
1. Introduction
Plasma waves play an essential role in the dynamics of space plasmas. Through wave-particle interactions, 
waves can cause, for example, plasma heating (Khotyaintsev et al., 2020), plasma transport across current layers 
(Graham et  al.,  2017; Vaivads et  al.,  2004), anomalous resistivity (Drake et  al.,  2003), and mediate energy 
exchange between different particle species (Kitamura et al., 2018). Currently, of particular research interest is the 
importance of waves in the kinetic-to-global-scale chain of magnetic reconnection (Khotyaintsev et al., 2019 and 
references therein). In addition, observations of propagating waves can serve as diagnostics to infer instabilities 
and thereby plasma conditions in a distant source region.

Electrostatic waves are found around most dynamic regions in geospace, such as the bow shock (e.g., Balikhin 
et al., 2005; Goodrich et al., 2018; Scarf et al., 1970) and the reconnecting magnetopause (e.g., Graham et al., 2016; 
Matsumoto et al., 2003; Uchino et al., 2017). To understand the cause and effect of such waves, it is impor-
tant to determine their properties, particularly their phase velocity v, wavevector k, and wave potential. If the 
waves are observed by a multispacecraft mission such as the Magnetospheric Multiscale (MMS) mission (Burch 
et al., 2016), and they are larger than the inter-spacecraft separation, as is often the case when MMS is in the 
Earth's magnetotail, these parameters can be determined via multispacecraft interferometry (Holmes et al., 2018; 
Norgren et al., 2015; Pickett et al., 2008). However, in plasma regions such as the magnetopause and the magne-
tosheath where the Debye-length is short, individual electrostatic waves are rarely observed by more than a single 
spacecraft, necessitating the use of single-spacecraft methods to determine the wave properties. Historically, this 
has been accomplished using spatially separated measurements of either electron density or electric field fluctua-
tions, as discussed in the review by LaBelle and Kintner (1989). Contemporary magnetospheric and heliospheric 
spacecraft missions such as Cluster, MMS, and Parker Solar Probe have spatially separated electric field probes 
allowing only for interferometry based on measurements of electric fields or probe potentials. Several different 
single-spacecraft interferometry methods have been developed to analyze electrostatic waves using such measure-
ments (e.g., Graham et al., 2016; Vaivads et al., 2004; Vasko et al., 2018). For example, Vasko et al. (2018) used 
interferometry based on probe potential signals, whereas Vaivads et al. (2004) and Graham et al. (2016) relied 
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on interferometry using electric field measurements constructed in different 
ways. While these methods have been argued to be applicable in the relevant 
cases, their accuracy and limitations have not been documented in detail. It is 
the aim of the present paper to fill this literature gap using primarily numeri-
cal calculations to analyze the three different single-spacecraft interferometry 
methods cited above.

The outline of this paper is as follows. In Section  2, we introduce and 
describe the three interferometry methods we will analyze. Section  3 is 
devoted to analyzing the methods, to see how well they work under different 
circumstances. In Section 4, we discuss the implications our results have on 
spacecraft analysis, and present two examples of in situ observations of soli-
tary waves on which we apply two of the methods. Finally, in Section 5 we 
summarize our results and conclusions.

2. Methods
2.1. Data Description

We investigate three interferometry methods using an analytical electrostatic 
model that we solve numerically. Our approach is straight-forward: we define 

an electrostatic potential profile, give it a phase velocity, and let it propagate past seven measurement points, 
corresponding to the six electric field probes and the spacecraft body. Using synthetic time series data from these 
points, we apply the different interferometry methods and compare their resulting velocity to the prescribed phase 
velocity. We consider the MMS spacecraft (Burch et al., 2016), which has four spherical electric field probes in 
the spin plane (Lindqvist et al., 2016), each at a distance of 60 m from the spacecraft, and two cylindrical electric 
field probes along the spin-axis (Ergun et al., 2016) each located approximately 15 m from the spacecraft (the 
tip-to-tip distance is 30.4 m). We label the probes according to the schematic in Figure 1, so that probes 1–4 are 
in the spin-plane, and 5–6 are along the spin-axis. We define a coordinate system where 𝐴𝐴 𝐴𝐴𝐴 is along probes 1–2, 𝐴𝐴 𝐴𝐴𝐴 
is along 3–4, and 𝐴𝐴 𝐴𝐴𝐴 is along 5–6, as illustrated. In addition, we define the polar angle θ to be measured from the 
z-axis, and the azimuthal angle in the xy-plane, φ, to be measured from the x-axis. This is the coordinate system 
that we use throughout this work. The actual MMS spacecraft is spinning with a period of 20 s, but as we are 
interested in wave phenomena on millisecond scales, we neglect spin-related effects.

It is important that our model treats the same type of data that is obtained by spacecraft in space. For this reason, 
we devote a couple of paragraphs to describing how the measured potentials and electric fields are related to the 
physical electrostatic potential and electric field in the plasma. For convenience, we summarize the important 
quantities in Table 1.

We start with potential measurements. What electric field probes actually measure is the potential difference 
between the probe potential Φp,i and the spacecraft potential Φsc, that is,

𝑉𝑉𝑖𝑖 = Φ𝑝𝑝𝑝𝑖𝑖 − Φsc. (1)

Figure 1. Schematic showing the probe geometry of Magnetospheric 
Multiscale. Not to scale.

Symbol Name Measured/not measured Equation

Φ(r, t) Wave electrostatic potential Not measured –

Φ(ri/sc) Wave electrostatic potential at probe i/the spacecraft Not measured –

Φp,i Potential of probe i Not measured –

Φsc Spacecraft potential Not measured –

δΦsc Spacecraft potential fluctuation Not measured Equation 3

Vi Voltage measurement of probe i Measured Equation 4

Eij Electric field from probes i and j Measured Equation 5

Table 1 
Quantities Used in Our Calculations
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We refer to these measured potential differences as voltages, to distinguish them from the various potentials 
which cannot be measured directly. However, the physically interesting quantities are not Φp,i and Φsc (and the 
corresponding Vi), but rather the difference between the electrostatic potential of the wave at the locations of the 
probes and the spacecraft, Φ(ri) and Φ(rsc). These latter quantities (and their difference) cannot be measured 
directly using electric field probes.

So, how do potentials of the probes and spacecraft, Φp,i and Φsc, relate to Φ(ri) and Φ(rsc)? To answer this ques-
tion it can be instructive to understand why these potentials differ. There are two primary reasons for why, in 
general, Φp,i ≠ Φ(ri). The first reason is that although the probe is a good conductor, it is not perfectly grounded 
to the plasma. This is because its potential is changed by the continuous absorption and emission of charges until 
the total currents to and from the probe are balanced. The result of this process is a potential difference between 
the probe and plasma, called the probe-to-plasma potential. The probe-to-plasma potential can be controlled 
(reduced) by applying a bias-current to the probe, so that Φp,i is close to the plasma potential (typically, it can 
differ by about ∼1 V). More importantly, biasing the probe makes the probe-to-plasma potential insensitive to 
current fluctuations (Fahleson, 1967; Mozer, 2016), which could, for example, be due to the density fluctuations 
δne associated with electrostatic waves, δne = ϵ0∇ 2Φ/e. Since we are presently interested in the analysis of waves, 
such a constant probe-to-plasma potential does not affect the analysis, and we do not need to consider it in our 
model. Thus, we consider Φp,i to be given by the plasma potential at the location of the probe. This point brings us 
to the second reason why Φp,i ≠ Φ(ri), namely that the presence of the spacecraft modifies the potential structure 
in its vicinity, thereby contributing to Φp,i.

Similar to the probes, the potential of the spacecraft body is determined by the currents absorbed and emitted by 
it. In contrast to the probes, however, we cannot bias the spacecraft body. This has the consequence that Φsc is 
affected by δne. A simplified expression for the corresponding potential fluctuation δΦsc can be derived from the 
current balance condition, Iγ + Ie = 0, where Iγ and Ie, are the photo- and plasma electron currents to the space-
craft respectively. Implicit in this condition is the assumption that the spacecraft is sunlit, and that any additional 
currents, for example, due to plasma ions and secondary electrons are negligible. We are thus considering the 
case when active spacecraft potential control (ASPOC; e.g., Torkar et al., 2016) is turned off. For the case of a 
Maxwellian plasma, Iγ and Ie are, respectively, given by

�� = ��0 exp
(

−�Φsc

��

)

, �� = −����
(

��

2���

)1∕2 (

1 + �Φsc

��

)

, (2)

where Iγ0 is an amplitude coefficient, ne and me are the electron density and mass respectively, S is the spacecraft 
surface area, and Tγ and Te are the photo- and plasma electron temperatures, respectively (e.g., Mott-Smith & 
Langmuir, 1926; Pedersen, 1995; Roberts et al., 2020). Setting Iγ + Ie = 0 and assuming Te ≫ eΦsc, we find

𝛿𝛿Φsc = −
𝑇𝑇𝛾𝛾

𝑒𝑒
ln

(

1 +
𝛿𝛿𝛿𝛿𝑒𝑒

𝛿𝛿𝑒𝑒

)

. (3)

So, while the DC spacecraft potential offset with respect to the plasma can be ignored in the context of wave 
analysis, δΦsc can be very important. The spacecraft potential thus results in an electrostatic potential field which 
decreases with an increasing distance from the spacecraft. The booms to which the probes are attached are 
grounded to the spacecraft, and thus held at the spacecraft potential (Cully et al., 2007). So even though the 
probes are located relatively far from the spacecraft body (up to 60 m from the spacecraft), the booms bring the 
spacecraft potential close to the probes, and the probes sense a fraction 0 ≤ ξ ≤ 1 of Φsc. This means that even 
if no electrostatic wave is present, perturbations in the plasma density will cause a voltage δVi = Φp,i − Φsc = −
(1  −  ξi)δΦsc. When an electrostatic wave with an associated potential difference Φ(ri)  −  Φ(rsc) between the 
location of the probe and spacecraft is present, it follows from superposition that the measured Vi relates to the 
electrostatic potential in the plasma as

�� = Φ(��) − Φ(�sc) − (1 − ��) �Φsc (4)

Experimentally determining the ξ-parameters is complicated, but Graham et al. (2018) did so for MMS using the 
spin-plane average probe-to-spacecraft potential Vpsp = (V1 + V2 + V3 + V4)/4 and electron data. They reported 
a relation Φsc  =  −1.2Vpsp  +  Vc, where Vc is a spacecraft specific constant and the factor 1.2 corresponds to 
(ξ1 + ξ2 + ξ3 + ξ4)/4 = 0.167. Due to the symmetry of the MMS spacecraft and their electric field probes, it is 
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reasonable to assume ξ1 = ξ2 = ξ3 = ξ4 ≡ ξ1−4 and ξ5 = ξ6 ≡ ξ5,6. No similar analysis for the axial probes has 
been published, and ξ5,6 is unknown. However, since the axial probes are closer to the spacecraft, we expect 
ξ5,6 ≥ ξ1−4. Naturally, ξ depends on the local Debye length, and the value of Graham et al. (2018) was derived in 
the magnetosphere, where the Debye length is typically larger than the distance between the probes. In a plasma 
with shorter (longer) Debye length, we expect ξ to be smaller (larger). Because of this variability, we will treat ξi 
as a free parameter in our calculations.

Another way in which the spacecraft affects the surrounding potential is via the emission of photoelectrons. 
Because the spacecraft is only partially illuminated the emitted photoelectrons will form a cloud that is asymmet-
ric with respect to the spacecraft body (Cully et al., 2007; Mozer et al., 1978), giving rise to a sunward electric 
field. If this cloud extends far enough from the spacecraft, it will affect the probe potentials, giving the voltages a 
spin-phase dependence. However, since we are interested in wave analysis on millisecond scales, we can consider 
this to be another DC offset which does not affect our analysis.

The plasma environment can also be disturbed by the formation of wakes in the vicinity of the spacecraft, which 
give rise to an electric field (André et al., 2021). If a wake is wide, the probe signals will vary slowly on a scale 
of seconds, and we can treat this effect as a DC offset, so it will not affect the interferometry results. On the 
other hand, narrow wakes of large amplitude can be more problematic, since sharper wake boundaries imply 
shorter time-scale changes that can interfere with the analysis. Such wakes can occur in the solar wind, and it is 
therefore important to ensure that the probes are not located near the expected wake when applying interferom-
etry. However, since the wakes are narrow, the probes only spend a very small fraction of their time in the wake, 
enabling interferometry during most of the spin.

For the MMS spacecraft, there is another effect similar to narrow wakes which can influence the measurements, 
namely partial shadowing of a spin-plane probe by the axial booms. Such shadowing causes a significant reduc-
tion in photoemission, affecting the probe-plasma coupling and the probe potential. Again, these shadows are 
narrow, which means that they can interfere with interferometry. Shadow occurrences are well known and indi-
cated in the Electric field Double Probe (EDP) data products, which makes it easy to avoid them.

Electric field measurements are comparatively more straight-forward to understand. They can be obtained by 
taking the difference of two probe voltages and dividing by the distance between the probes Lij = |ri − rj|, that is,

��� = −
�� − ��

���
= −

Φ(��) − Φ(��) − Δ��Φsc

���
, (5)

where Δξ = ξi − ξj, and we have used Equation 4 for the second equality. If ξj = ξi, that is, if the probes are iden-
tical and placed symmetrically with respect to the spacecraft potential, Eij reduces to 𝐴𝐴 𝐴𝐴𝑖𝑖𝑖𝑖 =

[

Φ (𝐫𝐫𝑖𝑖) − Φ (𝐫𝐫𝑖𝑖)
]

∕𝐿𝐿𝑖𝑖𝑖𝑖 . 
In this case, the shape of Eij, which is determined by Φ(ri) − Φ(rj) is accurately resolved (in the large wave-
length limit). However, the amplitude of this field can still deviate from the physical field due to the conducting 
spacecraft and booms. They cause the plasma electric field to locally short circuit, leading to a reduction in the 
effective length of the antenna, Leff (see Figure 5 in Pedersen et al., 1998). This means that Lij is not the correct 
length-scale of the E-field, and the measured E-field magnitude is affected. The degree to which Leff varies is 
different for different spacecraft and plasma conditions (Khotyaintsev et al., 2014; Mozer et al., 2020; Steinvall, 
Khotyaintsev, Cozzani, et al., 2021). However, since only the amplitude of Eij is affected, the time delay obtained 
from interferometry remains unchanged.

2.2. Model Setup

Now that the we have defined the relation between measured and physical quantities, we describe the analytical 
model which we use to analyze the interferometry methods. We define seven points in 3D-space corresponding 
to the position of the six probes and the spacecraft as in Figure 1, with the spacecraft positioned at the coordinate 
origin. Since the probes and the spacecraft are small compared to the 15 and 60 m booms, we simplify the prob-
lem by treating the probes and spacecraft as points (no volume), and let their potential respond instantaneously 
to changes in the ambient electrostatic potential at their location. By prescribing and evaluating some arbitrary 
potential profile Φ(r, t), at the location of the probes and the spacecraft, we can then construct the measured 
voltages and electric fields using Equations 4 and 5. We give the potential structure some phase velocity v′ and 
let it propagate over our measurement points (our “spacecraft”), giving us a set of synthetic time-series data. By 
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applying the different interferometry methods to the synthetic data, we investigate how well the methods repro-
duce the prescribed velocity under different circumstances. In particular, we investigate how the angle α between 
the estimated velocity, v, and v′, and the speed ratio v/v′ depend on the direction of the wavevector, the three-di-
mensional profile of the wave, and spacecraft potential effects. To focus on the methods themselves, we use a very 
high temporal resolution (or, equivalently, very slow phase velocities). This means that we do not consider the 
errors introduced due to the finite sampling rate of the instrument, since such errors affect all methods in the same 
way. For the same reason, we do not investigate any effects due to short wavelengths. We focus on the case of 
solitary waves with Gaussian potential profiles since this allows us to include the effects of non-planar structures. 
However, the case of sinusoidal plane waves is also discussed in the text.

In the following, we present three single-spacecraft interferometry methods that have been used for wave analysis 
in space plasmas. One is based on the probe voltages, and the remaining two use electric field measurements in 
two different ways.

2.3. Voltage Interferometry

Interferometry based on the measured voltages (or monopolar E-field measurements) has been used to analyze 
waves in the Earth's high-altitude polar magnetosphere (Franz et  al.,  1998), at the Earth's bow shock (Vasko 
et al., 2018, 2020; Wang et al., 2021), and in the solar wind (Mozer et al., 2021). Most of these studies have 
applied the analysis to observations of solitary waves, but Mozer et al. (2021) also used it to analyze more sinusoi-
dal waves. We will refer to this as the VI (voltage interferometry) method. To illustrate the VI method, we apply 
our analytical model to a solitary wave characterized by a cylindrically symmetric double Gaussian potential

Φ
(

�′, �′, �′, �
)

= Φ0 exp

(

−
�′2 + �′2

2�2
⟂

)

exp

(

−
(�′ − �′�)2

2�2
‖

)

, (6)

where the primed coordinate system has its origin at the center of the Gaussian potential, L⊥ and L∥ are the length 
scales perpendicular and parallel to the direction of propagation, 𝐴𝐴 𝐴𝐴𝐴

′
= 𝐴𝑘𝑘 . In Figure 2a we present synthetic data of 

the relevant voltages and potentials for probes 1 and 2. For the data we use L∥ = 50 m, L⊥ = 50L∥, and 𝐴𝐴 �̂�𝑘 is spec-
ified by θ = 40°, φ = 45°. For simplicity, we temporarily ignore any effects due to δΦsc and set ξ1−4 = ξ5,6 = 0. 
The ultimate goal is to determine the time delay between the potentials (dashed lines), as they correspond to the 
motion of the actual structure, but to do this, we rely on the measured voltages V1 and −V2 (solid lines). Upon 
inspection, we find that the first peaks in V1 and −V2 (marked by the vertical gray lines) occur during the same 

Figure 2. Voltage interferometry examples. (a) Neglecting spacecraft potential effects. (b) Including spacecraft potential 
effects. The vertical gray lines indicate the first peak of the V signals. The magenta points marked 1 and 2 correspond to the 
value of Φ(r2) and Φ(rsc) during those peaks. The point 2ʹ in panel (b) corresponds to the same phase as point 1, to highlight 
the observed voltage phase-shift.
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phase of Φsc and Φ(r2) respectively, as highlighted by the magenta dots marked 1 and 2. This means that the time 
delay between V1 and −V2, Δt12, is the same as that between Φ(r2) and Φ(rsc) (and also between Φ(rsc) and Φ(r1)). 
By repeating the analysis for the other probe pairs, we obtain Δt34 and Δt56. The velocity of the structure can then 
be computed as (Vasko et al., 2018)

𝑣𝑣 =
(

Δ𝑡𝑡
2

12
∕𝐿𝐿

2

1
+ Δ𝑡𝑡

2

34
∕𝐿𝐿

2

3
+ Δ𝑡𝑡

2

56
∕𝐿𝐿

2

5

)−1∕2

, �̂�𝑘𝑗𝑗𝑗𝑗 = 𝑣𝑣Δ𝑡𝑡𝑗𝑗𝑗𝑗∕𝐿𝐿𝑗𝑗, (7)

where 𝐴𝐴 �̂�𝑘𝑗𝑗𝑗𝑗 is the component of the wave unit vector in the direction of probes ji, that is, 𝐴𝐴 �̂�𝑘21‖�̂�𝑥 , 𝐴𝐴 �̂�𝑘43‖�̂�𝑦 , and 𝐴𝐴 �̂�𝑘65‖�̂�𝑧 .

To illustrate the effect of the complications related to Φsc, we repeat the analysis for the same electrostatic poten-
tial, but with ξ1−4 = 0.167, and with δΦ given by Equation 3 using Φ0 = 1 V, Tγ = 5 eV, and ne = 1 cm −3. The 
resulting V and Φ signals are shown in Figure 2b. In this case the peaks of V1 and −V2 no longer correspond to the 
same phase of Φsc and Φ(r2). This is illustrated by the magenta dots marked 1 and 2′, which show respectively the 
phase of Φ(r2) at the peak of −V2, and the corresponding phase of Φsc. The time delay between 1 and 2′, which 
is the time delay related to the actual velocity of the wave, is approximately half as long as the one estimated 
from the V measurements (i.e., the delay between dots 1 and 2). The source of this phase shift is the (1 − ξ)δΦsc 
contribution to Φp,i, plotted in green. While Φ(rsc) is symmetric with respect to Φ(r1) and Φ(r2), Φ(rsc) + (1 − ξ)
δΦsc (which is what Φ(ri) is subtracted by to form Vi) is not. This broken symmetry leads to the observed voltage 
phase shifts. Similar phase shifts occur when the potential structure becomes more three-dimensional, as is later 
shown in Section 3.1.

Problems due to the changes in the spacecraft potential such as the one discussed above are inherent to the meth-
ods relying on these voltage measurements, as they are measured with respect to the variable spacecraft potential. 
We can avoid such problems by instead relying on electric field interferometry.

2.4. Electric Field Interferometry

Since electric fields are calculated from the difference between two voltage measurements, any spacecraft poten-
tial contribution in the voltages is canceled if the two probes have the same ξ as shown in Equation 5. Because 
of this, electric field based interferometry has been used to analyze waves in various contexts (e.g., Balikhin 
et al., 2005; Graham et al., 2016; Khotyaintsev et al., 2010; Steinvall, Khotyaintsev, Graham, et al., 2021; Vaivads 
et al., 2004). We focus on two interferometry methods using electric field measurements.

2.4.1. Reconstructed Electric Fields

The first E-field method, used by for example Khotyaintsev et al. (2010) and Graham et al. (2016), attempts to 
avoid these spacecraft potential problems by reconstructing the electric field between the individual probes of a 
probe pair and the spacecraft, using voltage averaging. We will refer to this method as the reconstructed E-field 
interferometry (REI) method. The principle behind this method is as follows. When v (and thus also k) is close to 
aligned with one of the probe pairs, for example, probes 1 and 2, it is close to orthogonal to probes 3 and 4. Since 
k × E = 0 for electrostatic plane waves, the wave potential Φ does not vary much between probes 3 and 4 in the 
above scenario, and the voltage average (V3 + V4)/2 is a good approximation of a hypothetical voltage measurement 
made at rsc, Vsc. Individual electric fields between each probe and the spacecraft can then be calculated as E1 = 
(Vsc − V1)/L1 and E2 = (V2 − Vsc)/L2. These E-fields are aligned with, and spatially separated along the direction 
defined by the probe pair. Interferometry can then be applied to E1 and E2 to find the time delay and ultimately 
the wave speed along the probe pair. Using Equation 4 one can show that E1 and E2 are unaffected by spacecraft 
potential effects when ξ1 = ξ2 = ξ3 = ξ4. The method is expected to be most accurate when k is parallel to a probe 
pair, since this yields the longest baseline for interferometry and the most reliable estimate of Vsc.

To illustrate this method, we take the same solitary wave as before, with v being at a small angle γ to probes 1 
and 2. We compute Vsc and construct E1 and E2. In Figure 3 we plot E1 and E2 for γ = 0° in Figure 3a, and γ = 35° 
in Figure 3b. Similar to the VI results in Figure 2a, the peaks in E2 and E1 occur during the same phase of Φ(r2) 
and Φ(rsc), meaning that the observed Δt12 between the E signals is the same as that between the potentials, that 
is, Δt12 is indeed accurate. The velocity component along the probe pair is then given by v12 = L1/Δt12. If 𝐴𝐴 �̂�𝑘 (and 
subsequently γ) is a priori known, for example, from the assumption of magnetic-field-aligned propagation or 
maximum variance analysis for the case of plane waves, we can estimate the total speed as (Graham et al., 2016)
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� = �12 cos �. (8)

However, as we go to larger γ in Figure 3b, we again find a significant phase shift in E1 and E2, which leads to an 
erroneous Δt12. This phase shift is due to V34 no longer being an accurate estimate of the voltage at the spacecraft 
position.

It is important to note that this method requires that 𝐴𝐴 �̂�𝑘 is known, as this determines the choice of probes used for 
interferometry and for calculating Vsc. The appropriate choice is to use the probe pair most aligned with 𝐴𝐴 �̂�𝑘 for 
the interferometry (Graham et al., 2016). Moreover, as illustrated in Figure 3b, it is important that 𝐴𝐴 �̂�𝑘 is close to 
perpendicular to a probe pair, as only then will their average voltage give a good representation of Vsc.

One important problem with this method arises when k is assumed to be close to aligned with the axial probes. 
We then use Vsc = V1234 = (V1 + V2 + V3 + V4)/4. Due to the different boom lengths of the axial and spin-plane 
probes, ξ1−4 is in general expected to be smaller than ξ5,6. When computing E5 and E6, this ξ difference intro-
duces additional spacecraft potential contributions ∓(ξ5,6 − ξ1−4)δΦsc/L5,6, to E5 (−) and E6 (+), respectively (see 
Equation 5).

2.4.2. Diagonal Electric Fields

The second E-field interferometry method, which has been used by for example, Vaivads et  al.  (2004) and 
Balikhin et al. (2005), is limited to the spin-plane. It avoids the issue of a variable spacecraft potential by using 
electric fields between probes rotated 90° about the spacecraft from each other, instead of the conventional 
180°. We refer to this method as the diagonal E-field interferometry (DEI) method. This way of constructing the 
E-fields provides two sets of two electric field components pointing in the same direction. These components are 
E41 ∥ E23, and E13 ∥ E42, following the notation of Equation 5 (see Figure 1 for probe positions). Their baseline and 
spatial separation are both 𝐴𝐴 𝐴𝐴diag =

√

2𝐴𝐴1−4 ≈ 85 m. The respective time delays between the field components are 
Δt41,23 and Δt42,13. Taking Δt41,23 as an example, it corresponds to the velocity component along the displacement 
vector between the E41 and E23 measurements, which is orthogonal to the E-components themselves. This has the 
implication that the method does not work when 𝐴𝐴 �̂�𝑘 is perfectly along one of the diagonal E-field component pairs 
since, in that case, there is no propagation between the measurement points. However, as long as 𝐴𝐴 �̂�𝑘 is at an angle 
to both pairs, Δt41,23 and Δt42,13 can be determined. Once obtained, these time delays can be used to calculate the 
phase velocity in the spin-plane as

Figure 3. Reconstructed electric field interferometry examples for two values of γ. (a) γ = 0° (θ = 90°, φ = 0°). (b) γ = 35° 
(θ = 90°, φ = 35°). Same format as Figure 2, but with E instead of V.



Journal of Geophysical Research: Space Physics

STEINVALL ET AL.

10.1029/2021JA030143

8 of 18

� =
(

Δ�241,23∕�
2
diag + Δ�242,13∕�

2
diag

)−1∕2
, �̂ =

⎛

⎜

⎜

⎜

⎝

1
√

2
− 1

√

2
1
√

2
1
√

2

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

Δ�42,13

Δ�41,23

⎞

⎟

⎟

⎠

�∕�diag, (9)

where we use the rotation matrix to return to the original coordinate system defined in Figure 1. In Figure 4, 
we show E13 and E42 as well as Φ evaluated at the midpoint between the probes for two propagation directions 
θ = 90°, φ = 20° (a), and θ = 20°, φ = 20° (b). For both cases the time delay between E13 and E42 is the same as 
that between Φ(r13) and Φ(r24), resulting in an accurate velocity estimate in the spin-plane. If 𝐴𝐴 �̂�𝑘 is known, and is 
specified by some polar angle θ, we can compute the total speed by multiplying the spin-plane velocity by sin θ.

3. Statistical Results
Next, we investigate the accuracy of the three methods statistically. We focus on solitary waves, but the main 
conclusions are also true for plane waves (with sufficiently long wavelengths to avoid spatial aliasing) as will 
be discussed. The trajectory of the solitary wave is set so that its center passes the point corresponding to the 
spacecraft body.

3.1. Voltage Interferometry

Since the VI method is affected by spacecraft potential effects, we divide the analysis into two parts. In the first 
part, we set δΦsc = 0, corresponding to the case of a negligible δne ≪ n. In the second part, we include such 
spacecraft potential effects and investigate how the results are affected.

Due to the fact that there is only a finite number of measurement points, it is not obvious whether or not the VI 
method works equally well for identical potential structures crossing the spacecraft at different angles. To inves-
tigate this, we prescribe a potential given by Equation 6 with L∥ = 100 m, L⊥ = 5L∥ = 500 m, and perform the 
calculations for all propagation angles θ ∈ [0, 90]°, φ ∈ [0, 45]° with an angular resolution of Δθ = Δφ = 1°. 
For each run, we compute the ratio between the estimated and prescribed speeds v/v′ (Figure 5a) and the angle 
between the estimated and prescribed velocities 𝐴𝐴 𝐴𝐴 = arccos (�̂�𝑣 ⋅ �̂�𝑣

′
) (Figure 5b). The analysis shows that when k is 

oblique to all probe pairs (i.e., θ ∼ 45°, φ ∼ 45°), the velocity estimated by the VI method is very accurate, v ≈ v′. 
However, as k becomes close to aligned with one probe pair, and consequently nearly perpendicular to another, 
the VI method yields large errors with v ≪ v′, and v approximately 90° from v′. The reason for this is shown in 
Figure 5c, where we plot V3 and −V4 for the case of θ = φ = 10°, marked by the magenta dot in Figures 5a and 5b. 
The time delay between V3 and −V4 is much greater than that between the potentials due to the fact that Φ(rsc) is 

Figure 4. Diagonal electric field interferometry examples for two different propagation directions. (a) φ = 20°, θ = 90°. (b) 
φ = 20°, θ = 20°. Same format as Figure 3.
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asymmetrically shifted with respect to Φ(r3) and Φ(r4), as shown in the inset where Φ(rsc) is closer to Φ(r4) for 
t < 0 and closer to Φ(r3) for t > 0, causing a large phase shift upon subtraction. For a plane wave, this problem 
does not appear, indicating that this is a problem related to the three-dimensional structure of the solitary wave.

To investigate such three-dimensional effects, we repeat the statistical analysis for two values of L∥ ∈ {50, 200} 
m, and a range of L⊥/L∥ ∈ [1, 15]. To quantify how well the method works for the different length scales, we, for 
each run, calculate the fraction of data where v/v′ is larger than some constant C ∈ {0.5, 0.7, 0.9}, and the fraction 
of data where α is less than some threshold αc ∈ {10°, 20°, 30°, 40°} (see Figure S1 in Supporting Information S1 
for the corresponding v/v′ and α surfaces). The results, presented in Figures 5d and 5e show that it is L⊥/L∥, and 
not the absolute values of L∥ or L⊥, that matters. The L⊥/L∥ dependence is not due to the any failure of Equation 7, 
but rather it is due to the phase shift observed in the voltages. Using the time delays of Φ rather than V in Equa-
tion 7 produces accurate results independent of L⊥/L∥. For L⊥/L∥ < 5 we also see that the quality of the velocity 
estimate decreases rapidly as L⊥/L∥ decreases. For larger ratios (quasi one-dimensional structures), however, the 
VI method generally produces accurate results.

It is important to note that the asymmetry observed in the voltage signals in Figure 5c (cf. Figure 2a) is a strong 
indicator that they are phase shifted with respect to the potentials. We find that the VI method produces its worst 
results when the voltages are extremely distorted and poorly correlated. This means that we can identify when 
the method is unlikely to produce accurate results, using, for example, the ratio of peak amplitudes as a measure 
of asymmetry. Taking the same potential parameters as for Figures 5a and 5b, but setting Δtij = 0 when either of 
max(Vi) and max(−Vj) is more than 50% larger than the other, we significantly improve the results as shown in 
Figures 5f and 5g. These results stress the importance of applying timing analysis only to voltage signals which 
are very similar to each other.

The above results are representative only of very dense plasma where the spacecraft potential change due to the 
wave is negligible. In the following, we extend the analysis to more general plasmas by including various values 

Figure 5. Numerical results for voltage interferometry ignoring spacecraft potential effects. (a and b) v/v′ and α as a function 
of θ and φ for a fixed L⊥/L∥ = 5. (c) Example of time series data showing a large voltage phase shift (θ = 10°, φ = 10°). (d 
and e) The fraction of points on the surfaces in panels (a and b) fulfilling v/v′ > C and α < αc, respectively, as a function of L∥ 
and L⊥/L∥ for three values of C and four values of αc. Note that the diamonds and circles are almost perfectly overlapping. (f 
and g) Same format as panels (a and b), except we set Δtij = 0 if the voltages are significantly distorted (see text).
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for n, ξ1−4, and ξ5,6. We choose the photoelectron temperature Tγ = 5 eV, and a constant wave amplitude Φ0 = 1 V, 
which can be representative of solitary waves at the magnetopause and bow shock (Graham et al., 2016; Steinvall 
et al., 2019; Wang et al., 2021). To isolate the spacecraft potential effects, we take a potential that is approximately 
one-dimensional, L⊥/L∥ = 50, with a parallel length scale L∥ = 100 m, consistent with the L∥ values reported by 
Graham et al. (2016) at the magnetopause. Sweeping again over θ and φ, we construct similar v/v′ and α surface 
plots as in Figure 5. In Figures 6a and 6b, we show an example of these surfaces for the n = 4.3 cm −3, ξ1−4 = 0.05, 
ξ5,6 = 0.06 case. Clearly, the inclusion of spacecraft potential effects reduces the accuracy of the VI method, 
causing it to underestimate the speed (v/v′ < 0.7) and rotate 𝐴𝐴 �̂�𝑘 by a sometimes significant α. Similar surfaces for 
different values of n and ξ are presented in Figures S2 and S3 in Supporting Information S1. In contrast to the 
three-dimensional effects, where the errors were primarily concentrated near the edges of the surface (Figures 5a 
and 5b), the errors due to spacecraft potential effects appear over the whole surface, that is, for all propagation 
directions. In addition, the V-signals are not necessarily distorted while producing erroneous velocities. This is 
exemplified in Figure 6c, where we present the time series of V5 and V6 for the θ = 70°, φ = 20° case of Figures 6a 
and 6b. The observed time delay between V5 and −V6 is much greater than that between the potentials, resulting 
in an erroneous velocity. Importantly, since the voltages are not noticeably distorted in this case (cf. Figure 5c), 
we cannot visually identify when the VI method will produce errors due to spacecraft potential effects. In the 
more extreme cases with larger errors, the voltage signals become distorted. Similar problems can be found for 
the other probe pairs depending on the various parameters.

To quantify the effects of different combination of n and ξ, we sweep over all angles θ and φ in the same way as 
before, compute the fraction of estimated velocities satisfying both α ≤ 45° and v/v′ ≥ 0.5 for n ∈ [1, 100] with 
various combinations of ξ1−4 and ξ5,6. The results, presented in Figure 6d, show that the VI method is very sensi-
tive to both n and ξ. If the plasma is dense (n ≳ 30 cm −3), the VI method is accurate and practically independent of 
ξ. In more tenuous plasmas (n ≲ 5 cm −3), however, the VI method is very sensitive to ξ, and it produces accurate 
results only when ξ is large, ξ ≳ 0.8. The fact that the results are accurate when ξ is large follows from Equation 4, 
since the (1 − ξi)δΦsc contribution to Vi becomes negligibly small as ξi → 1. Of particular practical interest is the 
values of ξ1−4 and ξ5,6 corresponding to the MMS spacecraft. Using the MMS estimate of ξ1−4 = 0.167 reported 
by Graham et al. (2018) in the magnetosphere, and assuming ξ5,6 = 0.180, we obtain the green curve in Figure 6d. 
Five corresponding v/v′ and α surfaces for varying values of n are shown in the Figure S3 in Supporting Infor-
mation S1. The results show that the VI method is likely to be inaccurate when applied to MMS data gathered in 
the magnetosphere, where n tends to be a few particles per cm 3 or lower. Since the ξ-parameters are difficult to 
estimate in situ, our results highlight the importance of applying the VI method only when the signals are very 
well correlated, and in a plasma where the spacecraft potential effects can be reasonably be assumed to be small, 
such as in the dense magnetosheath where n can be up to reach values up to a few 100 cm −3.

Figure 6. Numerical results for voltage interferometry including spacecraft potential effects. (a and b) v/v′ and α as a 
function of θ and φ for Φ0 = 1 V, L∥ = 100 m, L⊥/L∥ = 50, n = 4.3 cm −3, ξ1−4 = 0.05, and ξ5,6 = 0.06. (c) Example of time 
series of V5 and V6 corresponding to θ = 70°, φ = 20° (magenta dot in panels (a and b)). (d) The fraction of points in panels (a 
and b) which simultaneously fulfill v/v′ > 0.5 and α < 45° as a function of density for six combinations of ξ1−4 and ξ5,6.
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3.2. Reconstructed Electric Fields

Next, we explore the REI method in a similar way as above, starting with δΦsc = 0. In Figure 7a we plot v/v′, 
where v is the speed obtained by Equation 8, as a function of propagation angles for a potential structure with 
Φ0 = 1 V, L∥ = 500 m, L⊥ = 5L∥. (We will later see that the choice of L∥ does not affect the results much.) The 
surface is split into two regions. The right region corresponds to when 𝐴𝐴 �̂�𝑘 is most aligned with probes 1 and 2 
(θ ≳ 45°), and E1 and E2 are used for timing. The left region corresponds to when 𝐴𝐴 �̂�𝑘 is most aligned with probes 
5 and 6 (θ ≲ 45°), and we use E5 and E6 for timing.

When the spin-plane probes are used for timing (θ ≳ 45°), we find that the REI method tends to overestimate the 
speed (v ≥ v′). The error starts increasing very slowly with increasing φ; for example, v/v′ = 1.1 at φ ≈ 18°, and 
v/v′ = 1.5 at φ ≈ 31°, before it quickly diverges for larger φ (note that the colorbar is limited to v/v′ = ±4 to make 
the relevant details visible). This diverging behavior is caused by phase shifts in E1 and E2 due to (V3 + V4)/2 
being a poor estimate of Vsc when 𝐴𝐴 �̂�𝑘 has a significant component along probes 3 and 4 (recall Figure 3b). In 
contrast to the strong φ dependence, we find that v/v′ is independent of θ in this region. This independence is due 
to two reasons. First, the cos γ correction applied in Equation 8, which accounts for the fact that 𝐴𝐴 �̂�𝑘 is not aligned 

Figure 7. Statistics for reconstructed E-field interferometry with ξ1−4 = ξ5,6 = 0. (a) v/v′ for all angles, with L∥ = 500 m, 
L⊥ = 5L∥. Note that the colorbar saturates in the dark purple and red regions, and the contours stop at v/v′ = 4. (b) v/v′ as 
a function of θ for various L⊥/L∥ with two values for L∥. The data is taken at φ = 10°, marked by the horizontal magenta 
line in panel (a). Panel (c) same format as panel (b), but with data from the vertical magenta line in panel (a); the green and 
red curves are almost perfectly overlapping. (d) v/v′ as a function of θ for different values of n and Δξ, for L⊥/L∥ = 64 and 
L∥ = 100 m. The magenta line shows v/v′ = 1. (e) Waveform of E5 and E6 for the n = 1 cm −3, Δξ = 0.1, θ = 15° case in panel 
(d), marked by the magenta circle.
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with the probe pair used for interferometry. Second, the fact that only the spin-plane probes are used, which 
means that they are all affected in the same way by θ and no phase shift is introduced between E1 and E2. The θ 
independence means that it can be preferable to use the spin-plane probes for interferometry instead of the axial 
probes (discussed next) for values of θ < 45°, assuming the time-delay is large enough to be accurately resolved.

When the axial probes are used (θ ≲ 45°), we instead find that v/v′ is independent of φ, but strongly dependent of 
θ. The independence of φ is due to two reasons: The first reason is that the angle between 𝐴𝐴 �̂�𝑘 and the axial probe 
pair, by definition, is unaffected by φ. The second reason is that we use all four spin-plane probes to estimate Vsc. 
If only two spin-plane probes are used, a dependence of φ is obtained due to the reduced symmetry, and conse-
quently a worse Vsc estimate. The observed θ dependence of v/v′ is expected since the spin-plane estimate of Vsc 
becomes inaccurate and phase shifts appear when k approaches the spin-plane. The axial REI method is thus most 
accurate for θ = 0 (𝐴𝐴 �̂�𝑘 is aligned with the axial probe), where v/v′ ≈ 1.4. We find that v/v′ grows to infinity (corre-
sponding to Δt56 = 0) at θ ≈ 17°. For θ > 17°, the structure appears to move in the opposite direction. We can 
understand this apparent propagation direction reversal by imagining that a potential structure is moving toward 
the spacecraft in such a way that it will pass probe 5 before probe 6. We would then find Δt56 = 0 (corresponding 
to an infinite speed) if E5 = E6. In terms of the voltages, this corresponds to Vsc − V5 = V6 − Vsc, or V5 + V6 = 2(V1 
+ V2 + V3 + V4)/4. Since the axial and spin-plane booms are of different length, this expression can be satisfied at 
different angles for different Φ profiles. For sinusoidal plane waves, this reversal occurs at θ ≈ 20°. The key point 
here is that V1234 can be a poor reference value when computing E5 and E6 for certain θ. While there are clear limita-
tions to this method, it tends to work well when the wavevector is close to aligned with the probe pair (i.e., small γ).

To investigate the effects of L∥ and L⊥, we define two cuts on the surface in Figure 7a, φ = 10°, and θ = 80° 
(magenta dotted lines), and plot v/v′ from these cuts as a function of θ (Figure 7b) and φ (Figure 7c) for differ-
ent values of L∥ and L⊥/L∥. For the axial probes (Figure 7b), we find a large variability for small values of L⊥/
L∥. Importantly, when L⊥/L∥ = 1, the axial REI method never produces the correct sign of 𝐴𝐴 �̂�𝑘 . As we go to large  
L⊥/L∥, the method is accurate up to θ ≈ 10°, after which v/v′ rapidly diverges. The angle at which v → ∞ (or 
equivalently Δt56 → 0) converges to ≈20° as L⊥/L∥ increases. The results from the spin-plane probes (Figure 7c) 
are less sensitive to L⊥/L∥, and quickly approach the asymptotic curve at L⊥/L∥ ≈ 4. In summary, the REI method 
yields accurate results when θ ≲ 10° if the axial probes are used and the potential structure is approximately 
one-dimensional, and when φ ≲ 30° if the spin-plane probes are used.

Since probes 1–4 are identical, this method is completely independent of δΦsc when only these probes are used. 
The results in Figure 7c and the right-hand part of Figure 7a thus also hold when δΦsc ≠ 0. However, when E5 
and E6 are used for timing, this is no longer the case since the spin-plane probes are used to compute Vsc. The 
consequences of spacecraft potential effects are shown in Figure 7d, where we plot v/v′ along the horizontal 
cut for different values of ne and Δξ = ξ5,6 − ξ1−4, using L∥ = 100 m and L⊥/L∥ = 64. The results reveal a strong 
dependence on Δξ, when the density is of the order of n ∼1 cm −3. For denser plasmas (n > 10 cm −3), the Δξ 
dependence is practically gone. It is not possible to determine whether or not the analysis will be accurate by 
looking at the E5 and E6 signals, as they remain undistorted. This is illustrated in Figure 7e, where we plot E5 
and E6 together with Φ(r5) and Φ(r6) for the n = 1, Δξ = 0.1, θ = 15° case, marked by the magenta circle in 
Figure 7d. In this case, E5 and E6 are almost perfectly overlapping, resulting in an overestimated velocity. The fact 
that the axial and spin-plane booms are different for real spacecraft can also affect the axial REI method. Differ-
ent boom types have different frequency responses, which means that the E5 and E6 signals can be artificially 
distorted (since spin-plane and axial probe data are mixed), and the observed Δt56 can potentially be affected. 
This boom-response effect is not included in our model, but it most likely has a small effect compared to the other 
errors discussed above. From our analysis we conclude that the axial REI method is expected to produce accurate 
results for θ ≲ 10° in dense (n ≳ 10 cm −3) plasmas. For more tenuous plasmas, the accuracy of the axial REI 
method strongly depends on Δξ, it should only be used if there are reasons to assume that Δξ is small (Δξ ≲ 0.1).

3.3. Diagonal E-Fields

Finally, we explore the DEI method. We repeat the same sweeps over θ and φ as before, with L∥ = 100 m, 
L⊥ = 5L∥ (the choice of L∥ and L⊥ does not affect the results). As shown in Figures 8a and 8b, we find that this 
method produces accurate results when 𝐴𝐴 �̂�𝑘 is in the spin-plane (i.e., θ = 90°). As 𝐴𝐴 �̂�𝑘 becomes more oblique, the 
estimated velocity v starts to differ from the prescribed v′, and we find that the angle between the two veloci-
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ties is given by α = 90° − θ. This is due to the 𝐴𝐴 𝐴𝐴𝐴 component of 𝐴𝐴 �̂�𝑘 not being accounted for in Equation 9. If 𝐴𝐴 �̂�𝑘 is 
known, we can account for this by multiplying v by sin θ (Figure 8c), resulting in perfect agreement for almost 
all angles, the two exceptions being φ = 45°, and θ = 0°. When φ = 45°, E13 = E42 = 0, and 𝐴𝐴 �̂�𝑘 is perpendicular to 
the separation vector of E41 and E23, causing the method to break down as mentioned in Section 2.4.2. The same 
reasoning applies for the θ = 0° case, where the motion is purely along the axial direction, and no time delay is 
observed in the spin-plane. In practice, due to noise and limited temporal resolution, this will also be a problem 
for angles close to these special cases. These results are independent of L∥ and L⊥, and the method works equally 
well for sinusoidal plane waves. Since the DEI method only uses the identical spin-plane probes, it is unaffected 
by spacecraft potential effects, making this a suitable method for all plasma conditions.

4. Implications for Analysis of In Situ Measurements
In the previous section, we showed that the VI method is useful when the potential structure is approximately 
one-dimensional, and spacecraft potential effects are negligible. When this is not the case, the voltage signals tend 
to be distorted, and the results are inaccurate. Spacecraft potential effects can be avoided by using electric field 
based methods instead. Our results show that the DEI method is always preferable to the REI method, as it always 
works in the spin-plane except at φ = 45°, where the REI method is highly inaccurate. If 𝐴𝐴 �̂�𝑘 is known (a necessary 
requirement for the REI method), the DEI method gives accurate speeds for all propagation directions, whereas 
REI is only accurate when 𝐴𝐴 �̂�𝑘 is close to aligned with one of the probe pairs. Next, we apply the VI and DEI meth-
ods on in situ spacecraft data to illustrate when they are applicable. We use data from the EDP instrument (Ergun 
et al., 2016; Lindqvist et al., 2016) on the MMS spacecraft. The instrument is in the high cadence burst mode, 
where each probe voltage is sampled at a rate of 8,192 samples per second. It is important to note that the different 
probe potentials are sampled sequentially, not simultaneously, which was the case in our model. It can be important 
to correct for this if the observed time-delays are very small (of the order of ∼10 μs). One method for doing this 
correction is described in Appendix D of the EDP Data Products User Guide (Khotyaintsev et al., 2017). For the 
examples we present below, this time correction has a negligible effect on the estimated velocity vectors. In the 
following, we present two examples of solitary waves observed by the MMS spacecraft in different plasma regions, 
and we discuss a few complications and limitations that appear when we start using real data.

In the first example, presented in Figures 9a–9e, MMS1 observed an ion hole in the downstream side of the 
Earth's bow shock, where the electron density and temperature were n = 35 cm −3, and Te = 94 eV, respectively, 
corresponding to a Debye length of 12 m. One can see that the voltage signals for the spin-plane probes are 
very well correlated (Figures 9a and 9b), whereas V5 and −V6 are slightly asymmetric, similar to the voltages in 

Figure 8. Statistical results for the diagonal E-field method. (a) Ratio of v/v′ where v is given by Equation 9. Note that the color map is saturated for θ ≲ 20°, 
corresponding to v/v′ ≥ 3. (b) Angle α between v and v′. Panel (c) same as panel (a), but with 𝐴𝐴 �̂�𝑘 known, and v → v sin θ.
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Figure 5c, suggesting that the axial timing might give inaccurate results. The time delays, obtained by cross-cor-
relation analysis are Δt12 = −0.10 ms, Δt34 = 0.32 ms, and Δt56 = 0.11 ms. The corresponding spin-plane and 
complete phase velocity vectors are 𝐴𝐴 𝐯𝐯

(𝑉𝑉 )

spin
= 180[−0.30, 0.95, 0] and v (V) = 110[−0.18, 0.58, 0.80] km/s, respec-

tively. The spin-plane phase velocity is in good agreement with that obtained by the DEI (using Δt42,13 = 0.17 ms 
and Δt41,23 = 0.48 ms) 𝐴𝐴 𝐯𝐯

(𝐸𝐸)

spin
= 170[−0.35, 0.94, 0] , differing only by 8° in direction, and 6% in magnitude. This 

agreement supports the conclusion from the numerical study that the VI method produces accurate results in 
dense plasmas when the voltage signals are well correlated and undistorted. The ambient magnetic field direction 
is 𝐴𝐴 �̂�𝐵 = [−0.28, 0.66, 0.70] (corresponding to θ = 45°, φ = 113°), and the angle between 𝐴𝐴 �̂�𝐵spin the two vspin esti-
mates are 6° and 2°, for 𝐴𝐴 𝐯𝐯

(𝑉𝑉 )

spin
 and 𝐴𝐴 𝐯𝐯

(𝐸𝐸)

spin
 respectively. Such small angles are consistent with field-aligned propagation 

in the spin-plane. Moreover, the full 𝐴𝐴 𝐴𝐴𝐴
(𝑉𝑉 ) vector is 9° from 𝐴𝐴 �̂�𝐵 . It is possible that the slightly increased deviation 

from field-aligned propagation when including the axial direction, is due to a phase shift between V5 and −V6, as 
hinted by the asymmetry in the signals (Figure 9c). If we assume 𝐴𝐴 �̂�𝑘‖�̂�𝐵 , we find the phase-speed according to the 
diagonal E-field method to be 𝐴𝐴 𝐴𝐴

(𝐸𝐸)

spin
sin 𝜃𝜃 = 120 km/s, comparable to v (V) = 110 km/s. This example shows that well 

correlated voltage signals enable the VI method to produce accurate results, but also that voltage asymmetries 
may introduce errors. Moreover, under the assumption of field-aligned propagation (which is not always valid 
for ion holes (Wang et al., 2021)), the two methods produce very similar results, supporting the validity of the 
assumption and the accuracy of v (V).

The second example (Figures 9f–9j) is an electron hole observed by MMS3 during a magnetopause crossing 
where n = 11 cm −3 and Te = 67 eV, corresponding to a Debye-length of 18 m. Previous multi-spacecraft analysis 
has shown that such electron holes exhibit field-aligned propagation (Steinvall et al., 2019). In this case, the volt-
age signals (f–h) are significantly distorted and poorly correlated, while the diagonal E-fields are well correlated. 
Naively applying the VI method (with Δt12 = 0.15, Δt34 = 0.36, and Δt56 = −0.12 ms) in the spin-plane gives 

𝐴𝐴 𝐯𝐯
(𝑉𝑉 )

spin
= 150[0.38, 0.92, 0] km/s, which is 89° from the projection of the magnetic field 𝐴𝐴 �̂�𝐵 ≈ [−0.22, 0.09, 0.97] 

(corresponding to θ = 14°, φ = 156°) onto the spin plane. Including the third dimension gives v (V) = 97[0.24, 
0.58, −0.78], which is 83° from −�̂ . The DEI method on the other hand gives (using Δt42,13  =  0.10 and 
Δt41,23 = −0.12 ms) 𝐴𝐴 𝐯𝐯

(𝐸𝐸)

spin
≈ 540[0.99,−0.09, 0] km/s, only 18° from −�̂spin , close to the expected field-aligned 

propagation. Multiplying 𝐴𝐴 𝐯𝐯
(𝐸𝐸)

spin
 by sin θ to account for the axial velocity component, we find v (E) = 130 km/s. From 

the DEI results we see that the spin-plane projection of 𝐴𝐴 �̂�𝑘 is close to perpendicular to probes 3 and 4. This can 
partly explain why the VI method produces such erroneous velocities. Recall in Figures 5a and 5b, that when φ is 

Figure 9. Example observation of two solitary waves observed by MMS1 (left column) and MMS3 (right column). (a–c) Voltage signals. (d and e) Diagonal electric 
field signals. The dashed curves have been time-shifted. Panels (f–j) same format as panel (a–e).
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very small (as in this case), VI is expected to give an angular error of α ≈ 90° and to underestimate the speed of 
non-planar structures. If we, as in Figures 5f and 5g, set Δt34 = 0, we obtain a better estimate v (V) = 120[0.30, 0, 
−0.95] using VI. However, as the other voltages are also poorly correlated, it is possible that spacecraft potential 
effects are also important.

While we have incorporated the effect density perturbations have on the spacecraft potential in our model, we 
have neglected the fact that the E-field of the waves can affect the spacecraft potential by enhancing the photo-
electron escape (Graham et al., 2018; Torkar et al., 2017). This effect in principle also applies to the small photo-
electron cloud around the probes, but due to the probe biasing and the much larger spacecraft photoelectron cloud, 
it primarily modulates the spacecraft potential fluctuations δΦsc. For this reason, such enhanced photoelectron 
escape will primarily affect the VI, assuming such effects are symmetric with respect to the spacecraft body. If an 
asymmetry is present, it can also affect the electric field, possibly influencing the E-field interferometry methods. 
However, for the above examples this appears to have had a negligible effect on the E-fields since they are well 
correlated.

One additional limitation of our results is the fact that we have assumed that the wavelength is large compared 
to the probe-to-spacecraft separation. This might pose some limitations on wave analysis in plasmas with a very 
short Debye length, where waves with wavelengths shorter than the probe separation can exist. The main effect 
short wavelengths have on these methods is to distort the waveform (due to spatial aliasing). However, this issue 
is not in principle due to the interferometry methods, but rather the spacecraft geometry, so the three methods 
are affected essentially in the same way. For sinusoidal waves of short wavelength interferometry is problematic 
because the timing becomes ambiguous as one does not know which wave period is to be timed against which. 
But for solitary waves it is not the length scale L∥ that matters, but rather the spacing between subsequent solitary 
waves. If the spacing is large enough so that each solitary wave can completely pass the spacecraft before the next 
one arrives, then no matter how short L∥ is (given that it is large enough to be detected), it will unambiguously 
appear as two peaks in the data. However, if the spacing is sufficiently short so that several solitary waves fit 
between the probe and spacecraft, an ambiguity appears. A secondary effect short length scales have is that the 
measured E-field components are attenuated (Goodrich et al., 2018). The difference in boom length between the 
axial and spin-plane probes means that the spin-plane E-fields is more strongly reduced in amplitude on one of 
the probes, which shifts the apparent direction of the field. This is a problem when the direction of E is impor-
tant, such as when maximum variance is used to determine the propagation direction needed for the REI and DEI 
methods. For these two reasons, one needs to be careful when applying single-spacecraft interferometry on waves 
which likely have short length scales.

We mentioned in Section 2.1 that the antenna shortening effect (Pedersen et al., 1998) only affects the amplitude 
of Eij, and not the time-delay obtained from interferometry. While this is true, the shortened antenna length affects 
the velocity estimate by changing the spatial baseline. However, this affects all methods in the same way, and is 
therefore not of interest in our comparative analysis. Moreover, based on experience from the Cluster mission 
which is equipped with a similar electric field instrument in the spin-plane (Gustafsson et al., 1997), we expect 
Leff to differ from the geometric antenna length by only a few tens % for MMS (Khotyaintsev et al., 2014). This 
effect is therefore likely much less important than the errors inherent in the methods.

It is possible to reduce the effect density perturbations have on the spacecraft potential by utilizing ASPOC (e.g., 
Torkar et al., 2016). The principle of ASPOC is to emit an ion beam from the spacecraft, corresponding to a 
positive current leaving the spacecraft. This has the effect of reducing the relative importance of Ie in determining 
Φsc, which means that Φsc is less affected by the density perturbations associated with waves. For this reason, 
using ASPOC could improve the performance of the VI method. For the case of MMS, the effect ASPOC has on 
the current balance is negligible when the spacecraft is in the dense magnetosheath and bow shock, where the VI 
method is already accurate. The ASPOC current is more important in the tenuous magnetotail, and the VI method 
is therefore likely improved if ASPOC is turned on. However, since the length scales of waves in the magnetotail 
tend to be large (∼ km) compared to the probe separation, it is very difficult to measure a time delay between 
individual probes. Under such conditions the multi-spacecraft interferometry is a preferable method to use.

Finally, since our analytical model contains several simplifying assumptions and idealizations, we stress that our 
results show how well the interferometry methods work in the ideal case. Our results thus provide an upper limit 
on the accuracy of the methods. Since other complications are affecting the in situ data (e.g., a finite instrument 
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sampling time, rapid changes in the photoelectron cloud, etc.), the methods are expected to perform worse than 
presented here. However, as illustrated by the example observations of MMS discussed above, these additional 
complications are not always important, and the interferometry methods can, under the right circumstances, be 
applied to in situ data with high accuracy.

Our results have been derived for the case of MMS, but the results are likely also applicable in a qualitative sense 
to other similar spacecraft such as Cluster and THEMIS. For spacecraft that are significantly different such as 
Parker Solar Probe or Solar Orbiter, there may be larger differences, but nevertheless the main qualitative conclu-
sions, in particular regarding the complications of the VI, should still apply.

5. Conclusions
In summary, we have used an analytical model to analyze the accuracy of three single-spacecraft interferometry 
methods. By creating synthetic time series data corresponding to data from the electric field probes on the MMS 
spacecraft, we compare the prescribed velocity of an electrostatic wave crossing the synthetic spacecraft with the 
one obtained from the interferometry methods. In particular, we investigate how the accuracy of the interferome-
try methods is affected by the shape, specifically the three-dimensionality, of the electrostatic potential structure, 
the direction with which it crosses the spacecraft, and the density perturbations associated with it. We summarize 
our findings for the different methods below.

The VI method is accurate when spacecraft potential fluctuations due to the observed wave are negligible. For the 
probe geometry of MMS, and when ASPOC is not operating, we find that this is the case in very dense plasmas 
(n ≳ 10 cm −3) depending on wave properties. In such cases, the method works best for 1-dimensional potential 
structures, or, for three-dimensional structures when the wavevector k is not close to perpendicular to any probe 
pair (Figures 5a–5e). If k is close to perpendicular to a probe pair, the voltages will be distorted in an identifiable 
way (Figure 5c). By disregarding the time delay between heavily distorted signals, that is, setting the correspond-
ing Δtij = 0, the results can be significantly improved (Figures 5f and 5g). When spacecraft potential effects 
are important, typically in low-density n ≲ 10 cm −3 plasmas, the method quickly starts producing erroneous 
velocities (Figure 6) even without visible distortion of the signals. Finally, we stress that the VI method should 
only be applied to voltage signals that are close to identical, since distorted voltage signals are indicative that VI 
interferometry will yield significant velocity errors in both speed and direction.

The REI method is accurate in the spin-plane when the direction of k, 𝐴𝐴 �̂�𝑘 , is known, and close to one the probe 
pairs (φ ≲ 30°, see Figures 7a and 7c). This method is independent of spacecraft potential effects, making it 
suitable in most magnetized plasma conditions. When used along the axial direction, the method requires θ to be 
very small (≲10°; Figures 7a and 7b), and it is sensitive to spacecraft potential effects, meaning it should only be 
used in plasmas where such effects can safely be assumed to either be negligible, or affect the axial and spin-plane 
probes in the same way, that is, ξ1−4 = ξ5,6, where ξi is the fraction of the spacecraft potential observed by probe i.

The DEI method is accurate in the spin-plane, except near φ = 45°, where it breaks down. If 𝐴𝐴 �̂�𝑘 is known, project-
ing the spin-plane phase velocity onto 𝐴𝐴 �̂�𝑘 yields an accurate velocity.

We conclude that the DEI method is almost always preferable to the other two methods for determining the spin-
plane component of the phase velocity. Because of this, this method should be used as a reference to see if the VI 
method is accurate in the spin-plane. If 𝐴𝐴 �̂�𝑘 is unknown, VI shall be used to find vz only if the signals are very well 
correlated and the plasma is dense. The REI method shall be used to find vz only when 𝐴𝐴 �̂�𝑘 is within ≲10° from the 
spin-axis, and there is reason to assume that the spacecraft potential effects are negligible. If 𝐴𝐴 �̂�𝑘 is known, the DEI 
method shall be used to find the spin-plane phase velocity and then project it back to 𝐴𝐴 �̂�𝑘 to obtain the full velocity 
vector.

Data Availability Statement
MMS data are available at https://lasp.colorado.edu/mms/sdc/public/.

https://lasp.colorado.edu/mms/sdc/public/
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