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1 Introduction

F-theory is a versatile framework that allows us to construct a large number of consistent
string compactifications in various dimensions. Its main benefit is the possibility to go
beyond perturbative IIB string constructions by geometrizing the type IIB axio-dilaton
field into the complex structure modulus of an auxiliary torus [1–3]. This modulus, and
thus the IIB string coupling, may then vary over the physical compactification space B.
This provides a geometric lift of the compact space to a torus-fibration X, which is fixed to
be Calabi-Yau in order to preserve minimal supersymmetry (SUSY). The F-theory torus
on the other hand, becomes fully physical in M-theory on X, related to F-theory via a
circle reduction.
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This F-theory construction has lead to a vast progress in the construction of super-
gravities, superconformal field theories (SCFTs) and little string theories (LSTs) in various
dimensions. In particular, F-theory has be used to classify SCFTs and LSTs in six dimen-
sions [4, 5] (also see references in [6]). Moreover, its flexibility has also lead to a systematic
construction of 6D supergravity theories and the explorations of their symmetries, as de-
scribed in [7–11] and references therein.

On the other hand, a particular simple set of compact geometries are those of toroidal
orbifolds. Orbifolds are essentially flat spaces, with curvature concentrated at certain
singular points. These points can often be resolved, and when this is possible, this connects
the orbifold geometries to smooth Calabi-Yau (CY) spaces. In reverse, orbifolds can often
be thought of as special singular limits of smooth Calabi-Yaus in their Kähler moduli space.
However, as there exist only a couple of hundred 6D orbifolds, in contrast to the billions
of CY threefolds, this interpretation is only true for a very selected set of CY geometries.

Due to their simplicity, toroidal orbifolds are a classic setting for string compactifi-
cations. As the flatness of the bulk of these space allows an exact heterotic world-sheet
conformal field theory (CFT) description, they have been used extensively for heterotic
string compactifications, starting from the first examples [12, 13] and moving to large model
building explorations [14–16]. Toroidal orbifolds have also been considered, but to a lesser
extent, as backgrounds for F-theory. Orbifolds of type (T2 × T2)/Zn for n = 2 provided
the initial example used by Sen [17] to relate 8D F-theory with perturbative IIB O7− ori-
entifold compactifications, and this constructions was generalized to non-perturbative IIB
vacua by Dasgupta and Mukhi (for n = 3, 4, 6) [18]. More recently, F-theory on orbifolds
have played a prominent role e.g. in the construction of 4D N = 3 SCFTs in non-compact
fourfolds [19, 20].

Compactifying F-theory on six dimensional toroidal orbifolds gives rise to 6D super-
gravity theories coupled to superconformal sectors [3, 21] which have recently been studied
in the context of holography in [22]. The latter reference considered toroidal orbifolds of
type (T2×T2×T2)/Zn×Zm, identifying one of the three tori as the F-theory torus. A key
feature of F-theory compactifications is that they lead to 6D non-cricital strings obtained
from D3 branes that wrap curves inside of the base B. For those strings a holographic IIB
dual picture was proposed, that probe the Ads3 × S3 × B background [23, 24]. Orbifold
bases of the type T4/(Zn × Zm) are then again attractive and simple choices, as they are
flat apart from the (codimension two) orbifold fixed points that contribute 6D tensionless
strings. The specific constructions considered in [22] always lead to superconformal sec-
tors that originate from the intersection of two D7 brane stacks, so called superconformal
matter [4].

However, the studies just mentioned did not explore all possibilities. F-theory can
be used to construct many more SCFT configurations and there are many more toroidal
orbifolds than the examples just mentioned. In fact, 6D toroidal orbifolds have been fully
classified only relatively recently [25] leading to roughly 520 inequivalent geometries. This
classification includes cases that significantly generalize those cases considered in [22], such
as about 360 orbifolds with non-Abelian point group, and multiple Abelian orbifolds that
admit roto-translations, i.e. fractional lattice shifts accompanied with point group rotations.
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Moreover, most toroidal orbifolds admit more than one torus-fiber structure and thus allow
multiple F-theory lifts that share a common M-theory dual.

The goal of this work is to initiate a systematic study of F-theory on toroidal orb-
ifolds and determine the effective supergravity theories resulting from the compactification.
Equivalently, this yields a classification of B = T2×T2/Γ bases, relevant for their potential
holographic study. In order to do so, we follow the general logic put forward in [22]. In
this work, we consider geometries that go beyond those considered in [22] in that they
can admit a single Zn factor and/or roto-translational elements. Already with this limited
generalization, we find a number of interesting geometric features that we explore in the
F-theory setting, which translate into new ingredients in the 6D effective theory.

Toroidal orbifolds generically admit a large set of additional discrete symmetries, due
to their singular nature, which can lead to a wide range of discrete R- and flavor symme-
tries in heterotic compactifications [26].1 As those discrete symmetries are inherited from
the geometry, it is natural to expect enhanced discrete symmetries in F-theory physics
as well. Indeed, we observe various discrete zero-, one- and two-form gauge symmetries
associated to the orbifold orders. Related to that are isolated SCFT sectors in the base
that are not of superconformal matter type. Moreover, we find ADE singularities that are
folded by additional freely acting point group elements and yield twisted affine variants
of ADE fibers [28, 29]. Similarly, such twisted elements can lead to so called multiple
fibers [5, 29–31].

The relation to the heterotic string and its world-sheet CFT methods plays a crucial
role in this work. In particular we use it, and its implementation into the C++ Orb-
ifolder [32], to compute stringy Hodge numbers. Those are required to determine the
number of tensor and vector multiplets in the 6D supergravity theories, and to ensure
anomaly cancellation.

This paper is structured as follows: in section 2 we give a basic introduction to F-
theory from an orbifold perspective as well as a short review of orbifold geometries and
their classification. In section 3 we present our main results, summarize the F-theory
features that arise from the orbifold geometry, and discuss the orbifold geometries Z3,
Z3×Z3− 1− 2 and Z3×Z3− 1− 4 and their physics in some detail. Some more examples,
on Z2 × Z2 orbifolds, are discussed in appendix A. In section 4 we conclude and highlight
future directions and open problems.

2 Orbifolds and F-theory

2.1 Toroidal orbifolds

Toroidal orbifolds play a distinctive role in string compactifications. Just like the tori they
descend from, the bulk of these spaces is flat, and their curvature is concentrated at the
fixed points of the orbifold action. This fact provides a lot of control to the study of e.g.
the heterotic string theory on such spaces, as the world-sheet CFT is free and can be solved
exactly. Orbifolds are not isolated geometries, but can be connected, via resolution [33]

1For a recent account for modular symmetries in orbifolds see [27].
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of the orbifold singularities, to the set of smooth Calabi-Yau geometries.2 Consequently,
orbifolds can be viewed as particular singular, finite-volume, limits of smooth Calabi-Yau
threefolds.3

In this section, we review the basic construction of toroidal orbifolds and how they are
classified. A more detailed discussion of this matter can be found in [25]. In the ensuing
sections, we discuss F-theory and how the orbifold geometry determines the gauge groups,
field content and SCFT sectors of F-theory compactifications.

2.1.1 Orbifold geometry

Toroidal orbifolds can be described as the quotient of a torus T2n with some group G,
called the orbifolding group, or, equivalently, as the quotient of R2n ' Cn with the space
group S

O2n = T2n/G = R2n/S = Cn/S . (2.1)

The space group is a discrete subgroup of the Poincaré group of R2n. A generic element in
S is of the form g = (ϑ, λ) and acts on q ∈ R2n as

q 7→ ϑq + λ , (2.2)

and is composed as (ϑ, λ) ◦ (ω, τ) = (ϑω, ϑτ + λ).
The subgroup of S that consists of pure translations is the lattice Λ associated to the

2n-torus T2n = R2n/Λ. Λ is generated by basis vectors eα ∈ Z2n, α = 1, . . . , 2n. Such bases
are not unique, which leads to equivalence classes of lattices. To be precise, two lattices that
are invariant under the same finite unimodular group, are said to be Bravais equivalent.
Lattices can be classified in terms of their symmetry groups, and are, despite ambiguities
explained in [25], therefore often referred to in terms of Lie algebra root-lattices.

The elements ϑ of a space group element are discrete rotations and form the so-called
point group P . In case P is Abelian an element ϑ is characterized by the integral vector v ∈
Zn which determines the action of the rotation on the n complex planes of Cn according to

(ϑ)ij = exp
(

2πıvi
r

)
δij , (2.3)

where r denotes the order of the point group. As described below in section 2.1.2 in order
to preserve supersymmetry in string compactifications, the compact space is required to
be Calabi-Yau. As a consequence, the point group needs to be a discrete subgroup of the
SU(n) holonomy group. This criterion translates to ∑i vi/r = 0 mod Z.

Note that although the space group is a symmetry of the lattice, it may still admit shifts
by fractional lattice units, yielding so called roto-translations. In absence of elements with
such fractional lattice shifts, the space group is given by the semi-direct product S = PnΛ.
In the generic case the space group is instead described by

S = 〈{G,Λ}〉 , (2.4)
2Such a resolution, however, might not always be possible.
3Oftentimes, cycles in the geometry can be shrunk further, resulting in Landau-Ginzburg, or hybrid

phases of the geometry.
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where we recall that the orbifold group G is defined in (2.1). Concluding, by slight abuse of
notation, an element g = (ϑ, λ) in an Abelian space group will in the following be denoted
by the (n+ 2n)-component vector

ϑ : ((vi/r)i=1,...,n | (λα)α=1,...,2n) . (2.5)

As indicated above, the action of the space group on R2n is in general not free and
admits fixed points/lines

qf = g(qf ) , (2.6)

as illustrated for a T2/Z3 fixed point qf = 2/3 e1 + 1/3 e2 in figure 1. Since this equation
might have several solutions in the fundamental domain of the lattice for a choice of a
discrete rotation, one point group element can introduce several fixed points. Note, that
only fixed points in the fundamental domain of the orbifold (cf. figure 1) are inequivalent,
as we now explain. Using (2.6), one can show, that each fixed point is in one to one
relation with an element gf of the orbifolding group. However, those fixed points qf and
their corresponding group elements gf might not be independent on the full orbifold, as
there might be additional group elements h upon which fixed points are identified as

h(qf ) = q′f ↔ g′f = h ◦ gf ◦ h−1 . (2.7)

The order k of the fixed point is defined by the order of the associated point group
element, such that gk = 1. Furthermore, the action induces a holonomy Γ ⊂ SU(3) at this
point, which indicates the presence of curvature. This explains the already mentioned fact
that the curvature of an orbifold is localized at the singular fixed points. Such orbifold
singularities often admit a crepant resolution to a non-singular Calabi-Yau manifold, where
the singular point is replaced by one, or a chain of, exceptional divisors (see e.g. [33, 34]).
This resolved singular structure will be of crucial importance in F-theory compactifica-
tions on orbifolds, and will therefore be illustrated with two examples in subsections 2.1.3
and 2.1.3. Beforehand, in the next section, we review the classification of six dimensional
symmetric toroidal orbifolds by Fischer and collaborators [25]

2.1.2 Classification of symmetric toroidal orbifolds

Orbifolds have been studied for a long time in the field of string theory, and several clas-
sifications exist [35–38]. Of particular relevance is the recent, complete classification of
the symmetric toroidal orbifolds (STO)4 in six dimensions [25], which classifies these ge-
ometries based on their space groups. This allows one to define three types of equivalence
classes among orbifold geometries

• The Q-equivalence determines the point group P in the space group S. Two space
groups are Q-equivalent iff. for their point groups P1 and P2

∃ V ∈ GL(2n,Q) : V −1P1V = P2 . (2.8)
4In this work we follow the nomenclature of [25] that distinguishes symmetric and asymmetric orbifolds

that correspond to geometric and non-geometric heterotic string backgrounds.
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Figure 1. Depiction of the action of a pure rotation generated by ϑ by 120◦ of a an orbifold
fixed point (pink) in a torus T2 = R2/ΛSU(3). After a lattice shift by e1 the point is transported
back onto itself. Note, the light gray region is the fundamental domain of the lattice, opposed
to the fundamental domain of the orbifold in darker gray, which is smaller due to the additional
identification by the point group elements.

Orbifolds that are representatives of one Q-class have the same holonomy group.
However, Bravais-inequivalent lattices are not distinguished in this classification.

• Z-equivalence distinguishes lattices Λ in S. Two space groups are Z-equivalent iff. for
their point groups P1 and P2

∃ U ∈ GL(2n,Z) : U−1P1U = P2 . (2.9)

The Z-classification provides a refinement of the Q-classification, i.e. each Q-class
may contain several Z-classes.

• Affine-equivalence distinguishes different orbifolding groups in the S, in terms of
different fractional lattice shifts, so called roto-translations. Two space groups S1
and S2 belong to the same affine class iff.

∃ (f : R2n → R2n) : f−1S1f = S2 , (2.10)

with f = (A, t) consisting of translations t and linear mappings A.
This equivalence is of special importance in this work as the effect of different

non-trivial affine classes on the physical theory is investigated.

In ref. [25], these equivalence relations are used to classify and count inequivalent orbifolds,
grouped in terms of the amount of supersymmetry preserved in compactification of the
heterotic string to four dimensions. We summarize this classification, for Abelian point
groups, in table 1. For a more detailed analysis of the classification the reader is referred
to the original work [25].

In string compactifications, the geometry of the internal space determines the theory in
lower dimensions, and so these different equivalence classes determine different aspects of
the physical theory. Whereas the Q-class determines the amount of SUSY that is preserved
in the compactified theory, transforming between different representatives of one affine class
corresponds to moving in the moduli space of the respective compactification.

Note, that in the classification as well as in the present work geometries of both simply-
connected and non-simply connected geometries appear. The fundamental group of toroidal
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S ⊂ SU(3) SU(2) 1 ∑
#Q 17 4 1 22
#Z 60 10 1 71

#aff. 138 23 1 162

Table 1. Summary of all orbifold geometries for all Abelian Q-, Z- and affine classes split up
into their respective (discrete) holonomy subgroups. Reduced holonomy subgroups lead to en-
hanced SUSY.

orbifolds is given by

π1 = S/ 〈F 〉 , (2.11)

where 〈F 〉 denotes the span of non-freely acting space group elements. In case 〈F 〉 = S

(which holds for most affine classes), π1 is trivial. A non-trivial fundamental group exists,
if there are freely acting space group elements, that are not decomposable into the set
of non-freely acting elements. In the context of the heterotic string this indicates non-
local symmetry breaking. In the present work the orbifold discussed in section 3.2.2 is an
example for an orbifold with non-trivial fundamental group. As we will see later, similarly
as discussed in [29, 31] such geometries lead to F-theory description in terms of a covering
theory modulo additional superconformal sectors.

In the following, adopting the nomenclature of the classification, six dimensional STOs
are referred to in terms of these three classes as Zn×Zm−X−Y , where Zn×Zm specifies
the point group, that is the Q-class, and X and Y determine the Z- and affine class,
respectively.

2.1.3 Stringy Hodge numbers of orbifolds

A key component in the analysis of F-theory compactifications are the Kähler and com-
plex structure moduli of the orbifold geometries Xorb. Strictly speaking, these topological
invariants are not defined for singular geometries but only for the smooth Calabi-Yau A
short-cut to determining these numbers, that bypasses the resolution of the geometry, is
provided by the free heterotic CFT in the standard embedding. This refers to a particular
solution of the Bianchi identity and Hermitian Yang-Mills equation of the heterotic com-
pactification, where the gauge connection is equated with the SU(3) spin connection. The
observable 4D gauge group is then the SU(3) commutant in E8 ×E8, that is E6 ×E8, and
we can use this information to determine the Hodge numbers. Decomposing the broken
E8 adjoint as

248→ (1,8) + (27,3) + (27,3) + (78,1) . (2.12)

we observe that 27 and 27 come with a 3 and 3̄ representations of the SU(3) tangent
bundle TX of the CY X. Hence, one can count the 27, 27 representations5 as

27 : dim(H1(X,TX)) = h(1,1)(X) , 27 : dim(H1(X,∧2TX)) = h(1,2)(X) , (2.13)
5Recall that the 3 is the double antisymmetric of the fundamental of SU(3).
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Figure 2. This depicts the location of the fixed points (pink) of the orbifold (T2 × T2)/Z3. The
lattice Λ = SU(3)×SU(3) is depicted in terms of its generating vectors (black) and the fundamental
domain of the orbifold is marked gray.

which are thus the Hodge number of the threefold. These target space fields also correspond
to the (a, c) and (c, c) chiral primaries of the heterotic (2, 2) world sheet theory. Such
operators are preserved in different phases of the target space geometry, as explicitly given
via the GLSM construction [39].

Hence if we can compute the (anti-)fundamentals of E6 of the heterotic target space
theory in the standard embedding, we know the Hodge numbers also in the smooth phase.
Luckily, we have such a method as the heterotic world sheet theory is a free CFT at the
orbifold point and the spectrum can thus be computed exactly. This has conveniently
been implemented in the C++ Orbifolder [32]. This information also allows to deduce the
amount of twisted and untwisted moduli in terms of string states that are, respectively, lo-
cated at the fixed points and freely propagating bulk states. These states correspond to the
deformations of the fixed points and the parent tori respectively. For all the aforementioned
Abelian orbifolds, this information is summarized in appendix C.1 of [25].

We exemplify those considerations with a two- and three-fold example.

Geometry of TTT4/ZZZ3

Orbifolds of type T2n/Z3 have been extensively studied in the string theory literature
since [12]. As all four dimensional non-trivial Calabi-Yau orbifolds are K3 surfaces, this
example is a singular limit of an (elliptic) K3 as e.g. considered by Sen in [17] and [18].

To be explicit, this geometry has one point group generator of the form

ϑ : ( 1/3 −1/3 0 0 0 0 ) . (2.14)

This acts on a lattice Λ = SU(3) × SU(3) which is the only lattice invariant under a Z3
action. The action of this element induces three fixed locations in each of the two tori
giving rise to in total nine fixed points. This structure is depicted in figure 2. The order
of these fixed points is three, requiring two blow-ups at each fixed point. The resolved
geometry is depicted in figure 3 where the black circle denotes the base P1, the dark blue
circle the generic F-theory fiber and the light blue circles the blown up singularities. There
we find over each of the three base loci an E6 type fiber which required 3×6 = 18 resolution
divisors. This geometry is in fact an extremal K3 surface, which can be seen as follows:
the Picard number ρ counts the subpart of h(1,1)(K3) that is realized as divisors modulo
algebraic equivalence. Extremal K3s are rigid, i.e. they have no other deformations but the

– 8 –
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Figure 3. Depiction of the resolution of the orbifold singularities in (T2 × T2)/Z3. Light blue
circles depict the Z3 resolution divisors. The ambient tori over fiber and base also become P1’s
depicted as blue and black circles.

Kähler moduli associated to divisors. Since h(1,1)(K3) = 20, it then follows that ρ = 20.
This is exactly what we have in our case since ρ = 2 + 18 = 20, where the 2 is the
contribution of fiber and base.

We can double check this observation from the (4, 4) heterotic orbifold CFT perspective
as analyzed in [40]. The standard embedding requires us to identify the SU(2) gauge group
inside one E8 with the spin connection. This breaks the heterotic six dimensional target
space gauge group as E8 → E7. Each 56 half-hypermultiplet in 6D represents a deformation
in the Picard group of the K3. For this geometry there are two half-hypers in the bulk, and
two 56 at each of the nine fixed points [40]. In total we have the twisted and untwisted
Picard numbers

(ρuntw, ρtw) = (2, 18) , (2.15)

which shows that we have correctly identified the singularities. A notable benefit of ex-
tremal elliptic K3s is, that they are classified in [41] which we will also use in order to
discuss the F-theory physics in section 2.3.1.

Geometry of TTT6/ZZZ3 ×××ZZZ3 − 1 − 1

Turning to six dimensional STOs, there exists the option to have not only one point group
factor, but two (and accepting non-Abelian orbifolds also three). As an example, take the
orbifold of T6 = R6/ΛSU(3)3 modulo two Z3 quotients. The generators ϑ and ω of the two
quotients can be chosen to act according to

ϑ : ( 0 1/3 −1/3 0 0 0 0 0 0 )
ω : ( 1/3 0 −1/3 0 0 0 0 0 0 ) . (2.16)

The generated inequivalent group elements induce fixed points, that are depicted in
figure 4. The fixed points may be grouped according to the element that fixes them. There
are 27 fixed points associated to the group element ϑω that are localized in all three tori
(i.e. they are co-dimension three). In contrast to these, the remaining inequivalent group
elements all have fixed planes, that is its action leaves an entire torus fixed. The fixed
points associated to these group elements are referred to as co-dimension two. Analyzing
these sectors separately, one realizes that each of them resembles the orbifold T4/Z3 × T2,

– 9 –
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Figure 4. This depicts the location of the fixed points (pink) of the orbifold (T2 × T2 × T2)/Z3 ×
Z3 − 1 − 1 grouped in sectors according to the group element that fixes them. The lattice Λ =
SU(3) × SU(3) × SU(3) is depicted in terms of its generating vectors (black) and the fundamental
domain of the orbifold is marked gray.

where the first factor is the four dimensional orbifold discussed in the previous section.
The second factor is either the first, second or third torus of T6 = T2 × T2 × T2 for each
of the three group elements. Note, that the fixed points in these three sectors mutually
intersect in the co-dimension three fixed points associated to ϑω discussed above.

Regarding the Hodge numbers, one finds no contributions to h(2,1). Furthermore, there
are three untwisted states contributing to h(1,1). The 27 fixed points in the sector associated
to ϑω of co-dimension three contribute each one state twisted state to h(1,1). Due to the
states associated to the remaining sectors one finds [25]

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 78) , (h(2,1)

untw., h
(2,1)
tw. ) = (0, 0) . (2.17)

2.2 F-theory and SCFTs

In this section we summarize the basic concepts of F-theory, and how this framework allows
to construct 6D superconformal field theories (SCFTs). A more thorough summary can be
found in one of the many reviews in the literature (see e.g. [6, 42]). F-theory means that
we enhance the IIB compactification space Bn by an auxiliary torus, which we refer to as
the F-theory torus in the following, whose complex structure describes the IIB axio-dilaton
coupling τ = C0 + igIIB modulo SL(2,Z), which is a symmetry of the type IIB theory. This
geometrization allows τ to vary from point to point over the compactification space, as
described by a holomorphic fibration. The total space Xn+1 hence obtains the structure

T2 → Xn+1
↓ π
Bn

. (2.18)

– 10 –
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The power of F-theory thus lies in the possibility tp olet the axio-dilaton vary, which allows
to explore strong coupling regimes.

When compactified on a circle, F-theory is dual to M-theory on Xn+1, where the volume
of the elliptic fiber becomes physical. In order to preserve minimal SUSY of the M-theory
compactification, Xn+1 is fixed to be Calabi-Yau. This perspective gives a dual definition
of F-theory, by thinking of it as M-theory on the CY (n + 1)-fold upon decompactifying
the elliptic fiber. This process we call the F-theory lift with respect to a specified torus
fiber of a given (n + 1)-fold. The power of the construction is, that we are able to keep
track and read off the IIB axio-dilaton τ in a SUSY preserving way, for cases when it is
neither constant nor fixed to small couplings. This is important when adding D7 branes,
that act as defects that source SL(2,Z) valued monodromies for the axio-dilaton τ . While
perturbative D7 branes shift τ by the T generator of SL(2,Z), this generalization also
allows for strong coupling branes that shift τ by the S generator.

When moving onto the locus of a D7 brane, the axio-dilaton τ diverges and in turn
the F-theory T2 becomes singular. These singularities admit an ADE classification which,
in type IIB language, describes the D7 worldvolume gauge algebra G. This connection
is beautifully reproduced in geometry, where the intersection matrix of the resolved fiber
is precisely the (affine) ADE Cartan matrix. In 8D, such singularities are schematically
of form

Y2 = (T2 × C)/Γn , Γn ⊂ SU(2) with (Γn)n = 1 . (2.19)

E.g. for Γ3 = (e2πi/3, e−2πi/3) this yields three order three fixed points in the T2 direction
and the origin of the C factor. Each are resolved by two (−2) curves in T2, leading to an
affine E6 over the origin of C.

This geometric correspondence guarantees the very same gauge algebra to appear in
M-theory, when compactified on the same (singular) geometry, as it is dual to F-theory
reduced on a circle. In M-theory the torus-fiber and its resolution is physical and the
volume of the resolution curves are given by Kähler moduli. Expanding the M-theory
3-form along those (1, 1)-forms associated to Kähler moduli, contributes vector multiplets
that yield the U(1)rk(G) Cartan algebra. At the singular point this Cartan subalgebra is
enhanced to the full non-Abelian group, that originates from M2 branes that wrap the
collapsing fibral divisors.

2.2.1 6D anomaly cancellation
Any consistent quantum theory must be free of gauge and gravity anomalies, which can
be achieved via the GSSW mechanism [43, 44]. In the following we are mostly interested
in 6D N = (1, 0) supergravity theories, where the anomaly cancellation conditions are
particularly tight. In the following, we briefly review those constraints, and refer to [45]
or [11, 46] for more details. We will then discuss how these conditions are encoded in the
geometry of the compactification.

Any supergravity theory must be free of the irreducible gravitational anomaly, which
translates to the condition

H − V + 29T = 273 , (2.20)
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where H,V and T are the numbers of 6D massless hyper, vector and tensor multiplets,
respectively. Then there are the reducible gauge and gravitational anomaly cancellation
conditions

a · a = 9− T (2.21)

a · b = −λ6

(
Aadj −

∑
R
n[R]AR

)
(2.22)

b · b = −λ
2

3

(
Cadj −

∑
R
n[R]CR

)
(2.23)

0 = Badj −
∑
R
n[R]BR , (2.24)

where the right hand side are the anomalies, which should be cancelled by a GS contri-
bution on the left.6 On the right hand side, n[R] is the number of hypermultiplets in a
representation R in the theory, and AR, BR, CR are Casimir coefficients of representations
R of gauge algebras7 G. On the left hand side, the coefficients a and b are SO(1, T ) vec-
tors, and · denotes the scalar product with the SO(1, T ) invariant pairing Ωij . This tensor
determines the GS axion couplings as well as the coupling of BPS strings to the tensor
multiplets in the theory with the condition to be uni-modular [48], that is Det(Ω) = −1.

All field theory quantities above can be matched to the geometric quantities of F-
theory on X3. In particular the pairing Ω can be expressed as the intersection pairing on
the base B2

Ωij = ωi · ωj (2.25)

with ω ∈ H2(B2,Z) being an integral basis of 2-cycles. Further, b and a correspond to
divisors Z of the codimension one singularities and the anticanonical class c1(B2) of the
base respectively. The h(1,1)(B2) = 1 +T dimensional base cohomology lifts to the vertical
divisor part of the threefold X3. The Shioda-Tate-Wazir formula tells us then, that all
other Kähler moduli of the threefold X3 are of fibral type or sections. Thus, they count
ADE resolution divisors and generators of a free Mordell-Weil (MW) group, respectively.
It is by now well established that the former class lifts to ADE gauge algebras and the
second to U(1) factors F-theory. Summarizing we can write the Kähler moduli as

h(1,1)(X) = 2 + rk(G) + T , (2.26)

which is required in order to match with the gauge algebra in M-theory on X3.
From the M-theory dual, we can also deduce that the Cartan generators of the ADE sin-

gularities get enhanced to the full adjoint valued gauge algebra that support V = dim(ADE)
vectors in 6D by M2 branes that wrap the respective collapsed curve. Similarly, additional

6Additional sets of conditions arise when U(1) gauge factors are present. We leave these out for brevity,
and refer the interested reader to e.g. appendix A of [47].

7In this work we do not distinguish gauge groups and algebras. If those structures do no coincide, we
remark so explicitly.
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hypermultiplets in the adjoint representation appear, if the D7 brane wraps a curve with
genus g > 0 [49]. Finally, we also need to know the number h(2,1)(X3) of complex structure
moduli. These contribute uncharged neutral hypermultiplets

H1 = 1 + h(2,1)(X3) , (2.27)

that are important to cancel the gravitational anomaly (2.20). In addition there are mass-
less charged hypermultiplets HR that carry representations R under the gauge algebra G.
From the F-theory/IIB perspective these originate from intersections of D7 brane stacks,
i.e. codimension two loci, where bifundamental matter resides. However in many cases
such a perturbative matter interpretation is not applicable. This is the case, whenever the
brane collisions leads to non-minimal singularity in the F-theory torus, which can only be
avoided upon one or multiple blow-up of the respective collision points in the base. Such
configurations are called superconformal matter [50] and their occurrence highlights the
presence of tensionless strings in the theory.

2.2.2 SCFTs as orbifolds

The F-theory construction gives a convenient way to geometrically engineer 6D supergrav-
ity, LSTs [51] and SCFTs [4, 6]. The latter ones are characterized via their base in terms
of two-dimensional orbifolds of the type

B2,SCFT = C2/ΓB , with ΓB ⊂ U(2) . (2.28)

This base is not required to be Calabi-Yau itself but only the elliptic total space. When
adding the elliptic fiber, one can uplift the quotient into a discrete subgroup of SU(3) e.g. as

X3 = (C2 × T2)/Γ , with Γ = (ΓB,− det(ΓB)) ⊂ SU(3) , (2.29)

such thatX is an genus-one fibered threefold. A simple example is that of ΓB=(e2πi/3, e2πi/3).
Such a quotient admits a single minimal resolution in the base performed via a (−3) curve
at the origin [10, 52, 53]. Putting a Weierstrass model over the geometry, one finds a
minimal singularity of type IV , that is an SU(3) in the F-theory context. This can also be
seen, from the quotient perspective, by enhancing ΓB to Γ3 = (e2πi/3, e2πi/3, e2πi/3) which
yields the singular local threefold

X3 = (C2 × T2)/Γ3 , (2.30)

which admits three fixed codimension three fixed points in the T2 direction. Each fixed
point can be resolved via a single resolution divisor, which yields the desired SU(3) fiber
over the (−3) curve, which we depict as

SU(3)
3 . (2.31)

Several other configurations exist, with non-trivial actions on the non-compact C di-
rections, in particular when Γ = Zn × Zm that have been explored e.g. in [54]. E.g. for
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Z3 × Z3 with the two generators written as

ϑ : ( 0 1/3 −1/3 0 0 0 0 0 0 )
ω : ( 1/3 0 −1/3 0 0 0 0 0 0 ) . (2.32)

can be thought of two local Z3, quotients, that lead to two E6 resolutions, as described in
the section before, that intersect at the origin of the F-theory base. This configuration is
that of (E6, E6) conformal matter, with tensor branch

[E6] 1
SU(3)

3 1 [E6] . (2.33)

This configuration can be anticipated by noting that there are three more twisted sectors
given by the combinations ϑω and ϑ2ω.8 The former one yields the (−3) sector with the
SU(3) fiber over it while the other is empty and just yields the two (−1) curves with no fiber
enhancement. We will encounter such configurations in various combinations throughout
the examples in the next sections.

2.3 F-theory on orbifolds

The discussion in the previous section now allows us to analyse F-theory compactifications
on the geometries introduced in section 2.1.1. We start with the geometry T6 and decom-
pose it into three two-tori. If the orbifold action respects this decomposition there are a
priori three different torus-fibration structures. From the M-theory perspective, each torus
allows a lift to F-theory. Note however, that not all of those lifts might be inequivalent.
This happens, if there is a permutation symmetry of the orbifold torus actions. Exam-
ples are given by six dimensional STOs with trivial affine class and orbifold generators of
the same order. Turning to STOs that exhibit two generators of different order and/or
non-trivial affine class destroys this symmetry and lead to inequivalent F-theories.

In more in general however not all STOs in the classification of [25] can serve as an
F-theory background due to the lack of at least a single torus-fibration structure. The
authors of ref. [25] dubbed this property factorizability. Factorizability can in general be
obstructed by non-diagonal action of both the lattice as well as the point group. As in
this work Abelian point groups are considered, only a lattice action which mixes the three
complexified (torus-)coordinates can prevent F-theory lifts.

2.3.1 F-theory on TTT4/ZZZ3

As our first example we consider F-theory on T4/Z3. The geometry and in particular
its fixed points structure has been discussed in section 2.1.3. Compactifying F-theory on
this four dimensional geometry yields an 8-dimensional supergravity. In fact this theory
admits two equivalent F-theory lifts when taking either of the two ambient tori as the F-
theory fiber. In that picture, the F-theory base is T2/Z3, which is topologically a P1 with
three marked points, where the F-theory torus is singular. From the resolution figure 3 we
already know that there is an (affine) E6 fiber sitting at each of the three base loci, leading

8ϑω2 is simply the inverse of the second sector and admits no new independent fixed points.
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to a E3
6 gauge algebra. This structure in fact might be viewed as a torus compactification

of IIB strings with a Z3 orientifold [18]. An important observation made there is that the
IIB axio-dilaton is fixed to a large value, since the F-theory torus lattice is of SU(3) algebra
type which fixes τ = e2πi/3.

As noted before, this geometry is an extremal K3 which in fact is also unique. Thus,
there is only one way to construct this geometry, which we do via the following Weierstrass
model. In terms of the base P1 coordinates u0, u1 this model is given by the Weierstrass
equation

Y2 : y2 = x3 + yz3 (u0u1(u0 + u1))2 , (2.34)

with Weierstrass functions

(f, g,∆) =
(

0, u
4
0u

4
1(u0 + u1)4

4 ,
27u8

0u
8
1(u0 + u1)8

16

)
. (2.35)

The Kodaira classification tells us, that there are three type IV ∗ singularities at u0 =
0, u1 = 0 and u0 = −u1, which each support an E6 singularity. Remarkably, the above
geometry admits an enhanced Mordell-Weil group of order three. This group is generated
by the zero-section at s0 : (x, y, z) = (1, 1, 0) and the additional section at s1 : (x, y, z) =
(0, 0, 1), which is a point of order three [55]. As this model is unique, there is no other way
of setting up an elliptic K3 with three E6 fibers. This MW factor leads to a gauged center
Z3 1-form symmetry [55–57], which gives a E3

6/Z3 in the 8D supergravity theory.9

2.3.2 F-theory on TTT6/ZZZ3 ×××ZZZ3 − 1 − 1

We move on to exemplify F-theory on a six dimensional toroidal orbifold, reviewing the
results of [22]. We do so on a T6/Z3 × Z3 geometry which we discussed in detail in
section 2.1.3. As prepared around equation (2.16), this geometry has three fixed point
sectors of co-dimension two, that are of type T4/Z3×T2, as well as one sector that exhibits
co-dimension three fixed points.

We choose the third torus10 as F-theory fibre for concreteness, and torus one and two
as the base part. Then the fixed points associated to the constructing elements ϑ and ω
are co-dimension one singularities of the base which are the loci of D7 branes in the IIB
picture. The discussion here is analogous to the T4/Z3 orbifold, where the gauge group
factors are E6 for each base fixed point. Furthermore, one observes that these singularities
intersect mutually in nine points. These points are the fixed points in the sectors associated
to the ϑω and ϑω2 element. As discussed in section 2.2, these yields SCFT sectors namely
the (E6, E6) conformal matter whose tensor branch we recall as

[E6] 1
SU(3)

3 1 [E6] . (2.36)
9Those gaugings can in general lead to 8D anomalies, which are absent in cases they are realized by MW

torsion of the elliptic K3 [58] as similarly seen in the dual heterotic Narrain compactification [59, 60].
10Note that the geometry admits a permutation symmetry among all three tori, thus leading to equivalent

F-theory lifts.
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Figure 5. Depiction of the intersection structure of the six E6 gauge algebra factors in the T6/Z3×
Z3 − 1− 1 orbifold. At the nine intersection points, there is (E6, E6) conformal matter, illustrated
as a circle.

The above superconformal matter is exactly what we expect for each of the 9 (E6, E6)
collisions, that we summarized in figure 5. We summarize the non-Abelian gauge algebra
and the full massless spectrum of this compactification (on the tensor branch) as

G E6
6 × SU(3)9

H 1
V 6× 78 + 9× 8
T 27 + 1

.

Note that the spectrum matches the stringy Kähler moduli, computed via the heterotic
theory: the three untwisted Kähler moduli translate into volume moduli for the fiber and
base plus one additional tensor. The 81 twisted Kähler moduli are distributed as the 36
E6

6 Cartan generators, 18 from those of SU(3)9 and finally the 27 tensors of the conformal
matter points.

This theory satisfies all 6D supergravity and gauge anomaly cancellation conditions
of section 2.2.1 which we discuss next (more details can be found in [22] and [61]). Here
we only state the results: first, the irreducible gravitational anomaly cancels provided the
data above. Second, the reducible gravitational anomaly as well as mixed anomalies can
be cancelled for which we first give the reduced intersection matrix

Ω =
(

0 1
1 0

)
⊕


−1 1 0

1 −3 1
0 1 −1



⊕9

, (2.37)

where the curves supporting the E6 gauge group factors are in the classes of the first two
components of Ω, e.g.

b(E6)1 = (1, 0, {−2,−1,−1}⊕3 , {0}⊕(3×6)) . (2.38)
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Figure 6. Depiction of the affine Dynkin diagram of E6. The nodes are associates to the roots αi

of E6 and their Kac-labels. The node associtated to α0 is the affine node.

The remaining nine factors correspond to the (E6, E6) conformal matter (see equa-
tion (2.36)), e.g. the (−3)-curve in the first factor

b
(−3)
112 = (0, 0, {0, 1, 0}, {0}⊕(3×8)) . (2.39)

Note, that this intersection pairing is unimodular and its signature agrees with (+,−) =
(1, T ) = (1, 28) as required.

The components of the canonical class can be found by adjunction and requiring the
correct genera of the appearing curves. This results in [22] in the Ansatz

ai =
∑

j
(Ω−1)ij(2gj − 2− (Cj)2) , (2.40)

where gj and (Cj)2 denote the genus and self-intersection, respectively, of the j’th curve.
This evaluates here to

a = (−2,−2, {2, 1, 2}⊕9) . (2.41)

Using these representations as well as the intersection pairing (2.37) one can show the
vanishing of the anomalies reviewed in section 2.2.1 and thereby verify the consistency of
this 6D theory.

Finally we also remark, that the above geometry is as also consistent with a global Z3
torsion factor that acts diagonally on the various group factors. This is in fact also com-
patible with the (E6, E6)/Z3 non-simply connected conformal matter [62]. This suggests
that the actual global gauge group should rather be (E6

6 × SU(3)9)/Z3.
Before moving on to the main part we want to comment on the unusual fiber structure

that appears in the T4/Z3, T6/Z3 × Z3 but also all other orbifold geometries. The main
remark is, that the generic torus fiber for all orbifolds represents inner P1’s in the affine
Dynkin diagram. In the examples here, the generic torus fiber is the unique root with Kac
label 3, see figure 6. This is at odds with degenerate elliptic fibrations, where the generic
fiber is indeed given by the affine node with Kac label 1, consistent with the fact that they
are intersected with the zero-section. In this way the presence of a zero-section marks one
of these outer nodes as the affine one. However, in the orbifolds there is a Z3 permutation
symmetry among the three fibers and hence none of them can be distinguished from the
others.
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Therefore, we have only two options: first we might have no section, in which case
we expect a genus-one fibration with three-sections only. The expectation for F-theory on
genus-one fibrations on the other hand is, that they encode a discrete Zn gauge symmetry
essentially given by the order of the n-sections [28, 47, 63–68] and also the review [68].

In the case at hand, we would expect a Z3 gauge symmetry. This explanation however,
is at odds with the fact that there is no massless matter which could be charged under the
discrete group. Moreover, there are no complex structure moduli that would allow us to
un-Higgs the Z3 to a U(1) symmetry which is in conflict with common quantum gravity
lore. The second option is, that we must have three sections that are permuted by the Z3
symmetry. Indeed, we argued already that this model should have a Z3 MW torsion, which
modifies the global gauge group which therefore seems to be the correct interpretation. In
various other examples, that we are going to discuss in the next sections, there will be
further geometric features that rather point the absence of a section and hence some Zn
discrete gauge symmetry in the F-theory supergravity theory.

3 F-theory on symmetric toroidal orbifolds

Having established the geometries of symmetric toroidal orbifolds (STOs) and the frame-
work of F-theory in the last section, we want to present the main results of our analysis. We
start by giving an overview over the STOs, and their F-theory lifts, that we have consid-
ered. Many of those geometries lead to new features that have not been present in orbifold
compactifications of F-theory in the literature [3, 18, 21, 22]. Finally, this section serves to
give a detailed discussion of three example geometries that highlight those features.

3.1 Summary of results

3.1.1 Orbifold statistics

The classification of STOs [25] comprises orbifolds in 60 different Q-classes, that have a
holonomy group which is contained in SU(3). Of these, 22 are Abelian and 38 non-Abelian.
As already reviewed in section 2.1.2, these Q-classes can be subdivided in Z- and affine
classes, which are summarized in table 1 for the Abelian subset. In total there are 162
affine classes of orbifolds with Abelian point group in the mentioned Q-classes, whereof
138 have a holonomy group which is contained in SU(3) but not in SU(2).

As explained in section 2.3 not all of these geometries give sensible F-theory vacua,
as the fibration structure of F-theory compactifications requires the factorizability of “the
F-theory torus”. Taking into account the requirement that the group action11 needs to
factorize, of the naively 3 × 138 = 414 models only 125, that is 30.2%, yield sensible F-
theory compactifications. Note, that not all of these F-theory models are actually different.
As encountered in section 2.3, different choices of the F-theory torus, that is different lifts,
might give the same model, if the orbifold is symmetric under exchange of these tori.

In this paper, we have considered 16 different STO geometries in various Q-classes, but
trivial Z-class and their 26 inequivalent F-theory lifts as summarized in table 2. In there,

11As noted in section 2.3, the action of Abelian point groups always factorizes all three tori, as this defines
them. In this case only a non-factorizable lattice action can obstruct F-theory lifts.
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Z2 × Z2 h(1,1), h(2,1) lift G T T(2,0) Hc

−1− 1 51, 3 T2
1, T2

2, T2
3

∏8
i=1 SO(8)i 17 — —

−1− 2 19, 19 T2
1

∏8
i=1 SO(5)i 1 8×A1 ⊕8

i=110i

T2
2, T2

3
∏2

i=1 SO(8)i 9 — ⊕2
i=128i

−1− 3 11, 11 T2
1

∏4
i=1 SO(5)i 1 8×A1 ⊕4

i=110i

T2
2 ∅ 9 — —

T2
3

∏2
i=1 SO(8)i 1 8×A1 ⊕2

i=128i

−1− 4 3, 3 T2
1, T2

2, T2
3 ∅ 1 8×A1 —

Z2 × Z4

−1− 1 61, 1 T2
1, T2

3

∏2
i=1(E7)i × SO(8)

×
∏4

j=1[(SO(7))× Sp(1)a×

Sp(1)b]j

21 —
⊕4

j=1[1/2(8,2a)⊕

1/2(8,2b)]j

T2
2

∏10
i=1 SO(8)i 19 — —

Z2 × Z6

−1− 1 51, 3 T2
1, T2

3

E8 × F4 × SO(8)

×
∏4

i=1[G2 × Sp(1)]i
21 —

⊕4
i=1[1/2(7,2)⊕

1/2(1,2)]i

T2
2

∏8
i=1 SO(8)i 17 — —

−1− 2 31, 7 T2
1, T2

3

∏2
i=1(F4)i ×

∏2
j=1(G2)j

×
∏2

k=1 SU(3)k

13 — 261 ⊕2
j=1 7j

Z3 × Z3

−1− 1 84, 0 T2
1, T2

2, T2
3

∏6
i=1(E6)i ×

∏6
j=1 SU(3)j 28 — —

−1− 2 24, 12 T2
1, T2

2 E6 ×
∏3

i=1 SU(3)i 10 — 78

T2
3

∏6
i=1(G2)i 10 — ⊕6

i=17⊕ 9× 2× 1

−1− 3 18, 6 T2
1 E6 ×

∏3
i=1 SU(3)i 4 3×A2 78

T2
2

∏3
i=1 SU(3)i 10 — —

T2
3

∏3
i=1(G2)i 10 — ⊕3

i=17i

−1− 4 12, 0 T2
1, T2

2, T2
3

∏3
i=1 SU(3)i 4 3×A2 —

Z3 × Z6

−1− 1 73, 1 T2
1, T2

3

E8 × E6 ×G2

×
∏3

i=1(F4)i

×
∏3

j=1 SU(3)j

×
∏3

k=1[G2 × Sp(1)]k

28 —
⊕3

k=1[1/2(7,1)⊕

1/2(1,2)]k

Z6 × Z6 h(1,1), h(2,1) lift G T T(2,0) Hc
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−1− 1 84, 0 T2
1, T2

2, T2
3

∏4
i=1(E8)i ×

∏3
j=1(F4)j

×
∏6

k=1(G2 × Sp(1))k

×SU(3)

34 —
⊕6

k=1[1/2(7,2)⊕

1/2(1,2)]k

Z4 × Z4

−1− 1 90, 0 T2
1, T2

2, T2
3

∏4
i=1(E7)i ×

∏2
j=1[SO(7)×

Sp(1)]j

×
∏4

k=1[Sp(1)a × SO(7)×

Sp(1)b]k

30 —

⊕2
j=1[1/2(8,2)]j

⊕4
k=1 [1/2(2a,8,1)

⊕1/2(1,8,2b)]k

Z6 × Z6

−1− 1 84, 0 T2
1, T2

2, T2
3

∏4
i=1(E8)i ×

∏3
j=1(F4)j

×
∏6

k=1[G2 × Sp(1)]k

×SU(3)

34 — ⊕6
k=1[1/2(8,2)]j

Z6 − II

−1− 1 35, 11 T2
1

∏3
i=1(F4)i ×

∏4
j=1(G2)j 13 — ⊕3

i=126i ⊕4
j=1 7j

T2
2

∏2
i=1(E6)i ×

∏4
j=1 SU(3)j 13 — 781

T2
3

∏5
i=1 SO(8)i 13 — 281

Table 2. This table summarizes the massless matter content of F-theory compactifications of
the various STOs. The first two columns show the STO class and their Hodge-numbers. The four
columns to the right provide for the specified choices of F-theory fibre, the gauge groups of the theory
G (∅ denotes no gauge group), the number of tensor multiplets T as well as the representations of
the charged hyper multiplets at the tensor branch. When multiple fibers are present we highlight
the (2, 0) tensors in the sixth column. The sub index of the representation specifies the factor of
G under which the multiplets are charged, i.e. if G = G1 ×G2, then R1 means (R,1). We also do
not depict possible discrete gauge factors.

we make use of the nomenclature and specification of the STO geometries and computation
of stringy Hodge numbers as given in [25]. While this is a small fraction of the 125 orbifold
geometries that may be used in F-theory compactifications, it allows us to initiate a study
of interesting geometric features. In particular, we explore the effect of non-trivial affine
classes on the compactification of F-theory. This uncovers new features, described in more
detail in the next sections, that hints at a rich structure of F-theory models beyond what
is already established in the literature. Let us emphasise again that we only take the first
step in this exploration: to determine the consistent F-theory model for the full set of
STOs, requires a more systematic approach than we undertake here.

3.1.2 Summary of new F-theory features

The STOs that we are considering throughout admit a couple of interesting geometric
features which translates also into their F-theory physics. In the following we briefly
summarize those which allowed us to compile table 2.
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Multiple F-theory lifts and 5D dualities. Most of the STOs have multiple factoriz-
able torus structures. In fact, since the construction descends from T2 × T2 × T2, we have
three F-theory lifts at our disposal whenever the orbifold action is factorizable. STOs X
with multiple fibration structures are interesting as they yield the same 5D theory upon
circle compactification, where they are dual to M-theory on X. In such theories, the
distribution into 6D Vector and tensors is reshuffled and related theories satisfy

rank(G) + T = h(1,1)(X)− 2. (3.1)

Such multiple fibration structures are a very frequent feature of e.g. smooth CY geometries.
In fact, the three fibration structures we observe, are a comparably low number, when
compared e.g. with classifications in smooth CICY [69] or toric hypersurface [70] threefolds.
This is due to the fact that the orbifold describes a CY at a particularly singular point in
its Kähler moduli space. Indeed, we find that generically all but the three torus Kähler
moduli are taken to zero. In the smooth geometry however, one expects to find many more
linear combinations of those divisor classes that can give a torus fiber, or in more technical
terms a Kollar divisor.

Identifications in fibre and base singularities. An important new class of geometries
are those, that admit additional shifts accompanied with some point group action, also
known as roto-translations. The first case of such generators are those, where the shift
appears in the same torus as the orbifold. An order three example is given by

ϑ : ( 0 1/3 −1/3 0 0 0 0 2/3 1/3 ) , (3.2)

that acts on the local geometry

X3 = (C× T2
2 × T2

3)/ϑ = C× (T2
2 × T2

3)/ϑ . (3.3)

The above geometry admits nine fixed points in the T2
2 × T2

3 directions. Focusing on T2
3,

the three fixed points are given as

zf1 = 1/3 e5, zf2 = 1/3 e6, zf3 = 2/3 (e5 + e6). (3.4)

Note that the three fixed points are at different positions of the torus, due to the roto-
translational element. The relevant insight is when considering another non-trivial orb-
ifolding element given as

ω : ( 1/3 0 −1/3 0 0 0 0 1/3 2/3 ) . (3.5)

This element leads to its own set of fixed point, but, more importantly, it also conjugates
the fixed points of the ϑ sector. In particular it acts as a cyclic translation of fixed points
in the T2

3 direction as

ω(zfi
) = zfi+1 . (3.6)

Without ω, the resolution of those fixed points in the T2
3 torus leads to an E(1)

6 type fiber
just as in the K3 example. The ω elements however, mods out the Z3 cyclic permutation
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zf1

zf2zf3

↑
ω

ω

Figure 7. A depiction of the three Z3 fixed points of ϑ and their identification by the element ω.
In the left we show the reduction of the fundamental domain and its action on the singular P1. On
the right we depict the action on the resolved fibers twisting the E(1)

6 affine fiber to D(3)
4 .

symmetry of the three fixed points, which extends to a quotient by the outer automorphism
of affine E(1)

6 fiber. The folded geometry results in a D(3)
4 twisted affine fiber as depicted

in figure 7.
Identifications of fixed points also appear e.g. in Zn orbifolds when n is non-prime and

leads to fibers with non-simply laced groups. However, the free action we have encountered
above always acts on (any choice of) the affine node as well and thus leads to a twisted affine
type of fiber. Such actions though can not respect a zero-section and thus are associated
to genus-one fibrations [28]. Following the prescription in [28], such fibers are associated
to a twisted version of G2 in the F-theory physics. In total such fixed points come in three
copies due to the fixed points in the T2

2 direction. Hence in total we identify this as a G3
2

configuration. Note that this is locally, like the extremal K3 considered in section 2.1.3
where the E3

6 is reduced to G3
2 by the quotient.

This geometry also admits a second fibration in the T2
2 direction. Here we find regular

affine E(1)
6 fiber over each of the fixed points in the T2

3 direction, which without the ω
element also leads to a E3

6 theory. The quotient action reduces this multiplicity however
by three reducing the lift to a single E6 theory. Note that we have considered only a
subsector of the theory, which in the full compactification is given by the Z3 × Z3 − 1− 2
orbifold, discussed in detail in section 3.2.1.

Freely acting generators and (2, 0) tensors. The final class of roto-translations that
is of relevance for us appears, when point group rotations and shifts appear in different
planes. An example is given by the following order three space group element

ϑ̃ : ( 0 1/3 −1/3 2/3 1/3 0 0 0 0 ) , (3.7)

which acts on the local geometry as

X3 = (T2 × C2)/ϑ̃ . (3.8)
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Figure 8. Illustration of a multiple fiber cause by ϑ̃. While ϑ̃ leads to an C2/Zn orbifold base,
(pink), the simultaneous translation in T2

F renders the total space smooth.

The important observation to make is, that ϑ̃ acts freely on T2 × C2 and thus the total
spaceX3 is smooth. The F-theory interpretation however is more interesting as the physical
base is of the local form B2 = C2/Z3 and hence admits a codimension two crepant orbifold
singularity at the origin, see figure 8. This singularity however is avoided in the total space
by the accompanied torus shift of ϑ̃.

Fibers of this type have been discussed in the little string theory context [5] and in
compact cases in [29, 31, 71]12 and are called multiple fibers as the torus fiber becomes
a multi-copy over the origin of the base. As the action of ϑ̃ is free on the fiber, it can
not respect the zero-section. As a consequence, the fibration is no longer elliptic (it does
not have a section), and is only of genus-one type as discussed before. Hence again, we
are led to the conclusion that we should expect a discrete gauge symmetry of the order
of the quotient in F-theory [28]. However, in addition to this gauge group structure there
is the important contribution of the C2/Zn singularity to the spectrum. Such isolated
singularities locally lead to An−1 (2, 0) superconformal theories [72]. The non-trivial fiber
action gauges the theory under the Zn gauge symmetry. From the perspective of anomalies,
each such sector contributes like

An−1 ∼ (1H + 1T )× (n− 1) , (3.9)

that is a neutral hyper and a tensor multiplet. It is important to remark though, that
the actual tensor branch of those theories differs from a simple An type theory by the
appearance of additional discrete charged singlets over the tensors [29, 31].

For computational purposes however, those sectors contribute exactly the degrees of
freedom of a regular (2, 0) theory as discussed above, which is sufficient to cancel all
supergravity anomalies.

Discrete higher form symmetries. We close this section by noting that the above
geometries generically admit a rich structure of discrete symmetries as it is typical e.g. in
heterotic string compactifications on such spaces. In particular, as discussed above, many
orbifold geometries are genus-one fibrations, which hints at the possibility for non-trivial Zn
discrete gauged symmetries. Such symmetries include discrete 0-form symmetries but there
are generically higher form discrete gauge symmetries present as well. In fact, a gauged
center 1-form symmetry generated will typically be generated by a finite MW group, such

12See [30] where multiple fibers appear in the finiteness proof of elliptic threefolds.
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as in the examples discussed in section 3.2.2 and appendix A. In the T6/Z3 case we even
find a free MW group that leads to (non-Higgsable) U(1) gauge factors. Moreover, we
also expect discrete 2-form gauged symmetries G present. Such a discrete symmetry G

appears [73] whenever the sublattice of collapsed divisors ΛS related to codimension two
orbifold fix points in the base B is non-primitively embedded into that of the full base ΛB.
As shown in [73] this can be expressed as the following torsion group, given as

G = Tor (ΛB/ΛS) . (3.10)

Generically, such a torsion element ΓB is present, whenever the singular base can be written
as Bsing = B/ΓB. Physically, such 2-form symmetries couple to the light self-dual strings
that are supported from D3 branes that wrap the collapsing divisors that span ΛS . These
light BPS strings exhibit a global 2-form symmetry GS = ord(ΓB · k) which is generically
broken. The presence of the above torsional ΓB element however shows that a remnant
that acts diagonal on the SCFT centers is still present as a gauge symmetry.

Since the bases we are considering here, can generically be represented as

B = T4/ΓB , (3.11)

it follows, that we generically have a non-trivial discrete 2-form symmetry of order Zord(ΓB),
that acts on the respective light strings. We remark, that such actions are trivial, if
the respective SCFT sectors admit only trivial 2-form symmetries, as in the case of the
superconformal matter, or E-string theories. This is due to the fact, that the determinant
of the intersection pairing of such configurations is equal to one. For configurations such as
the (E6, E6) conformal matter, as discussed in section 2.2.2 this can be readily satisfied. On
the other hand, SCFTs that collapse to orbifold singularities do admit a 2-form symmetry,
such as Zn for non-Higgsable clusters on (−n) curves.

3.2 F-theory on ZZZ3 ×××ZZZ3 orbifolds

In this subsection compactifications of F-theory on several orbifolds are discussed illustrat-
ing the effects listed above. These examples generalize the ones given in section 2.3 in
different ways. First the different lifts that can be performed in the orbifold Z3×Z3−1−2
are analyzed. As this is the first non-trivial affine class of Z3 × Z3 orbifolds on the or-
dinary SU(3)3 lattice, it is the natural way to generalize the Z3 × Z3 − 1 − 1 example of
section 2.3 and of [22]. One can observe some of the effects exclusive to non-trivial affine
classes discussed in the previous subsection here, such as twisted affine fibres.

As a second example we discuss the maximal (fourth) affine class of Z3 × Z3 − 1
orbifolds. This orbifold can equivalently be seen as a freely acting quotient of the single
quotient orbifold Z3 − 1− 1. This relation is elaborated on.

3.2.1 F-theory on ZZZ3 ×××ZZZ3 − 1 − 2

We discuss now the first minimal generalization of the Z3 × Z3 orbifold by a tranlational
lattice shift into the two orbifold elements. The two generators are now given as [25]

ϑ :
ω :

( 0 1/3 −1/3 0 0 0 0 2/3 1/3 )
( 1/3 0 −1/3 0 0 0 0 1/3 2/3 ) . (3.12)
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Figure 9. Illustration of the fixed point structure of the orbifold class Z3 × Z3 − 1 − 2. The
fixed points are divided into three groups, according to their constructing element (ϑ, ω, ϑω), and
represented by their location in the respective torus (pink, red, and purple). Arrows between fixed
point locations indicate identification.

The induced fixed points are depicted in figure 9. These yield the following stringy Hodge
numbers which we can compute via the heterotic string

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 21) , (h(2,1)

untw., h
(2,1)
tw. ) = (0, 12) . (3.13)

As the action of the orbifolding group on the three tori is not symmetric in the three
tori anymore compared to the trivial affine class, there are two inequivalent F-theory lifts.
These are discussed in the following.

F-theory lift along TTT2
3. Choosing this lift, the fractional lattice shift acts only in the

F-theory torus. Thus the structure of the physical base qualitatively remains the same as in
Z3×Z3−1−1. There are three fixed tori in the sector associated to ϑ mutually intersecting
three fixed tori in the sector associated to ω. The intersections are located at the fixed
points associated to ϑω, which are of co-dimension three in the orbifold. Examining the
fibre over the fixed tori, one realizes, that the shift identifies the three fixed points, which
are of order three. This is due to the fact that the fundamental domain of the geometry is
reduced by a three-volution. The F-theoretic interpretation of this is a folding of the affine
Dynkin diagram of E6 to G2 by modding its outer automorphism.

Let us remark that the folding through which these G2 arise, is different than that
in ref. [22]. In their work, the G2 factors arise through an ordinary folding of an affine
D

(1)
4 Dynkin diagram, where three nodes get identified while the affine node stays intact.

Here, they emerge through the affine Dynkin diagram of E6 in a folding including the
affine node. Note that, as discussed in section 3.1.2, such a folding can only be realized,
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when roto-translations are present. Hence twisted affine foldings are an exclusive feature
of orbifolds of non-trivial affine classe.

The associated base curves, furthermore, have compared to the orbifold with trivial
affine class, discussed in section 2.3 reduced self-intersection (−3). The singularity at
intersections of these curves is non-minimal and is resolved by the blow-up of one (−1)-
curve in the base, yielding (G2, G2) superconformal matter which is just an E-string.13 To
be explicit about anomaly cancellation, which is reviewed in section 2.2.1, the irreducible
gravitational anomaly is cancelled

G (G2)6

H 6× 7 + 18× 1 + 12 + 1
V 6× 14
T 9 + 1

.

Note that the above identification of gauge group and tensors matches the 2·6+10+2 =
24 Kähler parameters in equation (3.13). The origin of the different multiplets is the
following. The vectors obviously are given by the adjoints of the G2 gauge algebra. The
tensors are geometrically given by the nine blow-up modes at the intersections (G2, G2) as
well as the untwisted one from the T2×T2. Furthermore, there are different contributions
to the hyper multiplets. There are twelve neutral hypers due to the complex structure
moduli, the universal neutral hyper, as well as 54 charged hyper multiplets. 6 × 6 = 36
of those are 7-plets of the G2 gauge groups having charge dimension six and cancelling
additionally the gauge anomaly on the (−3)-curves. The remaining 18 hypers are discrete
singlets located at the codimension two loci in the base. Note that we were required to
add those additional discrete charged singlets in order cancel the gravitational anomaly.
This is also motivated by the fact, that we expect a Z3 discrete gauge that we expect to
be accompanied by the twisted affine G2 fibers as those are only possible in genus-one
fibrations [28].

In order to show the cancellation of the reducible gravitational anomaly it is convenient
to find the intersection matrix of base divisors. A priori it is given by

Ω̃ = (−3)⊕6 ⊕ (−1)⊕9 , (3.14)

with appropriate off-diagonal entries denoting intersecting curves. However, due to the
correspondence of the intersection matrix with the charge lattice, one requires that the
signature of Ω̃ is (+,−) = (1, T ) = (1, 10), and hence that its rank must be eleven. Similar
as explained in [22], one in fact finds zero directions in Ω̃ and one can find a intersection
pairing with correct signature by the identification of the three fixed tori in one sector into

13One might wonder, whether the freely acting element ϑω2 could lead to contributions of multiple fibers
as explained in section 3.1.2. This is not the case, as the base fixed points are the same as in the ϑω sector,
which are already accounted for.
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one class as

C = Ci +
∑

j
Cij , (3.15)

C ′ = C ′j +
∑

i
Cij , (3.16)

where C(′)
i , i = 1, 2, 3, denote the curves corresponding to the fixed tori and Cij , the

resolution divisors. In the new basis the intersection pairing is block-diagonal as

Ω =
(

0 1
1 0

)
⊕ (−1)⊕9 , (3.17)

and all zero-eigenvalue directions are absent. This intersection matrix fulfills all require-
ments such as the correct signature, unimodularity and also the gauge anomalies as well
as the reducible gravitational anomaly can be verified. Therefore, one needs to find the
representation of the canonical class in terms of the basis. As explained in section 2.3, this
can be found using [22]

ai =
∑

j
(Ω−1)ij(2gj − 2− (Cj)2) , (3.18)

to be

a = (−2,−2, (−1)⊕9) . (3.19)

The agreement with these various constraints shows that the theory, in particular its mass-
less spectrum, which is deduced above, actually constitutes a consistent supergravity theory
in 6 dimensions.

F-theory lift along TTT2
1. In order to analyze the other inequivalent lift, one chooses

either the first or the second torus to be the F-theory fibre (in the following the first is
chosen). As a result, the shift acts in one of the two base tori. This has in fact immense
consequences on the intersection structure of the base. First of all, there is only one fixed
torus left associated to ω. Recall, in the orbifold Z3 × Z3 − 1 − 1 there were three tori
fixed under ω. These get identified here by the action of the additional shift. Furthermore,
there were three more fixed tori associated to ϑω2 that intersected the former ones. This
orbifolding group element acts, however, freely here.

Beyond that there is the sector associated to ϑω, where three inequivalent fixed points
of co-dimension two are found in the base. In the Z3 × Z3 − 1 − 1 model, these where
located at the intersection points of co-dimension one loci. Due to the modified action of
the generators, the co-dimension two and co-dimension loci are separated. This results in
the fact, that the co-dimension one locus, which supports an E6 singularity, is actually a
fixed torus. As this is a curve of genus-one we thus expect the contribution of an additional
adjoint charged hypermultiplet of E6. Then one notices, that in the ϑ and ω sector, we have
fixed points purely located in the base that yield superconformal matter sectors. These
sectors can be assembled to three (−1)(−3)(−1) clusters, that host an SU(3) over the
middle ones.
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In the following it will be verified that the above analysis in fact describes a consistent
supergravity theory. From the considerations above, the massless spectrum is given as

G E6 × SU(3)3 ,

H 78 + 12 + 1
V 6× 14 + 78
T 9 + 1

.

Let us explain the spectrum in some more detail. As the gauge content of this theory is
described by

G = E6 × SU(3)3 , (3.20)

there are V = 78 + 3 × 8 = 102 vector multiplets. The number of tensor multiplets is
geometrically counted by the volume moduli of the nine resolution divisors located at the
three co-dimension two fixed points in the base as well as the universal tensor. Hence,

T = 9 + 1 = 10 . (3.21)

Moreover, there are H = 72+12+1 = 85 hyper multiplets in this theory. 12+1 of those are
neutral and are due to the complex structure moduli and the universal hyper. The other
72 are in the adjoint representation of E6 (which has dimension 78 and charge dimension
72) and are required from gauge anomaly cancellation of a E6 on a genus-one curve.

Again as above, in order to quantitatively check the cancellation of the reducible
gravitational anomaly and the gauge anomalies, the intersection pairing of base divisors is
studied. Here it is given by a block-diagonal combination of the transcendental factor(

0 1
1 0

)
, (3.22)

as well as three factors of the (−1)(−3)(−1) chain which coincides with (E6, E6) supercon-
formal matter 

−1 1 0
1 −3 1
0 1 −1

 . (3.23)

This intersection pairing, again, satisfies all conditions such as unimodularity and the
correct signature. For completeness, the representation of the canonical class in terms of
this basis is given by

a = (−2,−2, {2, 1, 2}⊕3) . (3.24)

One might wonder how one recovers the curve that supports the E6 gauge group. In this
basis it is in fact given by

bE6 = (3, 3, (−3,−2,−3)⊕3) . (3.25)
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This fulfills all the properties, that one requires. Cancellation of the gauge anomaly requires
that a curve that supports an E6 singularity has genus-one and vanishing self intersection.
By adjunction one finds that also its intersection with the canonical class must vanish.
Furthermore, it cannot intersect any curve of self-intersection lower that (−2), as this
would yield additional superconfomal matter, which is not found here. All these properties
can be verified using the intersection pairing described above. Note also, that the E6 in this
new basis in fact does intersect all the (−1) curves of the superconformal matter points.

3.2.2 F-theory on ZZZ3 − 1 − 1 and ZZZ3 ×××ZZZ3 − 1 − 4

In this subsection, we investigate F-theory on the Z3 orbifold together with Z3×Z3−1−4
as the later one can be expressed simply as a freely acting quotient of the former one. In
the F-theory context, such quotients have been discussed e.g. in [29, 31] and together with
their effects on the F-theory physics.

F-theory on the ZZZ3 orbifold

We start by analyzing F-theory on the one-quotient Z3 orbifold. For historical reasons,
this geometry is special as it was the first that has been discussed in the heterotic orbifold
literature [12, 13] where the massless spectrum has been computed using the CFT methods.
This geometry does in fact admit a couple of special features, which we will also encounter
in the F-theory physics. The space group generator is given as

ϑ : ( 1/3 1/3 1/3 0 0 0 0 0 0 ) . (3.26)

First we note, that the underlying T2×T2×T2 basis vectors ei are fixed to an SU(3)3 root
lattice form to admit the Z3 quotient symmetry, i.e. the complex structure of all ambient
tori is fixed to τ = e2πi/3. When choosing each of the three, as the F-theory torus we find
that the theory is stuck at strong coupling. In fact, this theory is fully rigid, in that it
does not admit any complex structure moduli. Such theories are interesting in that they
do not allow to further symmetry enhancement via unhiggsings or E-string transitions. In
this sense, such rigid theories yield endpoint theories that are non-enhance-able.

The quotient action yields a single twisted sector with 3 × 3 × 3 = 27 fixed points of
co-dimension three in the total space, see figure 10. When computing the stringy Hodge
numbers via the (2, 2) heterotic string CFT, we note that something special happens for
this case, as opposed to other orbifolds: the standard embedding on the heterotic side forces
the SU(3) gauge bundle to be identified with the CY holonomy, which in our case is exactly
the discrete Z3 center. Hence, for this case, the heterotic gauge group is E6 × SU(3). This
is significant, as the untwisted Kähler moduli come in copies of (27,3) bifundamentals for
each ambient torus. We thus end up with nine untwisted Kähler modul, six more than one
might expect. In addition there is one (27,1) twisted sector field and hence Kähler modulus
for each of the 27 fixed points. As noted before, there are no 27, that we associated with
complex structure moduli. We summarize the stringy Hodge numbers as

(h(1,1)
untw., h

(1,1)
tw. ) = (9, 27) , (h(2,1)

untw., h
(2,1)
tw. ) = (0, 0) . (3.27)
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Figure 10. An illustration of the fixed points in the Z3−1−1 orbifold. Their location in the three
tori is denoted pink.

Choosing any of the three equivalent F-theory we end up with a base of the form

B = (T2 × T2)/θB , θ = (ei2πi/3, ei2πi/3) . (3.28)

The non-crepant singularities have been analyzed already in section 2.2 and they are simply
isolated (−3) NHCs, shrunk to the singular point. This is also consistent with the three
twisted Kähler moduli we find for each base singularity, that yield the tensor and SU(3)
resolution divisors. We hence expect in total nine SU(3) NHCs in the theory. However,
now we also need to take the untwisted Kähler moduli into account. As noted before, these
originate from the orbifold invariant Kähler-forms J ∼ Jab dua∧dūb̄, with a, b = 1, 2, 3 and
u being the complexified tori coordinates. The diagonal terms, with a = b are the actual
torus moduli. The other ones are relative rotations of these tori that appear as off-diagonal
deformations in the metric.

In terms of the vectors ei of the tori [74] these deformations can be written as the
angles

αi,j = ei · ej
|ei||ej |

, (3.29)

with |ei| = Ri. The orbifold fixes nine of those angles and only six are free parameters.
A choice for a parametrization is given as α1,3, α1,4, α1,5, α1,6, α3,6, α3,6. When writing the
deformations of the metric in terms of the moduli above, we get

ei · ej =



R2
1 −1

2R
2
1 R1R3α1,3 R1R3α1,4 R1R5α1,5 R1R5α1,6

−1
2R

2
1 R2

1 R1R3α2,3 R1R3α1,3 R1R5α2,5 R1R5α1,5

R1R3α1,3 R1R3α2,3 R2
3 −1

2R
2
3 R3R5α3,5 R3R5α3,6

R1R3α1,4 R1R3α1,3 −1
2R

2
3 R2

3 R3R5α4,5 R3R5α3,5

R1R5α1,5 R1R5α2,5 R3R5α3,5 R3R5α4,5 R2
5 −1

2R
2
5

R1R5α1,6 R1R5α1,6 R3R5α3,6 R3R5α3,5 −1
2R

2
5 R2

5


. (3.30)

In the depiction above, we have singled out the metric deformations along the first torus
direction, as this is going to be our F-theory torus choice.14 Here we find, when taking the
F-theory lift, that is R1 →∞, we decouple the four off-diagonal moduli α1,3, α1,4, α1,5, α1,6.
Hence these moduli must be associated to horizontal divisors, and as they do not correspond
to codimension one (singular) fibers, they must correspond to the Kähler classes that
generate a rank four free Mordell-Weil group and thus a U(1)4 gauge group in F-theory.

14The α2,3, α2,4, α2,5 can be rewritten in terms of other basis angles using αi,j = −(αi+1,j + αi,j+1).
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On the other hand, there are still the four relative moduli α3,5, α3,6 of the two base
(T2 × T2)/θB that are dual to other base divisors and hence yield two additional tensor
multiplets. When putting everything together, the F-theory gauge group is given as

G SU(3)9 ×U(1)4

H 1
V 9× 8 + 4× 1
T 9 + 3

,

consistent with the gravitational anomaly.
However, it remains an open task to find the complete consistent intersection matrix

of the resolved base. In this structure, there will be nine curves of self intersection (−3),
that do not intersect each other, as well as the transcendental factor. The remaining
two directions associated to the two off-diagonal Kähler-moduli of the fibre have negative
signature (as the signature of the entire intersection matrix is supposed to be (+,−) =
(1, T ) = (1, 12)) and are supposed to intersect the other divisors in a manner, such that
the resulting intersection matrix is unimodular.15 While we were not able to show this
unimodularity, we are still confident that the analysis of the massless spectrum of F-theory
on this orbifold is valid due to the reasons mentioned above.

We close by commenting on the various additional symmetries that are present. First
we have noted already that the symmetry of the fixed points suggests a gauged 1-form
symmetry, as in the K3 example, which implies a global SU(3)9/Z3 global gauge group.
Moreover, following the general arguments of section 3.1.2, the F-theory lift admits a
Z3 discrete 2-form gauge symmetry. As observed the nine collapsed fixed points of the
T2×T2/Z3 base all admit self-intersection −3 and have hence a Z3 2-form global symmetry.
The diagonal Z3 action of the global Z9

3 global symmetry of the SCFT sectors.

F-theory on the ZZZ3 ×××ZZZ3 − 1 − 4 orbifold

Having established the F-theory physics of the Z3 orbifold before we are adding another
Z3 quotient factor that acts freely on the geometry and coincides with the Z3 ×Z3 − 1− 4
geometry. In order to see this, the latter geometry is discussed briefly. This STO is in
the same Q- and Z-class as the ordinary Z3 × Z3 orbifold considered for example in [22]
and the Z3 × Z3 − 1− 2 in section 3. This geometry however admits maximal affine-class,
that is exhibits the maximal amount of fractional lattice shifts. The two generators can be
chosen to be16

ϑ :
ω :

( 1/3 1/3 1/3 0 0 0 0 0 0 )
( 0 1/3 −1/3 2/3 1/3 2/3 1/3 1/3 2/3 ) . (3.31)

15A resolution of this orbifold in terms of a GLSM construction can be found in [34], which however is
limited to the diagonal Kähler parameters only. In that resolution, the fiber is described as a generic cubic,
that is a genus-one fibration with three-sections only.

16This reproduces the group generators in the form as used in [25], as ϑ = ϑ̃ω̃ and ω = ϑ̃, with

ϑ̃ :
ω̃ :

( 0 1/3 −1/3 2/3 1/3 2/3 1/3 1/3 2/3 )
( 1/3 0 −1/3 2/3 1/3 2/3 1/3 1/3 2/3 ) .
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Figure 11. An illustration of the fixed points in the Z3 × Z3 − 1 − 4 orbifold. Their location in
the three tori is denoted pink and identification is indicated by arrows.

The first factor is as in the Z3 orbifold and the second ω realizes the free action. Using the
free action, we can relate indices in the geometry: if the action is free, indices like Euler
numbers get simply divided by the order of the quotient. Hence in our case we have

χZ3×Z3 = χZ3

3 . (3.32)

and therefore relate also the stringy Hodge numbers to

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 9) , (h(2,1)

untw., h
(2,1)
tw. ) = (0, 0) . (3.33)

The above Hodge numbers also agree with the spectrum in the heterotic (2, 2) CFT.
The free generator ω relates all of the 27 fixed points and groups them into nine inequivalent
ones as depicted in figure 11 and also removes six of the off-diagonal untwisted Kähler
moduli leaving only the three ambient tori radii. Lets now discuss the F-theory physics of
the resulting geometry. First, there are only three (−3) SU(3) NHCs cluster in the base
left. With respect to the untwisted moduli, we find that the additional quotient ω fixes
all residual off-diagonal Kähler modul αi,j in (3.30). Thus the quotient removes all four
U(1) factors and two tensors of the base. Before we can summarize the spectrum we note,
that the Z3 × Z3 − 1 − 1 − 4 is non-simply connected as a manifold.17 Hence from the
considerations of section 3.1.2 and [29, 31] we expect ω to lead to multiple fibers. Indeed,
when viewed from an F-theory perspective, the ω element acts as an additional Z3 orbifold
in the (singular) base, and while it identifies a couple of fixed points in the ϑ sector it also
introduces three new Z3 fixed points in the base. Those fixed points count as three A2
theories with local N = (2, 0) supersymmetry and thus, like 3 × 2 · (H + T )-plets. Note
again, that those fixed points appear only in the base geometry but not in the total space
and hence admit no associated h(1,1) contributions.

We are now in the position to summarize the massless F-theory spectrum to

G SU(3)3

H 1
V 3× 8
T 3 + 1
T2,0 3×A2

.

The above spectrum is consistent with the gravitational anomaly, which notably requires
the additional fixed point contribution in the base. Similar, as in the covering geometry,

17This property is also preserved in the resolution phase.
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we expect the various curves to be glued together to lead to an uni-modular intersection
pairing.

Now we can also discuss the various discrete symmetries in the theory. As discussed
before, the existence of a multiple fiber is a smoking gun for a genus-one fibration. Indeed,
compatibility requires to have (at least) a three-section and thus it follows that there is a
discrete Z3 0-form gauge symmetry. Again, there are no massless charged hypermulitplets
in the theory, but the (2, 0) SCFT sector as explicitly discussed in [31]. In addition we
find, that the base is a quotient of the form

B2 = (T2 × T2)/(ϑB × ωB) . (3.34)

Indeed, this implies a Z3×Z3 discrete 2-form gauge symmetry that acts diagonally on the
Z6

3 global 2-form symmetries of the (−3)3 ×A3
2 SCFT sectors.

4 Summary and conclusion

Symmetric toroidal orbifold geometries are distinguished loci in the landscape of Calabi-Yau
geometries, in that they are essentially flat, apart from the orbifold fixed points. This sim-
plicity makes the geometries also very attractive for F-theory compactifications. Moreover,
all six-dimensional symmetric toroidal orbifolds have been classified rather recently [25]
and therefore allows us to initiate a systematic study of F-theory on these geometries.

Our analysis highlights a couple of significant features: first STOs admit up to three
inequivalent torus fibrations. This allows to obtain multiple different F-theory lifts from
the same geometry that yield the same M-theory dual. Second, in case with non-trivial
affine classes the orbifold rotation is accompanied by fractional lattice shifts, so called roto-
translations. Those shifts identify fixed points, which lead to twisted affine fibers in the F-
theory torus and/or reduced amounts of SCFTs when they act in the base. Moreover, they
can lead to exotic SCFT sectors supported by multiple-fibers. In particular we find that
the bases, that generically are of T4/Γ type, can host isolated superconformal theories at
the fixed points. These superconformal points include in particular non-Higgsable clusters
at the origin of their tensor branch. These cluster admit, by definition, no flavor symmetry.
Our study enlarges the class of configurations that have been explored in [22], where the
SCFT sectors were always of superconformal matter type, that exhibit non-trivial (gauged)
flavor symmetry.

Third, we find that the IIB axio-dilaton is constant and fixed to strong coupling. In
fact, many of the geometries are completely rigid, as they do not admit any complex
structure deformations. The resulting supergravity can therefore be viewed as an endpoint
theory that cannot admit further gauge or SCFT enhancements. Fourth, orbifolds admit
a vast amount of discrete symmetries that impact the underlying effective string compact-
ification, such as enhanced flavor or R-symmetries in the heterotic case. Correspondingly
we also find enhanced discrete gauge symmetries in F-theory on the same spaces. These
in particular include 0-, 1-, and 2-form discrete gauge symmetries.

The heterotic theories were very useful in various other ways for this works as well. The
(2, 2) worldsheet CFT in [25] helped to obtain the stringy Hodge numbers of the orbifold
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geometries. We required those in order to show 6D supergravity anomaly cancellation as
well as to cross-check the gauge group rank and number of tensor multiplets.

While this work initiates a complete classification of F-theory on symmetric toroidal
orbifolds, various questions and directions for future work remain. This includes in partic-
ular a better understanding of theories with twisted affine fibers and a complete derivation
of the anomaly lattices for some of the geometries considered here. The next goal is then
the completion of the study of F-theory on Abelian orbifolds for all affine-classes.

To complete our study we would then turn to the new class of non-Abelian orbifolds and
their F-theory lifts which we expect to lead to various other potentially more exotic theories.
All stringy Hodge numbers for all 331 non-Abelian orbifolds have been computed [75] as
well, such that we can simply run our program there too. Moreover we have left an analysis
of the little string degenerations, that are readily obtained from decompactifying one of
the base tori, for future work. This direction is particularly appealing, as the various
torus-fibration structures which relate T-dual little string theories, are directly build into
the STOs.

This program on the other hand, can further be generalized to toroidal four- or even
five-folds which, however, are not classified so far. F-theory on those spaces lead to four
and two dimensional theories. Those geometries admit a couple of additional interesting
features, such as terminal singularities that do not exhibit resolutions [76] or deformations.
The heterotic world sheet CFT however is still well defined, such that we can compute
the corresponding massless states at the fixed points, that correspond to their deformation
spaces in the standard embedding [77]. In 4D we would then expect to find supergravity
theories coupled to the (local) N = 3 theories constructed in [19, 20].
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A F-theory on ZZZ2 ×××ZZZ2 orbifolds
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analysis of Z2 × Z2 orbifolds on a lattice Λ = SU(2)6. New features that are described in
the main section are also found here as well as challenges for future studies.
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Figure 12. An illustration of the fixed points (pink) in the Z2 × Z2 − 1− 1 orbifold.

ZZZ2 ×××ZZZ2 − 1 − 1 orbifold

In order to be complete and for later reference, F-theory on the standard Z2×Z2 orbifold,
that is the trivial affine class is very briefly reviewed here. The complete analysis can be
found in [22].

The action of the two generators of the space group

ϑ :
ω :

( 0 1/2 −1/2 0 0 0 0 0 0 )
( 1/2 0 −1/2 0 0 0 0 0 0 ) (A.1)

gives rise to three fixed point sectors, each containing 16 fixed tori (see figure 12). The
stringy Hodge numbers are given as

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 48) , (h(2,1)

untw., h
(2,1)
tw. ) = (3, 0) . (A.2)

As this structure is symmetric in the three tori, there is just one inequivalent lift. In this
lift one finds 4+4 fixed tori in the base distributed among two sectors mutually intersecting
in the fixed points of co-dimension two in the third sector. The F-theoretic interpretation
of degenerated fibre over the fixed tori yields SO(8) gauge group factors. The intersection
of these base curves hence gives rise to (SO(8), SO(8)) superconformal matter. These
singular loci of co-dimension one in the base are resolved by the blow-up of one (−1)-curve
in the base.

The massless matter spectrum of theory is summarized as follows

G (SO(8))4 × (SO(8))4

H 3 + 1
V (4 + 4)× 28
T 17

.
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As there are no charged hyper multiplets, the total number of hyper multiplets is given
by the H = h(2,1) + 1 = 3 + 1 = 4. The 17 tensors can be explained by the volume
moduli of the exceptional divisors at the (SO(8), SO(8)) superconformal matter loci and
the universal mode.

The resulting intersection pairing, described in detail in [22], yields cancellation of all
anomalies and hence a consistent theory. Before moving on to the next theory, we also
want to remark here, that we can view the geometry as the collision of two K3s that come
from the Sen configuration of T2 × T2/Z2 that yield an SO(8)4 configuration each. These
K3s are the unique configurations 2147 in [78] that admit a Z2 × Z2 MW group. Hence
we expect that our configuration admits a SO(8)8/Z2 ×Z2 form. This is again compatible
with the supreconformal matter configurations found as well [62]. Those considerations
are again consistent with the presence of the four order two points that sit at the precise
locations, where the orbifold fixed points are.

ZZZ2 ×××ZZZ2 − 1 − 2 orbifold

Turning to the fist non-trivial affine class, a shift is introduced into the generator ϑ resulting
in

ϑ :
ω :

( 0 1/2 −1/2 0 1/2 0 0 0 0 )
( 1/2 0 −1/2 0 0 0 0 0 0 ) . (A.3)

The fixed point structure is depicted in figure 14. As already indicated by the Hodge
numbers

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 16) , (h(2,1)

untw., h
(2,1)
tw. ) = (3, 16) , (A.4)

this orbifold is in fact a singular limit of the Schoen manifold [79]. This geometry has been
analysed in the heterotic orbifold context in [80] as well as in the F-theory context in [21].

The Schoen manifold is a fibre product of two rational elliptic surfaces S1 and S2. The
Si are described by a torus fibration πi : Si → P1 such that

XSchoen = {(x1, x2) ∈ S1 × S2 : π1(x1) = π2(x2)} . (A.5)

This structure is illustrated in figure 13. As a result of this construction, one finds the
cohomology group H2(XSchoen,Z) ' Pic(XSchoen) to be

H2(XSchoen,Z) = H2(S1,Z)⊕H2(S2,Z)
H2(P1,Z) . (A.6)

In terms of the resolved orbifold in the present convention, the base of fibre product is
torus one. Along this direction the two factors of the product are glued together such that

x1 ∈ S1 : x1 = (z1, z3) , x2 ∈ S2 : x2 = (z1, z2) , (A.7)

and πi(xi) = z1, where zi, i = 1, 2, 3, are the complexified coordinates of the three tori,
which are subject to the orbifolding group identifications.

In the following we discuss the different F-theory lifts of this geometry. As it is sym-
metric in torus T2

2 and T2
3 or equivalently S1 and S2, there are two inequivalent lifts.
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Figure 13. Illustration of the Schoen manifold as the fibre product of two del Pezzo surfaces dP9.

Figure 14. An illustration of the fixed points (pink) in the Z2 × Z2 − 1− 2 orbifold.

F-theory lift along TTT2
1. In this lift, the shift only acts in the F-theory fibre, that is the

common P1 is lifted.
As the base of the F-theory fibration is not effected by the shift, it remains almost the

same as in the previous example Z1 ×Z1 − 1− 1 without shift. In both fixed point sectors
(ω and ϑω) there are four fixed tori, that mutually intersect.

The shift in the fibre identifies fixed points and thus resolution divisors, compared to
Z2 × Z2 − 1− 1. Former D4-type fibres are folded into B(2)

2 ' C(2)
2 -type. This folding is a

twisted affine folding, as explained in section 3.1.2, and yields the gauge group supported
by the fixed point divisors are SO(5) ' Sp(2). Note that the singularity at the intersection
of these divisors does not exceed the minimality bound and yields therefore no conformal
matter.

Beyond this, there are fixed points, when ϑ is restricted to the base tori. As explained
above in section 3.1.2, this yields SCFT sectors in the theory with N = (2, 0) SUSY, which
also contribute to the massless spectrum. In our analysis of the geometry the number
of these sectors, however, does not match with what anomaly cancellation requires. The
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restricted element ϑ|base acts as

ϑ|base :
(

1/2 −1/2 0 0 0 0
)
, (A.8)

which has 4×4 = 16 fixed points. Requiring the cancellation of the irreducible gravitational
anomaly with the data provided below, restricts the number of A1 factors to 8. This
mismatch is likely due to an additional geometric effect that reduces the number of N =
(2, 0) SCFT sectors that are found from the fixed points of ϑ|base either by an identification
of divisors in the base or an effect similar to that encountered in the analysis of the lift of
torus T2

3 of the orbifold Z3×Z3−1−2. This issue can be analyzed in detail in the resolved
phase of the geometry, which goes beyond the scope of this work.

Concluding, the massless sector of the theory is summarized as

G SO(5)4 × SO(5)4

H (4 + 4)× 10 + 19 + 1
V (4 + 4)× 10
T 1
T2,0 8×A1

.

Note, there is charged matter, that contributes to the number of hypers, which is in the
adjoint representation of SO(5). The appearance of these multiplets is consistent as the
base divisors associated to the fixed points of ω and ϑω are genus-one curves. Cancellation
of the gauge anomaly of SO(5) on such curves requires exactly one adjoint multiplet.
Finally we also note, that the identification of the rank 8 × 2 gauge group and its single
tensor is consistent with the 19 Kähler parameters. Note again that the A1 theories do not
contribute to those, but are again a hallmark for a Z2 discrete 0-form gauge symmetry.

F-theory lift along TTT2
2. Lifting either torus two or three yields an F-theory fibration,

where the shift acts in one of the two base tori. In terms of the fibre product (equa-
tion (A.5)), the fibre of one of the two factors chosen to be F-theory fibre. Note, that this
lift has already been discussed in [21]. It is nevertheless briefly discussed for the sake of
completeness.

The fixed point structure yields two genus-one curves in the base over which the fibre
is of D4 type. This exhausts the amount of co-dimension one singularities in the base.
Comparing to the Z2×Z2 orbifold with trivial affine class, one realizes that the amount of
fixed tori in the ω-sector is reduced by a pairwise identification of fixed points in the base.
Furthermore, the fixed tori due to the action of ϑ, that mutually intersected the former,
do not appear here, as ϑ acts freely on the orbifold as well as on the base.

Note, that this analysis is consistent with the fact, that the resolved orbifold is a
Schoen manifold. There we have two dP9 surfaces with homology lattice ( 0 1

1 0 )⊕E8. These
are glued along the common P1 whose homology class is encoded in the transcendental U
lattice part, as described in the beginning of this section. This suggests, that in the F-
theory compactification that follows the fibration structure of the fibre product, one finds
a gauge group which is either E8 or a rank preserving subgroup thereof. Consistently, the
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(adjoint) higgsing of E8 to SO(8)× SO(8) yields two 28 adjoint multiplets matching with
gauge anomaly cancellation of SO(8) on a genus-one curve. To summarize we have the
massless spectrum

G SO(8)2

H 2× 28 + 19 + 1
V 2× 28
T 9

.

Note that the nine tensor multiplets are geometrically realized by the universal mode as
well as the volumes of the resolution divisors of the singularities associated to the eight
fixed points of the action of ω. Again, the rank 2× 4 gauge group, including the 9 tensors
is consistent with the 19 Kähler parameters found in the geometry.

ZZZ2 ×××ZZZ2 − 1 − 3 orbifold

Turning to the second non-trivial affine class, two shifts are introduced into the generator
ϑ yielding the three inequivalent orbifolding group elements

ϑ :
ω :
ϑω :

( 0 1/2 −1/2 0 1/2 0 0 0 1/2 )
( 1/2 0 −1/2 0 0 0 0 0 0 )
( 1/2 1/2 0 0 1/2 0 0 0 1/2 )

. (A.9)

The resulting geometry has Hodge numbers

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 8) , (h(2,1)

untw., h
(2,1)
tw. ) = (3, 8) . (A.10)

Note that the action of the orbifolding group is symmetric in torus one and three. This
suggests that there are only two inequivalent lifts, T2

1 (or T2
3) and T2

2. This is, naively, also
reflected in the fixed point structure (see figure 15). However, in the identification of fixed
points due to the shifts there appears to be a choice. The only remaining fixed points are
due to the action of ω, as the action of the other orbifolding group elements on the orbifold
is smooth. The action naively has 4×4 = 16 fixed points. However, conjugation yields that
there are in fact only 8.19 This identification by the action of the shift inevitably causes
a asymmetry between torus one and three, as the identification only acts in one of these
tori. As shown below, depending on the choice of identification and lift, we find theories
consistent with the cancellation of the irreducible gravitational anomaly with either two
SO(8) or four SO(5) = Sp(2).

In the following all possibilities of choice of F-theory fibre are discussed, supposing the
fixed point structure illustrated in figure 15.

F-theory lift along TTT2
2. In this lift, the shift acts in both base tori and there is no

ambiguity. Descending from the T2
2 lift of the Z2 × Z2 − 1− 2 orbifold, this model is also

discussed in [21].
19This agrees with h(1,1) obtained [25] or through data of the orbifolder [32].
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Figure 15. An illustration of the fixed points (pink) in the Z2 × Z2 − 1− 3 orbifold.

As both ϑ and ϑω act freely on the orbifold, there are no fixed points of co-dimension
one in the base. In fact, G = ∅ and, furthermore,

G ∅
H 11 + 1
V −
T 9

.

As in the lift of T2
2 of the Z2 × Z2 − 1 − 2 orbifold, the tensors are due to the eight fixed

points of the action of ω and the universal mode. Also the 11 Kähler moduli are identified
with the nine tensors and generic fiber and base class.

F-theory lift along TTT2
3. Lifting torus three to be F-theory fibre and identifying fixed

points in the base yields two fixed tori. The degeneration of the fibre suggests, that one
finds SO(8) gauge group factors here. These are actually genus-one curves, as one observes
that there are no fixed points of co-dimension two in the base, that intersect the fixed tori.
To anticipate the analysis of the gauge anomaly on these curves, one finds two adjoint
charged hyper multiplets of the SO(8) in the spectrum.

Although this exhausts the fixed points of the total space, we again encounter some
fixed point elements coming from freely acting elements of the space group ϑω, which, as
mentioned above, in fact do not intersect the fixed tori. As described in section 3.1.2, over
these locations in the base, one observes a multiple fibre giving rise to N = (2, 0) SCFT
sectors of the theory. As there are 4× 4/2 such loci due to identification, these A1 sectors
yield further multiplets, equivalent to 8× 30 = 240 hypers.

The remaining orbifolding group element acts freely on the orbifold as well as the base.
Counting multiplets, one finds cancellation of the irreducible gravitational anomaly as

well as gauge anomalies, as

G SO(8)2

H 2× 28 + 11 + 1
V 2× 28
T 1
T2,0 8×A1

.
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In order to show cancellation of the reducible gravitational anomaly the entire intersection
pairing is required. This, however, still remains an open task due issues connected to the
unimodularity of the embedding of A1 into the theory.

F-theory lift along TTT2
2. In this case, the identification of fixed points takes place in

the F-theory fibre, which gives rise to twisted affine foldings of Dynkin diagrams in the
F-theory interpretation of the geometry.

Investigating the F-theory base, one finds four inequivalent fixed tori associated to the
orbifolding group element ω. These are, further, not intersected by any singular structure
in the geometry, yielding a genus-one curve in the base. The fibre here is a folding of
the affine Dynkin diagram D4 to a twisted affine Dynkin diagram B

(2)
2 ' C

(2)
2 , yielding

an SO(5) ' Sp(2) gauge group contribution. Another example of a twisted affine folding
induced by a roto-translation. Beyond that analogously to the lift discussed above, eight
N = (2, 0) SCFT sectors of type A1 are found.

To conclude, the massless sprectrum of this theory given by

G SO(5)4

H 4× 10 + 11 + 1
V 4× 10
T 1
T2,0 8×A1

.

This spectrum cancels the irreducible gravitational anomaly as well as gauge anomalies.
The verification of the cancellation of the reducible gravitational anomaly again is left for
future studies.

ZZZ2 ×××ZZZ2 − 1 − 4 orbifold

Analyzing the maximal affine class of Z2 × Z2 orbifolds on a lattice Λ = SU(2)6, one
introduces a third shift by setting

ϑ :
ω :
ϑω :

( 0 1/2 −1/2 0 1/2 0 0 0 1/2 )
( 1/2 0 −1/2 0 0 0 1/2 0 0 )
( 1/2 1/2 0 0 1/2 0 1/2 0 1/2 ) ,

(A.11)

yielding a geometry with Hodge numbers

(h(1,1)
untw., h

(1,1)
tw. ) = (3, 0) , (h(2,1)

untw., h
(2,1)
tw. ) = (3, 0) . (A.12)

The action of all those generators on the total space orbifold is smooth. Irrespective of the
chosen lift the only structure remaining here are eight fixed points of the restriction of one
of the orbifolding group elements to the base. As in the above examples, this yields 8×A1
(2, 0) subsector, consistent with the cancellation of the irreducible gravitational anomaly
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via the following massless spectrum

G ∅
H 3 + 1
V −
T 1
T2,0 8×A1

.
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