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ABSTRACT

Mahata, P. 2005: Model Checking Parameterized Timed Systems. Acta Universi-

tatis Upsaliensis. Uppsala Dissertations from the Faculty of Science and Technology

61. 180 pp. Uppsala, Sweden. ISBN 91-554-6158-1

In recent years, there has been much advancement in the area of verification of
infinite-state systems. A system can have an infinite state-space due to unbounded
data structures such as counters, clocks, stacks, queues, etc. It may also be infinite-
state due to parameterization, i.e., the possibility of having an arbitrary number of
components in the system. For parameterized systems, we are interested in checking
correctness of all the instances in one verification step.

In this thesis, we consider systems which contain both sources of infiniteness,
namely: (a) real-valued clocks and (b) parameterization. More precisely, we consider
two models : (a) the timed Petri net (TPN) model which is an extension of the classical
Petri net model; and (b) the timed network (TN) model in which an arbitrary number
of timed automata run in parallel.

We consider verification of safety properties for timed Petri nets using forward
analysis. Since forward analysis is necessarily incomplete, we provide a semi-algorithm
augmented with an acceleration technique in order to make it terminate more often
on practical examples. Then we consider a number of problems which are generali-
sations of the corresponding ones for timed automata and Petri nets. For instance,
we consider zenoness where we check the existence of an infinite computation with a
finite duration. We also consider two variants of the boundedness problem: syntactic

boundedness in which both live and dead tokens are considered; semantic boundedness

where only live tokens are considered. We show that the former problem is decidable,
while the latter is not. Finally, we show undecidability of LTL model checking both
for dense and discrete timed Petri nets.

Next we consider timed networks. We show undecidability of safety properties
in case each component is equipped with two or more clocks. This result contrasts
previous decidability result for the case where each component has a single clock.
Also, we show that the problem is decidable when clocks range over the discrete time
domain. This decidability result holds when the processes have any finite number of
clocks. Furthermore, we outline the border between decidability and undecidability
of safety for TNs by considering several syntactic and semantic variants.
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Chapter 1

Introduction

It is evident now in the software industry that the cost and the time required
for testing and debugging a software is much higher than that for designing
and implementation. When one uses a simulation of a complex system or tests
it, one is never sure whether the system is correct or there still exist some
subtle bugs. It is not even possible to estimate the number of such bugs still
hidden in the implementation. As the complexity of the system increases, say
by introducing new features (photo transfer, video transfer, etc) into a mobile
phone, it can turn out to be completely impossible to “test” whether all software
and hardware associated with the phone are working correctly.

Even though one may be tolerant if the phone has some spurious misbe-
haviours, no one will probably like to have eavesdropping on the phone, which
can happen due to errors in telephone switching networks. Failure is also
unacceptable in electronic commerce, highway and air traffic-control systems,
medical instruments, etc. Nowadays, there are frequent news of failure caused
by a software or a hardware system. For instance, the Ariane 5 rocket exploded
in June 4, 1996 due to an unhandled exception caused by a conversion of a 64-
bit floating-point number to a 16-bit signed integer. So, clearly the need for
reliable hardware and software systems is critical.

A very attractive and increasingly promising alternative to simulation and
testing is the approach of formal verification. While simulation and testing
explore some of the possible behaviours of the system, leaving open a possibility
of unexplored wrong behaviours, formal verification conducts an exhaustive
exploration of all possible behaviours. Thus, a correctness certificate from a
formal verification method is necessary for all (complex) software and hardware
systems. Actually it is claimed that this approach already yielded a dramatic
effect on the SLAM project [25] of Microsoft, which plans to incorporate formal
verification in the Windows driver development kit.

1.1 Model Checking

Several approaches to formal verification have been proposed over the years.
One of them is Model Checking [47] which was initially introduced as a tech-
nique for verifying finite, concurrent systems such as sequential circuit designs
and communication protocols. Model checking allows verification of a desired
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behavioural property of a given system (model) through exhaustive enumer-
ation of all the (actual or symbolic) states reachable by the system and the
behaviours that traverse through them. This approach has two advantages
over other approaches.

• It is fully automatic and does not require user supervision or expertise
in mathematical disciplines (which is a requirement for using theorem
proving).

• It produces counterexamples in case the design contains an error. This
counterexample can then be used to pinpoint the source of the error.

Applying model checking to a system consists of several tasks. The first task
is to convert the design of a system to a suitable formal model M for which
model checking algorithms exist. Often, this may require some abstraction due
to limitation of memory (abstraction is achieved by avoiding some unimportant
details). Models are usually specified as transition systems which consist of
two parts, a set of states and a reflexive, transitive, binary relation (called,
transition relation) on the set of states. Secondly, one needs to know which
property (often called specification) the design is expected to satisfy. Then one
may use a model checker which checks: “does the model M satisfy the property
?” If the model checker says “yes”, we are happy with our model. Otherwise,
the model checker tool supplies a counter-example (often called error trace,
i.e., a trace which does not satisfy the specification), which can then be used
to modify the model/system.

1.2 Model Checking Finite-State Systems

A state is a snapshot of a system at a moment in time. It is everything that
we need to know about the system at that moment in order to determine the
future for all forthcoming input sequences. More precisely, it consists of the
values of all variables and control locations. A system is called finite-state if
the number of possible states of the system is finite. However, this number may
be exceedingly high for practical systems. The model checking of finite-state
systems started with the works of [45, 119] in the early eighties by Clarke,
Emerson, Sistla, Queille, and Sifakis. During model-checking, large finite-state
systems may suffer from an explosion of its state-space. The battle against
state-space explosion was started in 1987 by McMillan, with the use of reduced
ordered binary decision diagrams (ROBDDs, introduced by Bryant [38]) for
model checking [105]. ROBDDs are used to characterize a finite set of states,
by canonically representing a set of evaluations of a boolean formula. This
allowed description of transition systems by ROBDDs and thus efficient model
checking of large finite-state systems [39, 40].

In parallel, another technique came up for combatting state-explosion: par-
tial order reduction. This technique is mainly used in model checking concur-
rent, asynchronous software systems when most of the activities by different
processes are performed independently (two events are considered independent
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if executing them in any order results in the same global state). The par-
tial order reduction technique makes it possible to decrease the number of
interleavings of such independent events to be considered during model check-
ing. They use the fact that when a specification cannot distinguish between
two interleaving sequences that differ only in the order of concurrently exe-
cuted events, then it is sufficient to analyse only one of them. The works of
[112, 92, 131, 75, 114, 106, 65] investigate different methodologies for partial
order reduction.

There are still other techniques for fighting state-space explosion in model
checking finite-state systems (complex circuits and protocols) : e.g., composi-
tional reasoning, symmetry, etc. In compositional reasoning [48, 78, 79, 98, 116],
the specification of the system can often be decomposed into properties that
describe the behaviour of small parts of the system. An obvious strategy is to
check local properties for each small part of the system, show that conjunction
of each of these properties satisfy the global specification and then infer that
complete system satisfies this global specification as well. Symmetry is also
used to fight state-space explosion. Finite-state system often consists of repli-
cated components. This fact is then used to reduce the model of the system,
e.g., in [46, 59].

1.3 Model Checking Infinite-State Systems

In general, software systems often have an infinite state-space rather than a
finite one. A system may have an infinite state space since it operates on
unbounded data structures, e.g. timed automata [17], hybrid automata [82],
data-independent systems [90, 134], relational automata [42], counter machines
[87, 4], pushdown processes [41], lossy channel systems [7], completely specified
protocols [66] etc. A system may also have an infinite state-space since it has
an unbounded control part, e.g. Petri nets [61, 88], and parameterized systems
[71, 8, 93], in which the topology of the system is parameterized by the number
of processes inside the system.

The theory of computability [86] already provides a limitation on what can be
computed by an algorithm. It shows that there cannot be an algorithm which
can take any arbitrary algorithm P as input and decide whether P terminates.
This immediately limits the systems which can be verified automatically.

Initially model checking was advocated only for finite state systems. Since
the last decade, a major challenge has been to extend the applicability of
model checking to the context of infinite-state systems. Roughly, there are
two methods for model checking infinite-state systems.

• Abstraction. One way to verify infinite-state systems is to come up with
an abstraction function which maps a set of concrete states to a finite
set of abstract states. The goal is to have a finite abstract image of the
concrete system and apply finite-state model checking techniques on the
abstract image [97, 44]. However, inventing the abstraction function is
usually very hard for an arbitrary system.



4 1. Introduction

• Extending Symbolic Methods. Another way is to find a finite, symbolic
representation of an infinite set of states of the system under considera-
tion. Thus, a symbolic state represents a (possibly) infinite set of actual
states of a system. In this thesis, we will be interested in verifying safety
properties. For instance, we ask questions such as: “Given an infinite-
state system, a set I of initial states and a set B of bad states, is there
a path from some initial state in I to a bad state in B ?” The symbolic
algorithms to solve such problems usually do one of the following.

Forward reachability analysis: start with a set of symbolic states rep-
resenting I and then compute all its post-images, i.e., the symbolic
states reached by one or more transitions from the current symbolic
state. Finally we check whether B contains some state in one of the
post-images.

Backward reachability analysis: start with a set of symbolic states
representing B and then again compute the pre-images, i.e., the set
of symbolic states from which the current symbolic state is reached
in one or more steps. Finally we check whether I contains a state
in any of the pre-images.

Unfortunately, symbolic algorithms for infinite-state systems do not al-
ways terminate.

In some cases, e.g., for systems modelled by timed automata [19], the
symbolic algorithm is guaranteed to terminate. Timed automata are ex-
tended finite state machines operating on real valued-clocks. Therefore,
they have an infinite state-space. However, it is possible to have a finite
partitioning of the infinite state space. Each partition is called a region.
A region defines the local state, integral part of the clocks and the order-
ing on the fractional parts of the clock values. States in the same region
behave in the same manner, i.e, the effect of a transition on the states in a
region results in states belonging to the same region. In [19], it was shown
that the states in a region are equivalent with respect to a finite bisimu-
lation relation. Several tools [135, 28] employ this technique for verifying
real-time systems. In some other cases, e.g., for lossy channel systems
[7] and (timed) Petri nets [13], it is not possible to have an equivalence
relation on the state-space as a finite bisimulation relation, however it
may be possible to define a preorder which is a simulation relation [5],
such that the larger states simulate smaller states. Furthermore, transi-
tion systems in such cases are monotonic with respect to the preorder,
i.e., transition from a smaller state can be monotonically imitated from
a larger state. To prove termination for these systems, one has to show
that there is no infinite sequence of symbolic states such that one does
not ever encounter a larger state, i.e, the ordering on the set of states is
a well-quasi-ordering. The symbolic algorithms for lossy channel systems
and (timed) Petri nets both employ a backward reachability approach.
The algorithms start from a symbolic set of unwanted or ’bad’ states and
compute pre-images iteratively. The algorithm then checks whether any
initial symbolic state is reached in the process.
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However, employing a forward reachability approach may yield non-
termination in some cases. Even though one may find an acceleration
scheme for some systems (e.g., Petri nets [91]), there are systems (e.g.,
lossy channel systems [104], timed Petri nets, etc) for which forward anal-
ysis may not terminate. Nevertheless, the work in [2] and our work in [1]
show that it is worthwhile to design semi-algorithms using acceleration
schemes which let many examples terminate more often. In fact, forward
reachability analysis is practically very attractive. The set of forward
reachable states contains much more information about system behaviour
than backward reachable states. This is due to the fact that forward clo-
sure characterizes the set of states which arises during the execution of
the system, in contrast to backward closure which only describes the
states from which the system may fail. This implies for instance that for-
ward analysis can often be used for constructing a symbolic graph which
is a finite-state abstraction of the system, and which is in simulation or
bisimulation of the original system (see e.g. [29, 97]). Furthermore, it
is known that in general the complexity of a backward reachability algo-
rithm is very high [125]. In many cases, thus forward analysis is more
efficient than the backward one [68].

1.4 Model Checking Parameterized Systems

Currently, a main challenge in model checking is to extend its applicability
to parameterized systems. The description of such a system is parameterized
by the number of components, and the challenge is to check correctness of
all instances in one verification step. In general, a symbolic algorithm for a
network of an arbitrary number of components, which tries to find the set of
all reachable symbolic states, may not terminate [22, 128].

Most existing methods (e.g.[71, 52, 63, 57]) for model checking of parameter-
ized systems consider the case where each individual component is modelled
as a finite-state process. Such families of finite-state systems arise frequently
in the design of both hardware and software systems. Typically circuit and
protocol designs are parameterized, that is they define an infinite family of sys-
tems. For instance, a bus protocol (e.g., cache coherence protocol, broadcast
protocol) can accommodate an arbitrary number of processors and a mutual
exclusion protocol can be given for an arbitrary number of processes. The au-
thors in [71] construct a Petri net for a parameterized system of finite-state
processes and then use the reachability algorithm for Petri nets to model check
a given parameterized system. Petri nets are good for modelling concurrent
systems. A Petri net is a directed bipartite graph with two kinds of nodes:
places and transitions. Places may hold tokens and transitions may consume
some tokens from a place and produce some other tokens in other places. A
state of Petri net is called marking, which assigns a number of tokens to each
place. Since each place can hold an unbounded number of tokens, Petri nets
are also infinite-state systems. In the construction of [71], the number of tokens
in a place p of Petri net determine how many processes are there in state p in
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the parameterized system.

Cache coherence protocols and broadcast protocols are analysed in [52] and
[63] respectively, by effectively constructing Petri nets with transfer arcs and
for which they give the aforementioned backward reachability algorithm.

In [71, 52, 63], the set topology of parameterized systems is considered. Works
of [58, 43] consider systems with ring topology and arbitrary graph topology re-
spectively. Both use token-passing as the method of communication, reduce the
system consisting of an arbitrary number of processes to a system of constant
size and finally use finite-state model checking on the reduced system.

Regular model checking is also used to verify parameterized systems with linear
[3, 93, 33, 11, 12] or tree-like topology [10, 36]. In regular model checking, states
are represented by words (trees) over a finite alphabet and the transitions are
represented by a regular length-preserving relation on words (trees) and one
is interested in computing the transitive closure. The above works necessarily
produced semi-algorithms, since the transitive closure of a regular relation is
not necessarily regular [86].

There are in fact many more approaches like network invariants [23, 117],
predicate abstraction [96], or symmetry [46, 59] for verifying parameterized
systems.

1.5 Model Checking Parameterized Timed Systems

Parameterized timed systems are families of systems in which each component
is a simple timed automaton rather than a finite-state machine. Timed au-
tomata have an infinite state-space due to the real-valued clocks in the model.
In parameterized timed systems, thus the infiniteness of state-spaces results
from two sources : (a) parameterization and (b) real-valued local clocks.

For analysing parameterized timed systems, we consider two models : (a) the
timed Petri net (TPN) model which is an extension of the classical Petri net
model; and (b) the timed network (TN) model in which an arbitrary number
of timed automata run in parallel.

A number of timed extensions of Petri nets [122, 107, 30, 121, 85, 50, 126, 72,
14], have been proposed in order to capture the timing aspects of the concur-
rent systems (see [37] for a survey). We use the TPN model of Abdulla and
Nylén [14], in which each token is equipped with a real-valued clock and each
arc between a place and a transition is equipped with a time interval. TPNs
allow arbitrarily many tokens in each place and therefore can model parame-
terized timed systems. We consider TPNs for analysing several properties of
concurrent, real-time systems in this thesis.

Timed networks model was introduced by Abdulla and Jonsson in [9], to anal-
yse parameterized timed systems. A timed network represents a family of sys-
tems, each consisting of a finite-state controller, together with a finite number
of arbitrarily many timed processes (timed automata). A timed process oper-
ates on a finite number of real-valued clocks. This means that a timed network
operates on an unbounded number of clocks, and therefore its behaviour cannot
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be captured by that of a timed automaton [19]. In [9], the authors use back-
ward analysis of timed networks to verify mutual exclusion for a parameterized
version of Fischer’s protocol [124]. This protocol achieves mutual exclusion by
defining timing constraints on an arbitrary set of processes each with one clock.

1.6 Contribution

The contribution of this thesis is divided into two parts. In Part I of this
thesis, we consider timed Petri net model for analysing parameterized systems
with one clock per process. We consider timed network model for analysing
multi-clock parameterized systems in Part II of this thesis.

1.6.1 Part I: Single-clock timed systems

We consider verification of safety properties for timed Petri nets using for-
ward analysis. Since forward analysis is necessarily incomplete, we provide
a semi-algorithm augmented with an acceleration technique in order to make
it terminate more often on practical examples. Then we consider a number
of problems which are generalisations of the corresponding ones for timed au-
tomata and Petri nets. For instance, we consider zenoness where we check the
existence of an infinite computation with a finite duration. We also consider
two variants of the boundedness problem: syntactic boundedness in which both
live and dead tokens are considered; semantic boundedness where only live to-
kens are considered. We show that the former problem is decidable, while the
latter is not. Finally, we show undecidability of LTL model checking both for
dense and discrete timed Petri nets.

In the following, we give an outline of each chapter in Part I.

Chapter 2

In this chapter, we give some preliminary definitions.

Chapter 3

In this chapter, we introduce (timed) Petri nets and give some examples which
are modelled as timed Petri nets.

Chapter 4

In Chapter 4, we define the coverability problem and show how safety can be
reduced to coverability problem for (timed) Petri nets. We also give an overview
of forward and backward reachability analysis for Petri nets. Finally, we recall
the backward analysis for timed Petri nets.
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Chapter 5

In Chapter 5, we show how to verify safety properties for TPN models using
forward analysis. Forward analysis is practically very appealing. The set of
forward reachable states contains much more information about system be-
haviour than backward reachable states. We provide an abstraction of the set
of reachable markings by taking its downward closure and introduce a symbolic
representation for downward closed sets, which we call region generators. Each
region generator denotes the union of an infinite number of regions [18], and
thus characterizes a state of TPN with arbitrary number of processes in their
local states and their respective clock values. We show that region generators
allow the basic operations in forward analysis, i.e, checking membership, en-
tailment, and computing the post-images with respect to a single transition.
Since forward analysis is incomplete, we also give an acceleration scheme to
make the analysis terminate more often. If the algorithm terminates, then we
compute an abstract graph which is a simulation of the original timed Petri
net. This allowed us to analyse parameterized versions of Fischer’s protocol,
Lynch and Shavit’s protocol [100] and a producer/consumer protocol [109].

A preliminary version of this chapter is published as follows.

Forward Reachability Analysis of Timed Petri Nets. Parosh Abdulla, Johann
Deneux, Pritha Mahata and Aletta Nylén. In Proc. FORMATS-FTRTFT
’04. Joint Conference on Formal Modelling and Analysis of Timed Systems
and Formal Techniques in Real-Time and Fault-Tolerant Systems, Grenoble,
France, September 22-24, 2004. Volume 3253 of Lecture Notes in Computer
Science. Pages 343-362. Full version is available as Technical Report 2003-056.
Department of Information Technology, Uppsala University, Sweden.

Chapter 6

In this chapter, we investigate the progress property for a timed Petri net
model. A fundamental progress property for timed systems is that it should be
possible for time to diverge [129]. This requirement is justified by the fact that
timed processes cannot be infinitely fast. Computations violating this property
are called zeno and markings from which zeno computations start are called
zeno-markings. The problem which asks whether a marking is a zeno-marking
is called zenoness-problem. The zenoness problem was left open by Escrig, et.al
[51] both for dense-timed Petri nets and for discrete-timed Petri nets (where
behaviour is interpreted over the discrete time domain).

In this chapter, we show how to compute the set of all zeno-markings for a
timed Petri net with both dense-time and discrete-time semantics.

Chapter 7

In this chapter, we consider several verification problems for timed Petri nets.
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(i) Token liveness: whether a token is alive in a marking, i.e., whether there
is a computation from the marking which eventually consumes the token. We
show decidability of this problem by reducing it to the coverability problem.

(ii) Boundedness: whether the size of reachable markings is finite. We consider
two versions of the problem; namely semantic boundedness where only live
tokens are taken into consideration in the markings, and syntactic boundedness
where also dead tokens are considered. We show undecidability of semantic
boundedness, while we prove that syntactic boundedness is decidable.

(iii) Repeated Reachability: Finally, we consider repeated reachability problem,
in which one asks the question: whether starting from a marking, there is a
computation which visits a place infinitely often. We show undecidability of
this problem both for dense and discrete-timed Petri nets. This implies that
LTL model checking is also undecidable for both of these variants of timed
Petri nets.

A preliminary version of Chapter 6 and a part of Chapter 7 appears in:

Zenoness, Syntactic Boundedness and Token-Liveness of Dense-Timed Petri
Nets. Parosh Abdulla, Pritha Mahata and Richard Mayr. In Proc. FSTTCS
’04. Foundations of Software Technology and Theoretical Computer Science,
Chennai, India, December 16-18, 2004. Volume 3328 of Lecture Notes in Com-
puter Science. Pages 59-71. Also available as Technical Report 2004-034. De-
partment of Information Technology, Uppsala University, Sweden.

The other part of Chapter 7 will appear in:

Model Checking LTL for Timed Petri Nets. Parosh Abdulla, Pritha Mahata
and Aletta Nylén. In Proc. ARTES ’05.

1.6.2 Part II: Multi-clock timed systems

In Part II of this thesis, we extend the timed network model of [9] for multi-
clock timed systems, where each component of the system can be equipped
with a finite number of real-valued clocks (instead of just one clock). This
extension is natural, because timed network modelling of real-time systems is
natural.

The authors in [9] showed decidability of the controller state reachability prob-
lem for TNs: given a state of the controller, is there a computation from an
initial configuration leading to that state? This problem is relevant since it can
be shown, using standard techniques, that checking large classes of safety prop-
erties can be reduced to controller state reachability. The decidability result
in [9] is given subject to the restriction that each timed process has a single
clock. The paper [9] leaves open the case of multi-clock TNs, i.e., TNs where
each timed process may have several clocks.
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In the literature, there are many applications where a number of timed au-
tomata [19] run in parallel and where each of the timed automata has more
than one clock. For instance, the Phillips audio control protocol with bus colli-
sion [27] has two clocks per sender of audio signals. Also, the system described
in [101] consists of an arbitrary number of nodes, each of which is connected
to a set of LANs. Each node maintains timers to keep track of sending and
receiving of messages from other nodes connected to the same set of LANs. In
a similar way to Fischer’s protocol, it is clearly relevant to ask whether we can
verify correctness of the protocol in [27] regardless of the number of senders,
or the protocol in [101] regardless of the number of nodes.

The question is then whether the decidability result of [9] can be extended
to multi-clock systems. In fact, we answer this question negatively. Also,
we show that the problem is decidable when clocks range over the discrete
time domain. This decidability result holds when the processes have any finite
number of clocks. Furthermore, we outline the border between decidability and
undecidability of safety for TNs by considering several syntactic and semantic
variants.

In the following, we give an outline of each chapter in Part II.

Chapter 8

In this chapter, we show that it is sufficient to allow two clocks per process
in order to get undecidability of the controller-state reachability problem for
multi-clock TNs. The undecidability result is shown through a reduction from
the classical reachability problem for 2-counter machines.

Chapter 9

In this chapter, we show the decidability of the controller state reachability
problem when timed networks are interpreted over the discrete time domain.
The algorithm adapts the backward reachability algorithm for discrete timed
networks. We also show that the complexity of this algorithm is non-primitive
recursive.

A preliminary version of Chapter 8 and Chapter 9 appeared in:

Multi-Clock Timed Networks. Parosh Abdulla, Johann Deneux and Pritha
Mahata. In Proc. LICS ’04. In 19th Annual IEEE Symposium on Logic in
Computer Science, Turku, Finland, July 13-17, 2004. IEEE Computer Society
Press. Pages 345-354. Also available as Technical Report 2004-012. Depart-
ment of Information Technology, Uppsala University, Sweden.
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Chapter 10

In this chapter, we restrict the expressivity of timed networks syntactically
(by syntactic removal of equality testing) and study two syntactic subclasses of
timed networks : closed timed networks and open timed networks. In the former,
only non-strict clock constraints (of the form x ≤ 3 or x ≥ 2) are allowed, while
in the latter one, only strict clock constraints (of the form x < 3 or x > 2) are
allowed. It turns out that controller state reachability problem is decidable for
closed timed networks, while it remains undecidable for open timed networks.
The latter result strengthens the undecidability result of Chapter 8. But the
undecidability proof is little complicated for open timed networks.

In this chapter, we also consider robust timed networks by introducing ”timing
fuzziness” and semantic removal of equality testing. The problem remains
undecidable even for robust semantics of TNs.

A preliminary version of this chapter appeared in:

Closed, Open and Robust Timed Networks. Parosh Abdulla, Johann Deneux
and Pritha Mahata. In Proc. Infinity ’04. In 6th Workshop on Verification
of Infinite-State Systems, London, U.K, September 4, 2004. Also available as
Technical Report 2004-033, Department of Information Technology, Uppsala
University, Sweden.

Chapter 11

In this chapter, we conclude and give directions for future research.

1.7 Other Works

• Regular Tree Model Checking. Parosh Abdulla, Bengt Jonsson, Pritha
Mahata and Julien d’Orso. In Proc. Conference on Computer-Aided
Verification (CAV ’02), Copenhagen, Denmark, July 27-31, 2002.

• Downward Closed Language Generators. Parosh Abdulla, Pritha Mahata
and Aletta Nylén. In 14th Nordic Workshop on Programming Theory
(NWPT ’02), Tallinn, Estonia, November 20-22, 2002.





Part I

Single-Clock Timed Systems





Chapter 2

Preliminaries

We use N,Z,R≥0,R>0 to denote the sets of natural numbers, integers, non-
negative and positive real numbers respectively. We also use a set Intrv of
intervals of natural numbers. An open interval is written as (k1, k2) where
k1 ∈ N and k2 ∈ N∪{∞}. Intervals can also be closed in one or both directions,
e.g. [k1, k2) is closed to the left and open to the right.

2.1 Multisets

For a set A, we use A� to denote the set of finite multisets over A. We view a
multiset over A as a mapping from A to N. Sometimes, we write multisets as
lists, so b = [2.4 , 5.1 , 5.1 , 2.4 , 2.4] represents a multiset b over R≥0 where
b(2.4) = 3, b(5.1) = 2 and b(x) = 0 for x �= 2.4, 5.1. We may also write b as[
2.43 , 5.12

]
. For multisets b1 and b2 over N, we write b1 ≤m b2 (b1 ≥m b2)

if b1(a) ≤ b2(a) (b1(a) ≥ b2(a)) for each a ∈ A. We define the addition
b1 + b2 of multisets b1, b2 to be the multiset b where b(a) = b1(a) + b2(a), and
(assuming b1 ≤

m b2) we define the subtraction b2 − b1 to be the multiset b
where b(a) = b2(a)− b1(a), for each a ∈ A. We say that b1 <

m b2 if b1 ≤m b2
and b1 �= b2. We use ε to denote the empty multiset .

2.2 Words

For a set A, we use A∗ to denote the set of finite words over A. Recall that A�

denotes the set of finite multisets over A. In the above, we used ε to denote
the empty multiset. Abusing notations, we use ε also for the empty word.

For a word w ∈ L, we use |w| to denote the length of w, and w(i) to denote the
ith element of w where 1 ≤ i ≤ |w|. We use w1•w2 to denote the concatenation
of the words w1 and w2.

Assume that � is an ordering on a set A. We define the ordering ≤w on the set
of words over A such that w1 ≤

w w2 if there is a strictly monotonic injection
h : {1, . . . , |w1|} → {1, . . . , |w2|} where w1(i) � w2(h(i)) for i : 1 ≤ i ≤ |w1|.
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2.3 Vectors

For a natural number k, we let Ak denote the set of vectors of size k over A.
We use ω to denote an arbitrarily large number. For a natural number k, we
also let Nk

ω denote the set of vectors of size k over N ∪ {ω}. For any z ∈ N, we
assume that z + ω = ω + z = ω + ω = ω.

As usual, we write members of Ak (vectors) as tuples (a1, . . . , ak) where
a1, . . . , ak ∈ A. In later chapters, if the size of the vectors is known from
the context, instead of (a1, . . . , ak), we write �a. We also use �a(i) to denote the
i-th component ai in �a.

Assuming that � is the ordering on A, we define the ordering ≤k on Ak such
that (a1, . . . , ak) ≤k (a′1, . . . , a

′
k) iff ai � a′i for i : 1 ≤ i ≤ k.

Also, we allow elements of vectors from different alphabets. For instance,
A×B × C denotes the set of vectors of size 3 and members of A×B × C are
tuples (a, b, c) where a ∈ A, b ∈ B, c ∈ C.

2.4 Well-Quasi-Ordering

A quasi-ordering � on a set A, is a reflexive, transitive binary relation on the
set A. A quasi-ordering is said to be a well-quasi ordering if for each infinite
sequence a0, a1, a2, . . . with a0, a1, a2, . . . ∈ A, there are always i, j with i < j
such that ai � aj . In such case, A is said to be a (well-)quasi-ordered set.
For instance, a finite set A with equality as the ordering on A, is trivially
well-quasi-ordered. Furthermore, from [54], we have the following.

Lemma 2.1. The ordering ≤m on the set A� of all finite multisets over a
well-quasi-ordered set A is a well-quasi ordering.

Given � as a well-quasi-ordering on A and the fact that well-quasi-ordering
is preserved on the set of words (also, vectors) built over A ([84]), we get the
following.

Lemma 2.2. Given a set A and an well-quasi-ordering � on the set A, the
ordering ≤w on the set A∗ of all finite words over A is a well-quasi-ordering.

Notice that the underlying set A need not be finite. In fact, to define regions
in Chapter 4, we use the underlying set A to be the set of multisets B� for a
finite set B. In that case � is the ordering ≤m defined on multisets.

In a similar manner, it follows that the ordering on the set of vectors is also a
well-quasi-ordering if the underlying sets are well-quasi-ordered.

2.5 Upward and Downward Closedness

Given a quasi-ordered set A with � as the ordering and a set B ⊆ A, B is said
to be upward closed if a1 ∈ B, a2 ∈ A and a1 � a2 implies a2 ∈ B. A set M is
said to be canonical if for any a, b ∈M with a �= b, a �� b. We say thatM ⊆ A is
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a minor set of A, denoted Amin, if for all a ∈ A, there exists a b ∈M such that
b � a and M is canonical. It is shown in [5] that if � is a well-quasi-ordering,
then for each set A, there is a finite minor set Amin. Given a set B ⊆ A,
we define the upward closure B ↑ to be the set {a ∈ A | ∃a′ ∈ B : a′ � a}. A
downward closed set B and the downward closure B ↓ are defined in a similar
manner. Often, we use a ↑, a ↓, a instead of {a} ↑, {a} ↓, {a} respectively.

2.6 Transition Systems

The operational semantics of a formal model is usually given as a transition
system. A transition system is denoted by a pair (S,−→) where S is a (possibly
infinite) set of states of the modelled system and −→⊆ S × S is a transition

relation on the set of states. We use
∗
−→ to denote the reflexive, transitive

closure of −→. Given two states s1, s2 ∈ S, if s1
∗
−→ s2, then we say that

s2 is reachable from s1. Also, given a set S1 of states, we let Reach(S1) ={
s′ | ∃s ∈ S1.s

∗
−→ s′

}
. We also use two functions called Pre and Post for

computing pre-images and post-images of a set S1 of states as follows. We define
Pre(S1) = {s′ | ∃s ∈ S1.s

′ −→ s} and Post(S1) = {s′ | ∃s ∈ S1.s −→ s′}. We
use Pre∗ and Post∗ to denote the transitive closure of Pre and Post respectively.

We say that a transition system is monotonic if the transition relation −→
is monotonic with respect to �, i.e., given states s1, s2, s3 ∈ s, s1 −→ s2 and
s1 � s3, there is a state s4 ∈ S such that s3 −→ s4 and s2 � s4.

In the following chapters, we give the operational semantics of different models
as transition systems. In fact, all the models considered in this thesis induce
monotonic transition systems.





Chapter 3

(Timed) Petri Nets

Petri nets are one of the most widely used graphical models for analysis and
verification of concurrent systems. They were first introduced by C. A. Petri
[115]. Petri nets offer two advantages in the analysis of concurrent systems:
ease of modelling and formal analysis. In the last four decades, much research
has been done to develop algorithms for model checking of Petri nets. In this
chapter, we define Petri nets and show how they can be extended in order to
also capture timing aspects of concurrent systems.

3.1 Petri Nets

t2t1

Q

R

t3

S

Figure 3.1: A small Petri net.

A Petri net N is a directed bipartite graph consisting of two kinds of nodes,
namely, places (represented by circles) and transitions (represented by bars). If
there is an arc from a place p to a transition t, then p is called an input place of
t. Similarly, if there is an arc from a transition t to a place p, then p is called an
output place of t. Formally, a Petri Net (PN) is a tuple N = (P, T, F ) where P
is a finite set of places, T is a finite set of transitions and F ⊆ P × T ∪ T ×P
is the flow relation.

Furthermore, tokens reside in the places of a Petri net. A state (called a
marking) of a Petri net is given by the number of tokens in each place. Formally,
a marking is a multiset over the set of places of N . The state of N can be
changed by firing transitions. Firing of a transition t corresponds to removing
tokens from the input places and adding tokens to the output places of t.

A Petri net N induces a transition system (M,−→) where M is the set of
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markings of N and −→=
⋃
t∈T

−→t, such that −→t is given as follows.

Given a transition t, the set I of its input places and the set O of its output
places, we say that t is enabled from a marking M if I ≤m M . In such a
case, M −→t M

′ where M ′ = (M − I) + O. Given T= t1 . . . tn as a sequence
of transitions (where t1, . . . , tn ∈ T ), we say that M1 −→T M2 iff there are
markings M ′

1, . . . ,M
′
n−1 such that M1 −→t1 M

′
1 −→t2 . . . −→tn

M2.

Example 3.1. Figure 3.1 shows an example of a Petri net where the set of
places is {Q,R, S} and the set of transitions is {t1, t2, t3}. A marking of the
given net is given by M0 = [Q,R]. Also, M0 −→t2 M1 where M1 = [R,R, S].
�

3.1.1 Parameterized Systems

One application of Petri nets, which is of particular interest in this thesis, is
the modelling of parameterized systems. A parameterized system consists of
an arbitrary number of identical components of (finitely many) different types,
which are typically finite-state machines. Many resource allocation algorithms,
network protocols, mutual exclusion algorithms, etc can be handled in this
model. Following [71], we show how to construct a Petri net for modelling
such parameterized systems through an example. Suppose, we are given two

C1 C2

f

b

e

(b)(a)

f

RS

Q

b

e

f

Figure 3.2: A system consisting of processes of two different types.

types of processes, a controller process and a template for user processes, de-
scribed in Figure 3.2.(a) and (b) respectively, as communicating finite state
machines. The controller can synchronize on the action labels b, e with some
user process and then both the controller and the user process can change their
states simultaneously. While the controller remains in the same state, two user
processes can also synchronize on the action label f . The controller and the
user processes can also perform transitions independently (not shown in this
example).

The set of places in the corresponding Petri net is given by P = {C0, C1, C2}∪
{Q,R, S} where we add a new place C0 in the Petri net for the initialization
purpose (explained later). The number of tokens in each place corresponds
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to the number of processes in the corresponding state. We ensure that there
is always a token in either C0 or C1 or C2. The number of tokens in places
Q,R, S determine how many processes are in those states. In Figure 3.3, we
give a Petri net N which simulates the communication between the controller
and an arbitrary number of user processes. In Figure 3.4, we give a marking
[C1, R,R,Q] of N which represents a state of the parameterized system with
the controller in state C1, two user processes in state R and one user process
in state Q respectively.

C1 C2

Q

R

S

C0

t1

t4

t5 t6

t3t2

Figure 3.3: Petri net.
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t5 t6
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Figure 3.4: A state of the parameterized system.

There are two phases in the Petri net modelling a parameterized system (see
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Figure 3.3). Firstly, we have initialization phase in which we simulate the
participation of any arbitrary number of user processes. Secondly, we simulate
the communication between different processes.

• An arbitrary number of tokens in place Q is created by firing the transi-
tion t1 successively from the initial marking [C0]. This simulates arbitrary
number of processes starting at the initial state Q of the user processes.
Then by firing t2, we move the token from C0 to C1 and finish the initial-
ization. Then the usual communication between different processes takes
place.

• A controller process and a user process can synchronize on the action
labels b and b (see Figure 3.2). For instance in Figure 3.2, the controller
process in state C1 may communicate with a process in state Q and the
two processes may change their states to C2 and R respectively. This
is simulated by firing the transition t3. Firing of the transition t4 cor-
responds to the synchronization on the action label e and e and can be
explained in a similar manner. Finally, the communication between user
processes with action label f and f is simulated by firing the transitions
t5 and t6. In these transitions, a token moves from place S to place Q
while another token is present in place S or place Q. Notice that in the
last two transitions, the token for the controller stays in the same place
(C1 or C2).

3.2 Timed Petri Nets

In order to capture the timing aspects of the concurrent systems, we consider
the timed Petri net model of [14], in which each token is equipped with a real-
valued clock. The firing conditions of a transition include the usual ones for
Petri nets. Additionally, each arc between a place and a transition is labelled
with a sub-interval of natural numbers. When firing a transition, tokens which
are removed (added) from (to) places should have ages in the intervals of corre-
sponding arcs. Notice that this model assumes a lazy (non-urgent) behaviour
of timed Petri net model.

Timed Petri Nets Timed Petri Net (TPN) is a tuple N = (P, T, In,Out)
where P is a finite set of places, T is a finite set of transitions and In,Out are
partial functions from T × P to Intrv .

If In(t , p) (Out(t , p)) is defined, we say that p is an input (output) place of t.

Unlike the black tokens of untimed Petri nets, the tokens in TPNs are equipped
with real-valued ages. We use the pair (p, x) to denote a token of TPN in place
p with age x. Abusing notations, we write p(x) instead of (p, x). We shall also
use a similar notation1 for arcs of TPNs, i.e., we write p(I) instead of (p, I)
where I ∈ Intrv .

1Later, we use a similar notation, too. We shall write p(n) instead of (p, n) where n ∈ N.
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For each transition t ∈ T , there is a set of input arcs Ain(t) =
{p(I) | In(t , p) = I} and a set of output arcs Aout(t) = {p(I) | Out(t , p) = I}.

We let max be the maximal finite constant that appears in the arcs of the
TPN.

Markings A markingM (state) ofN is a multiset over P×R≥0. The marking
M defines the numbers and ages of tokens in each place in the net. That is,
M(p(x)) defines the number of tokens with age x in place p. For example, if
M = [p1(2.5) , p1(1.3) , p2(4.7) , p2(4.7)], then, in the marking M , there are
two tokens with ages 2.5 and 1.3 in place p1, and two tokens each with age
4.7 in place p2. Abusing notation again, we define, for each place p, a multiset
M(p) over R≥0, where M(p)(x) = M(p(x)). Notice that untimed Petri nets
are a special case in our model where all intervals are of the form [0,∞).

For a marking M of the form [p1(x1) , . . . , pn(xn)] and δ ∈ R≥0, we use M+δ

to denote the marking [p1(x1 + δ) , . . . , pn(xn + δ)].

Transitions There are two types of transition relations: timed and discrete
transitions. A timed transition −→T=δ increases the age of each token in a
marking by the same real number δ. Formally, for δ ∈ R≥0, M1 −→T=δ M2 if
M2 = M+δ

1 . We use M1 −→Time M2 to denote that M1 −→T=δ M2 for some
δ ∈ R≥0.

We define the set of discrete transitions −→Disc as
⋃

t∈T −→t, where −→t

represents the effect of firing the transition t. More precisely, M1 −→t M2

if the set of input arcs Ain(t) is of the form {p1(I1), . . . , pk(Ik)}, the set of
output arcs Aout(t) is of the form {q1(J1), . . . , q�(J�)}, and there are multisets
b1 = [p1(x1) , . . . , pk(xk)] and b2 = [q1(y1) , . . . , q�(y�)] such that the following
holds:
- b1 ≤m M1

- xi ∈ Ii, for i : 1 ≤ i ≤ k.
- yi ∈ Ji, for i : 1 ≤ i ≤ �.
- M2 = (M1 − b1) + b2.
Intuitively, a transition tmay be fired only if for each input arc to the transition,
there is a token with the “right” age in the corresponding input place. These
tokens will be removed when the transition is fired. The newly produced tokens
have ages belonging to the relevant intervals.

We define −→=−→Time ∪ −→Disc . Here we recall the definitions of reachabil-
ity for (timed) Petri nets. We say that M2 is reachable from M1 if M1

∗
−→M2.

We define Reach(M) to be the set
{
M ′ |M

∗
−→M ′

}
.

A M -computation π from a marking M is M0 −→Time M ′
1 −→Disc

M1 −→Time M
′
2 −→Disc . . . of markings and transitions such that M0 = M .

Abusing notations, we also write an M0-computations as M0 −→ M ′
1 −→

M1 . . .M
′
n −→ Mn. Furthermore, sometimes we write M1 −→Disc M2 instead

of M1 −→T=0 M
′
2 −→Disc M2.

Example 3.2. Figure 3.5 shows an example of a TPN where P = {Q,R, S}
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(1,2) (1,3)

Figure 3.5: A small timed Petri net.

and T = {t1, t2, t3}. For instance, In(t2 ,Q) = (3 , 5 ), Out(t2 ,R) =
(0 , 1 ) and Out(t2 ,S ) = (1 , 2 ). A marking of the given net is M0 =
[Q(2.0), R(4.3), R(3.5)]. A timed transition from M0 is given by M0 −→T=1.5

M1 where M1 = [Q(3.5), R(5.8), R(5.0)]. An example of a discrete transition
is given by M1 −→t2 M2 where M2 = [R(0.2), S(1.6), R(5.8), R(5.0)]. �

Remarks:

• One may wonder why instead of always producing a new token of age
0 after a discrete transition, we associate an interval with output arcs !
This is to allow resetting of clocks even to non-zero values (off course, we
also allow the clocks to be reset to zero value).

• We assume a lazy (non-urgent) behaviour of TPNs. This means that we
may choose to ”let time pass” instead of firing enabled transitions, even
if that disables a transition by making some of the needed tokens ”too
old”.

• TPNs cannot be modelled within the context of real-time automata [18],
as the latter operate on a finite number of clocks.

3.2.1 Parameterized Timed Systems

In fact TPNs are infinite in two directions: they have unbounded number of
tokens, and each token has a real-valued clock. This implies that TPNs can,
among other things, model parameterized timed systems (systems consisting of
an arbitrary number of single-clock, identical timed processes) [14]. Given the
descriptions of a finite number of timed processes, one can construct a TPN in
a manner similar to that in Section 3.1.1. Additionally, conditions over clocks
of timed processes are translated into intervals on the arcs of the TPN.

3.2.2 Related TPN Models

A number of other timed extensions of Petri nets [122, 107, 30, 121, 85, 50,
126, 72], have been proposed in order to capture the timing aspects of the
concurrent systems (see [37, 133] for a survey).

In [107, 30], an interval [tmin, tmax] is associated with each transition of a
Petri net, where tmin and tmax represent the minimum and maximum time
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delay between the enabling of the transition and its firing time respectively.
The firing is urgent, i.e., if the transition is enabled at time t, it has to be
fired before time t + tmax. In [121, 85], the authors propose to associate a
firing duration to each transition. A transition starts firing as soon as it is
enabled and stops exactly after a time duration. In [50, 126], a waiting time is
associated with each place. When a token arrives at a place, it has to wait until
the waiting time associated with the place elapses and the firing should take
place immediately. In [72], each token is equipped with a real-valued clock
representing the ”age” of the token and each transition is associated with a
time condition. In this timed Petri net model, the age of the token gives the
time elapsed since it was produced and the time condition is a function from
the timestamp of the tokens in the input places to a set of time values. For
instance, if there are two input places p1, p2 for a transition t, the time condition
may be [time(p1) + tmin, time(p2) + tmax]. This model assumes that there are
never two tokens in a place which can contribute to a transition. Also, unlike
the previous models, the transitions are not urgent in this model.

Our TPN model is more general than all the previous models and the be-
haviours of the systems modelled by all other models are subsumed by the
behaviour of our model. Also, our model assumes a lazy (non-urgent) be-
haviour of timed Petri met model as in [72]. However, the assumption of [72]
for singly enabled token in input places of a transition is not required in this
model.

3.2.3 Examples

In this section, we show a few examples which we verify in Chapter 5.

Fischer’s Protocol

First we describe a parameterized version of Fischer’s protocol. The purpose of
the protocol is to guarantee mutual exclusion in a concurrent system consisting
of an arbitrary number of processes. The example was suggested by Schneider
et al. [124].

v := i

/v i=

≤ 1x i x i := 0
v i=

> 1x iCB CSA
:= 0x iv=0

v:=0

Figure 3.6: Fischer’s Protocol for Mutual Exclusion

The protocol consists of an arbitrary number of processes, each running the
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code graphically described in Figure 3.6. Each process i has a local clock xi,
and a control state, which assumes values in the set {A,B,C,CS} where A is
the initial state and CS is the critical section. The processes read from and
write to a shared variable v, whose value is either 0 or the index (a positive
integer) of one of the processes.

All processes start in state A. If the value of the shared variable is 0, a process
wishing to enter the critical section can proceed to state B and reset its local
clock. From state B, the process can proceed to state C within one time unit or
get stuck in B forever. When making the transition from B to C, the process
resets its local clock and sets the value of the shared variable to its own index.
The process now has to wait in state C for more than one time unit, a period
of time which is strictly greater than the one used in the timeout of state B.
If the value of the shared variable is still the index of the process, the process
may enter the critical section, otherwise it may return to state A and start over
again. When exiting the critical section, the process resets the shared variable
to 0.

The paper [14] gives a model of the protocol in our TPN formalism. The
processes running the protocol are modelled by tokens in the places A, B, C,
CS, A!, B!, C! and CS!. The places marked with ! represent that the value of
the shared variable is the index of the process modelled by the token in that
place. We use a place udf to represent that the value of the shared variable
is 0. A token in place udf means that the variable v = 0 and an absence of a
token in udf means that some process i has its id assigned to the variable.

A straightforward translation of the description in Figure 3.6 yields the timed
Petri net model in Figure 3.7. q is used to denote an arbitrary process state
among A,B,C,CS. We illustrate translation of two transitions in Figure 3.6
by the transitions in the TPN model of Figure 3.7. Translations of other
transitions can be explained in a similar manner.

In Figure 3.6, a process in state A changes its state to B if the variable value is
undefined. Furthermore, it resets its clock. This is translated to the transition
initiate in the TPN model. The transition initiate is fired if there is a token
in place A and a token in place udf (denoting that the variable is undefined).
Firing of the transition removes the token from the place A, adds a token with
age 0 to place B (corresponds to resetting the clock and changing state to B
in Figure 3.6) and leaves the variable undefined by returning a token in place
udf .

Secondly, in Figure 3.6, a process in state B changes its state to C if its
clock value is less than 1. Then it also assigns its own process id i to the
variable v and resets its clock. This transition is translated to three transitions
choose1 , choose2 and choose3 in the TPN model. There are 3 cases.

v = 0. Consider a token in udf (denoting v = 0) and a token in B with age less
than 1 (modelling a process in state B). Then firing transition choose1
consumes these two tokens and puts a token of age 0 in C!. This means
that a process in C modelled by the token in C! has its id assigned to the
shared variable v and has reset it clock.
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A! A

C

CS q q!

B!B q q!

C!CS!

udf
fail

exit3 exit2

[0,1]

[0,0]

[0,1] [0,1]

initiate

choose1 choose2 choose3

[0,0]
exit1

(1,inf)
enter

[0,0] [0,0]

(1,inf)

Figure 3.7: TPN model of Fischer’s Protocol for Mutual Exclusion

v = j where j �= i. If there is a token in place q! (i.e, some other process has
its id j assigned to the shared variable) and there is a token in place
B (modelling a process in state B) with clock value less than 1, we fire
choose2 and change the state of the process in q! to q by removing a
token from place q! and adding a token to q. Also, the token from place
B is moved to C! and the new age of the token is 0.

v = i. If there is a token in place B! (modelling a process which already has its
id assigned to the shared variable), we fire the transition choose3 , remove
the token from B! and add a token to C! with age 0.

The critical section is modelled by the places CS and CS!, so mutual exclusion
is violated when the total number of tokens in those places is at least two.

Lynch and Shavit’s Mutual Exclusion Protocol

Lynch and Shavit [100] modified Fischer’s protocol in such a way that mutual
exclusion property becomes time-independent. This protocol uses an integer
variable v1 (same as v in Fischer) and an extra boolean variable v2, shared
between processes. The code for each process in Lynch and Shavit’s protocol is
shown in Figure 3.8 and the corresponding TPN model is shown in Figure 3.9.

In Figure 3.9, the processes running this protocol are modelled by tokens in
the places A′, B′, C ′, A, B, C, CS, W , X, A′!, B′!, C ′! A!, B!, C!, CS!, W ! and
X!. The places marked with ! represent that the value of the shared variable v1

is the index of the process modelled by the token in that place. We use a place
udf to represent that the value of the shared variable v1 is undefined (0). We
use two places false and true to represent the variable v2. A token in place
udf means that the variable v1 = 0 and an absence of a token in udf means
that some process i has its id assigned to the variable. A token in place false
and no token in place true mean that the shared variable v2 has value false.
Shared variable v2 with value true is represented in a similar manner. Also, we
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Figure 3.8: One process running Lynch and Shavit’s mutual exclusion protocol

consider q ∈ {A′, B′, C ′, CS,A,B,C,W,X} and false′ = false. Notice that in
this protocol, it is not compulsory to have a delay before entering the critical
section CS!.

A straightforward translation of the description in Figure 3.8 yields the timed
Petri net model in Figure 3.9.

Producer/Consumer System

In a traditional producer/consumer system, the producer produces items and
stores it into a buffer, whereas the consumer consumes the items from the
buffer. Figure 3.10 shows a timed Petri net model of the producer/consumer
system [109]. A token in the place producer ready means that the pro-
ducer can produce items; firing transition produce creates new items in place
store. The consumer consumes items of age 1 by firing consume if the place
consumer ready has a token; firing consume also puts back a token in place
tmp. A transition get ready is used to move the token from tmp back to the
place consumer ready if there are still items of age 0 in store. To make this
possible, old items (of age greater than 1) in store are recycled by the producer
using the transition recycle. Firing recycle removes an old item from the store
if producer ready has a token and puts back a fresh item (a token of age 0)
back to store. The transition switch moves the control from the producer to
the consumer by consuming a token from producer ready and adding a token
to consumer ready. The transition switch also adds a token of age 0 to store,
and thus lets the consumer to consume at least once. Also, the transition done
switches the control back from the consumer to the producer by doing the re-
verse. These two transitions make sure that the items are not simultaneously
accessed by the producer and the consumer.
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Figure 3.9: TPN model for the parameterized version of Lynch and Shavit’s
protocol
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Figure 3.10: TPN model for Producer/Consumer System





Chapter 4

Coverability

In this chapter, we introduce a central problem in verification, called the cover-
ability problem for (timed) Petri nets and then recall different existing methods
for solving it.

4.1 Coverability Problem

The coverability problem for Petri nets (as well as for timed Petri nets) is defined
as: to check whether an upward closed set of final markings is reachable from
a set of initial markings.

Coverability

Instance: A set of initial markings Minit and a finite set Mfin of final mark-
ings.

Question: Reach(Minit) ∩ (Mfin ↑) = ∅ ?

Notice that the set Mfin ↑ is upward closed with respect to the ordering ≤m

(see Chapter 2). We use the set Mfin ↑ to represent a set of “bad markings”
which we do not want to occur during the execution of the system. Safety is
then equivalent to non-reachability of Mfin ↑.

Here, we recall that one can use the standard reduction of safety to reachability
as in [132, 75]. Given a transition system (S,−→) and the specification of
the system given as a regular set L of traces (represented by a finite state
machine), the following method is used to decide whether system satisfies the
specification (i.e., system is safe). First we compute the complement L (L
represents the unwanted behaviours of the system). Then we compose the
transition system (S,−→) with the finite-state machine describing L. This
composition is computable in case of Petri nets. Finally we check whether
S × F is reachable from the initial state of the composed transition system,
where F is the set of final states in the automaton with language L. Notice
that the set S × F is trivially upward-closed.

To solve coverability problem for Petri nets, one may either compute the set
of forward reachable markings, i.e., all the markings reachable from the initial
markings as shown in [91]; or compute backward reachable markings, i.e., all
the markings from which a final marking is reachable, following the general
algorithm in [5].
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4.2 Forward Analysis of Petri Nets

The Karp-Miller algorithm [91] is the classical method used for checking cover-
ability in untimed Petri nets. The algorithm in [91] constructs the coverability
graph starting from an initial marking. At each node of the coverability graph,
one produces successor nodes (post-images) which are reachable from the cur-
rent node by performing a single transition. A path in the coverability graph
is pruned in two cases: (a) if the current node already appears in the existing
part of the coverability graph (in this case, current node is removed from the
graph and an edge is put from the parent of the current node to the already
existing copy of the current node), (b) or if there is no successor of the current
node. The algorithm also detects paths in the coverability graph which lead
from a marking M1 to a marking M2 such that M1 <

m M2 (since, the ordering
on markings of a Petri net is simply the ordering ≤m on multisets over natural
numbers). In such a case, it makes an over-approximation of the set of reach-
able markings by putting ω (interpreted as “unboundedly many tokens”) in
each place p with M1(p) < M2(p). Notice that the resulting markings are from
Nk

ω where k is the number of places and we call such markings as ω-markings.
This over-approximation preserves safety properties. The termination of this
algorithm is guaranteed, since the ordering ≤m is a well-quasi-ordering (Chap-
ter 2).

4.3 Backward Analysis

To check reachability of an upward closed set, we may also perform a reachabil-
ity analysis backwards using the symbolic method according to [120, 45, 127, 5].
This method is a standard fix-point iteration method to check whether a set of
states F is reachable. A high-level description of the method is that to check
whether a state in F is reachable, it computes the set of all states from which a
state in F is reachable. In this method, at each iteration j ≥ 1, one computes
the set of states from which a state in F is reachable by j or less steps. More
precisely, j-th approximation is obtained from the (j− 1)-th approximation by
adding the pre-image of the (j − 1)-th approximation to it. If this procedure
converges, then one checks for the intersection of the result with the set of
initial states. The algorithm is applicable for reachability analysis of a system,
if we can solve the following three problems for the system.

• Finding a suitable representation of infinite sets of states.

• Finding a method for computing pre-images.

• Proving that the iteration always converges.

To represent sets of states, we use constraints . Each constraint c characterizes
a potentially infinite upward-closed set [[c]]↑ of states. Suppose the ordering on
the states is given by �. Then, if a state s ∈ [[c]]↑ and s � s′, then s′ ∈ [[c]]↑.
A set C of constraints characterizes the union

⋃
c∈C

[[c]]↑, denoted by [[C]]↑. In
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general, an infinite number of constraints can appear in the analysis of an
infinite-state system. To handle this, we introduce an entailment relation � on
the set of constraints. We define � on C such that c1 � c2 iff [[c2]]

↑ ⊆ [[c1]]
↑. We

extend � on sets of constraints C such that with C1,C2 ⊆ C, C1 � C2 if for all
c2 ∈ C2, there is a c1 ∈ C1 such that c1 � c2. The key step in the analysis is
to decide � and prove that � is a well-quasi-ordering on C. The termination
of the algorithm is guaranteed if the entailment relation � on constraints is a
well-quasi-ordering.

To apply the above algorithm to any system, we need the following.

• Define constraints representing sets of states of the system.

• Given a set of constraints C1, show that its pre-image Pre(C1) charac-
terizing the set

{
s | ∃s′ ∈ [[C1]]

↑, s −→ s′
}

is computable as a finite set of
constraints.

• Define an ordering � on C such that � is computable and prove that �
is a well-quasi-ordering.

• Given a marking M and a set C of constraints, whether M ∈ [[C]]↑.

4.3.1 Backward Analysis for Petri Nets

To perform a backward analysis for Petri nets, we do the following.

• We define a constraint of a Petri net, syntactically the same as a marking.
However, a constraint c represents an upward closed set {c} ↑ of markings
where {c} ↑ is upward-closed with respect to ≤m, i.e., [[c]]↑ = {c} ↑.

• The pre-image Pre(C) for a finite set C of constraints of Petri nets is
effectively computable [68].

• The entailment � between two constraints c1, c2, denoted by c1 � c2 is
computed as c1 ≤m c2. From Lemma 2.1, we have that the ordering ≤m

on the set P� of multisets over a finite set P is a well-quasi-ordering.
Notice that P� denotes the set of markings of a Petri net with P as its
set of places.

The general algorithm now allows us to start from a set of constraints C0 = Mfin

(i.e., [[C0]]
↑ = Mfin ↑). Then we define the sequence C0,C1,C2, . . . of sets of

constraints such that Ci+1 = Ci ∪ Pre(Ci). Intuitively Ci denotes the set
of markings from which a state belonging to C0 is reachable in i or less steps.
Abusing notations, we define Pre∗(C0) =

⋃
i≥0 Ci. Then C0 is reachable from

Minit if there is a marking in Minit which is also in Pre∗(C0). Notice that
for each i, [[Ci]]

↑ ⊆ [[Ci+1]]
↑. Since ≤m is a well-quasi-ordering, there is a j

such that [[Cj ]]
↑ = [[Cj+1]]

↑. Otherwise, there will be an infinite sequence of
constraints, c0 �� c1 �� c2 . . . such that ci ∈ Ci for all i ≥ 0 and this violates the
assumption that ≤m (�) is a well-quasi-ordering. It is easy to see Cl = Cj for
all l ≥ j, meaning that Pre∗(C0) = Cj .
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• Finally we check membership of each marking M ∈ Minit in the set of
markings given by [[Pre∗(C0)]]

↑. This is done by checking whether there
is a constraint c ∈ Pre∗(C0) such that c ≤m M .

4.4 Coverability for TPNs

As we mentioned in the previous two sections, the coverability problem for Petri
nets can be solved both using forward and backward analysis. However, for
timed Petri nets these two analyses exhibit surprisingly different behaviours.
For TPNs, the set of backward reachable states is computable. In [14], the
backward reachability algorithm given above for Petri nets is adapted to the
case for TPNs. However the set of forward reachable states is in general not
computable for TPNs. Therefore any procedure for performing forward reach-
ability analysis on TPNs is necessarily incomplete. In the following, we show
that we can perform the required operations for the backward analysis of TPNs.
In the next chapter, we give a semi-algorithm for the forward analysis of TPNs.

4.4.1 Backward Analysis for TPNs

In the previous section, we saw how to define constraints for Petri nets and
that the ordering on those constraints is a well-quasi-ordering. For Petri nets,
a constraint is syntactically the same as a marking of Petri net, which is in
turn simply a multiset. Thus, the ordering on the constraints of Petri nets is a
well-quasi-ordering.

For TPNs, we cannot consider a constraint as a marking. This is due to the fact
that marking of a TPN is a mapping from P ×R≥0 to N. Thus, the underlying
alphabet, i.e, P × R≥0 is no longer a finite alphabet and the equality ordering
on P × R≥0 is trivially not a well-quasi-ordering.

To perform backward analysis for TPNs, first we define constraints to rep-
resent a possibly infinite set of markings of TPNs. We use constraints for
TPNs which generalizes the notion of regions used to verify properties of (non-
parameterized) timed automata [18]. In the following, we define regions for
TPNs formally.

Regions

Regions were first designed for timed automata (which operate on a finite
number of clocks) [18], and are therefore not sufficiently powerful to capture
the behaviour of TPNs. A region defines the integral parts of clock values up to
max (the exact age of a token is irrelevant if it is greater than max ), and also
the ordering of the fractional parts among clock values. For TPNs, we need to
use a variant which also defines the place in which each token (clock) resides.
Intuitively, each region for TPNs is a sequence of multisets of tokens. The idea
is that elements belonging to the same multiset correspond to clocks with equal
fractional parts while the ordering among multisets in a word corresponds to
increasing fractional parts of the clock values.
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Formally, following Godskesen [77] we represent a region by a triple
(b0, w, bmax ) where

• b0 ∈ (P × {0, . . . ,max})�
. b0 is a multiset of pairs. A pair of the form

p(n) represents a token with age exactly n in place p.

• w ∈
(
(P × {0, . . . ,max − 1})�

)∗

. w is a word over the set

(P × {0, . . . ,max − 1})�
, i.e., w is a word where each element in the

word is a multiset over P × {0, . . . ,max − 1}. The pair p(n) represents
a token in place p with age x such that x ∈ (n, n+ 1). Pairs in the
same multiset represent tokens whose ages have equal fractional parts.
The order of the multisets in w corresponds to the order of the fractional
parts.

• bmax ∈ P�. bmax is a multiset over P representing tokens with ages
strictly greater than max . Since the actual ages of these tokens are irrel-
evant, the information about their ages is omitted in the representation.

Each region characterizes an infinite set of markings as follows. As-
sume a marking M = [p1(x1), . . . , pn(xn)] and a region R =
(b0, b1 • b2 • · · · • bm, bm+1). Let bj be of the form

[
qj1(yj1), . . . , qj�j

(yj�j
)
]

for j : 0 ≤ j ≤ m and bm+1 be of the form
[
qm+1 1, . . . , qm+1 lm+1

]
. We

say that M satisfies R, written M |= R, if there is a bijection h from the set
{1, . . . , n} to the set of pairs {(j, k) | (0 ≤ j ≤ m+ 1) ∧ (1 ≤ k ≤ �j)} such that
the following conditions are satisfied:

• pi = qh(i). Each token should be in the same place as that required by
the corresponding element in R.

• h(i) = (j, k) and j = m + 1 if xi > max . Tokens older than max should
correspond to elements in multiset bm+1. The actual ages of these tokens
are not relevant.

• h(i) = (j, k) and j ≤ m if xi ≤ max and �xi� = yj k. The integral part of
the age of tokens should agree with the natural number specified by the
corresponding elements in w.

• h(i) = (0, k) for some k if fract(xi) = 0 and xi ≤ max . Tokens with zero
fractional parts correspond to elements in multiset b0.

• h(i1) = (j1, k1) and h(i2) = (j2, k2) for j1 ≤ j2 ≤ m if xi1 , xi2 < max and
fract(xi1) ≤ fract(xi2). Tokens with equal fractional parts correspond to
elements in the same multiset (unless they belong to bm+1). The ordering
among multisets inside R reflects the ordering among fractional parts in
clock values.

Given a marking M , it is straightforward to find the unique region RM such
that M |= RM .
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Figure 4.1: Marking M in (a) satisfies region R in (b).

We let [[R]]= = {M |M |= R}. For a set R of regions, [[R]]= =
⋃

R∈R
[[R]]=.

The region construction defines an equivalence relation≡ on the set of markings
such that M1 ≡ M2 if, for each region R, it is the case that M1 ∈ [[R]]= iff
M2 ∈ [[R]]=. Following [18], it can be easily shown that ≡ is a congruence on
the set of markings, i.e, if M1 −→M2 and M1 ≡M3 then there is an M4 such
that M2 ≡M4 and M3 −→M4.

Example 4.1. Consider the TPN N in Figure 3.5 with max = 7. Figure 4.1(a)
shows a marking M = [R(2.0) , S(5.5), R(1.7), S(6.7), Q(8.9)]. Figure 4.1(b)
shows the unique region R = ([R(2)] , [S(5)] • [R(1), S(6)] , [Q]). such that
M |= R. In Figure 4.1(b), each circle corresponds to a multiset of tokens of
N with same fractional parts. Dotted lines show how the tokens of M in TPN
corresponds to elements in the region R. �

Ordering

We define an ordering on markings which extends the equivalence relation ≡ on
markings induced by the definition of regions. We define an ordering � on the
set of markings of TPNs such that M1 �M2 if there is an M ′

2 with M1 ≡M ′
2

and M ′
2 ≤

m M2. In other words, M1 �M2 if we can delete a number of tokens
from M2 and as a result obtain a new marking which is equivalent to M1. We
let M1 ≺M2 denote that M1 �M2 and M1 �≡M2.
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Next, we consider the following lemma which states that −→ is monotonic
with respect to the ordering �.

Lemma 4.2. If M1 −→ M2 and M1 � M3 then there is an M4 such that
M2 �M4 and M3 −→M4.

Proof. Suppose that M1 � M3. By definition of � there is an M ′
3 with M1 ≡

M ′
3 and M ′

3 ≤
m M3. From the definition of ≤m we know that there is an M ′′

3

such that M3 = M ′
3 + M ′′

3 . Since ≡ is a congruence, there is M ′
4 such that

M2 ≡ M ′
4 and M ′

3 −→ M ′
4. We define M4 = M ′

4 + M ′′
4 where M ′′

4 = M ′′
3 if

M ′
3 −→t M

′
4 for some discrete transition t, andM ′′

4 = (M ′′
3 )

+δ
ifM ′

3 −→T=δ M
′
4

for some δ ∈ R≥0.

Example 4.3. Consider the TPN N in Figure 3.5 where max = 7. Recall
the marking M and the region R in Figure 4.1. Also, consider marking M ′ =
[R(2.0) , S(5.7), R(1.8), S(6.8), Q(9.9)]. Notice that M ′ satisfies the region
R and M ≡ M ′. Let M ′′ = M ′ + [R(1.2), Q(9.2)]. Since M ′ ≤m M ′′ and
M ≡M ′, we have M �M ′′ (see Figure 4.2). �
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Figure 4.2: (a) M . (b) M ′. (c) M ′′.

Finally, we define an ordering� on regions such that ifR1 =
(
b10, w

1, b1max

)
and

R2 =
(
b20, w

2, b2max

)
then R1 � R2 iff b10 ≤

m b20, w
1 ≤w w2, and b1max ≤

m b2max .
This means that the entailment on the regions of TPNs is decidable.

From Lemma 2.1, Lemma 2.2 and the fact that P × {0, . . . ,max} is a finite
alphabet and that the well-quasi-ordering is preserved when vectors are built
over well-quasi-ordered sets [84], it follows that

Lemma 4.4. The ordering � on the set of regions is a well-quasi-ordering.

Backward Analysis

For backward analysis of TPNs, we use regions as our constraints. Given a
constraint (region) R of TPN, notice that [[R]]↑ = [[R ↑]]=. This means that
a marking M ∈ [[R]]↑ iff there is a region R′ such that R � R′ and M |= R′.
Notice that we already showed how to compute [[R]]↑ for a set R of constraints
in the above.
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From [9], we have that Pre(R) for a set R of constraints (regions) is effectively
constructible.

We already showed that the entailment on the constraints (regions) of TPNs is
decidable. Notice that R1 � R2 means that [[R2]]

↑ ⊆ [[R1]]
↑. From Lemma 4.4,

we have that � is a well-quasi-ordering.

Finally we check membership of each marking1 M ∈ Minit in the set of mark-
ings given by [[Pre∗(R0)]]

↑. This is done by checking whether there is a region
R ∈ Pre∗(R0) and a marking M ′ � M such that M ′ |= R. Thus, all the
problems to perform the backward analysis for TPNs are solved and we get the
following.

Lemma 4.5. Given a set R of regions, the set Pre∗(R) is effectively con-
structible as a finite set of regions [14].

Notice that the infiniteness in TPNs due to real-valued ages of tokens are
handled by regions. However, the infiniteness due to unbounded number of
tokens in a place is handled by the notion of constraints characterizing upward
closed sets of regions.

1We assume that such a marking contains tokens with only integer ages.



Chapter 5

Forward Analysis of TPNs

In this chapter, we give a semi-algorithm for performing forward reachability
analysis for TPNs. We provide an abstraction of the set of reachable mark-
ings by taking its downward closure. The abstraction is exact with respect to
coverability (consequently with respect to safety properties), i.e, a given TPN
satisfies any safety property exactly when the downward closure of the set of
reachable states satisfies the same property. Moreover, the downward closure
has usually a simpler structure than the exact set of reachable states.

The set of reachable markings (and its downward closure) is in general infinite.
So, we introduce a symbolic representation for downward closed sets, which we
call region generators. Each region generator denotes the union of an infinite
number of regions (Chapter 4). Thus region generators handle the infiniteness
due to unbounded number of tokens. Region generators are similar to regular
expressions in the context of TPNs.

First we give an overview of the forward analysis and then show that region
generators allow the basic operations in forward analysis, i.e, checking mem-
bership, entailment, and computing the post-images with respect to a single
transition. Since forward analysis is incomplete, we also give an acceleration
scheme to make the analysis terminate more often. The scheme computes,
in one step, the effect of an arbitrary number of firings of a single discrete
transition interleaved with timed transitions.

We have implemented the forward reachability procedure and used the tool to
compute the reachability set for a parameterized version of Fischer’s protocol,
Lynch and Shavit’s mutual exclusion protocol and a simple producer/consumer
protocol. Also, we used the tool for generating finite state abstractions of these
protocols.

Remark: To do forward analysis for TPNs, one might first think of extending
the Karp-Miller algorithm[91]. However it turns out that it is not obvious how
to extend this algorithm for TPNs. In the case of TPNs, if M1 ≺ M2 (in
fact even if M1 <

m M2), one cannot over-approximate M2 by introducing ω.
For instance, consider the Petri net in Figure 5.1. If we start from marking
M0 = [p(0)], we can let time pass by one unit, reach M1 = [p(1)], then fire
transition t and reach a marking M2 = [p(0), q(0)]. However, it is not the
case that unboundedly many tokens with age q(0) are generated, even though
M0 <

m M2. Termination is therefore not guaranteed.
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t

p

[1,1]

q

[0,0]

[0,0]

Figure 5.1: A timed Petri net for which Karp-Miller algorithm cannot be
applied.

5.1 Coverability

In the last chapter, we showed that TPNs induce a monotonic transition system
(Lemma 4.2). It follows that analyzing coverability will not be affected by
taking the downward closure (with respect to the ordering � on the markings)
of the set of reachable markings.

Lemma 5.1. For a set of markings Minit and an upward closed set M of
markings, we have Reach(Minit) ∩ M = ∅ iff (Reach(Minit)) ↓ ∩ M = ∅.

Proof. It is obvious that Reach(Minit) ∩ M = ∅ if (Reach(Minit)) ↓ ∩ M = ∅.

We show the other direction. Suppose that there is a marking M ∈
(Reach(Minit)) ↓ ∩ M. This means that there is a marking M ′ ∈
(Reach(Minit)) such that M � M ′ and M ∈ M, i.e., M ′ ∈ M, since M is
upward closed. This implies that (Reach(Minit)) ∩ M �= ∅. Contradiction.

Since Mfin ↑ (in the definition of the coverability problem) is upward closed
by definition, it follows from Lemma 5.1 that taking downward closure of
Reach(Minit) gives an exact abstraction with respect to coverability.

5.2 Region Generators

In this section we introduce region generators which we define in a hierarchi-
cal manner. First, we introduce multiset and word language generators and
then describe how a region generator characterizes a potentially infinite set
(language) of regions.

5.2.1 Multiset Language Generators (Mlgs)

We define multiset language generators (mlgs), each of which characterizes a
language which consists of multisets over a finite alphabet.

Let A be a finite alphabet. A multiset language (over A) is a subset of A�.
We will consider multiset languages which are downward closed with respect to
the relation ≤m on multisets (Chapter 2). If L is downward closed then b1 ∈ L
and b2 ≤m b1 implies b2 ∈ L.
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We define (downward closed) multiset language generators (or mlgs for short)
over the finite alphabet A. Each mlg φ over A defines a multiset language over
A, denoted L(φ), which is downward closed. The set of mlgs over A and their
languages are defined as follows :

• An expression over A is of one of the following two forms:

– an atomic expression a where a ∈ A. L(a) = {[a] , ε}.

– a star expression of the form S� where S ⊆ A. L(S�) =
{[a1 , . . . , am] | m ≥ 0 ∧ a1, . . . , am ∈ S}.

• An mlg φ is a (possibly empty) sequence e1 + · · · + e� of expressions.
L(φ) = {b1 + · · ·+ b� | b1 ∈ L(e1), · · · , b� ∈ L(e�)}. We denote an empty
mlg by ε and assume that L(ε) = {ε}.

We also consider sets of mlgs which we interpret as unions. If Φ = {φ1, · · · , φm}
is a set of mlgs, then L(Φ) = L(φ1) ∪ · · · ∪ L(φm). We assume L(∅) = ∅.

Theorem 5.2. For each downward closed multiset language L over an alphabet
A there is a set Φ of mlgs over A such that L = L(Φ).

Proof. See Appendix.

Sometimes we identify mlgs with the languages they represent, so given two
mlgs φ1, φ2, we write φ1 ⊆ φ2 (rather than L(φ1) ⊆ L(φ2)), and given a multiset
b and a mlg φ, we write b ∈ φ (rather than b ∈ L(φ)), etc.

Normal Form An mlg φ is said to be in normal form if it is of the form
e+e1+· · ·+ek where e is a star expression and e1, . . . , ek are atomic expressions
and for each i : 1 ≤ i ≤ k, ei �⊆ e. A set of mlgs {φ1, · · · , φm} is said to be
normal if φi is in normal form for each i : 1 ≤ i ≤ m, and φi �⊆ φj for each
i, j : 1 ≤ i �= j ≤ m.

For each mlg φ, there is a unique (up to commutativity of the operators)
normal mlg φ′ such that L(φ′) = L(φ). We can derive φ′ from φ by performing
the following operations.

• Delete each atomic expression a from φ in case there is a star expression
of the form S� in φ such that a ∈ S. The language of the mlg is preserved
since L(a+ S�) = L(S�).

• Merge all star expressions using the property that L(S1
� + S2

�) =
L((S1 ∪ S2)

�
).

A set of mlgs Φ = {φ1, · · · , φm} is said to be normal if each mlg φi is normal
and φi �⊆ φj for 1 ≤ i �= j ≤ m. We can transform each set of mlgs into normal
form by transforming each member of Φ into normal from as described above,
and by eliminating redundant members of Φ using the entailment algorithm
described below.

From now on, (sets of) mlgs will always be assumed to be in a normal form.
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Entailment In the following, we give an algorithm for computing entailment
⊆ for (sets of) mlgs.

The relation ⊆ is the least partial order on expressions satisfying

a ⊆ S� if a ∈ S
S1

� ⊆ S2
� if S1 ⊆ S2

Given the algorithm for entailment of expressions, we can compute the entail-
ment of mlgs as follows:

Consider the base cases. ε ⊆ φ2 and φ1 �⊆ ε if φ1 �= ε. Given two non-empty
mlgs φ1 = e1 + φ′1 and φ2 = e2 + φ′2, we have φ1 ⊆ φ2 iff one of the following
holds.

1. e1 = a, e1 �⊆ e2 and φ1 ⊆ φ′2.

2. e1 = e2 = a and φ′1 ⊆ φ′2.

3. e2 = S�, e1 ⊆ e2 and φ′1 ⊆ φ2.

In a normal mlg, we assume that the atomic expressions in an mlg are sorted.
This means that the entailment algorithm will have linear complexity.

Next, we consider entailment for sets of mlgs. We use the following lemma.

Lemma 5.3. For mlgs φ, φ1, . . . , φm, if φ ⊆ {φ1, · · · , φm}, then φ ⊆ φi for
some i ∈ {1, . . . ,m}.

Proof. See Appendix.

From Lemma 5.3 and the algorithm for entailment of mlgs, it follows that

Theorem 5.4. Entailment among mlgs can be checked in linear time and
entailment of sets of mlgs can be checked in quadratic time.

Example 5.5. Consider a finite alphabet A = {a, b, c} and the set of mul-
tisets A� over A. Given mlg φ1 = {a, b}�

+ c (i.e., the multiset lan-
guage over A containing at most one c), examples of multisets in L(φ1) are[
a2, b

]
, [b, c] ,

[
a3, b2, c

]
. Consider φ2 = b + c, i.e., the multiset language con-

taining at most one b and one c. L(φ2) = {ε, [c] , [b] , [b, c]}. Notice that φ1, φ2

are in normal form and φ2 ⊆ φ1. Furthermore L(φ1) and L(φ2) are both down-
ward closed. Figure 5.2 graphically describes φ1 and φ2. Sets are drawn as
ellipses and mlgs are shown as circles. �

5.2.2 Word Language Generators (Wlgs)

In this section, we consider languages where each word is a sequence of multisets
over a finite alphabet A, i.e., each word is a member of (A�)

∗
(recall that for

a set A, we use A∗ to denote the set of finite words over A (Chapter 2).
The language is then a subset of (A�)

∗
. Notice that the underlying alphabet,

namely A� is infinite.
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a
b c

(a)

b c

(b)

*

Figure 5.2: Mlgs (a) φ1. (b) φ2.

For a word w ∈ L, observe that w(i) is a multiset over A.

Recall that ≤m and ≤w are the orderings on the set of multisets and the
set of words respectively (Chapter 2). This means that w1 ≤w w2 if there
is a strictly monotonic injection h : {1, . . . , |w1|} → {1, . . . , |w2|} where
w1(i) ≤

m w2(h(i)) for i : 1 ≤ i ≤ |w1|.

We shall consider languages which are downward closed with respect to ≤w. In
a similar manner to mlgs, we define downward closed word language generators
(wlgs) and word languages as follows.

• A word expression over A is of one of the following two forms:

– a word atomic expression is an mlg φ over A. L(φ) = {b | b ∈ φ} ∪
{ε}.

– a word star expression of the form {φ1, · · · , φk}
∗
, where φ1, . . . , φk

are mlgs over A.
L({φ1, · · · , φk}

∗
) =

{b1 • · · · • bm | (m ≥ 0) and b1, . . . , bm ∈ L(φ1) ∪ · · ·L(φk)}.

• A word language generator (wlg) ψ over A is a (possibly empty) con-
catenation e1 • · · · • e� of word expressions e1, . . . , e�. L(ψ) =
{w1 • · · · • w� | w1 ∈ L(e1) ∧ · · · ∧ w� ∈ L(e�)}.

Notice that the concatenation operator is associative, but not commutative (as
is the operator + for multisets). Again, we denote the empty wlg by ε. For
a set Ψ = {ψ1, · · · , ψm} of wlgs, we define L(Ψ) = L(ψ1) ∪ · · · ∪ L(ψm). We
assume L(ε) = {ε} and L(∅) = ∅. We also identify wlgs with word languages
as we did with mlgs and multiset languages.

Theorem 5.6. For each downward closed word language L, there is a set Ψ
of wlgs such that L = L(Ψ).

Proof. See Appendix.

Normal Form A word atomic expression e of the form φ is said to be in
normal form if φ is a normal mlg. A word star expression {φ1, . . . , φk}

∗
is said

be in normal form if the set of mlgs {φ1, . . . , φk} is in normal form.

A wlg ψ = e1 • · · · • e� is said to be normal if
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• e1, . . . , e� are normal,

• ei • ei+1 �⊆ ei for each i : 1 ≤ i < �, and

• ei • ei+1 �⊆ ei+1, for each i : 1 ≤ i < �.

A set of wlgs {ψ1, · · · , ψm} is said to be normal if ψ1, . . . , ψm are normal and
ψi �⊆ ψj for each i, j : 1 ≤ i �= j ≤ m.

For each wlg ψ, there is a unique normal wlg ψ′ such that L(ψ) = L(ψ′). We
can derive ψ′ from ψ using normalisation, checking entailment for mlgs and the
entailment algorithm for wlgs described below. Normal form for sets of wlgs
can be defined in a similar manner to mlgs. We can transform a set of wlgs
Ψ = {ψ1, · · · , ψm} into normal form using the normalization procedure above,
and by eliminating redundant wlgs using the entailment algorithm below.

From now on, (sets of) wlgs will always be reduced to a normal form.

Entailment Now, we extend the algorithm for checking entailment of mlgs
to check entailment of wlgs of the form ψ ⊆ ψ′.

First, we extend ⊆ such that

• φ ⊆ {φ1, . . . , φk}
∗

if φ ⊆ {φ1, · · · , φk}.

• {φ1, · · · , φk}
∗ ⊆ {φ′1, · · · , φ

′
k′}

∗
if {φ1, · · · , φk} ⊆ {φ′1, · · · , φ

′
k′}.

The above entailment of word expressions can be computed using the entail-
ment algorithm for multisets.

Entailment of wlgs is very similar to the entailment of mlgs. But, concatena-
tion is not commutative. Therefore, given two non-empty wlgs ψ1 = e1 • ψ′

1

and ψ2 = e2 • ψ′
2, we have ψ1 ⊆ ψ2 iff one of the following holds.

• e1 �⊆ e2 and ψ1 ⊆ ψ′
2.

• e1 ⊆ e2, e2 is an atomic expression and ψ′
1 ⊆ ψ′

2

• e1 ⊆ e2, e2 is a star expression, ψ′
1 ⊆ ψ2.

For sets of wlgs, we use a lemma similar to Lemma 5.3.

Lemma 5.7. For wlgs ψ, ψ1, . . . , ψm, if ψ ⊆ {ψ1, · · · , ψm}, then ψ ⊆ ψi for
some i ∈ {1, . . . ,m}.

Proof. See Appendix.

From Theorem 5.4, Lemma 5.7 and the above algorithm for computing entail-
ment of wlgs, we conclude that

Theorem 5.8. Entailment of wlgs can be computed in quadratic time and
entailment of a set of wlgs can be computed in cubic time.
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Example 5.9. Consider the same alphabet A and mlgs φ1 = {a, b}�
+ c and

φ2 = b + c. Consider a wlg ψ1 = {φ2}
∗ • φ1. Example of a word in L(ψ1) is

[b, c] • [b] •
[
a3

]
. Consider a wlg ψ2 = {φ1}

∗ • φ2. Example of a word in

L(ψ2) is
[
a2, b3, c

]
•

[
a3, c

]
• [b, c]. Notice that ψ1 ⊆ ψ2, but and ψ2 �⊆ ψ1.

Figure 5.3 graphically describes ψ1 and ψ2. �

(b)

a
b c

(a)

b ccb

* *
a
b c

*
*

Figure 5.3: Wlgs (a) ψ1. (b) ψ2.

5.2.3 Region Generators

A region generator θ is a triple (φ0, ψ, φmax ) where φ0 is an mlg over P ×
{0, . . . ,max}, ψ is a wlg over P ×{0, . . . ,max − 1}, and φmax is an mlg over P .
The language L(θ) contains exactly each region of the form (b0, w, bmax ) where
b0 ∈ φ0, w ∈ ψ, and bmax ∈ φmax . We observe that if θ1 =

(
φ1

0, ψ
1, φ1

max

)
and

θ2 =
(
φ2

0, ψ
2, φ2

max

)
then θ1 ⊆ θ2 iff φ1

0 ⊆ φ2
0, ψ

1 ⊆ ψ2, and φ1
max ⊆ φ2

max . In
other words entailment between region generators can be computed by checking
entailment between the individual elements.

For a region generator θ, we define [[θ]]↓ to be ∪R∈L(θ)[[R]]=. In other words, a
region generator θ:

• defines a language L(θ) of regions; and

• denotes a set of markings, namely all markings which belong to the de-
notation [[R]]= for some region R ∈ L(θ).

A finite set Θ = {θ1, . . . , θm} of region generators denotes the union of its
elements, i.e, [[Θ]]↓ =

⋃
1≤i≤m[[θi]]

↓.

Given a marking M and a region generator θ, it is straightforward to check
whether M ∈ [[θ]]↓ from the definition of [[R]]= and [[θ]]↓.

Here, we recall that in Section 5.1, we showed how to decide the entailment
� on regions. However for forward analysis, R1 � R2 iff for each M1 ∈ [[R1]]

↓

and M2 ∈ [[R2]]
↓, M1 � M2. By Theorem 5.2 and Theorem 5.6 it follows that

for each set R of regions which is downward closed with respect to �, there is
a finite set of region generators Θ such that L(Θ) = R.

From this we get the following.

Theorem 5.10. For each set M of markings which is downward closed with
respect to � there is a finite set of region generators Θ such that M = [[Θ]]↓.
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From this, it follows that θ1 ⊆ θ2 iff for each M1 ∈ [[θ1]]
↓ and M2 ∈ [[θ2]]

↓,
M1 �M2.

Example 5.11. Consider again the TPN in Figure 3.5 with max = 7. Exam-
ples of mlgs over {Q,R, S} × {0, . . . , 7} are R(2), S(2), {S(6), R(1)}�

+ S(5),

etc. S(2) •
{
{S(6), R(1)}�

+ S(5)
}∗

is an example of a wlg over {Q,R, S} ×

{0, . . . , 6} and {Q}�
is an mlg over {Q,R, S}. Finally, an example of region

generator is given by θ =
(
R(2), S(2) •

{
{S(6), R(1)}�

+ S(5)
}∗

, {Q}�
)
.

Figure 5.4(a) shows the region generator graphically and Figure 5.4(b) shows
an example of a region in the language of the region generator in Figure 5.4(a).
�
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Figure 5.4: (a) Region Generator θ. (b) A region R ∈ L(θ).

5.3 Forward Analysis

We present a version of the standard symbolic forward reachability algorithm
which uses region generators as a symbolic representation. The algorithm
inputs a set of region generators Θinit characterizing the set Minit of ini-
tial markings, and a set Mfin of final markings and tries to answer whether
[[Θinit ]]

↓ ∩Mfin ↑= ∅. The algorithm computes the sequence Θ0,Θ1, . . . of sets
of region generators such that Θi+1 = Θi ∪ succ(Θi) with Θ0 = Θinit . If
[[Θi]]

↓ ∩ Mfin ↑�= ∅ (amounts to checking membership of elements of Mfin in
[[Θ]]↓), or if Θi+1 = Θi, then the procedure is terminated. We define succ(Θ) to
be PostTime(Θ) ∪

⋃
t∈T (Postt(Θ)∪ Stept(Θ)). PostTime and Postt, defined in

Section 5.4, compute the effect of timed and discrete transitions respectively.
Stept, defined in Section 5.5, implements acceleration. Also, whenever there
are two region generators θ1, θ2 in a set of region generators such that θ1 ⊆ θ2,
we remove θ1 from the set.

Even if we know by Theorem 5.10 that there is finite set Θ of region generators
such that Reach([[Θinit ]]

↓) = [[Θ]]↓, the following holds due to undecidability of
structural termination for TPNs.
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Theorem 5.12. Given a region generator θinit we cannot in general compute
a set Θ of region generators such that Reach([[θinit ]]

↓) = [[Θ]]↓.

The aim of acceleration is to make the forward analysis procedure terminate
more often.

5.4 Post-Image of a Region Generator

In this section, we consider the post-image of a region generator θ with respect
to timed and discrete transitions respectively.

5.4.1 Timed Post-image

To give the intuition of computing the post-image of a region generator with
respect to timed transitions, first we show how to perform this operation on
regions.

PostTime for regions

We define PostTime such that it corresponds to letting time pass.

We compute the post-image of a region R with respect to time as a finite set of
regions such that [[PostTime(R)]]= = {M ′ | ∃M ∈ [[R]]=. M −→Time M

′}. For
a set R of regions PostTime(R) =

⋃
R∈R

PostTime(R).

First, we define a function Rotate such that given an input regionR, Rotate(R)
returns a region as described in the following. Later we use Rotate to define
PostTime .

Consider a marking M and a region R = (b0, w, bmax ) such that M |= R.
Three cases are possible:

1. If b0 = ε, i.e., there are no tokens in M with ages whose fractional parts
are equal to zero. Let w be of the form w1 • b1. The behaviour of the
TPN from M due to passage of time is decided by a certain subinterval of
R≥0 which we denote by stable(M). This interval is defined by [0 : 1−x)
where x is the highest fractional part among the tokens whose ages are
less than max . Those tokens correspond to b1 in the definition of R. We
call stable(M) the stable period of M .

Suppose that time passes by an amount δ ∈ stable(M). If M −→T=δ M1

then M1 |= R, i.e., M1 ≡ M . In other words, if the elapsed time is in
the stable period of M then all markings reached through performing
timed transitions are equivalent to M . The reason is that, although
the fractional parts have increased (by the same amount), the relative
ordering of the fractional parts, and the integral parts of the ages are not
affected. This case does not yield a new marking by letting time pass.

Next consider δ = 1−x. As soon as we leave the stable period, the tokens
which originally had the highest fractional parts (those corresponding to
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b1) will now change: their integral parts will increase by one while frac-
tional parts will become equal to zero. Therefore, we reach a new marking
M2, whereM2 |= Rotate(R) and Rotate(R) is of the form

(
b+1
1 , w1, bmax

)
.

Here, b+1
1 is the result of replacing each pair p(n) in b1 by p(n+ 1).

2. If b0 �= ε, i.e., there are some tokens whose ages do not exceed max and
whose fractional parts are equal to zero. We divide the tokens in b0 into
two multisets: young tokens whose ages are strictly less than max , and
old tokens whose ages are equal to max . The stable period stable(M) here
is the point interval [0 : 0]. Suppose that we let time pass by an amount
δ : 0 < δ < 1 − x, where x is the highest fractional part of the tokens
whose ages are less than max . Then the fractional parts for the tokens
in b0 will become positive. The young tokens will still have values not
exceeding max , while the old tokens will now have values strictly greater
than max . This means that if M −→T=δ M1 then M1 |= Rotate(R)
where Rotate(R) is of the form (ε, young • w, bmax + old). Here, young
and old are sub-multisets of b0 such that young(p(n)) = b0(p(n)) if n <
max , and old(p) = b0(p(max)), where p(n) ∈ b0. Since the fractional
parts of the tokens in young are smaller than all other tokens, we put
young first in the second component of the region. Also, the ages of the
tokens in old are now strictly greater than max , so they are added to the
third component of the region.

3. If b0 = ε, w = ε, all tokens have age greater than max . Now, if we let time
pass by any amount δ ≥ 0 and M −→T=δ M1, then M1 |= R. When all
tokens reach age of max , aging of tokens becomes irrelevant. This case
yields only a marking which is equivalent to M with respect to ≡.

Notice that in cases 1 and 2, the stable period is the largest interval during
which the marking does not change the region it belongs to. Markings in
case 3 never change their regions and are therefore considered to be “stable
forever” with respect to timed transitions. Also, we observe that each of first
two cases above correspond to “rotating” the multisets in b0 and w, sometimes
also moving them to bmax .

We define Rotate∗ to be the reflexive transitive closure of Rotate. It computes
the set of all regions which we can generate by letting time pass by any amount.

In Rotate∗(R), we apply Rotate to each new region generated, except when a
region is of the form (ε, ε, b). It is straightforward to verify that such a region
will be eventually generated (by increasing the age of the tokens, all tokens will
eventually become old). This gives us the following lemma.

Lemma 5.13. Rotate∗ is effectively constructible and PostTime = Rotate∗.

Example 5.14. For the TPN in Figure 3.5, max = 7, consider the region R
in Figure 5.5(a). PostTime(R) computes a number of regions. We show first
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Figure 5.5: A few regions in PostTime(R)

three of them in Figure 5.5(b), (c) and (d). Consider the following markings

M = [R(2.0), S(5.5), R(1.7), S(6.7), Q(8.9)]
M1 = [R(2.1), S(5.6), R(1.8), S(6.8), Q(9.0)]
M2 = [R(2.3), S(5.8), R(2.0), S(7.0), Q(9.2)]
M3 = [R(2.4), S(5.9), R(2.1), S(7.1), Q(9.3)]

and Now, M −→T=0.1 M1 −→T=0.2 M2 −→T=0.1 M3 and M |= R, M1 |= R1,
M2 |= R2 and M3 |= R3. �

PostTime for region generators

For an input region generator θ, we shall characterize the set of all markings
which can be reached from a marking in [[θ]]↓ through the passage of the time.
We shall compute PostTime(θ) as a finite set of region generators such that
[[PostTime(θ)]]

↓ =
{
M ′ | ∃M ∈ [[θ]]↓. M −→Time M

′
}
.

First, we introduce some notations. Let φ be an mlg of the form
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{a1, . . . , ak}
�

+ ak+1 + · · · + ak+�. Notice that, by the normal form defined
in Section 5.2, we can always write φ in this form. We define 
φ to be the pair
(b, b′) where b = [a1, . . . , ak] and b′ = [ak+1, . . . , ak+�].

Let φ be an mlg over P × {0, . . . ,max} with 
φ = (b, b′). We define young(φ)
and old(φ) to be mlgs over P ×{0, . . . ,max − 1} and P respectively such that
the following holds: let 
young(φ) = (b1, b

′
1) and 
old(φ) = (b2, b

′
2) such that

• b(p(n)) = b1(p(n)) and b′(p(n)) = b′1(p(n)) if n < max .

• b(p(max )) = b2(p) and b′(p(max )) = b′2(p).

In other words, from φ, we obtain an mlg given by young(φ) which characterizes
tokens younger than max and an mlg old(φ) which characterizes tokens older
than max .

Let φ be an mlg over P ×{0, . . . ,max − 1} of the form {p1(n1), . . . pk(nk)}�
+

pk+1(nk+1) + · · · + pk+�(nk+�). We use φ+1 to denote the mlg
{p1(n1 + 1), · · · , pk(nk + 1)}�

+pk+1(nk+1 +1)+ · · ·+pk+�(nk+� +1). That is,
we replace each occurrence of a pair p(n) in the representation of φ by p(n+1).

For a word atomic expression (an mlg) φ = {a1, . . . , ak}
�

+ ak+1 + · · ·+ ak+�,
we define alph(φ) as the set of symbols given by {a1, . . . , ak+�}. For a word
star expression e = {φ1, . . . , φk}

∗
, alph(e) =

⋃
i alph(φi) for i : 1 ≤ i ≤ k.

We are now ready to define the function PostTime(θin) for some input region
generator θin . We start from θin and perform an iteration, maintaining two sets
V andW of region generators. Region generators in V are already analyzed and
those in W are yet to be analyzed. We pick (also remove) a region generator θ
from W , add it to V (if it is not already included in V ). We update W and V
with new region generators according to the rules described below. We continue
until W is empty. At this point we take PostTime(θin) = V . Depending on the
form of θ, we update W and V according to one of the following cases.

• If θ is of the form (φ0, ψ, φmax ), where φ0 �= ε. We add a region generator
(ε, young(φ0) • ψ, φmax + old(φ0)) to W . This step corresponds to one
rotation according to case 2 in the computation of Rotate.

• If θ is of the form (ε, ψ • φ, φmax ). Here the last element in the second
component of the region generator is an atomic expression (an mlg). We
add the region generator

(
φ+1, ψ, φmax

)
to W . This step corresponds to

one rotation according to case 1 for computation of Rotate.

• If θ is of the form
(
ε, ψ • {φ1, . . . , φk}

∗
, φmax

)
. Here, the last expression

in the second component of the region generator is a star expression. This
case is similar to the previous one. However, the tokens corresponding to
{φ1, . . . , φk}

∗
now form an unbounded sequence with strictly increasing

fractional parts. We add

(
φ+1

i ,
{
young(φ+1

1 ), . . . , young(φ+1
k )

}∗
• ψ • {φ1, . . . , φk}

∗
, φmax +Old�

)
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to V , and

(
φ+1

i ,
{
young(φ+1

1 ), . . . , young(φ+1
k )

}∗
• ψ, φmax +Old�

)

to W , for i : 1 ≤ i ≤ k. Here, Old is the union of the sets of sym-
bols occurring in the set of mlgs

{
old(φ+1

1 ), . . . , old(φ+1
k )

}
, i.e Old =

alph(old(φ+1
1 )) ∪ · · · ∪ alph(old(φ+1

k )). This step corresponds to per-
forming a sequence of rotations of the forms of case 1 and case 2 together
for Rotate.

Notice that we add one of the newly generated region generators directly
to V (and its “successor” to W ). This is done in order to avoid an infinite
loop where the same region generator is generated all the time.

• If θ is of the form (ε, ε, φmax ), i.e., all tokens have ages which are strictly
greater than max , then we do not add any element to W .

The termination of this algorithm is guaranteed due to the fact that after a
finite number of steps, we will eventually reach a point where we analyze region
generators which will only characterize tokens with ages greater than max (i.e.
will be of the form (ε, ε, φmax )).

Example 5.15. For the TPN in Figure 3.5, where max = 7. Consider an
input region generator θ = (Q(7) + R(6), {S(6) +Q(5)}∗ , ε) in Figure 5.6(a).
We show a few region generators computed by PostTime(θ) starting from θ in
Figure 5.6(b) to Figure 5.6(g). Notice the rotation of first and second part
of the region generators and sometimes moving to third part of the region
generator, corresponding to the ’rotation’ described in PostTime for regions.
Also, notice that the region generator in (c) and (f) correspond to several
’rotations’ of regions in their languages. Furthermore, notice that we need to
apply normalisation after computing PostTime , since the region generators in
Figures 5.6(f) and 5.6(g) are not in normal form. Furthermore, notice that
the region generator in Figure 5.6(g) is included in the region generator in
Figure 5.6(f) and the former one will be removed during the forward analysis
from the working set of the region generators.

�

5.4.2 Discrete Post-image

To give the intuition of computing the post-image of a region generator with
respect to a discrete transition, first we show how to perform this operation on
regions.

Postt for regions

We define PostDisc such that it corresponds to firing discrete transitions.
PostDisc is computed as the union of Postt for all transitions t in the TPN
where Postt characterizes the effect of running t once.
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Figure 5.6: Given θ in (a), (b), . . . ,(g) shows the region generators computed
by PostTime(θ).

For an input region R, we shall characterize the set of all markings
which can be reached from a marking in [[R]]= through execution of tran-
sition t. We shall compute Postt(R) as a finite set of regions such that
[[Postt(R)]]= = {M ′ | ∃M ∈ [[R]]=. M −→t M

′}. For a set R of regions
Postt(R) =

⋃
R∈R

Postt(R).

Let R = (b0, w, bmax). To give an algorithm for Postt, we need to define an
addition and a subtraction operation for regions.

An addition (subtraction) corresponds to adding (removing) a token in a cer-
tain age interval. Let I be an interval of the form [w, z) and let R be a region
of the form R = (b0, b1 • . . . • bm, bm+1) . We define the addition R⊕ p(I)
as a set of regions (the addition of other types of intervals can be defined in a
similar manner).

We define R⊕ p(I) to be the union of the following four sets:

1. A set containing (b0+[p(n)] , b1 • . . . • bm, bm+1), for each n : w ≤ n < z.
This corresponds to adding a token with zero fractional part.

2. A set containing regions (b0, b1 • . . . • b′i • . . . • bm, bm+1), where
1 ≤ i ≤ m and b′i = bi + [p(n)], for each n : w ≤ n < z with n < max .
An element added according to this case corresponds to adding a token
with a fractional part equal to that of some other token.
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3. A set containing regions (b0, b1 • . . . • bi • [p(n)] • . . . • bm, bm+1),
where n satisfies the same conditions as in 2. In this case, the fractional
part differs from all other tokens.

4. A singleton set containing (b0, b1 • . . . • bm, bm+1 + [p]) if z = ∞.

Given R and I of the above forms, we define the subtraction R� p(I) as the
union of the following sets:

1. A singleton set containing (b0 − [p(n)] , b1 • . . . • bm, bm+1), for each
n : w ≤ n < z. This corresponds to subtracting a token with zero
fractional part.

2. A set containing regions (b0, b1 • . . . b′i . . . • bm, bm+1) where b′i =
bi − [p(n)], where 1 ≤ i ≤ m and w ≤ n < z, n < max . This corresponds
to subtracting a token with non-zero fractional part.

3. A singleton set containing (b0, b1 • . . . • bm, bm+1 − [p]) in case z = ∞.
This corresponds to removing a token with age greater than max .

4. If all the above sets are empty, then R� p(I) is undefined.

We extend ⊕,� to sets of regions in the obvious manner.

We also extend ⊕,� for a set A of pairs of the form p(I) as follows. R⊕A =⋃
p(I)∈A

R⊕ p(I).

Let Ain(t) be the set of input arcs given by {p(I) | In(t , p) = I} and the set
of output arcs Aout(t) be given by {p(I) | Out(t , p) = I}.

We define
Postt(R) = (R�Ain(t))⊕Aout(t)

.

Example 5.16. For the TPN in Figure 3.5, consider a marking M = [Q(3.5)]
and a region R = (ε,Q(3), ε). M |= R. Consider the transition t2. We show
the regions computed by Postt in Figure 5.7. Since, R� [Q(3.5)] = (ε, ε, ε), we
show the result of ((ε, ε, ε) ⊕ R((0, 1))) ⊕ S((1, 2)) by R1, R2, and R3 which
together denote all possible markings that can be created by firing t2 from M .
�

We let Post = PostTime ∪ PostDisc . From the definition of PostTime ,Postt,
we get the following.

Lemma 5.17. Given a region R, Post(R) is effectively constructible.

Postt for region generators

For an input region generator θ, we compute (the downward closure of) the
set of all markings which can be reached from a marking in [[θ]]↓ by firing a



54 5. Forward Analysis of TPNs

(d)

(c)

R = 

R2 = 

R1 = 

R3 = 

(a)

, ,
S(1) R(0)

, ,S(1)
R(0)

(b)

,
Q(3)

,

, ,
R(0) S(1)

Figure 5.7: Regions in Postt2(R)

discrete transition t, i.e we compute Postt(θ) as a finite set of region generators
s.t [[Post(θ)]]↓ =

{
M ′ | ∃M ∈ [[θ]]↓.M −→t M

′
}
↓.

Notice that from a downward closed set of markings, when we execute a timed
transition, the set of markings reached is always downward-closed. But this
is not the case for discrete transitions. Therefore, we consider the downward
closure of the set of reachable markings in the following algorithm.

To give an algorithm for Postt, we use an addition and a subtraction operation
for region generators. An addition (subtraction) corresponds to adding (re-
moving) a token in a certain age interval. These operations have hierarchical
definitions reflecting the hierarchical structure of region generators.

We start by defining addition and subtraction for mlgs, defined over a finite
set P × {0, . . . ,max}.

Given a normal mlg φ = S� + a1 + · · ·+ a� and a pair p(n) where p is a place
and n denotes the integral part of the age of a token in p, we define the addition
φ ⊕ p(n) to be the mlg φ+ p(n).
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The subtraction φ � p(n) is defined by the following three cases.

• If p(n) ∈ S, then φ � p(n) = φ. Intuitively, the mlg φ describes markings
with an unbounded number of tokens each with an integral part equal
to n, and each residing in place p. Therefore, after removing one such a
token, we will still be left with an unbounded number of them.

• If p(n) �∈ S and ai = p(n) for some i : 1 ≤ i ≤ � then φ � p(n) =
S� + a1 + · · ·+ ai−1 + ai+1 + · · ·+ a�.

• Otherwise, the operation is undefined.

Addition and subtraction from mlgs over P is similar where instead of p(n),
we simply add (subtract) p.

Now, we extend the operations to wlgs defined over mlgs of the above form.

The addition ψ ⊕ p(n) is a wlg ψ consisting of the following three sets of wlgs.

1. For each ψ1, ψ2, and φ with ψ = ψ1 • φ • ψ2, we have

ψ1 • (φ ⊕ p(n)) • ψ2 ∈ (ψ ⊕ p(n)).

2. For each ψ1, ψ2 and ψ = ψ1 • {φ1, · · · , φk}
∗ • ψ2, we have for i : 1 ≤

i ≤ k,

ψ1 • {φ1, · · · , φk}
∗ • (φi ⊕ p(n)) • {φ1, · · · , φk}

∗ • ψ2 ∈ (ψ ⊕ p(n)).

3. For each ψ1 and ψ2 with ψ = ψ1 • ψ2, we have

ψ1 • p(n) • ψ2 ∈ (ψ ⊕ p(n)).

Intuitively, elements added according to the first two cases correspond to adding
a token with a fractional part equal to that of some other token. In the third
case the fractional part differs from all other tokens.

We define the subtraction ψ � p(n), where ψ is a wlg, to be a set of wlgs,
according to the following two cases.

• If there is a star expression e = {φ1, · · · , φk}
∗

containing the token we
want to remove, i.e., if ψ is of the form ψ1 • e • ψ2, and if any of the
operations φi � p(n) is defined for i : 1 ≤ i ≤ k, then ψ � p(n) = {ψ}.

• Otherwise, the set ψ � p(n) contains wlgs of the form ψ1 • φ′ • ψ2

such that ψ is of the form ψ1 • φ • ψ2 and φ′ ∈ (φ � p(n)).

Now we describe how to use the addition and subtraction operations for
computing Postt. Addition and subtraction of pairs of the form p(n) can
be easily extended to pairs of the form p(N) where N ⊆ {0, . . . ,max}, e.g
ψ � p(N) = {ψ � p(n) | n ∈ N}.

We recall that, in a TPN, the effect of firing a transition is to remove tokens
from the input places and add tokens to the output places. Furthermore, the
tokens which are added or removed should have ages in the corresponding inter-
vals. The effect of of firing transitions from the set of markings characterized by
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a region generator θ = (φ0, ψ, φmax) can therefore be defined by the following
operations.

First, we assume an interval I of the form (x, y). The subtraction θ � p(I)
is given by the union of the following sets of region generators.

• (φ0 � p(N), ψ, φmax ) where each n ∈ N is a natural number in the interval
I. Intuitively, if the age of the token that is removed has a zero fractional
part, then N contains the valid choices of integral part.

• (φ0, ψ
′, φmax ) such that ψ′ ∈ ψ � p(N), where

N = {n | n ∈ N ∧ x ≤ n < y} i.e., each n is a valid choice of integral part
for the age of the token if it has a non-zero fractional part.

• (φ0, ψ, φmax � p) if I is of the form (x,∞), i.e., the age of the token
may be greater than max .

Addition is defined in a similar manner. The addition and subtraction opera-
tions will be similar if the interval is closed to the left. However, if the interval
is closed to the right, the last rule is undefined.

We extend definition of subtraction and addition for subtracting a set of tuples
p(I) in the obvious manner. For a set of region generators Θ, we define Θ ⊕
p(I) =

⋃
θ∈Θ (θ ⊕ p(I)). Subtraction for a set of region generators is defined

in a similar manner.

Let Ain(t) be the set of input arcs given by {p(I) | In(t , p) = I} and the set
of output arcs Aout(t) be given by {p(I) | Out(t , p) = I}.

We define,
Postt(θ) = (θ � Ain(t)) ⊕ Aout(t)

Example 5.18. For the TPN in Figure 3.5, consider an input region generator
θ = (ε, {R(6)}∗ , ε) shown in Figure 5.8(a) and a transition t1 of the TPN. We
show the region generators computed by the above algorithm in Figure 5.8(b),
(c) and (d). Notice that we have {R(6)}∗ � R(6) = {R(6)}∗. We show the
result of θ ⊕ Q((5, 6)) in Figure 5.8. Notice that we normalised the resulting
set of region generators. �

5.5 Acceleration

In this section, we explain how to accelerate the firing of a single transi-
tion interleaved with timed transitions from a region generator. We give a
criterion which characterizes when acceleration can be applied. If the crite-
rion is satisfied by an input region generator θin with respect to a transi-
tion t, then we compute a finite set Accelt(θin) of region generators such that
[[Accelt(θin)]]↓ =

{
M ′ | ∃M ∈ [[θin ]]↓. M(−→Time ∪ −→t)

∗M ′
}
↓. We shall not

compute the set Accelt(θin) in a single step. Instead, we will present a pro-
cedure Stept with the following property: for each region generator θin , there

is an n ≥ 0 such that Accelt(θin) =
⋃

0≤i≤n

(PostTime ◦ Stept)
i(θin). In other
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Figure 5.8: Given θ in (a), (b) shows the region generator computed by
Postt1(θ).

words, the set Accelt(θin) will be fully generated through a finite number of
applications of PostTime followed by Stept. Since the reachability algorithm of
Section 5.3 computes both PostTime and Stept during each iteration, we are
guaranteed that all region generators in Accelt(θin) will eventually be produced.

To define Stept we need some preliminary definitions.

Given a symbol a ∈ A and an mlg φ over A of the form S� + a1 + · · ·+ a�, we
say that a is a � − symbol in φ if a ∈ S. Intuitively, a is a � − symbol in an
mlg φ if it can occur arbitrarily many times in the multisets in φ.
Given a wlg ψ = e1 • · · · • el over A, we say that a symbol a ∈ A is a

• � − symbol in ψ if there is an i : 1 ≤ i ≤ l such that a is a � − symbol
for some mlg φ occurring in wlg ψ.

• ∗ − symbol in ψ if there is an i : 1 ≤ i ≤ l such that a ∈ alph(ei) and ei

is a word star expression.

Intuitively, a is a ∗ − symbol in ψ if it can occur an arbitrary number of times
in arbitrarily many consecutive multisets in a word given by the wlg ψ.

In this section, we show how to perform acceleration when intervals are open,
i.e of the form (x, y). It is straightforward to extend the algorithms to closed
intervals (see [6] for details).

To compute the effect of acceleration, we define an operation �.
Accelerated addition � corresponds to repeatedly adding an arbitrary num-
ber of tokens of the form p(n) (with all possible fractional parts) to a region
generator θ.

First we define the operation � for mlgs. Given an mlg φ and a pair p(n), the
accelerated addition φ � p(n) is given by an mlg φ+ {p(n)}�

.

Given a wlg ψ, ψ � p(n) can be inductively defined as follows.

• If ψ = ε, then ψ � p(n) =
{
{p(n)}�

}∗

.
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• If ψ = φ • ψ′, then

ψ � p(n) =
{
{p(n)}�

}∗

• (φ � p(n)) • (ψ′ � p(n))

• If ψ = {φ1, · · · , φn}
∗ • ψ′, then

ψ � p(n) = {φ1 � p(n), · · · , φn � p(n)}∗ • (ψ′ � p(n))

Accelerated addition can be extended to sets of pairs of the form
{p(n1), . . . , p(nk)}. Given a wlg ψ, we define ψ � {p(n1), . . . , p(nk)} = ψ �
p(n1) � · · · � p(nk).

Given a region generator θ = (φ0, ψ, φmax) and a pair p(I) where I = (x, y),
we define

θ � p(I) =
(
φ0 + S1

�, ψ � S2, φmax + {pmax}
�

)
where

• S1 = {p(n) | n ∈ N ∧ x < n < y}.

• S2 = {p(n) | n ∈ N ∧ x ≤ n < y}.

• pmax = p if y = ∞, pmax = ε otherwise.

For a set of pairs, A = {p1(I1), · · · , pk(Ik)}, we define θ � A = θ � p1(I1) �
· · · � pk(Ik).

Acceleration Criterion: For a discrete transition t, to check whether we can
fire t arbitrarily many times interleaved with timed transitions, first we catego-
rize the input places of t with respect to a region generator θ = (φ0, ψ, φmax)
and the transition t.

Type 1 place An input place p of t is said to be of Type 1 if one of the
following holds. Given In(t , p) = (x , y),

• there is an integer n such that x < n < y and p(n) is a �− symbol
in φ0.

• there is an integer n such that x ≤ n < y and p(n) is a �− symbol
or a ∗ − symbol in ψ.

• p is a �− symbol in φmax and y = ∞.

Intuitively, unbounded number of tokens with the ”right age” are avail-
able in an input place p of Type 1.

Type 2 place An input place p of t is of Type 2 if it is not of Type 1, but it
is an output place and both the following holds.

1. Given In(t , p) = I, θ � p(I) �= ∅. Intuitively, for a Type 2 place,
there is initially at least one token of the ”right age” for firing t.

2. In(t , p) ∩ Out(t , p) is a non-empty interval. Intuitively, a token
generated as output in any firing may be re-used as an input for the
next firing.

We accelerate if each input place of t is a Type 1 place or a Type 2 place.
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Acceleration: Let Ain(t),Aout(t) be the set of input and output arcs as
defined in Section 5.4. Now, given a region generator θ, we describe acceleration
in steps.

• First we subtract input tokens from all input places. Then we add tokens
to Type 2 places (places which always re-use an output token as an input
for next firing). Formally we compute a set of region generators Θ =
(θ � Ain(t)) ⊕ T2 where T2 = {p(I) | p is of Type 2 ∧ p(I) ∈ Aout(t)}
is the set of output arcs from Type 2 places.

• Next, we accelerate addition for each region generator in Θ and add
tokens of all possible ages in the output places which are not of Type 2
(Type 2 places re-use input tokens, therefore do not accumulate tokens),
i.e, we compute

Stept(θ) =
⋃

θ′∈Θ

θ′ � (Aout(t) \ T2)

Example 5.19. Consider the TPN in Figure 3.5 and the region generator θ
in Figure 5.9(a). Figure 5.9(b) illustrates the region generator computed by
the acceleration algorithm from θ with respect to transition t1. Notice that
all region generators generated by Postt is entailed by the region generator in
Figure 5.9(b). �

(a)

, ,

*
R(6)

, Q(5) R(6) ,

*

(b)

*

Figure 5.9: Given θ in (a), (b) shows the region generator computed by
Stept1(θ).

5.6 Experimental Results

We have implemented a prototype based on our algorithm and used it to verify
two protocols described in Chapter 3.
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Parameterized Model of Fischer’s protocol ([14])

In order to prove the mutual exclusion property, we specify mark-
ings with two tokens in CS,CS! as the bad markings. We use(
{A(0), A(1)}�

+ udf(0),
{
{A(0)}�

}∗

, {A}�
)

as the initial region generator

θinit. θinit characterizes arbitrarily many processes in A having any clock
value (age) and one token in udf with age 0. Furthermore, to prove that mu-
tual exclusion is guaranteed, we checked the membership of the bad markings
(characterizing an upward closed set of bad states) in the computed set of
region generators.

Parameterized Model of Lynch and Shavit’s protocol ([100])

The specification of the bad markings is the same as the case of Fischer’s pro-

tocol. We use
(
{A′(0), A′(1)}�

+ udf(0) + false(0),
{
{A′(0)}�

}∗

, {A′}�
)

as

the initial region generator θinit. θinit characterizes arbitrarily many processes
in A′ having any clock value (age), one token in udf with age 0 and one token
in false with age 0 denoting that v2 is false initially.

Producer-Consumer System([109])

We consider the producer/consumer system mentioned in [109]1. We use
(producer ready(0), ε, ε) as the initial region generator θinit which characterizes
a single token in place producer ready with age 0.

Results

Our program computes the reachability set for all the protocols. The procedure
fails to terminate without the use of acceleration in each of the above cases. It
took 1.16MB memory and 2.12s to analyse Fischer’s protocol, 187MB memory
and 34 mins to analyse Lynch and Shavit’s protocol and 1.02MB memory and
1.25s to analyse producer/consumer system on a 1 GHz processor with 256 MB
RAM.

5.6.1 Abstract Graph

Using forward analysis of a TPN, our tool also generates a graph G which is
a finite-state abstraction of the TPN. Each state in G corresponds to a region
generator in the reachability set. Edges of G are created as follows. Consider
two region generators θ1, θ2 in the reachability set. If there is a region generator

θ′2 ∈ Postt(θ1) such that θ′2 ⊆ θ2, then we add an edge θ1
t
→ θ2 to G. Similarly,

if there is a region generator θ′2 ∈ PostTime(θ1) such that θ′2 ⊆ θ2, then we add

an edge θ1
τ
→ θ2. Notice that each region generator in the post-image should

1[109] considers a TPN model with local time in each place.
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be included in some region generator in the computed set. It is straightforward
to show that the abstract graph simulates the corresponding TPN model.

The graph obtained by the above analysis contains 10 states and 59 edges in
the case of Fischer’s protocol; 82 states and 770 edges in the case of Lynch and
Shavit’s protocol; and 11 states and 49 edges in the case of producer/consumer
system. Furthermore, we use The Concurrency Workbench [49] to minimize
the abstract graphs modulo weak bisimilarity. Figure 5.10, Figure 5.11 and
Figure 5.12 shows the minimized finite state labelled transition systems for the
above protocols.

q1

exit1

choose1 τ enter
q4q3

choose2C,fail fail failinitiate,fail

q
2

Figure 5.10: Minimized abstract graph for Fischer’s protocol.
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Figure 5.11: Minimized abstract graph for Lynch and Shavit’s protocol.
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Figure 5.12: Minimized abstract graph for producer/consumer protocol.
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5.7 Related Work

The paper [2] considers simple regular expressions (SRE) as representations for
downward closed languages over a finite alphabet. SREs are used for performing
forward reachability analysis of lossy channel systems. SREs are not sufficiently
powerful in the context of TPNs, since they are defined on a finite alphabet,
while in the case of region generators the underlying alphabet is infinite (the
set of multisets over a finite alphabet).

Both [53] and [68] consider (untimed) Petri nets and give symbolic representa-
tions for upward closed sets and downward closed sets of markings, respectively.
The works in [67, 31, 32] give symbolic representation for FIFO automata.
These representations are designed for weaker models (Petri nets and FIFO
automata) and cannot model the behaviour of TPNs.

Timed Petri nets are considered in [14]. The symbolic representation in this
paper characterizes upward closed sets of markings, and can be used for back-
ward analysis, but not for forward analysis.

5.8 Appendix - Proofs of Lemmas

5.8.1 Proof of Theorem 5.2

First, we show some auxiliary lemmas.

Lemma A.1 For a finite alphabet A and a multiset κ ∈ A�, there is a set of
mlgs Φ such that a multiset � ∈ L(Φ) iff κ �≤m �.

Proof. Let κ be of the form
[
al1
1 , . . . , a

lm
m

]
. Let e1 be a star expres-

sion {b1, · · · , bk}
�

where b1, . . . , bk ∈ A \ {a1, . . . , am}. Notice that A =
{a1, . . . , am} implies that L(e1) = {ε}. We define Φ as a set of mlgs φi of
the form e1 + al1

1 + · · ·+ ali−1
i + · · ·+ alm

m where i : 1 ≤ i ≤ m.

First we show that � ∈ L(Φ) =⇒ κ �≤m � by contraposition. Assume κ ≤m �.
We prove that � �∈ L(φi) for each i : 1 ≤ i ≤ m. From the definition of ≤m,
we know that � is of the form κ + ϑ where ϑ ∈ A�. From definition of φi,
ali

i �∈ L(φi) for each i : 1 ≤ i ≤ m. Therefore, κ + ϑ �∈ L(φi) for each i.
Therefore, � �∈ L(Φ).

Next, we prove that κ �≤m � =⇒ � ∈ L(φ). Let κ′ be the largest proper
sub-multiset of κ which satisfies κ′ ≤m �. This means that � is of the form
κ′+ϑ where ϑ is a multiset over A\{a1, . . . , am}. Thus ϑ ∈ L(e1). Since κ′ is a
proper submultiset of κ, κ′ ∈ L(al1

1 + · · ·+ali−1
i + · · ·+alm

m ) where i : 1 ≤ i ≤ m.
Thus, � ∈ L(Φ).

Lemma A.2 For set of mlgs Φ1,Φ2, there is a set of mlgs Φ1 ∩Φ2 such that
L(Φ1 ∩ Φ2) = L(Φ1) ∩ L(Φ2).
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Proof. First we consider the intersection of mlgs φ1, φ2.

In case, φ1, φ2 are atomic expressions, we have

• if both are atomic expressions, then either of the following holds.

1. if φ1 = φ2 = a, then φ1 ∩ φ2 = a.

2. φ1 ∩ φ2 = ε, otherwise.

• If one of them is a star expression {a1, · · · , al}
�

and the other one is a,
then φ1 ∩ φ2 = a if a ∈ {a1, . . . , am} for a, a1, . . . , am ∈ A. Otherwise,
φ1 ∩ φ2 = ε.

• If both of them are star expressions, i.e, φ1 = {a1, · · · , am}
�

and
φ2 = {b1, · · · , bn}

�
, then φ1 ∩ φ2 = {c1, · · · , ck}

�
where {c1, . . . , ck} =

{a1, . . . , am} ∩ {b1, . . . , bn}.

If φ1 and φ2 are mlgs, then if either of them is empty, their intersection is also
empty. Suppose that we are given two non-empty mlgs φ1 = e11 + · · · + e1k

and φ2 = e21 + · · ·+ e2m. Define φ1i to be the result of deleting the expression
e1i from φ1. Define φ2j in a similar manner. Then, φ1 ∩ φ2 is the union of all
sets of mlgs φij , for i : 1 ≤ i ≤ k and j : 1 ≤ j ≤ m, computed according to
one of the following four cases.

1. if e1i and e2j are atomic expressions.

φij = (e1i ∩ e2j) + (φ1i ∩ φ2j).

2. if e1i is an atomic expression and e2j is a star expression.

φij = (e1i ∩ e2j) + (φ1i ∩ φ2).

3. if e1i is a star expression and e2j is an atomic expression.

φij = (e1i ∩ e2j) + (φ1 ∩ φ2j).

4. if e1i and e2j are star expressions.

φij = {(e1i ∩ e2j) + (φ1i ∩ φ2) , (e1i ∩ e2j) + (φ1 ∩ φ2j)}

Intuitively, due to commutativity of multiset addition, we intersect all pairs of
expressions in two mlgs and repeat the intersection with the rest of the two
mlgs. Notice that, if one of e1i, e2j is a star expression, (say, e2j), then we
consider whole of φ2 as the ”rest” of the mlg. Also notice that we assume that
+ can be distributed over sets of mlgs.

Now, if Φ1 = {φ1, · · · , φm} and Φ2 = {φ′1, · · · , φ
′
n}, then Φ1 ∩ Φ2 =

{φ11, · · · , φn1n2
} where φij = φi ∩ φ′j for each i : 1 ≤ i ≤ m and j : 1 ≤

j ≤ n.
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Main proof of Theorem 5.2: Finally, we assume a downward closed lan-
guage L. If L = ∅, then L = L(Φ) where Φ = ∅. Otherwise, complement
of L is upward closed and can be characterized by a finite set of multisets
{M1, . . . ,Mn} over A by Dickson’s Lemma [54]. Thus, a multiset � ∈ L, if and
only if Mi �≤

m � for any i : 1 ≤ i ≤ n. Mi ∈ A
� for each i : 1 ≤ i ≤ n and by

Lemma A.1 and Lemma A.2, it follows that there are sets of mlgs, Φ1, . . . ,Φn

such that L = L(Φ1) ∩ · · · ∩ L(Φn).

5.8.2 Proof of Lemma 5.3

We prove the lemma by contraposition. Assume φ � φ′ for any φ′ ∈
{φ′1, . . . , φ

′
n}.

We show that there is a multiset M ∈ L(φ), but M �∈ L(φ′) for any φ′ such that
φ′ ∈ {φ′1, . . . , φ

′
n}. Thus M �∈ L({φ′

1, · · · , φ
′
n}). Therefore, φ � {φ′

1, · · · , φ
′
n}.

Let φ′ be of the form e′1 + · · ·+ e′k.

Induction hypothesis (IH): For a mlg φ = e1 + · · ·+ em with m ≥ 1, we have
e1 + · · ·+ em � φ′ =⇒ M1 + · · ·+Mm �∈ L(φ′) where multisets Mi ∈ L(ei) for
i : 1 ≤ i ≤ m and M = M1 + . . .+Mm.

Base case (m = 1):

First, we prove the claim where φ is an atomic expression a. In that case, we
define M to be a multiset containing a singleton element a. a �∈ L(e′i) for any
i : 1 ≤ i ≤ k. Hence, a �∈ L(φ′).

Second, we prove the claim where φ is a star expression {a1, . . . , al}
�

. In this
case, we define M such that M(a) = k + 1 for all a ∈ {a1, · · · , al}, i.e M =[
ak+1
1 , . . . , ak+1

l

]
and l > 0. We use induction on k to show that M �∈ L(φ′).

The base case (k = 0) is trivial. For the induction step, we assume k > 0. For
each i : 1 ≤ i ≤ k, assuming φ′ = e′i + φ′′i , we show the claim. There are two
cases.

• e′i is atomic. By the induction hypothesis, we have that
[
ak
1 , . . . , a

k
l

]
�∈

L(φ′′i ). Since e′i is atomic (contains a singleton),
[
ak+1
1 , . . . , ak+1

l

]
�∈ L(φ′).

• e′i is star expression. We know that {a1, . . . , al}
� � e′i (otherwise,

φ ⊆ φ′ and that is contradiction). Since e′i is a star expression and
{a1, . . . , al}

� � e′i, there must be a symbol a ∈ {a1, . . . , al} such that
a �∈ L(e′i). This implies that [a1, . . . , al] �∈ L(e′i). By the induc-
tion hypothesis, we have that

[
ak
1 , . . . , a

k
l

]
�∈ L(φ′′i ). This implies that[

ak+1
1 , . . . , ak+1

l

]
�∈ L(φ′).

Inductive Step (m > 1): Let φ be of the form e1 + · · · + em. We define
M = M1 + · · · + Mm where Mi is derived from ei in the same manner to
derivation of M from expressions in the special case above. We show that M
satisfies the claim. We use induction on m. If e1 � φ′, then this case reduces
to the case above. Otherwise, we know that m > 1 and e1 ⊆ φ′′ such that
φ′ = φ′′ + φ′′′ where φ′′ is a minimum mlg (i.e, a mlg consisting of the least
number of expressions) which satisfies e1 ⊆ φ′′. Assume that φ′′ is of the form
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e′i + φ′i where i : 1 ≤ i ≤ n where n is the number of expressions in φ′′. For
each i, we have two possible cases.

• If e′i is atomic. Since φ′′ is a minimum mlg which satisfies e1 ⊆ φ′′,
M1 �∈ L(φ′i). Furthermore, we know that e2 + · · ·+ em � φ′′′ (otherwise,
φ ⊆ φ′, contradiction). By induction hypothesis, it follows thatM2+· · ·+
Mm �∈ L(φ′′′). Since e′i is atomic, we infer that M1 + · · ·+Mm �∈ L(φ′).

• If e′i is a star expression. Since φ′′ is a minimum mlg which satisfies
e1 ⊆ φ′′, M1 �∈ L(φ′i). Furthermore, since e′i is a star expression, we know
that e2 + · · · + em � e′i + φ′′′ (otherwise, φ ⊆ φ′, contradiction). By
induction hypothesis, it follows that M2 + · · · + Mm �∈ L(e′i + φ′′′). We
infer that M1 + · · ·+Mm �∈ L(φ′).

5.8.3 Proof of Theorem 5.6

First, we show some auxiliary lemmas.

Lemma A.3 For an infinite alphabet A� and a non-empty word µ ∈ (A�)∗,
there is a wlg ψ such that a word ν ∈ L(ψ) iff µ �≤w ν.

Proof. Let µ be of the form M1 • M2 • . . . • Mm where M1, . . . ,Mm are
multisets over a finite alphabet A. Let ei be a star expression Φ∗

i where Φi is
obtained from multiset Mi for each i : 1 ≤ i ≤ m as shown in Lemma A.1,
satisfying that a multiset M ∈ L(Φi) if Mi �≤m M for i : 1 ≤ i ≤ m.

On the other hand, for each multiset Mi, it is easy to construct a smallest mlg
φi such that Mi ∈ L(φi) for each i : 1 ≤ i ≤ m.

We define wlg ψ by e1 • φ1 • · · · • em−1 • φm−1 • em.

First we show that ν ∈ L(ψ) =⇒ µ �≤w ν by contraposition. Assume µ ≤w ν.
We prove that ν �∈ L(ψ). From the definition of ≤w, we know that ν is of the
form ν1 • M1 • ν2 • · · ·Mm • νm+1 where νi ∈ (A�)∗. From definition of ei, we
know that Mi �∈ L(ei) and hence, νi • Mi �∈ L(ei) for each i : 1 ≤ i ≤ m. This
implies that ν1 • M1 • ν2 • · · · • νm • Mm �∈ L(e1 • φ1 • · · · • φm−1 • em) =
L(ψ), i.e ν �∈ L(ψ).

Next, we prove that µ �≤w ν =⇒ ν ∈ L(ψ). Let l be the largest natural
number such that M1 • . . . • Ml ≤

w ν. Obviously, 0 ≤ l < m. This means
that ν is of the form ν0 • M1 • ν1 • M2 · · · • νl−1 • Ml • νl, where νi is
a word over A� \ (Mi+1 ↑) for i : 0 ≤ i < l, where Mi+1 ↑ denotes the upward
closure of multiset Mi+1. Furthermore, we know that Ml+1 does not occur in
νl (otherwise, we will have M1 • · · · • Ml+1 ≤

w ν violating the maximality of
l). This implies that νi ∈ L(ei+1) for each i : 0 ≤ i ≤ l. From this and the fact
that Mi ∈ L(φi), we have ν ∈ L(ψ).

Lemma A.4 For wlgs ψ1, ψ2, there is a set of wlgs ψ1 ∩ψ2 such that L(ψ1 ∩
ψ2) = L(ψ1) ∩ L(ψ2).
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Proof. In case ψ1 and ψ2 are atomic expressions (mlgs), ψ1 ∩ ψ2 is same as
intersection of two mlgs. In case, one of them is a star expression, i.e, ψ1 =
{φ1, . . . , φk}

∗
and ψ2 = φ2, then ψ1 ∩ ψ2 = {φ1 ∩ φ2, . . . , φk ∩ φ2}. If both

of them are star expressions, i.e, ψ1 = {φ1, . . . , φk}
∗

and ψ2 = {φ′1, . . . , φ
′
m}

∗
,

then ψ1 ∩ ψ2 = {φ1 ∩ φ
′
1, . . . , φk ∩ φ

′
m}

∗
. Let ψ1 = e1 • ψ

′
1 and ψ2 = e2 • ψ

′
2 be

non-empty wlgs. We have four cases depending on the form of e1 and e2.

1. e1 and e2 are atomic expressions,

Ψ = {(e1 ∩ e2) • (ψ′
1 ∩ ψ

′
2) , (ψ1 ∩ ψ′

2) , (ψ′
1 ∩ ψ2)}

2. e1 is an atomic expression and e2 is a star expression.

Ψ = {(e1 ∩ e2) • (ψ′
1 ∩ ψ2) , (ψ1 ∩ ψ

′
2)}

3. e1 is a star expression and e2 is an atomic expression.

Ψ = {(e1 ∩ e2) • (ψ1 ∩ ψ
′
2) , (ψ′

1 ∩ ψ2)}

4. e1 and e2 are star expressions.

Ψ = {(e1 ∩ e2) • (ψ1 ∩ ψ′
2) , (e1 ∩ e2) • (ψ′

1 ∩ ψ2)}

Notice that we assume the operator • can be distributed over sets of wlgs.

Main Proof of Theorem 5.6: Consider a downward closed language L of
words over multisets. If L = ∅, then L = L(Ψ) where Ψ = ∅. Otherwise,
complement of L is upward closed and can be characterized by a finite set of
words over multisets given by {w1, . . . , wn} (by Higman’s theorem[84]). Thus,
a word ν ∈ L, if and only if wi �≤w ν for any i : 1 ≤ i ≤ n. wi ∈ (A�)∗ for
each i : 1 ≤ i ≤ n and by Lemma A.3 and Lemma A.4, it follows that there
are wlgs, ψ1, . . . , ψn such that L = L(ψ1) ∩ · · · ∩ L(ψn).

5.8.4 Proof of Lemma 5.7

Assume ψ � ψ′ for any ψ′ ∈ {ψ′
1, . . . , ψ

′
n}. We show that there is a word

w ∈ L(ψ) such that w �∈ L(ψ′) for any ψ′ ∈ {ψ′
1, . . . , ψ

′
n} which implies that

w � L({ψ′
1, · · · , ψ

′
n}). This proves that ψ � {ψ′

1, · · · , ψ
′
n}.

Let k be the number of expressions in wlg ψ′ ∈ {ψ′
1, · · · , ψ

′
n}, i.e, ψ′ = e′1 •

. . . • e′k.

Induction hypothesis (IH): For a wlg ψ = e1 • · · · • em with m ≥ 1, we have
e1 • · · · • em � ψ′ =⇒ w1 • · · · • wm �∈ L(ψ′) where words wi ∈ L(ei) for
i : 1 ≤ i ≤ m and w = w1 • · · · • wm.

Base case (m = 1):

First, we prove the claim where ψ is an atomic expression, i.e a mlg φ. In that
case, we follow the proof steps in the general case of Lemma 5.3 and define w
to be a word containing a single multiset M derived from φ for some natural
number km where km is the length of longest mlg among all mlgs in e′1, · · · , e

′
k.

Given, ψ � ψ′ and ψ is atomic, M �∈ L(e′i) for any i : 1 ≤ i ≤ k. Hence,
w �∈ L(ψ′).
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Second, we prove the claim where ψ is a star expression e = {φ1, · · · , φl}
∗

with φi is a mlg for i : 1 ≤ i ≤ l. In this case, we define w such that w =
(M1 • . . . • Ml)

k+1 and Mi is derived from φi as before. We use induction
on k (length of ψ′) to show that w �∈ L(ψ′). The base case (k = 0) is trivial.
For the induction step, we assume k > 0. There are two cases.

• e′k is atomic. By the induction hypothesis, we have that (M1 • . . . •
Ml)

k �∈ L(e′1 • · · · • e′k−1). Since e′k is atomic, (M1 • . . . • Ml)
k+1 �∈

L(ψ′).

• e′k is star expression. We know that e � e′k (otherwise, ψ ⊆ ψ′ and that
is contradiction). Since e′k is a star expression and e � e′k, there must
be a mlg φi in e such that i : 1 ≤ i ≤ l and Mi �∈ L(e′k). This implies
that M1 • . . . • Ml �∈ L(e′k). By the induction hypothesis, we have
that (M1 • . . . • Ml)

k �∈ L(e′1 • · · · • e′k−1). This implies that

(M1 • . . . • Ml)
k+1 �∈ L(ψ′).

Inductive Step (m > 1): Let ψ be of the form e1 • · · · • em. We define
w = w1 • · · · • wm where wi is derived from ei in the same manner to
derivation of w from expressions in the special case above. We show that w
satisfies the claim. We use induction on m. If e1 � ψ′, then this case reduces
to the case above. Otherwise, we know that m > 1. Let k1 be the minimum
natural number such that e1 ⊆ e′1 • · · · • e′k1

. Now, we have two possible
cases.

• If e′k1
is atomic. Since k1 is the minimum natural number satisfying

e1 ⊆ e′1 • · · · • e
′
k1

, w1 �∈ L(e′1 • · · · • e
′
k1−1). Furthermore, we know that

e2 • · · · • em � e′k1+1 • · · · • e
′
k. (otherwise, ψ ⊆ ψ′, contradiction). By

induction hypothesis, it follows that w2 • · · · • wm �∈ L(e′k1+1 • · · · • e
′
k).

Since e′k1
is atomic, we infer that w1 • · · · • wm �∈ L(ψ′).

• If e′k1
is a star expression. Since k1 is the minimum natural number

satisfying e1 ⊆ e′1 • · · · • e′k1
, w1 �∈ L(e′1 • · · · • e′k1−1). Furthermore,

since e′k1
is a star expression, we know that e2 • · · · • em � e′k1

• · · · • e′k
(otherwise, ψ ⊆ ψ′, contradiction). By induction hypothesis, it follows
that w2 • · · · • wm �∈ L(e′k1

• · · · • e′k). We infer that w1 • · · · • wm �∈
L(ψ′).





Chapter 6

Zenoness

Recently, several verification problems have been studied for TPNs (see e.g.
[123, 51, 14, 15]). These problems are both extensions of classical problems
previously studied for standard (untimed) Petri nets, and problems which are
related to the timed behavior of TPNs.

A fundamental progress property for timed systems is that it should be possible
for time to diverge [129]. This requirement is justified by the fact that timed
processes cannot be infinitely fast. Computations violating this property are
called zeno. Given a TPN and a marking M , we check whether M is a zeno-
marking, i.e., whether there is an infinite computation from M with a finite
duration. The zenoness problem is solved in [16] for timed automata using the
region graph construction. Since region graphs only deal with a finite number
of clocks, the algorithm of [16] cannot be extended to check zenoness for TPNs.
In this chapter, we solve the zenoness problem for TPNs.

To do this, we consider a subclass of transfer net [69] which we call
simultaneous-disjoint transfer net (SD-TN) . This class is an extension of stan-
dard (untimed) Petri nets, in which we also have transfer transitions which
may move all tokens in one place to another with the restriction that (a) all
such transfers take place simultaneously and (b) the sources and targets of all
transfers are disjoint.

Given a TPN N , we perform the following three steps:

• Derive a corresponding SD-TN N ′.

• Characterize the set of markings in N ′ from which there are infinite com-
putations1.

• Re-interpret the set computed above as a characterization of the set of
zeno-markings in N .

In fact, the above procedure solves a more general problem than that of checking
whether a given marking is zeno; namely it gives a characterization of the set
of all zeno-markings.

The zenoness problem was left open in [51] both for dense TPNs (the model
we consider so far in this thesis) and for discrete TPNs (where behavior is

1Such a characterization is not computable for general transfer nets [104].
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interpreted over the discrete time domain). The construction given in this
chapter considers the dense case. Later we show how to modify the construction
to deal with the discrete case.

Notations

First we give some preliminary definitions.

For a M -computation π = M −→T=x1
M ′

1 −→Disc M1 . . .Mn−1 −→T=xn

M ′
n −→Disc Mn, we use π(i) to denote M −→T=x1

M ′
1 −→Disc

M1 . . .Mi−1 −→T=xi
M ′

i −→Disc Mi. The delay ∆(π) of the computation
is defined as follows.

• ∆(π(0)) = 0.

• ∆(π(i)) = ∆(π(i− 1)) + xi for i : 1 ≤ i ≤ n.

Intuitively, the delay of a computation is the total amount of time passed in
all timed transitions of the computation.

Zenoness

A zeno-computation of a timed Petri net is an infinite computation that has a
finite delay.

Zenoness-Problem

Instance: A timed Petri net N , and a marking M of N .
Question: Is there an infinite M -computation π and a finite number m such

that ∆(π) < m ?

A marking is called a zeno-marking of N if the answer to the above problem
is ’yes’.

We consider a timed Petri net N . We let ZENO denote the set of all zeno-
markings of N .

The decidability of the zenoness-problem for timed Petri nets (i.e., the problem
if M ∈ ZENO for a given marking M , or, more generally, constructing ZENO)
was mentioned in [51] by Escrig, et.al as as an open problem for both discrete
and dense-timed Petri nets. In this chapter, we show that for any TPN, a
characterization of the set ZENO can be effectively computed. We also show
that this implies the computability of ZENO also for discrete-timed Petri nets.

The following outline explains the main steps of our proof.

Step 1. We translate the original timed Petri net N into an untimed
simultaneous-disjoint-transfer net N ′. Simultaneous-disjoint-transfer
nets are a subclass of transfer nets where all transfers happen at the
same time and do not affect each other (i.e., sources and targets of a
transfer are all disjoint). The computations of N ′ represent, in a sym-
bolic way, the computations of N that can be performed in time less than
1− δ for some predefined 0 < δ < 1.
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Step 2. We consider the set INF of markings of N ′, from which an infinite
computation is possible. INF is upward-closed and can therefore be char-
acterized by a finite set INFmin of minimal elements. While INFmin is
not computable for general transfer nets [56, 104], it is computable for
simultaneous-disjoint-transfer nets, as shown in Lemma 6.33.

Step 3. We re-interpret the set INF (resp. INFmin) of N ′ markings in the
context of the timed Petri net N and construct from it a characterization
of the set ZENO .

For the ease of explanation, we first show Step 1 and Step 3. Then, we show
how to perform Step 2.

6.1 Step 1 : Translating TPNs to
Simultaneous-Disjoint-Transfer Nets

First we define simultaneous-disjoint-transfer nets.

Definition 6.1. A simultaneous-disjoint-transfer net (short SD-TN) N is de-
scribed by a tuple (P, T, Input ,Output ,Trans) where

• P is a set of places,

• T is a set of ordinary transitions,

• Input ,Output : T −→ 2P are functions that describe the input and output
places of every transition, respectively (as in ordinary Petri nets), and

• Trans describes the simultaneous and disjoint transfer transition. We
have Trans = (I,O,ST ) where I ⊆ P , O ⊆ P , and ST ⊆ P × P . Trans
consists of two parts: (a) I and O describe the input and output places of
the Petri net transition part; (b) the pairs in ST describe the source and
target places of the transfer part. Furthermore, the following restrictions
on Trans must be satisfied:

– If (sr, tg), (sr′, tg′) ∈ ST then sr, sr′, tg, tg′ are all different and
{sr, tg} ∩ (I ∪O) = ∅.

Let M : P −→ N be a marking of N . We use ≤m as the ordering on the set
of markings (Chapter 2). The firing of normal transitions t ∈ T is defined just
as for ordinary Petri nets. The transfer transition Trans is enabled at M iff
∀p ∈ I.M(p) ≥m 1. Firing Trans yields the new marking M ′ where

M ′(p) = M(p) if p ∈ I ∩O
M ′(p) = M(p)− 1 if p ∈ I −O
M ′(p) = M(p) + 1 if p ∈ O − I
M ′(p) = 0 if ∃p′. (p, p′) ∈ ST
M ′(p) = M(p) +M(p′) if (p′, p) ∈ ST
M ′(p) = M(p) otherwise
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The restrictions above ensure that these cases are disjoint.

We use M −→ M ′ to denote that M ′ is reached from M either by executing
an ordinary Petri net transition t ∈ T ′ or a transfer transition Trans.

In the following, sometimes we use transfer transition to mean simultaneous-
disjoint transfer transitions.

6.1.1 Construction of SD-TN from a TPN

For a given TPN N = (P, T, In,Out) we construct a SD-TN N ′ =
(P ′, T ′, Input ,Output ,Trans). The intuition is that N ′ simulates symbolically
all computations of N which can happen in time < 1 − δ for some predefined
δ > 0. First we show how to construct the places of SD-TN. Then we show how
to simulate a discrete transition of N by a set of transitions of N ′. Finally, we
show how to simulate timed transitions of N by simultaneous-disjoint-transfers
and a set of normal discrete transitions as in ordinary PNs.

As in Chapter 3, we let max be the maximal finite constant that appears in
the arcs of the TPN. We define a finite set of symbols Sym := {k | k ∈ N, 0 ≤
k ≤ max} ∪ {k + | k ∈ N, 0 ≤ k ≤ max} ∪ {k − | k ∈ N, 1 ≤ k ≤ max} and a
total order on Sym by k < k+ < (k + 1)− < (k + 1) for every k.

Constructing places of SD-TN

We let P ′ = {p(sym) | p ∈ P, sym ∈ Sym}, i.e., for every place p ∈ P of N we
have a set containing places of the form p(sym) such that sym ∈ Sym.

A token in place p(k) encodes a token of age exactly k on place p. A token
in p(k+) encodes a token in place p of an age x which satisfies k < x ≤ k + δ
for some a-priori defined 0 < δ < 1. This means that the age of this token
cannot reach k+ 1 in any computation taking time < 1− δ. A token in p(k−)
encodes a token in p whose age x satisfies k − 1 + δ < x < k and which may
or may not reach age k during a computation taking time 1− δ. For instance,
given δ = 0.6, a TPN token p(1.5) is encoded as p(1+) while another TPN
token p(2.7) is encoded as p(3−). The SD-TN tokens p(k), p(k+) and p(k−)
are called symbolic encodings of the corresponding TPN token p(a).

In particular, the age of a p(k−) token could be chosen arbitrarily close to
k, such that its age could reach (or even exceed) k in computations taking an
arbitrarily small time.

Translating Discrete Transitions

First we define a function enc : Intrv −→ 2Sym as follows.

enc([x, y]) := {sym ∈ Sym | x ≤ sym ≤ y}
enc((x, y]) := {sym ∈ Sym | x < sym ≤ y}
enc([x, y)) := {sym ∈ Sym | x ≤ sym < y}
enc((x, y)) := {sym ∈ Sym | x < sym < y}
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This means that given an interval [1, 2], enc([1, 2]) = {1, 1+, 2−, 2}. We say
that enc(I) is an encoding of interval I.

For every transition t ∈ T in the TPN N we have a set T ′(t) of new transitions
in N ′. The intuition is that the transitions in T ′(t) encode all possibilities of
the age intervals of input and output tokens.

Example 6.2. Consider the TPN in Figure 6.1(1) The only (discrete) tran-
sition t has an input arc from place p labeled [0, 1] and two output arcs
both labelled [0, 0] to places p and q respectively. Translation of this tran-
sition in SD-TN would yield 4 different transitions in T ′(t) with input
arcs from places p(0), p(0+), p(1−) and p(1), respectively (as shown in Fig-
ure 6.1(2)(a), 6.1(b), 6.1(c) and 6.1(d)). �

2.(a) 2.(b) 2.(c) 2.(d)

[0,0]
t

p

q q(0) q(0) q(0) q(0)

p(1)p(1−)p(0+)p(0)

1.

[0,1][0,0]

Figure 6.1: Simulating (1) t in TPN by (2) a set T ′(t) consisting of 4 transitions
in 2.(a), 2.(b), 2.(c) and 2.(d).

Example 6.3. Consider the TPN in Figure 6.2(1) The only (discrete) transi-
tion t has input arc from place p as in Figure 6.1(1), but the output arc to place
q is labelled by [0, 1]. This will yield 16 different transitions in T ′(t) (shown in
Figure 6.2(2)), since enc([0, 1]) = {0, 0+, 1−, 1}.

�

Each transition t of TPNN yields a set T ′(t) of transitions in the corresponding
SD-TN N ′. Each transition in the set T ′(t) is of the form t′(A,B) where A
and B are the set of input and output places of t′(A,B) respectively, i.e.,
Input(t′(A,B)) = A and Output(t′(A,B)) = B. In the following, for each
transition t in TPN, we compute a set Pin(t) (Pout (t)) which contains the set
of input (output) places for each transition in T ′(t).

For every t ∈ T , consider the set of input arcs Ain(t) = {p1(I1), . . . , pm(Im)}
and the set of output arcs Aout(t) = {p′1(J1), . . . , p

′
�(J�)}. Now, we define

Pin(t) ⊆ 2P ′

where each element in Pin(t) is a set A of places and is given by

A = {p1(sym1), . . . , pm(symm)}

where symi ∈ enc(Ii) for i : 1 ≤ i ≤ m. Intuitively, each set A in Pin(t)
corresponds to a unique combination of encodings of input tokens of t in N .
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[0,1]

[0,1]
t

p

q(0) q(0) q(0)

p(1)p(1−)p(0+)

1.

q

2.

p(0) p(1)

p(1−) p(1)

q(1)

p(0)

q(1) q(1) q(1)

p(1)p(0+)p(0)

q(0+) q(0+) q(0+) q(0+)

q(1−)q(1−)q(1−)q(1−)

p(0+) p(1−)

q(0)

p(0) p(0+) p(1−)

Figure 6.2: Simulating (1) t in TPN by (2) a set T ′(t) consisting of 16
transitions.

For every t ∈ T we define Pout (t) ⊆ 2P ′

in a similar manner. We define Pout(t)
where each element in Pout (t) is a set B of places and is given by

B = {p′1(sym
′
1), . . . , p

′
�(sym

′
�)}

where sym ′
i ∈ enc(Ji) for i : 1 ≤ i ≤ �. Similarly, each set B in Pout(t)

corresponds to a unique combination of encodings of output tokens of t in N .

We define T ′(t) := {t′(A,B) | A ∈ Pin(t), B ∈ Pout(t)} and finally T ′ :=⋃
t∈T T

′(t).

Example 6.4. Consider the example in Figure 6.1. Here, In(t , p) = [0 , 1 ]
and Out(t , p) = [0 , 0 ]; enc([0, 1]) = {0, 0+, 1−, 1} and enc([0, 0]) = {0}.
Then Pin(t) = {{p(0)} , {p(0+)} , {p(1−)} , {p(1)}} and Pout (t) = {q(0)}. The
four transitions in Figure 6.1.2 given by t′({p(0)} , {q(0)}), t′({p(0+)} , {q(0)}),
t′({p(1−)} , {q(0)}) and t′({p(1)} , {q(0)}) respectively. T ′(t) consists of the
above four transitions. �

Translating Timed Transitions

So far, the transitions in T ′ only encode the discrete transitions of N . The
transfer arc will be used to encode the passing of time. However, since we need
to keep discrete transitions and time-passing separate, we must first modify
the net to obtain alternating discrete phases and time-passing phases.

First we add two extra places pdisc and ptime to P ′ which act as control-states
for the different phases. Then we modify all transitions t ∈ T ′ by adding pdisc
to Input(t) and Output(t). Thus normal transitions can fire iff pdisc is marked.

The transitions which encode the passing of time include both the
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simultaneous-disjoint transfer transition and several normal transitions as fol-
lows.

• After an arbitrarily small amount of time < 1 passes, all tokens of
age k have an age > k. This is encoded by the simultaneous-disjoint
transfer arc, which moves all tokens from places p(k) to places p(k+).
Formally, Trans := (I,O,ST ) where I := {pdisc}, O := {ptime}, and
ST := {(p(k), p(k+)) | 0 ≤ k ≤ max}. Note that Trans starts the time-
passing phase and switches the control-state from pdisc to ptime .

• Next we add two new sets of transitions to T ′, which encode what happens
to tokens of age k− when (a small amount of) time passes. Their age
might either stay below k, reach k or exceed k. Notice that we do not
need to do anything in the first case.

– For every k ∈ {1, . . . ,max} we have a transition with input places
ptime and p(k−) and output places ptime and p(k). This encodes the
second scenario.

– Furthermore, for every k ∈ {1, . . . ,max} we have a transition with
input places ptime and p(k−) and output places ptime and p(k+).
This encodes the third scenario.

• Finally, we add an extra transition tswitch with input place ptime and
output place pdisc , which switches the net back to normal discrete mode.

Note that after a time-passing phase the only tokens on places p(k) are those
which came from p(k−), because all tokens on p(k) were first transferred to
p(k+) by the transfer transition.

p
disc

p
time

p(1)
p(1+)

p(0+)p(0)

p(1−)

Trans

tswitch

t2

t1

Figure 6.3: Simulating timed transition in TPN for < 1− δ time.

Example 6.5. In Figure 6.3, we simulate the timed transitions of a TPN with
a single place p and max = 1. The transfer transition is shown in dotted line,
the transfer arcs are shown as double-arrow from the source of the transfer to
the target of the transfer (namely, from p(0) to p(0+) and from p(1) to p(1+)).
The Petri net part of transfer (input from pdisc and output to ptime) is shown
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as ordinary arcs. t1 and t2 move a token from p(1−) to p(1) and to p(1+)
respectively, if there is a token in ptime. Finally, tswitch moves the token from
ptime to pdisc and ends the time-passing phase. �

6.2 Step 3: Constructing ZENO

In this section, we show how to compute the set ZENO.

Definition 6.6. Let N be a TPN and N ′ the corresponding SD-TN, defined
as in Section 6.1.1. We say that a marking M ′ of N ′ is a standard marking if
M ′(pdisc) = 1 and M ′(ptime) = 0. We denote by INF the set of all markings
of N ′ from which infinite computations start. Since INF is upward-closed with
respect to ≤m and ≤m is a well-quasi-ordering, INF can be characterized by
its finitely many minimal elements (Chapter 4). Let INF min be such a set
of minimal elements (markings). Let INF ′ and INF ′

min be the restriction to
standard markings of INF and INFmin , respectively.

The following definitions establish the connection between the markings of the
timed Petri net N and the markings of the SD-TN N ′.

Definition 6.7. For every δ with 0 < δ < 1 we define a function int δ :

(P × R≥0)
�
−→ (P ′ −→ N) that maps a marking M of N to its corresponding

marking M ′ in N ′. M ′ := intδ(M) is defined as follows. For any k we have

M ′(p(k)) := M(p(k)) M ′(pdisc) := 1
M ′(p(k+)) :=

∑
k<x≤k+δ M(p(x)) M ′(ptime) := 0

M ′(p((k + 1)−)) :=
∑

k+δ<x<k+1M(p(x))

Note that M ′ = intδ(M) is a standard marking according to Def. 6.6.

For instance, for δ = 0.8 and a marking M = [p(1), p(0.5), p(0.95), p(1.9)], we
have intδ(M) = [p(1), p(0+), p(1−), p(2−), pdisc].

The intuition is as follows. In an infinite computation π starting at M with
∆(π) < 1− δ, no token p(x) with k < x ≤ k + δ can reach age k + 1 by aging.
This is reflected in N ′ by the fact that p(k+) tokens are not affected during
the time-passing phase. On the other hand, tokens p(x) with k+ δ < x < k+1
can reach an age ≥ k + 1 by aging. This is reflected in N ′ by the fact that
p((k + 1)−) tokens can become p(k + 1) or p((k + 1)+) tokens during the
time-passing phase.

Lemma 6.8. Consider a TPN N with marking M0, the corresponding SD-TN
N ′ constructed as above, and 0 < δ < 1. If there exists an infinite M0-
computation π such that ∆(π) < 1− δ then there exists an infinite int δ(M0)-
computation π′ in N ′, i.e., intδ(M0) ∈ INF ′.

Proof. We show that for every infinite M -computation π = M0 −→T=x1

M ′
1 −→t M1 . . . . . . with ∆(π) < 1 − δ there is a corresponding infinite

computation in N ′ of the form intδ(M0)
∗
−→ intδ1

(M ′
1) −→ intδ1

(M1)
∗
−→
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intδ2
(M ′

2) −→ intδ2
(M2) . . . with δ0 = δ and for all i, 1 > δi+1 ≥ δi. Let πi be

the infinite suffix of π starting at Mi. The values of δi will be defined such that
∆(πi) < 1−δi. (The condition δi+1 ≥ δi is required, because ∆(πi+1) ≤ ∆(πi).)

For every discrete transition step M ′
i −→t Mi there exists a transition step in

N ′ of the form intδi
(M ′

i) −→dt intδi
(Mi), where dt ∈ T ′(t) by the construction

in Section 6.1.1 and Def. 6.7.

For every timed transition step Mi −→T=xi+1
M ′

i+1 (with xi+1 < 1 − δi) we
have δi+1 = δi + xi+1. By the construction in Section 6.1.1 and Def. 6.7 there
is a sequence of transitions in N ′ (the encoding of the time-passing phase)

of the form intδi
(Mi)

∗
−→ intδi+xi+1

(M ′
i+1). Note in particular that if some

token p(x) with k + δi < x < k + 1 reaches an age equal to (or greater than)
k + 1 in the transition from Mi to M ′

i+1 then its encoding p((k + 1)−) can be
transformed into a token p(k + 1) or p((k + 1)+) in the time-passing phase of
N ′. Furthermore, all tokens in Mi with fractional part 0 are transformed into
tokens with a positive fractional part in M ′

i+1. In N ′ this is encoded by the
fact that all p(k) tokens become p(k+) tokens in the time-passing phase.

The reverse implication of Lemma 6.8 does not generally hold. The fact that
intδ(M) ∈ INF ′ for some marking M of a TPN N does not imply that there
is an infinite M -computation in the corresponding TPN. The infinite int δ(M)-
computation in N ′ depends on the fact that the p(k−) tokens do (or don’t)
become p(k) or p(k+) tokens at the right step in the computation. For example,
in an infinite computation taking time 0.5, two different tokens p(0.8) and p(0.9)
are both interpreted as p(1−) in N ′. However, p(0.8) cannot become p(1) by
aging unless p(0.9) becomes p(1.1), while their symbolic encodings p(1−) can
become p(1) or p(1+) in any order.

To establish a reverse correspondence between markings of N ′ and markings
of N we need the following definitions.

Definition 6.9. Consider a TPN N = (P, T, In,Out). Let N ′ be the corre-
sponding SD-TN with places P ′ = {p(sym) | p ∈ P, sym ∈ Sym}∪{pdisc , ptime}
and a standard marking M ′ : P ′ −→ N. We let M ′−,M ′+ to be sub-markings
of M ′ such that

• M ′−(p(k−)) = M ′(p(k−)) for each place of the form p(k−) in P ′;
M ′−(p(k+)) = 0 and M ′−(p(k)) = 0 for each place of the form p(k+)
and p(k) in P ′ respectively.

• M ′+(p(k+)) = M ′(p(k+)) for each place of the form p(k+) in P ′. But
M ′+(p(k−)) = 0 and M ′+(p(k)) = 0 for each place of the form p(k−)
and p(k) in P ′ respectively.

We define perm(M ′−) as the set of all words w− = b1 • . . . • bn ∈(
(P × {0, . . . ,max − 1})�

)∗

such that for all p and k < max we have that

M ′−(p((k+ 1)−)) = b1(p(k))+ . . .+ bn(p(k)). Similarly, let perm(M ′+) be the

set of all words w+ = b1 • . . . • bn ∈
(
(P × {0, . . . ,max − 1})�

)∗

such that

for all p and k < max , we have M ′+(p((k)+)) = b1(p(k)) + . . .+ bn(p(k)).
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Intuitively, perm(M ′−) describes all possible permutations of the fractional
parts of tokens in a TPN marking M which are symbolically encoded as p(k−)
tokens in the corresponding SD-TN standard marking M ′. perm(M ′+) can be
explained in a similar manner.

Example 6.10. Let max = 1.
Consider M ′ = [pdisc , p(1), q(1+), p(0+), q(1−), q(1−)]. Then perm(M ′−) =
{[q(0)] • [q(0)] , [q(0), q(0)]} and perm(M ′+) = {[p(0)]}. Notice that q(1+)
does not belong to perm(M ′+) (since max = 1). �

Every symbolic marking M ′ of the SD-TN defines a set of TPN markings,
depending on which permutation of the p(k−) tokens and p(k+) tokens is
chosen.

Definition 6.11. Let N ′ be a SD-TN. Every standard marking M ′ : P ′ −→ N
induces a set of regions Reg(M ′, w+, w−) of the form (b0, w+ • w−, bmax ),
where b0(p(k)) = M ′(p(k)) for all p and all k ≤ max , w+ ∈ perm(M ′+),
w− ∈ perm(M ′−) and bmax (p) = M ′(p(max+)) for all p.

Example 6.12. Again consider M ′ = [pdisc , p(1), q(1+), p(0+), q(1−), q(1−)]
and the sets perm(M ′+), perm(M ′−) in Example 6.10. Reg(M ′, w+, w−) con-
sists of 2 regions shown in Figure 6.4. �

r1 = 

r2 = 

,
p(0)

, ,

,
p(1) q(0) q(0)

p(1) p(0)
q(0)
q(0)

q

w w bb max0

q

+ −

Figure 6.4: Reg(M ′, w+, w−) = {R1,R2}

Next we show how an infinite computation of SD-TN corresponds to a zeno
computation in the TPN. (Recall from Chapter 4 that [[R]]↑ = [[R ↑]]= for a set
R of regions.)

Lemma 6.13. LetN be a TPN with corresponding SD-TNN ′ andM ′ ∈ INF ′.

∃w− ∈ perm(M ′−). ∀w+ ∈ perm(M ′+). [[Reg(M ′, w+, w−)]]↑ ⊆ ZENO

Proof. Since M ′ ∈ INF ′ there is an infinite M ′-computation π′ = M ′ −→
M ′

1 −→ M ′
2 −→ . . . . This computation contains a (possibly infinite) num-

ber of time-passing phases (where the control-token shifts to the place ptime)
tpp1, tpp2, . . . . Now consider the original p(k−) tokens in M ′ which become
p(k) tokens or p(k+) tokens in the i-th time-passing phase tpp i. Other tokens
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which were newly created during the computation π′ are not considered. Let αi

be the multiset of p(k−) tokens in M ′ which become p(k+) tokens in tppi and
βi the multiset of p(k−) tokens in M ′ which become p(k) tokens in tppi. (Note
that this does not happen by the simultaneous discrete transfer transition, but
by normal transitions in the time-passing phase.) We have αi, βi ≤

m M ′−, but
not necessarily Σi∈Nαi + βi = M ′−, because p(k−) tokens can also be used by
normal transitions in the discrete phase or never become p(k) or p(k+) tokens
at all. Let γ := M ′−−Σi∈Nαi + βi. Since M ′− is finite, there exists a smallest
number m such that αi + βi = ∅ for all i > m. It follows that there exists a
minimal number n such that π′ has an infinite suffix π′′ starting at M ′

n, such
that in π′′ no original p(k−) token of M ′ becomes a p(k) or p(k+) token.

We define w2 ∈ perm(M ′−) by w2 := γβmαm . . . β1α1.

We need to prove that ∀w1 ∈ perm(M ′+). [[Reg(M ′, w1, w2) ↑]]
= ⊆ ZENO . For

this it suffices to show that [[Reg(M ′, w1, w2)]]
= ⊆ ZENO , because ZENO is

upward-closed. Now let w1 ∈ perm(M ′+) and M ∈ [[Reg(M ′, w1, w2)]]
=. We

need to show that M ∈ ZENO , i.e., that there exists an infinite time-bounded
M -computation π.

Since M ∈ [[Reg(M ′, w1, w2)]]
= there exists a δ with 0 < δ < 1 and int δ(M) =

M ′. We construct an infinite M -computation π with ∆(π) < 1 − δ. The
computation π has the form M −→ Mj1 −→ Mj2 −→ . . . where the sequence
{ji}i∈N is a subsequence of 1, 2, . . . and int δji

(Mji
) = M ′

ji
and δji

= δ +
∆(M −→Mj1 −→Mj2 −→ . . . −→Mji

).

For every simulation of a discrete transition of N in π′ (i.e., not in the time-
passing phase) of the form M ′

i −→ M ′
i+1 where intδi

(Mi) = M ′
i there is a

corresponding discrete transition in π of the form Mi −→Mi+1 where δi+1 = δi
and intδi+1

(Mi+1) = M ′
i+1. This follows directly from Def. 6.1.

Now we consider the i′-th time-passing phase for 1 ≤ i′ ≤ m. For every se-
quence of transitions M ′

i
∗
−→M ′

l in π′ representing the i′-th time-passing phase
there is a corresponding single time-transition in π of the form Mi −→T=εi′

Ml,
where intδi

(Mi) = M ′
i , δl = δi+εi′ and intδl

(Ml) = M ′
l . The delay εi′ is chosen

as εi′ := 1− fi′ where fi′ is the fractional part of the age of those tokens in Mi

which are mapped to βi′ by intδi
. This ensures that in this timed transition

the right tokens (of those originally present in M) reach (those mapped to βi′)
or exceed (those mapped to αi′) the next higher integer age. For the other
tokens of Mi, which were newly created during π we can arbitrarily choose
the values of their fractional parts, i.e., for every combination of these values
there is a possible computation which implements it. Thus one can assume
that these fractional parts are conveniently chosen such that they do (or don’t)
reach (or exceed) the next higher integer age, just as required by the condition
intδl

(Ml) = M ′
l . Since intδ(M) = M ′, only those tokens in M with a frac-

tional part > δ were mapped to p(k−) tokens in M ′ and only those tokens can
reach (or exceed) age k in π′. Thus we can choose the εi′ in such a way that∑m

i′=1 εi′ < 1− δ. Thus we get λ := (1− δ)−
∑m

i′=1 εi′ > 0. (The quantity λ
will be used to determine the εi′ for i′ > m.)

Now we consider the i′-th time-passing phase for i′ > m. These are the time-
passing phases in the infinite suffix π′′ mentioned above. For them, it works
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like the case above, except that the delays εi′ do no longer depend on the initial
marking M , because αi′ + βi′ = ∅ for i′ > m. As shown above, none of the
original tokens of M are involved in these i′-th time-passing phases for i′ > m.
The only tokens involved in this (reaching or exceeding the next higher integer
age in this phase) are tokens newly generated in π (which have an age greater
than δ and are mapped to p(k−)). The fractional parts of their ages can be
chosen conveniently such that they reach or exceed the next higher integer
age exactly as required for the correspondence with the computation π ′. In
particular, their ages can be chosen arbitrarily close to the next higher integer
age such that the required delay εi′ can be made arbitrarily small. We choose
εi′ := (λ/2) ∗ 2−i′ for i′ > m.

So we obtain ∆(π) =
∑

i′∈N
εi′ =

∑
1≤i′≤m εi′ +

∑
i′>m εi′ ≤

∑
1≤i′≤m εi′ +

λ/2 <
∑

1≤i′≤m εi′ +λ = 1−δ and thus ∆(π) < 1−δ as required and therefore
M ∈ ZENO .

In the following, we give the algorithm to compute the set ZENO. The
algorithm, in fact, computes a set of regions Z given by Definition 6.14 and we
prove in Lemma 6.15 and Lemma 6.16 that [[Z]]↑ = ZENO.

Definition 6.14. Let N be a TPN with corresponding SD-TN N ′.

Z :=
⋃

M ′∈INF ′

min

⋃
w+∈perm(M ′+)

⋂
w−∈perm(M ′−)

Pre∗(Reg(M ′, w+, w−))

6.2.1 Proof of Correctness

Now we show that ZENO is equal to the set [[Z]]↑ and that it is effectively
constructible.

Lemma 6.15. [[Z]]↑ ⊆ ZENO .

Proof. Let M ∈ [[Z]]↑. Then there is an M ′ ∈ INF ′
min and an w+ ∈

perm(M ′+) such that M ∈
⋂

w−∈perm(M ′−) Pre∗(Reg(M ′, w+, w−)). We

choose w− ∈ perm(M ′−) according to Lemma 6.13 and so obtain M ∈
Pre∗(Reg(M ′, w+, w−)) and [[Reg(M ′, w+, w−)]]↑ ⊆ ZENO . Thus M ∈ ZENO ,
since Pre∗(ZENO) = ZENO .

Lemma 6.16. ZENO ⊆ [[Z]]↑.

Proof. Sine ZENO is upward-closed, it is enough to show that ZENOmin ⊆
[[Z]]↑. Let M ∈ ZENOmin . By the definition of zeno-marking, there exists an
infinite M -computation π and a finite number m such that ∆(π) < m. Thus

there exists a markingM1 such thatM
∗
−→M1 and an infiniteM1-computation

π1 with ∆(π1) < 1/2. Since M1 contains finitely many tokens and π1 is infinite,
there exists an infinite suffix of π1 such that none of the original tokens of M1

is used in this suffix. Thus there exist markings M2, M3 and M4 and a finite
computation π2 such that
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• M1
π2−→M2 = M3 +M4

• All tokens in M3 were created during π2.

• There is an infinite M3-computation π3 with ∆(π2π3) < 1/2 (and thus
∆(π3) < 1/2).

Let M ′
3 := int1/2(M3). Then we have M ′

3 ∈ INF ′ by Lemma 6.8. From

Definition 6.11, we have that there exist permutations w+ ∈ perm(M ′+
3 ) and

w− ∈ perm(M ′−
3 ) such that M3 ∈ [[Reg(M ′

3, w+, w−)]]↑.

Since INF ′ is upward-closed, there exists a marking M ′′
3 ∈ INF ′

min such that
M ′′

3 ≤
m M ′

3 (consequently, M ′′+
3 ≤m M ′+

3 , M ′′−
3 ≤m M ′−

3 and perm(M ′′+
3 ) ⊆

perm(M ′+
3 ) and perm(M ′′−

3 ) ⊆ perm(M ′−
3 )). This means that there also exist

permutations w′
+ ∈ perm(M ′′+

3 ) with w′
+ ≤w w+ and w′

− ∈ perm(M ′′−
3 ) with

w′
− ≤w w− and [[Reg(M ′′

3 , w
′
+, w

′
−)]]↑ ⊇ [[Reg(M ′

3, w+, w−)]]↑. It follows that
M3 ∈ [[Reg(M ′′

3 , w
′
+, w

′
−)]]↑.

Now consider all those tokens in M3 which are mapped to p(k−) tokens in
M ′

3, i.e. those with a fractional part of their age which is ≥m 1/2. These
tokens were all created during π2 and none of them had an integer age during
π2, because ∆(π2) < 1/2. Thus, the fractional parts of their ages are totally
independent and any permutation is possible, i.e., for any permutation there
is a computation which implements it. Therefore, for every w− ∈ perm(M ′−

3 )
there is a marking M

w−

3 in N such that

• M1
∗
−→M

w−

3 +M4

• M
w−

3 ∈ [[Reg(M ′
3, w+, w−)]]↑.

Since M ′′
3 ≤

m M ′
3 we get that for every w′

− ∈ perm(M ′′−
3 ) there is a marking

M
w′

−

3 in N s.t

• M1
∗
−→M

w′

−

3 +M4

• M
w′

−

3 ∈ [[Reg(M ′′
3 , w

′
+, w

′
−)]]↑.

It follows that

M ∈ [[
⋂

w′

−
∈perm(M ′′−

3
)

Pre∗(Reg(M ′′
3 , w

′
+, w

′
−))]]↑

with M ′′
3 ∈ INF ′

min and w′
+ ∈ perm(M ′′+

3 ), and thus M ∈ [[Z]]↑.

Notice that union and intersection of (sets of) regions are easily computable
as finite sets of regions.
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6.3 Step 2: Computing INF
′

min

Computability of the set ZENO (in the last section) requires that the minimal
elements of any upward closed set is effectively constructible. In this section, we
show for any SD-TN, how to construct the minimal elements INF min for INF .
Then INF ′

min is obtained by just restricting INF min to standard markings.

For constructing INFmin , we use a result by Valk and Jantzen [130]. Our
algorithm depends on the concepts of semi-linear languages, Presburger Arith-
metic and Parikh’s Theorem, described in the following. Recall that we use
(v1, . . . , vn) or �v interchangeably to denote a vector of size n (Chapter 2).

6.3.1 Semilinear Sets

First we define linear sets.

Definition 6.17. A set L ⊆ Nn is said to be linear, written as L =
L(�v0; �u1, . . . , �ur) where �v0, �u1, . . . , �ur ∈ Nn. We let L denote the set of all
elements �v in Nn of the form �v0 + Σm

1 ki�vi with �v1, . . . , �vm ∈ { �u1, . . . , �ur} and
k1, . . . , km ∈ N.

Example 6.18. L((0, 0); (0, 2), (2, 0)) = {(0, 0) + k1(0, 2) + k2(2, 0) | k1, k2 ∈ N}
is linear. �

Definition 6.19. A subset of Nn is said to be semilinear if it is a finite union
of linear sets.

Theorem 6.20. [73] Semilinear sets are closed under union, intersection, com-
plementation and first order quantification.

Next we define the Parikh mapping ϕ. Given a finite alphabet Σ =
{a1, . . . , an}, ϕ is a function from Σ∗ to Nn , defined by ϕ(w) =
(#a1

(w), . . . ,#an
(w)), where #ai

(w) is the number of occurrences of ai in
w. Thus ϕ(ε) = 0n and ϕ(w1 • . . . • wm) = Σm

1 ϕ(wi). Finally, given a
language L ⊆ Σ∗, ϕ(L) = {ϕ(w) | w ∈ L}. If ϕ(L) is semilinear for a language
L, then L is called a semilinear language.

Theorem 6.21. (Parikh’s Theorem) [113] ϕ(L) is effectively semilinear for
each context-free language L.

As a special case, Theorem 6.21 holds for regular languages, since every regular
language is a context-free language [113].

Example 6.22. Let Σ = {a1, a2, a3}. Then ϕ(a1a2a1a3a2a3a3) = (2, 2, 3) ∈
L((2, 0, 1); (0, 1, 1)). Also, ϕ(ab∗ca) = {(2, 0, 1) + n ∗ (0, 1, 0) | n ∈ N}. �

6.3.2 Presburger Arithmetic

Presburger arithmetic is the first-order theory of the integers with addition and
the ordering relation over Z, also denoted as (Z,≤,+). Formally, Presburger
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arithmetic is the first-order theory over atomic formulas of the form

Σ1≤i≤n aixi ∼ c

where ai, c are integer constants, xi-s are variables ranging over integers and ∼∈
{=, �=, <,≤, >,≥}. This means that a Presburger formula ρ is either an atomic
formula, or it is constructed from the Presburger formulas ρ1, ρ2 recursively as
follows:

ρ := ¬ρ1 | ρ1 ∧ ρ2 | ρ1 ∨ ρ2 | ∃xi.ρ1(x1, . . . , xn)

where ρ1(x1, . . . , xn) is a Presburger formula over free variables x1, . . . , xn and
1 ≤ i ≤ n.

Theorem 6.23. (Presburger) [26] Presburger arithmetic is decidable.

As a shorthand notation, we work with Zω = Z ∪ {ω} instead of the usual
Z. This is not a problem, since Presburger-arithmetic on Zω can easily be
reduced to Presburger-arithmetic on Z as follows. For every variable x one
adds an extra variable x′ which is used in such a way that the original state
x = k < ω is represented by (x, x′) = (k, 0) and the original state x = ω is
represented by (x, x′) = (0, 1). It is easy to encode the usual properties like
ω + k = ω − k = ω + ω = ω.

Theorem 6.24. [74] A subset of Nn is semilinear iff it is definable in Presburger
Arithmetic.

6.3.3 Result from Valk and Jantzen

We recall a result from [130].

Theorem 6.25. Given an upward-closed set V ⊆ Nk, the minor 2 set Vmin of
V is effectively computable iff for any vector �u ∈ Nk

ω the predicate �u↓ ∩ V �= ∅
is decidable.

Proof. Assume that the minimal elements of V , denoted by Vmin can be com-
puted. Then V = Vmin + Nk gives a semilinear representation of V . Since �u↓
is also a semilinear set, a representation of which can be found effectively, the
predicate �u↓ ∩ V �= ∅ is decidable.

On the other hand, assume that the predicate is decidable for any vector
�u ∈ Nk

ω. The following method then effectively constructs Vmin. First start
with a singleton set of vectors W0 := {(ω, . . . , ω)} with k ω-s. We let Wi to
denote the set of vectors we need to consider in the i-th iteration and Vi to
denote the set of minimal elements found for Vmin in the i-th iteration. Initially
V0 := ∅. We let predV (�u) denote �u ↓ ∩ V �= ∅. We repeat the following.

Stage 1: In this stage, we perform the following two loops sequentially.

2Recall from Chapter 2 that Vmin denotes the minor set of V.
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Loop 1 We choose some vector �u from Wi and compute predV (�u). If the value
is false, then we remove u from Wi. We get out of this loop if predV (�u)
is true or Wi = ∅.

After exiting from the above loop if Wi = ∅, then Vmin = Vi and we
stop the algorithm. Otherwise, predV (�u) is true; �u ↓ contains at least
one element of Vmin and one such element will be found in the next loop.

Loop 2 We repeat the following until all co-ordinates of �u are considered.
Choose some co-ordinate �u(i) of �u which has not yet been considered and
replace �u(i) in �u by the smallest natural number such that pred V (�u) for
this new vector is still true.

The above computed new vector will then be an element of Vmin. So, we
update Vi+1 = Vi ∪ {�u}.

Stage 2: Let the new found vector be �u = (z1, . . . , zk). In
this stage, we try to find other vectors in Vmin. We let W ′

i ={
(z′1, . . . , z

′
k) ∈ Nk

ω | ∃j : 1 ≤ j ≤ k : z′j = zj − 1 and z′m = ω for all m �= j
}
.

We update Wi+1 := min(Wi,W
′
i ) where min(W ,W ′) ={

min(�u, �u′) | �u ∈ W , �u′ ∈ W ′
}

and min of two vectors are evaluated

component-wise. Then we increment the iterator by i := i+ 1 and go back to
Loop 1.

6.3.4 Computing INFmin for a Petri net

We use the result of Valk and Jantzen to compute INFmin for a Petri net.
To apply this algorithm, we require the computability of the predicate M ↓
∩ INF �= ∅ (predINF ( �M)) for any ω-marking M . The decidability of this
predicate is shown in the following lemma (also shown in [34]).

Lemma 6.26. [34] Given a Petri net N with k places and an ω-marking
(introduced in Chapter 4) M0 ∈ Nk

ω, it is decidable if M0 ↓ ∩ INF �= ∅.

Proof. We show that if M0 ↓∩ INF �= ∅ then this condition will be detected by
the following construction. Furthermore, we prove that the construction does
not yield any false positives.

Construction:

Let C = (G,−→) with G ⊆ Nk
ω be the coverability graph of N from initial

marking M0, which is computable [91]. Now we give an outline of the algorithm
to check whether M0 ↓ ∩ INF �= ∅. For each ω-marking M in the coverability
graph, we compute the automaton AM , compute the Parikh image L(AM ) and
from it, find a Presburger formula ρM characterizing loops with positive effects.
We say that M0 ↓ ∩ INF�= ∅ is true if and only if there is a solution to such a
Presburger formula ρM .

First, for every ω-marking M in the coverability graph, we compute a finite-
state automaton AM on finite sequences such that its labelled transition graph
is the largest strongly connected subgraph containing M , and its initial state
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and only final state is M . Let l be the number of edges in AM . We label every
arc in AM with a unique symbol Λi for i : 1 ≤ i ≤ l. To every Λi, we assign an
effect-vector �ζi ∈ Zk that describes the effect of the transition that was fired in
the step from one node to the other.

The aim is to find a cyclic path in AM from a marking M back to M where
the sum of all the effect-vectors of all traversed arcs is ≥ �0. Here, the effect-
vector of an arc that is traversed j times is counted j times. Such a cyclic path
with positive overall effect corresponds to a possible infinite computation of the
system N . Given an automaton AM with M as its initial and the only final
state, every word in L(AM ) corresponds to a cyclic path from M to M . For
any word w, let |w|Λi

be the number of occurrences of Λi in w. The question
now is if there is a word w ∈ L(AM ) such that

Σ1≤i≤l|w|Λi
�ζi ≥ �0.

Such words characterize loops starting and ending in the same marking of a
net. We show how to answer the above question in the following.

• First we compute the Parikh image of L(AM ), i.e., the set
{(|w|Λ1

, . . . , |w|Λl
) | w ∈ L(AM )}. This set is effectively semilinear by

Parikh’s Theorem.

• By Theorem 6.24, we compute a Presburger formula ρ(x1, . . . , xl) from
the semilinear set computed above. The variables x1, . . . , xl count the
number of times each edge Λi appears in a word w ∈ L(AM ).

• Finally, to decide if Σ1≤i≤l|w|Λi
�ζi ≥ �0, we check the satisfiability of ρA =

ρ(x1, . . . , xl) ∧ Σ1≤i≤lxi
�ζi ≥ �0, which is again a Presburger formula. By

Theorem 6.23, we can decide whether this formula is satisfiable.

We check this condition for every AM and we say that M0 ↓ ∩ INF�= ∅ is true
if and only if the condition for some automaton AM holds.

Correctness: Now we show the correctness of the above construction. If
M0 ↓ ∩ INF �= ∅ then there exists a marking M ∈ Nk with M ≤m M0 and
M ∈ INF . Thus there exists an infinite M -computation π. By Dickson’s
lemma, there are markings M ′,M ′′ and a sequence of transitions Seq such
that M

∗
−→ M ′ −→Seq M

′′ and M ′ ≤m M ′′. Thus the total effect of Seq is
non-negative.

Now, from [91], we know that there is a ω-marking MC in the coverability
graph such that M ′′ ≤m MC . Due to monotonicity of the transition relation,
there is a path labelled with transitions in Seq and which leads us from MC to
a ω-marking larger than MC . Repeating this process from the larger node will
finally lead us to a node which is largest of all ω-markings larger than MC . We
will reach such a node Mmax

C , since the graph is finite. This means that we
can fire transitions in Seq from Mmax

C and we get back to Mmax
C itself (since

there are no ω-marking larger than Mmax
C in C and by monotonicity Seq leads

to a larger or equal node in C). So, MC −→Seq MC , i.e., there are ω-markings
M1, . . . ,Mn such that MC −→ M1 −→ . . . −→ Mn = MC with effect-vectors
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�ζ1, . . . , �ζn such that Σ1≤i≤n
�ζi ≥ �0. This is the condition checked in our

construction.

On the other hand, suppose that there is a word w ∈ L(AMC
) for some ω-

marking MC in the coverability graph such that Σ1≤i≤l|w|Λi
�ζi ≥ �0. This means

that there is a ω-marking MC from which there is a path (through a sequence
Seq of transitions) back to itself with non-negative effect. From [91], we know
that there are markings M ′ reachable from M0 which agree with MC in its
finite coordinates, and can be made arbitrarily large in the coordinates equal
to ω. We can choose one such marking M ′ such that it contains enough tokens
in its ω-coordinates to be able to perform one iteration of Seq. Now, Seq
has a non-negative effect. This means that one can repeatedly execute Seq
starting from M ′. The reachability of such an M ′ from M0 and a non-negative
loop from M ′ corresponds to an infinite M0-computation. This means that
M0 ↓ ∩ INF �= ∅.

21   = (−1,1,1)       ς   = (1,0,−1)ς
t1 t2

R

Q

S

( ω ω ω ),,

t1 t2

(a)                                                              (b)                                                       (c)

t1 t2

Figure 6.5: (a). A small Petri net, (b). Coverability graph for this net from
(ω, ω, ω). (c) Automaton A(ω,ω,ω).

Example 6.27. Consider the Petri net in Figure 6.5(a) and the coverability
graph (Figure 6.5(b)) of the above Petri net from a ω-marking M = (ω, ω, ω)
3 where M(Q) = M(R) = M(S) = ω. We show that M ↓ ∩ INF �= ∅. The
automaton produced for the single node in the coverability graph is shown in
Figure 6.5(c). Notice that Λ1 = t1 and Λ2 = t2. Also, the effect-vectors �ζ1 and
�ζ2 show the effect of firing t1 and t2 respectively. Notice that L(A(ω,ω,ω)) ={
w | w ∈ {t1, t2}

∗}
. This means that ϕ(L(A(ω,ω,ω))) = L((0, 0); (1, 0), (0, 1)).

Finally, we compute a Presburger formula ρ(x1, x2) for the above linear set and

from it, construct the formula ρ(x1, x2) ∧ x1
�ζ1 +x2

�ζ2 ≥ �0. One of the solutions
of this formula is given by x1 = x2 = k for any natural number k. This means
M ↓ ∩ INF �= ∅. �

Example 6.28. In the above, we show an example for computing pred INF (M)
for an ω-marking M . Now we show how to compute INFmin for the same

3Markings of a Petri net are written as multisets over places and vectors over the set of
natural numbers interchangeably.
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0 ,( 0 1 ),

1 ,( 0 0 ),

0 ,( ω 1 ),

1 ,( ω 0 ),

t2

ω ,( ω ω ),t1 t2

0 ,( 0 ω ),

t2

t1

t2

t2

t1
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                                                       (c)

t1 t2

(a)                                                              (b)

t1

Figure 6.6: (a). Coverability graph from (0, ω, ω) (b). Coverability graph from
(0, 0, ω). (c) Coverability graph from (0, 0, 1).

Petri net using Valk and Jantzen’s algorithm. We start with a single marking
(ω, ω, ω). Immediately, we get out of Loop 1, since pred INF ((ω, ω, ω)) is true
(as shown in Example 6.27). In Loop 2, one finds a minimal element in INFmin.
This is done by first reducing the first co-ordinate for Q in (ω, ω, ω) to 0. In
Figure 6.6(a), we show the coverability graph from (0, ω, ω). pred INF ((0, ω, ω))
is true, since we reach a node (ω, ω, ω) in the coverability graph from (0, ω, ω)
and predINF ((ω, ω, ω)) is already shown to be true in the previous example.
Then we replace the ω in place R to 0 and compute the coverability graph for
(0, 0, ω) in Figure 6.6(b). pred INF ((0, 0, ω)) is true again by the same reasoning.
Notice that pred INF ((0, 0, 0)) is false. So, finally we show the coverability graph
from marking (0, 0, 1) in Figure 6.6(c) and pred INF ((0, 0, 1)) is true. Thus
(0, 0, 1) is included in INFmin.

ω ,( ω 0 ),

0 ,( ω 1 ),

1 ,( 0 0 ),

0 ,( 1 1 ),

1 ,( ω 0 ),

0 ,( ω 1 ),

t1

ω ,( ω ω ),t1 t2

1 ,( ω 0 ),

t1 t1

t2

t2

                                                       (c)(a)                                                              (b)

t1
t2

Figure 6.7: (a). Coverability graph from (ω, ω, 0) (b). Coverability graph from
(1, ω, 0). (c) Coverability graph from (1, 0, 0).

In Stage 2, we have W ′
0 = {(ω, ω, 0)} and W1 = min((ω, ω, ω), (ω, ω, 0)) =

{(ω, ω, 0)}.

Now we go to Loop 1 again. From Figure 6.7(a), it is evident that
predINF ((ω, ω, 0)) is true. Now, we again perform Loop 2. We find that
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predINF ((0, ω, 0)) is false, but pred INF ((1, ω, 0)) is true (the coverability graph
from (1, ω, 0) is shown in Figure 6.7(b)). Finally we show the coverability from
(1, 0, 0) in Figure 6.7(c) and it follows that pred INF ((1, 0, 0)) is true. Thus
(1, 0, 0) is another member of INFmin.

In Stage 2, we have W ′
1 = (0, ω, ω) and W2 = min((0, ω, ω), (ω, ω, 0)) =

(0, ω, 0). Now pred INF ((0, ω, 0)) is false and W2 = ∅ and we are finished.
Thus INFmin = {(0, 0, 1), (1, 0, 0)}. �

6.3.5 Computing INFmin for SD-TNs

To compute INFmin for SD-TNs, we will again use Valk and Jantzen’s Theo-
rem 6.25. This algorithm requires decision of the predicate M0 ↓ ∩ INF �= ∅
for any given M0 ∈ Nk

ω for an SD-TN. First we construct a coverability graph
for a given SD-TN.

Coverability graph for SD-TN

For any SD-TN N with initial marking M0, the coverability graph can be
effectively constructed. We use ω-markings from Nk

ω (where k is the number
of places). One proceeds from M0 similarly as in the Karp-Miller construction
[91], except for the transfer arc. The detection of loop is done slightly differently
in the two cases (with and without transfer arc).

1. Loop without transfer arc: If one encounters the case M1 −→Seq M2 with

• M1 <
m M2,

• Seq is a sequence of transitions of N such that the transfer arc was
not used in Seq,

then we replace M2 by M2 + ω(M2 −M1) as in the case of Petri nets.
Notice that ωM = M ′ such that M ′(p) = ω for all place p with M(p) > 0.
Obviously, Seq can be repeated arbitrarily often to yield an arbitrarily
high numbers of tokens on the places where M2 is strictly larger than
M1.

2. Loop containing transfer arc: Let M1 and M2 be two markings reached
just after transfers, i.e., −→Trans M1 −→Seq M ′

1 −→Trans M2 (where
Seq may contain other transfers). If M1 <

m M2 then we replace M2 by
M2 + ω(M2 −M1). The sequence of transitions −→Seq−→Trans can be
repeated arbitrarily often to yield arbitrarily high numbers of tokens on
the places where M2 is strictly bigger than M1. This is possible, because
in SD-TN the set of places which are sources of transfers and the set of
places which are targets of transfers are disjoint by Def. 6.1. Thus the
transfers in −→Seq−→Trans do not negatively affect those places p where
M1(p) <

m M2(p). This point does not carry over to general transfer
nets. In particular, all transfer-target places, once marked by ω in this
construction, will stay ω in the future. Furthermore, all transfer source
places are empty after the transfer, since all transfers are simultaneous.
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3. If one reaches an ω-marking encountered before, then one creates a loop.

It is easy to show that the so-generated coverability graph is finite. Suppose
that there is an infinite sequence M0,M1, . . . of nodes in the coverability graph.
Now, there are two cases.

• In this infinite sequence, there is only a finite number of occurrence of
transfer transition Trans. Suppose Mr was the last marking produced
by transfer transition. Consider the sequence Mr+1,Mr+2, . . .. This se-
quence is still infinite. By Dickson’s lemma, in any such infinite sequence
of markings of SD-TN, there are always two markings such that i < j
and Mi ≤m Mj , where i, j ≥ r + 1.

• There is an infinite number of markings produced by the transfer tran-
sition Trans, which appear in the sequence M0,M1, . . .. We take the
subsequence M ′

0,M
′
1, . . . of M0,M1, . . . such that each marking M ′

i for
i ≥ 0 is a marking produced by the transfer transition. Since there are
infinitely many transfer transitions in sequence M0,M1, . . ., the sequence
M ′

0,M
′
1, . . . is also infinite. Now, like the previous case, we will always

find two markings in the sequence M ′
0,M

′
1, . . . by Dickson’s lemma.

This ensures the finiteness of the coverability graph for any SD-TN.

Note that the above construction implies that place-boundedness is decidable
for simultaneous-disjoint transfer nets, while it is undecidable for general trans-
fer nets [56, 104].

Remark: Notice that if a place p is a source of a transfer transition, then
M1(p) <

m M2(p) does not in general imply that p will contain arbitrarily large
number of tokens. This is due to the fact that the loop may contain a transfer
transition which will remove all tokens from p.

t1

p3

p2
( 2 0 0 ),,

( 0 0 2 ),,

( 0 ω 2 ),,

( ω ω 2 ),,

( 0 ω ω ),,

( ω ω ω ),,

Trans

p1

t2

(a)                                                                                                (b)

Trans

t1

t1

t2

Trans

t2t1

t2Trans

t2
t1

t1

Figure 6.8: (a) A small SD-TN. (b) Coverability graph C for this net.
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Example 6.29. Consider a small SD-TN shown in Figure 6.8(a). In Fig-
ure 6.8(b), we show the coverability graph C from a marking M = (2, 0, 0) of
SD-TN where M(p1) = 2,M(p2) = 0 and M(p3) = 0. We omit the transfer
arcs in the coverability graph if the source place of transfer does not contain
a token. Notice that Trans = ((p1, p3), ∅, ∅) and (0, 0, 2) and (0, ω, ω) are the
only ω-AT-markings in C. �

Computing pred INF for SD-TNs

In Lemma 6.30, we use the following definitions.

By Def. 6.1 of SD-TN, the source places and target places of transfers are
disjoint and thus after a simultaneous transfer all source places are empty.
We call a marking an ‘after transfer marking’ (AT-marking) if it is reached
just after firing Trans. We represent markings as vectors in Nk of the form

(transfer source places, other places). So AT-markings have the form (
−→
0 ,−→v )

with
−→
0 ∈ Nk′

and −→v ∈ Nk′′

with k = k′ + k′′ where k′ is the number of
transfer source places. The corresponding markings in the coverability graph

C are called ω-AT-markings and have the form (
−→
0 ,−→v ) with −→v ∈ Nk′′

ω .

Lemma 6.30. Given an SD-TN N with k places and an ω-marking M0 ∈ Nk
ω,

it is decidable if M0 ↓ ∩ INF �= ∅.

Proof. First we give an algorithm to detect the non-emptiness of the set M0 ↓∩
INF . Let C = (G,−→) with G ⊆ Nk

ω be the coverability graph of N from initial
marking M0. An infinite computation π from a marking M in M0 ↓ is detected
as follows. There are two cases. Either there are finitely many or infinitely
many transfers in such an infinite computation.

• In the first case, the transfer transition Trans is used only finitely often
and π has an infinite suffix π′ which starts at some marking M ′ and only
normal Petri net transitions are used in π′. Since M

∗
−→ M ′, there is

a node MC in C such that M ′ ≤m MC . To find out whether there is a
positive effect of such cycles consisting of ordinary Petri net transitions,
we let N ′ be the ordinary Petri net obtained from N by removing the
transfer transition Trans. So π′ is an infinite M ′-computation of N ′.
Let INFN ′ ⊆ Nk be the (upward-closed) set of markings from which
infinite computations of N ′ start. So we have MC ↓ ∩ INFN ′ �= ∅. In
fact, we consider each ω-marking MC ∈ G and detect the presence of
an infinite computation with just ordinary Petri net transitions if the
condition (Cond1)

∃MC ∈ G.MC ↓ ∩ INFN ′ �= ∅

holds. This is a problem about ordinary Petri nets and has been shown
to be decidable (Lemma 6.26).

• In the second case, the transfer transition Trans is used infinitely often
in π. Recall that in Lemma 6.26, we construct automata from the cov-
erability graph, for each of its nodes and associate an effect-vector with
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each edge of such an automaton. In this case, the presence of transfer
transitions in the cycles of SD-TNs does not let us follow such a procedure
directly. This is due to the fact that the effect of the transfer depends on
the amount of tokens in the source places of the transfer and that is not
a constant number.

In this case, first we compute the effect-vectors between two ω-AT-
markings M,M′ in the coverability graph such that M′ is reachable
from M. For any pair of ω-AT-markings M,M′ ∈ G we can effec-
tively construct a semilinear set Effect(M,M′) ⊆ Zk which represents
all possible effects of sequence of transitions of the form Seq.Trans with
M−→Seq−→Trans M

′ where Seq is a sequence of transitions which does
not contain Trans. This is done as follows. First, we compute the semi-
linear sets Effect ′(M, X) ⊆ Zk for all X ∈ G such that X −→Trans M′

in the coverability graph C and M
∗
−→ X without using Trans. The

sets Effect ′(M, X) are semilinear and effectively constructible, by com-
putability of Presburger-arithmetic and its equivalence with semilinear
languages (Theorem 6.24). This is due to the fact that C is a finite graph
whose arcs are labelled with constant vectors in Zk and the Parikh-image
of regular languages is effectively semilinear. This means that one can
consider M as the initial- and X as the final state of a finite automa-
ton A. Each edge in A is labelled by a unique symbol Λ and there is
an associated effect-vector ζ for the effect of the transition by that edge.
Let ρ(x1, . . . , xl) be the Presburger formula for the Parikh-image of L(A)
where l is the number of edges in the coverability graph. A valuation of
the variable xi for i : 1 ≤ i ≤ l gives how many times the symbol Λi

appears in a word in L(A). Given k as the number of places in SD-TN,
we have Effect ′(M, X) given by a Presburger formula

ρX(y1, . . . , yk) = ∃x1 . . . , xl.ρ(x1, . . . , xl) ∧
∧

1≤i≤k

yi = Σ1≤j≤lxjζj(i)

Secondly, we obtain Effect(M,M′) as a Presburger formula by introduc-
ing the effect of transfers (Trans = (I,O,ST )) as follows. Consider the

set X containing ω-markings X such that M
∗
−→ X −→Trans M

′. For
each X ∈ X, we compute a Presburger formula

ρ′′X(z1, . . . , zk) = ∃y1, . . . , yk. (ρX(y1, . . . , yk) ∧ ρ′X(y1, . . . , yk, z1, . . . , zk))

where ρ′X(y1, . . . , yk, z1, . . . , zk) is a conjunction of the following formulas.

– ∀j, j′ : (pj′ , pj) ∈ ST .zj = yj + yj′ ∧ zj′ = 0. Here, ST is from
Def. 6.1. This corresponds to a transfer from place pj′ to place pj

whenever (pj′ , pj) ∈ ST .

– ∀pj ∈ I.zj = yj − 1 ∧ ∀pj ∈ O.zj = yj + 1. This corresponds to
Petri net part of transfers, since I contains places from which there
is an input arc to the transfer transition and O contains places from
which there is an output arc to the transfer transitions.
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– ∀j.pj �∈ ST .pj �∈ I ∪ O.zj = yj . Here pj �∈ ST is used to mean that
there are no pairs (p, q) ∈ ST , such that pj = p or pj = q. This
means that there is no change in the number of tokens at the other
places.

Finally the effect Effect(M,M′) =
∨

X∈X
ρ′′X(z1, . . . , zk). By Theo-

rem 6.23, we can compute a semilinear set from the Presburger formula
given above for Effect(M,M′).

Now we construct a new finite graph C ′ = (G′,−→) as follows. G′ ⊆ G
is the set of ω-AT-markings in G. For M,M′ ∈ G′ we have M −→M′

in C′ iff M−→Seq′′−→Trans M′ in C where Seq” does not contain Trans.
The arc between M and M′ is labelled with (a symbolic Presburger-
arithmetic representation of the semilinear set) Effect(M,M′).

We check the following condition (Cond2).

∃n ∈ N.M0, . . . ,Mn ∈ G
′.M0 −→M1 −→ . . . −→Mn = M0.

∃−→vi ∈ Effect(Mi,Mi+1).
n−1∑
i=0

−→vi ≥
m −→

0

Note that the Mi above do not need to be disjoint.

Now we show how to check the condition (Cond2). We transform the
graph C′, whose arcs are labelled with semilinear sets Effect(M,M′) into
a new equivalent graph C ′′ whose arcs are labelled with constant vectors.
Since Effect(M,M′) is effectively semilinear, it can be represented as a

finite union of linear sets of the form L(�ui;
�w1
i , . . . ,

�wni

i ) where i : 1 ≤ i ≤
m and m ≥ 1. C′′ contains the nodes of C ′ and some additional nodes:

– if there is an edge between two nodes M,M′ labelled by
Effect(M,M′) (of the above form) in C ′, we add new nodes M′

i

for i : 1 ≤ i ≤ m in C′′.

Also, for any pair of nodes M,M′ in C ′, labelled by⋃
1≤i≤m L(�ui;

�w1
i , . . . ,

�wni

i ), we have the following arcs in C ′′. For
each i : 1 ≤ i ≤ m, we have

– an edge from M to M′
i, labelled by �ui.

– edges from M′
i to M′

i, labelled by
�
wj

i for j : 1 ≤ j ≤ ni.

– an edge from M′
i to M′, labelled by �0.

Let C′′ = (G′′,−→) be the graph obtained in this way. We get immedi-
ately that the following condition (Cond3) holds for C ′′ iff (Cond2) holds
for C ′.
∃n ∈ N.M0, . . . ,Mn ∈ G′′.

(M0
v0−→M1

v1−→ . . .
vn−1

−→ Mn = M0) ∧
n−1∑
i=0

−→vi ≥
m −→

0
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The condition (Cond3) is decidable, since C ′′ is a finite graph and by
Parikh’s theorem [113] the Parikh-image of regular languages is effectively
semilinear. (Just interpret C ′′ as a finite automaton and try out any
M0 ∈ G

′′ as initial and final state.) Then we proceed as in Lemma 6.26.
Thus (Cond2) is decidable.

( 0 ω ω ),,

( 0 0 2 ),,
( 0 0 2 ),,

( 0 ω ω ),,

( 0 ω ω ),,

( 0 0 2 ),,
((0,0,2),(0,ω,ω)) Effect

Effect ((0,ω,ω),(0,ω,ω)) 

(0,0,0)

1

(0,−1,1)

1
(0,0,0)

(0,1,0) (0,−1,1)

(0,1,0)

(0,1,0) (0,−1,1)

(b)(a)

Figure 6.9: (a). Graph C′ derived from C in Figure 6.8(b). (b) Graph C ′′ derived
from C′.

Example 6.31. In Figure 6.9(a) we show C ′ obtained from C of Fig-
ure 6.8(b) with edges labelled by their Presburger-arithmetic representa-
tion. In Figure 6.9(b), finally we show the graph C ′′ obtained from C′ in
Figure 6.9(a). �

Correctness of the above constructions:

To show the correctness of the above construction, we need the following
lemma.

Lemma 6.32. (a) For every reachable marking M from the initial marking
M0 in an SD-TN, there is an ω-marking MC in the coverability graph such that
M ≤m MC . (b) For every ω-marking MC in C, there is a marking M reachable
from M0 such that M is arbitrarily large in the places with ω in MC .

The proof of the above lemma is similar to the correctness proof of the Karp-
Miller’s algorithm for Petri nets.

Now we show the correctness of the above two constructions.

• Firstly, we show that (Cond1) is sufficient and necessary for the existence
of an infinite M -computation π with finitely many transfers for some
M ≤m M0.

Suppose there is an infinite M -computation π with finitely many trans-
fers. Then π has an infinite suffix π′, starting at some marking M ′ which
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uses only ordinary Petri net transitions. Since N ′ is obtained by remov-
ing transfer transitions, π′ is an infinite M ′-computation of N ′. This
implies that Cond1 holds for N ′ (Lemma 6.26). Since the coverability
graph for N ′ is a subgraph of that for N , Cond1 also holds for N . On
the other hand, from Lemma 6.26, we have that if Cond1 holds for N ′,
then there is an infinite M ′-computation. Since M

∗
−→ M ′, we have an

infinite M -computation in N .

• Secondly, we show that (Cond2) is sufficient and necessary for the ex-
istence of an infinite M -computation with infinitely many transfers for
some M ≤m M0.

If Cond2 is satisfied (i.e., there is a sequence Seq of transitions with
non-negative effect), then there exist markings M ≤m M0 where M0 ∈

C and M ′ ≤ M0 such that M
∗
−→ M ′ (by definition of C, C ′, C′′ and

Lemma 6.32) such that M ′ is large enough to perform Seq once from M ′.
Now, Seq has a non-negative effect, therefore one can keep on repeating
Seq resulting into an infinite M ′-computation. This implies that there is
an infinite M -computation.

Now we show the other direction. Assume that there is some M ∈ Nk

with M ≤ M0 and M ∈ INF and some infinite M -computation π
which uses Trans infinitely often. Thus it contains infinitely many AT-
markings. Thus, by Dickson’s Lemma [54], there is a computation where

M
∗
−→ (

−→
0 ,−→x1) −→Seq (

−→
0 ,−→x2) with −→x2 ≥m −→x1. Thus the total effect

of the sequence Seq is non-negative. From Lemma 6.32, it follows that

there exists an ω-AT-marking M0 ∈ G with M0 ≥
m (

−→
0 ,−→x2). In fact

there exists a largest such M0 (as in case of Petri nets, see Lemma 6.26)

such that we have M0 −→Seq M0 in C. So, Effect(M0,M0) ≥m −→
0 .

The sequence Seq can be decomposed into Seq = Seq 1Seq2 . . .Seqn

with Mi −→Seqi
Mi+1 for 1 ≤ i ≤ n − 1 and Mn = M0. Here

{M0, . . . ,Mn} is the set of ω-AT markings visited in Seq. In other
words, each Seqi contains the transfer transition only once at the end.
It follows that M0 −→ M1 . . . −→ Mn = M0 is a cyclic path in C ′

and −→vi ∈ Effect(Mi,Mi+1) and
∑n−1

i=0
−→vi = Effect(M0,Mn) ≥m −→

0 .
Therefore the condition (Cond2) is satisfied.

Altogether we obtain that M0 ↓ ∩ INF �= ∅ iff (Cond1) or (Cond2) is satisfied.
Since both conditions are decidable, we obtain decidability of M0 ↓ ∩ INF �=
∅.

Lemma 6.33. For any SD-TN N ′ the set INF ′
min can be effectively con-

structed.

Proof. Since INF is upward-closed, we can, by Lemma 6.30 and Theorem 6.25,
construct the minimal elements of the set INF , i.e., the set INF min . We obtain
INF ′

min by the restriction of INFmin to standard markings.
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6.4 Characterizing ZENO

Theorem 6.34. Let N be a TPN. The set ZENO is effectively constructible.

Proof. We first construct the SD-TN N ′ corresponding to N , according to
Section 6.1.1. Then we consider the set Z from Def. 6.14. We have ZENO =
[[Z]]↑ by Lemma 6.15 and Lemma 6.16. The set Z is effectively constructible
by Lemma 6.33, Definition 6.14, and Lemma 4.5.

6.5 Zenoness-Problem for discrete-timed Petri nets

In this section, we discuss how to characterize ZENO for discrete-timed Petri
nets. To do that first we describe how the semantics of a discrete-timed Petri
net is different from that of a dense-timed Petri nets.

• Firstly, the ages of the token are natural numbers rather than real num-
bers.

• Secondly, timed transition takes only discrete steps.

Theorem 6.34 immediately implies the computability of ZENO for discrete-
timed Petri nets (thus solving the open problem from [51]), because they can
be encoded into dense-timed nets. The encoding is graphically described in
Figure 6.10. The trick is to split the intervals on the input (output) arcs to
several point intervals on a number of transitions.

[1,2]

[0,1]
t

p

q

1.

q

p

[0,0] [1,1]

[2,2] [1,1] [2,2]

[0,0] [1,1]

[1,1]

2.

Figure 6.10: Simulating (1) t in TPN by (2) a set consisting of 4 transitions in
2.

Another more direct solution for discrete-timed nets would be to simply re-
move the transfer-transition from the net N ′ in Section 6.1.1. This modified
construction would yield ZENO for the discrete-time case, because (unlike in
the dense-time case) every infinite zeno-computation in a discrete-time net has
an infinite suffix taking no time at all.





Chapter 7

Token Liveness, Boundedness and Repeated
Reachability

In this chapter, we consider the following verification problems for TPNs.

Token Liveness: Markings in TPNs may contain tokens which cannot be used
by any future computations of the TPN. Such tokens do not affect the behaviour
of the TPN and are therefore called dead tokens. We give an algorithm to check,
given a token and a marking, whether the token is dead (or alive). We do this
by reducing the problem to the problem of coverability in TPNs (see Chapter 4,
Lemma 4.5).

Token liveness for dense TPNs was left open in [51].

Boundedness: We consider the boundedness problem for TPNs: given a TPN
and an initial marking, check whether the size of the reachable markings is
finite. The decidability of this problem depends on whether we take dead tokens
into consideration. In syntactic boundedness one considers dead tokens as part
of the marking, while in semantic boundedness we disregard dead tokens; that
is we check whether we can reach markings with unboundedly many live tokens.
First we show decidability of syntactic boundedness. This is achieved through
an extension of the Karp-Miller algorithm where each node represents a region
(rather than a single marking). The underlying ordering on the nodes (regions)
inside the Karp-Miller coverability graph is a well quasi-ordering (Lemma 4.4
from Chapter 4). This guarantees termination of the procedure.

Decidability of syntactic boundedness was shown for the simpler discrete case
in [51], while the problem was left open for the dense case.

On the other hand, we show that semantic boundedness is undecidable (which
was also left open in [51]) , using techniques similar to [123]. The same tech-
nique is the used to show the undecidability of repeated reachability (whether
starting from a marking, there is a computation which visits a place infinitely
often).

7.1 Token Liveness

First, we define the liveness of a token in a marking.

Let M be a marking in a TPN N = (P, T, In,Out). A token in M is called
syntactically dead if its age is > max . Recall that max is the largest integer
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appearing on the arcs of TPN. It is trivial to decide whether a token is dead
from a marking.

A token is called semantically live from a marking M , if we can fire a sequence
of transitions starting from M which eventually consumes the token. Formally,
given a token p(x) and a marking M , we say that p(x) can be consumed in M
if there is a transition t satisfying the following properties:

• t is enabled in M .

• In(t , p) is defined and x ∈ In(t , p) (recall from Chapter 3 that In is a
partial function from T × P to intervals).

Since dead tokens cannot influence the behavior of a TPN, one would like to
abstract from them. For a marking M , we let Live(M) be the multiset of live
tokens in M .

Let N be a TPN with marking M . Then Reach l(M) := {Live(M ′) | M
∗
−→

M ′} is the set of reachable markings with dead tokens removed from them.

Definition 7.1. A token p(x) in M is semantically live if there is a finite M -
computation π = M −→ M1 −→ · · · −→ Mr such that p(x + ∆(π)) can be
consumed in Mr.

Semantic liveness of tokens in TPN

Instance: A timed Petri net N with marking M and a token p(x) ∈M .
Question: Is p(x) live, i.e., p(x) ∈ Live(M) ?

We show decidability of the semantic token liveness problem by reducing it to
the coverability problem for TPNs (recall the definition of coverability problem
from Chapter 5). Notice that the coverability problem is decidable for TPNs
(Lemma 4.5).

Next we show how to translate an instance of the token liveness problem to
the finitely many instances of the coverability problem.

Suppose that we are given a TPN N = (P, T, In,Out) with marking M and a
token p(x) ∈ M . We shall translate the question of whether p(x) ∈ Live(M)
into (several instances of) the coverability problem. To do that, we construct
a new TPN N ′ by adding a new place p∗ to the set P . The new place is not
input or output of any transition. Either there is no transition in N which has
p as its input place. Then it is trivial that p(x) �∈ Live(M). Otherwise, we
consider all instances of the coverability problem defined on N ′ such that

• Minit contains a single marking M − p(x) + p∗(x).

• Mfin is the set of markings of the form [p1(x1), . . . , pn(xn), p∗(x′)] such
that there is a transition t and

– the set of input places of t is given by {p, p1, . . . , pn}.

– x′ ∈ In(t , p) and xi ∈ In(t , pi) for each i : 1 ≤ i ≤ n.
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In the construction above, we replace a token p(x) in the initial marking by
a token p∗(x); we also replace a token p(x′) in the final marking where x′ ∈
In(t , p) by a token p∗(x′). The fact that the token in the question is not
consumed in any predecessor of a marking in Mfin, is simulated by moving the
token into the place p∗ (in both the initial and final markings), since p∗ �∈ P
and not an input or output place in N ′. Therefore, the token is live in M of
N iff the answer to the coverability problem is ’yes’.

From Lemma 4.5 and the above construction, we get the following.

Theorem 7.2. The token liveness problem is decidable.

Example 7.3. In Figure 7.1, we show a marking M = [Q(3), R(5)] in the
TPN. The question is: whether the token R(5) is in Live(M). Here, Minit =
[Q(3), R∗(5)]. There are two transitions t1 and t4 with R as input place. An
upward-closed set of final markings is characterized by the following upward-
closed set C ↑ of regions where C = {(ε, R∗(5), ε), (ε, R∗(8), ε)}. Finally we
check whether there is a marking M0 ∈Minit such that M0 ∈ [[Pre∗(C)]]↑. �
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Figure 7.1: A marking in TPN N .

7.2 Syntactic Boundedness

In this section, we consider the boundedness problem for TPNs.

Given a marking M , we use |M | to denote the number of elements in M . Also,
abusing notations, we extend this notion to a set M of markings as follows :
|M| = max(|M | : M ∈ M).

Syntactic Boundedness of TPN

Instance: A timed Petri net N with initial marking M0.
Question: Is |Reach(M0)| finite ?

We give an algorithm similar to the Karp-Miller algorithm [91] for solving the
syntactic boundedness problem for TPNs. The algorithm builds a tree, where
each node of the tree is labeled with a region. We build the tree successively,
starting from the root, which is labeled with RM0

: the unique region satisfied
by M0 (recall from Chapter 4). At each step we pick a leaf with label R and
perform one of the following operations:

1. If Post(R) is empty we declare the current node unsuccessful and close
the node.
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2. If there is another (already generated) node which is labeled with R then
declare the current node duplicate and close the node.

3. If there is a predecessor of the current node labeled with R′ � R then
declare |Reach(M0)| infinite (the TPN is unbounded), and terminate the
procedure.

4. Otherwise, declare the current node as an interior node, add the set of
successors to it, each labeled with an element in Post(R). This step is
possible due to Lemma 5.17.

If the condition of step 3 is never satisfied during the construction of the tree,
declare Reach(M0) finite (the TPN is bounded).

The proof of correctness of the above algorithm is similar to that of original
Karp-Miller construction [91]. The termination of the algorithm is guaranteed
due to the fact that the ordering � on the set of regions is a well-quasi-ordering
(Lemma 4.4 in Chapter 4).

Theorem 7.4. Syntactic boundedness is decidable for TPNs.

From Theorem 7.4, it follows that termination (whether there is an infinite
computation starting from an initial marking) is also decidable for TPNs.

7.3 Semantic Boundedness

In this section, we show that whether we can reach markings with unboundedly
many live tokens is undecidable.

Semantic Boundedness of TPN

Instance: A timed Petri net N with initial marking M0.
Question: Is |Reach l(M0)| finite ?

Next we show the undecidability of semantic boundedness for dense-timed
Petri nets, using slightly modified constructions of [123].

Theorem 7.5. Semantic Boundedness of TPN is undecidable.

The rest of this section is devoted to the proof of Theorem 7.5.

We show undecidability of semantic boundedness for dense-timed Petri nets
through reduction from an undecidable problem for lossy counter machines
(LCMs) .

7.3.1 Lossy Counter Machines

A lossy counter machine (LCM) is a tuple L = (S, sinit , C, I), where S is a
finite set of states, s0 ∈ S is the initial state, C is a finite set of counters
and I is a finite set of instructions. An instruction is a triple of the form
(s1, instr , s2), where s1, s2 ∈ S and instr is either an increment (of the form
++c); a decrement (of the form−−c); or a reset (of the form c := 0) for a counter
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c in L. A configuration β of L is of the form (s, val), where s ∈ S and val is a
mapping from the set C of counters to the set N of natural numbers. The lossy
counter machine L induces a transition relation � on the set of configurations,
such that (s1, val1) � (s2, val2) iff one of the following conditions is satisfied:

1. (s1,++ c, s2) ∈ I, val2(c) = val1(c) + 1 and val2(c
′) = val1(c

′) if c′ �= c.

2. (s1,−− c, s2) ∈ I, val1(c) > 0, val2(c) = val1(c) − 1 and val2(c
′) =

val1(c
′) if c′ �= c.

3. (s1, c := 0, s2) ∈ I, val2(c) = 0 and val2(c
′) = val1(c

′) if c′ �= c.

4. s2 = s1, val2(c) = val1(c) − 1 for some c ∈ C, and val2(c
′) = val1(c

′) if
c′ �= c.

For a configuration β, a β-computation π of L is a sequence of configurations
and transitions given by, β0 � β1 � β2, . . ., where β0 = β. We say that a
computation π of L is space-bounded iff there is an integer n ∈ N s.t. sum of
values of the counters does not exceed n in each configuration of π.

An LCM is space-bounded (by k) if all its computations are space-bounded (by
k). The following problems for LCMs are shown to be undecidable in [102].

Space-Boundedness for LCM

Instance: An LCM L with the initial configuration β0 = (s0, val0) such that
for each counter c, val0(c) = 0.

Question: Is L space-bounded ?

RSP-LCM

Instance: An LCM L with an initial configuration β and a state s of L.
Question: Is there a β-computation of L visiting q infinitely often ?

7.3.2 Proof of Theorem 7.5

It is well-known that space-boundedness for LCMs is undecidable. To show un-
decidability of semantic boundedness problem for TPNs, we reduce the problem
of space-boundedness for LCM to it. Then Theorem 7.5 follows.

Construction

Given an LCM L = (S, sinit , C, I), we construct a TPN N = (P, T, In,Out)
simulating L as follows. For each state s ∈ S there is a place p in P . We use PS

to denote the set of places of N corresponding to S. For each counter c ∈ C,
there is a place c in P . We use PC to denote to the set of places corresponding
to C. A configuration β of L is encoded by a marking M in N when the
following conditions are satisfied.

• The state of β is defined in N by the element of PS which contains a
token. (The TPN N satisfies the invariant that there is at most one
place in PS which contains a token).
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• The value of a counter c in β is defined in M by the number of tokens
in place c which have ages equal to 0 (tokens which have ages more than
0 are considered to have been lost and do not affect the value of the
counter).

Losses in L are simulated either by making the age of the token strictly greater
than 0, or by firing a special loss transition which can always remove tokens
from the places in PC . Transitions in L are encoded by functions In and Out
in N reflecting the above properties and are defined as follows.
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Figure 7.2: Simulating the operation of (a) increasing the counter, (b) decreas-
ing the counter. (c) the loss of the counter. (d) resetting a counter.

• An increment ı = (s1,++ c, s2) in I is simulated by a transition in T
which is of the form in Figure 7.2(a). The transition moves a token from
place s1 to place s2 and adds a token of age 0 to place c.

• A decrement ı = (s1,−− c, s2) in I is simulated by a transition in T which
is of the form in Figure 7.2(b). The transition moves a token from place
s1 to place s2 and removes a token of age 0 from place c.

• For each place c in PC there is a transition which is of the form in Fig-
ure 7.2(c). This transition removes the tokens of age 0 from a counter
and thus simulates the lossiness of a counter.

• A reset instruction ı = (s1, c := 0, s2) has the most complicated simula-
tion. The construction is shown in Figure 7.2(d). We use two intermedi-
ate places r1ı and r2ı for each reset instruction ı. The transition t1ı is fired
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by moving a token from place s1 to place r1ı . The token in r1ı has to stay
there for a time equal to 1 and then transition t2ı is fired. If more time
passes, then this token in r1ı will forever stay in place r1ı after which no
tokens will ever reside in any place in PS and thus the net will deadlock.
The idea is that we reset the value of counter c to 0, by making the ages
of all tokens in place c at least equal to 1. Observe that we simulate
resetting the counter in L by resetting the counter in N . All tokens in
each of the places in PC − {c} which had age 0 have now age equal to 1.
Thus, in order to avoid resetting the values of the rest of the counters, we
add, for each c′ ∈ C−{c} a new transition. In Figure 7.2(d), without loss
of generality, we assume that C −{c} = {c1, c2, c3}, and thus we add the
transitions �1ı , �

2
ı , �

3
ı . These transitions are used to refresh the ages of the

tokens in the places in PC −{c}. Now, if a token in place c1 is equal to 1,
and thus has become too old for firing other transitions (increments and
decrements), it is replaced by a fresh token of age 0. Finally, when the
transition t3ı is fired, the new control state will be s2, and each token in
place c will have an age which is at least one. The resulting marking will
therefore correspond to the counter c having the value 0. The refreshing
process for the counters c1, c2, c3 will be stopped after firing t3ı , since the
token in r2ı will now be removed. Notice that some tokens in c1, c2, c3
may be lost (i.e., may still have age greater or equal to 1), since the TPN
has a lazy semantics and these tokens may not have been refreshed.

Consider a marking M of N and a configuration β = (s, val) of L. We say that
M is an encoding of β if M contains a token in place s and the number of tokens
with ages equal to 0 in place c is equal to val(c) for each c ∈ C. Furthermore,
all other places in M are empty. The token in place s of an encoding is live,
otherwise net will deadlock. From the definition of encoding and the above
contruction, it also follows that the other live tokens are of age 0 and they only
reside in the places in PC . This means that in an encoding, only the places in
PC may contain unboundedly many live tokens.

We also use the following notion of intermediate markings. A marking is
called intermediate if it has a token in place r1

ı (r2ı ) where ı is of the form
(s1, c := 0, s2) and there are no tokens in other intermediate places and in
those belonging to PS .

Suppose an intermediate marking M ′ is reached from a marking M during the
execution. This can be the case only during the simulation of reset instructions
of L. Let ı = (s1, c := 0, s2) be a reset instruction of L such that M ′ contains
a token in rı

1 or rı
2. From the simulation, we know that during this transition

(a) we do not refresh tokens in place c, (b) we may not always refresh tokens
of age 1 in places PC \ {c}. Furthermore, if the token is not refreshed, it will
never be refreshed in the future. From this, it follows that the number of live
tokens in the places c ∈ PC in M ′ is always smaller than those in M .

We derive N from L as described above. We define M0 to be the encoding of
γ0.
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Now, we prove that L is space-bounded from β0 iff the number of live tokens
in reached markings from M0 of N are bounded.

Correctness of the above construction:

⇒:

First we show that if L is unbounded in space from β0 then N generates from
M0 an unbounded number of “live” tokens. Consider a β0-computation of L
where β0 = (s0, val0) where for each counter c, val0(c) = 0 and L is not space-
bounded. We show that there is a M0-computation π′ of N , such that M0 is
an encoding of γ0 and an unbounded number of live tokens are generated in π ′.

From the property that the number of live tokens does not increase in inter-
mediate markings (see above), it is clear that this direction of the proof follows
if we prove the following.

Given two configurations β1, β2 of L such that β1 � β2 and a marking M
which is an encoding of β1, there is a sequence of transitions in N of the form
M = M0 −→Disc M1 −→Time · · · −→Disc−→Time Mn = M ′ where n ≥ 1 and
the following holds.

• M ′ is an encoding of β2.

• Mi is an intermediate marking for 0 < i < n.

Since β1 � β2, we know that β2 is derived from β1, using one of the four
possible types of transitions described for LCMs. We show the claim only for
the least obvious case, namely when β2 is derived from β1 by executing a reset
instruction ı which resets the value of a counter c for 0. The other cases can
be explained in a similar manner. Let β1 = (s1, val1) and β2 = (s2, val2). We
show that the marking M ′ is the encoding of β2. Since M is an encoding of β1,
it means that place s1 in M contains a token. From the construction described
above (Figure 7.2(d)) we know that from M we can fire t1ı and produce a
marking M1 such that M −→t1ı

M1 and M1 = M − s1(x) + r1ı (0). This means
that M1(c

′(0)) = M(c′(0)) for each counter c′ ∈ PC .

Next we let time pass by one time unit and obtain a marking M2 such that
M1 −→T=1 M2. This means that M2(c

′(1)) = M1(c
′(0)) for each counter

c′ ∈ PC . Now we fire the transition t2ı from M2 and this results in a marking
M3, i.e., M2 −→t2ı

M3 and M3 = M2 − r1ı (1) + r2ı (x). Here, for each counter
c′ ∈ PC , we have M3(c

′(1)) = M2(c
′(1)) and M3(c

′(x)) = 0 for all x < 1.

Then, suppose for a counter c1 ∈ PC \{c}, val1(c1) = n. We fire the transition
�1ı n times and refresh all n tokens of age 1 in c1 to age 0. Similarly we refresh
all tokens of age 1 in other counters in PC \ {c}. Notice that the refreshing
phase always terminates due to bounded number of tokens and inability of N
to refresh tokens of age different from 1 in c1, c2, c3. The markings M1,M2, . . .,
etc in the above are all intermediate markings.

Now we fire the transition t3ı by moving the token from r2ı to s2, yielding a
marking M ′. This means that for each counter c′ ∈ PC \ {c}, M ′(c′(0)) =
M(c′(0)). Furthermore, the ages of all tokens in place c are equal to 1, i.e.,
M ′(c(1)) = M(c(0)). Also, it is the case that M ′(c(0)) = 0. This implies that
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M ′ is an encoding of β2.

⇐:

Suppose that there is an infinite M -computation π of N such that the number
of live tokens in the places in PC is unbounded.

Consider the maximal subsequence π′ of π, where each marking in π is an
encoding of some configuration of L. The sequence π′ exists (say, starts at
M ′′) and due to the construction of N (from any intermediate-marking, the
transitions can be fired only finitely many times), π′ is infinite. In the following,
we show that there is an infinite β-computation where M ′′ is an encoding of β
and LCM is unbounded in space.

To prove this, it is enough to show that given two consecutive encodings M
and M ′ in π′ such that M

∗
−→M ′ and a configuration β1 which is encoded by

M , there is a configuration β2 such that β1
∗
−→ β2. Let β1 = (s1, val1).

Since M
∗
−→ M ′ we know that there are markings M0, . . . ,Mn such that

M = M0 −→ M1 −→ · · · −→ Mn = M ′ where n ≥ 1 and M1, . . . ,Mn−1 are
intermediate markings. There are two cases. Either n = 1 or n > 1.

If n = 1, i.e., M −→M ′, we know that M ′ can be derived from M by firing a

• discrete transition corresponding to one among Figures 7.2(a), 7.2(b)
and 7.2(c). In this case, β2 is obtained from β1 by executing an incre-
ment/decrement/loss instruction of L.

• timed transition by letting time pass by δ > 0. In this case, β2 can be
derived from β1 by losing the current values of all the counters from β1.

If n > 1, then M ′ is obtained from M by firing transitions corresponding to
those in Figure 7.2(d). This means that ı = (s1, c := 0, s2) is an instruction
in L, for some counter c. From the construction of Figure 7.2(d), we know
that all tokens in place c will eventually have age at least 1. Furthermore,
the ages of some of the tokens in PC − {c} may also exceed 1, since not all
tokens need to be refreshed. We can derive β2 from β1 by first performing loss
transitions corresponding to tokens which become too old followed by executing
the instruction (s1, c := 0, s2).

7.4 Repeated Reachability

In the following, we say that a computation π = M0 −→ M1 −→ M2 −→ . . .
of TPN visits a place p infinitely often if there are infinitely many i such that
Mi(p) �= ∅.

The repeated reachability problem for TPNs is defined as follows.

Repeated Reachability Problem (RPP-TPN)

Instance: A dense-timed Petri net N , a marking M of N and a place q of N .
Question: Is there an M -computation of N visiting q infinitely often ?

Proof. We reduce RSP-LCM to RPP-TPN by constructing a TPN N as in
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Section 7.3.2. We let M be the encoding of β (recall the definition of RSP-
LCM) and the place q to be the state s of LCM. By this construction, the
state s is visited infinitely often in LCM if and only if the place p in TPN is
visited infinitely often. The undecidability follows from this construction and
undecidability of RSP-LCM.

It is straightforward to show that RPP-TPN is reducible to the problem of
checking whether there is a computation of the TPN along which a given tran-
sition is fired infinitely often. It follows that (action based) linear-time temporal
logic (LTL) for TPNs is also undecidable.

7.4.1 Discrete-timed Petri nets

Finally, we consider the repeated reachability problem for discrete-timed Petri
nets and show that this problem is also undecidable. Recall the definitions for
discrete-timed Petri nets from Section 6.5.

The repeated reachability problem for discrete-timed Petri nets (RSP-DTPN)
can be defined in a manner similar to the definition of RSP-TPN. Even in the
case of discrete-timed nets, undecidability result follows from the undecidability
of RSP-LCM and the construction in Section 7.3.2. This means that action-
based LTL is also undecidable for discrete-timed Petri nets.

7.5 Related Work

• We already mentioned that the token-liveness problem and the syntactic
boundedness problem for discrete-timed Petri nets were solved in [51], but
they only gave a conjecture about the decidability of these problems and
undecidability of semantic boundedness problem for dense-timed Petri
nets.

• Syntactic boundedness problem for ordinary Petri nets [91] and transfer
nets (Chapter 6) [55] are known to be decidable, while this problem is
undecidable for reset nets [56], where a reset arc from a place just removes
all the tokens from this place.

• Checking LTL formulae for standard (untimed) Petri nets [60] is decid-
able. In fact [35] shows that there is an effectively constructible repre-
sentation of the set of markings satisfying a formula. We also recall that
even small fragments of branching time logics are known to be undecid-
able for Petri nets [62, 103]. In fact, all state based temporal logics are
undecidable for Petri nets [62].
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Chapter 8

Timed Networks

A timed network (TN, in short) represents a family of systems, each consisting
of a finite-state controller, together with finitely, but arbitrarily many timed
processes (timed automata). A timed process operates on a finite number of
real-valued clocks. This means that a TN operates on an unbounded number
of clocks, and therefore its behaviour cannot be captured by that of a timed
automaton [19].

The paper [9] showed decidability of the controller state reachability problem
for TNs: given a state of the controller, is there a computation from an initial
configuration leading to that state? This problem is relevant since it can be
shown, using standard techniques, that checking large classes of safety prop-
erties can be reduced to controller state reachability (as shown in Chapter 4).
The decidability result in [9] is given subject to the restriction that each timed
process has a single clock. As an example, this allows automatic verification
of a parameterized version of Fischer’s protocol (see e.g. [95]). This protocol
achieves mutual exclusion by defining timing constraints on an arbitrary set of
processes each with one clock. The correctness of this protocol was shown by
[9], regardless of the number of participating processes. The paper [9] leaves
open the case of multi-clock TNs, i.e., TNs where each timed process may have
several clocks. The question is then whether the decidability result of [9] can
be extended to multi-clock systems. In this chapter, we answer this question
negatively. In fact we show that it is sufficient to allow two clocks per process
in order to get undecidability. The undecidability result is shown through a
reduction from the classical reachability problem for 2-counter machines. The
main ingredient in the undecidability proof is an encoding of counters which
allows testing for zero. The encoding represents each counter by a linked list
of processes, where ordering on elements of the list is reflected by ordering on
clock values of the relevant processes, and where the link between two elements
in the list is encoded by whether two clocks belong to the same process. The
value of a counter is reflected by the length of the corresponding list.

8.1 Model

First we define timed networks: families of (infinitely many) systems each con-
sisting of a controller and an arbitrary number of identical timed processes. The
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controller is a finite state automaton while each process is a timed automaton
[19], i.e., a finite-state automaton which operates on a finite number of local
real-valued clocks x1, . . . , xK . The values of all clocks are incremented contin-
uously at the same rate. In addition, the network can change its configuration
according to a finite number of rules. Each rule describes a set of transitions
in which the controller and a fixed number of processes synchronize and simul-
taneously change their states. A rule may be conditioned on the local state of
the controller, together with the local states and clock values of the processes.
If the conditions for a rule are satisfied, then a transition may be performed
where the controller and each participating process changes its state. Also,
during a transition, a process may reset some of its clocks to 0.

Timed Networks

A family of timed networks (timed network for short) N with K clocks is a pair
(Q, ), where:

• Q is a finite set of states. The set Q is the union of two disjoint sets; the
set Qctrl of controller states, and the set Qproc of process states. These
sets contain two distinguished initial (idle) states, namely idlec ∈ Qctrl

and idlep ∈ Qproc .

•  is a finite set of rules where each rule is of the form

q0
→
q′0







q1
g1 → R1

q′1


 · · ·




qn
gn → Rn

q′n




such that q0, q
′
0 ∈ Q

ctrl , and for all i : 1 ≤ i ≤ n we have: qi, q
′
i ∈ Q

proc ,
and gi → Ri is a guarded command where gi is a boolean combination
of predicates of the form k � x for k ∈ N, � ∈ {=, <,≤, >,≥}, x ∈
{x1, . . . , xK} and Ri ⊆ {x1, . . . , xK}.

Intuitively, the set Qctrl represents the states of the controller and the set Qproc

represents the states of the processes. A rule of the above form describes a set
of transitions of the network. The rule is enabled if the state of the controller is
q0 and if there are n processes with states q1, · · · , qn whose clock values satisfy
the corresponding guards. The rule is executed by simultaneously changing the
state of the controller to q′0 and the states of the n processes to q′1, · · · , q

′
n, and

resetting the clocks belonging to the sets R1, . . . , Rn.

For a guard gi we write gi(y1, . . . , yK) to denote the boolean expression which
results from substituting the occurrences of x1, . . . , xK in gi by y1, . . . , yK re-
spectively.

Configurations A configuration γ of a timed network (Q, ) with K clocks
is a tuple of the form (I, q,Q, X), where I is a finite index set, q ∈ Qctrl ,
Q : I → Qproc , and X : {1, . . . ,K} → I → R≥0.

Intuitively, the configuration γ refers to the controller whose state is q, and to
|I| processes, whose states are defined by Q. The clock values of the processes
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are defined by X. More precisely, for k : 1 ≤ k ≤ K and i ∈ I, X(k)(i) gives
the value of clock xk in the process with index i.

We use |γ| to denote the number of processes in γ, i.e., |γ| = |I|. Also, we
shall use Xk to denote the mapping I → R≥0 such that Xk(i) = X(k)(i).

Example 8.1. Figure 8.1 shows graphical representation of a configuration in
a timed network with two clocks, given by ({1, 2, 3} , q,Q, X) where Q(1) =
q1,Q(2) = q2,Q(3) = q3 and X1(1) = 0.1, X1(2) = 0.5, X1(3) = 5.0, X2(1) =
2.3, X2(2) = 1.4, X2(3) = 0.6. �

0.1
2.3

q1

0.5
1.4

q2

5.0
0.6

q3Controller state

Process state

Value of x1

Value of x2

q

Figure 8.1: Graphical representation of a configuration in a timed network with
two clocks.

Transition Relation The timed network N above induces a transition rela-
tion −→ on the set of configurations. The relation −→ is the union of a discrete
transition relation −→Disc , representing transitions induced by the rules, and
a timed transition relation −→Time which represents passage of time.

The discrete relation −→Disc is the union
⋃

r∈� −→r , where −→r represents a
transition performed according to rule r . Let r be a rule of the form described
in the above definition of timed networks. Consider two configurations γ =
(I, q,Q, X) and γ′ = (I, q′,Q′, X ′). We use γ −→r γ′ to denote that there
is an injection h : {1, . . . , n} → I such that for each i : 1 ≤ i ≤ n and
k : 1 ≤ k ≤ K we have:

1. q = q0, Q(h(i)) = qi, and gi(X1(h(i)), . . . , XK(h(i))) holds. That is, the
rule r is enabled.

2. q′ = q′0, and Q′(h(i)) = q′i. The states are changed according to r .

3. If xk ∈ Ri then X ′
k(h(i)) = 0, while if xk �∈ Ri then X ′

k(h(i)) = Xk(h(i)).
In other words, a clock is reset to 0 if it occurs in the corresponding set
Ri. Otherwise its value remains unchanged.

4. Q′(j) = Q(j) and X ′
k(j) = Xk(j), for j ∈ I \ range(h), i.e., the pro-

cess states and the clock values of the non-participating processes remain
unchanged.

For a configuration γ = (I, q,Q, X) and δ ∈ R≥0, we use γ+δ to denote
the configuration (I, q,Q, X ′) where X ′

k(j) = Xk(j) + δ for each j ∈ I and
k : 1 ≤ k ≤ K. A timed transition is of the form γ −→T=δ γ

′ where γ′ = γ+δ.
Such a transition lets time pass by δ. We use γ −→Time γ′ to denote that
γ −→T=δ γ

′ for some δ ∈ R≥0.
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We define −→ to be −→Disc ∪ −→Time and use
∗
−→ to denote the reflexive

transitive closure of −→. Notice that if γ −→ γ ′ then the index sets of γ and
γ′ are identical and therefore |γ| = |γ ′|. For a configuration γ and a controller

state q, we use γ
∗
−→ q to denote that there is a configuration γ ′ of the form

(I ′, q′,Q′, X ′) such that γ
∗
−→ γ′ and q′ = q. A γ-computation of TN from

a configuration γ is a sequence γ0 −→T=δ1
−→r1 γ1 . . . −→T=δn

−→rn
γn of

configurations and transitions where γ0 = γ and δi ∈ R≥0 for i : 1 ≤ i ≤ n
and ri ∈  . Given a computation π, we use π(i) to denote the part of the
computation γ0 −→T=δ1

−→r1 γ1 . . . −→T=δi
−→ri

γi where i ≥ 0.

8.2 Controller State Reachability

A configuration γinit = (I, q,Q, X) is said to be initial if q = idlec,
Q(i) = idlep , and Xk(i) = 0 for each i ∈ I and k : 1 ≤ k ≤ K. This
means that an execution of a timed network starts from a configuration where
the controller and all the processes are in their initial states, and the clock
values are all equal to 0. Notice that there is an infinite number of initial
configurations, namely one for each index set I.

Controller State Reachability Problem (TN(K)-Reach)

Instance A timed network (Q, ) with K clocks and a controller state qF .

Question Is there an initial configuration γinit such that γinit
∗
−→ qF ?

The controller state reachability is relevant, since we recalled in Chapter 4, that
using standard techniques in [132, 76], checking safety properties (expressed as
regular languages) can be translated into instances of the problem. In [9], it
was shown that TN(1)-Reach is decidable. In this chapter, we show that

Theorem 8.2. TN(2)-Reach is undecidable.

8.3 2-Counter Machines

First we recall the standard definition of counter machines Here, we assume
that such a machine operates on two counters which we call c1 and c2.

A two-counter machine C is a tuple (S, sinit , {c1, c2} , I) where S is a finite
set of local states with a distinguished initial local state sinit ∈ S, and I is a
finite set of instructions (recall from the definition of lossy counter machines
from Chapter 7). An instruction ı is either an increment, a decrement or a
zero testing instruction. Notice that C does not have a lossy transition. A
configuration β of a two-counter machine is a triple (s,m1,m2), where s ∈ S
represents the local state, and m1,m2 ∈ N represent the values of the counters
c1 and c2 respectively. The counter machine C induces a transition relation
� on the set of configurations, which is defined as usual using the standard
interpretations of counter operations (see Chapter 7). We use

∗
� to denote the

reflexive transitive closure of �. In a similar manner to timed networks, we
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use β
∗
� s to denote that there is a configuration β ′ = (s′,m′

1,m
′
2) such that

β
∗
� β′ and s′ = s. We define the initial configuration βinit to be (sinit , 0, 0).

The control state reachability problem for a 2-counter machines (CM-Reach) is:

given local state sF check whether βinit
∗
� sF . The following result [108] is

well-known.

Theorem 8.3. CM-Reach is undecidable.

In our correctness proof (Section 8.6), we use the relation
n
�, with n ≥ 0, on

configurations, where β
n
� β′ iff there is a sequence β0 � β1 � · · · � βn with

β0 = β and βn = β′. The relation
n
� is extended to local states in a similar

manner to
∗
�. Notice that

∗
�= ∪n

n
�.

8.4 Encoding of Configurations

We show undecidability of TN(2)-Reach through a reduction from CM-Reach.
Given a counter machine C = (S, sinit , {c1, c2} , I), we shall derive a timed
network NC = (QC, C) with two clocks. In this section, we perform the first
step in the reduction; namely we describe how to construct the set QC. Also, we
describe how configurations of C are encoded as configurations of NC. Finally,
we introduce a special type of encodings, called proper encodings, which we use
in our simulation of C.

States According to the model described in Section 8.1, the set QC will consist
of two disjoint sets of states: the set Qctrl

C
of controller states and the set Qproc

C

of process states. The set Qctrl
C

contains three types of states:

1. The initial controller state idlec.

2. Local states of C: all members of S have copies in Qctrl
C

.

3. Temporary states: the set Qctrl
C

contains a state tmpı for each increment
instruction ı ∈ I. These states are used as intermediate states during the
simulation of increments (Section 8.5). The set Qctrl

C
also contains the

state s′init (recall that sinit is the initial local state of C). This state is used
as an intermediate state in the initialization phase of the the simulation
(Section 8.5).

The set Qproc
C

contains two types of states:

1. The initial process state idlep .

2. Six states fst1 , mid1 , last1 , fst2 , mid2 , and last2 , used for encoding the
two counters (as described below).

Encodings Each configuration β of C will be encoded by a set of configurations
inNC. The local state of β will be encoded by the controller state. Each counter
will be modelled by a counter encoding. A counter encoding arranges a set of
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processes as a circular list. The ordering among elements of the list is defined
by the clock values. The length of the list reflects to the value of the counter.
To define counter encodings, we shall use the six process states fst1 , mid1 ,
last1 (used for encoding of c1), and fst2 , mid2 , last2 (used for encoding of c2).
The states fst1 and last1 are the states of the first and last processes in the
list encoding the value of c1. All processes in the middle of the list will be in
state mid1 . The states fst2 , mid2 , and last2 play similar roles in the encoding
of c2. Formally, a configuration γ = (I, q,Q, X) is said to be a c1-encoding of
value m if there is an injection h from the set {0, . . . ,m+ 1} to I such that the
following conditions are satisfied

• Q(h(0)) = fst1 , Q(h(m + 1)) = last1 , and Q(h(i)) = mid1 for each
i : 1 ≤ i ≤ m.

• Q(j) ∈ {idlep , fst2 ,mid2 , last2} if j ∈ I \ range(h).

• X1(h(i)) < X1(h(i+ 1)) for each i : 0 ≤ i ≤ m.

• X2(h(i)) = X1(h((i+ 1) mod (m+ 2))), for each i : 0 ≤ i ≤ m+ 1.

The first condition states that the processes which are part of a c1-encoding are
in one of the local states fst1 , mid1 , or last1 . The second condition states that
the processes which are not part of a c1-encoding are in one of the local states
idlep , fst2 , mid2 , or last2 . The third and the fourth conditions show how the
processes which are part of a c1-encoding are ordered as a circular list. The
position of each process in the list is reflected by values of its clocks x1 and x2.
More precisely, the ordering among the x1 clocks reflects the positions of the
processes in the list. Also, clock x2 of each process (except the last process) is
equal to clock x1 of the next process. Finally, clock x2 of the last process is
equal to clock x1 of the first process (giving the list a “circular” form). We use
Val1(γ) to denote the value m of a c1-encoding γ.

4.6
0.4

6.1
5.6

p p

(b)

(a)

last1

x1:

x2:

s fst1
0.1
0.2

mid1
0.2

0.25

mid1
0.25
0.5

last1
0.5
0.1

fst1 mid1 mid1

idle idle

Figure 8.2: (a) Graphical representation of ordering among clocks in c1-
encodings. (b) a c1-encoding satisfying the ordering on clocks described in
(a).
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Example 8.4. Figure 8.2(b) shows a c1-encoding of value 2. Figure 8.2(a)
shows a graphical representation of the ordering among clock values. In Sec-
tion 8.5, we shall use such a graphical representation to explain the different
steps in the simulation of C. Each ellipse contains clocks of equal values. Clocks
in successive ellipses have increasing values, i.e., they are ordered from left
(lower clock values) to right (higher clock values). The upper halves of the
ellipses represent the x1-clocks, while the lower halves represent the x2-clocks.
Each process is denoted by an edge whose end points are its two clocks. Such
an edge is labelled by the current state of the process. �

A c2-encoding and its value Val2(γ) are defined in a similar manner (replacing
the states fst1 , mid1 , and last1 by fst2 , mid2 , and last2 in the encoding).

A configuration γ = (I, q,Q, X) is said to be an encoding if the following two
conditions are satisfied:

• q = s for some s ∈ S, i.e., q is the copy of a local state of C.

• γ is both a c1- and a c2-encoding.

If γ satisfies the above conditions (i.e. if γ is an encoding), we define the
signature sig(γ) of γ to be the triple (s,m1,m2), wherem1 = Val1(γ) andm2 =
Val2(γ). Intuitively, the triple (s,m1,m2) will correspond to a configuration
of C. Notice that several (in fact infinitely many) configurations may have the
same signature. However, all such configurations will have the same local states
and the same orderings on clock values, and therefore will correspond to the
same configuration in C.

Proper Encodings In our simulation of C we shall rely on a particular kind
of encodings, called proper encodings. An encoding γ of the form (I, q,Q, X)
is said to be proper if it satisfies the following condition:

• For each i ∈ I with Q(i) �= idlep , 0 < X1(i), X2(i) < 1.

In other words, all clocks participating in the encoding have values between (not
including) zero and one. Certain steps of the simulation (see the decrementing
operation in Section 8.5) are not possible to carry out without an upper bound
on clock values of the processes. Working with proper encodings guarantees
such an upper bound (namely an upper bound of one).

8.5 Encoding of Transitions

In this section, we perform the second step in deriving the timed network
NC = (QC, C) from the counter machine C = (S, sinit , {c1, c2} , I). More
precisely, we describe the set of rules  C. The set  C contains the following
rules:
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8.5.1 Incrementing

For each instruction ı = (s1, c1++, s2) in C there are two rules in  C, namely

incı
1 :




s1
→

tmpı







fst1
0 < x1 → {x1}

mid1







idlep

tt → {x2}
fst1




and the rule

incı
2 :




tmpı

→
s2







fst1
0 < x2 → {x1}

fst1







last1
tt → {x2}

last1




The total effect of the two rules is to increment the value of a c1-encoding by
adding one more process to the list. The rule incı

1 changes the state of the
process which is currently first in the list to mid1 . This process will be placed
in the second position in the new encoding. At the same time a new process
is picked from the set of idle processes, and its state is changed to fst1 . The
new process will be placed first in the list. Furthermore, the rule resets (and
therefore equates) clock x1 and x2 respectively of the two above mentioned
processes. This is done in order to maintain the invariant that clock x2 of each
process (except the last process) is equal to clock x1 of the next process (recall
the definition of an encoding from Section 8.4). The result of applying rule
incı

1 on a c1-encoding of value 2 is shown in Figure 8.3(b).

Rule incı
2 resets clock x1 of the process which is now in state fst1 and clock

x2 of the process which is last in the list. This is done in order to maintain
(i) the invariant that clock x1 of a process (here the first process) is smaller
than clock x1 of the next process; and (ii) the invariant that clock x2 of the
last process is equal to clock x1 of the first process. The result of applying rule
incı

2 is shown in Figure 8.3(c).

Some remarks about rules incı
1 and incı

2:

• After execution of incı
1, the controller will be in state tmp ı and therefore

incı
2 is the only rule which may eventually be enabled after execution of

incı
1.

• The guard 0 < x1 in the definition of incı
1 is to guarantee that all clocks

have positive values before the rule is applied. This makes sure that we
avoid the scenario where we “accidentally” equate some clocks with the
ones which are reset during the application of inc ı

1. The same reasoning
applies to the guard 0 < x2 in the definition of the rule incı

2. Similar
guards exist in the rest of the rules described in this section.

• After application of incı
2, the resulting encoding will not be proper, since

clocks have just been reset and their values are now zero. We can re-
create a proper encoding by letting time pass through a timed transition.
Again, a similar reasoning is applicable to the rest of the rules described
in this section.
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(c)

(b)

(a)

last1

last1

last1

fst1 mid1

mid1 mid1

mid1 mid1fst1

mid1

mid1

fst1

mid1

Figure 8.3: Simulating (s1, c1++, s2) on a c1-encoding

Also, for each instruction of the form (s1, c2++, s2), there are two rules
similar to the rules described above (replacing the states fst1 , mid1 , and last1
by fst2 , mid2 and last2 , respectively).

8.5.2 Decrementing

For each instruction ı = (s1, c1−−, s2) in C there is a rule in  C, namely

decı :



s1
→
s2







last1
x1 = 1 → ∅

idlep







fst1
0 < x1 → {x1}

fst1







mid1

x2 = 1 → {x2}
last1




The rule decı decrements the value of a c1-encoding by removing the last process
of the list. More precisely, it changes the state of the last process to idlep (i.e.
removes that process from the list), and changes the state of the process which
is next last from mid1 to last1 . In order to do that, we have to be able to
identify the process which is next last in the list. Since all processes in the
middle of the list are in state mid1 , we cannot identify the next last process
simply by checking process states. Instead, we wait until the value of clock x1

of the last process is equal to one. At that point of time, the process with clock
x2 equal to one is the next last process. Also, the rule resets (and therefore
equates) clock x1 of the first process and clock x2 of the next last process (which
will now become last in the list). Figure 8.4 shows the effect of applying the
rule to a c1-encoding.

Some remarks about the rule decı:
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mid1

last1

(b)
fst1

(a)

fst1 mid1 mid1

last1

Figure 8.4: Simulating (s1, c1−−, s2) on a c1-encoding

• Identifying the next last process (by waiting until some clocks are equal
to one) uses the assumption that we start from a proper encoding. This
implies that clocks of processes participating in the encoding have all
values which are less than one. If this property is violated then the rule
is not enabled (and will not become enabled through passage of time).

• The rule is not enabled in case the value of the c1-encoding is equal to
zero, since there will be no processes in state mid1 .

• Waiting for clock x1 of the last process in the c1-encoding to become
equal to one may enforce clocks of processes in the c2-encoding to become
greater than one. More precisely, this happens if some clock in a process
which is part of the c2-encoding has a greater value than clock x1 of
the process which is currently in state last1 . After applying decı, the
value of such clocks will be greater than one, and therefore the resulting
configuration will not be a proper encoding.

Figure 8.5 illustrates this scenario. We consider a proper encoding (shown
in Figure 8.5(a)) with signature (s1, 1, 1) such that clock x1 of the process
in state last1 (0.35) is smaller than that of the process in state last2 (0.65).
In order to enable the rule decı, we let time pass until clock x1 of the
process last1 becomes equal to one (shown in Figure 8.5(b)). However,
at this point of time, both clock x2 of a process in state mid2 and x1 of
the process in state last2 have become larger than one (1.3). Therefore,
after applying the decı, we get an encoding (of value (s2, 0, 1)) shown in
Figure 8.5(c), which is not proper. This prevents any later application of
decrementing and zero-testing rules.

In order, to maintain the possibility of maintaining proper encodings in
our simulation, we combine the rule decı with the rotation rules described
below.



8.5. Encoding of Transitions 119

fst2
0.75
0.9

mid2
0.9
1.3 0.75

last2
1.3

s1 fst1
0.85
0.95

mid1
0.95
1.0

last1

0.85
1.0

p

dec

s2 fst2
0.75
0.9

mid2
0.9
1.3

1.3
0.75

last2

0.85

fst1
0.0
0.95

last1
0.95
0.0

1.0

(c)

T=0.65

(b)

s1 fst1
0.2
0.3

mid1
0.3
0.35

last1

0.2
0.35

fst2
0.1
0.25

mid2
0.25
0.65

0.65
0.1

last2

(a)

idle

Figure 8.5: Decrementing may result in an improper encoding.

In a similar way to incrementing, there is also a rule corresponding to an
instruction of the form (s1, c2−−, s2).

8.5.3 Rotation

To make it always possible to obtain a proper encoding after decrementing the
value of a c1- or a c2-encoding (see the decrementing rule above), we add a set
of rotation rules. More precisely, for each state s ∈ S, the set  C contains the
following two rules

rots
2 :




s
→
s







fst2
0 < x1 → ∅

mid2







last2
x1 = 1 → {x1}

fst2







mid2

x2 = 1 → {x2}
last2




rotz s
2 :




s
→
s







fst2
(0 < x1) ∧ (x2 = 1) → {x2}

last2







last2
x1 = 1 → {x1}

fst2




Let us first explain the rule rots
2. The rule does not correspond to any in-

struction in C; nor does it change the signature of the encoding. In simulating
C, we use the rotation rules in connection with decrementing. Recall that if
ı = (s1, c1−−, s2) then applying a rule decı will not give a proper encoding in
case the c2-encoding has clocks with greater values than clock x1 of the last pro-
cess in the c1-encoding (see Figure 8.5). The role of rot s

2 then is to decrement
clock values of processes which are part of a c2-encoding while preserving the
signature of the whole encoding. More precisely, the rule rot s

2 moves the pro-
cess which is in state last2 and makes it first in the c2-encoding. This amounts
to a rotation of the list corresponding to the c2-encoding. The rotation can be
repeated until sufficiently many processes in the c2-encoding have been moved.
When there are no clocks in the c2-encoding with greater clock values than
clock x1 of the last process in the c1-encoding, the rotation stops and decı can
now safely be applied.

We illustrate the role of rots
2 through Figure 8.6. In a similar manner to
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Figure 8.6: Decrementing preceded by rotation

Figure 8.5 we are interested in simulating a decrement instruction. However,
instead of following the scenario of Figure 8.5, we now perform the following
steps:

1. Wait for clock x1 of the process in state last2 to become equal to one
(Figure 8.6(b)).

2. Apply the rule rots1

2 . This results in an encoding (shown in Figure 8.6(c))
where clock x1 of the process in state last2 (0.6) is smaller than that of
the process in state last1 (0.7).

3. Wait until clock x1 of the process in state last1 becomes one (Fig-
ure 8.6(d)).

4. Apply the decrementing rule. Notice that the resulting encoding (shown
in Figure 8.6(e)) has all clock values less than one.

After the last step, we can perform a timed transition and obtain a proper
encoding.

Also if, before applying decı, there is a clock in the c2-encoding of the same
value as clock x1 of the process in state last1 , then we need to apply rots2

2

once more after decrementing (this scenario does not occur in Figure 8.6, but
is considered in the correctness proof).

Notice that we cannot apply the rotation rule in case the value of the c2-
encoding is zero. This is due to the fact that the rule requires at least one
process in state mid2 . The rule rotz s

2 has the same role as rots
2 with the

difference that it can be applied when the value of the c2-encoding is zero.
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There are also similar rules rots
1 and rotz s

1 which are used to rotate a
c1-encoding and which are used in connection with rules of the form dec ı with
ı = (s1, c2−−, s2).

8.5.4 Zero Testing

For each instruction ı = (s1, c1 = 0?, s2) in C there is a rule in  C, namely

tst ı :



s1
→
s2







fst1
(0 < x1) ∧ (x2 = 1) → {x2}

last1







last1
x1 = 1 → {x1}

fst1




The rule checks that the value of the encoding is zero by testing that there are
no processes in state mid1 . This is done by verifying that the process which
is next last in the list is the same as the process which is first in the list. We
identify the next last process in a similar manner to the case with decrementing.
More precisely, we wait until the value of clock x1 of the last process is equal
to one. At that moment, we check the process with clock x2 equal to one, and
check whether that process has a state equal to fst1 . Notice that, clock x2 of
the first process and clock x1 of the last process are now both equal to one
and the encoding is no more proper. In order to be able to obtain a proper
encoding again, we reset both these clocks and interchange the states of the
processes in states fst1 and last1 respectively.

Notice the similarity between the rules tst ı and rotz s
1.

Some remarks about the rule tst ı:

• The rule tst ı is not enabled from an encoding γ with sig(γ) = (s,m1,m2)
and m1 �= 0, since, in such an encoding, values of clocks x1 of the process
in state last1 and x2 of the process in state fst1 are different.

• Sometimes the rule tst ı must be combined with the rotation rules accord-
ing to the same scenarios explained for the decrementing rule.

In a similar way to the previous rules, there is also a rule corresponding to an
instruction of the form ı = (s1, c2 = 0?, s2).

8.5.5 Initialization

The initial phase consists of the following two rules.

init1 :




idlec

→
s′init







idlep

tt → {x2}
fst1







idlep

tt → {x2}
fst2







idlep

tt → {x1}
last1







idlep

tt → {x1}
last2
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init2 :



s′init

→
sinit







fst1
0 < x2 → {x1}

fst1







fst2
tt → {x1}

fst2







last1
tt → {x2}

last1







last2
tt → {x2}

last2




The role of the initialization rules is to bring NC from its initial configuration
(where the controller and all processes are idle) into a configuration which is
an encoding of the initial configuration βinit of C. The rule init1 takes the
controller into the temporary state s′init . It also picks four processes such that
two processes become the first and last processes in the c1-encoding (with value
zero) and the other two processes become the first and last processes in the
c2-encoding (also with value zero). Clock x2 of the first process and clock x1

of the last process are reset. Rule init2 changes the controller state to sinit

and completes the creation of the c1-encoding and c2-encoding. This is done
by first checking that some time has passed (through the guard 0 < x2), and
then resetting both clock x1 of the process which is now in state fst1 (fst2 ),
and clock x2 of the process which is now in state last1 (last2 ).

8.6 Correctness

In this section we prove the correctness of the construction described in Sec-
tion 8.4 and Section 8.5.

Let C = (S, sinit , {c1, c2} , I) be a counter machine and let NC = (QC, C) a
timed network derived from C as described in Section 8.4 and Section 8.5. Let
� and −→ be the transition relations induced by C and NC respectively.

In this section, we show that if sF is a control state in C then the following
holds.

Theorem 8.5. βinit
∗
� sF iff γinit

∗
−→ sF for some initial configuration γinit

of NC.

The proof of Theorem 8.5 is given in Subsections 8.6.1 and 8.6.2 each showing
one direction of the equivalence.

In the proofs we need some definitions. Let N = (Q, ) be a timed network.
We define =⇒r to denote −→Time ◦ −→r ◦ −→Time , i.e. =⇒r corresponds to
performing a discrete transition according to the rule r , preceded and followed
by a timed transition. We define =⇒ to be

⋃
r∈� =⇒r . For a set R ⊆  of rules,

we let γ1 =⇒R γ2 denote that γ1 =⇒r γ2 for some r ∈ R. We use
∗

=⇒,
∗

=⇒r

and
∗

=⇒R to denote the reflexive transitive closure of the respective relations.

We introduce a new type of encodings to describe the effect of the rule inc ı
1.

For m ≥ 1, a configuration γ = (I, q,Q, X) is said to be a semi-c1-encoding
of value m if there is an injection h from {0, . . . ,m+ 1} to I such that the
following conditions are satisfied
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• Q is defined as in a c1-encoding.

• X2(h(0)) = X1(h(1)) < X2(h(m+ 1)) < X2(h(1)).

• X1(h(i)) < X1(h(i+ 1)) for each i : 2 ≤ i ≤ m.

• X2(h(i)) = X1(h(i+ 1)), for each i : 1 ≤ i ≤ m.

A graphical representation of a semi-c1-encoding is shown in Figure 8.3(b).

In a similar manner to a c1-encoding, we use Val1(γ) to denote the value m
of a semi-c1-encoding γ.

A configuration γ = (I, q,Q, X) is said to be a Type 1 semi-encoding if it
satisfies the following two conditions:

• q = tmpı for some increment (of the form ı = (s1, c1++, s2) or of the
form ı = (s1, c2++, s2)).

• γ is both a c2-encoding and a semi-c1-encoding.

In such a case, we define sig(γ) of γ to be the triple (tmp ı,m1,m2), where
m1 = Val1(γ) and m2 = Val2(γ). Also, we define next(γ) to be (s2,m1,m2).
Intuitively, next(γ) is the signature of the configuration which occurs next time
we perform a discrete transition (by rule incı

2) in our simulation.

The notion of a semi-encoding of Type 1 can be extended to a proper semi-
encoding in the same manner as before, i.e. we require clocks of all processes
which are not idle to have values strictly between zero and one. A (proper)
semi-encoding of Type 2 is defined in a similar manner.

8.6.1 if-direction

The if-direction follows immediately from the following lemma.

Lemma 8.6. For any configuration γ = (I, q,Q, X) and initial configuration

γinit in NC, if γinit
∗
−→ γ then one of the following holds.

1. q is not a member of S, (i.e. q is either a temporary state or the state
idlec).

2. γ is an encoding such that βinit
∗
� sig(γ).

Proof. Suppose that γinit
∗
−→ γ. If γinit −→Time γ then the result follows

immediately. Otherwise, γinit
∗

=⇒ γ, i.e., there is a sequence

γinit = γ0 =⇒r0 γ1 =⇒r1 γ2 =⇒r2 · · · =⇒rn−1
γn = γ

Let γi = (I, qi,Qi, Xi) for i : 0 ≤ i ≤ n. We notice that q0 = idlec. By defini-
tion of the rules, it must be the case that r0 = init1 and therefore q1 = s′init .
In other words, both γ0 and γ1 satisfy the claim of the Lemma. Lemma 8.6
follows from the following property:

For each 2 ≤ i ≤ n, it is the case that γi is either
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• an encoding with βinit
∗
� sig(γi); or

• a semi-encoding with βinit
∗
� next(γi).

This property is shown using an induction on i. For the base case we observe
that, by definition of the rules, it follows that r1 = init2 and therefore sig(γ2) =
βinit . For the induction step, we observe that, for each i : 2 ≤ i < n, it follows
from the rule definitions that one of the following cases is satisfied:

1. ri = incı
1 for some ı = (s1, c1++, s2), γi is an encoding with sig(γi) =

(s1,m1,m2), and γi+1 is a Type 1 semi-encoding with sig(γi+1) =
(tmpı,m1 + 1,m2).

2. ri = incı
2 for some ı = (s1, c1++, s2), γi is a Type 1 semi-encoding

with sig(γi) = (tmpı,m1,m2), and γi+1 is an encoding with sig(γi+1) =
(s2,m1,m2).

3. r = decı for some ı = (s1, c1−−, s2), γi is an encoding with sig(γi) =
(s1,m1,m2), m1 > 0, and γi+1 is an encoding with sig(γi+1) =
(s2,m1 − 1,m2).

4. r = rots
1 for some s ∈ S and sig(γi) = sig(γi+1).

5. r = rotz s
1 for some s ∈ S and sig(γi) = sig(γi+1).

6. r = tst ı for some ı = (s1, c1 = 0?, s2), with sig(γi) = (s1, 0,m2) and
sig(γi+1) = (s2, 0,m2).

7. Similar cases corresponding to instructions which change counter c2.

8.6.2 only-if direction

The only-if-direction follows from the following lemma.

Lemma 8.7. If βinit
n
� sF then γinit

∗
−→ sF , for each n ≥ 0 and initial

configuration γinit of N with |γinit | ≥ n+ 4.

The reason for the condition |γinit | ≥ n+ 4 is that the sum of counter values
never exceeds n in the path from βinit to sF . Furthermore, each c1- (or c2)-
encoding uses m+ 2 processes for representing a counter value m. The lemma
then states that the initial configuration, from which we start the simulation of
the path from βinit to sF , should be sufficiently large to incorporate all counter
values which arise along that path.
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Proof of Lemma 8.7

To show Lemma 8.7 we use some definitions.

Let γ = (I, q,Q, X) be a (semi-)encoding. Let i ∈ I be the (unique) index such
that Q(i) = last1 . We define Latest1(γ) = X1(i). In other words, Latest1(γ)
is the highest among values of clocks belonging to processes which are part of
the (semi-)c1-encoding. We define Latest2(γ) in a similar manner, and define
Latest(γ) = max (Latest1(γ),Latest2(γ)).

Let Delay1(γ) be the size of the set J ⊆ I such that j ∈ J iff Q(j) ∈
{fst2 ,mid2 , last2} and Latest1(γ) < X1(j). In other words, Delay1(γ) is the
number of processes which are part of the c2-encoding and which have clocks
with values higher than any clock of a process which is part of the c1-encoding.
We define Delay2(γ) in a similar manner. Notice that it may be the case that
both Delay1(γ) = 0 and Delay2(γ) = 0 (if the maximum clock values are equal
in the c1- and the c2-encoding).

Lemma 8.7 follows immediately from the following lemma.

Lemma 8.8. For each n ≥ 0 and initial configuration γinit , if βinit
n
� β and

|γinit | ≥ n+ 4, then there exists a proper encoding γ such that γinit
∗

=⇒ γ and
sig(γ) = β.

Proof. We prove this lemma by induction on n.

In the base case (n = 0), we have β = βinit and |γinit | ≥ 4. By the definition
of init1, this rule is enabled. Let γ1 be such that γinit −→init1 γ1. Define
γ2 = γ+δ1

1 with 0 < δ1 < 1. We have γ1 −→T=δ1
γ2. Rule init2 is now enabled.

Let γ3 be such that γ2 −→init2 γ3. By definition of init2, γ3 is an encoding and
sig(γ3) = βinit . Let δ2 be such that 0 < δ2 < 1 − Latest(γ3). δ2 exists by the
definition of δ1, init1 and init2. Let γ4 = γ+δ2

3 . γ4 is a proper encoding with
sig(γ4) = βinit . Notice that the transitions −→init1 and −→init2 are enabled
only because |γinit | ≥ 4.

For the induction step, assume that βinit
n+1
� β and |γinit | ≥ n+ 5. We know

that there is a β1 with βinit
n
� β1 � β. By the induction hypothesis, it follows

that there is a proper encoding γ1 such that sig(γ1) = β1 and γinit
∗

=⇒ γ1. We

need to show that there is a proper encoding γ with sig(γ) = β and γ1
∗

=⇒ γ.
This follows from the following lemma.

Lemma 8.9. Let β1 and β2 be configurations of C, where β1 � β2 and β2 is
of the form (s,m1,m2). Let γ1 be a proper encoding such that sig(γ1) = β1

and |γ1| ≥ m1 +m2 + 4. There is a proper encoding γ2 such that sig(γ2) = β2

and γ1
∗

=⇒ γ2.

The proof of Lemma 8.9 follows from Lemma 8.10, Lemma 8.11, Lemma 8.14,
and Lemma 8.15:

• Lemma 8.10 and Lemma 8.11 state that an increment can be simulated
by an application of the rule incı

1 followed by an application of the rule
incı

2.
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• Lemma 8.14 states that a decrement can be simulated by the rule dec ı

possibly preceded and followed by a number of rotations. This lemma
follows from Lemma 8.12 and Lemma 8.13.

• Lemma 8.15 deals with zero testing and is similar to Lemma 8.14.

The condition |γ1| ≥ m1 +m2 +4 in the claim of Lemma 8.9 is relevant only in
Lemma 8.10, since this is the only case where the value of a counter is increased.

Lemma 8.10. Consider an instruction ı = (s1, c1++, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1,m1,m2) and |γ1| ≥ m1 + m2 + 5. There is a
proper semi-encoding γ2 of Type 1 such that sig(γ2) = (tmpı,m1 + 1,m2) and
γ1 =⇒incı

1
γ2.

A similar result holds in case ı is of the form (s1, c2++, s2).

Proof. Since |γ1| ≥ m1 +m2 +5, there is at least one process in γ1 whose state
is idlep (we need m1 +2 processes for the c1-encoding and m2 +2 processes for
the c2-encoding, which means that we have at least one process left to be in
state idlep). This together with the fact that γ1 is a proper encoding implies
that incı

1 is enabled from γ1, i.e., there is configuration γ3 with γ1 −→incı
1
γ3.

Define γ2 = γ+δ
3 where 0 < δ < 1 − Latest(γ3). Such a δ exists by definition

of incı
1 and since γ1 is a proper encoding. By the definitions it follows that

γ2 is a proper semi-encoding of Type 1 with sig(γ2) = (tmpı,m1 + 1,m2) and
γ1 −→incı

1
γ3 −→T=δ γ2.

Lemma 8.11. Consider an instruction ı = (s1, c1++, s2). Let γ1 be a proper
semi-encoding of Type 1 with sig(γ1) = (tmpı,m1,m2). There is a proper
encoding γ2 such that sig(γ2) = (s2,m1,m2) and γ1 =⇒incı

2
γ2.

A similar result holds in case ı is of the form (s1, c2++, s2).

Proof. Since γ1 is a proper semi-encoding of Type 1, it follows that inc ı
2 is

enabled from γ1, i.e., there is a configuration γ3 with γ1 −→incı
2
γ3. Define

γ2 = γ+δ
3 where 0 < δ < 1 − Latest(γ3). Such a δ exists by definition of incı

2

and since γ1 is proper semi-encoding. By the definitions it follows that γ2 is a
proper encoding with sig(γ2) = (s2,m1,m2) and γ1 −→incı

2
γ3 −→T=δ γ2.

Lemma 8.12. Let γ1 be a proper encoding with Delay1(γ1) > 0 and sig(γ1) =
(s,m1,m2). There is a proper encoding γ2 such that Delay1(γ2) = Delay1(γ1)−
1, sig(γ1) = sig(γ2), and either γ1 =⇒rots

2
γ2 or γ1 =⇒rotzs

2
γ2.

A similar result holds in case Delay2(γ1) > 0.

Proof. We distinguish between two cases, namely when m2 > 0 and when
m2 = 0.

First, we assume that m2 > 0. Define γ3 = γ+δ1

1 where δ1 = 1− Latest2(γ1).
Such a δ1 exists since γ1 is a proper encoding. From the definition of δ1 and
the fact that m2 > 0 it follows that rots

2 is enabled from γ3, i.e., there is a γ4

with γ3 −→rots
2
γ4. Define γ2 = γ+δ2

4 where 0 < δ2 < 1−Latest(γ4). Existence
of δ2 follows from the manner in which δ1 is chosen, definition of the rule rot s

2,
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and since γ1 is a proper encoding. By the definitions it follows that γ2 is a
proper encoding with Delay1(γ2) = Delay1(γ1)− 1, and sig(γ2) = sig(γ1).

The case when m2 = 0 is similar. Here we replace the rule rot s2

2 by the rule
rotz s2

2 , and obtain γ1 −→T=δ1
γ3 −→rotzs

2
γ4 −→T=δ2

γ2.

Lemma 8.13. Consider an instruction ı = (s1, c1−−, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1,m1,m2) and m1 > 0. If Delay1(γ1) = 0 then
there is a proper encoding γ2 such that sig(γ2) = (s2,m1 − 1,m2) and one of
the following holds.

1. If Latest1(γ1) > Latest2(γ1) then γ1 =⇒decı γ2.

2. If Latest1(γ1) = Latest2(γ1) and m2 > 0 then γ1 =⇒decı ◦ =⇒rot
s2
2
γ2.

3. If Latest1(γ1) = Latest2(γ1) and m2 = 0 then γ1 =⇒decı ◦ =⇒rotz
s2
2
γ2.

A similar result holds in case ı is of the form (s1, c2−−, s2).

Proof. Define γ3 = γ+δ1

1 where δ1 = 1− Latest1(γ1). Such a δ1 exists since γ1

is a proper encoding. From the definition of δ1 and the fact that m1 > 0 it
follows that decı is enabled from γ3, i.e., there is a γ4 with γ3 −→decı γ4. Now
there are three cases depending on the values of Latest 1(γ1) and Latest2(γ1) as
follows:

1. If Latest1(γ1) > Latest2(γ1) then define γ2 = γ+δ2

4 where 0 < δ2 <
1 − Latest(γ4). Existence of δ2 follows from the manner in which δ1 is
chosen, definition of the rule decı, and since γ1 is a proper encoding.
By the definitions it follows that γ2 is a proper encoding with sig(γ2) =
(s2,m1 − 1,m2), and γ1 −→T=δ1

γ3 −→decı γ4 −→T=δ2
γ2.

2. If Latest1(γ1) = Latest2(γ1) and m2 > 0. It follows that clock x1 of
the last process in the c2-encoding has value 1 in γ4. Therefore, the
rule rots2

2 is enabled from γ4, i.e., there is a γ5 with γ4 −→rot
s2
2

γ5.

Define γ2 = γ+δ2

5 where 0 < δ2 < 1 − Latest1(γ5). Existence of δ2
follows from the manner in which t1 is chosen, definitions of the rules
decı and rots2

2 , and since γ1 is a proper encoding. By the definitions it
follows that γ2 is a proper encoding with sig(γ2) = (s2,m1 − 1,m2), and
γ1 −→T=δ1

γ3 −→decı γ4 −→rot
s2
2
γ5 −→T=δ2

γ2.

3. If Latest1(γ1) = Latest2(γ1), but m2 = 0. The proof is similar to the
previous case. Here, we use the rule rotz s2

2 instead of the rule rots2

2 and
obtain γ1 −→T=δ1

γ3 −→decı γ4 −→rotz
s2
2
γ5 −→T=δ2

γ2.

From Lemma 8.12 and Lemma 8.13 we get the following.
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Lemma 8.14. Consider an instruction ı = (s1, c1−−, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1,m1,m2) and m1 > 0. There is a proper encoding
γ2 such that sig(γ2) = (s2,m1 − 1,m2) and

γ1
∗

=⇒{rots1
2

,rotz
s1
2 }

◦ =⇒decı ◦
∗

=⇒{rots2
2

,rotz
s2
2 }

γ2

A similar result holds in case ı is of the form (s1, c2−−, s2).

The proof of the following lemma is similar to the proof of Lemma 8.14.

Lemma 8.15. Consider an instruction ı = (s1, c1 = 0?, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1, 0,m2). Then there is a proper encoding γ2 such
that sig(γ2) = (s2, 0,m2) and

γ1
∗

=⇒{rots1
2

,rotz
s1
2 }

◦ =⇒tstı ◦
∗

=⇒{rots2
2

,rotz
s2
2 }

γ2

A similar result holds in case ı is of the form (s1, c2 = 0?, s2).

8.7 Remark

The termination of the algorithm for TN(1)-Reach given in [9] depends on
the theory of well-quasi-ordering. They give a backward analysis for single-
clock timed networks, similar to that shown in Chapter 4. The paper [9] uses
constraints similar to the regions shown for backward analysis for TPNs (Chap-
ter 4). Backward analysis also needs that the ordering on the constraints for
the model to be a well-quasi ordering. To use backward analysis for multi-clock
timed networks, one might think of extending the constraint system of TN(1)
by additionally requiring that clocks belonging to the same process have edges
connecting them. In the following, we show an example of such a possible
constraint for TN(2).

Example 8.16. Consider max = 1. Figure 8.7(a) shows such a constraint for
TN(2) with three processes and Figure 8.7(b) shows a configuration satisfying
such a constraint. The upper part of each circle in the constraint contains pairs
of the form (process state, integral part of x1 clock of the process) and its lower
part contains pairs of the form (process state, integral part of x2 clock of the
process). Edges connect clocks belonging to the same process. �

Then the ordering � for TN(K) should satisfy the following requirement. If
the pairs p(k1), p(k2) in c1 are mapped to pairs p(k3) and p(k4) respectively in
c2 and the pair p(k1) is connected to p(k2) by an edge, then there must be an
edge between the pairs p(k3) and p(k4).

Now we show that there is an infinite sequence c1 �� c2 �� . . . of such constraints
for TN(2) (shown in Figure 8.8) which violates the well-quasi-ordering property.
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Figure 8.7: (a) A constraint for TN(2). (b) A configuration of TN(2) satisfying
the constraint.
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Figure 8.8: Graphical representation of an infinite non-well-quasi ordered se-
quence of constraints of TN(2).

8.8 Related Work

Most works on verification of parameterized systems consider the case where
each component is a finite-state system. Applications include cache coherence
protocols [52, 57], broadcast protocols [64], mutual exclusion protocols with
linear topologies [94], etc.

In [24] a method is given for translating a timed automaton with several clocks
into the parallel composition of a finite number of automata each operating on
a single clock. This may give the impression that reachability problems for
multi-clock TNs can in a similar way be reduced to corresponding problems for
single-clock TNs. However, the construction given in [24] will not work in our
case. The reason is that, due to the unbounded number of timed processes, it
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is not possible to keep track of clocks belonging to the same process.

The works in [21, 20] consider timed automata which are parameterized in
the the following sense: transitions are guarded with predicates which compare
clocks (and counters) with parameters possibly ranging over infinite domains.
The models used in these papers assume a finite number of clocks and are
therefore orthogonal to the models considered in this thesis.

We assume a lazy behaviour for TNs. This means that we may choose to let
time pass instead of performing discrete transitions, even if that makes these
transitions disabled, due to some of the clocks becoming “too old”. In fact, we
can use the techniques in [89] to show that, in the case of urgent behaviour,
the controller state reachability is undecidable even for single-clock TNs.



Chapter 9

Discrete-Timed Networks

In the last chapter, we showed the undecidability of controller state reachability
problem for timed networks with just 2 clocks per process. In this chapter, we
show that the problem becomes decidable when the clocks range over a discrete
time domain. We consider the controller state reachability problem for Discrete
Timed Networks (DTNs) : timed networks in which the clocks assume values
from the set of natural numbers. The decidability result holds regardless of the
number of clocks allowed inside each timed process. We show decidability using
the theory introduced in [9, 14] for verification of well-quasi-ordered constraint
systems. The idea of the proof is to define an ordering on configurations of the
DTN. The ordering amounts to counter abstraction: for each configuration we
count the number of processes which are in a given state and whose clocks are
equal to some given values. We show that such an abstraction induces a well
quasi-ordering.

9.1 Discrete Timed Networks (DTN)

The syntax of a DTN is the same as that of a TN (see Section 8.1). A config-
uration is also of the same form as in a TN. The behaviour of a DTN differs
from that of a TN in two aspects, namely

• In a configuration (I, q,Q, X), the type of X is {1, . . . ,K} → I → N, i.e.,
clocks have values which are natural numbers rather than reals.

• Timed transitions take only discrete steps, i.e., γ1 −→T=t γ2 if γ2 = γ+t
1

where t ∈ N. Discrete transitions are defined in a similar manner to TN.

Thus, the transition relation −→ defined in Section 8.1 is adapted to DTN as
described above.

9.1.1 Ordering

We define an ordering � on the set of configurations Γ of a DTN N with K
clocks as follows. To define �, we first introduce a function

� : Qproc × {0, . . . ,max + 1}K → Γ → N
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where max is the maximum natural number which occurs in the definitions of
the rules in the DTN. Given p ∈ Qproc , m1, . . . ,mK ∈ {0, . . . ,max + 1}, and
γ = (I, q,Q, X) we define �(p,m1, . . . ,mK)(γ) to be the size of the largest set
I1 ⊆ I such that for each index i ∈ I1, Q(i) = p and for each k : 1 ≤ k ≤ K,
one of the following conditions holds

• X(k)(i) = mk and mk ≤ max .

• X(k)(i) > mk and mk = max + 1.

In other words, �(p,m1, . . . ,mK)(γ) counts the number of processes in γ
whose states are p and whose clock values are given by m1, . . . ,mK respec-
tively (we identify clock values larger than max ). For γ = (I, q,Q, X) and
γ′ = (I ′, q′,Q′, X ′) ∈ Γ, we use γ � γ′ to denote that the following two condi-
tions hold:

• q = q′

• �(p,m1, . . . ,mK)(γ) ≤ �(p,m1, . . . ,mK)(γ′) for each p ∈ Qproc ,
m1, . . . ,mK ∈ {0, . . . ,max + 1}.

Thus, the ordering � is trivially computable. Well quasi-ordering of � follows
from Dickson’s Lemma [54]: according to the ordering, we can represent a
configuration by a tuple (controller state, vector of natural numbers), where
each entry of the vector is indexed by a tuple of the form (p,m1, . . . ,mK) and
the set of states of the controller and the set of vectors of natural numbers are
both well-quasi-ordered.

Lemma 9.1. The ordering � on the set of configurations of a DTN is a well-
quasi-ordering.

The Problem DTN(K)-Reach is defined in the same manner as TN(K)-Reach
except that the timed network N in the definition of the problem is now given
a discrete interpretation as described above.

In this section we show the following.

Theorem 9.2. DTN(K)-Reach is decidable for each K ∈ N.

The proof follows from the following observation. In Chapter 4, it is shown that
the following conditions are sufficient for decidability of coverability problem
for DTNs.

• A constraint c of TN is syntactically the same as a configuration of N .
However, [[c]]↑ = {c} ↑ is an upward closed set of configurations where
{c} ↑ is upward closed with respect to �.

• For a constraint c , the set Pre({c}) is finite and computable (shown
in Lemma 9.3 in the following). For a set C of constraints Pre(C) =⋃

c∈C
Pre(C).
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• The ordering � on the set of constraints is decidable (shown above) and
it is a well-quasi-ordering (Lemma 9.1).

Lemma 9.3. For each constraint c, we can compute Pre(c) as a finite set of
constraints.

Proof. Given a constraint c, we compute Pre(c) as follows. Since, −→=−→Time

∪
⋃

r∈� −→r , we compute Pre(c) = PreT(c) ∪
⋃

r∈� Pre r(c) where PreT (c)

characterizes the set of configurations from which we reach [[c]]↑ through passage
of time and Prer(c) does the same through execution of a rule r .

For a constraint c = (I, q,Q,X), we define minc(c) to be the minimum value in
the set {Xk(i) | 1 ≤ k ≤ K ∧ i ∈ I}, i.e, minc(c) denotes the minimum clock
value which occurs in c. We compute PreT (c) as follows.

PreT (c) =
{
c−δ | 0 ≤ δ ≤ minc(c)

}

where c−δ is defined in a manner similar to the definition of γ+δ (recall timed
transitions in Chapter 8).

Next, we show how to compute Prer. Given a constraint c = 〈I′, q′0,Q
′,X′〉

and a rule r ∈  of the form



q0
→
q′0







q1
g1 → R1

q′1


 · · ·




qn
gn → Rn

q′n




we compute a finite set C of constraints such that Pre r (c) = min(C). We
define C to be the set of all constraints of the form 〈I, q0,Q, X〉 such that there
are three pairwise disjoint sets changing, unchanged and guarding of indices
and the following holds.

• I ′ = changing ∪ unchanged ,

• I = changing ∪ unchanged ∪ guarding, and

• there is a bijection h : changing∪guarding → {1, . . . , n}, which satisfies
the following conditions.

1. Q(j) = qh(j), and the guard gh(j)(X1(j), . . . , XK(j)) holds. Fur-
thermore, X(k)(j) ∈ {0, . . . ,max + 1}, for each j ∈ (changing ∪
guarding) and for each k : 1 ≤ k ≤ K.

2. Q′(j) = q′h(j) for j ∈ changing.

3. Q′(j) = Q(j) for j ∈ unchanged .

4. For each k : 1 ≤ k ≤ K, X ′
k(j) = 0 if j ∈ changing and xk ∈ Rh(j).

5. For each k : 1 ≤ k ≤ K and for each j such that either j ∈ changing
and xk �∈ Rh(j), or j ∈ unchanged , Xk(j) = min(max+ 1, X ′

k(j)).

Observe that
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• The set guarding of indices with size m can correspond to infinitely many
sets of the same size. We equate all of them modulo renaming. There-
fore, the sets changing, unchanged , guarding are finite and effectively con-
structible.

• The conditions on the controller states are implicitly included by our no-
tation, which requires the controller states of c and c′ to be the controller
states of r .

• The correctness of the above algorithm can be shown in a similar manner
to the proofs in [9].

9.2 Complexity

Next we show the complexity of the coverability problem for DTNs using the
results for lossy counter machines.

Theorem 9.4. DTN(1)-Reach has nonprimitive recursive complexity.

First we recall the definitions of lossy counter machines from Chapter 7. The
problem LCM-Reach is defined in the same manner as CM-Reach.

Theorem 9.5. Coverability and termination for lossy counter machines have
nonprimitive recursive complexity.

Using the technique in [125] for lossy channel systems, it is straightforward to
prove Theorem 9.5 (as claimed in [125]).

Now we sketch the proof of Theorem 9.5. The idea is to construct a timed net-
work simulating a LCM. The construction is very similar to that in Chapter 7
and omitted here. Additionally, we use an initialization rule similar to those in
Chapter 8. We can show the correctness of this construction as in Chapter 8.
This construction and Theorem 9.5 imply Theorem 9.4.

Remark: Notice that the algorithm for verifying parameterized systems given
by [71] has double exponential time as the worst-case complexity in contrast
with the non-primitive recursive complexity for analysing parameterized timed
systems.

9.3 Discussions

We have shown decidability of the problem when clocks are interpreted over a
discrete time domain.

The ordering we provide for proving decidability of DTN corresponds to an
abstraction of configurations where we count the number of processes which are
in a certain state and which have certain clock values. In a similar manner to
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[71] we can view this abstraction as a “Petri net”-like model where each place
corresponds to one combination of process states and clock values. In contrast
to [71], the transitions in the abstract model do not correspond to those of a
Petri net. The main difference is that a timed transition simultaneously moves
all tokens from each place, corresponding to a certain clock value, to the place
corresponding to the next clock value. Comparing to the model of Transfer
Nets [68], a timed transition here corresponds to “parallel transfers”, i.e. a set
of transfers which are performed simultaneously. An alternative way to prove
our decidability result would be to simulate a DTN by a transfer net. One
ingredient in such a simulation is to simulate parallel transfers by sequences of
transfer operations.





Chapter 10

Timed Networks : Syntactic Subclasses, Semantic
Variants

In Chapter 8, we showed that the controller state reachability problem for
multi-clock timed networks is undecidable for clocks ranging over a real-time
domain. One may wonder what happens if we consider timed networks with
clocks over dense-timed domain, but restrict their excessive expressive power
due to their ability to differentiate points in time with infinite precision. In fact,
this complaint has already been raised against the model of timed automata
[19] by [80, 118]. This makes algorithmic analysis of timed automata hard
in many cases. For instances, checking emptiness is PSPACE-complete, while
checking universality is undecidable for this model. Two classes of methods
have already been suggested to remedy this problem for timed automata:

• The use of digitization techniques [83]. The idea is to identify subclasses
of timed automata for which verification problems can be reduced from
the dense time domain to the discrete one. This either yields speeding-
up of the verification problem, or implies decidability of problems which
are undecidable in the general case. A class of timed automata which
allow digitization is closed timed automata [80, 111, 110] in which only
non-strict clock constraints are allowed (of the form x ≤ 3 or x ≥ 2).

• To restrict the model of timed automata so that checking exact equality
of clock values is prohibited. This restriction can be achieved syntacti-
cally through the use of open timed automata [80, 111, 110]. In an open
automaton only strict clock constraints are allowed (of the form x < 3 or
x > 2). The restriction can also be achieved semantically by considering
a robust semantics [80, 81, 110] where a computation is accepted to be
valid if and only if neighbouring computations are also accepted. How-
ever, [110] shows that expressive powers of the timed automata under
standard and robust semantics are incomparable.

The complaint about the excessive power of timed automata is equally valid
in the case of timed networks. We consider subclasses of timed networks based
on similar restrictions to the ones mentioned above.

In this chapter, first we introduce closed timed networks (CTNs) and open
timed networks (OTNs). Using a similar idea to [111], we show that digitization
is applicable to CTNs. This reduces controller state reachability for CTNs to
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the same problem for discrete timed networks. The latter problem is shown
to be decidable in Chapter 9. This result is of practical relevance since any
timed network can be safely infinitesimally over-approximated by a closed timed
network.

Furthermore, we show undecidability of controller state reachability for OTNs.
The undecidability result is shown through a reduction from the reachability
problem for 2-counter machines. The undecidability result strengthens the
result in Chapter 8, in the sense that (i) it shows undecidability for a subclass
of that in Chapter 8; and (ii) it uses an encoding which does not rely on using
equality for clock values.

Finally, we consider robust semantics of timed networks by introducing timing
fuzziness through semantic removal of equality testing. We show undecidability
of controller state reachability for TNs under the robust semantics. This is
achieved by reducing the problem for OTNs under the standard semantics to
the problem for OTNs under the robust semantics.

10.1 Closed Timed Networks

In this section, we show that the controller state reachability problem for a
subclass of timed networks, called closed timed networks is decidable.

Closed Timed Network A closed timed network is a timed network in which
guarded commands in the rules may only contain a negation-free boolean com-
bination of predicates of the form k ≤ x or k ≥ x where x ∈ {x1, . . . , xK}.

We define the controller state reachability problem for closed timed networks
with K clocks (CTN(K)-Reach) in the obvious manner.

Theorem 10.1. CTN(K)-Reach is decidable.

To prove Theorem 10.1, we reduce CTN(K)-Reach to the controller state
reachability problem for discrete timed networks, which is already shown to be
decidable in Chapter 9.

The rest of this section proves Theorem 10.1.

First we recall the digitization technique introduced in [83]. Let δ ∈ R+ and let
0 ≤ ε < 1 be real numbers. If fract(δ) < ε, let [δ]ε = �δ�, otherwise [δ]ε = #δ$.
The [.]ε operator therefore shifts the value of a real number δ to the preceding
or the following integer, depending on whether the fractional part of δ is less
than ε or not.

From Theorem 9.2, we know that DTN(K)-Reach is decidable. To de-
cide CTN(K)-Reach, we reduce the problem CTN(K)-Reach to the problem
DTN(K)-Reach. Given a closed timed network N1 = (Q, ), we shall consider
a discrete timed network N2 = (Q, ), which are syntactically identical. We
show that for any initial configuration γinit and a controller state sF , there
is an γinit -computation in N1 which leads to the final state sF iff there is a
γinit -computation leading to the final state sF in the derived N2.
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The direction from right to left is straightforward.

We give the proof for the other direction. Suppose γinit
∗
−→ sF , i.e, there is a

γinit -computation π given by γinit = γ0 −→T=δ1
γ′1 −→r1 γ1 −→T=δ2

γ′2 −→r2

γ2 . . . −→T=δn
γ′n −→rn

γn = γ in N1, where δi ≥ 0 for i : 1 ≤ i ≤ n. Let γj

be of the form (I, qj ,Qj , Xj).

Given any ε : 0 ≤ ε < 1, we define a χ0-computation in N2 such that
χ0 −→T=δ′

1
χ′

1 −→r1 χ1 −→T=δ′

2
χ′

2 −→r2 χ2 . . . −→rn
χn as follows.

Define χ0 = γ0, and for j : 1 ≤ j ≤ n, define χj =
(
I, qj ,Qj , X

′
j

)
:

1. X ′
j(k)(i) = [δ1 + · · ·+ δj ]ε − [δ1 + · · ·+ δl]ε, where l is the largest natural

number ≤ j such that the rule rl resets the clock xk.

2. X ′
j(k)(i) = [δ1 + · · ·+ δj ]ε if the clock xk is never reset.

We define χ′
j in a similar manner to γ ′j . Furthermore, we define δ′1 = [δ1]ε and

δ′j = [δ1 + · · ·+ δj ]ε − [δ1 + · · ·+ δj−1]ε for j > 1.

We show that π′ is a computation in N2:

• From the definition of χj−1, χ
′
j and δ′j and the fact that γj−1 −→T=δj

γ′j ,
it is clear that χj−1 −→T=δ′

j
χ′

j for j : 1 ≤ j < n. Notice that δ′j ≥ 0.

• To show χ′
j −→rj

χj , we conclude first that rj is enabled from χ′
j . This

follows from the definition of χ′
j , the fact that rj is enabled from γ′j and

the fact that, given ξ1, ξ2, ε ∈ R≥0 and k ∈ N:

– ξ1 − ξ2 ≤ k =⇒ [ξ1]ε − [ξ2]ε ≤ k.

– ξ1 − ξ2 ≥ k =⇒ [ξ1]ε − [ξ2]ε ≥ k.

From the definition of χ′
j , χj , enabling of the rule rj from χ′

j and the fact
that γ′j −→rj

γj , it is clear that χ′
j −→rj

χj for j : 1 ≤ j ≤ n.

Therefore π′ is a computation in N2. Theorem 10.1 follows from this, the fact
that each γj has the same controller state as χj and Theorem 9.2.

Example 10.2. Figure 10.1 shows graphical representation of a computation
in a closed timed network with two clocks starting from a configuration given
by ({1, 2, 3} , q,Q, X) where Q(1) = q1,Q(2) = q2,Q(3) = q3 and Xk(j) = 0
for j ∈ {1, 2, 3} and k ∈ {1, 2}. Notice that r0, r1 and r2 resets the clocks
(X1(2), X2(3)), (X2(1)) and (X1(1), X2(1)) respectively. Also, given ε = 0.8,
we have δ′0 = [1.5]ε = 1, δ′1 = [1.8]ε−[1.5]ε = 2−1 = 1 and δ′2 = [3.9]ε−[1.8]ε =
4− 2 = 2. From this, it is easy to see the effect of the discrete transitions. �

Example 10.3. As in Figure 10.1, Figure 10.2 shows graphical representation
of a computation in a closed timed network with two clocks starting from the
same configuration given by ({1, 2, 3} , q,Q, X) with q,Q, X as before. We also
consider the same time lapses and the same set of rules. However, in this
case ε = 0.2, we have δ′0 = [1.5]ε = 2, δ′1 = [1.8]ε − [1.5]ε = 2 − 2 = 0 and
δ′2 = [3.9]ε− [1.8]ε = 4−2 = 2. Again, it is easy to see the effect of the discrete
transitions. �
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Figure 10.1: Simulating a computation of a CTN by a computation in a DTN
for ε = 0.8.

10.2 Open Timed Networks

In this section, we strengthen the undecidability result of Chapter 8 by showing
undecidability of the controller state reachability problem for a subclass of
timed networks, namely open timed networks.

Open Timed Network An open timed network is a timed network in which
guarded commands in the rules may only contain a negation-free boolean com-
bination of predicates of the form k < x or k > x where x ∈ {x1, . . . , xK}.

We define the controller state reachability problem for open timed networks
with K clocks (OTN(K)-Reach) in the obvious manner.

Theorem 10.4. OTN(2)-Reach is undecidable.

Notice that Theorem 10.4 implies Theorem 8.2. But the encoding of transitions
in 2-counter machine is more involved for OTNs.
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Figure 10.2: Simulating a computation of a CTN by a computation in a DTN
for ε = 0.2.

10.2.1 Encoding of Configurations

We show undecidability of OTN(2)-Reach through a reduction from CM-Reach.
Given a counter machine C = (S, sinit , {c1, c2} , I), we shall derive an open
timed network OC = (QC, C) with two clocks. First we describe how to
construct the set QC. Then, we describe how configurations of C are encoded
as configurations of OC.

States According to the model described in Section 8.1, the set QC will consist
of two disjoint sets of states: the set Qctrl

C
of controller states and the set Qproc

C

of process states. As in Section 8.4, the set Qctrl
C

contains a special state, called
idlec and the local states of C. Furthermore, Qctrl

C
also contains the Temporary

states described below:

• three states tmpı
1, tmpı

2, tmpı
3 for each increment instruction ı ∈ I,

• two states tmpı
1, tmpı

2 for each zero-testing instruction ı ∈ I,
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• four states tmps
11, tmps

12, tmps
21 and tmps

22, for each controller state s ∈ C,
and

• three states s1init , s
2
init , s

3
init (recall that sinit is the initial local state of

C). These three states are used as intermediate states in the initialization
phase of the simulation (Section 10.2.2).

The set Qproc
C

contains the two types of states described in Section 8.4 for NC.
Additionally, it contains a temporary state fstı for each increment instruction
ı. This state is used as an intermediate state in the simulation of incrementing
instructions.

Encodings As in Section 8.4, each configuration β of C will be encoded by a set
of configurations inOC. A counter encoding inOC can be explained in a manner
similar to that in NC in Section 8.4. The difference of this encoding with the
encoding in Section 8.4 is roughly as follows. The encoding of Section 8.4 needs
to have clock x2 of each process (except the last one) exactly equal to clock x1

of the next process. For OTNs, we need clock x2 of each process to be strictly
larger than clock x1 of the next process (again, except the last process).

Formally, a configuration γ = (I, q,Q, X) is said to be a c1-encoding of value
m if there is an injection h from the set {0, . . . ,m+ 1} to I such that the
following conditions are satisfied.

• Q(h(0)) = fst1 , Q(h(m + 1)) = last1 , and Q(h(i)) = mid1 for each
i : 1 ≤ i ≤ m.

• Q(j) ∈ {idlep , fst2 ,mid2 , last2} if j ∈ I \ range(h).

• X1(h(i)) < X2(h(i− 1)) for each i : 1 ≤ i ≤ m+ 1.

• X2(h(i)) < X1(h((i+ 2))), for each i : 0 ≤ i ≤ m− 1.

• X2(h(m+ 1)) < X1(h(0)) < X1(h(1)).

The first two conditions are same as those for a c1-encoding of value m in
NC of Section 8.4 and can be explained in a similar manner. The last three
conditions show how the processes which are part of a c1-encoding are ordered
as a circular list. The position of each process in the list is reflected by values
of its clocks x1 and x2. More precisely, condition three says that except the
first process, clock x1 of each process in the list is strictly smaller than clock
x2 of the previous process. Condition four says that clock x2 of each process
is less than clock x1 of the second process to its right (except the last two
processes). Finally the last condition states that clock x2 of the last process is
strictly less than the clock x1 of the first process, which is again strictly less
than the clock x1 of the second process. We use Val 1(γ) to denote the value
m of a c1-encoding γ.

Example 10.5. Figure 10.3(a) shows a c1-encoding of value 2. Figure 10.3(b)
shows a graphical representation of the ordering among clock values. In Sec-
tion 10.2.2, we shall use such a graphical representation to explain the different
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Figure 10.3: (a) a c1-encoding. (b) Graphical representation of ordering among
clocks in c1-encodings.

steps in the simulation of C. Each process is denoted by an edge whose end
points are its two clocks and the arrow is at clock x2. Such an edge is la-
belled by the current state of the process. Clock values in the list are strictly
increasing from left to right. �

A c2-encoding and its value Val 2(γ) are defined in a similar manner. Fur-
thermore, the notion of (proper) encoding of NC carries over to the case of
OC.

10.2.2 Encoding of Transitions

Next we perform the second step in deriving the open timed network OC =
(QC, C) from the counter machine C = (S, sinit , {c1, c2} , I). More precisely,
we describe the set of rules  C. The set  C contains the following rules:

Incrementing For each instruction ı = (s1, c1++, s2) in I there are four rules
in  C, namely

incı
1 :




s1
→

tmpı
1







last1
0 < x2 → ∅

last1







idlep

tt → {x2}
fstı




incı
2 :




tmpı
1

→
tmpı

2







fstı
0 < x2 → ∅

fstı







fst1
tt → {x1}

fst1




incı
3 :




tmpı
2

→
tmpı

3







fst1
0 < x1 → ∅

mid1







fstı
tt → {x1}

fst1




incı
4 :




tmpı
3

→
s2







fst1
0 < x1 → ∅

fst1







last1
tt → {x2}

last1
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Figure 10.4: Simulating (s1, c1++, s2) on a c1-encoding

The total effect of the four rules is to increment the value of a c1-encoding by
adding one more process to the list. The rule inc ı

1 picks a process in state idlep

and changes its state to fstı. The new process will be placed first in the list.
Furthermore, the rule resets clock x2 of the new process in state fstı. The result
of applying rule incı

1 on a c1-encoding of value 0 is shown in Figure 10.4(b).

Rule incı
2 resets clock x1 of the process which is now in state fst1 and will

be placed second in the list. This is done in order to maintain the invariant
that clock x1 of each process (except the first process) is strictly less than
the clock x2 of the previous process (recall the definition of an encoding from
Section 10.2.1). The result of applying rule inc ı

2 is shown in Figure 10.4(c).

Rule incı
3 resets clock x1 of the process which is now in state fstı. It also

changes the states of the processes in fst1 and fstı to states mid1 and fst1
respectively. This is done in order to maintain the invariant that clock x1 of
the first process is strictly less than the clock x1 of the second process in the
list (recall the definition of an encoding from Section 10.2.1). The result of
applying rule incı

3 is shown in Figure 10.4(d). Rule incı
4 resets clock x2 of

the process which is now in state last1 . This is done in order to maintain the
invariant that clock x2 of the last process is strictly less than the clock x1 of the
first process in the list (recall the definition of an encoding from Section 10.2.1).
The result of applying rule incı

4 is shown in Figure 10.4(e).

Some remarks about rules incı
1,incı

2,incı
3 and incı

4:

• After execution of incı
1 (incı

2, incı
3 resp.), the controller will be in state

tmpı
1 (tmpı

2, tmpı
3 resp.) and therefore incı

2 (incı
3, incı

4 resp.) is the only
rule which may eventually be enabled after execution of inc ı

1 (incı
2, incı

3

resp.).

• The guard 0 < x2 in the definition of incı
1 and incı

2 and the guard
0 < x1 in the definition of the rules incı

3 and incı
4 can be explained

in a manner similar to the guards in the incrementing rules of NC (Sec-
tion 8.5).

• After application of incı
4, the resulting encoding will not be proper. As
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in Section 8.5, we can re-create a proper encoding by letting time pass
through a timed transition.

Also, for each instruction of the form (s1, c2++, s2), there are four rules similar
to the rules described above (replacing the states fst1 , mid1 , and last1 by fst2 ,
mid2 and last2 , respectively).

Decrementing For each instruction ı = (s1, c1−−, s2) in I there is a rule in
 C, namely

decı :



s1
→
s2







last1
(0 < x2) ∧ (x1 < 1) → ∅

idlep







mid1

1 < x2 → {x2}
last1




The rule decı decrements the value of a c1-encoding by removing the last process
of the list. More precisely, it changes the state of the last process to idlep (i.e.
removes that process from the list), and changes the state of the process which
is next last from mid1 to last1 . In order to do that, we have to be able to
identify the process which is next last in the list. Since all processes in the
middle of the list are in state mid1 , we cannot identify the next last process
simply by checking process states. Instead, we wait until the value of clock x2

of the process (next last) in the state mid1 is greater than one, but the clock
x1 of the process in last1 is still less than 1. Figure 10.5 shows the effect of
applying the rule to a c1-encoding of value 2.

mid1fst1
(a) (b)mid1 mid1

last1

fst1

last1

Figure 10.5: Simulating (s1, c1−−, s2) on a c1-encoding

As in Section 8.5, decrementing may result in an improper encoding. In order,
to keep the possibility of maintaining proper encodings in our simulation, we
combine the rule decı with the rotation rules described below.
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Rotation For each state s ∈ S, the set  C contains the following four rules

rots
2,1 :




s

→
tmps

21







fst2
tt → {x1}

fst2







last2
0 < x2 → ∅

last2




rots
2,2 :




tmps
21

→
tmps

22







fst2
0 < x1 → ∅

mid2







mid2

1 < x2 → ∅
last2







last2
x1 < 1 → {x1}

fst2




rots
2,3 :




tmps
21

→
tmps

22







fst2
(0 < x1) ∧ (1 < x2) → ∅

last2







last2
x1 < 1 → {x1}

fst2




rots
2,4 :




tmps
22

→
s







fst2
0 < x1 → ∅

fst2







last2
tt → {x2}

last2




Recall that (from Section 8.5) if ı = (s1, c1−−, s2) then applying a rule
decı will not give a proper encoding in case the c2-encoding has clocks with
greater values than the clocks of the processes in the c1-encoding. The role
of rots

2,1, rot
s
2,2, rot

s
2,4 then is to decrement clock values of processes which

are part of a c2-encoding of positive value while preserving the signature of the
whole encoding. The rule rots

2,3 is used instead of the rule rots
2,2 when we

use the rotation of a c2-encoding of value 0. More precisely,

• rots
2,1 resets the clock x1 of the process in state fst2 . This process will be

made second in the list by the next executed rule, i.e. rot s
2,2.

• rots
2,2 resets the clock x1 of the process in last2 and makes this process

first in the list. This rule also changes the state of the next last process
to last1 and the state of the second process (previously in fst1 ) to mid1 .
The identification of the next last process is the same as that in case
of decrementing. The explanation of rot s

2,3 is similar, but rots
2,3 is only

applied if the c2 encoding has value 0.

• rots
2,4 resets the clock x2 of the process currently in state last2 .

This again amounts to a rotation of the list corresponding to the c2-encoding
of non-zero positive value. Figures 10.6(b), (c) and (d) graphically show the
effect of applying these rules to a c2-encoding of value 1 in Figure 10.6(a).

last2

mid2

(b)

fst2 last2mid2fst2

(c)
last2

fst2 mid2

(d)
last2

fst2 mid2

(a)

Figure 10.6: Rotation of c2-encoding of value 1.
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fst1

(a)

fst1 fst1

(c)

fst1last1

(b) (d)
last1

last1
last1

Figure 10.7: Simulating (s1, c1?0, s2) on a c1-encoding of value zero.

There are also similar rules rots
1,1, rots

1,2, rots
1,3, and rots

1,4, which are used
to rotate a c1-encoding and which are used in connection with rules of the form
decı with ı = (s1, c2−−, s2).

Zero Testing For each instruction ı = (s1, c1 = 0?, s2) in I there are rules in
 C , namely tst ı

1, tst
ı
2 and tst ı

3. These three rules check that the value of the
encoding is zero by testing that there are no processes in state mid1 . This is
done by verifying that the process which is next last in the list is the same as
the process which is first in the list in a manner similar to the decrementing
rule.

For each instruction ı = (s1, c1 = 0?, s2) in C there are three rules in  C,
namely

tst ı
1 :




s1

→
tmpı

1







fst1
tt → {x1}

fst1







last1
0 < x2 → ∅

last1




tst ı
2 :




tmpı
1

→
tmpı

2







fst1
(0 < x1) ∧ (1 < x2) → ∅

last1







last1
x1 < 1 → {x1}

fst1




tst ı
3 :




tmpı
2

→
s2







fst1
0 < x1 → ∅

fst1







last1
tt → {x2}

last1




The rules interchange the processes in states fst1 and last1 and reset the
appropriate clocks to preserve the invariants of an encoding in a manner similar
to the rotation rules described above. The explanation of the rules tst ı

1, tst
ı
2 and

tst ı
3 is in fact, similar to those for the rules rot s

1,1, rot
s
1,3 and rots

1,4 respectively.
Sometimes before applying the rules for zero-testing, one has to apply the
rotation rules according to the same scenarios explained for the decrementing
rule.

Also, there are similar rules in  C for each instruction of the form ı =
(s1, c2 = 0?, s2).

Figure 10.7 shows the effect of applying the rule to a c1-encoding of value 0.

Initialization The initial phase consists of the following four rules.
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init1 :




idlec

→
s1init







idlep

tt → {x2}
fst1







idlep

tt → {x2}
fst2




init2 :



s1init

→
s2init







fst1
0 < x2 → ∅

fst1







idlep

tt → {x1}
last1







idlep

tt → {x1}
last2




init3 :



s2init

→
s3init







fst1
tt → {x1}

fst1







fst2
tt → {x1}

fst2







last1
0 < x1 → ∅

last1




init4 :



s3init

→
sinit







fst1
0 < x1 → ∅

fst1







last1
tt → {x2}

last1







last2
tt → {x2}

last2




The role of the initialization rules is to bring OC from its initial configuration
(where the controller and all processes are idle) into a configuration which is
an encoding of the initial configuration βinit of C.

The first rule init1 takes the controller into the temporary state s1
init . It also

picks two idle processes to be the first processes in the c1-encoding and c2-
encoding (each with value zero). Clock x2 of both the processes are reset.
The second rule init2 changes the controller state to s2init and picks two more
processes to be the last processes in the c1-encoding and c2-encoding. This
rule is enabled if the clock x2 of the process fst1 is strictly larger than 0. Also,
clock x1 of both the new processes are reset. The third rule init 3 is enabled
when the clock x1 of the process last1 is greater than 0. and it changes the
controller state to s3init . It also resets the clock x1 of the processes in state fst1
and fst2 respectively. The fourth rule init4 changes the controller state to sinit .
It also resets the clock x2 of the processes in state last1 and last2 respectively
and completes the creation of the c1-encoding and c2-encoding of value zero.
Finally, applying a timed transition yields a proper encoding. The effect of the
rules init1, init2, init3 and init4 are illustrated through Figure 10.8 (only the
c1-encoding is shown).

(a) (b) (c) (d)

fst1
last1

fst1
last1 fst1 fst1

last1

Figure 10.8: Initialization. Figure (d) shows a graphical representation of a
c1-encoding of value 0.
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Correctness

Let C = (S, sinit , {c1, c2} , I) be a counter machine and let OC = (QC, C) be an
open timed network derived from C as described in Section 8.4 and Section 8.5.
Let � and −→ be the transition relations induced by C and OC respectively.

If sF is a control state in C then the following holds

Theorem 10.6. βinit
∗
� sF iff γinit

∗
−→ sF for some initial configuration γinit

of OC.

We show the proof of Theorem 10.6 in Appendix. Theorem 10.4 directly
follows from Theorem 10.6.

10.3 Robust Timed Networks

In this section, we define the robust semantics of timed network. We show
that the controller state reachability is undecidable for robust timed networks.
Notice that the problem is decidable for robust timed automata.

First we define a timed event to be a pair (ξ, r) where ξ is the timestamp
of the rule r ∈  . A timed trace is a finite sequence of timed events with
non-decreasing timestamps.

Given a computation γinit −→T=δ1
−→r1 γ1 . . . γn −→T=δn

−→rn
γn of a timed

network, there is an associated timed trace tt(π) = 〈(ξ1, r1), . . . , (ξn, rn)〉 where
ξ1 = δ1 and ξi = Σ1≤j≤iδj . Consider a timed network N . Let Γinit be the
(infinite) set of initial configurations (defined as in Section 8.1) and let SF

be a set of final controller states. We define the language L(N) of N as a set
consisting of timed traces tt(π) where π is a γinit -computation with γinit ∈ Γinit

and π leads to some final controller state in SF .

Next we define a metric D on the set of all timed traces of a timed net-
work as follows. Given two timed traces w = 〈(ξ1, r1), . . . , (ξn, rn)〉 and
w′ = 〈(ξ′1, r

′
1), . . . , (ξ

′
n, r

′
n)〉, let

• D(w,w′) = ∞ if there is a j : 1 ≤ j ≤ n such that rj �= r ′
j .

• D(w,w′) = max
{
|ξj − ξ′j | : 1 ≤ j ≤ n

}
.

As argued in [80], any other ’reasonable’ metric on timed traces of timed net-
work yield the same topology as the metric D .

For the metric D , a timed trace w, and a positive real ε ∈ R+, we define the
D-tube around w of diameter ε to be the set T (w, ε) = {w′ | D(w,w′) < ε} of
all timed traces at a distance less than ε from w. A D-open set Op is a set
of timed traces such that for all timed trace w ∈ Op, there is a positive real
ε ∈ R+ with T (w, ε) ⊆ Op. Thus, if a D-open set contains a computation π,
then it also contains all computations in some neighbourhood of π. From now
on, we shall omit reference to D and use ’open’ to mean a D-open set.

Let the set of all timed traces be called TT . A set tts of timed traces is closed
if its complement TT − tts is open. The closure tts of a set tts of timed traces
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is the least closed set containing tts and the interior ttsint is the greatest open

set contained in tts. Given a set O, we use [O] to denote the set (O)
int

.

The language L of a timed network induces a robust language [L] = (L)int.
The set [L] represents the set of timed traces of N under the robust semantics.
Notice that a computation π is in [L] if and only if there is some open neigh-
bourhood T (π, ε) around π within some distance ε such that each timed trace
in the neighbourhood is also included in the closure of the set L of computations
of TN.

Robust Reachability (TN(K)-Robust-Reach)

Instance: An open timed network O = (Q, ) with K clocks and a set SF of
controller states.

Question: Is [L(O)] = ∅ ?

We extend the theory of robust semantics for timed automata [80, 110] in
a straightforward manner for timed networks and get the following lemmas.
We consider timed networks where clock constraints are negation-free and
disjunction-free. For any given timed network, one can easily obtain such an
equivalent timed network.

Lemma 10.7. For every open timed network O, L(O) is an open set.

Proof. This proof is adapted from [80], where they show this lemma for
timed automata. Consider an arbitrary timed trace w ∈ L(O). Let
w = 〈(ξ1, r1), . . . , (ξn, rn)〉. Since w ∈ L(O), there is a computation π =
γinit −→T=δ1

γ′1 −→r1 γ1 . . . −→T=δn
γ′n −→rn

γn, where δi = ξi − ξi−1 for
i : 1 < i ≤ n and δ1 = ξ1. Let γ′i be of the form (I, qi,Qi, Xi).

We will show that there is a ε such that T (w, ε) ⊆ L(O).

For each i : 1 ≤ i ≤ n,

• let εi be a real number smaller than the minimum of the distances |K −
Xi

k(j)| (where j ∈ I) such that there is a constant K and a guard xk <
K or xk > K in the rule ri and g(Xi

k(j)) is satisfied. (since all clock
constraints are strict, these distances are strictly positive).

We define ε := min {εi/2 | 1 ≤ i ≤ n}.

Consider any timed trace w′ = 〈(ξ′′1 , r1), . . . , (ξ
′′
n, rn)〉 where D(w,w′) < ε.

This means that |ξ′′i − ξi| < ε for each i. We show that there is in fact a
γinit -computation γinit −→T=δ′

1
β′

1 −→r1 β1 . . . −→T=δ′
n
β′

n −→rn
βn, i.e.,

w′ ∈ L(O).

Let ε′i = |ξ′′i − ξi| for each i. Recall that ε′i < ε. In π, consider a clock value
Xi

k(j). We show that if the clock participated in rule ri, with its new valuation
at time ξ′′, it can still participate in the rule ri. EitherXi

k(j) = ξi if it was never
reset or Xi

k(j) = ξi − ξ� if it was last reset by r�. Now, consider ξ′′i − ξ′′� . We
know that |ξ′′i − ξi| < ε and |ξ′′� − ξ�| < ε. Then ξ′′i − ξ

′′
� < (ξi + ε)− (ξ� − ε) =

2 ∗ ε = min(εi : 1 ≤ i ≤ n). Therefore, g(X i
k(j)) is still true and we have

β′
i −→ri

βi.

The case when the clock is never reset before is handled in a similar manner.
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Let δ′i = ξ′′i − ξ
′′
i−1 and δ′1 = ξ′′1 . From the assumption that w′ is a timed trace,

i.e., ξ′′i−1 ≤ ξ′′i , it is clear that β′
i−1 −→T=δ′

i
β′

i for i > 1 and γinit −→T=δ′

1
β′

1.

This means that w′ ∈ L(O). This implies that T (w, ε) ⊆ L(O) and thus L(O)
is an open set.

Lemma 10.8. For an open set Op, Op = ∅ iff [Op] = ∅.

Proof. Assume that Op = ∅. Then Op = ∅. Then (Op)
int

= ∅, i.e., [Op] = ∅.

Now we show the proof for the other direction. Op ⊆ Op and Opint ⊆ (Op)
int

.

Since Op is open, Op = Opint. Thus, Op ⊆ (Op)
int

. Now, if (Op)
int

= ∅, then
from the above, it follows that Op = ∅.

Lemma 10.9. For every open timed network O, L(O) = ∅ iff [L(O)] = ∅.

Proof. Since L(O) is an open set by Lemma 10.7, the proof follows from
Lemma 10.8.

Now we show the following.

Theorem 10.10. TN(2)-Robust-Reach is undecidable.

Proof. The undecidability of OTN(2)-Reach (Theorem 10.4) means that it is
undecidable for an open timed network O whether L(O) = ∅. From this and
Lemma 10.9, the theorem follows.

10.4 Timed Networks with Finite and Bounded Variability

Considering the fact that any physically realisable system is subject to band-
limitedness, one can impose a condition of band-limitedness on the timed net-
works. It will be quite appropriate to assume that there are only a bounded
number of state changes in a fixed timed interval. In this section, we consider
multi-clock timed networks in which either there are only (a) a finite number
of state changes or (b) a bounded number of state changes in a unit interval.
We show that the controller state reachability problem is still undecidable in
the first case, while it is decidable in the second case.

The variability of a computation measures the maximum number of rules
executed in a unit interval. Formally, the variability of a γinit -computation
π = γ0 −→T=δ1

γ′1 −→r1 . . . −→T=δn
γ′n −→rn

γn is given by the following
expression :

var(π) = sup {k + 1 | ∃i.∆(γi+k)−∆(γi) < 1}

where ∆(π(i)) = Σ1≤j≤iδj for each i ≥ 1 and ∆(π(0)) = 0.
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10.4.1 Timed Networks with Finite Variability

Finite Variability Problem

Instance: A timed network N with 2 clocks and a controller state qF .
Question: Is there an initial configuration γinit and a bound k ∈ N such that

there is a computation π with γinit
∗
−→ qF and var(π) < k ?

Theorem 10.11. Finite variability problem is undecidable.

Proof. The undecidability is shown by reducing TN(2)-Reach to the finite vari-
ability problem. If there is a γinit from which qF is reachable, it is reachable
in a finite number of steps by a computation π given by γinit

∗
−→ qF . Then

k = var(π). The other direction is trivial.

10.4.2 Timed Networks with Bounded Variability

We say that a computation is of bounded variability k if the variability of the
computation is less than or equal to k. Since number of elements in a rule is
finite and there is a bound on the number of rules to be executed, it follows
that there are only finite number of processes with clocks having ages less than
max . This is due to the fact that one cannot refresh the ages of the clocks
of an unbounded number of processes by executing only a bounded number of
rules. It is easy to adapt the backward reachability algorithm of [9] for such
timed networks.

10.5 Appendix

Proofs

In our correctness proof of Theorem 10.6, we use the relations � on configu-
rations of a counter machine C and =⇒ on the set of configurations of OTNs,
as in the proof of Theorem 8.5 (Chapter 8).

First we introduce five new types of temporary encodings c inc1

1 semi-encoding,
cinc2

1 semi-encoding, cinc3

1 semi-encoding, crot1
1 semi-encoding and

crot2
1 semi-encoding to describe the effect of the rules inc ı

1, incı
2, incı

3,
rots

11 and rots
12 respectively. For m ≥ 1, a configuration γ = (I, q,Q, X) is

said to be

• a cinc1

1 semi-encoding of value m if there is an injection h from
{0, . . . ,m+ 1} to I such that the following conditions are satisfied

– Q(h(0)) = fstı where ı is an increment instruction in C, Q(h(1)) =
fst1 , Q(h(i)) = mid1 for each i : 2 ≤ i ≤ m and Q(h(m+1)) = last1 .

– X1(h(i)) < X2(h(i− 1)) for each i : 2 ≤ i ≤ m+ 1.

– X2(h(i)) < X1(h((i+ 2))), for each i : 1 ≤ i ≤ m− 1.

– X2(h(0)) < X2(h(m+ 1)) < X1(h(1)) < X1(h(2)).
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• a cinc2

1 semi-encoding of value m if there is an injection h from
{0, . . . ,m+ 1} to I such that the following conditions are satisfied

– Q is as defined for a cinc1

1 semi-encoding.

– X1(h(i)) < X2(h(i− 1)) for each i : 1 ≤ i ≤ m+ 1.

– X2(h(i)) < X1(h((i+ 2))), for each i : 1 ≤ i ≤ m− 1.

– X2(h(0)) < X2(h(m+ 1)) < X1(h(2)).

• a cinc3

1 semi-encoding of value m if there is an injection h from
{0, . . . ,m+ 1} to I such that the following conditions are satisfied

– Q is as defined for a c1-encoding.

– X1(h(i)) < X2(h(i− 1)) for each i : 1 ≤ i ≤ m+ 1.

– X2(h(i)) < X1(h((i+ 2))), for each i : 1 ≤ i ≤ m− 1.

– X1(h(0)) < X1(h(1)).

– X2(h(0)) < X2(h(m+ 1)) < X1(h(2)).

A graphical representation of cinc1

1 semi-encoding, cinc2

1 semi-encoding and
cinc3

1 semi-encoding is shown in Figure 10.4(b), 10.4(c), and 10.4(d) respectively.

For m ≥ 0, a configuration γ = (I, q,Q, X) is said to be

• a crot1
1 semi-encoding of value m if there is an injection h from

{0, . . . ,m+ 1} to I such that the following conditions are satisfied

– Q is as defined for a c1-encoding.

– X1(h(i)) < X2(h(i− 1)) for each i : 1 ≤ i ≤ m+ 1.

– X2(h(i)) < X1(h((i+ 2))), for each i : 0 ≤ i ≤ m− 1.

– X1(h(0)) < X2(h(m+ 1)) < X1(h(1)).

• a crot2
1 semi-encoding of value m if there is an injection h from

{0, . . . ,m+ 1} to I such that the following conditions are satisfied

– Q is as defined for a crot1
1 semi-encoding.

– X1(h(i)) < X2(h(i− 1)) for each i : 1 ≤ i ≤ m+ 1.

– X2(h(i)) < X1(h((i+ 2))), for each i : 0 ≤ i ≤ m− 1.

– X1(h(0)) < X1(h(1)).

– X2(h(m)) < X2(h(m+ 1)).

Figure 10.6 illustrates the rotation of a c1-encoding graphically and shows a
graphical representation of crot1

1 semi-encoding and crot2
1 semi-encoding in Fig-

ure 10.6(b) and 10.6(c) respectively.

In a similar manner to a c1-encoding, we use
Val1(γ) to denote the value m of a cinc1

1 semi-encoding
(cinc2

1 semi-encoding, cinc3

1 semi-encoding, crot1
1 semi-encoding, crot2

1 semi-encoding)
γ.

A configuration γ = (I, q,Q, X) is said to be a Type 1a semi-encoding if it
satisfies the following two conditions:
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• q = tmpı
1 for some increment (of the form ı = (s1, c1++, s2)).

• γ is both a c2-encoding and a cinc1

1 semi-encoding.

In such a case, we define sig(γ) of γ to be the triple (tmp ı
1,m1,m2), where

m1 = Val1(γ) and m2 = Val2(γ). Also, we define next(γ) to be (s2,m1,m2).
Intuitively, next(γ) is the signature of the configuration which occurs after
performing three discrete transitions (by rule inc ı

2, incı
3 and incı

4 in sequence)
in our simulation.

A configuration γ = (I, q,Q, X) is said to be a Type 1b semi-encoding if it
satisfies the following two conditions:

• q = tmpı
2 for some increment (of the form ı = (s1, c1++, s2)).

• γ is both a c2-encoding and a cinc2

1 semi-encoding.

We define the signature of a cinc2

1 semi-encoding as in cinc1

1 semi-encoding. Fur-
thermore, we use next(γ) to be (s2,m1,m2). Intuitively, next(γ) is the sig-
nature of the configuration which occurs next after performing two discrete
transitions (by rules incı

3 and incı
4 in sequence) in our simulation.

Similarly, we define a Type 1c semi-encoding, it signature and the function
next for such a semi-encoding.

A configuration γ = (I, q,Q, X) is said to be a Type 1d semi-encoding if it
satisfies the following two conditions:

• q = tmps
11 for some controller state s in C or q = tmp ı

1 for some zero-
testing instruction (of the form ı = (s1, c1?0, s2)).

• γ is both a c2-encoding and a crot1
1 semi-encoding.

The signature for a crot1
1 semi-encoding is defined in a similar manner to a

cinc1

1 semi-encoding. Furthermore, the function next(γ) is defined as (s,m1,m2)
if q = tmps

11, (s2, 0,m2) otherwise.

A configuration γ = (I, q,Q, X) is said to be a Type 1e semi-encoding if it
satisfies the following two conditions:

• q = tmps
12 for some controller state s in C, or q = tmp ı

2 for some zero-
testing instruction (of the form ı = (s1, c1?0, s2)).

• γ is both a c2-encoding and a crot2
1 semi-encoding.

The signature and the function next(γ) can be defined for a crot2
1 semi-encoding

in a similar manner to a crot1
1 semi-encoding. In the following, sometimes we use

semi-encoding to means semi-encodings of some Type. The notion of a (semi-
)encoding can be extended to a proper (semi-)encoding in the same manner as
before (Chapter 8), i.e. we require clocks of all processes which are not idle to
have values strictly between zero and one.



10.5. Appendix 155

Proof of Theorem 10.6

The if-direction follows immediately from the the following lemma.

Lemma 10.12. For any configuration γ = (I, q,Q, X) and initial configuration

γinit in NC, if γinit
∗
−→ γ then one of the following holds.

1. q is not a member of S, (i.e. q is either a temporary state or the state
idlec).

2. γ is an encoding such that βinit
∗
� sig(γ).

The only-if-direction follows from the following lemma.

Lemma 10.13. If βinit
n
� sF then γinit

∗
−→ sF , for each n ≥ 0 and initial

configuration γinit of N with |γinit | ≥ n+ 4.

The reason for the condition |γinit | ≥ n+ 4 is that the sum of counter values
never exceeds n in the path from βinit to sF . Furthermore, each c1- (or c2)-
encoding uses m+ 2 processes for representing a counter value m. The lemma
then states that the initial configuration, from which we start the simulation of
the path from βinit to sF , should be sufficiently large to incorporate all counter
values which arise along that path.

The proofs of Lemma 10.12 and Lemma 10.13 reflect the informal arguments
provided together with each rule in Section 10.2.2.

Proof of Lemma 10.12

Suppose that γinit
∗
−→ γ. If γinit −→Time γ then the result follows immediately.

Otherwise, γinit
∗

=⇒ γ, i.e., there is a sequence

γinit = γ0 =⇒r0 γ1 =⇒r1 γ2 =⇒r2 · · · =⇒rn−1
γn = γ

Let γi = (I, qi,Qi, Xi) for i : 0 ≤ i ≤ n. We notice that q0 = idlec. By
definition of the rules, it must be the case that r0 = init1, r1 = init2, r2 =
init3 and therefore q1 = s1init , q2 = s2init and q3 = s3init . In other words,
γ0, . . . , γ3 satisfy the claim of the Lemma. Lemma 10.12 follows from the
following property:

For each 4 ≤ i ≤ n, it is the case that γi is either

• an encoding with βinit
∗
� sig(γi); or

• a semi-encoding with βinit
∗
� next(γi).

This property is shown using an induction on i. For the base case we observe
that, by definition of the rules, it follows that r3 = init4 and therefore sig(γ4) =
βinit . For the induction step, we observe that, for each i : 4 ≤ i < n, it follows
from the rule definitions that one of the following cases is satisfied:
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1. ri = incı
1 for some ı = (s1, c1++, s2), γi is an encoding with sig(γi) =

(s1,m1,m2), and γi+1 is a Type 1a semi-encoding with sig(γi+1) =
(tmpı

1,m1 + 1,m2).

2. ri = incı
2 for some ı = (s1, c1++, s2), γi is a Type 1a semi-encoding

with sig(γi) = (tmpı
1,m1,m2), and γi+1 is a Type 1b semi-encoding with

sig(γi+1) = (tmpı
2,m1,m2).

3. ri = incı
3 for some ı = (s1, c1++, s2), γi is a Type 1b semi-encoding

with sig(γi) = (tmpı
2,m1,m2), and γi+1 is a Type 1c semi-encoding with

sig(γi+1) = (tmpı
3,m1,m2).

4. ri = incı
4 for some ı = (s1, c1++, s2), γi is a Type 1c semi-encoding

with sig(γi) = (tmpı
3,m1,m2), and γi+1 is an encoding with sig(γi+1) =

(s2,m1,m2).

5. ri = decı for some ı = (s1, c1−−, s2), γi is an encoding with sig(γi) =
(s1,m1,m2), m1 > 0, and γi+1 is an encoding with sig(γi+1) =
(s2,m1 − 1,m2).

6. ri = rots
1,1 for some s ∈ S and γi is an encoding with sig(γi) =

(s,m1,m2), and γi+1 is a Type 1d semi-encoding with sig(γi+1) =
(tmps

11,m1,m2).

7. ri ∈
{
rots

1,2, rot
s
1,3

}
for some s ∈ S and γi is a Type 1d semi-encoding

with sig(γi) = (tmps
11,m1,m2), and γi+1 is a Type 1e semi-encoding with

sig(γi+1) = (tmps
12,m1,m2).

8. ri = rots
1,4 for some s ∈ S and γi is a Type 1e semi-encoding with

sig(γi) = (tmps
12,m1,m2), and γi+1 is an encoding with sig(γi+1) =

(s,m1,m2).

9. ri = tst ı
1 for some ı = (s1, c1 = 0?, s2), and γi is an encoding with

sig(γi) = (s1, 0,m2) is and γi+1 is a Type 1d semi-encoding with
sig(γi+1) = (tmpı

1, 0,m2).

10. ri = tst ı
2 for some ı = (s1, c1 = 0?, s2), and γi is a Type 1d semi-encoding

with sig(γi) = (tmpı
1, 0,m2) is and γi+1 is a Type 1e semi-encoding with

sig(γi+1) = (tmpı
2, 0,m2).

11. ri = tst ı
3 for some ı = (s1, c1 = 0?, s2), and γi is a Type 1e semi-encoding

with sig(γi) = (tmpı
2, 0,m2) is and γi+1 is an encoding with sig(γi+1) =

(s2, 0,m2).

12. Similar cases corresponding to instructions which change counter c2.

Proof of Lemma 10.13

To show Lemma 10.13 we use some definitions.

Let γ = (I, q,Q, X) be a configuration in our simulation. We define
Latest1(γ) = max(X2(i) : i ∈ I ∧ Q(i) ∈ {fst1 ,mid1}). In other words,
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Latest1(γ) is the highest among values of clocks belonging to processes which
are part of the (semi-)c1-encoding. We define Latest2(γ) in a similar man-
ner, and define Latest(γ) = max (Latest1(γ),Latest2(γ)). We also define
Next2Latest1(γ) = max(Xk(i) : k ∈ {1, 2} ∧ i ∈ I ∧Q(i) ∈ {fst1 ,mid1 , last1} ∧
Xk(i) < Latest1(γ)). In other words, Next2Latest1(γ) is the next highest
among values of clocks belonging to processes which are part of the (semi-
)c1-encoding. We define Next2Latest2(γ) in a similar manner.

Let Delay1(γ) be the size of the set consisting of clock values of the form Xi(j)
where i ∈ {1, 2} , j ∈ I,Q(j) ∈ {fst2 ,mid2 , last2} and Latest1(γ) < Xi(j). In
other words, Delay1(γ) is the number of clocks which are part of the c2-encoding
and which have values higher than any clock of a process which is part of the
c1-encoding. We define Delay2(γ) in a similar manner. Notice that it may be
the case that both Delay1(γ) = 0 and Delay2(γ) = 0 (if the maximum clock
values are equal in the c1- and the c2-encoding).

We define another temporary encoding: almost proper c1-encoding which is a
c1 encoding with one process having index i ∈ I s.t Q(i) = mid1 and X2(i) > 1
while all processes with index j ∈ I, Q(j) �= idlep and j �= i satisfies 0 <
X1(j), X2(j) < 1. Also, 0 < X1(i) < 1. An almost proper encoding of Type
1 is an almost proper c1-encoding and a proper c2-encoding. Similarly, we
define an almost proper c2-encoding and an almost proper encoding of Type
2. We also extend this notion of almost proper encodings to almost proper
semi-encodings.

Lemma 10.13 follows immediately from the following lemma.

Lemma 10.14. For each n ≥ 0 and initial configuration γinit , if βinit
n
� β and

|γinit | ≥ n+ 4, then there exists a proper encoding γ such that γinit
∗

=⇒ γ and
sig(γ) = β.

Proof. We prove this lemma by induction on n.

In the base case (n = 0), we have β = βinit and |γinit | ≥m 4. By the definition
of init1, this rule is enabled. Let γ1 be such that γinit −→init1 γ1. Define γ2 =
γ+t1
1 with 0 < t1 < 1. We have γ1 −→T=t1 γ2. Rule init2 is now enabled. Let
γ3 be such that γ2 −→init2 γ3. Define γ4 = γ+t2

3 with 0 < t2 < 1− Latest(γ3).
We have γ3 −→T=t2 γ4. Rule init3 is now enabled. Let γ5 be such that
γ4 −→init3 γ5. Define γ6 = γ+δ3

5 with 0 < δ3 < 1 − Latest(γ5). We have
γ5 −→T=δ3

γ6. Rule init4 is now enabled. Let γ7 be such that γ6 −→init4 γ7.
By definition of init4, γ7 is an encoding and sig(γ7) = βinit . Let δ4 be such that
0 < δ4 < 1 − Latest(γ7). δ4 exists by the definition of δ1, δ2, δ3, init1, init2,
init3 and init4. Let γ8 = γ+δ4

7 . γ8 is a proper encoding with sig(γ8) = βinit .
Notice that the transitions −→init1 , −→init2 , −→init3 and −→init4 are enabled
only because |γinit | ≥ 4.

For the induction step, assume that βinit
n+1
� β and |γinit | ≥ n+ 5. We know

that there is a β1 with βinit
n
� β1 � β. By the induction hypothesis, it follows

that there is a proper encoding γ1 such that sig(γ1) = β1 and γinit
∗

=⇒ γ1. We

need to show that there is a proper encoding γ with sig(γ) = β and γ1
∗

=⇒ γ.
This follows from the following lemma.
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Lemma 10.15. Let β1 and β2 be configurations of C, where β1 � β2 and β2

is of the form (s,m1,m2). Let γ1 be a proper encoding such that sig(γ1) = β1

and |γ1| ≥ m1 +m2 + 4. There is a proper encoding γ2 such that sig(γ2) = β2

and γ1
∗

=⇒ γ2.

The proof of Lemma 10.15 follows from Lemma 10.16, Lemma 10.17,
Lemma 10.18, Lemma 10.19, Lemma 10.25, and Lemma 10.26:

• Lemma 10.16, Lemma 10.17, Lemma 10.18 and Lemma 10.19 state that
an increment can be simulated by an application of the rule inc ı

1 followed
by an application of the rule incı

2, followed by an application of rule incı
3,

followed by an application of rule incı
4.

• Lemma 10.25 states that a decrement can be simulated by the rule dec ı

preceded and followed by a number of rotations. This lemma follows
from Lemma 10.20, Lemma 10.21, Lemma 10.22, Lemma 10.23, and
Lemma 10.24.

• Lemma 10.26 deals with zero testing and is similar to Lemma 10.25.

The condition |γ1| ≥ m1 + m2 + 4 in the claim of Lemma 10.15 is relevant
only in Lemma 10.16, since this is the only case where the value of a counter
is increased.

Lemma 10.16. Consider an instruction ı = (s1, c1++, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1,m1,m2) and |γ1| ≥ m1 + m2 + 5. There is a
proper semi-encoding γ2 of Type 1a such that sig(γ2) = (tmpı

1,m1 + 1,m2)
and γ1 =⇒incı

1
γ2.

A similar result holds in case ı is of the form (s1, c2++, s2).

Proof. Since |γ1| ≥ m1 +m2 +5, there is at least one process in γ1 whose state
is idlep (we need m1 +2 processes for the c1-encoding and m2 +2 processes for
the c2-encoding, which means that we have at least one process left to be in
state idlep). This together with the fact that γ1 is a proper encoding implies
that incı

1 is enabled from γ1, i.e., there is configuration γ3 with γ1 −→incı
1
γ3.

Define γ2 = γ+δ
3 where 0 < δ < 1 − Latest(γ3). Such a δ exists by definition

of incı
1 and since γ1 is a proper encoding. By the definitions it follows that γ2

is a proper semi-encoding of Type 1a with sig(γ2) = (tmpı
1,m1 + 1,m2) and

γ1 −→incı
1
γ3 −→T=δ γ2.

Lemma 10.17. Consider an instruction ı = (s1, c1++, s2). Let γ1 be a proper
semi-encoding of Type 1a with sig(γ1) = (tmpı

1,m1,m2) and |γ1| ≥ m1 +
m2 + 4. There is a proper semi-encoding γ2 of Type 1b such that sig(γ2) =
(tmpı

2,m1,m2) and γ1 =⇒incı
2
γ2.

A similar result holds in case ı is of the form (s1, c2++, s2).

Proof. The fact that γ1 is a proper semi-encoding of Type 1a implies that
incı

2 is enabled from γ1, i.e., there is configuration γ3 with γ1 −→incı
2
γ3.
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Define γ2 = γ+δ
3 where 0 < δ < 1 − Latest(γ3). Such a δ exists by definition

of incı
2 and since γ1 is a proper encoding. By the definitions it follows that

γ2 is a proper semi-encoding of Type 1b with sig(γ2) = (tmpı
2,m1,m2) and

γ1 −→incı
2
γ3 −→T=δ γ2.

Lemma 10.18. Consider an instruction ı = (s1, c1++, s2). Let γ1 be a semi-
encoding of Type 1b with sig(γ1) = (tmpı

2,m1,m2). There is a proper semi-
encoding γ2 of Type 1c such that sig(γ2) = (tmpı

3,m1,m2) and γ1 =⇒incı
3
γ2.

A similar result holds in case ı is of the form (s1, c2++, s2).

Proof is similar to that of Lemma 10.17.

Lemma 10.19. Consider an instruction ı = (s1, c1++, s2). Let γ1 be a proper
semi-encoding of Type 1c with sig(γ1) = (tmpı

3,m1,m2). There is a proper
encoding γ2 such that sig(γ2) = (s2,m1,m2) and γ1 =⇒incı

3
γ2.

A similar result holds in case ı is of the form (s1, c2++, s2).

Proof. Since γ1 is a proper semi-encoding of Type 1c, it follows that inc ı
4 is

enabled from γ1, i.e., there is a configuration γ3 with γ1 −→incı
4
γ3. Define

γ2 = γ+δ
3 where 0 < δ < 1 − Latest(γ3). Such a δ exists by definition of

incı
4 and since γ1 is proper semi-encoding of Type 1c. By the definitions it

follows that γ2 is a proper encoding with sig(γ2) = (s2,m1,m2) and γ1 −→incı
4

γ3 −→T=δ γ2.

Lemma 10.20. Let γ1 be an (almost) proper c2-encoding with Delay1(γ1) > 0
and sig(γ1) = (s,m1,m2). There is an (almost) proper semi-encoding of Type
2d, γ2 such that Delay1(γ1) − Delay1(γ2) ∈ {0, 1}, sig(γ2) = (tmps

21,m1,m2),
and γ1 =⇒rots

2,1
γ2.

A similar result holds in case Delay2(γ1) > 0.

Proof. Now, γ1 is an (almost) proper c2-encoding and by definition of the
rule rots

2,1, rots
2,1 is enabled from γ1 and there is a γ3 with γ1 −→rots

2,1
γ3.

Define γ2 = γ+δ
3 where 0 < δ < 1 − Latest(γ3) if γ1 is a proper encoding,

and 0 < δ < 1−max(Next2Latest2(γ3),Latest1(γ3)) otherwise. Existence of δ
follows from the definition of the rule rot s

2,1, and the fact that γ1 is an (almost)
proper c2-encoding. By the definitions it follows that γ2 is an (almost) proper
semi-encoding of Type 2d with

• Delay1(γ2) = Delay1(γ1) − 1 if Latest2(γ1) is strictly smaller than the
value of the clock x1 of the process in state fst2 .

• Delay1(γ2) = Delay1(γ1) otherwise.

with sig(γ2) = (tmps
21,m1,m2) and γ1 −→rots

2,1
γ3 −→T=δ2

γ2.

Lemma 10.21. Let γ1 be an (almost) proper semi-encoding of Type 2d with
Delay1(γ1) > 0 such that sig(γ1) = (tmps

21,m1,m2). There is an almost proper
semi-encoding of Type 2e, γ2 such that Delay1(γ1) − Delay1(γ2) ∈ {0, 1},
sig(γ1) = (tmps

22,m1,m2), and either γ1 =⇒rots
2,2
γ2 or γ1 =⇒rots

2,3
γ2.
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A similar result holds in case Delay2(γ1) > 0.

Proof. We distinguish between two cases, namely when m2 > 0 and when
m2 = 0.

First, we assume that m2 > 0. Now there are two cases.

• γ1 is a proper semi-conding of Type 2d. To apply rot s
2,2, we

need to first define δ1 such that 1 − Latest(γ1) < δ1 < 1 −
max(Next2Latest2(γ1),Latest1(γ1)) and γ3 = γ+δ1

1 . δ1 exists due to the
fact that γ1 is a proper semi-encoding of Type 2d and by definition of the
rule rots

2,1. From the value of δ1 and the fact that m2 > 0 it follows that
rots

2,2 is enabled from γ3, i.e., there is a γ4 with γ3 −→rots
2,2
γ4.

• γ1 is an almost proper semi-conding of Type 2d. Now, rot s
2,2 is enabled

from γ1, i.e., there is a γ4 with γ1 −→T=0−→rots
2,2
γ4.

Define γ2 = γ+δ2

4 where 0 < δ < 1 − max(Next2Latest2(γ4),Latest1(γ4)).
Existence of δ2 follows from the definition of the rule rot s

2,2, existence of δ1
and the fact that γ1 is an (almost) proper semi-encoding of Type 2d. By the
definitions it follows that γ2 is an almost proper semi-encoding of Type 2e with

• Delay1(γ2) = Delay1(γ1) if the clock x1 of the process in last2 is smaller
than or equal to Latest1(γ1), in other words, if Delay1(γ1) = 1,

• Delay1(γ2) = Delay1(γ1)− 1, otherwise.

and sig(γ2) = (tmps
22,m1,m2).

The case when m2 = 0 is similar. Here we replace the rule rot s
2,2 by the rule

rots
2,3, and obtain γ1 −→T=δ1

γ3 −→rots
2,3
γ4 −→T=δ2

γ2.

Lemma 10.22. Let γ1 be an almost proper semi-encoding of Type 2e with
Delay1(γ1) > 0 such that sig(γ1) = (tmps

22,m1,m2). There is a proper encod-
ing γ2 such that Delay1(γ2) = Delay1(γ1)− 1, with sig(γ1) = (s,m1,m2), and
γ1 =⇒rots

2,4
γ2.

A similar result holds in case Delay2(γ1) > 0.

Proof. From the fact that γ1 is an almost proper semi-encoding of Type 2e
and the fact that m2 > 0 it follows that rots

2,4 is enabled from γ1, i.e., there

is a γ3 with γ1 −→rots
2,4

γ3. Define γ2 = γ+δ1

3 where 0 < δ1 < 1 − Latest(γ3).
Existence of δ1 follows from the definition of the rule rot s

2,4, and the fact that γ1

is an almost proper semi-encoding of Type 2e. By the definitions it follows that
γ2 is a proper encoding with Delay1(γ2) = Delay1(γ1)−1 (due to the fact that
the largest clock in the semi-encoding of Type 2e is reset and Delay 1(γ1) > 0),
and sig(γ2) = (s,m1,m2).

Lemma 10.23. Let γ1 be an almost proper semi-encoding of Type 2e with
Delay1(γ1) > 0 such that sig(γ1) = (tmps

23,m1,m2). There is a proper encod-
ing γ2 such that Delay1(γ2) = Delay1(γ1)− 1, with sig(γ1) = (s,m1,m2), and
γ1 =⇒rots

2,4
γ2.



10.5. Appendix 161

A similar result holds in case Delay2(γ1) > 0.

Proof of this lemma is similar to that of the previous one.

Lemma 10.24. Consider an instruction ı = (s1, c1−−, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1,m1,m2) and m1 > 0. If Delay1(γ1) = 0 then there
is a proper encoding γ2 such that sig(γ2) = (s2,m1 − 1,m2) and one of the
following holds.

1. If Latest1(γ1) > Latest2(γ1) then γ1 =⇒decı γ2.

2. If Latest1(γ1) = Latest2(γ1) and m2 > 0 then γ1 =⇒decı ◦ =⇒rot
s2
2,1

◦ =⇒rot
s2
2,2
◦ =⇒rot

s2
2,4
γ2.

3. If Latest1(γ1) = Latest2(γ1) and m2 = 0 then γ1 =⇒decı ◦ =⇒rot
s2
2,1

◦ =⇒rot
s2
2,3
◦ =⇒rot

s2
2,4
γ2.

A similar result holds in case ı is of the form (s1, c2−−, s2).

Proof. Define γ3 = γ+δ1

1 where

• 1 − Latest1(γ1) < δ1 < 1 − max(Next2Latest1(γ1),Latest2(γ1)) if
Latest1(γ1) > Latest2(γ1).

• 1 − Latest1(γ1) < δ1 < 1 − max(Next2Latest1(γ1),Next2Latest2(γ1)) if
Latest1(γ1) = Latest2(γ1).

Such a δ1 exists since γ1 is a proper encoding. From the definition of δ1 and
the fact that m1 > 0 it follows that decı is enabled from γ3, i.e., there is a
γ4 with γ3 −→decı γ4. Now there are three cases depending on the values of
Latest1(γ1) and Latest2(γ1) as follows:

1. If Latest1(γ1) > Latest2(γ1) then define γ2 = γ+δ2

4 where 0 < δ2 <
1 − Latest(γ4). Existence of δ2 follows from the manner in which δ1 is
chosen, definition of the rule decı, and since γ1 is a proper encoding.
By the definitions it follows that γ2 is a proper encoding with sig(γ2) =
(s2,m1 − 1,m2), and γ1 −→T=δ1

γ3 −→decı γ4 −→T=δ2
γ2.

2. If Latest1(γ1) = Latest2(γ1) and m2 > 0. γ1 is a proper c2-encoding,
but γ4 is an almost proper c2-encoding with sig(γ4) = (s2,m1 − 1,m2),
From this fact, it is clear that the rule rot s2

2,1 is enabled from γ4,

i.e., there is a γ5 with γ4 −→rot
s2
2,1

γ5. Define γ6 = γ+δ2

5 where

0 < δ2 < 1 − max(Next2Latest2(γ5),Latest1(γ5)). Existence of δ2 fol-
lows from the manner in which δ1 is chosen, definitions of the rules decı

and rots2

2,1, and since γ1 is a proper encoding. By the definitions it fol-
lows that γ6 is an almost proper semi-encoding of Type 2d with sig(γ6) =(
tmps2

2,2,m1 − 1,m2

)
. From the definition of decı and the condition that

Latest1(γ1) = Latest2(γ1), it follows that the largest clock value of the
processes in the c2-encoding has value larger than 1 in γ6. Therefore, the



162 10. Timed Networks : Syntactic Subclasses, Semantic Variants

rule rots2

2,2 is enabled from γ6, i.e., there is a γ7 with γ6 −→rot
s2
2,2
γ7. De-

fine γ8 = γ+δ3

7 where 0 < δ3 < 1 −max(Next2Latest2(γ7),Latest1(γ7)).
Existence of δ3 follows from the manner in which δ1, δ2 are chosen, defi-
nitions of the rules rots2

2,2, and since γ6 is an almost proper semi-encoding
of Type 2d. By the definitions it follows that γ8 is an almost proper semi-
encoding of Type 2e with sig(γ8) =

(
tmps2

2,2,m1 − 1,m2

)
. Therefore, the

rule rots2

2,4 is enabled from γ8, i.e., there is a γ9 with γ8 −→rot
s2
2,4

γ9.

Define γ2 = γ+δ4

9 where 0 < δ4 < 1 − Latest(γ9). By the definitions it
follows that γ2 is a proper encoding with sig(γ2) = (s2,m1 − 1,m2). and
γ1 −→T=δ1

γ3 −→decı γ4 −→rot
s2
2,1

γ5 −→T=δ2
γ6 −→rot

s2
2,2

γ7 −→T=δ3

γ8 −→rot
s2
2,4
γ9 −→T=δ4

γ2.

3. If Latest1(γ1) = Latest2(γ1), but m2 = 0. The proof is similar to the
previous case. Here, we use the rule rot s2

2,3 instead of the rule rots2

2,2 in
the above and obtain γ1 −→T=δ1

γ3 −→decı γ4 −→rot
s2
2,1

γ5 −→T=δ2

γ6 −→rot
s2
2,3
γ7 −→T=δ3

γ8 −→rot
s2
2,4
γ9 −→T=δ4

γ2.

From Lemma 10.20, Lemma 10.21, Lemma 10.22, Lemma 10.23, and
Lemma 10.24 we get the following.

Lemma 10.25. Consider an instruction ı = (s1, c1−−, s2). Let γ1 be a proper
encoding with sig(γ1) = (s1,m1,m2) and m1 > 0. There is a proper encoding
γ2 such that sig(γ2) = (s2,m1 − 1,m2) and

γ1◦
∗

=⇒rot
s1
2

∪ rotz
s1
2

=⇒decı ◦
∗

=⇒rot
s2
2

∪ rotz
s2
2
γ2

where for a controller state s, we define rot s
2 =

{
rots

2,1, rot
s
2,2, rot

s
2,4

}
, and

rotz s
2 =

{
rots

2,1, rot
s
2,3, rot

s
2,4

}
.

A similar result holds in case ı is of the form (s1, c2−−, s2).

Lemma 10.26. Consider an instruction ı = (s1, c1 = 0?, s2). Let γ1 be a
proper encoding with sig(γ1) = (s1, 0,m2).

Then there is a proper encoding γ2 such that sig(γ2) = (s2, 0,m2) and

γ1
∗

=⇒rot
s1
2

∪ rotz
s1
2
◦ =⇒tstı

1
◦ =⇒tstı

2
◦ =⇒tstı

3
◦

∗
=⇒rot

s2
2

∪ rotz
s2
2
γ2

where for a controller state s, rot s
2, rotz

s
2 are as defined in Lemma 10.25.

A similar result holds in case ı is of the form (s1, c2 = 0?, s2).

The proof is similar to that for Lemma 10.25.



Chapter 11

Conclusions

A parameterized timed system is a family of timed systems each consisting of
a finite, but arbitrary number of timed processes (so-called timed automata).
The aim of this thesis was to investigate model checking of different proper-
ties for parameterized timed systems. The main contribution of this thesis is
summarized in the following.

Part I

Petri nets are well-established graphical tools for modelling and analysing con-
current systems. Concurrent real-time systems are usually modelled by timed
extensions of Petri nets, so-called timed Petri nets. In the first part of this
thesis, we show how to solve a number of problems for timed Petri nets.

Coverability

The coverability problem for TPNs ask whether a set of final states can be
covered from a set of initial states. Since forward analysis is necessarily incom-
plete, we provide a semi-algorithm augmented with an acceleration technique
in order to make it terminate more often on practical examples.

Next we mention a number of interesting directions for future research in this
context.

1. We showed how to accelerate with respect to single discrete transition
interleaved with timed transitions. A remaining challenge is to extend the
technique and consider accelerations of sequences of discrete transitions.
It is not clear to us whether such accelerations are computable in the first
place.

2. We assume a lazy behaviour of TPNs. It is well-known that checking
safety properties is undecidable for TPNs with urgent behaviours even if
the net is safe (bounded). Therefore, designing acceleration techniques is
of particular interest for urgent TPNs. Notice that downward closure is
no longer an exact abstraction if the behaviour is urgent.
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3. We use region generators for symbolic representation. It is necessary to
investigate designing efficient data structures (e.g., zone generators corre-
sponding to a large number of region generators). Zones are widely used
in existing tools for verification of timed automata [99, 135]. Intuitively,
a zone generator will correspond to a state in each minimized automaton
in Figures 5.10, 5.11 and 5.12.

4. We aim at developing generic methods for building downward closed lan-
guages, in a similar manner to the methods developed for building up-
ward closed languages in [5]. This would give a general theory for forward
analysis of infinite state systems, in the same way the work in [5] is for
backward analysis. Simple regular expressions of [2] and the region gen-
erators of this paper are examples of data structures which might be
developed in a systematic manner within such a theory.

5. It will also be interesting to explore the coverability problem for multi-
clock TPNs where each token is equipped with a finite number of real-
valued clocks.

6. In a recent work by Raskin, et.al [70], a general algorithmic schema called
”Expand, Enlarge and Check” is given from which new algorithms for
the coverability problem for well-structured transition systems can be
constructed. The authors of [70] show how to verify transfer nets and
lossy channel systems by forward analysis. We intend to investigate the
application of their method enhanced with our acceleration scheme for
our timed Petri net model.

Zenoness

In Chapter 6, we show how to characterize the set of states (zeno-markings)
from which infinite computations of finite durations start. To solve the zenoness
problem, we defined a new class of untimed Petri nets which is more general
than standard Petri nets, but which is a subclass of transfer nets [56]. For these
nets, we gave a method to compute a characterization of the set of markings
from which there are infinite computations. This is interesting in itself since,
for general transfer nets, such a characterization is not computable. In fact,
for general transfer nets, the coverability tree may not be finite in general.

We also showed that this result holds both for dense-timed and discrete-timed
Petri nets.

The algorithm (Chapter 6) for TPNs considers only one clock per token. We
want to investigate whether this algorithm still works for TPNs with multiple
clocks per token. This algorithm uses the coverability analysis which may
become undecidable when multiple clocks per token is considered (such a result
is shown for a variant of TPNs in Chapter 8). Therefore, the conjecture is that
in case of TPNs with multiple clocks per token, it will not be possible to have a
characterization of markings from which zeno computations start. However, it
will also be worthwhile to see whether we can still have such a characterization
for discrete-timed Petri nets with multiple clocks per token.
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Token Liveness, Boundedness and Repeated Reachability

In Chapter 7 of this thesis, we solve two problems, namely token-liveness
(whether a token in a marking is going to be consumed in future) and syntactic
boundedness (whether the space required by the reachability set is bounded,
while one does not omit dead tokens from the reachable states) for TPNs. We
also give undecidability results for semantic boundedness (boundedness while
considering only live part of the reachability set), and repeated reachability
problem (whether a place is visited infinitely often) for TPNs.

For all the problems studied so far for TPNs, the decidability results coin-
cide for dense-time and discrete time (although the proofs for dense-time are
harder), assuming that each token is equipped with just one clock. However, if
we consider TPNs with two clocks per token, we already mentioned that there
is a decidability gap between the dense-time and the discrete time domain.
The coverability problem becomes undecidable for dense-time TPNs with only
two clocks per token (Chapter 8), while it remains decidable for discrete TPNs
with any finite number of clocks per token (Chapter 9). It is therefore worth
investigating whether this more general class induces a similar gap also for the
token-liveness and syntactic boundedness problems.

Part II

In the second part of the thesis, we consider another model for timed systems:
so-called timed networks. Roughly, a timed network consists of a controller and
an arbitrary number of timed processes (timed automata) running in parallel.
TPNs are popular in the verification community for their graphical formal-
ism. However, we believe that TNs are sometimes a more natural choice for
modelling parameterized timed systems. This is due to the fact that timed
networks let us keep the clock values of different participating process in a
transition unchanged.

We considered controller-state reachability of timed networks for a number of
different syntactic subclasses and semantic variants. We give a summary of
Part II in the following.

• In Chapter 8, we have shown undecidability of controller state reachability
for timed networks with at least two clocks per timed process. This result
is surprising for the following reason. Firstly, it was known from [9] that
the problem is decidable for timed networks restricted to one clock per
process. Second, it is well-known [24] that for timed automata, one can
construct parallel timed automata with single clocks from a multi-clock
timed automaton.

• Despite the undecidability result for multi-clock dense-timed networks,
we show that the problem is decidable (Chapter 9) if the clocks range
over a discrete-time domain.

• Inspired by different syntactic subclasses and semantic variants of timed
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automata, we also considered similar restrictions for timed networks. It
turns out that if one considers closed timed networks, (CTNs) which
supports only non-strict clock constraints, the controller-state reachabil-
ity problem becomes decidable. This can be useful, since often we can
over-approximate a general timed network by a timed network without
strict clock constraints and analyse it. However, the problem remains
undecidable for open timed networks (OTNs) with only strict clock con-
straints.

• We also investigated robust semantics for timed networks. It turns out
that controller state reachability for this model is undecidable even for
robust semantics. The result is shown by reducing the controller state
reachability problem for OTNs under standard semantics to the problem
for OTNs under robust semantics. We have left open the controller state
reachability problem for CTNs with robust semantics.

For timed networks, we only considered safety properties. Liveness properties
have been shown to be undecidable for single-clock TNs in [9].

There are several classes of protocols which can be modelled as multi-clock
TNs, such as the parameterized versions of the protocols in [27] and [101].
This means that, despite our undecidability result, it is interesting to design
semi-algorithms for multi-clock TNs. One direction for future work is to design
acceleration techniques which are sufficiently powerful to handle such classes
of protocols.

It will also be worthwhile to investigate the problems considered in Chapter 6
and Chapter 7 for the above subclasses of timed networks.

Implementation Effort

We are currently building a compiler which translates parameterized protocols
to TPN models. This will enable us to create a package for verification of
parameterized protocols. The TPN models generated for Fischer’s protocol
and Lynch and Shavit’s protocol in this thesis are outcomes of this compiler.
However, we intend to enhance the specification language and verify properties
like safety, zenoness, syntactic boundedness, token-liveness, etc.
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