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Abstract: Examining the complexity of urban form may help to understand human behavior in
urban spaces, thereby improving the conditions for sustainable design of future cities. Metrics, such
as fractal dimension, ht-index, and cumulative rate of growth (CRG) index have been proposed to
measure this complexity. However, as these indicators are statistical rather than spatial, they result
in an inability to characterize the spatial complexity of urban forms, such as building footprints. To
overcome this problem, this paper proposes a graph-based fractality index (GFI), which is based on a
hybrid of fractal theory and deep learning techniques. First, to quantify the spatial complexity, several
fractal variants were synthesized to train a deep graph convolutional neural network. Next, building
footprints in London were used to test the method, where the results showed that the proposed
framework performed better than the traditional indices, i.e., the index is capable of differentiating
complex patterns. Another advantage is that it seems to assure that the trained deep learning is
objective and not affected by potential biases in empirically selected training datasets Furthermore,
the possibility to connect fractal theory and deep learning techniques on complexity issues opens up
new possibilities for data-driven GIS science.

Keywords: complexity; fractals; building groups; graph convolutional neural networks; urban form

1. Introduction

Mandelbrot wrote: “Clouds are not spheres, mountains are not cones, coastlines are
not circles, and bark is not smooth, nor does lightning travel in a straight line” [1] (pp. 1–2).
Hence, such natural phenomena cannot be accurately represented by simplified Euclidean
geometry but can be described by fractal geometry. The literal meaning of “fractal” is
“broken” or “irregular”. Since fractal geometry was discovered, it has been recognized
that the fractal pattern exhibit patterns of “self-similarity” known as the first definition of
fractal, meaning that each of the subdivisions is similar to the whole [2,3]. An example of a
strictly defined self-similarity is the Sierpinski carpet, whose small pieces are exact copies
of the large ones. Then, by adding some randomness when copying the large shapes, the
second definition of fractal has been extended to be capable of describing real objects [1].
Both two definitions are in a statistical sense and demonstrate a power-law relationship
between the number of copies and their corresponding scales, where the exponent of
the power-law function equates to the so-called fractal dimension. Still, the power-law
relationship is hardly observed in most natural phenomena; hence a third more relaxed
definition has been proposed, the ht-index [4]. The purpose was to further extend the scope
of fractal definitions by examining patterns where there are far more small features than
large ones and to see how those pattern distributions are similar to power-law relationships.
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Therefore, the concept of the third definition is much broader and free from the spatial
forms or shapes [5,6], instead emphasizing gradual change of scale.

Cities commonly exhibit fractal patterns; then termed “fractal cities” [7]. Fractals
have been observed over different urban forms including street systems, land uses, urban
sprawls, and building footprints [8–10]. Particularly, the measurement of the complexity of
urban morphology is mainly manifested and delineated by building footprints. However,
the fractal indicators based on the previous three definitions are not sufficient to describe
the characteristics of fractals. On the one hand, all three definitions are given by statistical
descriptions, rather than geometric forms. The feature of self-similarity thus is statistical
rather than geometrical. Simply put, a statistically similar fractal pattern could have
many spatial forms. This is because the three statistics-based definitions target a univariate
variable, instead of multidimensional or multivariate ones. As suggested in Rootzén, Segers,
and Wadsworth [11], a general mathematical model to fit heterogeneous distributions with
multivariate variables is difficult. Such heterogeneous distributions characterize the fractals
statistically as well as constrain the dimensions of variables. The first two fractal definitions,
which investigate a power-law relationship between the scale and the number of scaled
copies, and the third one, which describes an imbalanced distribution, are all built upon a
univariate variable. However, most spatial targets, such as building footprints commonly
have multiple features, including spatial distances between neighbors and individual
attributes (such as sizes, orientations and shapes) that are still not well-captured by any
of the fractal definitions alone. Therefore, there exists a methodological gap on how to
combine both the forms, etc., and statistical features of fractals, so that better descriptive
indicators from those measures can be inferred. Furthermore, due to this gap, there is also
a shortage of examples of applications.

Meanwhile, for many applications graph-based models in the deep learning field have
shown strength in non-Euclidean datasets [12]. Those advances provide a new opportunity
to study the complexity of building footprints. First, how buildings are distributed in
space can be effectively represented by graphs. The spatial distribution of buildings is
often irregular, which means that the number of neighbors for each building is not equal,
and therefore, cannot be represented by a fixed data structure, such as raster images. A
graph, on the other hand, can represent complex relationships between buildings due to
its flexible structure. In addition, by utilizing the capabilities of deep learning methods to
extract multi-dimensional features, the spatial characteristics, as well as the attributes of
individual buildings, can be investigated at the same time. In this way, the complexity of
multiple features in building distributions might be possible to understand, which would
be helpful for understanding the spatial characteristics of fractal building distributions and
for inferring fractal forms.

To examine if and how it is possible to utilize and combine the advantages of both
fractal and graph theory, in this study a graph-based deep learning model was constructed
to show the complexity of building distributions, namely graph-based fractality index
(GFI), based on their geometrical and statistical features. The three-fold contributions of
this work can then be described as:

1. Introducing a new graph convolution neural network framework on irregular building
distributions to describe their local spatial and attribute features for each building, as
well as their global statistical features;

2. Devising a method under the second fractal definition to synthesize fractal patterns
by an established square-based fractal regime, the Sierpinski carpet, that can be used
as training and validation datasets;

3. Showing how the proposed GFI can compensate for the inability of either the fractal
dimension or ht-index (or its derivative: cumulative rate of growth index, CRG) to
integrate the fractal-related computations with both spatial and aspatial aspects.

As a consequence, we foresee new and not yet thought of applications where the
two variables of a different character, namely statistical measures and spatial form, are
combined to give new insights.
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The remainder of this paper is organized as follows. Section 2 summarizes related
work on the complexity of urban morphology and graph convolutional networks (GCN).
Detailed information on the proposed methods, the synthetic variant dataset, and the
training of the model is given in Section 3. Some case studies on the building footprints of
the Greater London area are demonstrated in Section 4. Finally, the findings and insights
are discussed in Section 5 with concluding remarks in Section 6.

2. Related Work
2.1. Complexity of Urban Morphology

Cities have long been recognized as complex systems which are large, nonlinear, and
emergent from interacting components [13]. Studying the complexity of urban systems is
to understand human collective behavior in the past [14], and facilitates livable urban design
or invents future cities [13]. The understanding of complex urban forms and processes is the
key to all the signs both in the past and future of nature [15], of which the spatial configuration
of building footprints and their distributions is one of the most prominent aspects [16].

The morphological patterns of building distributions are either simple or complex.
Simple patterns, such as collinear, curvilinear, or grid-like alignments have been extensively
studied to facilitate map generalization in cartography [17–20] or to identify functional
neighborhoods in spatial indexing [21–23]. These simple patterns are mostly described
by geometric variables, such as distance and angles, and some morphological descriptors,
such as proximity, similarity, closure, and continuity, which are based on visual variables
proposed by the Gestalt theory [24]. Unlike the simple patterns, the complex patterns have
hardly any specific forms to be categorized into and are limitedly described by only geomet-
ric or morphological descriptors. Such limitation is mainly due to the Euclidean geometric
perspective that focuses essentially on the local, geometric details, such as those mentioned
in geometric descriptors. Instead, the layout and distributions of building footprints may
be better characterized by their complexity in the context of fractal geometries.

The fractal is a fragmented geometric shape, such as the British coastline, that can
be subdivided into parts, each of which being similar to the whole [2]. Its complexity is
given by the fractal dimension (FD) defined in the range between 0 and 2, where the higher
the value is, the more the space is filled, leading to increasing homogeneity in the spatial
distribution. However, some studies have shown that FD is positively correlated with the
built-up density of the studied area [25,26]. This weakness implies that FD is a limited
measure to characterize the complex form of distributions, in particular when investigating
high-density agglomerations. The pattern of agglomerations in central Paris, for example, is
delineated as a uniform dense distribution according to its FD [27]. Other empirical studies
also suggest that the FD values of downtown areas approach 2, no matter with which
type of agglomeration morphologies exist [28]. Comparing the variations of box-counting
curves for the non-power-law distributions between the number of boxes and scales [29]
cannot circumvent the inaccuracy of FD when handling high-density agglomerations.
Thus, FD is too rigid [4]: 1, it requires the dataset to follow a power-law distribution, and
therefore, it is not applicable to data with distributions, such as lognormal and exponential
ones and 2, it cannot differentiate the complexity of a fractal in terms of the level of
recursion. To solve these two problems, a more flexible index, the ht-index [4] as well as
its improvements, the CRG index [30], the ratio of areas (RA) index [31], and the unified
metrics 1&2 (UM1&2) [32] have been proposed. The ht-index is acquired by the operation
of so-called head/tail breaks [33], which recursively partitions the head of a usually heavy-
tailed statistical distribution by its mean values. The ht-index should be at least 3 for a
distribution to be considered fractal. Developed from the ht-index, CRG, as well as the RA
and UM1&2 indices, extend the integral form of the ht-index to a fractional one so that it
can sense the minor difference that the ht-index cannot. Specifically, although the UM1&2
indices provide better interpretability than that of CRG and RA, their numerical values
are still correlated with CRG (positively) and RA (negatively). The mathematical form of
UM1&2, which only considers the ratio between the first head and tail of the sequence, is
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not as concise and consistent as the CRGs. More importantly, these indices are only statistic
indicators and simply examine one aspect of the entities’ properties at a time. For example,
the complexity of social hot spots in urban areas is inspected by the distances of tweets’
check-in locations [14], or the inhomogeneity of urban development in America is depicted
by the size of built-up areas [34]. For spatial entities, such as building footprints that are
commonly observed in the study of urban morphology, not only the statistical distribution
but also the spatial relationships between neighborhoods must be considered. In addition,
a comprehensive perspective that includes multivariate spatial features, e.g., the area and
distance, should also be reexamined.

2.2. Graph Convolutional Networks

In recent years, deep learning has received wide attention and extensive applications
both in the industry and academia. It has proven to be successful in the areas, such
as pattern recognition and classification in uniformly structured data, such as images,
audio, and texts [35]. Additionally, applications of various deep learning models are
becoming increasingly used in the analysis of spatio-temporal predictions, commonly
seen in the field of traffic and transportation [36–38], ecology [39], and economics [40].
Yet, most natural phenomena or decentralized systems are heterogeneous, and they are
represented by irregularly structured graphs, such as social network graphs and traffic
trajectories [41]. Developing efficient models to analyze irregular graph-based datasets has,
therefore, attracted significant attention in the field of deep learning.

In deep learning, the most successful feature detector is the convolution operation.
Simply put, the process of convolution is to compare and aggregate the differences between
the central object and its neighbors. Based on this technique, the graph convolutional
network (GCN) extracts graph features in two spaces: the spatial domain [42] and the
spectral domain [43]. In the spatial domain, the convolution operation is directly applied to
individual vertices and their neighborhoods. The design of the convolution kernel function
determines the distance of the neighbors to be considered. This approach is much like the
spatial operations on regularly structured data formats. Like the traditional convolution
operation, designing fixed-sized kernels for spatial-based approaches is not an easy task.
Contrarily, spectral-based approaches define graph convolutions by introducing filters
from the perspective of graph signal processing based on graph spectral theory. Graph
attributes are mapped into the spectral domain by the Fourier transform and then sampled
by the convolutional operations. This approach can be thought of the aggregation of graph
features at different scales and helps us to understand the underlying graph structure. This
way the spectral-based approaches can be used for irregular and unstructured data formats.

GCN models have proved to be very capable of detecting spatial and attributive
features in many fields, such as traffic flow prediction and social spammer detection [44,45].
Recent studies also show that GCN models can help to classify the regular or irregu-
lar patterns of building distributions [19,46]. Moreover, GCN embedded with an auto-
encoder framework has recently been applied to encode individual building shapes [47].
Yan et al. [46] show that even a shallow GCN structure with few layers can achieve high
accuracy in graph classifications, wherein the building area as a single feature is able to
describe individual buildings per se. However, most GCN models are limited in further
differentiating the pattern of heterogeneous graphs [48] as well as commonly observed
geospatial scenarios, such as trajectory flows, road networks and building footprints.

A heterogeneous graph is characterized by having non-uniform spatial connections
and attributes. This unbalanced structure often gives rise to an uneven distribution (e.g., a
heavy-tail distribution) of attributes’ values. Most GCN models try to extract the features
of attributes in a uniform way (ex. by taking the mean values). To address this prob-
lem, Zhang et al. [48] proposed an end-to-end deep graph convolutional neural network
(DGCNN) architecture. There are three improvements of this framework: (1) extracting
the features of each GCN layer nonlinearly; (2) introducing a novel ‘SortPooling’ layer
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to extract the key features and (3) bridging the GCN with traditional convolution neural
network layers to further improve feature detection (see Section 3.4).

3. Methods

Fractal theories provide both mathematical definitions and geometrical descriptions.
By combining the statistical definitions and a specific fractal pattern, it is possible to
synthesize several fractal variants. The main ideas of the method introduced here are
(a) to use synthetic variants with known dimensionality or iteration of fractals to train a
graph-based neural network to learn both the spatial and statistical features of fractals,
and (b) to subsequently use the trained model for estimating the structural complexity of
building distributions in real urban environments.

3.1. Framework for Characterizing Complexity of Building Distributions

To characterize the complexity of building distributions, the framework entails three
modules (shown in Figure 1): (1) Data synthesis. This part synthetizes training datasets,
including fractal and uniform patterns; (2) Graph representation. The spatial relationships
of buildings in a group together with their geometrical attributes are represented as graphs,
and (3) Model construction. This part is to train a DGCNN model using labeled synthetic
building groups including fractal and uniform variants. The constructed model is then
used to characterize empirical building groups.

Figure 1. Framework for characterizing complexity of building distributions.

3.2. Synthetic Fractals and Uniform Variants

The collection of training datasets generally entails either manual annotations of real
patterns by individuals’ cognition [46] or automatic synthesis with algorithms [49]. Simple
patterns, such as linear or grid-shaped layouts represent just one kind of a simple scenario
that could be effortlessly identified by a human observer or be modeled with few geometric
variables. However, it is challenging to annotate the complexity of an irregular building
distribution, because of the limitations and subjectivity of human visual cognition towards
complex patterns. Hence, for this work, we opted for the acquisition of training data by synthesis
using algorithms. In this paper, we generate two sorts of syntheses: fractal and uniform patterns.

A fractal pattern has three aspects to unfold: morphology, uncertainty, and dimen-
sionality [1,50]. Morphology refers to the geometrical shape that a fractal pattern exhibits.
Uncertainty is here considered as the randomness in reality, while dimensionality is the
degree of scales that a fractal pattern unfolds. These three components of fractals have
been extensively applied to simulate natural phenomena, such as trees, terrain, and coast-
lines [2,51,52]. A great many regular fractal patterns have been discovered or created, such
as the Vicsek fractal [53], the Koch snowflake and the Sierpinski carpet. Here, we adopt
the square-based Sierpinski carpet as the fractal basis to generate fractal variants, because
it is deemed as a standard pattern to measure the complexity of urban built-up areas in
most urban morphology studies [8,10,29,54]. The uncertainty is triggered by a randomness
mechanism under the second definition of fractals proposed by Mandelbrot [1], as it is
statistical rather than geometrical. We further devised a spatial structure to locate the
generated squares in regular 2D grids (see Figure 2). The degree of dimensionality towards
a Sierpinski carpet is simply set as the number of recursive depths.
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Figure 2. (color online) The statistical relationship between the number of squares, N, and scales, s,
of the Sierpinski carpet and its variants (a); a Sierpinski carpet with the degree of dimensionality 4 (b)
and a randomly synthesized variant (c), where the Ns are 1, 8, 75 and 500 for the red, green, blue and
grey squares, respectively.

Statistically, the fractal variants are built from the Sierpinski carpet. The construction
of the Sierpinski carpet starts from a square. This square is partitioned into nine congruent
sub-squares in a 3-by-3 grid, and then the central square is removed. This technique is
iterated recursively on each of the remaining eight sub-squares and so forth. From the
initial square, where the scale is defined to be 1, each sub-square is divided by a scaling
factor of 1/3. According to the first definition of fractals, the number of squares (N) and its
corresponding scales (s) have a power-law relationship described as N = s(−α) where α is
the scaling factor or so-called fractal dimension. Here, as the number of squares increases
eight times compared to the number of the prior scale and because the scales decrease by a
factor of 1/3, the fractal dimension α is calculated as log 8/log3 ≈ 1.89. The scale is further
represented as s = (1/3)c, where c is the degree of dimensionality for the complexity of the
carpet. The idea of randomness suggested by the second definition of fractals is to add some
random numbers to the scales (s± ∆s), the number of squares (N ± ∆N) and the random
locations in space; meanwhile, the fractal dimension (α) should be approximately retained.
In this way, the number of squares and the scales can slightly vary at each generation but
still statistically follow the Sierpinski pattern. The number of squares, N, is introduced as:

N ± ∆N = (s± ∆s)
−1.89 (1)
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where s is the scale, and ∆N and ∆s are random factors resulting in some variants that
deviate from the ideal (regular) scaling line (Figure 2a).

Spatially, the generated squares also entail random distributions in a 2D plane. Accord-
ing to the construction process of the Sierpinski carpet (see Figure 2b), the initial square is
first divided into a grid with 3× 3 = 9 cells and then the grids cells, except the central one,
are further subdivided into a 3× 3 children grid; this process continues recursively until
the predefined dimensionality is reached. Unlike this evenly partitioning approach, for a
random Sierpinski variant, the division of space in each scale is to some degree conducted
at random; hence, the resulting grids and cells on the same scale levels are not congruent
but irregular polygons, which we here referred to as “containers”. The centers of containers
are randomly distributed within the space of their parent-containers on the higher-level
scales. As an example, shown in Figure 2c, the whole space is first randomly divided into
nine red containers and each of them is further recursively divided into nine green ones,
each of which contains nine grey ones in the final level. The random division of space is
hereby conveniently accomplished with Voronoi diagram algorithms.

Next, the synthesis of uniform variants is straightforward. A uniform distribution
is a grid-like arrangement, where all building shapes are congruent squares and have an
identical distance from each other. This can be easily achieved by iteratively increasing the
resolution of the regular grids at different levels.

3.3. Graph Representations for Building Groups

The spatial relationships between buildings in a group are represented by a graph
defined as G = {V, E, f }, where V denotes the nodes for individual buildings, E refers to
the links or spatial connections between neighbors, and f represents a signal or feature that
each node maintains. The feature f , can be a multi-dimensional vector, wrapping several
variables that characterize the building properties. Here the feature is a two-dimensional
vector , fi = [ai, adi], where ai is the area of the building, and adi is the average distance from
the node to its neighbors, that is adi =

1
n ∑n

m=1 di,m. In this study, the graph is undirected,
and the connections of building neighbors are constructed from triangulated irregular
networks (TIN) (an example is shown in Figure 3). Please note though that as convolutional
operations in GCN layers require self-loop connections to the nodes themselves, these also
need to be added.

Figure 3. (color online) Graph construction and representation for building groups: red lines are the
TIN’s edges, blue lines show the distances, di,m to the neighbors, and every two red blocks constitute
a two-dimensional vector fi of node vi.
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3.4. DGCNN Model

By representing building groups as graphs, their spatial features including building
areas and distances can be further aggregated and represented in multiple stacked GCN
layers (see Figure 4). In addition, as the aggregated spatial features implicitly exhibit the
property of statistical heterogeneity, the latter can be characterized by attaching a sorting
layer and a few traditional convolutional neural network layers. In our study, these deep
neural networks are assembled by adopting a full-size DGCNN model.

A DGCNN has three stages [48]: (1) stacking four GCN layers to extract local features.
The aim of GCN layers is to apply convolutional operations to graphs. Like the traditional
convolution neural networks (CNN), GCN also learns effective kernels to aggregate and de-
tect localized attribute features (c.f. [43,55]). Unlike most GCN models, DGCNN organizes
the four GCN layers by first stacking them one after another and taking out the results
from each of them as one part of the combined results in the final GCN layer; (2) devising a
SortPooling layer to sort the detected vertex features into a consistent order and to pick the
first k vertices before feeding them into the traditional convolutional and dense layers and
(3) attaching a traditional convolution model to apply filters on the vertices’ sorted features.
This final stage includes producing five sequential layers: a traditional 1-D convolutional
layer, a max pooling layer, another 1-D convolutional layer, a fully connected dense layer,
and an output layer. The parameter settings of the model are shown in Figure 4.

The model of DGCNN is implemented using the PyTorch backend and the Deep graph
library (DGL). Moreover, the training labels of graphs are set to 1.0 for the uniform variants,
and 2.0, 3.0, etc., for the fractal variants based on their dimensionality. The graph attributes
of both the training and test dataset were normalized following the Z-score strategy as follows:
norm = value−µ

σ , where µ is the mean value and σ is the standard deviation of the attributes.

3.4.1. GCN Layers

A GCN layer applies the convolutional manipulations on graphs. For a traditional
CNN layer, the convolution is commonly applied to regular data structures, such as images.
The features of an image are basically aggregated by a rectangular weighting scheme, a
3× 3 matrix, for instance, pixel by pixel. In contrast, a graph is commonly an irregular
structure in which the number of neighbors of nodes is not a constant. To apply regular
schemes to its features, the graph can be first represented as an adjacency matrix and
then transformed to be a regular structure in the spectral domain by the basic elements
of the adjacency matrix, i.e., the orthogonal bases. For a graph A and its node feature
matrix X ∈ RN×M, where N is the number of vertices and M is the dimension of feature
signals, a graph convolutional operation symbolized as “ ?” is represented as follows:

Z = Gθ ? X = UGθ(Λ) X̂ (2)

X̂ = UTX (3)

where Z is the output of a GCN layer; Gθ is a nonlinear function of the frequencies λi
of graph A with trainable parameters θ ∈ RN . U is the orthogonal matrix and UT is its
corresponding transpose. X̂ is the decomposition of X based on UT in the spectral domain.
To extract multi-scale features, multiple GCN layers are stacked in the following manner:

Zi+1 = Gi+1
θ ? Zi (4)

where Zi is the output of the ith GCN layer. Note, that the GCN model we used in this
paper is identical to the convolutional filters proposed in [43]. By stacking multiple GCN
layers, the detected features are concatenated together by the last GCN layer and further
fed to a SortPooling layer.
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3.4.2. The SortPooling Layer

Literally, the SortPooling layer is a pooling process toward the sorting features. The
pooling layer is to reduce the spatial size of processing data in memory and the number
of training parameters. For the traditional graph regression frameworks, such as the
neural network for graph (NN4G) [56] and the diffusion-convolutional neural networks
(DCNN) [57], the detected features are aggregated by either simple summation or averaging
process, and the topological variation of the detected features between the vertices is lost.
The sorting process here thus is to highlight the structural roles of vertices in the graph [42].

The inputs, i.e., a k× i tensor where k = 500 and i = 3 in the work presented here, of
the SortPooling layer are the concatenated vertex features from the previous GCN layer.
Each row of this tensor corresponds to a detected feature descriptor of each vertex and
every single column is a featured channel from the previous three GCN layers, respectively.
Then, the vertex features are sorted in a lexicographically descending order: the feature
tensors are firstly sorted based on the 1st channel and if some have the same values on
the 1st channel, they are further sorted based on the value of the 2nd channel, and so on
(see Figure 4). This algorithm has similar logic to how the vocabularies are organized
in alphabetical order in dictionaries. Finally, the SortPooling layer stretches the sorting
features to a vector for the subsequent traditional convolutional layers.

Figure 4. (color online) The DGCNN model maps graph representations to GFI. As an example, the
figure highlights four vertices–A, B, C and D–and demonstrates how the GCN and SortPooling layers
extract features. The scalars in brackets demonstrate how the dimensions of neuron matrices are
defined in each layer. The parameter, k, defines the number of elements taken in account during the
SortPooling operations.

4. Synthetic Variants and Model Training

Two types of variants are synthesized: fractal and uniform ones. Corresponding to
the dimensionality (i.e., the number of iterations) of fractals, four levels of the Sierpinski
patterns labeled as 2.0, 3.0, 4.0 and 5.0 were synthesized, and the number of random
variants in each level is 500. From the synthesis process shown in 3.2, it is apparent
that there are around ∑i

1 8i−1 squares for a variant in level-i, for example, there are 9,
77, 589 and 4096 squares from level-2 to level-5. For the fractal patterns above level-
5, there are too many squares (for example, more than 37,000 for squares in level-6) to
be appropriate for building groups at the neighborhood level. Thus, any attempt to
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handle building groups bigger than level-5 is beyond the scope of this study. In addition,
we accordingly synthesize the uniform variants whose dimensions range from 3× 3 to
integer

(√
4096

)
× integer

(√
4096

)
= 64× 64 (62 variants in total and 30 duplicates for

each, i.e., 62 × 30 = 1860 uniform variants), and labeled as 1.0 (shown in Figure 5a).

Figure 5. (color online) Examples of synthetic variants and the process of model training: (a) the
uniform synthesis labeled as 1.0 and fractal variants with the dimensionality from level-2 to level-5
labeled from 2.0 to 5.0 individually and (b) the training loss, validating loss and accuracy of the
training process over each epoch.
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Then, the synthetic variants of uniform and fractal patterns are combined as a training
dataset and fed to the DGCNN model. The variants are shuffled randomly and divided into
three parts: the training, validating, and testing data sets by a ratio of 6:2:2. In each epoch of
the training process, we also estimate the training loss, validating the loss and accuracy rate
of the predicted labels. Both the training and validating loss decrease rapidly and approach
0, while the correctness of the classification of fractal variant patterns increases from 1.0%
to 96.5% at last. Generally, the training process terminates after a few epochs (90 epochs, in
this case, shown in Figure 5b) indicating that a GFI model with highly accurate predictions
is acquired.

5. Case Studies
5.1. Building Footprints in Blocks

In this study, the building footprints in London were chosen to demonstrate the perfor-
mance of the proposed model. London has three zones: Greater London, the intermediate
zone, and the central core zone (Table 1). To acquire the building groups, feature datasets
including buildings, streets and rivers were collected from the Open Street Map website
(accessed on 15 October 2020; see the download website: https://download.geofabrik.de/),
a popular open-source platform allowing users to share and contribute to the crowdsourc-
ing geo-datasets. We first generated the street blocks by aggregating all the types of street
and river features and then, by the generated street blocks, we further partitioned the
buildings into groups. In total, there are almost 0.48 million buildings and 24 thousand
street blocks in the Greater London zone. In addition, the intermediate zone with only
twenty percent of the whole area takes up almost half of the buildings and 40% of the street
blocks. Considering its area, the central zone is like a reduced version of the intermediate
zone, where the number of buildings and street blocks in the central zone are all about ten
percent of that in the intermediate zone.

Table 1. The statistics in The Greater London, intermediate zone and central core zone about the area,
number of buildings and street blocks with their ratios relative to those of the Greater London.

Area km2

(%)
# of Buildings (%) # of Street Blocks

(%)

The Greater London 1594.31(100) 472,295(100) 24,009(100)
Intermediate zone 348.63(21.87) 204,449(43.29) 8960(37.32)
Central core zone 33.52(2.10) 26,305(5.57) 967(4.03)

The grouped buildings in London were transformed into graph representations ac-
cording to Section 3.2 and their GFI values were estimated by the trained model (see results
in Figure 6). In the magnified areas of interest in Figure 6 (below), the acquired GFI values
are mapped to colors showing the complexity of the building groups: the greater the values
are, the more complex the building groups are. In the context of London, the GFI values
range from 0 to 5.90. For visualization, they are classified into six intervals with colors
ranging from grey (lowest) to dark blue (highest). The GFI values of the grey blocks are
set as zeros as the numbers of their buildings are less than three–the minimum number to
construct a Delaunay graph. At a glance, the blocks with GFI values ranging from 0.01 to
2.5 account for the majority and distribute densely all over the three hierarchical London
zones. The blocks with GFI > 2.5, however, are fewer by comparison and they are mostly
located outside of the central core zone.

In addition, the spatial distribution of GFI values in London is also revealed by
their descriptive statistics shown in Figure 7. Obviously, the GFI values in three zones
demonstrate similar distributions with identical mean values of 1.70 and similar standard
deviations. Such similarity shared between the nested zones reveals a reoccurring pattern
in London: the complexity of building groups is not only more or less similar but also quite
simple. Additionally, the complex building groups with GFI values greater than 4.0 are

https://download.geofabrik.de/
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mostly in the outskirts of the central core zone; this is in line with the inspections from the
spatial distribution of GFI values shown in Figure 6.

Figure 6. (color online) The GFI distribution of building groups in the Greater London, intermediate
zone and central core zone; more details are exhibited in the six magnified windows shown in the 1–6.
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Figure 7. Distribution of GFI values in the Greater London, intermediate zone, and central core zone.

5.2. Building Footprints in Neighborhood

For a detailed inspection of how the distribution in neighborhoods, namely in street
blocks, is characterized by GFI, 34 building groups were randomly collected and listed
in Figure 8. In general, the GFI values range from 0.79 to 5.65 and increase gradually
as the distribution of building groups becomes more and more complex. For example,
the distributions with GFI values around 1.0 are apparently simple and very similar to
the grid-like pattern and those with large GFI values of approximately 5.0 demonstrate
fractal-like patterns. Note, for the distributions with GFI values around 2.0, 3.0, or 4.0,
namely the levels of predefined complexity there exists one largest building in terms of
the area or distance compared to the remaining buildings. This matches well with the
pattern that a typical Sierpinski variant exhibits: there is one single largest square while
there are many others on small ones. Such a pattern within a small range could be treated
as a mono structure and it could be recursively combined or mixed progressively to form
more complex wholes until another big building on a higher scale shows up. This gradual
change in building distributions can also be observed in the examples shown in Figure 8.

To further compare how GFI values characterize the complexity of building groups,
two descriptors are also calculated including the number of buildings, the density of built-
up area (the ratio between the areas of buildings and the minimum bounding boxing), and
the classical complexity indicators (i.e., the fractal dimension (FD), ht-indices and CRG
indices for the areas (ht-A and CRG-D) and distance of building groups (ht-A and CRG-D))
(see Table 2). Notably, none of the mentioned descriptors or indicators can characterize the
complexity of building distributions. The number of buildings seems to reflect well the
increase of the complexity, but it is a necessary rather than a sufficient condition, namely
that a complex distribution does not require many buildings and vice versa. The density
of built-up area also makes no difference to the morphological complexity. For example,
the densities of No. 3 and 31 are almost equal, but it is obvious that No. 31 is much more
complex than No. 3.

Moreover, the CRG indices (CRG-A/D) are more sensitive than the ht-indices (ht-
A/D). As the distributions turn more and more complex, the CRG-A/D increase, while
the ht-A/D do not change accordingly. Especially the change in CRG-A is more prominent
than that of CRG-D. The CRG-D even drops to 0 although the pattern of its counterpart
is complex (Figure 9). However, neither the CRG nor ht-indices could well quantify how
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the complex building patterns evolve. This is simply illustrated by two pairs of building
distributions, No. 6–No. 29 and No. 11–No. 29, wherein each pair has either similar
CRG or ht-indices but significantly different structural patterns. In addition, the apparent
outliers of CRG values (the bold texts in Table 2 and marked by red circles in Figure 9) seem
too sensitive to identify the corresponding patterns. Lastly, the FD is also not capable to
characterize the complexity in a good manner. Comparing No. 3 and No. 31, for example,
both have similar FD values as well as built-up densities, but their degrees of complexity
are strikingly different.

Figure 8. (color online) Building footprints in neighborhood labeled by GFI: from the simple uniforms
to complex fractals.
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Table 2. The fractal indices of the neighborhoods in Figure 7: the GFI, ht, CRG, FD of area and
distance (‘-A’ is ‘-area’ and ‘-D’ is ‘-distance’ for short).

ID # Density GFI
Area Distance

FD
ht-A CRG-A ht-D CRG-D

1 69 0.14 0.79 1 0 1 0 1.71
2 63 0.19 1.02 3 1.18 1 0 1.77
3 78 0.27 1.25 1 0 1 0 1.78
4 66 0.19 1.60 4 3.23 4 3.38 1.67
5 68 0.22 1.62 3 1.21 1 0 1.78
6 64 0.14 1.64 4 3.43 4 3.69 1.76
7 64 0.24 1.75 4 3.51 3 2.00 1.72
8 66 0.13 1.82 2 1383.86 5 5.15 1.68
9 65 0.10 2.01 3 3.11 1 0 1.64

10 61 0.22 2.02 3 2.60 1 0 1.77
11 76 0.14 2.12 4 6.20 5 4.75 1.63
12 75 0.12 2.17 4 4.60 3 2.03 1.47
13 36 0.15 2.20 3 2.43 4 3.26 1.64
14 61 0.50 2.41 4 5.01 4 3.46 1.84
15 63 0.12 2.51 3 2.63 2 28.68 1.70
16 72 0.23 2.72 4 4.83 5 4.92 1.76
17 62 0.08 2.86 3 4.80 5 5.37 1.59
18 67 0.19 2.97 3 2.07 3 1.56 1.66
19 73 0.37 3.01 3 2.75 3 1.71 1.85
20 73 0.13 3.14 3 3.60 3 2.04 1.69
21 113 0.41 3.26 4 7.19 3 1.85 1.83
22 131 0.38 3.31 3 4.45 1 0 1.81
23 138 0.11 3.46 3 4.84 3 2.09 1.59
24 172 0.15 3.78 4 7.33 6 6.66 1.63
25 166 0.15 3.86 3 5.60 1 0 1.63
26 289 0.10 4.01 5 9.09 3 2.91 1.58
27 231 0.22 4.12 4 10.22 5 5.12 1.66
28 239 0.07 4.37 4 6.69 4 4.36 1.47
29 502 0.19 4.65 4 6.50 4 4.37 1.61
30 712 0.07 4.92 4 6.28 2 51.18 1.48
31 665 0.25 5.08 3 3.73 4 3.66 1.73
32 752 0.12 5.19 5 6.95 1 0 1.56
33 803 0.07 5.39 4 9.90 4 5.06 1.44
34 988 0.10 5.65 5 7.82 7 8.90 1.55

Figure 9. (color online) Distributions between GFI and CRG-A (a), CRG-D (b) of the 34 examples
shown in Table 2; the outliers of CRG values are marked by the red circles.
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6. Discussion

A novel graph-based fractality index (GFI) to characterize the building distribution’s
complexity is proposed. It is based on the second definition of fractals and a GCN-based
deep learning model–DGCNN. To test the new index, building footprints of street blocks
over three hierarchically nested London areas were used: The Greater London, the interme-
diate zone and the central core zone. According to the statistical distribution of GFI values,
the complexities of most building distributions in these areas are quite small, indicating
simple structures. This may be somewhat surprising, as London has been claimed as a
complex system or an organic whole [14]. However, the index shows that it still consists of
many simple and well-organized structures, probably due to active and deliberate planning
during the expansion of the urban development. Nevertheless, the standard deviations of
GFI in the three areas increase from the big Greater London area towards the intermediate
central core zone (cf. Figure 7). In other words, the fluctuation of GFI mostly demon-
strates how diverse the building distributions are within each zone, from a low diversity
in the Greater London zone to high diversity in the intermediate zone. This suggests an
interesting spatial evolving pattern of buildings from the central area in London to the
periphery, i.e., gradually and naturally including changes and replacements of buildings in
the area through time, whereas the outskirts probably have been developed more suddenly
through simultaneous construction of larger areas at a coarser scale. In this respect, the
morphological complexity quantified in terms of the GFI values can also show the diversity
of urban development on city scales and may further demonstrate the extent of human
movement in socio-economical terms.

GFI has a multi-fold advantage over previous fractal metrics FD, ht-index, and CRG
in characterizing both spatial and statistical distribution of buildings. At high building
densities, the results show that the FD cannot differentiate how complex the building
distribution is in space. A high-density distribution could have two totally contrasting
patterns: a very regular grid-like pattern or a highly disordered one, where both FDs are
approaching the value of 2.0. This happens because it measures the extent of space-filling,
such as the number of boxes, rather than the spatial distribution patterns of targets per se.
This finding also agrees with the report by Thomas, Frankhauser, and Biernacki [54] that
FD is exponentially correlated with density. The ht-index and CRG on the other hand turn
to the distribution of targets, and in this sense, these indices complement the FD. Yet, due to
the essence of statistical distribution, the ht-index and CRG cannot quantify the complexity
of building distributions in terms of areas and distances, respectively. The examples shown
in Table 2 suggest that, either for the area or distance, similar values in terms of ht-index
and CRG index do not necessarily reveal a similar pattern of building distributions. The ht-
index, for example, works with discrete integers so that the gradual changes cannot be well
represented. Additionally, note that the CRG occasionally behaves extremely differently,
generating peculiar outliers (shown in Figure 9). To be specific, these outliers appear
when their corresponding ht-index equals 2. By reviewing its definition [31], it is therefore
suggested that, under this circumstance, the CRG should equal 1 instead of the first average
attribute values. The proposed GFI takes up both the spatial and statistical distribution of
a building group to characterize its complexity, where the distribution visually matches
the given GFI (Figure 8 and Table 2). As the basic idea behind the proposed framework
is built upon characterizing both the spatial and the statistical distribution, by the second
and third fractal definition, respectively, the GFI thus complements the FD, ht-index and
CRG, and fulfills a descriptive ability toward spatial complexity, in general. In addition,
the number of buildings in the neighborhood demonstrates a seemly positive relationship
with the GFI values (see Table 2), but a further examination based on the whole dataset
of the neighborhood blocks in London shows that the number of buildings is not strongly
positive-correlated with the GFI value. For the groups with a larger number of buildings,
their GFI values are basically greater but not vice versa. In this regard, the groups with
higher GFI values can have either fewer or more buildings but all demonstrate complex
spatial characteristics including the number of buildings.
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The framework proposed in this work is, to our knowledge, the first attempt to
take the advantage of deep learning models and fractal theories to solve the problem of
complexity measurement. The complex phenomenon of building distribution (i.e., spatially
and statistically) can be represented by graphs and learned by GCN-based deep learning
models. Building distributions basically have three features: attributes, spatial distributions,
and the relationships or interactions between neighbors. As shown in the results, it is a
difficult task to build a linear model, such as the ht-index, CRG and FD, to include all
these factors at the same. Hence, by using the strength of the GCN models, effective non-
linear data can be represented by numerous computational neurons. Deep learning has
been criticized for its inexplicability and is treated as a “black box”. However, essentially
it is a non-linear function integrated with multiple linear regression equations layer by
layer [35], where its hidden neurons are the variables of the regression functions and the
parameters are the learned coefficients. The structurally organized neurons also maintain
a good learning ability for the spatial features across different hierarchical scales. This
idea is in line with the operation of the graph Fourier transforms (i.e., the graph signals
are decomposed into hierarchical ones with different frequencies) implemented by the
GCN layers. Introduced by the DCGNN model, the hierarchically organized GCN layers
and the sorting layer along with the traditional convolutional layers also well address the
shortcoming that previous GCN models cannot differentiate heterogeneous datasets [46,48],
such as building distributions.

The introduced synthetic fractal variants by fractal theories also provide the possibility
of unlimited samples in the training process. Under the second definition of fractals, it
has been shown that it is possible to synthesize fractal variants with labels according to
their fractal complexity and that the trained deep learning model performs well to quantify
the complexity of building distributions. To be noticed, in the context of different scales,
the corresponding polygonal feature groups should also be adapted. For example, if all
the building footprints are included to indicate one single city, the GFI would be large
and there is no big difference between cities. It is obvious that the buildings are diverse in
terms of areas and distance in any city at the urban scale. Instead of the building features,
however, the street blocks may be a better candidate. Meanwhile, as the synthetic dataset is
generated by a purely mathematical concept of fractal patterns, the Sierpinski carpet, for
example, the model is general enough so that it is independent of any specific geographical
scenarios, which further assures the ability of model generalization to a large extent. Such
a strategy reduces, or basically avoids, the dilemmas concerning both the difficulty of
data acquirement and the ability of model generalizations for most data-driven models,
which have been criticized and thought of as a bottleneck [58]. This is in line with the
suggestion that it is worthy to bridge theoretical and mathematical generated patterns with
data-driven science, especially under the current fourth GIScience paradigm [59].

From a practical urban planning point of view, the method as such, as well as a future
easy-to-use tool can, for example, be used to see how different existing environments
connect with people’s wellbeing and health [60,61], or if some patterns have implications
for traffic flows, fire risks and blue-light emergency services [62,63]. It has the potential
to aid future planning scenarios using what-if modeling approaches and VR [64]. Those
potential applications with fruitful or high-dimensional properties can also be nominated
as aspatial signals in the GFI model to indicate the complexity of discovered patterns as
well as their better understanding. Under the 3D-urban context, for example, combined
with human component properties, such as population densities, building stories and land
use, GFI may further facilitate to outline the patterns of social-economic development. A
recent Swedish study by Amcoff [65,66], e.g., points out that the 50-year-old strategy of
mixed-income housing in a neighborhood has yielded very little in terms of combatting
segregation. Instead, the urban form and the connectivity between the urban parts seem
to be better indicators of segregation. The GFI approach, hence, may serve as a valuable
tool to describe such patterns. GFI in addition to its computational framework also opens
up new possibilities to measure complexity in other scenarios, especially towards spatial
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targets, such as land cover and urban climate, or even medical-related content, such as
the recognition of tumors. Moreover, diverse applications may entail other interesting
features and even proper fractal patterns, which may be inspirational drivers to explore
more potentials of the combination of fractals and data-driven science and to establish a
new kind of complex science in the future.

7. Conclusions

In this study, a graph-based fractality index, GFI, based on a hybrid of fractal theories
and deep learning techniques is proposed to value or measure the complexity of spatial
features, such as building footprints in a given area. The tests on building footprints have
shown the index’s feasibility to differentiate the complex patterns and also demonstrate
the shortcomings of previous indices, such as fractal dimension, the ht-index and CRG.
Synthesizing fractal variants in a systematic manner based on the second definition of
fractals also seems to assure that the trained deep learning is objective and not affected
by potential biases in empirically selected training datasets. By using fractal concepts,
spatial complexity can be estimated and provides a benchmark to understand and compare
different areal settings. In this context, the question of spatial complexity can be shifted
to that of spatial fractality. The use of GFI to study the spatial complexity in our living
environment has the potential to evaluate, maintain, and refine sustainable and resilient
human development. Future exploration of the hybrid of different fractal patterns and
machine learning algorithms in diverse contexts would be a promising topic for both the
academic and industry and is of interest in our forthcoming work.
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