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Abstract: A current generation type return stroke model which can take into account the possible
modifications of the return stroke properties by the soil conductivity at the strike point of the light-
ning flash is introduced. The model is also capable of incorporating the reflection of the current
at the ground end of the return stroke channel. In this paper, this return stroke model is used to
investigate (a) the effect of the ground conductivity at the strike point on the source electromagnetic
fields generated by return strokes and (b) the effect of current reflection at ground level on the
electromagnetic field generated by return strokes. The source electromagnetic fields are the electro-
magnetic fields generated by lightning flashes calculated in such a way that they are not distorted
by propagation effects. The results obtained show that the ground conductivity at the strike point
does not significantly influence the return stroke current peak or the radiation field peak for ground
conductivities higher than about 0.001 S/m. However, strike points with very poor conductivities
(lower than 0.001 S/m) would result in a decrease of the peak electric field. In contrast to the peak
values of the lightning current and the electric field, the peak values of the time derivatives of the
lightning current and electric field are significantly reduced when the strike point of the lightning
flash is located over a finitely conducting ground. The inclusion of the current reflection at ground
level influences significantly the saturation of the close electric fields. The current reflection also gives
rise to residual electric fields, a difference in the field levels generated by the dart leader and the
return stroke. The residual field decreases as the fraction of the reflected current decreases.

Keywords: lightning; return stroke; stepped leader; dart leader; return stroke models; current
reflection; ground conductivity

1. Introduction

Return stroke models can be divided into the following categories depending on the
basic principles used in constructing them: physical models, transmission line models,
antenna models, electromagnetic models, and engineering models [1]. Engineering models
are the simplest, yet they are highly successful in predicting electromagnetic fields of
return strokes at different distances from the lightning channel. The engineering models
available in the literature can be divided into three types, namely, Current Propagation
(CP), Current Generation (CG), and Current Dissipation (CD) [1]. One of the simplest
CP type models where the return stroke current propagates without attenuation and
dispersion was introduced by Uman and McLain [2]. Both Nucci et al. [3] and Rakov
and Dulzon [4] introduced current attenuation into the CP type return stroke models.
Cooray and Orville [5] and Cooray et al. [6] introduced CP type models that incorporate
both current attenuation and current dispersion. Return stroke models that belonging to
CG types were introduced by Heidler [7] and Diendorfer and Uman [8], among others.
The concept of CD type return stroke models was first introduced by Cooray [9]. Return
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stroke models that utilized both CG and CD concepts were introduced by Cooray and
Diendorfer [10] and Cooray and Rakov [11].

Researchers use lightning return stroke models, mainly, to calculate the electromag-
netic fields from lightning at different distances needed for engineering studies and, less
frequently, to remote sense the source characteristics such as the return stroke current.
Almost all of the engineering return stroke models use the channel-base current as an input;
for this reason, they cannot be used to investigate the way in which external physical pa-
rameters such as the ground conductivity at the strike point affect the source characteristics,
namely, the channel-base current and the electromagnetic fields.

In a recent study, Asfur et al. [12] discussed the effect of the conductivity of sea
water on the return stroke current parameters by extrapolating the results obtained from
experiments conducted using small sparks in the laboratory. They concluded that the salt
content of the sea water and, hence, its conductivity can affect the return stroke current.
On the other hand, theoretical results presented by Cooray and Rakov [11] (from here
on referred to as CR) predict how the channel-base current is influenced by the ground
conductivity. The study showed that conductivities larger than about 0.001 S/m do not
influence the peak current of the return stroke. However, the current derivative can be
seriously affected by the ground conductivity at the strike point.

In this paper, we will further develop the ideas introduced by CR to create a full-
fledged subsequent return stroke model. A model based on the ideas introduced by CR to
represent the first return strokes is under consideration (see Section 5). The return stroke
model to be introduced here is capable of accommodating current reflection at ground level
and it can predict the effect of the ground conductivity at the strike point on the return
stroke current and on the source electromagnetic fields generated by return strokes. The
source electromagnetic fields are the electromagnetic fields generated by the return stroke
before they are distorted by the propagation effects along the path from the strike point to
the measuring site. In this study, we will investigate the effect of current reflection and the
effect of the ground conductivity at the strike point on the source electromagnetic fields.
The current study is partly motivated by an experimental study conducted by Heidler and
Hopf [13] where they claimed that the source electromagnetic fields generated by lightning
striking a poorly conducting ground cannot be as fast as the ones generated by lightning
flashes taking place under maritime conditions in Florida, USA. We will utilize the model
to check the validity of the claim made by Hopf and Heidler [13].

2. Basic Concepts of the Model

In constructing the return stroke model, we will utilize the procedures developed
previously by CR to investigate the effect of the ground conductivity on the return stroke
current and how to include the current reflection at ground level. The procedure developed
by CR is based on modelling the return stroke channel by combining the concepts of
Current Generation (CG) and Current Dissipation (CD). Here, we will utilize the same
procedure but with a few modifications.

In a CG type return stroke model, the input parameters could be any three of the
following parameters: the channel-base current, the discharge time constant of the corona
sheath, the charge deposited by the return stroke on the leader channel, and the return
stroke speed. In many of the return stroke models, the channel-base current is selected as
one of the input parameters [2–9]. However, as pointed out by CR, in order to investigate
the effect of the ground conductivity on the return stroke current, the channel-base current
has to be a model-predicted parameter rather than an input. For this reason, they selected
the corona discharge time constant, the charge deposited by the return stroke on the leader
channel, and the return stroke speed as input parameters. The model that is being used
here to estimate the effect of the ground conductivity on the electromagnetic fields here is
similar to that used by CR but with a few modifications. Here, we will develop a single
model to incorporate both the effect of the ground conductivity and the current reflection
at ground level. Let us now provide the details of the model.
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2.1. Charge Deposited by the Return Stroke

In a study conducted by Cooray et al. [14], the return stroke current waveforms of
downward negative lightning flashes measured by Berger [15] were utilized to obtain the
charge brought to ground during the first 100 µs of the first return stroke and the first
50 µs of the subsequent return strokes. They found a strong correlation between the return
stroke peak current and the charge transferred to ground by return strokes. Combining this
information with the bi-directional leader concept [16], they investigated how this charge
was distributed along the stepped and dart leader channels. The results of that study show
that the charge per unit length along a fully extended down-coming leader channel can be
approximated by

ρl(z) = a0

(
1− z

H

)
Ip +

(a + bz)
1 + cz + dz2 Ip (1)

In the above equation, z is the vertical height of the point of interest (in meters), H
is the total length (in meters) of the leader channel which is assumed to be vertical, ρl(z)
(in C/m) is the charge per unit length of the leader channel at height z and Ip is the peak
return stroke current in kA. ao, a, b, c, and d are constant parameters which are given by:

• for stepped leaders (preceding first return strokes), a0 = 1.476× 10−5, a = 4.857× 10−5,
b = 3.909 × 10−6, c = 0.522, d = 3.73 × 10−3;

• for dart leaders (preceding subsequent return strokes), a0 = 5.09× 10−6, a = 1.325× 10−5,
b = 7.06 × 10−6, c = 2.089, d = 1.492 × 10−2.

Observe that Equation (1) represents the charge distribution of a fully extended
(i.e., one end at ground level) leader channel of length H corresponding to a return stroke
peak current of Ip.

Cooray [17] utilized the expression for the leader charge distribution given by Equa-
tion (1) to estimate the distribution of charge per unit length deposited by the return stroke
on the leader channel. In deriving this, he appealed again to the same bidirectional leader
model that was utilized by Cooray et al. [14] in estimating the leader charge distribution
given by Equation (1). According to the bidirectional leader model, during the return
stroke process, in addition to neutralizing the negative charge already located on the leader
channel (we are considering a negative return stroke here), additional positive charge
will be added along the channel. According to this work, the derived charge per unit
length ρret(z) deposited by a return stroke as a function of the length along the channel z is
given by

ρret(z) = a0 Ip +
(a + bz)

1 + cz + dz2 Ip (2)

In the above equation, Ip is the peak return stroke current in kA. Observe that Equa-
tion (2) represents the charge deposited by both first and subsequent return stroke currents.
The parameters a0, a, b, c, and d are the same as in Equation (1). Observe that the values
of the parameters differ depending on whether it is the first or subsequent return strokes
which are under consideration. In this paper, we will consider the subsequent return
strokes. It is also important to point out that the charge distributions given by Equations
(1) and (2) are based on static calculations and they neglect the time-dependence of the
dart leader current. In reality, at the time at which the dart leader tip reaches the ground,
the dart leader current peak occurs at a few tens of meters above the ground. This is the
case because the dart leader current risetime is about 1 µs and the speed of the dart leader
close to ground is about 107 m/s [18]. In order to take this into account, we will modify the
charge distribution slightly by assuming that the peak of the distribution is reached not at
ground level as in Equation (1) but at some height. This is done simply by multiplying the
charge distributions by a factor k(1− e−z/λ):

ρl(z) = k(1− e−z/λ)

{
a0

(
1− z

H

)
Ip + Ip

(a + bz)
1 + cz + dz2

}
(3)
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ρret(z) = k(1− e−z/λ)

{
a0 Ip +

Ip(a + bz)
1 + cz + dz2

}
(4)

In our analysis, we will select λ = 10 m to take into account the charging time of the
dart leader (i.e., the risetime of the dart leader current). The charge deposited by a 12-kA
peak current subsequent return stroke as given by Equation (4) is shown in Figure 1. Note
that the charge deposited by the return stroke increases initially, reaches a peak within a
few tens of meters, and decreases rapidly to a constant value. The parameter k is needed in
the equation to match the model generated return stroke current peak to the value of Ip
that appears in Equations (3) and (4). The value of k may change depending on the type
of corona discharge time constant selected in the model. For the corona discharge time
constant profile used in this paper (see the next section), we need k = 1.4.

Figure 1. The charge deposited by a 12-kA subsequent return stroke as given by Equation (4).

2.2. Corona Discharge Time Constant

The corona discharge time constant defines how fast the charge that is being deposited
on the leader channel is neutralized by the return stroke. The trigger for this neutralization
process is the change of the potential of the central core of the leader channel from cloud
potential to ground potential during the return stroke process. Two physical parameters
control the rapidity at which the corona charge is neutralized. First, during the neutraliza-
tion process, the central core’s potential has to be changed from cloud potential to ground
potential. This requires rapid heating followed by an increase in the conductivity of the
core of the leader channel so that the ground potential is transferred into the leader channel.
Second, the neutralization process is controlled by how fast the heating of the channel is
achieved by transferring the energy in electrons to the ions and neutrals. This is called
the thermalization. This transfer of energy from electrons to neutrals is completed in a
matter of nanoseconds, which is the thermalization time [19]. The thermalization process
sets the lowest time within which the corona sheath could be neutralized. On the other
hand, how fast the leader channel potential in regions in the vicinity of the ground can
be changed from cloud potential to ground potential depends on the electrical relaxation
time constant of the ground. The relaxation time constant, τr, is given by ε0εr/σ where σ is
the ground conductivity and εr is the relative dielectric constant of the soil. The relaxation
time increases with decreasing ground conductivity and so does the time necessary for
the change of the channel potential from that of cloud to ground. In addition to these
considerations, experimental data indicate that the risetime of the return stroke current
increases with height [20]. Within the confines of the CG type models, an increase in the
return stroke current risetime is caused by an increase in the corona discharge time constant
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of the corona current. Taking all these points into consideration, the corona discharge time
constant is defined as

τ(z) = τ0 + τs(1− e−z2/λ2
) (5)

τ0 = τt if τr < τt (6)

τ0 = τr if τr > τt (7)

In the above equations, τr is the relaxation time of the ground, τt is the thermalization
time, τs and λ are constants, and z is the height along the channel. As can be seen from
Equation (5), we assume that the corona discharge time constant increases initially with
height, but it will reach a steady value at higher levels. The reason for this choice is based
on the work conducted recently by Cooray et al. [6]. In that paper, the authors pointed
out that in order to generate the frequently observed subsidiary peak in subsequent return
stroke radiation fields and the hump in the close magnetic fields, the current risetime in
the return stroke channel should increase initially, but should reach a more or less constant
value after propagating several hundreds of meters along the channel. In the current model,
the same results can be obtained by assuming the corona discharge time constant to vary in
the above-mentioned manner. Based on the results presented by Cooray et al. [6] and after
a preliminary evaluation of the effect of τs and λ on the radiation and close magnetic fields,
we have selected τs = 10−6 s and λ = 250 m. As mentioned earlier, the thermalization time
is in the order of nanoseconds. In the case of subsequent return strokes, we have selected
the thermalization time to be 5 ns. This is close to the value selected by CR. Indeed, the
thermalization time may depend on the volume of the discharge channel that is necessary
to be thermalized and the background electric field to which the electrons are exposed
during the thermalization process. If this electric field is larger and the volume of the
discharge channel needed to be thermalized is smaller, then the thermalization time could
be shorter than the value selected above. In this respect, the thermalization time could be
much shorter in the case of small sparks where the background electric field is close to the
electrical breakdown field in air throughout the whole volume and the volume needed to
be thermalized is much smaller. Thus, in the case of small sparks, this time can be in the
sub-nanosecond range. Indeed, this could be the case because the risetime of the currents
in small sparks could be in the order of nanoseconds [21] indicating a thermalization
time in the sub-nanosecond range. However, this is an important parameter in the model
because it determines the lowest value of the relaxation time below which the current
parameters would not be further changed. Further experiments with long sparks could
help in pinpointing this value.

2.3. Return Stroke Speed

Observe from Figure 1 that the charge deposited by the return stroke remains approxi-
mately constant for heights above 1 km or so. Such a charge distribution in a CG type return
stroke model will lead to a distant radiation field that remains above the zero line until the
end of the return stroke is reached. The reason for this is the following. The peak value of
the return stroke current at a given height depends on the amplitude of the corona current
generated by the channel elements located in the vicinity of the return stroke front. If the de-
posited charge remains constant, the amplitude of the corona current also remains constant
and this leads to a return stroke current that maintains its peak value with height. This will,
in turn, generate a constant radiation field. Thus, in order to make the radiation field decay,
it is necessary to terminate the channel. This can be done by restricting the return stroke
channel length to about 5–6 km. However, such an artificial termination of the channel
gives rise to a fast and large opposite overshoot in the radiation field that is not observed in
the experiments (the so-called mirror-image effect). On the other hand, experimental data
show that the return stroke channel does not terminate abruptly at cloud height but will
turn towards horizontal and continue for many more kilometers [22]. A gradual turning of
the return stroke channel from vertical to horizontal direction can lead to a slow decay of
the radiation field similar to that observed experimentally [23]. Furthermore, experimental
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observations also show that the return stroke speed decreases with height [24,25], and such
a reduction in the speed of propagation of the return stroke will also produce a smooth
zero crossing in the radiation field. Actually, both the above-mentioned effects could be
influencing the decay of the return stroke radiation fields. However, in this paper, we will
assume that the dominant role is played by the decrease in the return stroke speed. For this
reason, the return stroke speed is assumed to decrease with height in the model according
to the equation

v = v0e−z/λv (8)

where v0 is 1.5 × 108 m/s and λv = 2000 m.

2.4. Current Reflection at Ground Level

CR provided theory that makes it possible to include current reflection in return stroke
models that belong to the CG category. Even though they did not do it using the model
described above, the technique they introduced can be used to include the current reflection
in the present model. Consider the case where the total current at ground end generated by
the downward moving corona current is completely reflected. In this scenario, we have to
assume that only half of the total current at ground level is produced by the negative corona
currents reaching the ground. This will be called the incident current, and it is modelled
using the CG concept. That is, as the return stroke front travels along the leader channel, it
will give rise to negative corona currents that travel down towards the ground creating the
incident current component at ground level. We assume that it will be reflected completely
at ground level; the reflected current carrying positive charge travels upwards with the
speed of light. This current component will be described using the CD concept. In the CD
concept, as the reflected current reaches a given channel element it will generate a negative
corona current that travels upward with the speed of light. These upward moving corona
currents carrying negative charge will dissipate the upward moving reflected current which
is carrying positive charge upwards. As in the CG type models, in order to fully describe
the variation of the upward moving reflected current using the CD concept, one has to
define three input parameters out of the following four parameters: the reflected current
at the channel base, the corona discharge time constant, the charge deposited along the
channel by the reflected current, and the return stroke speed. In our case, the reflected
current at the channel base, the return stroke speed and the corona discharge time constant
are already defined. Note that the corona discharge time constant and the return stroke
speed have to be the same for both the incident and reflected current. This is the case
because the return stroke front speed and the physics of the discharge process are unique
for a given return stroke (i.e., cannot be separated into components pertinent to incident
and reflected current).

2.4.1. The Incident Current at Ground Level

The incident current at ground level is given by [1,26]

Ii(0, t) =
he∫

0

ic,i(ξ, t− ξ/vav(ξ)− ξ/c)dξt > z/vav(z) (9)

In the above equation, ic,i(z, t) is the corona current at height z associated with the
incident current and vav(z) is the average return stroke speed over the channel section from
ground level to height z. The parameter he is the maximum length of the return stroke
channel that contributes to the channel base current at time t. The corona current at height
z and the average return stroke speed are given by

ic,i(z) =
ρret(z) f

τ(z)
exp{−[t− z/vav(z)]/τ(z)}t > z/vav(z) (10)
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vav(z) = z/
z∫

0

dz
v(z)

(11)

According to our definition, f is the ratio of the amplitude of the incident current to
the total current at the channel base. Note that f is different from the classical reflection
coefficient which is defined as the ratio of the reflected current to the incident current. If
f = 1, then no current is reflected and the total current at the channel base is the incident
current. If f = 0.5, the incident current is completely reflected. One could introduce different
amounts of current reflection by changing f from 1 to 0.5. Observe that in order to maintain
the same total current at ground level, the magnitude of the incident current has to be
changed when f changes from 1 to 0.5. For example, when f = 1 the peak amplitude of the
incident current will be 12 kA and when f = 0.5 the peak of the incident current will be
6 kA.

2.4.2. The Reflected Current at Ground Level

According to our definition of f , if we represent the total current at the channel base
as Ib(t), the reflected current is given by

Ir(0, t) = (1− f )Ib(t) (12)

Recall that we will be modelling the reflected current component using the CD concept.
In this scenario, the reflected current component travels upwards with the speed of light
but it will be dissipated by the upward moving negative corona currents making the total
current above the return stroke front, which is moving with speed v(z), equal to zero.
In order to complete the description of the reflected current at any height, we need the
speed of propagation of the return stroke front, the discharge time constant, and the charge
deposited by the reflected current along the leader channel. The speed of propagation
of the return stroke front is given by Equation (8) and the discharge time constant was
defined by Equations (5)–(7). What is needed is the charge per unit length deposited by the
reflected current along the leader channel. This charge is different from the charge per unit
length deposited on the leader channel by the incident current component. Observe that in
our case the corona discharge time constant varies with height. Before we treat this case, let
us consider the equations pertinent to the case where the corona discharge time constant
does not vary with height. Let us represent the corona discharge time constant pertinent to
this hypothetical case by τcon. The charge per unit length deposited by the reflected current
in this case is given by [9,27]

ρre f (z) =

{
vav(z)− z dvav(z)

dz

{vav(z)}2 − 1
c

}[
Ir(0, z/v∗) + τcon

∂Ir(0, z/v∗)
∂t

]
(13)

v∗ = 1
vav(z)

− 1
c

(14)

Note that, in our case, the corona discharge time constant varies along the channel.
However, observing that the corona current generated at a height z will start neutralizing
the reflected current waveform from the time z/vav(z) and continue to neutralize the
current for a time equal to the corona discharge time constant τ(z), the above equation will
still be valid if the corona discharge time constant does not change significantly over the
distance travelled by the return stroke from height z over the time τ(z). Thus, if

τ(z)v(z)
∂τ(z)

∂z
<< τ(z) (15)

or

v(z)
∂τ(z)

∂z
<< 1 (16)
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the charge deposited by the reflected component of the current can be obtained by replacing
τcon in Equation (13) by τ(z). That is

ρre f (z) =

{
vav(z)− z dvav(z)

dz

{vav(z)}2 − 1
c

}[
Ir(0, z/v∗) + τ(z)

∂Ir(0, z/v∗)
∂t

]
(17)

Since the condition given by Equation (16) is valid in our case, the charge deposited
per unit length along the leader channel by the reflected current is given by Equation (17).

Now, all the parameters of the model necessary to investigate the effect of the ground
conductivity at the strike point and the current reflection on the return stroke generated
electromagnetic fields are defined. In the next section, we will describe the equations
pertinent to the calculation of electromagnetic fields.

2.5. Calculation of Electromagnetic Fields

Once the return stroke speed and the current along the channel are specified, it is a
simple matter to calculate the electromagnetic fields. The electromagnetic fields generated
by the CG and CD type models can be expressed rather conveniently using the charge
accelerating technique [28]. Let us first consider the fields produced during the generation
of the incident current and subsequently the ones generated by the reflected current.

2.5.1. Electromagnetic Fields Generated by the Incident Current Component

In general, the charge acceleration technique describes the components of the elec-
tromagnetic field as Static or Coulomb fields produced by stationary charges, Velocity or
modified Coulomb fields produced by moving charges, and Radiation fields produced
by accelerating charges. In the CG type models, radiation fields are generated during
the initiation of the corona currents and during their termination at ground level. In CG
models, the corona currents propagate downwards with the speed of light and, therefore,
the velocity fields associated with these currents is equal to zero [28]. As the return stroke
front reaches a given channel section, negative corona current leaves that channel section
leaving behind a positive charge. This positive charge will generate an electrostatic field.
Thus, the total electromagnetic field can be described as a summation of radiation and
static fields. Consider the processes taking place in a channel element dz located at height z
when the return stroke front reaches that element. The geometry relevant for the calculation
is shown in Figure 2. The arrival of the return stroke front at the channel element will
generate a corona current which will travel down towards ground at the speed of light.
At the same time, it will leave behind a stationary positive charge which is given by the
time integral of the corona current. The radiation field generated at ground level by the
initiation of the corona current is [28]

dE1,inc =
ic,i(z, t− r/c)

2πε0cr
sin2 θ

1− cos θ
dz (18)

where the corona current is given by Equation (10). The total radiation field generated by
the initiation of corona currents along the return stroke channel is given by

E1,inc(t) =
L∫

0

ic,i(z, t− r/c)
2πε0cr

sin2 θ

1− cos θ
dz (19)

Note that L is the apparent height of the return stroke as measured by an observer at
the point where the electromagnetic field is calculated. Thus, L is a parameter that varies
with time. As the corona current reaches the ground, it will be absorbed, and this will give
rise to a radiation field

E2,inc = −
Ii(0, t− D/c)

2πε0cD
(20)
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Figure 2. The geometry relevant to the calculation of the electromagnetic fields.

Consider again a channel element at height z. The positive charge as a function of
time that will remain in the channel element as the negative charge leaves the element in
the form of corona current is given by

qi(z, t)dz = dz
t∫

z/vav(z)

ic,i(z, t)dt (21)

The static field produced by this charge at the point of observation is

dE3,inc(t) =
qi(z, t− r/c)

2πε0r2 cos θdz (22)

The total static field produced by the static charges accumulated along the channel is
given by

E3,inc(t) =
L∫

0

qi(z, t− r/c)
2πε0r2 cos θdz (23)

Combining all the equations together, the total electric field produced during the
generation of the incident current is given by

Einc(t) = E1,inc(t) + E2,inc(t) + E3,inc(t) (24)

2.5.2. Electromagnetic Fields Generated by the Reflected Current Component

In the model, the propagation of the reflected current component is described using the
CD type model [9]. In the CD type models, both the injected current and the negative corona
currents propagate upwards with the speed of light and the velocity fields associated with
these currents are equal to zero. Thus, as in the CG type models, the total electromagnetic
fields can again be described as a summation of radiation and static fields. Consider the
process taking place in a channel element dz when the return stroke front reaches that
current element. The arrival of the return stroke front will generate a corona current which
will travel upwards with the speed of light. The radiation field generated by the initiation
of the corona current is

dE1,re f =
ic,r(z, t− r/c)

2πε0cr
sin2 θ

1 + cos θ
dz (25)

where the corona current is given by Equation (10), but the charge density has to be replaced
by ρre f (z) which was given by Equation (17). That is

ic,r(z) =
ρre f (z)

τ(z)
exp{−[t− z/vav(z)]/τ(z)} (26)
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The total radiation field generated by the initiation of corona currents along the return
stroke channel is given by

E1,re f (t) =
L∫

0

ic,r(z, t− r/c)
2πε0cr

sin2 θ

1 + cos θ
dz (27)

In addition, the upward movement of the reflected current with the speed of light
from ground level will give rise to a radiation field given by

E2,re f =
Ir(0, t− D/c)

2πε0cD
(28)

Consider again a channel element at height z. As the negative charge leaves this
channel element in the form of corona current, positive charge will remain in the channel
element. The positive charge on this channel element as a function of time is given by

qr(z, t)dz = dz
t∫

z/vav(z)

ic,r(z, t)dt (29)

The static field produced by this charge at the point of observation is

dE3,re f (t) =
qr(z, t− r/c)

2πε0r2 cos θdz (30)

The total static field produced by the static charges accumulated along the channel is
given by

E3,re f (t) =
L∫

0

qr(z, t− r/c)
2πε0r2 cos θdz (31)

Thus, the total electric field produced by the reflected current is given by

Ere f (t) = E1,re f (t) + E2,re f (t) + E3,re f (t) (32)

Note that the radiation field generated by the reflected current at ground level is
opposite to that of the radiation field generated by the absorption of the incident current at
ground level. When f = 0.5, the two fields cancel each other. This itself is an interesting
observation which shows that whenever there is total current reflection, the radiation field
generated by the process is equal to zero.

3. Results

The results to be presented in the following subsections are valid for a subsequent
return stroke with a 12-kA peak current at ground level.

3.1. Results Pertinent to the Case without Current Reflection

Consider the case where the incident current is absorbed by the ground without
current reflection ( f = 1.0). In this case, the total channel-base current with a 12-kA peak is
generated by the incident current component. First, let us illustrate the effect of the ground
conductivity at the striking point on the features of the return stroke current.

3.1.1. Effect of the Ground Conductivity on the Return Stroke Current

In their paper, CR showed that the ground conductivity does not influence the peak
return stroke current significantly except for very low ground conductivities. The results
to be presented here are not very different from the one presented by CR. Any differences
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are caused by the different corona discharge time constant profile and the value of the
thermalization time used in the calculations.

Here, we present the results corresponding to different ground conductivities at the
strike point. In the case of sea water, we adopt values of 5 S/m as the conductivity and
80 as the relative dielectric constant. For soils of conductivities 0.01 S/m, 0.001 S/m, and
0.0001 S/m, we assume that the relative dielectric constant is 10. The channel-base currents
for several conductivities at the strike point are shown in Figure 3.

Figure 3. Return stroke current at ground level for four values of the soil conductivity at the strike
point. Note that the curves corresponding to σ = 5 S/m and 0.01 S/m fall on each other.

Recall that the current at ground level is generated by the cumulative effect of corona
currents generated along the channel. How fast this charge is collected affects the peak
current. As shown in Figure 3, for ground conductivities higher than about 0.001 S/m, the
peak current is not much affected by the ground conductivity. The current derivatives for
different ground conductivities are shown in Figure 4. Note that the ground conductivity
affects the current derivative significantly. The current derivative for 0.0001 S/m is about
ten times lower than the current derivative at 0.01 S/m.

Figure 4. The time derivative of the return stroke current at ground level for four values of the soil
conductivity at the strike point.

The reader may wonder whether the general tendency of the effect of the ground
conductivity on the peak current is somewhat screened by the assumed rapid increase of
the corona discharge time constant with height, i.e., Equation (5). In order to investigate
this, we have analyzed the case where the corona discharge time constant remains constant
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and equal to its value at ground level along the whole channel. The results obtained for
current derivative are shown in Figure 5. Note that the results obtained are not significantly
different to the ones shown in Figure 4.

Figure 5. The derivative of the return stroke current at ground level for four values of the soil
conductivity at the strike point obtained by assuming that the discharge time constant remains
constant along the channel.

The reason why the peak current does not change significantly with the ground
conductivity in the high conducting regime (i.e., values greater than about 0.001 S/m)
is the following. The peak current is reached when the charge from a channel length
approximately equivalent to trv, where tr is the risetime of the current and v is the speed of
the return stroke at ground level, is collected. If the time taken for this collection process is
less than the relaxation time, then the peak current increases as the conductivity is increased.
On the other hand, if the time needed for the charge collection process is much longer
than the relaxation time, then the peak current would not be much affected by the ground
conductivity. In return strokes, the charge collection time is always in the range of hundreds
of nanoseconds to microseconds, and, for this reason, the peak current is only affected by
very low values of the ground conductivity.

Figure 6 depicts the return stroke current along the channel for two different ground
conductivities and permittivities. Figure 6a,b correspond, respectively, to σ = 5 S/m and
εr = 80, and to σ = 0.0001 S/m and εr = 10. Observe first that the peak amplitude of the
current decreases with increasing height. Second, note that the risetime of the current
increases initially and then reaches a more or less constant value. The reason for this feature
is our assumption that the corona discharge time constant increases initially but reaches a
constant value at higher levels. Observe also that the current risetimes close to the ground
in the case of low conductivities are longer compared to those for high conductivities.
However, the differences in the risetime become less significant at higher heights along
the channel. Of course, this observation is related to some extent to our choice of the
corona discharge time constant profile where the discharge time at higher levels is not
much modified by the ground conductivity. This is the case because at large heights, the
second part of the right-hand side of the Equation (5) becomes larger than the first part.
However, had we assumed that the discharge time constant remains the same along the
channel, the influence of the ground would have been felt even at higher levels.
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Figure 6. Return stroke current at several heights calculated for (a) σ = 5 S/m, εr = 80 and
(b) σ = 0.0001 S/m and εr = 10.

3.1.2. Electromagnetic Fields Generated at Different Distances and the Effects of the
Ground Conductivity

It is important to point out that the electromagnetic fields given here are the source
fields. That is, they are the fields that would be measured if the field propagation to the
point of observation is free of propagation effects caused by the finitely conducting ground.
In other words, we assume that at the strike point, the ground conductivity is finite, but
the path of propagation is along a perfectly conducting ground. One real example where
this situation is realized could be the measurement of electromagnetic fields from lightning
striking a small island but measured over the surface of the sea. In this case, the source
characteristics are affected by the ground conductivity at the strike point, but the resulting
fields are not significantly affected by the path of propagation. Another situation where
the source fields can be observed without distortion along the propagation path is the
measurement of electromagnetic fields at higher altitudes from return strokes. In this case,
the source electromagnetic fields appear at the point of observation without being distorted
by propagation effects.

Electric Field

The electric field calculated at 50 m, 1 km, and 100 km and the magnetic field at
1 km for several conductivities are shown in Figure 7. The same fields are depicted in an
expanded time scale in Figure 8. The close magnetic field resembles the channel base current,
and the distant magnetic radiation field has the same temporal features as the electric
radiation field. For this reason, the magnetic field is shown only at an intermediate distance.
Observe first that the electric fields have all the characteristic features of experimental
observations [29,30]. For example, the electric field from subsequent return strokes at
50 m reaches a value close to its peak in a few tens of microseconds. Moreover, the tail
of the electric field at around 1 km shows a ramp-like increase and the magnetic field
exhibits a pronounced hump. Furthermore, the distant radiation fields cross the zero line
at around 40 µs.

Observe that the effect of the conductivity at the strike point does not affect signif-
icantly the peak value of the electric field for ground conductivities higher than about
0.001 S/m. However, as in the case of the current peak, for smaller values of the ground
conductivity, there is a significant reduction in the peak electric field.
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Figure 7. The source electric and magnetic fields generated by a subsequent return stroke of 12 kA
for three sets of electric parameters at the strike point. (a) Electric field at 50 m, (b) electric field at 1
km, (c) electric field at 100 km, and (d) magnetic field at 1 km (note that the parameter depicted is the
product of the magnetic field and the speed of light).

Figure 8. The source electric and magnetic fields generated by a subsequent return stroke of 12 kA
for three sets of electric parameters at the strike point. (a) Electric field at 50 m, (b) electric field at
1 km, (c) electric field at 100 km, and (d) magnetic field at 1 km (note that the parameter depicted is
the product of the magnetic field and the speed of light), but the fields are shown in an expanded
time scale.
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While defining the profile of the corona discharge time constant, we have mentioned
that a discharge time profile that increases monotonically does not generate the subsequent
peak in the radiation field. In order to illustrate this, we have reproduced some of the
calculations with two other corona discharge time constant profiles. In one case, we
have kept the corona discharge time constant uniform along the whole channel and, in
the other case, it is assumed to increase linearly with height according to the equation
τ(z) = τ0 + 0.25 × 10−9z. The latter variation is identical to that utilized by CR. The
resulting radiation field and the magnetic field at 1 km are shown in Figure 9. Note
that a corona discharge time constant that remains the same with height or the one that
increases monotonically with height does not generate a subsidiary peak in the radiation
field. Moreover, such corona discharge time constant profiles will reduce drastically the
hump in the magnetic field at intermediate distances.

Figure 9. The source electric field (a) at 100 km and the source magnetic field (b) at 1 km generated by
the return stroke for three profiles of the corona discharge time constant. (1) τ(z) = τ0 + τs(1− e−z2/λ2

)

(2) τ(z) = τ0 (3) τ(z) = τ0 + 0.25× 10−9z.

Electric Field Derivative

Figure 10 depicts the derivative of the source electric field at 100 km for several soil
conductivities at the strike point. Note how, similar to the derivative of the channel-base
current, the electric field derivative is significantly reduced by the ground conductivity
at the strike point. Observe that the source electric field derivative associated with a
strike to sea water is nearly a factor of 3 higher than that for a ground conductivity at
the strike point of 0.001 S/m. The ratio is about a factor 20 or more when the ground
conductivity is decreased to 0.0001 S/m. Again, we remind the reader that the reduction
in the electric field derivative is caused by the influence of the ground conductivity at the
strike point on the source characteristics and not due to the propagation effects along a
finitely-conducting ground.

It is important to point out that the electric field derivative of the radiation field of a
typical subsequent return stroke striking sea water as presented in Figure 10 is somewhat
higher than the ones measured over water [31]. However, recall that even the electro-
magnetic fields propagating over the surface of the ocean are somewhat distorted by
propagation effects caused by the finite conductivity and rough ocean surface [32,33].
Thus, we expect the experimentally observed electric field derivatives where the path of
propagation is almost over sea water to be less than the values presented above.
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Figure 10. Derivative of the source electric field at 100 km for several electrical parameters of the
strike point. (a) Sea water: σ = 5 S/m, εr = 80 and (b) σ = 0.01 S/m, εr = 10, (c) σ = 0.001 S/m, εr = 10,
and (d) σ = 0.0001 S/m, εr = 10.

It is also important to point out that the peak value of the radiation field derivative of
the return stroke striking sea water would be reduced if a larger value for the thermalization
time is selected. For example, if the thermalization time is increased from 5 ns to 10 ns,
identical to the value used by CR, then the peak derivative of the source radiation field of
the return stroke striking sea water will be reduced to about 50 V/m/µs.

3.2. Results Pertinent to the Case with Current Reflection

The results presented earlier concerning the effect of the ground conductivity on the
return stroke current do not change when the current reflection at ground level is included
in the model. This is the case because the channel base current waveform is still the same
at the bottom of the channel. However, the presence of the current reflection would modify
the features of the total current at upper sections of the channel and this would affect the
features of the electromagnetic field.

Figure 11 shows the electric fields at 50 m, 1 km, and 100 km and the magnetic field at
1 km generated by a subsequent return stroke when the incident current at ground level
is completely reflected. Same fields are depicted in an expanded time scale in Figure 12.
Results are shown for several conductivities at the strike point. It is important to point out
that in this presentation, we are assuming that the amount of current reflected at ground
level is independent of the ground conductivity. This may not be the case in reality. Note
that in the presence of a current reflection at ground level, the close electric field saturates
completely within about 10 µs. This was not the case when there was no current reflection
at ground level. In that case, the close field increases rapidly to about 75% of its peak value
in a few microseconds, but the rest of the field increases rather slowly to its peak value.
The slow rise to the peak value in the case of f = 1 is caused by the presence of the field
term E2,inc(t). For example, Figure 13 shows the electric field corresponding to f = 1 with
the three field components depicted separately. It is clear from this diagram that the slow
increase in the close field is caused by the term E2,inc(t). However, when f = 0.5, the field
term E2,inc(t) is cancelled completely by the field term E2,re f (t) and, as a result, the field
rises abruptly to its peak value.
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Figure 11. The source electric and magnetic fields generated by a subsequent return stroke for three
sets of electric parameters at the strike point when including the current reflection at ground level.
(a) Electric field at 50 m, (b) electric field at 1 km, (c) electric field at 100 km, and (d) magnetic field at
1 km (note that the parameter depicted is the product of the magnetic field and the speed of light).

Figure 12. The source electric and magnetic fields generated by a subsequent return stroke for three
sets of electric parameters at the strike point when including the current reflection at ground level.
(a) Electric field at 50 m, (b) electric field at 1 km, (c) electric field at 100 km, and (d) magnetic field at
1 km (note that the parameter depicted is the product of the magnetic field and the speed of light),
but the fields are shown in an expanded time scale.
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Figure 13. The three components and the total electric field at 50 m corresponding to the case with
f = 1.0. (a) Static component, (b) radiation field generated by the initiation of corona currents, and
(c) radiation field generated by the absorption of the corona currents at ground level. The total electric
field is shown by the curve marked (d).

Observe also that the peak value of the close field becomes less when the current
reflection is included in the model. The reason for this is the following. Without current
reflection, the total current at ground level is generated by the incident component. The
charge deposited along the leader channel by this incident current component is given
by Equation (4). It is depicted in Figure 14 by the dashed line. Now, when f = 0.5, only
half of the current at ground level is the incident current and the charge deposited by this
current along the leader channel is half the charge deposited by the incident component in
the absence of current reflection. This charge is depicted by curve ‘a’ in Figure 14. When
f = 0.5, the reflected current (half of the total current) is equal to the incident current (half
of the total current), and the charge deposited by that current along the leader channel can
be calculated from Equation (17). It is depicted by curve ‘b’ in Figure 14. Now, the total
charge deposited along the leader channel is the sum of charges depicted by curves ‘a’ and
‘b’ and their sum is depicted by curve ‘c’. Comparison of the curve ‘c’ with the dashed line
shows that in the presence of current reflection, the net charge deposited along the section
of the leader channel close to ground is smaller than the charge deposited along the leader
channel in the absence of current reflection, i.e., the dashed line. Thus, the peak value of
the close field decreases in the presence of the current reflection.

Figure 14. The charge deposited by the incident current (curve a) and by the reflected current
(curve b). The total charge deposited by both incident and reflected currents is given by curve c.
For comparison purposes, the charge deposited by the incident current in the absence of a current
reflection is shown by the dashed line. Note that the total current at ground level with or without the
current reflection is equal to 12 kA.
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4. Discussion
4.1. Effect of Ground Conductivity on the Current in Laboratory Sparks

The results presented in this paper show that the return stroke current would be
not much influenced by the conductivity of the soil at the ground strike point if the
conductivity is higher than about 0.001 S/m. However, in a recent paper, Asfur et al. [12]
showed that the integrated light intensity of laboratory sparks striking seawater increased
with increasing salinity, i.e., with increasing conductivity. Extrapolating this over to return
strokes, they claimed that the intensity of the return strokes would be higher with increasing
salt concentration in seawater. This claim seems to be in conflict with the results presented
in this paper. However, it is doubtful whether the results from laboratory experiments
based on small sparks are applicable to return strokes in lightning flashes for the reasons
given below.

The reason why the return stroke peak current does not increase with increasing con-
ductivity for conductivities larger than about 0.001 S/m is the fact that the peak current is
generated by charges collected over a long channel length. Even though the neutralization
of the corona sheath becomes faster with high water conductivity, the peak current is gener-
ated by the cumulative effect of all the corona currents resulting from the neutralization
process distributed over a length of a few tens to hundreds of meters. Thus, the value of the
peak current is decided more by the time it takes for the return stroke to travel a distance of
about 100 m or so and not by the rapidity at which the neutralization is achieved. However,
in very short sparks, the charge collection time is very short and the peak discharge current
is mainly controlled by how fast the neutralization is achieved, i.e., by the relaxation time.
Thus, as the relaxation time decreases, the peak current would start to increase. In order
to demonstrate this, consider a 10-cm long spark. We assume that the charge distribution
along the spark channel is such that it decreases linearly along the channel. The speed of
the spark is assumed to be 108 m/s. Figure 15 shows the peak current at the strike point
for several seawater conductivities. Note how the peak current increases with increasing
conductivity. Of course, the results depend to some extent on the thermalization time we
have used in the calculation. As discussed in Section 2.2, the thermalization time for small
sparks could be in the range of sub nanoseconds. In the calculations presented here, we
have assumed that it is equal to 0.1 ns. If the thermalization time was larger, the effect of
the conductivity on the peak current would have been less significant.

Figure 15. The current at the strike point of a 10-cm long spark for different conductivities of water.
(a) 10 S/m, (b) 5 S/m, (c) 2 S/m, and (d) 1 S/m.
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4.2. Effect of Ground Conductivity at the Strike Point on the Electric Field Derivatives Measured
over Finitely Conducting Ground

In a paper published in 1998, Heidler and Hopf [13] analyzed the electric field deriva-
tives measured within a few kilometers from lightning channels striking low conducting
soil in Germany. After taking into account the propagation effects along the path of propa-
gation, they still could not explain the low values of the observed electric field derivatives.
They concluded that the source electric field derivatives of lightning flashes striking poorly
conducting soil in the region where the experiment was conducted were significantly
smaller than the electric field derivatives observed under maritime conditions in Florida.
Their conclusions agree with our analysis. Our study, presented earlier, shows that the peak
electric field derivatives of the source electric fields from lightning flashes striking poorly
conducting soils are significantly smaller than the ones generated by lightning flashes
striking highly conducting soils. However, if the electromagnetic fields propagate over
poorly conducting soil, the electric field derivatives of distant fields could be attenuated to
such an extent that it may not be possible to make any conclusions concerning the strength
of the source electric field derivatives. In other words, if the attenuation of the fields is very
high, it is possible that the distant electric field derivative will exhibit the same strength ir-
respective of the strength of the source electric field derivative. In order to find out whether
the source characteristics could affect the electromagnetic fields measured at a distance over
poorly conducting soil, we have conducted the following numerical experiments using
the simple propagation model introduced by Cooray and Lundquist [34]. In one set of
experiments, we have assumed that lightning strikes salt water, but the propagation path is
over a finitely conducting ground. This situation would be similar to the case where the
source characteristics are identical to that of maritime conditions and are not affected by the
ground conductivity at the striking point. In the second set of numerical calculations, we
have considered the case where the lightning flash strikes the finitely conducting soil over
which the electromagnetic field propagates. The results obtained for two conductivities
and for two propagation distances are shown in Figure 16. In each diagram, the curve
labelled i depicts the electric field after propagation assuming that the source fields are
identical to those of a return stroke striking sea water and the curve labelled ii depicts the
electric field taking into account the effect of the ground conductivity on the source field.
Note that in each case the peak of the electric field derivative is significantly larger in (i)
than in (ii). Moreover, the half-width of the electric field derivative is smaller in (i) than in
(ii). This demonstrates the validity of the conclusion made by Heider and Hopf [13]. That
is, lightning return strokes striking highly conducting ground have faster derivatives in
source fields than the lightning return strokes striking poorly conducting ground. This, in
turn, supports the conclusions made in this paper, namely, that the return stroke currents
are affected by the ground conductivity which in turn will affect the electromagnetic fields.

4.3. Extension of the Model to Include Field Changes Due to the Leader

Since the leader charge distribution is one of the input parameters of the model, it
could be used in a consistent manner to obtain the combined leader-return stroke electric
fields at any given distance from the return stroke. It is important to point out that the leader
charge distribution derived by Cooray et al. [14] has been used frequently in estimating the
electric field generated by down coming dart leaders and lightning simulation studies [35].
Moreover, as shown by Cooray et al. [14] the resulting fields from the charge distribution
are also in agreement with the measured dart leader fields. The charge distribution along
the leader channel as it extends towards the ground is given by (after taking into account
the risetime of the dart leader):

ρl(ξ) = kIp

(
1− e−ξ/λ

)[
a0

(
1− ξ

H − z0

)(
1− z0

H

)
+
(

1− z0

H

) (a + bξ)

1 + cξ + dξ2

]
(33)
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Figure 16. The electric field derivative after propagating (a) 2 km over σ = 0.001 S/m, (b) 1 km over
σ = 0.0001 S/m, and (c) 2 km over σ = 0.0001 S/m. Curve (i) corresponds to the results obtained if
the source fields are identical to that of striking sea water and curve (ii) corresponds to the results
obtained if the source fields are modified by the ground conductivity at the strike point.

In the above equation, z0 is the vertical height of the tip of the leader, H is the total
vertical length of the leader channel in meters, ρl(ξ) (in C/m) is the charge per unit length
of the leader channel at a point located at a vertical distance ξ from the tip of the leader
channel, and Ip is the peak return stroke current in kA. As mentioned earlier, k = 1.4. The
above equation is much simpler than the original version published by Cooray et al. [14]
but it gives essentially the same leader charge distribution.

Since Equation (33) gives the variation of the leader charge as the leader descends,
it can be used to calculate the electric field generated by the leader at any given point.
Figure 17 depicts the leader return stroke field at 15, 30, and 50 m for a subsequent return
stroke having a 12 kA current at ground level. Note that, in the case of no current reflection,
the return stroke completely neutralizes the charge that is stored on the sections of the
leader channel close to the ground. This is the case because the return stroke field brings the
electric field back to the zero level. However, in the presence of a current reflection, there
is a residual field remaining after the return stroke. This is caused by the lower amount
of positive charge deposited on the sections of the leader channel close to ground by the
reflected current. This point was discussed in Section 3.2. Interestingly, Rakov et al. [30]
observed such residual fields in the experimental data obtained from triggered lightning
flashes. They attributed these residual electric fields to the presence of charges on the
branches which were not neutralized by the return stroke. Similar residual fields were also
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observed in Rubinstein et al. [36], but sometimes also with return stroke fields higher than
the leader fields.

Figure 17. The dart leader-return stroke fields corresponding to (a) 15 m, (b) 30 m, and (c) 50 m from
the lightning strike. The curve ‘a’ corresponds to the leader field. The curve ‘b’ corresponds to the
return stroke field in the absence of current reflection and the curve ‘c’ corresponds to the return
stroke field when the current reflection is included in the model. In the diagrams, the time zero
corresponds to the initiation of the return stroke.

5. Further Development of the Model

The model described here is valid for subsequent return strokes. However, our
preliminary analysis shows that it could be adapted to represent first return strokes with a
slight change of model parameters. First, in the case of first return strokes, the initial phase
of the return stroke takes place along the streamer region of the stepped leader where the
charge density could be less than that of the fully developed part of the stepped leader
channel. Thus, even in the case of first return strokes, one can expect the charge density
to increase initially over a length roughly on the order of a step length. The step length in
typical stepped leaders close to the ground is on the order of 10 m. This makes λ equal to
about 10 m (same as that for subsequent strokes but for different reasons). Second, since
the volume of the stepped leader is larger than that of the dart leader, one would expect
the thermalization time to be longer than that of the dart leader. Our analysis shows that
a thermalization time of about 50 ns is needed to obtain peak electric field derivatives
comparable to the measured electric field derivatives at 100 km for lightning flashes striking
the sea. Furthermore, the value k is identical to that used for subsequent return strokes (i.e.,
equal to 1.4). With these parameters, the model can be utilized to study the features of first
return strokes.
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6. Conclusions

The theory developed by Cooray and Rakov [11] is further extended here to create
a return stroke model which is capable of taking into account the possible modifications
of the return stroke properties by the soil conductivity at the strike point of the lightning
flash. The model is also capable of incorporating the reflection of the current at the ground
end of the return stroke channel. Moreover, since one of the input parameters is the
charge distribution along the leader channel, the model is capable of generating both dart
leader and return stroke fields in a consistent manner. The results show that the peak
current and the peak of the source electromagnetic fields are not much affected by the soil
conductivity at the strike point for conductivities larger than about 0.001 S/m. However,
the peak current and peak fields are reduced by lower conductivities. On the other hand,
the application of the same theory, but dimensioned for small sparks, shows that even
the variations in the conductivity of sea water (i.e., from 1 S/m to 10 S/m) can influence
the peak current, in agreement with the observations of Asfur et al. [12]. The results
show that both the current and electric field derivatives are significantly affected by the
ground conductivity at the strike point. It is shown that this effect can actually be observed
in experiments as demonstrated by the experimental data published some time ago by
Heidler and Hopf [13]. The inclusion of the current reflection at ground level significantly
influences the saturation of the close electric fields. The current reflection also gives rise to
residual electric fields, observed as a difference in the field change generated by the dart
leader and the return stroke.
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