in Π(Λ1) and Π(Λ2), where Λ1 and Λ2 are dΛ1 - and dΛ2 -representation finite Koszul algebras. This is done by
using the Segre product, so we devote this section to define the Segre product for graded algebras.

Definition 9.1. [PP05, Chapter 3.2, Definition 1] Given two graded K-algebras Λ1 and Λ2.

(1) As a vector space, we can decompose Λi =
⊕

k∈Z Λi,k, where Λi,k is the space of elements of degree k
in Λi, for i ∈ {1, 2}. We define the Segre product of Λ1 and Λ2 as

Λ1 KΛ2 =
⊕
k∈Z

Λ1,k ⊗K Λ2,k.

(2) Let X ∈ Λ1−modZ and Y ∈ Λ2−modZ. We define the Segre product of X and Y as

X KY =
⊕
i

Xi ⊗K Yi ∈ Λ1 KΛ2−modZ,

where the subscript i denotes the graded part at i.

The first application of the Segre product will be used to describe the preprojective algebra of Λ1 ⊗K Λ2.
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Lemma 9.2. Let Λi be an l-homogeneous dΛi-representation finite algebra for each i ∈ {1, 2}. Then

Π(Λ1 ⊗K Λ2) ∼= Π(Λ1) KΠ(Λ2).

Moreover, this isomorphism is compatible with the ?-grading.

Proof. We will use the definition for the preprojective algebra given in Remark 7.6.1. From [HIO14, Lemma
2.11] we have

νdΛ1
+dΛ2

(X ⊗K Y ) = νdΛ1
(X)⊗ νdΛ2

(Y ),

where X ∈ Db(Λ1−mod) and Y ∈ Db(Λ2−mod). Therefore

Π(Λ1 ⊗K Λ2) =
⊕
i≥0

HomDb(Λ1⊗KΛ2−mod)(Λ1 ⊗K Λ2, ν
−i
dΛ1+dΛ2

(Λ1 ⊗K Λ2)) ∼=

∼=
⊕
i≥0

HomDb(Λ1⊗KΛ2−mod)(Λ1 ⊗K Λ2, ν
−i
dΛ1

(Λ1)⊗K ν
−i
dΛ2

(Λ2)) ∼=

∼=
⊕
i≥0

HomDb(Λ1−mod)(Λ1, ν
−i
dΛ1

(Λ1))⊗K HomDb(Λ2−mod)(Λ2, ν
−i
dΛ2

(Λ2)) =

= Π(Λ1) KΠ(Λ2). �

We also prove the Künneth formula for the Segre product with the use of the following lemma.

Lemma 9.3. The Segre product − K− is bi-exact.

Proof. Let

0→ X → Y → Z → 0 (9.3.1)

be an exact sequence of graded Λ2-modules. Let M be a graded Λ1-module. We have to show that

0→M KX →M KY →M KZ → 0

is exact. It is enough to show that the sequence is exact at all degrees, i.e.

0→ (M KX)i → (M KY )i → (M KZ)i → 0

but then note from the definition of the Segre product that this is equivalent to taking the tensor product over
K, since (M K−)i = Mi ⊗K (−)i, which is exact, thus M K− is exact. A similar argument can show that
− K− is exact in the first argument. �

Now we want to extend this functor to complexes. As with the usual tensor product, we extend the definition
to complexes by taking the total complex of a certain double complex.
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Definition 9.4. Let Λ1 and Λ2 be two graded K-algebras. Let X ∈ C(Λ1) and Y ∈ C(Λ2) be two complexes,
then consider the double complex

...
...

· · · Xi KYi Xi−1 KYi · · ·

· · · Xi KYi−1 Xi−1 KYi−1 · · ·

...
...

dX 1Yi

1Xi dY 1Xi−1
dY

dX 1Yi−1

(9.4.1)

We define

Tot(− K−) : C(Λ1)× C(Λ2)→ C(Λ1) K(Λ2)

such that Tot(X KY ) is the total complex of (9.4.1).

Theorem 9.5. [CE99, Theorem VI.3.1] Let Λ1 and Λ2 be two graded K-algebras. Let X ∈ C(Λ1) and Y ∈ C(Λ2)
be two complexes. Then

H(Tot(X KY )) ∼= Tot(H(X) KH(Y )).

Explicitly

Hn(Tot(X KY )) ∼=
⊕
i+j=n

Hi(X) KHj(Y ).

Proof. Setting T = − K− in [CE99, Theorem IV.8.1] together with Lemma 9.3 yields the result. �

10. Almost Koszul Complex for Higher Species

If we have an l-homogeneous di-representation finite Koszul algebra Λi for each i ∈ {1, 2}, then we have seen
earlier that Λ1 ⊗K Λ2 is a (d1 + d2)-representation finite l-homogeneous Koszul algebra and by Theorem 8.4,
the higher preprojective algebra Π(Λ1 ⊗K Λ2) is almost Koszul. In this section we describe the almost Koszul
complexes in Π(Λ1 ⊗K Λ2) using the almost Koszul complexes in Π(Λ1) and Π(Λ2). This is formulated in
Theorem 10.7. Before doing so we need to introduce some preliminary notions.

Definition 10.1. Let A be an abelian category. Let f : Q• → R• be a morphism between two complexes in
C(A). Then we define the mapping cone of f as

C(f)i = Qi−1 ⊕Ri
with the differential

d
C(f)
i =

[
−dQi−1 0
fi−1 dRi

]
.

Let Cb(A,m) be the full subcategory of Cb(A) consisting of complexes of length m, i.e. if X• ∈ Cb(A,m) then

X• = 0→ Xm → Xm−1 → · · · → X0 → 0.
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Definition 10.2. Let A be an abelian category and let f : Q• → R• be a morphism in Cb(A,m). We say that
f is an almost quasi-isomorphism if Hi(f) is an isomorphism when 0 < i < m, and H0(f) and Hm(f) are a
monomorphism and an epimorphism respectively.

Lemma 10.3. Let A be an abelian category, and let f : Q• → R• be a morphism in Cb(A,m). Then Hi(C(f)) =
0 for 0 < i ≤ m if and only if f is an almost quasi-isomorphism.

Proof. We can assume A is a module category of some ring due to the full imbedding theorem [Mit64, Theorem
4.4]. First we assume that f is an almost quasi-isomorphism. It is enough to show that for all i, Hi(C(f)) = 0

if Hi−1(f) is a monomorphism and Hi(f) is an epimorphism. Let (x, y) ∈ ker(d
C(f)
i ) ⊂ Qi−1 ⊕Ri. This means

that
dQi−1(x) = 0

fi−1(x) + dRi (y) = 0

The second equation says that fi−1(x) ∈ Im(dRi ). Using the fact that Hi−1(f) is a monomorphism yields that

x ∈ Im(dQi ). Let s ∈ Qi be such that −dQi (s) = x. Then fi(s)− y ∈ ker(dRi ) as is easily shown by the following
computation

dRi (fi(s)− y) = fi−1(dQi (s))− dRi (y) = −fi−1(x)− dRi (y) = 0.

Since Hi(f) is an epimorphism there exists a z ∈ ker(dQi ) such that

fi(z) = fi(s)− y + dRi+1(t)

for some t ∈ Ri+1. By construction we have that d
C(f)
i+1 (s− z, t) = (x, y), and thus Hi(C(f)) = 0.

Now for the other direction, assume that Hi(C(f)) = 0 if 0 ≤ i < m. It is enough to show that Hi−1(f) and
Hi(f) are a monomorphism and an epimorphism, respectively. Assume for contradiction that Hi−1(f) is not a

monomorphism. This means that we can choose an x ∈ ker(dQi−1) such that x 6∈ Im(dQi ) and Hi−1(f)(x) = 0.

Then there exists y ∈ Ri such that (x, y) ∈ ker(d
C(f)
i ) ⊂ Qi−1 ⊕ Ri. By construction, (x, y) 6∈ Im(d

C(f)
i+1 ),

contradicting the assumption Hi(C(f)) = 0. We have now shown that Hi−1(f) is a monomorphism for all 0 <
i ≤ m. We assume for contradiction that Hi(f) is not an epimorphism. Then there is a y ∈ ker(dRi )\ Im(dRi+1)

such that y 6∈ fi(ker(dQi+1)). By the construction of y we see that y 6∈ Im(dRi+1) + Im(fi), therefore (0, y) 6∈
Im(d

C(f)
i+1 ) and (0, y) ∈ ker(d

C(f)
i ), contradiction the fact that Hi(C(f)) = 0. Thus f is an almost quasi-

isomorphism. �

In [GI20] Π(Λ) is described as Π(Λ) = TΛ(E), where E = ExtdΛ(DΛ,Λ) which coincides with our definition

as ExtdΛ(DΛ,Λ) ∼= τ−1
d Λ ∼= HomDb(Λ−mod)(Λ, ν

−1
d (Λ)). In the case when Λ is Koszul we can compute E by a

graded projective resolution and so E is graded and generated in degree −d [GI20, Proposition 4.16]. This gives
a natural Z2-grading on Π(Λ) = TΛ(E) where

Π(Λ)jk = (E⊗k)j .

In order to get a grading where rad(Π(Λ)) is the positive degree part and Π(Λ)/rad(Π(Λ)) is the degree 0 part.
Grant and Iyama introduce the (d+ 1)-total grading by

Π(Λ) =
⊕

(d+1)k+j=l

Π(Λ)jk

so that Π(Λ)0 = Λ0 and Π(Λ)1 = Λ1 ⊕ E−d and so on. From now on, when Λ is Koszul we always consider
Π(Λ) as Z2-graded

Π(Λ) =
⊕
l,k≥0

Π(Λ)lk,

where l refers to the (d+ 1)-total grading and k refers to the ?-grading.
Note that if Λ = T (S) where S is some representation finite species, then, using Definition 4.4, the grading

on Π(Λ) is such that the elements in Mα and Mα∗ are of degree (1, 0) and (1, 1) respectively for all α ∈ Q1.
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Now let Λ = Λ1 ⊗K Λ2 and d = d1 + d2. The Segre product Π(Λ1) KΠ(Λ2) with respect to the ?-grading
has in addition a grading coming from the (d1 + 1)- respectively (d2 + 1)-total grading on Π(Λ1) and Π(Λ2)
respectively. However, it does not correspond to the (d+1)-total grading on Π(Λ1⊗K Λ2). To fix this we regard
Π(Λ1 KΛ2) as a Z2-graded by

(Π(Λ1) KΠ(Λ2))lk =
⊕

l1+l2−k=l

Π(Λ1)l1k ⊗K Π(Λ2)l2k,

where li refers to the (di + 1)-total grading on Π(Λi) and k refers to the ?-grading.

Proposition 10.4. Let Λi be a di-representation finite l-homogeneous Koszul algebra for each i ∈ {1, 2}. Then

Π(Λ1 ⊗K Λ2) ∼= Π(Λ1) KΠ(Λ2)

as Z2-graded algebras.

Proof. The proof is similar to Lemma 9.2. In fact letting Ei = ExtdiΛi
(DΛi,Λi) ∼= HomDb(Λi−mod)(Λi, ν

−1
di

Λi)

and E = ExtdΛ(DΛ,Λ) ∼= HomDb(Λ−mod)(Λ,ν
−1
d Λ) the isomorphism

HomDb(Λ1−mod)(Λ1, ν
−1
d1

Λ1)⊗K HomDb(Λ2−mod)(Λ2, ν
−1
d2

Λ2) ∼= HomDb(Λ−mod)(Λ, ν
−1
d Λ)

yields an isomorphism E1 ⊗K E2
∼= E of Λ-Λ-bimodules. Thus we have an isomorphism

TΛ(E) ∼= TΛ(E1 ⊗K E2) = TΛ1(E1) KTΛ2(E2)

which is compatible with the natural Z2-gradings on TΛ(E) and TΛ1
(E1) KTΛ2

(E2). The above isomorphism
induces

Π(Λ)lk =
⊕

(d+1)k+j=l

TΛ(E)jk ∼=

∼=
⊕

(d+1)k+j=l

⊕
j1+j2=j

TΛ1(E1)j1k ⊗K TΛ2(E2)j2k =

=
⊕

(d+1)k+j1+j2=l

TΛ1(E1)j1k ⊗K TΛ2(E2)j2k.

But (d+ 1)k+ j1 + j2 = l if and only if (d1 + 1)k+ j1 + (d2 + 1)k+ j2− k = l, so for li = (di + 1)k+ ji we have

Π(Λ)jk =
⊕

l1+l2−k=l

Π(Λ)l1k ⊗K Π(Λ)l2k

as desired. �

As in [BBK02], we consider almost split sequences in order to construct almost Koszul complexes. Grant
and Iyama generalized this idea in [GI20] to d-representation finite algebras. They introduced the functor

HZ =
⊕
i,j∈Z

HomDb(Λ−modZ)(−, ν−id Λ(j)) : UZ → modZ2

−Π,

where

UZ = add{ν−id Λ(j) | i, j ∈ Z} ⊂ Db(Λ−modZ).

Note that HZ(Λ) = Π(Λ) ∈ modZ2

−Π(Λ) so the essential image of HZ is exactly the projective objects in

modZ2

−Π(Λ). However, the Z2-grading on HZ(Λ) does not correspond to the Z2-grading in Remark 10.4 since
the action of (i, j) on UZ is given by ν−id (j). In order to relate these two gradings, we introduce the functor

F ′ : modZ2

−Π(Λ)→ modZ2

−Π(Λ)⊕
i,j∈Z

Xi,j 7→
⊕
s,t∈Z

X ′s,t
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where X ′s,t = X−t,(d+1)t−s. Then the first part of the grading will correspond to the (d + 1)-total grading
and the second part will correspond to the ?-grading. In the following theorem we are only interested in the
?-grading, and thus we introduce another functor

F : modZ2

−Π(Λ)→ modZ−Π(Λ)⊕
i,j∈Z

Xi,j 7→
⊕
t∈Z

(⊕
s∈Z

X ′s,t

)
.

In other words, F forgets the (d+ 1)-total grading.

Theorem 10.5. Let Λ be an acyclic d-representation finite Koszul algebra and let S be a simple Π(Λ)−modZ,

then there exist complexes R•, Q• ∈ Cb(Π(Λ)−modZ, d) and an almost quasi-isomorphism ϕ : Q• → R• such
that deg?(ϕ) = 1 and C(ϕ) is the almost Koszul complex for S.

Proof. We follow the proof of [GI20, Theorem 4.21]. They showed that for each simple S ∈ Π−modZ there is a
d-almost split sequence

0→ Cd+1
fd+1−−−→ Cd → · · · → C1

f1−→ C0 → 0, (10.5.1)

in UZ such that

F ◦H(Cd+1)
F◦H(fd+1)−−−−−−−→ F ◦H(Cn)→ · · · → F ◦H(C1)

F◦H(f1)−−−−−→ F ◦H(C0)→ 0. (10.5.2)

is the almost Koszul complex for S. In particular, it only has non-zero homology in position 0 and d+ 1.
Since the functors F and H are additive, it is enough to show that (10.5.1) can be written as a mapping cone

of some morphism. Using [Pas17, Theorem 2.4] we have that every d-almost split sequence in UZ with terms

in Λ−modZ can be written as a mapping cone of some morphism ϕ : Q• → R•. Moreover, Qi ∈ add(ν−i0d Λ)

and Ri ∈ add(ν−i0+1
d Λ) by [Pas17, Lemma 2.3], for some integer i0, thus deg?(ϕ) = 1. We know that [1] is an

equivalence and therefore every d-almost split sequence with terms in (Λ−modZ)[k] can also be written as a
mapping cone of some morphism for every k ∈ Z. Now, since νd is an equivalence, it is left to show that for
every d-almost sequence C• in UZ ending in a projective module P ∈ Λ−modZ, i.e. Cd+1 = P , there exists

an integer i ∈ Z such that νid(C•) is a d-almost split sequence with terms in (Λ−modZ)[k] for some integer

k ∈ Z. When P is not an injective module it is clear that C• is a d-almost split sequence in Λ−modZ. Now
suppose that P = Pi = Λei is a graded projective injective Λ-module. Then νlid Pi = Pσ(i)[−d]. If we can show
that there exists j ∈ Z such that Pσj(i) is not an injective module we are done. Assume that such an integer
j ∈ Z does not exist. In other words, Pσj(i) is a graded projective-injective Λ-module for all j ∈ Z. Since Λ is a
finite dimensional K-algebra, we know that there exists an integer n such that σn(i) = i, and because we have
non-zero morphisms

Pσ(i) � Top(Pσ(i)) = Soc(Iσ(i)) � Iσ(i) = Pi

which is a contradiction since Λ is acyclic. Hence (10.5.1) can be written as a mapping cone of some morphism
ϕ with deg?(ϕ) = 1.

Finally observe F ◦ H(C(ϕ)) = C(F ◦ H(ϕ)), which holds because F and H are additive. Now from the
definition of F and H we see that deg?(F ◦H(ϕ)) = 1. The fact that F ◦H(ϕ) is an almost quasi-isomorphism
comes from the fact that (10.5.2) only has non-zero homology at position 0 and d+ 1 and Lemma 10.3. �

It is still unclear if we need to assume Λ is acyclic since there are no known examples of a d-representation
finite algebra Λ such that Λ is not an acyclic algebra. Therefore we make the following conjecture.

Conjecture 10.6. Theorem 10.5 still holds if we drop the acyclic assumption on Λ.

Theorem 10.7. Let Λi be an acyclic di-representation finite l-homogeneous Koszul algebra for each i ∈ {1, 2}.
Let SΛi be a simple Π(Λi)-module and let ϕΛi : QΛi

• → RΛi
• be an almost quasi-isomorphism as in Theorem 10.5

such that C(ϕΛi) is the almost Koszul complex for SΛi . The complex

C(Tot(ϕΛ1 ϕΛ2) : Tot(QΛ1
• KQ

Λ2
• )→ Tot(RΛ1

• KR
Λ2
• ))
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is the almost Koszul complex for SΛ1 ⊗K S
Λ2 ∈ Π(Λ1 ⊗K Λ2)−modZ.

Proof. Existence of ϕΛi : QΛi
• → RΛi

• is due to Theorem 10.5.
Lemma 9.2 implies that

C(Tot(ϕΛ1 ϕΛ2)) ∈ C(Π(Λ1 ⊗K Λ2)−proj),

since C(Tot(ϕΛ1 ϕΛ2))i ∈ add(Π(Λ1) KΠ(Λ2)) for all i ∈ Z. We show that Tot(ϕΛ1 ϕΛ2) is an almost

quasi-isomorphism. First note that Tot(ϕΛ1 ϕΛ2)0 = ϕΛ1
0 ϕΛ2

0 and Tot(ϕΛ1 ϕΛ2)dΛ1
+dΛ2

+1 = ϕΛ1

dΛ1
ϕΛ2

dΛ2

and so on the level of homology they induce a monomorphism and an epimorphism respectively. Now let
0 < i < dΛ1 + dΛ2 + 1. We need to show that

Tot(ϕΛ1 ϕΛ2)i =


ϕΛ1

0 ϕΛ2
i

ϕΛ1
1 ϕΛ2

i−1

. . .

ϕΛ1
i ϕΛ2

0


induces an isomorphism on the level of homology. Theorem 9.5 tells us that

Hi(Tot(ϕΛ1 ϕΛ2)) :
⊕
j+k=i

Hj(Q
Λ1
• ) KHk(QΛ2

• )→
⊕
j+k=i

Hj(R
Λ1
• ) KHk(RΛ2

• ),

and since ϕΛ1 and ϕΛ2 are both almost quasi-isomorphisms, it is enough to show that all ϕΛ1
0 ϕΛ2

i , ϕΛ1
i ϕΛ2

0 ,

ϕΛ1

dΛ1
ϕΛ2
i and ϕΛ1

i ϕΛ2

dΛ2
induces an isomorphism on the level of homology. This is due to the fact that ϕΛ1

0 ,

ϕΛ2
0 , ϕΛ1

dΛ1
and ϕΛ2

dΛ2
are the only morphisms that do not induce isomorphisms on the level of homology. Let us

start with ϕΛ1
0 ϕΛ2

i . First note that elements in Hi(R
Λ2
• ), for i 6= 0, have ?-degree at least 1 since

Hi(ϕ
Λ2) : Hi(Q

Λ2
• ) � Hi(R

Λ2
• )

and the fact that deg?(ϕΛ2) = 1. Therefore the elements in H0(RΛ1
• ) KHi(R

Λ2
• ) have ?-degree at least 1. Also

note that H0(ϕΛ1) surjects onto the ?-degree at least 1 part of H0(RΛ1
• ) because

H0(C(ϕΛ1)) = coker(H0(ϕΛ1)) = SΛ1

is a simple concentrated at ?-degree 0. Thus using that H0(ϕΛ1) is a monomorphism we get that ϕΛ1
0 ϕΛ2

i

induces an isomorphism on the level of homology. A similar argument shows that ϕΛ1
i ϕΛ2

0 induces an isomor-
phism on the level of homology.

For the other two cases, ϕΛ1

dΛ1
ϕΛ2
i and ϕΛ1

i ϕΛ2

dΛ2
we need that Λi is l-homogeneous. The l-homogeneous

property of Λi ensures that the socle of each projective module is in ?-degree l − 1, and therefore we can use
the dual version of the argument as follows. We only show that ϕΛ1

dΛ1
ϕΛ2
i induces an isomorphism on the level

of homology since the argument for ϕΛ1
i ϕΛ2

dΛ2
is similar. The elements in Hi(Q

Λ2
• ), for i 6= dΛ2

, have ?-degree

at most l − 1 since
Hi(ϕ

Λ2) : Hi(Q
Λ2
• ) � Hi(R

Λ2
• )

and the fact that deg?(ϕΛ2) = 1. Thus the elements in HdΛ1
(RΛ1
• ) KHi(R

Λ2
• ) have ?-degree at most l−1. Now

using that
HdΛ1

(C(ϕΛ1)) = ker(HdΛ1
(ϕΛ1))

is concentrated in ?-degree l, the morphism ϕΛ1

dΛ1
ϕΛ2
i will induce an isomorphism on the level of homology.

Thus Tot(ϕΛ1 ϕΛ2) is an almost quasi-isomorphism.
To conclude that this in fact is the almost Koszul complex for SΛ1 ⊗K S

Λ2 we need to show that

H0(C(Tot(ϕΛ1 ϕΛ2))) = SΛ1 ⊗K S
Λ2 ,

and compute the homology at dΛ1
+ dΛ2

+ 1. This is shown by again using the fact that

H0(ϕΛi) : H0(QΛi
• )→ H0(RΛi

• )
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surjects onto the ?-degree ≥ 1 part of H0(RΛi
• ) and the fact that

H0(C(Tot(ϕΛ1 ϕΛ2))) = coker(H0(ϕΛ1) H0(ϕΛ2)).

Note that we did not have to use the fact that both Λ1 and Λ2 are l-homogeneous to compute the homology
at 0, but to compute the homology at dΛ1 + dΛ2 + 1, we need to use l-homogeneous property to ensure that
elements in HdΛ1

(C(ϕΛ1)) and HdΛ2
(C(ϕΛ2)) have ?-degree l. We want to show that

ker(HdΛ1+dΛ2+1(C(Tot(ϕΛ1 ϕΛ2)))) = HdΛ1
(C(ϕΛ1)) KHdΛ2

(C(ϕΛ2)). (10.7.1)

First note that

HdΛ1
(ϕΛ1) : HdΛ1

(QΛ1
• )/HdΛ1

+1(C(ϕΛ1))
∼−→ HdΛ1

(RΛ1
• )

is an isomorphism, and since both Λ1 and Λ2 are l-homogeneous the morphism

HdΛ1
+dΛ2

(Tot(ϕΛ1 ϕΛ2)) :

(HdΛ1
(QΛ1
• ) KHdΛ2

(QΛ2
• ))/(HdΛ1+1(C(ϕΛ1)) KHdΛ2+1(C(ϕΛ2)))

∼−→
∼−→ HdΛ1

(RΛ1
• ) KHdΛ2

(RΛ2
• )

is also an isomorphism. Hence (10.7.1) holds. �

Corollary 10.8. Let Λi be an acyclic di-representation finite l-homogeneous Koszul algebra for each i ∈ {1, 2}.
If Π(Λi) is an (pi, qi)-almost Koszul algebra, then Π(Λ1⊗K Λ2) is an (p1 + p2− l+ 1, q1 + q2− 1)-almost Koszul
algebra.

Proof. Let ϕΛi : QΛi
• → RΛi

• be a morphism such that C(ϕ) is the almost Koszul complex for Π(Λi)0. By
Theorem 10.7 C(Tot(ϕΛ1 ϕΛ2)) is the almost Koszul complex for Π(Λ1 ⊗K Λ2)0. Since qi describes the length
of the almost Koszul complex, we can use the definition of Tot(− K−) to find the length of the almost Koszul
complex C(Tot(ϕΛ1 ϕΛ2)) to be q1 + q2 − 1.

By Theorem 10.7 the last projective module of the almost Koszul complex
C(Tot(ϕΛ1 ϕΛ2)) will be given by QΛ1

q1 KQ
Λ2
q2 , i.e.

0→ QΛ1
q1 KQ

Λ2
q2

f−→ RΛ1
q1 KR

Λ2
q2 ⊕Q

Λ1
q1 KQ

Λ2
q2−1 ⊕Q

Λ1
q1−1 KQ

Λ2
q2 → · · · → RΛ1

0 ⊗K Q
Λ2
0 → 0

is the almost Koszul complex for Π(Λ1 ⊗K Λ2)0. Here

f =

 ϕΛ1
q1 ϕΛ2

q2

1Rq1 d
C(ϕΛ2 )
q2

d
C(ϕΛ1 )
q1 1Qq2

 .
Thus we can compute the kernel as

ker f = ker(ϕΛ1
qΛ1

ϕΛ2
qΛ2

) ∩ ker(1RqΛ1
dC(ϕΛ2 )
qΛ2

) ∩ ker(dC(ϕΛ1 )
qΛ1

1QqΛ2
)

and hence ker f = Hq1(C(ϕΛ1)) KHq2(C(ϕΛ2)). The algebras Λ1 and Λ2 being l-homogeneous ensures that
Hq1(C(ϕΛ1)) and Hq2(C(ϕΛ2)) are concentrated in ?-degree l, which implies that

ker f = Hq1(C(ϕΛ1)) KHq2(C(ϕΛ2)) = Hq1(C(ϕΛ1))⊗K Hq2(C(ϕΛ2))

It is left to show that deg ker f = p1 + p2 + q1 + q2 − l + 1, but this follows from Proposition 10.4. �

Proposition 10.9. Let Λi be a di-representation finite l-homogeneous Koszul algebra. Let γi be the Nakayama
automorphism for Π(Λi). Then γ1 γ2 is the Nakayama automorphism for Π(Λ1 ⊗K Λ2).
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Proof. By Lemma 9.2 we have to show that

Π(Λ1) KΠ(Λ2) ∼= D(Π(Λ1) KΠ(Λ2))
γ1 γ2

. (10.9.1)

First recall that the Nakayama automorphism is an isomorphism of graded modules, where the grading is
defined via the path length. This is seen as an application of [HI11, Proposition 2.4] together with the fact that
inner automorphisms does not change the grading. Here we defined the grading on DΠ(Λi) to be the induced
grading from Π(Λi). We want to ensure that the Nakayama automorphism is a morphism of ?-graded modules,
in particular, we want that deg?(γi) = 0. Since Λ1 and Λ2 are l-homogeneous we can apply [HI11, Theorem
2.3] to show deg?(γi) = 0. Thus deg?(γ1 ⊗ γ2) = 0, which implies that γ1 γ2 will be an automorphism on
Π(Λ1) KΠ(Λ2). At degree i we have

(Π(Λ1) KΠ(Λ2))i ∼= Π(Λ1)i ⊗K Π(Λ2)i ∼= (DΠ(Λ1)γ1
)i ⊗K (DΠ(Λ2)γ2

)i ∼=
∼= (DΠ(Λ1)i ⊗K DΠ(Λ2)i)γ1⊗γ2

.

Since it holds for every i ∈ Z, we can conclude that (10.9.1) holds. �

11. Computations for Tensor Products of Species with Relations

We devote this section to examples we get when we apply the theory we developed in this paper. We can
generate a lot of examples if we start with representation finite species. It is important that these species are
l-homogeneous due to Corollary 8.3, and thanks to Corollary 3.7 we have complete set of l-homogeneous rep-
resentation finite species. For all representation finite species S, we have an explicit description of the almost
Koszul complexes for simple Π(S)-modules and the Nakayama automorphism up to some scalar. By Corol-
lary 8.3, tensor products between representation finite l-homogeneous species S1 and S2 are 2-representation
finite l-homogeneous species with relations which we will describe completely in Corollary 11.7. Applying The-
orem 8.4 we know that Π(T (S1) ⊗K T (S2)) is an almost Koszul algebra. Since we established earlier that we
already know the almost Koszul complexes for all representation finite species, we can apply Theorem 10.7 to
fully describe the almost Koszul complexes for the simple Π(T (S1)⊗K T (S2))-modules. We also have a partial
description of the Nakayama automorphism of Π(T (S1)⊗KT (S2)) due to Proposition 10.9. Let us now compute
some explicit examples to illustrate this.

Example 11.1. Let S be the species in Example 4.6 over Q : 1→ 2→ 3. The Auslander-Reiten quiver ΓS is

P1 τ−1P1 I1

P2 τ−1P2 I2

P3 τ−1P3 I3

2 22 2 2

By Proposition 6.8 the almost Koszul complex for the simple Π(S)-module D1 is

R• : 0→ P1 → P2 → P1 → 0, (11.1.1)

where H0(R•) = D1 and H2(R•) = D3. The map P1 → P2 in (11.1.1) corresponds to the morphism P1 → τ−1P2

in the Auslander-Reiten quiver ΓS , and so has ?-degree 1. Therefore we can view (11.1.1) as the mapping cone
of the morphism

0 P1 0 0

0 P2 P1 0.
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Example 11.2. Let Q be the quiver

3

1 2

4

,

and let S be a species over Q such that T (S) = RQ. The Auslander-Reiten quiver ΓS is

P3 τ−1P3 I3

P2 P1 τ−1P2 τ−1P1 I2 I1

P4 τ−1P4 I4

By Proposition 6.8 the almost Koszul complex for the simple Π(S)-module D2 is

R• : 0→ P2 → P1 ⊕ P3 ⊕ P4 → P2 → 0, (11.2.1)

where H0(R•) = D2 and H2(R•) = D2. As in Example 11.1 we can deduce that the morphism P1 → P2 and
P2 → P3 ⊕ P4 are the only morphisms of ?-degree 1 by looking at ΓS . Hence we can view (11.2.1) as the
mapping cone of

0 P2 P1 0

0 P3 ⊕ P4 P2 0.

Example 11.3. Let S1 and S2 be the species from Example 11.1 and Example 11.2 respectively. Reading
from the table in Corollary 3.7, or by studying their Auslander-Reiten quivers, we see that both S1 and S2 are
3-homogeneous. Therefore T (S1)⊗K T (S2) is a 3-homogeneous 2-representation finite algebra. We can use the
almost Koszul complexes in Example 11.1 and Example 11.2 together with Theorem 10.7 to compute the almost
Koszul complex for the simple module D1

1 ⊗K D
2
2 in Π(T (S1) ⊗K T (S2))−mod. Let us define Pij = P 1

i KP
2
j ,

then the almost Koszul complex is given as the mapping cone of

0 P12 P11 0 0

0 P23 ⊕ P24 P22 ⊕ P13 ⊕ P14 P12 0.

Example 11.4. Let S1 and S2 be the species from Example 11.1 and Example 11.2 respectively. Let S3 be
the species over the quiver

Q3 : 1→ 2→ 3← 4← 5

such that T (S3) = RQ. Similarly as in Example 11.1 and Example 11.2, using Proposition 6.8 we have the
almost Koszul complex for D3

4 in Π(S3)−mod described as the mapping cone of

0 P4 P5 0

0 P3 P4 0.

By Corollary 3.7 we have that the species S3 is 3-homogeneous. Thus, by Corollary 8.3, the tensor product
Λ = T (S1)⊗K T (S2)⊗K T (S3) is a 3-homogeneous 3-representation finite algebra.
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Let us now compute the almost Kosul complex for D1
1 ⊗KD

2
2 ⊗KD

3
4 in Π(Λ)−mod. Applying Theorem 10.7

we get the following almost Koszul complex for D1
1 ⊗K D

2
2 ⊗K D

3
4 in Π(Λ)−mod as the mapping cone of

0 P124 P114 ⊕ P125 P115 0 0

0 P233 ⊕ P243
P223⊕P133⊕P143

⊕
P234⊕P244

P123⊕P224
⊕

P134⊕P144

P124 0

where Pijk = P 1
i KP

2
j KP

3
k .

We have now illustrated with some example on how to compute the almost Koszul complex using Propo-
sition 6.8 and Theorem 10.7. Let us now go back to Example 11.3 and compute the preprojective algebra
more explicitly and describe its Nakayama automorphism. To describe the Segre products and tensor products
between species with relations we need the following proposition.

Proposition 11.5. For k ∈ {1, 2}, let Sk be a graded species as in Remark 4.5, with Mk = Mk
0 ⊕Mk

1 . Moreover,
let Rk ⊂ T (Sk) be a homogeneous ideal generated in degree 0 and 1. Then

T (S1)/R1
KT (S2)/R2 ∼= T (S)/R,

where T (S) = T (D,M), D = D1 ⊗K D
2 and M = (M1

0 ⊗K D
2)⊕ (D1 ⊗K M

2
0 )⊕ (M1

1 ⊗K M
2
1 ), and

R = 〈R1
0 ⊗ 1D2 , 1D1 ⊗R2

0, R
1
1 ⊗K M

2
1 ,M

1
1 ⊗K R

2
1, [α⊗ 1D2 , 1D1 ⊗ α′] | α ∈M1

0 , α
′ ∈M2

0 〉,
where

[α⊗ 1D2 , 1D1 ⊗ α′] = (α⊗ 1D2)⊗D1⊗KD2 (1D1 ⊗ α′)− (α⊗ 1D2)⊗D1⊗KD2 (1D1 ⊗ α′).

Remark 11.6. In Definition 2.1 we require that D1 ⊗K D
2 is a direct sum of division rings, but in general

it will only be Morita equivalent to a direct sum of division rings. Therefore we consider the more general
definition of a species in Remark 2.3. For example, if D1 = D2 = H, then D1 ⊗KD

2 is isomorphic to the space
of 4× 4-matrices over R, which in turn is Morita equivalent to R.

Proof. Since K is perfect we have that D1⊗KD
2 is semi-simple. First we check that S is a species. It is enough

to show that S is dualisable. Let i
α−→ j ∈ Q1

1 and m
β−→ n ∈ Q2

1. Since S1 and S2 are dualisable, we have graded
isomorphisms

φ1
α :Hom(D1

i )op(M1
α, D

1
i )
∼−→ HomD1

j
(M1

α, D
1
j )

φ2
β :Hom(D2

m)op(M2
β , D

2
m)

∼−→ HomD2
n
(M2

β , D
2
n)

Now let ψDki : HomDki
op(Dk

i , D
k
i )
∼−→ HomDki

(Dk
i , D

k
i ) be the isomorphism that sends Ld 7→ Rd, where Ld and

Rd denote left and right multiplication by d ∈ Dk respectively, for all Dk
i . Consider the following maps

φ1
α ⊗ ψD2

k
:Hom(D1

i⊗KD2
k)op(M1

α ⊗K D
2
k, D

1
i ⊗K D

2
k)→ HomD1

j⊗KD2
k
(M1

α ⊗K D
2
k, D

1
j ⊗K D

2
k),

ψD1
k
⊗ φ2

β :Hom(D1
k⊗KD2

m)op(D1
k ⊗K M

2
β , D

1
k ⊗K D

2
m)→ HomD1

k⊗KD2
n
(D1

k ⊗K M
2
β , D

1
k ⊗K D

2
n),

φ1
α ⊗ φ2

β :Hom(D1
i⊗KD2

m)op(M1
β ⊗K M

2
β , D

1
i ⊗K D

2
m)→ HomD1

j⊗KD2
n
(M1

α ⊗K M
2
β , D

1
j ⊗K D

2
n),

(11.6.1)

The morphisms in (11.6.1) are graded isomorphisms since all of them are tensor product of two graded isomor-
phisms. This shows that S is dualisable.

Let Xi
• be the exact sequence

0→ Ri
fi−→ T (Si)

where Xi
0 = T (Si). Then T (Si)/Ri = H0(Xi

•). We shift our focus to the total complex Tot(X1
• KX

2
• ) which

is explicitly

0→ R1
KR

2 → T (S1) KR
2 ⊕R1

KT (S2)
f=

[
1 f2 f1 1

]
−−−−−−−−−−−−−−→ T (S1) KT (S2)→ 0.
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Here we see that coker(f) = T (S1)/R1
KT (S2)/R2 by using the Künneth formula in Theorem 9.5.

By the structure of the tensor product

(α1 ⊗ 1)(1⊗ α2) = α1 ⊗ α2 = (1⊗ α2)(α1 ⊗ 1),

where αi ∈M i
0. Therefore we have a natural epimorphism

ξ : T (S) � T (S1) KT (S2), (11.6.2)

with kernel R′ = 〈(α1 ⊗ 1)(1⊗ α2)− (1⊗ α2)(α1 ⊗ 1) | αi ∈ M i
0〉. To see this we first note that every element

in T (S)/R′ can be written as a linear combination of elements of the form

(α0 ⊗ 1)(1⊗ β0)(γ1 ⊗ δ1)(α1 ⊗ 1)(1⊗ β1) · · · (γN ⊗ δN )(αN ⊗ 1)(1⊗ βN ), (11.6.3)

where αk ∈ (M1
0 )⊗ak , βk ∈ (M2

0 )⊗bk and γk⊗ δk ∈M1
1 KM

2
1 for k ∈ Z≥0 and some ak, bk, N ∈ Z≥0. Let α and

β be bases of M1 and M2 respectively, chosen such that α and β consists of homogeneous elements. Then we

can create a generating set G ⊂ T (S)/R consisting of non-zero elements of the form (11.6.3) where αk ∈ α⊗ak
and βk ∈ β⊗bk are of degree 0 and γk ∈ α Kβ is of degree 1. The image of G under

ξ̃ : T (S)/R′ � T (S1) KT (S2). (11.6.4)

is a linearly independent set. Since |G| = |ξ̃(G)| we have that G is linearly independent and hence a basis of
T (S)/R′. Therefore (11.6.4) is injective. Thus (11.6.4) is bijective and hence an isomorphism.

Using (11.6.4) we have

T (S)/R′

T (S1) KR
2 ⊕R1

KT (S2) T (S1) KT (S2)

ξ̃

f

f̃
,

where f̃ is defined so the diagram commutes. Then T (S)/R ∼= coker f̃ which proves the proposition. �

Corollary 11.7. Let Si be a species with relations Ri. Then

T (S1)/R1 ⊗K T (S2)/R2 ∼= T (S)/R,

where T (S) = T (D = D1 ⊗K D
2,M = (M1 ⊗K D

2)⊕ (D1 ⊗K M
2)) and

R = 〈R1 ⊗ 1D2 , 1D1 ⊗R2, [α⊗ 1D2 , 1D1 ⊗ α′] | α ∈M1, α′ ∈M2〉,

where

[α⊗ 1D2 , 1D1 ⊗ α′] = (α⊗ 1D2)⊗D1⊗KD2 (1D1 ⊗ α′)− (α⊗ 1D2)⊗D1⊗KD2 (1D1 ⊗ α′).

Proof. Define a grading on T (Si)/Ri such that everything lies in degree 0 and then apply Proposition 11.5. �

Example 11.8. Let S1 and S2 be the species from Example 11.1 and Example 11.2 respectively. Due to
[DR80] we have a complete description of Π(S1) and Π(S2). The preprojective algebra of S1 is given by

Π(S1) = T (S
1
)/〈c1〉, where

S
1

: C1
1 R1

2 R1
3

C

C∗
R

R∗
(11.8.1)

and

c1 =
∑
α∈Q1

1

sgn(α)cα.
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The preprojective algebra of S2 is given by Π(S2) = T (S
2
)/〈c2〉, where

R2
3

S
2

: R2
1 R2

2

R2
4

R∗R

R

RR∗

R∗

, (11.8.2)

and
c2 =

∑
α∈Q2

1

sgn(α)cα.

The subscripts in (11.8.1) and (11.8.2) denotes the positions in S1 and S2 respectively.
By Lemma 9.2 we know that Π(T (S1) ⊗K T (S2)) = Π(S1) KΠ(S2) and using Proposition 11.5 we can

describe Π(T (S1)⊗K T (S2)) as the species T (S)/R, where S given by the diagram

C13

C11 C12 C14

R23

R21 R22 R24

R33

R31 R31 R34

(11.8.3)

Here the dotted lines represents the ?-degree 1 part of M in S = (D,M). The bimodule associated to an arrow
α in (11.8.3) is C if either the source or the target of α is C, otherwise it is R. For each arrow in (11.8.3) we
have a relation. More explicitly, the relations are given by

R = 〈c1 ⊗K M
2
1 ,M

2
1 ⊗K c2, [α⊗ 1D2 , 1D1 ⊗ α′] | α ∈M1

0 , α
′ ∈M2

0 〉.
We can describe the Nakayama automorphism of Π(T (S1) ⊗K T (S2)) by using Theorem 5.3 together with

Proposition 10.9. Let γi be the Nakayama automorphism of Π(Si) for each i ∈ {1, 2}. Then by Proposition 10.9
γ = γ1 γ2 is the Nakayama automorphism for Π(S1

KS
2). Let us assume that γi is defined using fi ∈ R, i.e.

γi(y
k
α) =

{
ykσ(α), if α ∈ Q1

sgn(σ(α))fiy
k
σ(α), if α 6∈ Q1

,

for each i ∈ {1, 2}. Since the Nakayama permutation is trivial for both C3 and D4 we can describe γ in a
straightforward way using Theorem 3.1. Indeed, let m ∈ M . Then we can write m = m0 +m1, where m0 and
m1 are the ?-degree 0 and ?-degree 1 part of m respectively. The Nakayama automorphism is then given by
γ(m) = m0 + f1f2m1.
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