


Dissertation at Uppsala University to be publicly examined in Hörsal 2 Ekonomikum, Friday,
May 20, 2005 at 10:15 for the Degree of Doctor of Philosophy. The examination will be con-
ducted in English

Abstract
Eriksson, A. 2005. Essays on Gaussian Probability Laws with Stochastic Means and Variances.
With Applications to Financial Economics . Acta Universitatis Upsaliensis. Uppsala Disserta-
tions from the Faculty of Social Sciences 4. 7 pp. Uppsala. ISBN 91-554-6236-7

This work consists of four articles concerning Gaussian probability laws with stochastic means
and variances. The first paper introduces a new way of approximating the probability distri-
bution of a function of random variables. This is done with a Gaussian probability law with
stochastic mean and variance. In the second paper an extension of the Generalized Hyperbolic
class of probability distributions is presented. The third paper introduces, using a Gaussian prob-
ability law with stochastic mean and variance, a GARCH type stochastic process with skewed
innovations. In the fourth paper a Lévy process with second order stochastic volatility is pre-
sented, option pricing under such a process is also considered.

Keywords: Approximating a function of random variables, Skewness modeling, Skewed
GARCH process, Lévy process, Option Pricing

Anders Eriksson, Department of Information Science, Division of Statistics. Uppsala Univer-
sity. Box 513, SE-751 20 Uppsala, Sweden

c© Anders Eriksson 2005

ISSN 1652-9030
ISBN 91-554-6236-7
urn:nbn:se:uu:diva-5777 (http://urn.kb.se/resolve?urn=urn:nbn:se:uu:diva-5777)



This Thesis is dedicated to, my Mother Karin, my Sister
Erika and last but definitely not least to my Father Mats who
passed away before it was completed.



All those moments will be lost in time
like tears in rain...
Roy Batty



Acknowledgements

You know exactly who you are...

v





List of Papers

This thesis is based on the following papers, which are referred to in the text
by their Roman numerals.

I Eriksson, Anders, Forsberg, Lars, Ghysels, Eric. (2005) Approx-
imating the probability distribution of functions of random vari-
ables: A new approach

II Eriksson, Anders, Forsberg, Lars (2005) An extension of the gen-
eralized hyperbolic family of probability laws

III Eriksson, Anders (2005) The Mean Variance Mixing GARCH
(1,1) process a new approach to quantify conditional skewness

IV Eriksson, Anders (2005) A Lévy process for the GNIG probabil-
ity law with second order stochastic volatility and applications to
option pricing.

vii



Contents

1. Background 3

1.1. Stylized facts for financial data 3

2. Modeling Volatility 6

2.1. The GARCH Process 6

2.2. Stochastic volatility process 6

3. Derivative pricing 7

4. Summary of the papers 7

4.1. Paper I: Approximating the probability distribution of functions of random variables: A new approach 7

4.2. Paper II: A An extension of the generalized hyperbolic family of probability laws 7

4.3. Paper III: The Mean Variance Mixing GARCH (1,1) process a new approach to quantify conditional
skewness 7
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1. Background

In recent years the discipline of financial mathematics has been a success story which has attracted a large number of
people primarily not occupied with the mathematical issues. Examples of such people are economists, econometricians,
physicists, psychologists and statisticians (which yours truly is an example of), there are many more. The most
influential part of the research agenda in the field of financial mathematics is the pricing of derivatives with the
Black and Scholes option pricing formula, which by now, is considered as a standard part of any course in stochastic
differential equations and martingale theory. Brownian motion, the theory of Itô integrals and the change of measure
all provide the foundation for anyone wanting to conduct research in this area. The overall aim is not to state the
most realistic model but, instead to focus on getting a reasonable model which can be viewed as mathematically
tractable and can be understood and interpreted by practitioners on the market.

A parallel research agenda performed mostly by econometricians is the modeling of financial time series or financial
econometrics. The time series in question are discrete time processes for which the link to continuous time process,
which is the main building block in financial mathematics, is not obvious. Indeed the embedding of a discrete time
process in a continuous time framework is a complicated issue. The main aim with the research on financial time
series is to get an increased knowledge about the mechanisms that drive the financial times series and, eventually,
predict values. In other words the focus is on the \truth behind the data’.

1.1. Stylized facts for financial data. In this section we will present the characteristics of financial data. Since
a large variety of financial assets it exist, is almost impossible to present any common features unless we restrict
ourselves to certain types of assets. In particular, therefore, we focus on stock prices (such as those of Walmart
or Nokia), stock indices (eg. Standard & Poor 500 or DAX index) and foreign exchange rates (such as USD/SEK
or EUR/SEK). We denote these assets as S(t) t = 0, 1, 2, 3, ... where t is a time index which could be denoted in
minutes, hours, days, etc. In these different types of time series common features exist to which this section is
devoted. However these similar properties depend on the frequency at which we choose to view the time series. That
is, changing the time unit from seconds to hours to weeks could have such a significant impact on the time series
that different types of models might be required. We will assume that we are considering time units of hours, days
or weeks.

It might come as a surprise, but the assets mentioned above actually have remarkably similar properties after the
transformation:

R(t) = ln S(t) − ln S(t − 1) = ln(1 +
S(t) − S(t − 1)

S(t − 1)
)

The series R(t) is the time series of log-returns which can, via a Taylor expansion argument, be said to be close to the
relative returns series, (S(t)−S(t− 1))/S(t− 1). The relative returns can provide some intuition for the log-returns,
i.e they describe the relative change over time. Note that relative returns are nearly indistinguishable from log returns
since they are very small and unit free. Further, there is the statistical insight that the transformed process R(t) can
be modeled as an in the \wide sense stationary’ stochastic process. This coincides with the stationarity assumption
in time series analysis. Below is a figure describing the R(t) process for the UK FTSE 100 index. One thing can be
observed from this figure: There appears to be some time dependence to the quadratic variation.

Figure 1: Daily log-returns for the FTSE 100 index for 1/1 1990 to 1/1 2000
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1.1.1. The probability measure and the tails. When one samples the log-return process, the following characteristics
are typical:

(1) The sample mean will tend to be very close to zero.
(2) The distribution of the data will be roughly symmetric or will have some negative asymmetry and exhibits

excess kurtosis.

For somewhat more elaborate investigations, than presented here, into this particular area see for instance Simkowitz
and Beedles (1980) Badrinith and Chatterjee (1988) or Peiró (1999). These characteristics imply that the Gaussian
probability measure is not the most appropriate model for log-returns. This empirical finding rules out such frequently
used models as the Black and Scholes option pricing model, because this model assumes that the log returns are
Gaussian. We can formulate a conjecture regarding the first stylized fact:

Conjecture 1.1 (Stylized Fact 1). The probability measure for log-returns is characterized by the presence of excess
kurtosis and, in some cases, also by skewness.

1.1.2. Autocorrelation dependence and clusters of extreme values. In standard time series analysis the second order
structure of a stationary time series is the object of a great deal of attention. In particular the autocorrelation
function or ACF. For a very good introduction to these topics in time series analysis see Wei (1994). The ACF
is considered to be an important indicator of dependence structure in time series. However, since in any empirical
situation the \true’ autocorrelation function is unknown to us, we have to estimate it by statistical means. Below are
figures describing the autocorrelation function for the FTSE 100 index. You can treat the quadratic transformation
(R2(t)) of the series as an useful indicator or proxy of the time dependent variance.

Figure 2: Autocorrelation pattern for the FTSE 100 index
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(a) ACF for the R(t) process ,FTSE 100
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(b) ACF for the R2 (t) process, FTSE 100

To continue our analysis of the time dependence of the log-returns, we plot the sixth fractile of the most extreme
value for the R2(t) process. This is illustrated in the figure below.

Figure 3: Time series plot for the sixth fractile for the R2(t) process of the FTSE 100
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From the figure above it is obvious that extreme values of the R2(t) process occur in so called clusters. These clusters
occurs in periods with a high variance associated with them. To summarize the findings, we state the following:
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(1) The sample ACF for the R(t) process is negligible at all time lags with the possible exception of the first
one. However, the estimated value of this is often very small.

(2) The sample ACF for the R2(t) process is positive constant and differs from zero for a large number of lags
(3) The extreme values for a log-return sample occur in clusters.

This yields the following conjecture:

Conjecture 1.2 (Stylized Fact 2). The process R(t) is characterized by a dependence pattern in the higher moments
of the probability measure associated with the process. We also have a clustering effect, whereby large values of the
R2(t) process are grouped together over time.

1.1.3. Aggregational Gaussianity. This stylized fact is defined in relation to the frequency at which we observe data
from the log-return process. In particular, this means that if we observe the process daily and then aggregate the
data points to say weekly frequencies, then the resulting empirical distribution will have more typical bell-shape
characteristics of a Gaussian distribution. Another way to express this is that the central limit theorem (CLT) is
satisfied for daily or weekly log-returns. In the figures below the FTSE 100 is illustrated (dotted line). In each figure
we have also provided the Gaussian law with a mean and variance that corresponds to the frequency of the FTSE
100 index.

Figure 4: Distributional aggregation pattern for the FTSE 100 index
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(a) Daily returns vs a Gaussian distribution
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(b) Bi-daily returns vs a Gaussian distribution

−0.1 −0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1
0

5

10

15

20

25

30

(c) Weekly returns vs a Gaussian distribution
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From the above figures we can see that the sharpness of the log-returns peak decreases and becomes more Gaussian-
like as the frequency becomes lower. However, we should keep in mind that when we aggregate to lower frequency the
amount of data decreases, and so it is reasonable to assume that the uncertainty regarding the estimated distribution
will increase.

Conjecture 1.3 (Stylized fact 3). The process R(t) has the property of aggregational Gaussianity, that is the
distributional characteristics of log-returns for lower frequencies such as monthly or weekly is closer to the Gaussian
that for higher frequencies such as daily or hourly.



6

2. Modeling Volatility

From the stylized facts above we can see that a central question when stating a model for financial data is the issue
of volatility modeling. Further, there is the fact that, for both the problem of optimally constructing a portfolio
of financial assets and the pricing of contingent claims of the afore mentioned assets, the volatility structure of the
prices for the financial assets considered is of great importance. In the literature on financial modeling two main paths
for modeling the volatility structure exist. One is called the generalized autoregressive conditional heteroscedastic
process or the GARCH process. The other is the stochastic volatility process. Below follows a short description of
the main features of each.

2.1. The GARCH Process. The increased role of risk and uncertainty in certain economic models and the insight
that volatility is an important factor for the financial industry to consider has led to the development of new time
series techniques for modeling the time variation in second moments. Just as in the Box-Jenkins type models
for conditional first moments, Engle (1982), which was later generalized by Bollerslev (1986)), put forward the
autoregressive conditional heteroscedastic process or ARCH process. Since then a body off literature for modeling
higher order moments has emerged. Many of the applications can be found in the area of financial economics, which
is not surprising in light of the stylized facts from the earlier section. Let us define a GARCH process according to:

Definition 2.1 (GARCH process).

Rt = εt

√
ht

ht = α0 +

pX

i=1

βiht−i +

qX

i=1

αiR
2
t−i

where E(εt) = 0, V ar(εt) = 1, α0 ∈ R
+ \ {0} and αi, βi ∈ R

+,
P q

i=1 αi < 1 ,
P p

i=1 βi < 1 and the εt are considered
to be i.i.d.

This is the (p, q)th order GARCH model which was introduced in the work referred to above by Bollerslev (1986).
The special case exists when βi = 0 ∀i leads to the model becoming the so-called ARCH model presented in a seminal
paper by Engle (1982). The GARCH process is defined as a discrete time process where the conditional volatility
is assumed to be measurable with respect to past trajectory. However, continuous time limits are imposed on the
process under various assumptions, see Drost and Nijman (1993), Drost and Werker (1996) or Nelson (1990). In fact,
the GARCH process becomes a stochastic volatility process when the time increment goes towards zero. The class of
ARCH and GARCH processes has been improved in various ways over the years, see for instance Engle, Lilien, and
Robins (1987), Bollerslev (1987) or Andersson (2001).

2.2. Stochastic volatility process. The stochastic volatility process has its origin in both the literature on mathe-
matical finance and that concerning financial econometrics. Several stochastic volatility processes have been developed
in research looking at different issues. For instance Clark (1973) developed a process to model returns from financial
assets where the process is defined to be a function of a random process said to model information arrivals 1. Later,
Tauchen and Pitts (1983) further improved this work , proposing a mixture of probability measure models with
temporal dependence in the pattern of information arrivals. One example of a stochastic volatility process is the
stochastic volatility model popularized by Taylor (1986).

Example 2.1 (The Basic Taylor 1986 Model).

Rt =ε exp (
σt

2
)εt

ln σt =ξ + φ ln σt−1 + ηt

where ηt is a white noise disturbance and σt is defined as the volatility process. E(εt) = 0, V ar(εt) = 1, εt are
considered to be i.i.d., ε is a scale parameter and φ is an autoregressive parameter.

The biggest difference between the ARCH type of model and the stochastic volatility type of model is the assumption
made about the measurability of volatility. In the ARCH case there is an implicit assumption that the conditional
volatility is t − 1, and measurable at time t. In the stochastic volatility case, however, the conditional volatility
is considered to be a stochastic variable and not a deterministic ditto. Both are of course characterized by being
autoregressive processes.

1In this context information arrivals is equivalent with a stochastic variance
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3. Derivative pricing

Pricing of financial derivatives is by no means easy. To perform derivative pricing we need to use fairly advanced
martingale theory see section 35 in Billingsley (1995) for an excellent introduction to the concept of martingales.
However, the principles are quite straightforward to understand. The pricing of a derivative is nothing more than the
expectation of some order statistic w.r.t. the trajectory of the observable price process. The expectation is performed
after we have taken the risk free return and sometimes flows of dividends into consideration. This process is often
named the risk neutral process to reflect that we work with a probability measure that consider risk neutral agents
on the market . The pricing of derivatives is often expressed as the fundamental theorem of asset pricing, see for
example, Delbaen and Schachermayer (1994). Below is a simplified version of the theorem in question.

Theorem 3.1 (Fundamental Theorem of Asset pricing).

P (t) = ES̃(t)[exp(−r(T − t)g({S(u) 0 ≤ u ≤ T})|Ft]

where P (t) is the price of the derivative at time t ∈ [0, T ]. exp(−r(T−t)) is called the discount factor. The expectation

is with respect to the risk adjusted process, S̃(t). S(t) is the asset price process. Further, F = {Ft 0 ≤ t ≤ T},
defined as the natural filtration of past information concerning the process S = {S(t) 0 ≤ t ≤ T}. The function
g(·) is called the payoff function. For most derivatives g(·) is a function of the trajectory of the price process, i.e.,
g(·) = max(S(T ) − K) specifies an option with the right to buy the asset S at time T at the price K. This is also
called a European call option.

In this introduction, for reasons of simplicity any discussions regarding concepts like arbitrage, market completeness
and equivalent martingale measures have been left out. We refer to Paper IV for more on these issues.

4. Summary of the papers

4.1. Paper I: Approximating the probability distribution of functions of random variables: A new
approach. We introduce a new approximation method for the distribution of functions of random variables that are
real-valued. The approximation involves moment matching and exploits properties belonging to the class of normal
inverse Gaussian distributions. In the paper we examine how well the different approximation methods can capture
the tail behavior of a function of random variables. This is done by simulating a number of functions of random
variables and investigating the tail behavior for each method. Further we focus on the regions of unimodality and
positive definiteness of the different approximation methods. We show that the new method provides approximations
that are equal or better than Gram-Charlier and Edgeworth expansions.

4.2. Paper II: A An extension of the generalized hyperbolic family of probability laws. We present an
extension to the generalized hyperbolic (GH) family of probability laws. In particular we add one more scaling
parameter. We define the corresponding probability law and derive the Laplace transform. In addition we develop a
multivariate probability law that has one dimensional marginal laws that are distributed according to our extension
of the GH family. This is also done for the case when the marginal law is distributed according to the generalized
normal inverse Gaussian (GNIG), a special case of our extension.

4.3. Paper III: The Mean Variance Mixing GARCH (1,1) process a new approach to quantify condi-
tional skewness. In this paper a presentation is given of a general framework for a GARCH (1,1) type of process
with innovations with a probability law of the mean-variance mixing type. We call the process in question the mean
variance mixing GARCH (1,1) or MVM GARCH (1,1). One implication is that one obtains a GARCH model with
skewed innovations and constant mean dynamics. This is achieved without using a location parameter to compensate
for time dependence that affects the mean dynamics. From a probabilistic viewpoint the idea is straightforward: We
just construct our stochastic process from the desired behavior of the cumulants and we provide explicit expressions
for the unconditional second to fourth cumulants for the process. We present a specification of the MVM-GARCH
process where the mixing variable is of the inverse Gaussian type. On the basis of such a distributional assumption
we can formulate a maximum likelihood based approach for estimating the process closely related to the approach
used to estimate an ordinary GARCH (1,1). Under the distributional assumption that the mixing random process is
an inverse Gaussian i.i.d. process, the MVM-GARCH process is then estimated for log return data from the Standard
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and Poor 500 Index. An analysis for the conditional skewness and kurtosis implied by the process is also presented
in the paper.

4.4. Paper IV: A Lévy process for the GNIG probability law with second order stochastic volatility
and applications to option pricing. We derive the Lévy characteristic triplet for the GNIG probability law. This
characterizes the corresponding Lévy process. In addition, we derive equivalent martingale measures which can be
used to price simple call and put options. This is done under two different equivalent martingale measures. We also
present a multivariate Lévy process where the marginals follow a GNIG Lévy process. The main contribution is a
stochastic process which is characterized by autocorrelation in moments equal to and higher than two; a multivariate
specification is provided. The main tool used to achieve this is to add an integrated Feller square root process to
the second order moment dynamics in the time deformed Brownian motion. Applications to option pricing are also
considered and a brief discussion on the topic of estimation of the suggested process is included.
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