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1 Introduction

The four fundamental forces seen in Nature consist of the electromagnetic
force, the weak and the strong forces as well as the gravitational force. The
Standard Model of Particle Physics is a quantum theory describing the three
former spin one forces and has a range of validity down to distance scales of
the order 10−16 cm. Further, the gravitational force is described by the classical
theory of General Relativity which describes physics at macroscopic scales. It
turns out to be hard to formulate a consistent theory of quantum gravity only
out of gravitons, which are the spin two particles associated with the gravita-
tional field.

Presently, the only model capable of unifying all the fundamental forces seen
in Nature is string theory which is a relativistic quantum theory of interact-
ing strings. In this theory spacetime particles which are characterized by their
masses and their spins are interpreted as particular excitation modes of a string,
which similarly are associated with masses (energies) and spins. The model
nicely unifies particles which carry different spins into a common framework
and furthermore describes interactions between the strings. More precisely, the
string spectrum consists of a finite number of massless fields with spin range
from zero up to two, and on top of that an infinite tower of massive fields
whose masses are set by the string tension (which describes how “stiff” the
string is). In particular, by isolating the dynamical spacetime field equations
for the graviton, which is a massless excitation of a closed string, one finds at
the linearized level the Einstein equations which underlie the theory of General
Relativity. In fact, the gravitational theory may be thought of as a low-energy
truncation of the string theory in which the tension becomes very large and
in which massive string modes consequently decouple. Note that in the large
tension limit, the string becomes very stiff and effectively shrinks to a point
particle. Another set of familiar massless particles present in the string spec-
trum are the spin one photons (light particles) and the spin one gauge bosons
which both arise in the open string sector. The resulting spacetime field equa-
tions associated with these particles are given by the Maxwell equations and
the Yang-Mills field equations, respectively.

A key ingredient in all of the above “effective” theories of spin one and two is
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the underlying gauge symmetry which generically is an abstract symmetry as-
sociated with massless particles and which is present in the “unbroken phases”
of the theories. In the Yang-Mills theory this symmetry is given by the symme-
try of a certain “internal” spin and in the case of gravity the gauge symmetry
consists of the symmetry of spacetime itself.

The above discussion was in fact oversimplified. A crucial ingredient in string
theory is supersymmetry which may be defined as a symmetry which relates
bosons (integer spin particles) to fermions (half-integer spin particles). In
fact, consistent string theories necessarily are supersymmetric and are critical,
e.g. free from quantum anomalies, only in ten spacetime dimensions. Super-
symmetry has the nice property of making (ultraviolet) divergences often en-
countered in quantum field theories softer, hence making them better behaved.
Supersymmetric extensions of ordinary gravity into supergravities, however,
certainly make their quantum versions better behaved but do not constitute
realistic candidates for theories of quantum gravity – their coupling to lower
spin particles as well as to a tower of higher spin particles is required for quan-
tum consistency. The simplest supergravities are extended with one massless
fermion called a gravitino which carries spin 3

2 . The graviton and the gravitino
together form a supermultiplet which by definition contains particles that are
related to each other by supersymmetry.

A problem with the present formulation of string theory is that we do not
know how to quantize the string in curved spacetime backgrounds properly.
The simplest non-trivial curved background is given by anti-de Sitter space-
time. An interesting property of the Type IIB String Theory1 formulated in a
five-dimensional anti-de Sitter spacetime, augmented with a five-dimensional
sphere, is that it is conjectured to be dual to a (supersymmetric) quantum field
theory of point particles living on its “boundary” in a dimension lower, i.e. in
four flat spacetime dimensions. This Anti-de Sitter/Conformal Field Theory
correspondence, or AdS/CFT correspondence, states that each string configu-
ration in the bulk corresponds to a specific composite operator in the boundary
field theory. Note that the AdS/CFT correspondence relates a quantum theory
which includes gravity to a quantum theory which does not. Its validity and
role will be discussed in the thesis.

Both the string theory and the field theory are defined by means of perturba-
tive expansions which means that the classical contributions to the “physical
observables” dominate which further get corrected by quantum corrections or-
der by order in some small expansion parameter. The duality, however, is valid

1There exist five different consistent string theories which all are part of one and the same
eleven-dimensional M-theory. In this thesis, we will mostly focus on the Type IIB superstring.
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in a strong/weak sense which simply means that when the string perturbation
theory is under control the field theory perturbative expansion is not and vice
versa. This feature of the AdS/CFT correspondence makes it hard to prove but
at the same time makes a lot of new predictions viable. There exist sectors
of the Type IIB String Theory, however, in which the quantum corrections are
suppressed. These sectors include semiclassical string states which generi-
cally are rotating very rapidly in the anti-de Sitter spacetime as well as on the
five-dimensional sphere. Interestingly, since the quantum corrections to the
string observables are suppressed in the semiclassical sector a direct compar-
ison can be made associated with the observables of the dual field theory. In
the thesis we examine these sectors and find a remarkable agreement between
the two theories.

Another intriguing feature of physics in an anti-de Sitter spacetime is that, al-
though counterintuitive, massless states can be formed out of a bound state of
two particles called singletons; particles with remarkable properties not present
in flat spacetime. This is to be contrasted with an analogous configuration in
flat spacetime in which bound states necessarily carry non-zero masses. In-
terestingly, the spacetime spectrum resulting from this bound state is given by
an infinite tower of massless particles with ever increasing spin which are re-
lated to each other by a higher spin gauge symmetry. This symmetry may be
thought of as an extension of the gauge symmetry as well as the supersym-
metry discussed above in the sense that all massless high spin particles are
unified and that they are all part of the same higher spin multiplet. More pre-
cisely, the higher spin multiplets contain particles that are related to each other
by higher spin symmetry. In fact, the massless spectrum of a bound state in the
five-dimensional anti-de Sitter spacetime augmented with a sphere discussed
above coincides with the leading Regge trajectory of the Type IIB superstring,
which may be defined as the sector consisting of string states that minimize the
energy for a given spin2. In the thesis we discuss how to extract these mass-
less degrees of freedom from the string as well as how the resulting massless
higher spin gauge theory, including the dynamics, appears from it. We will
argue that just as ordinary gravity comes from a low-energy large tension trun-
cation of the string, the massless higher spin gauge theory form a high-energy
small tension truncation. The physical picture is that in this tensionless limit
the string stretches out, where it cannot “hold itself together” and falls apart
into singletons – particles of the same kind as those discussed above. Let us
finally note that bound states of more than two singletons correspond to mas-
sive spacetime fields.

2The string spectrum may be arranged into trajectories in a mass-spin plane. In general there
exists an infinite tower of massive higher spin states above each string state on the leading Regge
trajectory.
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In the following 7 chapters, including one appendix, it is my intention to give
some background and motivations for my work and to highlight some of the
results that have been found in the articles as well as some relevant results in
articles related to them. To facilitate the presentation, I have chosen to treat the
papers not in a chronological order, but rather to integrate them and comment
on them in the text when suitable.
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2 Symmetry Algebras and Physics in AdS

Physics in curved spacetimes differs substantially from physics in Minkowski
spacetimes. Apart from its Penrose contraction, the simplest non-trivial exam-
ple is anti-de Sitter spacetime (AdS) which is equipped with a mass scale set
by a (negative) cosmological constant λc.c. ∼ 1/R2, where R is the “radius” of
AdS. Minkowski spacetime is recovered in the limit R→ ∞. AdS is a max-
imally symmetric spacetime and has the peculiar feature that its Weyl tensor
vanishes. Due to this “scale invariance”, asymptotic states cannot be defined
properly in AdS and the notion S-matrices becomes redundant. Another dif-
ference from flat space is that due to the existence of an AdS “boundary”,
boundary conditions need to be specified on the bulk fields.

The supersymmetry algebras corresponding to the most symmetric phases of
the AdS/CFT correspondence [Mal98] are psu(2,2|4), osp(8|4) and osp(8∗|4).
In the bulk, their corresponding supergroups act as the isometry groups of the
maximally supersymmetric AdS5×S5, AdS4×S7 and AdS7×S4 superspaces,
respectively. In the holographically projected field theories, constrained to the
“boundaries” of the AdS spacetimes, they constitute the corresponding super-
conformal algebras. More specifically, the isometries of the AdS spacetimes
and the spheres, constitute the conformal and R symmetries in the field theo-
ries, respectively.

This first chapter is devoted to the two former superalgebras, as well as to the
less supersymmetric algebras osp(N |4)⊂ osp(8|4), where N is the number
of supersymmetries, which are of most relevance for this thesis and the arti-
cles upon which it is based. Special attention is paid to the remarkable repre-
sentations at the borders of the unitarity regions, namely the singleton and the
massless representations, which play crucial roles throughout the thesis. These
representations are associated with fields that are confined to the “boundary”
of the AdS spacetimes and whose dynamics are determined by certain topo-
logical field theories, that may be thought of as describing unbroken phases of
AdS physics.

We start with an analysis of their maximal non-compact bosonic subalgebra
so(D−1,2), working in a general dimension D.
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2.1 An so(D−1,2) Synopsis

We take the defining commutation relations of so(D−1,2) to be

[MAB,MCD] = iηBCMAD +3 permutations = i fAB,CD
EFMEF , (2.1)

MAB = −MBA = (MAB)† , (2.2)

where A = 0′,0,1, . . . ,D−1 and ηAB = diag(−1,−1,+1, . . . ,+1). The struc-
ture constants are thus real and are given by

fAB,CD
EF = 4δ E

[AηB][Cδ F
D] . (2.3)

One way of realizing the corresponding SO(D−1,2) group is as the isometries
of D-dimensional anti-de Sitter spacetime AdSD. AdSD of “radius” R can be
described as the hyperboloid

xAxBηAB +R2 = 0 , (2.4)

embedded into R
D−1,2, where xA are (D + 1)-dimensional embedding coordi-

nates. Eq. (2.4) can be “solved” by the global coordinates (t,ρ,ΩD−2)

x0′ + ix0 = Rcosh(ρ/R)exp(it/R) , (2.5)

xr = Rsinh(ρ/R)Ωr
D−2 ,

D−1

∑
r=1

Ωr
D−2Ωr

D−2 = 1 , (2.6)

which covers AdSD once, by taking 0≤ t/R < 2π and ρ ≥ 0, and which give
rise to the global metric

ds2
D = −cosh2

(ρ
R

)
dt2 +dρ2 + sinh2

(ρ
R

)
dΩ2

D−2 . (2.7)

We see that AdSD admits closed timelike curves, a complication that can be
avoided by going to the universal covering space, obtained after unwrapping
the S1 by letting −∞ < t/R < ∞. Furthermore, by letting ρ/R→ ∞ one can
define a (D−1)-dimensional “boundary” to AdSD given by S1×SD−2.

The differential operators

MAB(x) = i
(

xA ∂
∂xB − xB ∂

∂xA

)
, (2.8)

acting on the embedding coordinates, span the Lie algebra so(D−1,2) of vec-
tor fields and generate the group SO(D− 1,2) of global diffeomorphisms on
the hyperboloid in Eq. (2.4). AdSD rotations and time translations are gener-
ated by the maximal compact subgroups SO(D−1)s and SO(2)E , respectively.
The AdSD translation and rotation generators can be extracted from MAB by
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the quasi-orthogonal embedding matrix (Va
A,V A) defined by V AV BηAB =−1,

Va
AV BηAB = 0 and Va

AVb
BηAB = ηab as

Pa = Va
AV BMAB , Mab = Va

AVb
BMAB , (2.9)

where a = (0,r), r = 1, . . . ,D− 1, is a Lorentz index. They are distinguished
by an automorphism π

π(Pa) = −Pa , π(Mab) = +Mab , (2.10)

which is a linear involution belonging to the universal enveloping algebra
U [so(D− 1,2)]. Physically, the π map implements time reversal on parti-
cle (anti-particle) world-lines: x0′ → −x0′ .

so(D− 1,2) is a non-compact Lie algebra, implying that unitary irreducible
representations are infinite-dimensional. Moreover, since the generator of time
translations is compact, the energy spectrum becomes discrete1. so(D− 1,2)
has a triangular decomposition induced by the adjoint action of so(2)E ⊂
so(D−1,2)

g = g(−)⊕g(0)⊕g(+) , (2.11)

where g(±) contains the raising/lowering operators and where g(0) 	 so(2)E ⊕
so(D−1)s is the Cartan subalgebra. The raising/lowering operators consist of
the spin boosts L±r = M0r∓ iM0′r and the Cartan subalgebra is spanned by the
energy operator E = M0′0 and the spin operators Mrs. The non-zero commuta-
tors in this compact basis are given by

[E,L±r ] = ±L±r , [Mrs,L±t ] = 2iδt[sL
±
r] ,

[L−r ,L+
s ] = 2iMrs +2δrsE ,

[Mrs,Mtu] = iδstMru +3 permutations , (2.12)

which obviously are isomorphic to the canonical commutation relations in
Eq. (2.1).

Unitary modules of so(D− 1,2) have been categorized a long time ago, both
abstractly and explicitly using oscillator constructions, see e.g. Refs. [Dir63,
Eva67, Mac77, GS82, Gun, Met97, FF00, Dol05]. We denote a unitary irre-
ducible lowest-weight representation of so(D−1,2) by D(E0,s). It is charac-
terized by the lowest weight state |E0,s〉which is annihilated by L−r and carries
so(2)E⊕so(D−1)s eigenvalues, i.e. energy and (generalized) spins, E0 and s,
respectively. Here, the spin s = {s1, . . . ,sν}, with ν = [(D−1)/2], corresponds

1In the universal covering space of AdS the energies are still discrete, but are allowed to take
any real number.
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to the ν-row Young tableaux2
s1︷ ︸︸ ︷

︸ ︷︷ ︸
sν

with s1 ≥ s2 ≥ ·· · ≥ sν ≥ 0 for even D and s1 ≥ s2 ≥ ·· · ≥ |sν | ≥ 0 for odd
D. For odd D, self-dual and anti-self dual representations are distinguished by
sign(sν) = ±1. The requirement of unitarity imposes constraints among the
energy and spin of the so(D−1,2) lowest weight states given by3

E0 ≥ s1−n1 +D−2 , s = {s1, . . . ,sν} , (2.13)

E0 ≥ D−3
2 or E0 = 0 , for s = 0 , (2.14)

E0 ≥ [D−1
2 ] , s = {1

2 , . . . , 1
2} , for D even , (2.15)

where s1 = · · · = sn1 > sn1+1 ≥ sn1+2 ≥ ·· · ≥ |sν |, i.e. n1 denotes the number
of rows in the so(D−1)s Young Tableaux with maximal length s1.

Representations D(E0,s) are obtained by factoring out (if any) non-trivial null
ideals I from the (in general reducible) generalized Verma module4

V (E0,s) =
{

L+
r1
· · ·L+

rk
|E0,s〉

}∞

k=0
, (2.16)

and can consequently be defined by

D(E0,s) ≡ V (E0,s)/I . (2.17)

Non-trivial null submodules arise if the generalized Verma module in Eq. (2.16)
contains excited states which also fulfill a lowest weight condition. These null
states then serve as ground states of null submodules which are constructed by
boosting with energy raising operators. The null submodules contain states of
the form

I =
{
|En,S〉 : 〈Em,S′|En,S〉= 0, where |Em,S′〉 ∈ V (E0,s)

}
, (2.18)

2Note that singlets are not written out, i.e. we use the definition {s1, . . . ,sk} ≡
{s1, . . . ,sk,0, . . . ,0}. For notational simplicity we use the definition D(E0,s)≡D(E0,{s}) for
totally symmetric representations.
3Representations in D = 3, i.e. to the semi-simple algebra so(2,2)	 so(2,1)⊕ so(2,1), has to
be treated carefully since D(0,0) is in fact a zero mode, see Article V.
4In the literature, these generalized Verma modules are occasionally referred to as Harish-
Chandra modules.
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and can consequently be factored out consistently.

Similarly, a negative energy highest weight space D̃(E0,s) can be constructed,
whose highest weight state |−E0,s〉 is annihilated by L+

r and built upon by the
boosts L−r . Highest weight spaces are formally related to lowest weight spaces
by the π map defined in Eq. (2.10) as

D̃(E0,s) = π[D(E0,s)] . (2.19)

More precisely, their ground states are related by the π map as

π
(|E0,s〉

)
= |−E0,s〉 , (2.20)

following from π(E) =−E, and that their raising/lowering operators are mapped
into each other as π(L±r ) = L∓r . Hence, we can construct a CPT self-
conjugate representation

DCPT ≡ D(E0,s)⊕ D̃(E0,s) , (2.21)

which is invariant under the combined action of {so(D−1,2),π}.

The elements appearing in Eq. (2.16) (or its highest weight counterpart) can be
identified with the modes of a free quantum one-particle state (or anti-particle
state). To find the corresponding field equations, let us describe AdSD as the
coset space SO(D− 1,2)/SO(D− 1,1), where SO(D− 1,1) is the Lorentz
group. The d’Alembertian is consequently related to the quadratic Casimirs
C2 =−1

2 Tr M2 of so(D−1,2) and so(D−1,1) as

R2∇a∇bηab = C2[so(D−1,2)]−C2[so(D−1,1)] , (2.22)

where we have defined

C2[so(D−1,2)] ≡ 1
2 MABMAB = C2[so(D−1)]+E(E−D+1)−L+

r L−r ,

C2[so(D−1,1)] ≡ 1
2 MabMab = C2[so(D−1)]+ 1

2(D−1)E + 1
2 L+

r L−r
−1

4(L+
r L+

r +L−r L−r ) ,

C2[so(D−1)] ≡ 1
2 MrsMrs . (2.23)

Evaluating the Casimirs in a representation D(E0,s) we obtain the eigenvalues

C2[so(D−1,2)|D(E0,s)] = E0(E0−D+1)+C2[so(D−1)|s] ,

C2[so(D−1,1)|h] = h1(h1 +D−2)+ · · ·+hν ′(hν ′ +D−2ν ′) ,

C2[so(D−1)|s] = s1(s1 +D−3)+ · · ·+ sν(sν +D−1−2ν) ,

(2.24)
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where h = {h1, . . . ,hν ′}, ν ′ = [D/2], denotes a highest weight representation
of the Lorentz algebra.

Using Eq. (2.22) and the above Casimir relations, the mass-shell condition for
an AdS field Φ

(∇2−m2)Φ = 0 , (2.25)

can be translated into an equation for the mass ,viz.

m2R2 = E0(E0−D+1)+C2[so(D−1)|s]−C2[so(D−1,1)|h] , (2.26)

where the mass is measured in terms of the AdS “radius” R.

In the following, we will focus on representations saturating the unitarity
bounds in Eqs. (2.13)–(2.15) – notably the singleton and the massless rep-
resentations. These limiting representations undergo a tremendous multiplet
shortening due to the presence of non-trivial null ideals, cf. Eq. (2.18), whose
elements consequently are absent from the representations and instead become
associated with gauge modes.

2.1.1 The Singleton

A common object in all physical theories in AdS, as well as in all conformal
field theories, is the singleton which serves as the basic building block of all
other representations. This “remarkable” singleton representation was found
by Dirac already in 1963 in AdS4 and has later been exploited in various con-
texts, in particular by Flato and Frønsdal and later by Bars. It turns out that to
probe the truly singletonic degrees of freedom of point particles in AdS, one
has to take both the particle mass m and the radius R of AdS to zero, i.e. let
the cosmological constant diverge. The resulting conical geometry coincides
with the effective geometry probed by a ultra-relativistic classical singletonic
particle rotating in AdS, stretching toward the “boundary”. More specifically,
classically the singletons may be thought of as massless particles on AdS hy-
percones performing identical rotational motions in one spatial plane as well as
in the temporal plane (i.e. without going to the AdS universal covering space).
In particular, this implies that the singleton energy E becomes equal to its
spin S (modulo some dimensionful constants). Upon quantization, this disper-
sion relation becomes renormalized by the zero-point energy ε0 = (D−3)/2,
where D is the dimension of the AdS spacetime, so that E = S + ε0, where
E and S now are quantized in units of h̄. The singleton thus forms a single
line in weight space, which is one of its prominent characteristics, see Fig. 2.1.
Incidentally, the singletons are unobservable just like the quarks in quantum
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chromodynamics (QCD). Singletons, however, are unobservable for kinemati-
cal reasons unlike quarks which are unobservable due to confinement.

A singleton representation5 D to so(D−1,2) may be defined as a representa-
tion forming a single discrete line in weight space in the sense that the repre-
sentation can be divided into levels n of fixed energy En

D =
∞

∑
n=0

D (n) , ED (n) =
(
ε +n

)
D (n) , (2.27)

each forming some finite-dimensional irreducible representation of so(D−1)s.

so(D−1,2) admits as its fundamental “ultra-short” unitary representation the
scalar singleton D(D−3

2 ,0) in a general dimension D saturating the unitar-
ity bounds in Eq. (2.14). In particular, there also exist a spinor singleton6

D(1, 1
2) in D = 4 which saturate the bound in Eq. (2.15). The scalar single-

ton was discovered in D = 4 by Dirac [Dir63] and in a general dimension by
Refs. [Sie89, Min98, AL]. The scalar singleton is built upon the lowest weight
state |D−3

2 ,0〉 which is defined to have a unit norm7.

A remarkable fact about the (scalar) singleton is that due to the presence of the
excited lowest weight null state L+

r L+
r |D−3

2 ,0〉 ∈I (D+1
2 ,0) in the generalized

Verma module, it undergoes a tremendous multiplet shortening. The singleton
is constructed by modding out the null space built on this null state from the
generalized Verma module

V
(D−3

2 ,0
)

=
{

L+
r1
· · ·L+

rk
|D−3

2 ,0〉
}∞

k=0
. (2.28)

as

D
(D−3

2 ,0
)

= V
(D−3

2 ,0
)
/I
(D+1

2 ,0
)

=
{

L+
{r1
· · ·L+

rk}|
D−3

2 ,0〉
}∞

k=0
, (2.29)

5It should be noted that this terminology varies in the literature. The representation D( D−3
2 ,0)

was originally [FF81, AFFS81, Fro82] referred to as the singleton in D = 4, since the represen-
tation was highly degenerate. In addition, it required a single oscillator for its realization. Later,
it was named the doubleton in D = 5, since two su(2)⊕ su(2) oscillators were needed for its
realization [GM85, GvNW85]. A terminology which is more useful when working in general
dimensions is to refer to D( D−3

2 ,0) as the singleton in all dimension whereas the tensor prod-
uct of the singleton with itself is referred to as the doubleton. Using this terminology, multiple
tensor products of the singleton are referred to as multipletons.
6In D = 4 the scalar singleton D( 1

2 ,0) is sometimes referred to as the Rac and the spinor sin-
gleton D(1, 1

2 ) as the Di. This terminology was introduced by Flato and Frønsdal
7In certain oscillator realizations of the singleton representation, the existence of a finite norm
is not guaranteed as discussed in Article V.
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Figure 2.1: The scalar singleton representation D(D−3
2 ,0) forms a single discrete

line in weight space. The state at level n = 0,1,2, . . . has energy E = ε0 + n and
spin {s} = {s,0, . . . ,0}. The state indicated by the black box in the weight space
corresponds to the ground state of the null sub module I (D+1

2 ,0), or equivalently, the
scalar singleton field equation.

containing only symmetric traceless combinations of the raising operators. A
particular excited singleton state |E ′,s′〉, constructed by the application of n
raising operators, has the energy eigenvalue E ′ = D−3

2 +n and the spin eigen-
value s′ = {n}, see Fig. 2.1.

An antisingleton highest weight space D̃(D−3
2 ,0) is constructed analogously

as

D̃
(D−3

2 ,0
)

= V
(− D−3

2 ,0
)
/I
(− D+1

2 ,0
)

=
{

L−{r1
· · ·L−rk}|−

D−3
2 ,0〉

}∞

k=0
, (2.30)

where the ideal I (−D+1
2 ,0) is built upon the null state L−r L−r |− D−3

2 ,0〉.

Let us note that so(D− 1,2) does not act transitively on the singleton weight
space. The smallest Lie algebra with this property is the minimal bosonic
higher spin algebra ho0(D−1,2), which will be described in Chapter 6.

By using Eq. (2.26), the mass of a free scalar singleton field ζ (xµ) is deter-

12



mined to be

m2
ζ R2 = − (D−3)(D+1)

4 , (2.31)

implying its field equation

(∇2−m2
ζ )ζ = 0 . (2.32)

that belongs to the ideal subspace I (D+1
2 ,0). Note that the singleton mass

is within (a generalization of) the Breitenlohner–Freedman stability bound
[BF82].

2.1.2 Massless Representations

Massless higher spin gauge fields in AdS may be interpreted as bound states
of two singletons and can therefore not be argued to originate from any ex-
tended objects, such as strings – at least not naively. In fact, there exist folded
string and p-brane solutions in AdS which in the large spin limit effectively
behave as bound states of two singletons [V]. As mentioned above, the sin-
gletonic nature reveals itself in the limit when both the mass m and the radius
R are taken to zero. For the folded string solution, these features manifest
themselves in that the effective tension vanishes at the end-points, or cusps,
of the string and that the string stretches toward the “boundary” of AdS, re-
spectively. Hence, to probe singleton strings, the tension T must be taken
to zero, i.e. we should examine the tensionless limit of string theory in AdS
[KL86, ILST94, GLS+95]. In this limit, however, the string cannot “hold it-
self together” any longer and falls apart into singletons! In other words, the
tensionless string is better thought of as a free singleton gas where the con-
stituent bits are connected by a “multiple world-line” gauge symmetry [V].
The two-bit sector thus corresponds to the massless sector. During this phase
transition, the extended nature of the string becomes lost and a huge gauge
symmetry enhancement occurs. The bound states and the tensionless limits
will be discussed further in Chapters 4 and 5, respectively, and the resulting
higher spin symmetry algebras will be described in Subsection 6.1.3.

There is no unique way of defining masslessness in an anti-de Sitter spacetime,
confer e.g. Refs. [AFFS81, AL, Lao98, BMV00, FF00]. Some definitions that
have appeared in the literature include (1) Composite massless representations
appearing in the reduction of the tensor product of two singletons (2) Con-
formal massless representations which are isomorphic to the restriction of an
so(D,2) singleton representation to so(D− 1,2) (3) Representations whose
Inönü-Wigner contractions to the Poincaré algebra give rise to massless repre-
sentations. (1) and (2) are equivalent only for D = 3 and D = 4. We will take

13



as our definition representations that saturate the unitarity bound in Eq. (2.13),
a definition that naturally include all “mixed type” massless fields (in the sense
of Young Tableaux) and contain non-trivial null ideals that are associated with
gauge modes [Met97].

Massless higher spin fields in AdS4 are particularly simple since only one-row
Young Tableaux exist in D = 4. The massless representations were discovered
by Flato and Frønsdal in Ref. [FF78b] by tensoring D = 4 Rac and Di single-
tons. The simplest massless representations in a general dimension are given
by totally symmetric spin s representations D(E0,s) for which the unitarity
bound in Eq. (2.13) implies the relation E0 = s+D−3. These representations
appear in the tensor product of two scalar singletons D(D−3

2 ), see e.g. Article
V. Let us summarize the result. Lie algebras have a trivial co-product, so the
generators acting on the tensor product D(D−3

2 ,0)⊗D(D−3
2 ,0) can be repre-

sented as

MAB = MAB(1)⊗ I2 + I1⊗MAB(2) . (2.33)

Requiring the lowest weight condition(
L−r (1)+L−r (2)

)|Ω〉(1)⊗|Ω〉(2) = 0 , (2.34)

one can show that there exists one lowest weight state for each spin s = 0,1, . . .,
given explicitly by

|D−3+ s,s〉 = ϑ r1...rs
{s}D−1

s

∑
k=0

αk,s,D

(
L+

r1
· · ·L+

rk

)
(1)
(

L+
rk+1
· · ·L+

rs

)
(2)|0〉 ,

(2.35)

where ϑ r1...rs
{s}D−1

is a traceless tensor of the diagonal so(D− 1) subalgebra, the
coefficients are given by

αk,s,D = (−1)k

(s
k

)(s+(D−5)/2
k

)(k+(D−5)/2
k

) , (2.36)

and |0〉= |D−3
2 ,0〉(1)⊗|D−3

2 ,0〉(2). These lowest weight states define an infinite
collection of massless representations for s = 0,1, . . . obtained by factoring out
the null ideal built upon the null state

|D−2+ s,s−1〉r1...rs−1 = ∑
r

L+
r |D−3+ s,s〉rr1...rs−1 (2.37)

from the generalized Verma module

V
(
D−3+ s,s

)
=

{
L+

r1
· · ·L+

rk
|D−3+ s,s〉

}∞

k=0
, (2.38)
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�
∖

s 0 1
2 1 3

2 2 5
2 3 7

2 4 9
2 5 · · ·

−1 1+ 1̄ 1
0 1 1
1 1 1
2 1 1
3 1 1
...

Table 2.1: The spectrum of massless physical fields appearing in the symmetric
tensor product of two osp(1|4) singletons D( 1

2 ,0)⊕D(1, 1
2 ) arranged into levels

� = −1,0,1, . . .. The N = 1 Wess-Zumino multiplet at level −1 consists of a Weyl
fermion together with a scalar and a pseudo scalar. The supergravity multiplet is lo-
cated at level 0 and massless higher spin supermultiplets appear at levels �≥ 1. Each
supermultiplet contains 2+2 states.

i.e.

D
(
D−3+ s,s

) ≡ V
(
D−3+ s,s

)
/I
(
D−2+ s,s−1

)
. (2.39)

We have thus arrived at the generalized Flato-Frønsdal theorem for symmetric
massless representations valid in an arbitrary dimension D:

D(D−3
2 ,0)⊗D(D−3

2 ,0) =
⊕

s=0,2,...

D(s+D−3,s)︸ ︷︷ ︸
symmetric

⊕
⊕

s=1,3,...

D(s+D−3,s)︸ ︷︷ ︸
antisymmetric

.

(2.40)

The case of D = 4 needs to be treated more carefully due to the existence of
two inequivalent unitary scalar massless representations. Indeed, the square of
the spinor singleton yields the spectrum

[D(1, 1
2)⊗D(1, 1

2)]antisymm = D(2,0)⊕
⊕

s=2,4,...

D(s+1,s) , (2.41)

plus the symmetric part which coincides with the antisymmetric part of Eq.
(2.40). We interpret D(1,0) as a massless scalar representation and D(2,0)
as a massless pseudo-scalar representation. For completeness, tensoring the
scalar singleton with the spinor singleton in D = 4 yields the massless fermi-
onic spectrum

D(1
2 ,0)⊗D(1, 1

2) =
⊕

s= 1
2 ,

3
2 ,...

D(s+1,s) , (2.42)

15



which will be needed in the construction of massless supermultiplets to the
superalgebra osp(N |4) in Section 2.2.

Let us finally note that the mass of a totally symmetric spin s massless gauge
field Wa1...as(x

µ), corresponding to the representation D(s+D−3,s) and with
Lorentz representation h = {s}= ︸ ︷︷ ︸

s

, is given by

m2
s R2 = (s−2)(s+D−3)− s , (2.43)

following from Eq. (2.26). Another class of fields of great importance, satu-
rating the unitarity bound in Eq. (2.13), are the generalized spin s Weyl ten-
sors Ca1...as,b1...bs(x

µ). They belong to the same so(D− 1,2) representations
D(s + D−3,s) as the totally symmetric spin s gauge fields, but have Lorentz
representations

h = {s,s} = ︸ ︷︷ ︸
s

, (2.44)

thus implying the masses

M2
s R2 = −2(s+D−3) . (2.45)

Note that in D = 4 there is a mass degeneration in the scalar sector between
the massless scalar representation D(1,0), included in these expressions, and
the D(2,0) massless pseudo-scalar representation, appearing in the expansion
in Eq. (2.41), with masses M2

0 =−2.

2.2 Extended Superconformal Symmetry in D = 4

The orthosymplectic superalgebra osp(N |4) [FN84, Hei82, CHK] has a max-
imal bosonic subalgebra so(N )⊕sp(4,R), where the AdS4 algebra sp(4,R)	
so(3,2) is given in Eq. (2.1) for D = 4 and the R-symmetry algebra so(N )R

is spanned by the hermitian generators Ti j

[Ti j,Tkl] = iδ jkTil +3 permutations , (2.46)

where i = 1, . . . ,N . osp(N |4) also consists of N Grassmann odd sl(2,C)
spinorial supercharges Qi

α together with their hermitian conjugates Qi
α̇ = (Qi

α)†,
where α = 1,2, α̇ = 1̇, 2̇ are Weyl spinor indices. Before giving the commuta-
tors with these supercharges, it is convenient to rewrite so(3,2) in a spinorial
basis. The vector indices are converted into spinor indices by the van der Waer-
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�
∖

s 0 1
2 1 3

2 2 5
2 3 7

2 4 9
2 5 · · ·

−1 1+ 1̄ 2 1
0 1 2 1
1 1 2 1
2 1 2 1
...

Table 2.2: The spectrum of massless physical fields appearing in the symmetric tensor
product of two osp(2|4) singletons D( 1

2 ,0;1)⊕D(1, 1
2 ;−1) arranged into levels � ≥

−1. An N = 2 hypermultiplet appears at level −1. The supergravity multiplet is
located at level 0 and massless higher spin supermultiplets appear at levels � ≥ 1.
Each supermultiplet contains 22 +22 states.

den symbols (σa)αβ̇ defined by8

(σ̄a)α̇β = [(σa)αβ̇ ]† , (2.47)

(σaσ̄b)αβ = ηabεαβ +(σab)αβ , (2.48)
1
2 εabcdσcd = iσab , (2.49)

(σ̄ab)α̇β̇ = [(σab)αβ ]† , (2.50)

where as before a = (0,r), r = 1,2,3, is a Lorentz index. The conversion
between the vector and the spinor basis is given by

Mab = 1
8(σab)αβ Mαβ +h.c , Pa = M0′a = 1

4(σa)αα̇Pαα̇ ,(2.51)

Mαβ = (σab)αβ Mab , Pαα̇ = −2(σa)αα̇Pa . (2.52)

In the spinor basis, the so(3,2) generators then obey the following commuta-
tion relations

[Mαβ ,Mγδ ] = 4i
(
εα(γMδ )β + εβ (γMδ )α

)
,

[Pαβ̇ ,Pγδ̇ ] = 2i
(
εαγMβ̇ δ̇ + εβ̇ δ̇ Mαγ

)
,

[Pαβ̇ ,Mβγ ] = 4iεα(β Pγ)β̇ , (2.53)

and similarly for Mα̇β̇ . The remaining non-zero commutators of the osp(N |4)
algebra written in the spinor basis then become

{Qαi,Qβ j} = 1
2 δi jMαβ + εαβ Ti j, {Qαi,Qβ̇ j} = 1

2 δi jPαβ̇ ,

[Qαi,Mβγ ] = 4iε(α|β |Qγ)i , [Qαi,Pβ γ̇ ] = 2iεαβ Qγ̇i ,
[Ti j,Qαk] = 2iδk[ jQαi] , (2.54)

8Here, we make use of the conventions in Article II.
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�
∖

s 0 1
2 1 3

2 2 5
2 3 7

2 4 9
2 5 · · ·

0 1+ 1̄ 4 6 4 1
1 1 4 6 4 1
2 1 4 6 · · ·
...

Table 2.3: The spectrum of massless physical fields appearing in the antisymmetric
tensor product of two osp(4|4) singletons D( 1

2 ,0;2+)⊕D(1, 1
2 ;2−). The 6 is re-

ducible under so(4)R = su(2)+⊕su(2)− as 6 = 3+⊕3−. The supergravity multiplet
appear at the lowest level � = 0 and massless higher spin supermultiplets appear at
levels �≥ 1. Each supermultiplet contains 24 +24 states.

and analogous relations for Qi
α̇ .

A unitary irreducible representation of osp(N |4) will be denoted by

D
(
E0,s;m

) ≡ D(E0,s)⊗m , (2.55)

and is in addition to the so(3,2) lowest weights (E0,s) characterized by a
finite-dimensional representation m = (m1, . . . ,σmµ) of the R-symmetry al-
gebra so(N )R , where µ = [N /2] and where σ = 1 for odd N and σ =±1
for even N . The weights are required to obey m1 ≥ m2 ≥ . . . ≥ |mµ | ≥ 0 as
well as |mi−m j| ∈ Z+. Unitarity requires lowest weight conditions analogous
to Eqs. (2.13)–(2.15), but which are extended with R-symmetry charges. In
the following, we will be interested only in representations which saturate the
unitarity bounds: the singletons and the massless representations of osp(N |4)
which form “supermultiplets” of bosonic representations.

The supersingletons of osp(N |4) are given by the direct sum of the so(3,2)
scalar and spinor singletons Rac	D(1

2 ,0) and Di	D(1, 1
2)

Ξ(N ) = D
( 1

2 ,0;rN
)⊕D

(
1, 1

2 ;r′N
)

, (2.56)

which are extended with the R-symmetry representations rN and r′N summa-
rized9 in Table 2.4 for N = 1,2,4,8.

As in the bosonic case, massless representations appear in the two-fold ten-
sor product of singletons, cf. Subsection 2.1.2, but are here arranged into N -
extended supermultiplets. The lowest weights in the massless supermultiplets

9Note that the N = 3 supersingleton coincides with the N = 4 supersingleton.
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N R-symmetry (m1, . . . ,mµ) rN r′N
1 Z2 – – –

2 so(2)R 	 u(1)R ±1
2 1 −1

4 so(4)R 	 su(2)+⊕ su(2)− (1
2 ,±1

2) 2+ 2−
8 so(8)R (1

2 , 1
2 , 1

2 ,±1
2) 8v 8s

Table 2.4: The R-symmetry representations appearing in the osp(N |4) supersingle-
tons for N = 1,2,4,8. The even-dimensional algebras admit self-dual as well as anti
self-dual representations rN and r′N , respectively, also indicated by sign(mµ) =±1.

are singlets under so(N )R . The result is

Ξ(N )⊗Ξ(N ) =
[
D(1,0)⊗ (rN ⊗ rN )

] ∞⊕
s=1

[
D(s+1,s)⊗ (rN ⊗ rN )

]⊕
[
D(2,0)⊗ (r′N ⊗ r′N )

] ∞⊕
s=1

[
D(s+1,s)⊗ (r′N ⊗ r′N )

]
⊕

s= 1
2 ,

3
2 ,...

[
D(s+1,s)⊗ ((rN ⊗ r′N )⊕ (r′N ⊗ rN )

)]
, (2.57)

where D(s + 1,s) are the massless representations appearing in Eqs. (2.40)
and (2.42) in D = 4. The irreducible so(N )R representations for N = 4,8
are given by

N = 4 : 2±⊗2± = 3±s⊕1±a , (2.58)

2+⊗2− = 4 , (2.59)

N = 8 : 8s⊗8s = 1s⊕28a⊕35+
s , (2.60)

8v⊗8v = 1a⊕28s⊕35−a , (2.61)

8s⊗8v = 8v⊗8s = 8v⊕56 , (2.62)

where ‘s’ and ‘a’ denote the symmetric and antisymmetric parts, respectively.
Note that the supergravity multiplet appears in the symmetric tensor product
[Ξ(N )⊗Ξ(N )]s for N = 1,2,8 and in the antisymmetric tensor product
[Ξ(N )⊗Ξ(N )]a for N = 4, which are summarized in Tables 2.1–2.5.

2.3 The psu(2,2|4) Superconformal Algebra
The bosonic AdS algebra in D = 5 su(2,2) 	 so(4,2) given in Eq. (2.1) can
be extended by the su(4) generators T I

J , the u(1)Z generator Z and the
Grassmann odd supercharges (QI

α ,Q̄I
β ) to form the superalgebra su(2,2|4)⊃
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�
∖

s 0 1
2 1 3

2 2 5
2 3 7

2 4 9
2 5 · · ·

0 70 56 28 8 1
1 1+ 1̄ 8 28 56 70 56 28 8 1
2 1 8 28 56 70 56 28 · · ·
3 1 8 28 · · ·
...

Table 2.5: The spectrum of massless physical fields appearing in the symmetric tensor
product of two osp(8|4) singletons D( 1

2 ,0;8v)⊕D(1, 1
2 ;8s). The supergravity multi-

plet is located at level 0 with reducible scalar components 70 = 35+⊕35−. Massless
higher spin supermultiplets appear at levels � ≥ 1 with spins ranging from 2�− 2 to
2�+2. Each supermultiplet contains 28 +28 states.

su(2,2)⊕ su(4)⊕u(1)Z with 31 bosonic generators and 32 fermionic gener-
ators. Here I = 1,2,3,4 is a spinor index of su(4) 	 so(6) and α = 1, . . . ,4
is a Dirac so(4,1) spinor index. The su(2,2, |4) commutation relations in the
spinor basis are taken to be

[T I
J,T K

L] = δ K
JT I

L−δ I
LT K

J ,
[Mα

β ,Mγ
δ ] = δ γ

β Mα
δ −δ α

δ Mγ
β ,

[T I
J,Q

K
α ] = δ K

JQ
I
α ,

[Mα
β ,QI

γ ] = −δ α
γQ

I
β ,

{QI
α ,Q̄

β
J } = Mβ

αδ I
J +T I

Jδ β
α + 1

4 δ β
αδ I

JZ . (2.63)

The so(4,2) generators Mα
β in the spinor basis can be converted to so(4,2)

covariant form as MAB = (ΣAB)α
β Mα

β , where (ΣAB)α
β are so(4,2) van der

Waerden symbols. In addition, there is a “bonus” u(1)Y symmetry [IS99,
Int99] which acts as an outer automorphism. Z commutes with all generators
and therefore forms a central charge which can be consistently modded out
forming the simple Lie superalgebra psu(2,2|4)

psu(2,2|4) = su(2,2|4)/u(1)Z , (2.64)

having 30 bosonic generators. A unitary irreducible representation to su(2,2|4)
is characterized by a lowest weight state with energy E0, su(2)L⊕ su(2)R ⊂
su(2,2) spins (sL,sR), an su(4) representation R, a central charge Z = sL−
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sR + Y
2 and a u(1)Y charge Y = 2(sR− sL) and will be denoted by10

D(E0;sL,sR; [r1,r2,r3])Y . (2.65)

The total spin is defined by s = sL +sR. Representations of psu(2,2|4) are rep-
resentations of su(2,2|4) = psu(2,2|4)⊕u(1)Z with vanishing central charge
Z . Different notations for the R-symmetry representation R will be used: ei-
ther in terms of so(6) Young tableaux labels (J1,J2,J3), J1 ≥ J2 ≥ |J3|, su(4)
Dynkin labels11 [r1,r2,r3]≡ [r3,r2,r1]∗ or sometimes simply as the dimensions

r = dim[r1,r2,r3] =
1

12

( 3

∑
k1=1

rk1 +3
) 3

∏
k2=1

(rk2 +1)
2

∏
k3=1

(rk3 + rk3+1 +2) .

The labels of the two former ones are related as

(J1,J2,J3) =
(1

2(r1 +2r2 + r3), 1
2(r1 + r3), 1

2(r3− r1)
)

,
[r1,r2,r3] = [J2− J3,J1− J2,J2 + J3] . (2.66)

Unitary supermultiplets having lowest weight states satisfy an inequality anal-
ogous to Eqs. (2.13) and (2.14) and can be categorized into three types [DP85,
FS00, Fer99]

(A) E0 ≥ sL + sR +2+ r1 + r2 + r3, for sL− sR ≥ 1
2(r3− r1) , (2.67)

(B) E0 = 1
2(r1 +2r2 +3r3)≥ 2+2sL + 1

2(3r1 +2r2 + r3) for sR = 0

⇒ E0 ≥ sL +1+ r1 + r2 + r3, for 1+ sL ≤ 1
2(r3− r1), (2.68)

(C) E0 = 2r1 + r2 , for r3 = r1 and sL = sR = 0 . (2.69)

It is understood that unitary representations having sL↔ sR and r1↔ r3 should
be added to series (B). The entire supermultiplets are constructed by applica-
tion of the supercharges on the lowest state.

The unique fundamental unitary supermultiplet of psu(2,2|4) in which the
lowest component saturate the unitarity bound in Eq. (2.69) with r1 = r3 = 0
and r2 = 1 is the CPT self-conjugate Yang-Mills supersingleton [DP85, GM85]

S = D(1;0,0; [0,1,0])0⊕D(3
2 ; 1

2 ,0; [1,0,0])−1⊕D(3
2 ;0, 1

2 ; [0,0,1])+1

⊕D(2;1,0; [0,0,0])−2⊕D(2;0,1; [0,0,0])+2 , (2.70)

having a vanishing central charge Z . The symmetric tensor product S ⊗S

10The su(2)L ⊕ su(2)R spins are related to the so(4)s spins s = {s1,s2} by sL = (s1 + s2)/2,
sR = (s1 − s2)/2. In particular, the first quadratic Casimir relation in Eq. (2.24) becomes
C2[so(4,2)|E0;sL,sR] = E0(E0−4)+2sL(sL +1)+2sR(sR +1).

11The su(4) Dynkin labels are related to the so(6) Dynkin labels [d1,d2,d3] as r1 = d2, r2 = d1
and r3 = d3.
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�
∖

s 0 1
2 1 3

2 2 5
2 3 7

2 4 9
2 5 11

2 · · ·
0 42 48 27 8 1
1 1 8 28 56 70 56 28 8 1
2 1 8 28 56 70 56 28 8 . . .

3 1 8 28 56 . . .
...

Table 2.6: The symmetric tensor product of two psu(2,2|4) singletons giving rise to
N = 8 massless supermultiplets. The total spin is defined by s = sL + sR. The 1/2
BPS supergravity multiplet resides at level 0 with components specified in more detail
in Eq. (3.9) in Chapter 3. Massless higher spin supermultiplets appear at levels �≥ 1,
with spins ranging from 2�−2 to 2�+2. Each supermultiplet contains 28 +28 states.

of two supersingletons gives rise to an infinite tower of massless supermulti-
plets [DP85, GMZ98] whose lowest components saturate the unitarity bounds
of series (C) and (A) at level 0 and at levels � = 1,2,3, . . ., respectively. By
applying supercharges to the lowest weight representations we find the super-
gravity multiplet at level 0 and massless higher spin supermultiplets with spin
range 2�− 2 ≤ s ≤ 2�+ 2 (including the fermions) at levels � ≥ 1. The high-
est components in the supermultiplets D(2� + 4;� + 1, � + 1; [0,0,0])0, with
� ≥ 0 and s = 2�+ 2, are isomorphic to the tower of bosonic representations
D(s + 2,s) given in Eq. (2.40) for D = 5. We present the symmetric part of
S ⊗S in Table 2.6.
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3 Planar Super Yang-Mills Theory and Spin
Chains

N = 4 Super Yang-Mills Theory [GSO77, BSS77] (SYM) is a superconfor-
mal field theory in d = D− 1 = 4 dimensions with a global continuous sym-
metry algebra psu(2,2|4). This is the superalgebra encountered in Section 2.3
in connection with supersymmetric extensions of AdS algebras in D = 5. In
field theory, however, it is more convenient to work in a non-compact basis
which is related to the compact basis given in Eq. (2.12) via a non-unitary con-
jugation [GMZ99]. In this basis, the bosonic part of psu(2,2|4) consists of the
ordinary iso(3,1) Poincaré algebra, spanned by the generators Mµν and Pµ ,
µ = 0,1,2,3, and in addition the dilatation generator D, the special conformal
generators Kµ and the su(4) R-symmetry generators T IJ . The fermionic part
consists of 16 Poincaré supercharges QI

α , Q̄α̇
I and 16 superconformal charges

SI
α , S̄α̇

I . Here, α and α̇ are Weyl spinor indices of sl(2,C) 	 so(3,1) and
I = 1, . . . ,4 is a spinor index of su(4) which sometimes will be interchanged
with the so(6) vector index i = 1, . . . ,6.

The supersingleton representation of psu(2,2|4) given in Eq. (2.70) can be
realized as a constrained superfield WIJ(xµ ,θ I

α , θ̄ α̇
I ) = (W IJ)† (known as the

field strength superfield) in the 6 of su(4) satisfying1 [HST81]

D(I
αW J)K = 0 , (3.1)

D̄αIW JK− 1
4 δ J

I D̄αLW LK = 0 (3.2)

WIJ = 1
2 εIJKLW KL , (3.3)

with components given by the fundamental fields constituting the N = 4 Su-
per Yang-Mills Theory. The components are summarized in Table 3.1 together
with their canonical dimensions ∆0 and their u(1)Y charges Y . Note that as
usual, the conversion of Fαβ from spinor to vector indices is accomplished
with the van der Waerden symbol (σµν)αβ . The N = 4 SYM action is unique
once a gauge symmetry algebra has been chosen, which will be specified to
su(N) in the following with generators ta. All the component fields carry the
adjoint representation of su(N), and the singleton superfield WIJ can accord-
ingly be expanded as WIJ(x,θ , θ̄) = ∑aW a

IJ(x,θ , θ̄)ta. By assembling the

1By using so(6) Dirac-matrices, we may define the so(6) vector W i ≡ (Γi)IJW IJ .
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sl(2,C) su(4) ∆0 Y

Fαβ (x) (1,0) 1 2 −2

ψ I
α(x) (1

2 ,0) 4 3
2 −1

Φ IJ(x)∼ φi(x) (0,0) 6 1 0

ψ̄α̇I(x) (0, 1
2) 4̄ 3

2 +1

Fα̇β̇ (x) (0,1) 1 2 +2

Table 3.1: The content of the 1/2 BPS singleton superfield W IJ arranged into rep-
resentations of the bosonic subalgebras sl(2,C) and su(4). It is given by six real
scalars, 4 + 4̄ complex Weyl fermions and one field strength tensor formed out of the
gauge field. The classical dimensions ∆0 follows from dimensional analysis and the
Y charges can be fixed by assigning the super(conformal) charges chiralities ±1.

fermions into a 16 component ten-dimensional Majorana-Weyl spinor Ψ, the
component form of the N = 4 SYM action can be written as

SSY M =
1

g2
Y M

tr
∫

d4x
(

1
4 FµνFµν + 1

2 DµφiDµφi− 1
4 [φi,φ j]2

+1
2 Ψ̄� DΨ− i

2 Ψ̄Γi[φi,Ψ]
)

, (3.4)

where DµΦi = ∂µ−i[Aµ ,Φ] is the su(N) covariant derivative, where the “slash”
refers to contraction with the ten-dimensional Dirac matrices (Γµ ,Γi) and where
the trace is taken over the su(N) indices. With the canonical dimensions of the
fundamental fields given in Table 3.1, this action is seen to be classically scale
invariant, which together with the manifest Poincaré symmetry is part of the
conformal symmetry so(4,2) ⊂ psu(2,2|4). N = 4 SYM sticks out in the
space of possible field theories in the sense that it is superconformally invari-
ant both at the classical and quantum level [SW81, BLN83, HST84] and is
sometimes referred to as finite quantum field theory. The superconformal in-
variance has been proved perturbatively up to three loops and is conjectured
to hold to all loops. Superconformal invariance at the quantum level means
in particular ultra-violet finiteness, i.e. that the β -function vanishes at every
order in perturbation theory and that there is a one-parameter family of con-
formal fixed points. Also, the coupling constant gY M remains unrenormalized.

Calculations in Super Yang-Mills simplify in the large N limit. In particu-
lar, perturbative expansions in the ’t Hooft limit [tH74], performed at fixed ’t
Hooft coupling constant λ ≡ g2

Y MN, are dominated by planar Feynman dia-
grams having the topology of a sphere. The large N limit is the analog of a
trivial S-matrix in the sense that the correlation functions of composite opera-
tors factorize [Wit]. The dominant contribution to the correlators consequently
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comes from the disconnected diagrams. Furthermore, there is no mixing be-
tween single trace and multi trace operators.

Recall that unitary irreducible representations of psu(2,2|4) are labeled by the
quantum numbers given in Eq. (2.65). In the non-compact basis, we need to
specify the so(1,1) conformal dimensions ∆0, the so(3,1) spins and the R-
charges of the Super Yang-Mills composite operators. The unitary bounds in
(2.67)–(2.69) can equivalently be expressed in the so(3,1) scalar sector as

∆0 = 1
2 r1 + r2 + 3

2 r3, r3 ≥ r1 +2 , (3.5)

∆0 ≥ max
[
2+ 3

2 r1 + r2 + 1
2 r3;2+ 1

2 r1 + r2 + 3
2 r3

]
, (3.6)

∆0 = 2r1 + r2 , for r3 = r1 , (3.7)

hence valid for primary fields. The unitary bounds for the other non primary
fields in the supermultiplets are determined by application of supercharges.

3.1 Operators and the AdS/CFT Correspondence
The most symmetric form of the AdS5/CFT4 correspondence [Mal98, GKP98,
Wit98] proposes an equivalence between N = 4 Super Yang-Mills Theory
in d = 4 with an su(N) gauge symmetry algebra and Type IIB String The-
ory in the curved spacetime AdS5 × S5, where N =

∫
F5 is identified with

the five-form D3 brane Ramond-Ramond flux on the sphere. The correspon-
dence has primarily been tested in the large N limit. By using the identification
g2

Y M = 4πgs between the Yang-Mills coupling constant gY M and the string cou-
pling constant gs, fixed ’t Hooft coupling implies gs ∼ 1/N � 1 in the large
N limit. The string perturbative expansion is consequently dominated by tree-
level diagrams in this limit.

Moreover, by using the identification T 2R4 = λ between the string tension
T = 1/2πα ′ and the coinciding radii R of AdS5 and S5 on the one hand and
the ’t Hooft coupling constant λ in the field theory on the other, it is seen that
weakly coupled string theory in AdS5× S5 with small curvatures, i.e. T � 1
and R � 1, corresponds to strong ’t Hooft coupling and vice versa. This
strong/weak duality makes the conjecture hard to test. A number of (non-
trivial) tests of their spectra have been performed though, mainly in the su-
pergravity sector and in a sector including semiclassical states carrying large
spins and/or R-charges. Another intriguing limit is the zero coupling limit in
which a symmetry enhancement occurs. Let us now describe these sectors.

Operators belonging to the shortened representations in Eqs. (3.5) and (3.7)
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are known as chiral primary operators. These BPS operators are protected
from receiving anomalous quantum corrections to their conformal dimensions.
Hence, their conformal dimensions are equal to their canonical dimensions
for all values of the coupling constant gY M. The simplest 1/2 BPS operators
saturating (3.7) are constructed out of single traces and are given explicitly in
terms of the singleton superfield W i(x,θ , θ̄) by

O i1...in(x,θ , θ̄) = str
(
W (i1 · · ·W in)

)− traces , (3.8)

having full conformal dimensions ∆ = n and with lowest components in the
θ -expansion in the [0,n,0] of su(4). Here, ‘str’ denotes a symmetrized su(N)
trace. O i(x,θ , θ̄) coincides with the singleton superfield W i containing the
fundamental SYM fields. O i j(x,θ , θ̄) is a conserved supercurrent in the su(4)
representation [0,2,0] = 20′ and contains as components operators carrying the
same representations as in the component fields in the supergravity multiplet
displayed at level � = 0 in Table 2.6, where the irreducible representations rY

of su(4)⊕u(1)Y are given by

42 = 20′0 +102 + 1̄0−2 +14 + 1̄−4 ,

48 = 201 + 2̄0−1 +43 + 4̄−3 ,

27 = 150 +62 + 6̄−2 ,

8 = 41 + 4̄−1 . (3.9)

Note in particular the spin 1 R-symmetry currents and the spin 2 stress-energy
tensor

J[i j]
µ = tr

(
φ i∂µφ j−φ j∂µφ i) , (3.10)

Tµν = tr
(
∂µφ i∂νφ i− 1

4 ηµν∂ ρφ i∂ρφ i− 1
2 φ i∂µ∂νφ i + 1

8 ηµνφ i∂ ρ∂ρφ i) ,

(3.11)

the former in the 150 of su(4) and the latter an su(4) singlet. The representa-
tions [0,n,0] with n ≥ 3 coincide with the infinite tower of 1/2 BPS Kaluza-
Klein bulk states obtained from the sphere compactification from ten dimen-
sions. As for the supergravity multiplet, each supermultiplet n contains opera-
tors with AdS spins ranging from 0 to 2.

From the AdS/CFT correspondence we know that string states carrying rep-
resentations D(E0;sL,sR; [r1,r2,r3])Y of psu(2,2|4) are to be identified with
dual composite operators carrying the same quantum numbers. In particular,
the conformal dimensions of the SYM composite operators are to be identified
with the energies (in global coordinates) of the corresponding string states.
Thus, the boundary chiral primary operators in Eq. (3.8) together with their
descendants correspond in the AdS5 bulk to the supergravity multiplet (n = 2)
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together with their S5 Kaluza-Klein recurrences (n > 2) with spins 0 ≤ s ≤ 2.
As expected, all these string states are likewise independent of λ . The spec-
trum of 1/2 BPS operators/states, as well as their protection against receiving
quantum corrections, follows from mere kinematical considerations. The “dy-
namical” tests which have been considered in this sector have relied on various
(partial) non-renormalization properties of correlators of chiral primary oper-
ators, see e.g. Refs. [LMRS98, DFM+99, BK99]. In particular, the two- and
three-point functions as well as certain (next-to) extremal correlators are pro-
tected from getting quantum corrections.

Another important class of operators are the supercurrents Jµ1···µ2�−2(x,θ , θ̄),
�≥ 1, with spin range 2�−2≤ s≤ 2�+2. The conserved supercurrent multi-
plet discussed above appearing at level � = 0 also belong to this class. These
supercurrents saturate the unitarity bound in Eq. (2.67), implying their con-
servation at zero coupling gY M = 0 and their belonging to semi-short multi-
plets. Note that since these operators are so(3,1) non-singlets for � > 1, the
classification in Eqs. (3.7)–(3.6) is not valid. The Konishi operator appearing
at level � = 1 as the lowest component of the supercurrent (or the massless
Konishi multiplet) J ≡ tr(W IJWIJ)∼ tr(φ iφ i)+ · · · , however, obeying the con-
straint Dα(IDα

J)J = 0, satisfies the unitarity bound in Eq. (3.6) in the non-BPS
sector. The highest components of the level � ≥ 0 supercurrents have spin
s = 2� + 2, are su(4) singlets and belong to the “massless” representations
D(s + 2,s) 	 D(2�+ 4;�+ 1, �+ 1; [0,0,0])0 in Eq. (2.40) for D = 5. Obvi-
ously, these higher spin representations coincide with the spectrum given in
Table 2.6. The highest components of the corresponding conservation laws
correspond to the ideal I (3+ s,s−1) mentioned in Subsection 2.1.2.

The higher spin currents have been realized in terms of superfields recently
in Ref. [BHR05]. The (minimal) bosonic truncation of these primary bilinear
operators consists of the Konishi operator tr(φ iφ i) at level � = 1 together with
spin s = 2�+2 currents jµ1...µs of the form [Mik02, SS02c, KVZ00]

2�+2

∑
m=0

(−1)m
(

2�+2
m

)2

tr
(

∂µ1 · · ·∂µmφ i∂µm+1 · · ·∂µ2�+2φ i
)
− traces , (3.12)

appearing as the highest spin components in the supermultiplets at levels � =
0,1,2, . . . in Table 2.6.

In the zero coupling limit λ = 0 [Sun01, HMS00, Wit] of the AdS/CFT corre-
spondence, which is also the simplest one in the field theory, we have a family
of free conformal field theories that are parametrized by N. Note that this limit
is not trivial since we still have a (terminating) 1/N expansion. It should some-

27



how correspond to a strongly coupled string theory in highly curved space-
time which we presently know very little about [Sun01, HMS00, Wit, SS02c,
Wit04, Ber04][V]. Composite operators in SYM form representations of a
larger symmetry algebra in this limit, which is known as the higher spin su-
peralgebra hs(2,2|4)⊃ psu(2,2|4). This algebra will be defined in Subsection
6.1.2. In fact, the higher spin supercurrents that were described in connection
with Eq. (3.12) are all part of a single representation of hs(2,2|4), namely the
doubleton representation whose spectrum is summarized in Table 2.6. Upon
turning on the coupling constant, the higher spin symmetry becomes broken
which is reflected in the fact that the conservation laws of the supercurrents
become anomalous. The semi-short multiplets combine with other lower spin
representations to form long multiplets. In the bulk, this corresponds to a “Hig-
gsing” of some unbroken (higher spin) theory, cf. Ref. [GPZ03] where the case
of AdS4 was considered.

As opposed to the set of chiral primary operators, whose dispersion relations
can be solved exactly on both sides of the duality, one has to rely on various
approximation methods in other sectors. It was observed by Berenstein, Mal-
dacena and Nastase [BMN02], building on previous work in Refs. [BFOHP02,
Met02, MT02], and later by Gubser, Klebanov and Polyakov [GKP02], that
a direct comparison between composite operators in SYM and string states in
AdS5×S5 can be made by considering various semiclassical subsectors. The
composite operators in these sectors carry a large number of constituent fields
(and/or derivatives) and are dual to semiclassical strings which are spinning
very rapidly. For example, a class of semiclassical holomorphic operators that
are so(3,1)⊂ so(4,2) singlets, which carry the so(6)	 su(4) representations
(J1,J2,J3) and have bare dimensions ∆0 = J1 + J2 + J3, with Ji � 1, take the
schematic form

tr
(
XJ1

1 XJ2
2 XJ3

3

)
+ · · · , (3.13)

where we have introduced the chiral combinations

Xi ≡ 1√
2
(φi + iφi+1) , i = 1,2,3 . (3.14)

These operators correspond in general to strings spinning very fast on S5 which
carry u(1)1⊕ u(1)2⊕ u(1)3 ⊂ so(6) spins (J1,J2,J3) in each of the three or-
thogonal planes. As another example, let us consider pulsating strings on S5

which correspond to non-holomorphic operators of the form

tr
(
(X1X1)J1(X2X2)J2(X3X3)J3 + · · ·) , (3.15)

and which have vanishing net R-charges and bare dimensions ∆0 = 2(J1 +J2 +
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J3). Moreover, in the non-compact so(4,2) sector, the highest bosonic compo-
nents of the supercurrents displayed in Eq. (3.12) form another (su(4) singlet)
semiclassical sector for large spin. In this case the large semiclassical para-
meter is the number of derivatives while the composite operators are dual to
rotating folded strings in AdS5. We will comment further on all the string so-
lutions discussed above in Chapter 4.

To reiterate, the direct comparison is made possible in this semiclassical limit
due to the existence of a set of semiclassical parameters Q, typically being
spins on AdS5 and/or S5, and an overlapping corner in the (λ ,Q) moduli space
where perturbative expansions on both sides of the correspondence are mean-
ingful. In particular, the energies of semiclassical string states on S5 have the
general form (see e.g. Ref. [Tse03b])

E = Q

[
1+

∞

∑
m=1

( λ
Q2

)m(
αm +

∞

∑
n=1

βn

Qn

)]
, (3.16)

where λ = T 2R4 � 1, thus resembling a perturbative expansion in positive
powers of λ , even though it is large. By holding the ratio λ/Q2 fixed, quantum
corrections are suppressed when Q is taken to be very large and the enegy
approach the exact expression E → Ecl(λ/Q2). Thus, by taking Q2� λ , the
classical string state energies can be compared with perturbative expansions
in λ � 1 of anomalous dimensions in the large N limit of SYM which takes
the generic form

γ = ∆−Q =
∞

∑
m=1

λ m

[
∞

∑
n=0

α̃m,n

Q2m+n−1

]
, (3.17)

where the canonical dimension ∆0 (approximately) equals Q in this “ther-
modynamic” limit. The validity of this direct comparison was first tested
to one-loop order (α1 = α̃1,0) in Refs. [BMN02, FT03a, FT03b, BMSZ03,
BFST03, Kri04, KM04, Sme04][V], and to two-loop order (α2 = α̃2,0) in
Refs. [KMMZ04, SS04, KRT04, Min04] in a number of non-trivial exam-
ples. At three loops, however, the agreement starts to break down which
has been observed in e.g. Refs. [C+03, SS04, BDS04, Min04]. Later, these
semiclassical sectors have been examined on more general grounds by map-
ping generic thermodynamic operators (in different subsectors h⊂ psu(2,2|4))
to continuous spin chains by making use of the coherent state technique, see
Ref. [Kru04b]. Since then more fancy methods have been developed which we
will comment on in Chapter 4. Both of these techniques relies on the “effec-
tive” description of composite operators in SYM as forming cyclic spin chains
on which we will elaborate in the next section.
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3.2 The One-Loop Dilatation Operator
As discussed above, in the large N limit the already highly symmetrical N = 4
SYM theory become even more constrained and an additional symmetry en-
hancement is expected. There are indications that SYM is perturbatively in-
tegrable in the large N limit and that this (hidden) symmetry constrain the
correlation functions even further. Its one-loop integrability was observed in
Refs. [MZ03, BS03] which initiated further studies of higher loop integrabil-
ity in Refs. [BKS03, Bei03, Bei04b, SS04, KLV03, KLOV04, EJS05, Sta05].
Whether integrability will hold to all orders in λ remains an open problem.
Furthermore, the large N matrix of anomalous dimensions of SYM, or equiv-
alently the dilatation operator introduced in Refs. [BKPS03, BKS03], can be
mapped to the Hamiltonian of a (super) spin chain and by using standard tech-
niques used within condensed matter theory, a large class of problems can be
solved.

Operators which belong to the same class, i.e. operators which have the same
canonical dimensions as well as other quantum numbers (R-charges, space-
time charges etc.), are conveniently diagonalized in a basis where renormaliza-
tion is multiplicative and where the anomalous dimensions are eigenvalues. By
performing standard renormalization operations in this basis of local compos-
ite gauge invariant single trace operators in the large N limit, one can derive a
general expression for the one-loop matrix of anomalous dimension of N = 4
SYM resembling the Hamiltonian of a closed spin chain. This was first done
in the scalar so(6) subsector by Minahan and Zarembo [MZ03] and was later
generalized to the full psu(2,2|4) superconformal algebra in by Beisert and
Staudacher [BS03]. This Hamiltonian acts on “nearest neighbor sites” in the
single trace operators where each site is occupied by a singleton representation
W i, i.e. by the fundamental fields with some “derivative excitations”. Let us
start by considering the compact so(6) sector in which the one-loop matrix of
anomalous dimensions takes the form

∆̂so(6)
1 =

λ
16π2

L

∑
�=1

(
2I+K�,�+1−2P�,�+1

)
+O(λ 2,

1
N

) , (3.18)

where L is the number of sites2 and where P�,�′ and K�,�′ are permutation and
trace operators acting on two vector spaces V� and V�′ as

P�,�′V�⊗V�′ = V�′ ⊗V� , (3.19)

K�,�′V�⊗V�′ = (V� ·V�′)I�⊗ I�′ . (3.20)

Notice that composite operators in the so(6) subsector belong to the represen-

2Since the spin chain is cyclic we identify L+ �≡ �.
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tations D(L;0,0; [r1,r2,r3])0. By using standard techniques to solve spin chain
problems, i.e. by making use of the Bethe ansatz [Bet31], see e.g. Ref. [Fad]
for a review, the diagonalization of composite operators as well as finding their
associated eigenvalues (the one-loop anomalous dimensions) can be achieved
simultaneously. In this approach, integrability of the model ensures the exis-
tence of an R-matrix in terms of which the model can be reformulated. The
R-matrix is defined through the Yang-Baxter equation

R12(u)R13(u+u′)R23(u′) = R23(u′)R13(u+u′)R12(u) , (3.21)

acting non-trivially on the vector spaces V1⊗V2⊗V3. The R-matrices are func-
tions of the auxiliary spectral parameters u and u′. Given the definition of the
R-matrix one can construct the transfer matrix Ta(u) ≡ ∏m Ram(u), by using
an auxiliary (unphysical) vector space Va. Transfer matrices commute with
respect to the “deformed” commutator

[Ta(u),Tb(u′)]R ≡ Rab(u−u′)Ta(u)Tb(u′)−Tb(u′)Ta(u)Rab(u−u′) = 0 .

(3.22)

One of the characteristics of an integrable model is the existence of as many
conserved charges as there are degrees of freedom in the system. By tracing
the transfer matrix over the auxiliary space, one can construct a generating
function for these conserved commuting charges

t(u) ≡ traTa(u) =
L

∑
m=1

tmum , (3.23)

since Eq. (3.22) implies that [t(u), t(u′)] = 0. In a perturbative expansion in u,
each coefficient is identified with a conserved charge. In particular, the eigen-
value of the Hamiltonian (i.e. the one-loop anomalous dimension) of the model
we started from is a specific linear combination of these charges, see Eq. (3.28)
below.

The Bethe equations in the so(6) sector are expressed in terms of three types of
Bethe roots u1,�, u2,� and u3,�, each associated with a simple root of the so(6)
Dynkin diagram. They take the form(

u1,� + i/2
u1,�− i/2

)L

=
n1

∏
k �=�

u1,�−u1,k + i
u1,�−u1,k− i

n2

∏
k

u1,�−u2,k− i/2
u1,�−u2,k + i/2

n3

∏
k

u1,�−u3,k

u1,�−u3,k
,

(3.24)

where n1,n2 and n3 are the number of Bethe roots of the type u1,u2 and u3
respectively. The cyclic trace condition, or total momentum conservation in
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the spin chain interpretation, imposes the additional constraint
n2

∏
k �=�

u2,�−u2,k + i
u2,�−u2,k− i

n1

∏
k

u2,�−u1,k− i/2
u2,�−u1,k + i/2

= 1 , (3.25)

n3

∏
k �=�

u3,�−u3,k + i
u3,�−u3,k− i

n1

∏
k

u3,�−u1,k− i/2
u3,�−u1,k + i/2

= 1 . (3.26)

By using a representation of the simple roots of so(6) in which�α1 = (1,−1,0),
�α2 = (0,1,−1) and �α3 = (0,1,1), one can relate the highest weight (J1,J2,J3)
to the number of Bethe roots as

(J1,J2,J3) = (L−n1,n1−n2−n3,n2−n3) , (3.27)

which also imposes the restrictions L≥ n1≥ 2n2≥ 2n3. The energy eigenvalue
of a spin chain eigenstate, or equivalently the one-loop anomalous dimension
γ of some diagonalized operator, associated with a particular distribution of
Bethe roots {u1,u2,u3} in the complex plane can be expressed as

γ1 =
λ

8π2

L

∑
�=1

1
u2

1,� +1/4
. (3.28)

The problem of diagonalization of the operators has thus been reduced to find-
ing the corresponding configuration of Bethe roots in the complex plane. In
practice this approach is convenient when the number of Bethe roots is small
(i.e. the number of sites are small), but becomes cumbersome when the num-
ber of Bethe roots starts to grow. On the other hand, the Bethe ansatz becomes
particularly powerful when the operators become very long3. In this “thermo-
dynamic limit", the distribution of Bethe roots in the complex plane can be
approximated by continuous (in general disjoint) curves and the Bethe equa-
tions can be transformed into integral equations. Given the discussion above,
an infinite number of charges is expected in the thermodynamic limit.

The simplest class of operators are the already mentioned chiral primary oper-
ators given in Eq. (3.8), which are dual to supergravity states and their Kaluza-
Klein recurrences and which have vanishing anomalous dimensions. This can
easily be checked from Eq. (3.18) by noting their tracelessness, their invariance
under permutations of the constituent fields and that they do not mix under
renormalization. Recall that the level � = 0 supercurrent belong to these chiral
primary operators. Another diagonalized operator whose one-loop anomalous

3The statement about long operators is valid for operators in the compact so(6) subsector. In the
non-compact so(4,2) subsector unitary representations are infinite-dimensional and the thermo-
dynamic limit corresponds to having a large number of derivatives at each site, the number of
sites not necessarily being large.
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dimension follows directly from Eq. (3.18) is the lowest component operator
in the Konishi multiplet:

γ1(� = 1) = ∆1

(
tr(φ iφ i)

)
=

3λ
4π2 . (3.29)

The complete psu(2,2|4) one-loop dilatation operator takes the form [Bei04a]

H =
L

∑
�=1

H(�,�+1) =
L

∑
�=1

∞

∑
m=1

2h(m)Pm
(�,�+1) , (3.30)

where h(m) = ∑m
k=1 1/k are harmonic numbers and where Pm

(�,�+1) projects
neighboring fields in the modules V� and V�+1, respectively, onto Vm. Let us
consider the bilinear (super)currents in Eq. (3.12) belonging to the represen-
tations D(E0;sL,sR; [0,0,0])Y in the non-compact bosonic so(4,2) subsector.
The one-loop anomalous dimensions γ1(�) of these operators at levels � ≥ 1
take the form [KL00, KL01, DO02, BBMS04]:

γ1(�) =
λ

2π2

2�

∑
m=1

1
m

, (�≥ 1) . (3.31)

Note that the � = 1 result coincides with Eq. (3.29) since the Konishi operator
and this spin 4 operator belong to the same supermultiplet.

For large spin, i.e. at a high level �� 1 with s = 2�+ 2, Eq. (3.31) becomes
approximately equal to4

γ1(�� 1) ≈ λ
2π2 lns . (3.32)

This behavior of anomalous dimensions are characteristic for higher spin cur-
rents also in QCD, and have been shown to hold true also at higher loops
[CFP80, FP80]. Amazingly, the same qualitatively result can be found from
dual bulk soliton solutions, which will be examined in Chapter 4, consisting
of high-energetic folded rotating strings (as well as higher p-branes) stretching
toward the “boundary" of AdS.

In Article III, “long” composite operators on the form given in Eq. (3.13) dual
to a class of semiclassical string solutions rotating on S5 in three orthogonal

4This can be seen from the definition of the Euler–Mascheroni constant

γ ≡ lim
n→∞

( n

∑
m=1

1
m
− lnn

)
= 0.577 215 66... .

.
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directions with two spins equal, i.e. J1 = J2, were analyzed as well as operator
duals of semiclassical strings pulsating on S5 taking the form in Eq. (3.15).
By applying the Bethe ansatz in the thermodynamic limit, we were able to
calculate the anomalous dimensions of these operators and match them to the
energies of the corresponding string solutions. The resolvent

W (u) =
∫

C
dv

σ(v)
u− v

(3.33)

was identified as the generator of higher conserved charges, where σ(u) is a
distribution of Bethe roots defined over some curve C . The origin of these
higher charges on the string theory side was not understood until a later publi-
cation (Article IV) which will be discussed in Chapter 4.

Anomalous dimensions, as well as integrable structures, on the two sides of the
duality have been successfully matched up to O(λ 2/Q4), see e.g. Refs. [SS04,
C+03, CMS04b, CMS04a, Swa05, Kri04, KM04, Min05]. A potential ori-
gin of the disagreement at O(λ 3/Q6) may lie in the order in which limits are
taken on the two sides [BDS04]. Ultimately, a better understanding of string
quantization in AdS5×S5 is crucial to really appreciate the discrepancy and in-
tegrability will most likely be helpful in achieving this. Quantum corrections at
one-loop has been considered in Refs. [BTZ05, HLPS05] and at higher loops
in Ref. [SNZZ05] where certain discrepancies have been identified.

Let us finally note that some obvious generalizations of the cyclic spin chain
include open spin chains (operators with boundary fields belong to the funda-
mental representation, dual to open strings) and symmetric spin chains (sub-
determinant operators, dual to giant gravitons), see e.g. the discussions in
Refs. [CWW04a, CWW04b, DM04, BV05].
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4 String Theory in AdS5 × S5

String quantization in curved backgrounds is in general a highly non-trivial
problem whose exact procedure presently is unknown. This means in particu-
lar that dynamical tests of the AdS/CFT correspondence so far have been very
limited. Therefore, certain semiclassical sectors in which string solutions carry
large quantum numbers have played a crucial role in our current understanding.
In this section we describe some of these solutions and paint a crude picture of
the classical string moduli space in AdS5× S5. Some of the peculiar features
of the AdS5× S5 string are stressed, e.g. its integrability and its underlying
singletonic degrees of freedom.

4.1 Semiclassical Solutions
The bosonic part SO(4,2)⊗SO(6) of the classical closed string sigma model
in conformal gauge may be described by the action (σα = (τ,σ), α = 0,1)

S = −T
2

∫
Σ

d2σ
(

∂ αXA∂αXA +Λ(XAXBηAB +R2)

+∂ α X̃M∂α X̃M + Λ̃(X̃MX̃NδMN−R2)
)

, (4.1)

where XA(τ,σ + 2π) = XA(τ,σ) and X̃M(τ,σ + 2π) = X̃M(τ,σ) are coordi-
nates of the embedding spaces R

4,2 and R
6, respectively, which are endowed

with metrics ηAB = diag(−−+ · · ·+) and δMN = diag(+ · · ·+), respectively.
The Lagrange multiplier densities Λ(τ,σ) and Λ̃(τ,σ) impose the geometric
constraints, putting the string on AdS5× S5, equipped with the same radii R.
The Virasoro constraints in the conformal gauge to be supplemented with (4.1)
read

ẊAẊA + ˙̃XM ˙̃XM +X ′AX ′A + X̃ ′MX̃ ′M = 0 , (4.2)

ẊAX ′A + ˙̃XMX̃ ′M = 0 . (4.3)

Fermions (coupled to the metric as well as the Ramond-Ramond 5-form back-
ground) have to be included [MT98] for quantum consistency, in particular for
maintaining (super)conformal invariance. In the classical analysis given be-
low, however, the fermions will be ignored.
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Classical solutions in AdS5 × S5 are characterized by the conserved Cartan
charges of so(4,2)⊕ so(6), which are chosen to be

(E,S1,S2) : so(2)E ⊕ so(2)S1⊕ so(2)S2 ⊂ so(4,2) , (4.4)

(J1,J2,J3) : so(2)1⊕ so(2)2⊕ so(2)3 ⊂ so(6) . (4.5)

Here, E = M0′0 is the energy, (S1,S2) = (M12,M34) are the S3 ⊂AdS5 spins
and (J1,J2,J3) = (M̃12,M̃34,M̃56) are the spins in the three orthogonal planes
of S5, where the angular momentum tensors in AdS5 and on S5 are given by

MAB =
T
2π

∫
dσ
(
XAẊB−XBẊA

)
, (4.6)

M̃MN =
T
2π

∫
dσ
(
X̃M

˙̃XN− X̃N
˙̃XM
)

, (4.7)

respectively.

Classical string solutions of the full Type IIB String Theory on AdS5 × S5

have been parametrized in terms of algebraic curves using Lax representations
in Ref. [BKSZ05], following the approach initiated in Ref. [KMMZ04].

Let us describe some fundamental highly symmetric classical string solutions
in AdS5 and S5, respectively, as well as their boundary interpretations, see
Fig. 4.1. These solutions all have constant Lagrange multipliers Λ and Λ̃,
and are thus special cases of more general Neumann-Rosochatius systems or
analogs of them, see e.g. Refs. [GHHW85, BFP03]. In AdS5, there are two
distinguished classical string solutions to the action in Eq. (4.1) (with XM =
Λ̃ = 0), with opposite behaviour in the (E,S1,S2)-(hyper)plane:

• Folded rotating string solutions with E ∼ Si, S j = 0, j �= i which minimize
the energy for a given spin Si, and reside on (the AdS analog of) the leading
Regge trajectory;
• Circular pulsating string solutions with Si = 0, i = 1,2 which are uniquely

characterized by their energy, and reside on the E-axis.

The folded string solutions [GKP02] are described by the ansatz

X0′ + iX0 = Rcosh
(ρ(σ)

R

)
exp(iωτ) , (4.8)

X1 + iX2 = Rsinh
(ρ(σ)

R

)
exp(iω̃τ) , (4.9)

XA = 0, for A = 3, . . . ,4 , (4.10)

where the angular velocities ω and ω̃ are constants determined from the Vira-
soro constraints in Eqs. (4.2) and (4.3). A differential feature of these types of
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Figure 4.1: Illustrations of some elementary string solutions in AdS5×S5. AdS5: (a)
and (b) depict two- (folded string) and four-cusp rotating string solutions, respectively,
while (c) depicts the circular pulsating string. S5: (d) illustrates the point-like BPS
string and (e) the circular pulsating string.

solutions is that in the limit when the turning points approach the “boundary”,
i.e. when ρ0� R, the world-sheet energy and spin densities become localized
to the end-points of the string, which consequently give the dominating con-
tributions to the total energy and spin. These 2-cusp string solutions can be
generalized to P-cusp string solutions [Kru04a] with similar accumulations of
energy and spin densities. In fact, in this “long string” limit, one can approxi-
mate the total energy and spin and the dispersion relation as

E ≈
P

∑
ξ=1

E(ξ ) , S≈
P

∑
ξ=1

S(ξ ) , E(ξ )−S(ξ )∼ T R2 ln
(S(ξ )

T R2

)
, (4.11)

where

E(ξ ) ≈ S(ξ )∼ T R2 e2ρ0/R� 1 (4.12)

is the contribution from each cusp. The 2-cusp states may consequently be
identified as a semiclassical high spin limit and a broken phase (induced by
the string tension) of the massless so(4,2) states D(E,S) in Eq. (2.40), with
E = S + ∆E. Remarkably, the contribution ∆E = 2, which is not seen in the
above crude approximation, can be recovered by doing a quantum fluctuation
analysis around the folded string solution [V], as will be discussed in Section
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4.3. Let us note that the dual composite operators for P = 2 are the ones given
in Eq. (3.12) and for P > 2 they should take the form

tr
(
∂ s1

+ φ i · · ·∂ sP
+ φ i)+ · · · , P

∑
k=1

sk = S , (4.13)

where ∂+ = ∂1 + i∂2 – each cusp corresponding to an so(2,1)+ ⊂ so(4,2) sin-
gleton {∂ m

+ φ}∞
m=0.

The circular pulsating string solutions [Min03, PTT05] in AdS5 are given by
the ansatz

X0′ + iX0 = Rcosh
(ρ(τ)

R

)
exp(it(τ)) , (4.14)

X1 + iX2 = Rsinh
(ρ(τ)

R

)
exp(iwσ) , (4.15)

XA = 0, for A = 3, . . . ,4 , (4.16)

where w ∈ Z is a winding number. The symmetry of the configuration ensures
the vanishing of the spin S = S1 = 0. In the limit when the string becomes
highly excited, the energy is approximately given by

E ≈ 2n+aλ 1/4√wn , a≈ 1.078 , (4.17)

where n is an oscillation number. In this type of solutions, the energy density is
fixed (and equal) at every point on the string and can consequently be thought
of as being constituted of “infinitely many (pulsating) cusps”. The dual com-
posite operators should therefore consist of an infinitely number of constituent
fields with “zero polarization”, cf. Ref. [PTT05].

On S5, the following solutions to Eq. (4.1) (with ρ = Λ = 0) are distinguished
in the (E,J1,J2,J3)-(hyper)plane:

• Point-like string solutions rotating on the equator of S5 with E ∼ Ji, Jj = 0,
j �= i which minimize the energy for a given spin Ji;

• Circular pulsating string solutions with Ji = 0, i = 1,2,3 which are uniquely
characterized by their energy, and reside on the E-axis.

The first class of solutions are a special case of the more general spinning
string solutions that have angular momentum Ji in all directions, described by
the ansatz

X0′ + iX0 = Rexp(iκτ) , (ρ = 0) (4.18)

X̃2i−1 + iX̃2 = zi exp(imiσ)exp(iωiτ) , i = 1,2,3 , (4.19)

where zi are constrained to S5, mi ∈ Z are winding numbers and ωi are an-
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gular velocities in the three orthogonal planes of S5. The conformal gauge
constraints constrain the spins Ji to obey ∑i Ji/ωi = T R2 and ∑i miJi = 0. The
relation between the energy and the spin is in general non-linear and is given
by

E2 = T R2
3

∑
i=1

(
2Jiωi +(m2

i −ω2
i )T R2

)
. (4.20)

When the string has spin only in one direction, Ji �= 0 say, the configuration
becomes unstable and collapses to the 1/2 BPS protected spinning point-like
string described , with E = J = T R2ωi. The dual (undoped) holomorphic op-
erators are then given by

tr(φi + iφ j)J , i �= j , (4.21)

where φi and φ j are two of the six scalars, hence giving rise to a non-zero
u(1)⊂ so(6) spin J = ∆0. In fact, this operator is chiral primary, implying the
exact relation ∆ = ∆0 = J, in agreement with the string result above.

Finally, the pulsating solutions with vanishing spins Ji = 0, i = 1,2,3, are ob-
tained upon replacing τ↔ σ in Eq. (4.19). These solutions reside on the same
axis as the circular pulsating solutions in AdS5 described above. The boundary
composite operators are thus so(6) neutral of the form

tr
(
(φi + iφ j)m(φi− iφ j)m)+ · · · , i �= j , (4.22)

with arbitrary bare dimensions ∆0 = 2m, m ∈ Z+.

Let us mention that solutions analogous to the ones described above also can be
found for membranes and higher p-branes. In particular, folded rotating mem-
branes [SS02c] as well as higher p-branes, which were considered in Article
V, have been found. Of course, not all these solutions are stable – in particular,
their consistency at the quantum level are restricted by supersymmetry.

4.2 Integrability and Conserved Charges
The Type IIB Green-Schwarz superstring on AdS5×S5 can be described by a
non-linear sigma model which is based on the super coset space [MT98]

PSU(2,2|4)
SO(4,1)⊗SO(5)

, (4.23)

where PSU(2,2|4) is the isometry group of the AdS5× S5 superspace. The
classical integrability properties of this theory are by now well established.
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In Refs. [MSW02, BPR04] the existence of a world-sheet Lax representation
was proved from which integrability follows. By specifying to certain “spin-
ning” ansätze [AFRT03, ART04], the coset model can be reduced to Neumann-
Rosochatius systems which are known to be integrable. Further, given that the
dual (large N) Super Yang-Mills Theory is perturbatively integrable, it is sug-
gestive that also the quantum superstring is.

The integrability of the sigma model1 implies the existence of an infinite set of
local commuting conserved charges in involution, which can be constructed us-
ing two alternative approaches: (1) Bäcklund transformations [Poh76, OPSW80,
Che79] or (2) Monodromy matrices [ZM78]. The relation between these two
approaches for strings in AdS5×S5 was recently clarified in Ref. [AZ05].

Reconsider the action in Eq. (4.1), restricted to the sphere (ρ = 0). The re-
sulting Rt × SO(6) sigma model describes strings on S5. Let us introduce
world-sheet light-cone coordinates ξ = (τ + σ)/2 and η = (τ−σ)/2. Given
a trial solution X(ξ ,η), which solves the equations of motion

R2∂ξ ∂ηX +(∂ξ X ·∂ηX)X = 0 , X2 = R2 , (4.24)

one may construct a dressed solution X(ξ ,η ;γ), as a function of an extra spec-
tral parameter γ , determined by the Bäcklund transformations

2γ2R2∂ξ
(
X(γ)+X

)
= +(1+ γ2)

(
X(γ) ·∂ξ X

)(
X(γ)−X

)
, (4.25)

2R2∂η
(
X(γ)−X

)
= −(1+ γ2)

(
X(γ) ·∂ηX

)(
X(γ)+X

)
, (4.26)

with normalization conditions defined by

X(0) = X , X2(γ) = R2 , X(γ) ·X = R2 1− γ2

1+ γ2 . (4.27)

These transformations are constructed so that each of the coefficients in the ex-
pansion X(γ) = X +∑∞

k=1 X(k)γk also solve the equations of motion, which can
be determinined by solving Eqs. (4.25)–(4.27) perturbatively. The generating
function of the higher conserved commuting charges E(k), k = 2,3,4, . . . of the
Rt ×SO(6) sigma model takes the form

E (γ) =
∞

∑
k=2

E(k)γk =
∫ dσ

4π

(
γ
(
X(γ) ·∂ξ X

)
+ γ3(X(γ) ·∂ηX

))
,

(4.28)

where the lowest component TE(2) is identified with the space-time energy E,

1Note that the integrability of O(m,n) models have been known for long [Poh76, LP78, ZM78,
FR86].
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upon using the Virasoro constraint.

The towers of conserved charges associated with classical string solutions in
AdS5× S5 were first found for a number of specific semiclassical string con-
figurations and were matched to the corresponding charges associated with
the dual “long” composite operators, see e.g. Refs. [AS04a, AS04b][IV]. In
Article IV, Bäcklund transformations was used to find all classical conserved
higher charges associated with the SU(3)⊂ SO(6) sector of solutions spinning
on S5, carrying R-charges (J1,J2,J2), cf. Eqs. (4.18) and (4.19) with m2 =−m3
and m1 = 0. These were successfully matched to the one-loop charges found
previously on the gauge theory side in Article III whose generator was given
by the resolvent in Eq. (3.33).

Later, various semiclassical effective actions have been found by taking large
energy limits directly in the action (4.1). These effective actions could be
reproduced from gauge theory calculations by considering the coherent state
action of the spin chain in the thermodynamic limit; see Ref. [Kru04b] for
the simplest su(2) ⊂ psu(2,2|4) subsector (XXX1/2 Heisenberg spin chain).
Obviously, the integrable structures are directly mapped into each other in this
approach.

4.3 The psu(2,2|4) Supersingleton as a Bound State

In Article V, we carried out a quantum fluctuation analysis around folded p-
brane solutions in AdSD, based on earlier work by Frolov and Tseytlin [FT02,
Tse03a], and found bound states at the end-points whose wave functions are
plotted in Fig. 4.2. Let us state the result for the superstring in AdS5×S5. We
will work in global coordinates with AdS metric given in Eq. (2.7) for D = 5
and with metric dΩ2

5 = dθ 2 +sin2 θdφ 2 +cos2 θdΩ2
3 on S5. By defining a new

radial coordinate y(ρ) as

dρ
dy

=−µ , µ2(ρ) = cosh2 ρ
R
−ω2

0 sinh
ρ
R

, µ(ρ0) = 0 , (4.29)

the AdS metric reads ds2 = µ2(−dt2 + dy2). The effective tension of the ro-
tating folded string is given by

Teff =
√
−detgT = µ2T , (4.30)

and is seen to vanish on the cusps, thus becoming locally effectively tension-
less. The bosonic and fermionic diagonalized mode functions obey the
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Figure 4.2: The potential V appearing in the Schrödinger problem for the mode func-
tions, which results from a semiclassical quantization around the folded p-brane solu-
tion in AdSD. There exist one bound state with frequency ν = 1 for the D−3 overall
transverse fluctuation fields and with frequency ν3 = (

√
17− 1)/2 for the remaining

fluctuation. Note that the potential approaches the asymptotic value V0 = limy→∞ V
very rapidly.

Schrödinger-like and the Dirac equations [FT02, Tse03a][V](
−R2 d2

dy2 +Vi(y)
)

ϕi,k = ν2
i,kϕi,k , i = 1,2,3 , (4.31)(

R
d
dy

+ iν
)

Uk + εµVk = 0 ,
(

R
d
dy
− iν

)
Vk + εµUk = 0 ,(4.32)

and are subject to Neumann boundary conditions at the end-points of the folded
string. The potential is given by Vi = qiµ2 + q′iµ−2, where qi′ = 2 and q′i′ = 0
in the overall transverse directions i′ = 1,2 and q3 = 4 + q′3 in the remaining
3-direction (see Fig. 4.2). In Ref. [FT02] it was proposed that q′3 = 0, which
we will assume in the following.

An amazing fact about Eqs. (4.31) is that they admit exactly one bound state
both in the overall transverse directions and in the remaining direction, carry-
ing frequencies νi′ = 1 and ν3 = (

√
17−1)/2≈ 1.56, respectively, with wave

functions

ϕi = N
(

cosh y
R

)−ν2
i , i = i′,3 , (4.33)
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centered around the end-points. These bound states correspond (via the mode
expansion) to 2 bosonic oscillators a†

i′ , carrying unit energy and spin 0 and one
bosonic oscillator a†

3 with an “anomalous” energy. Similarly, the fermionic
mode functions given in Eq. (4.32) admit bound states with frequencies ν = 0
and with wave functions peaked at ρ = ρ0 given by

U = N exp
(ρ−ρ0

R

)
, V = N exp

(ρ−ρ0

R

)
, (4.34)

and analogous wave functions peaked at ρ = −ρ0. Hence, these bound states
does not contribute to the ground-state energy ε0 = 2/2 = 1 at each cusp, but
give rise to 2+2 complex fermionic oscillators α†

I and β †
I′ , I, I′ = 1,2.

The psu(2,2|4) Maxwell supersingleton can be realized with 2 + 2 complex
bosonic oscillators of su(2)⊕ su(2) and 4 complex fermionic oscillators of
su(4) [BG83, GM85, GMZ99]. The set of oscillators corresponding to the
bound states are in rough correspondence with the psu(2,2|4) Maxwell super-
singleton with large spin in one plane, say in the 3−4 plane. This is because
one of the bosonic oscillators decouples in semiclassical limit leaving us with
three oscillators (a†

i′ ,a
†
3).

Let us note that the total one-loop energy of the folded rotating string is given
by [GKP02, FT02][V]

E = Eclassical +Eone−loop +Ebound states , (4.35)

Eclassical = S +
T R2

π
ln
( S

T R2

)
, (4.36)

Eone−loop = −3ln2
π

ln
( S

T R2

)
, (4.37)

Ebound states = ∑
i

νi = 2× ε0 +ν3 . (4.38)

The contribution ∑i′ νi′ = 2ε0 coincides with the ground-state energy of two
D = 5 singletons. Hence, we see that the folded string crudely can be de-
scribed as a bound state of two bits (singletons) rotating around a common
center of mass giving rise to the contribution E = S. The deviation from being
free singletons is measured by the effective tension T R2 which gives rise to an
attractive potential. Hence, we have found a geometrical way of understand-
ing the massless space-time spectrum appearing in the tensor product of two
psu(2,2|4) supersingletons, cf. Table 2.6; an old idea dating back to Flato and
Frønsdal [FF78b, FF80]. The above construction can be generalized to string
solutions having an arbitrary number of cusps, P > 2 say, analogous to to them
in Ref. [Kru04a]. The space-time spectrum resulting from this “singleton gas”
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then consists of massive states

|Ψ〉 ∈ S ⊗·· ·⊗S︸ ︷︷ ︸
P

, (4.39)

with S given in Eq. (2.70).

The same analysis can be performed for membranes and higher p-branes [V]
embedded in AdSD× SD̃, although quantum consistency requires p = 2,5 in
D = 4,7 and D̃ = 7,4. The folded rotating p-branes perform “stringy” motion
in the sense that they collapse in the directions transverse to the plane of rota-
tion and thus form spiky configurations. The main point behind these construc-
tions is that the D-dimensional singletonic degrees of freedom are independent
of the particular underlying p-brane. This motivates us to conjecture that the
true fundamental degrees of freedom in the tensionless limit are contained in
point-like singletonic bits, a description to which we turn to next.
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5 Tensionless Limits and Singletons in AdS

In Chapter 3, a picture emerged in which the (semiclassical) AdS string equiv-
alently could be described as a continuous limit of a discrete spin chain system.
Given the success of the AdS/CFT correspondence, an obvious question to ask
is to what extent this “partonic” picture, which is so fundamental for quan-
tum field theories, can be understood on the bulk side of the duality. Recall
that in the case of N = 4 Super Yang-Mills Theory, a psu(2,2|4) singleton
S resides at each site of the spin chain. In Chapter 4, a possible (semiclas-
sical) bulk interpretation of these singletonic degrees of freedom was given –
they were identified as bound states located at various cusps around the string.
In this chapter, we propose a bulk analog of the spin chain given by a gauged
multi-singleton model. Whether (the supersymmetric completion of) the D = 5
model, and its deformations, is a bulk dual of weakly coupled Super Yang-
Mills Theory remains an open problem. In Section 5.2, we propose a new
multi-singleton model in a supertwistor space based upon psu(2,2|4) which
proves to be more well behaved than the bosonic model. Further, in Section
5.3 its continuum version is proposed.

We will argue as follows:

• The fundamental degrees of freedom in the tensionless limit are contained
in a collection of 0-branes, or bits. These constant singletonic degrees of
freedom are described by a gauged world-line model which can be inter-
preted as Chan-Paton factors living at the end-points of open topological
strings;
• There are symmetry enhancements in the tensionless limit combined with

the zero radius limit of AdS, including higher spin gauge symmetry and
various discrete symmetries. These symmetries will generically be broken
– or Higgsed – by “tensile” or “geometrical” perturbations and will give
masses to all but a finite number of fields;
• The natural arena for quantization of the singleton theory is deformation

quantization. This may be considered as the starting point for quantization
of particles as well as of extended objects in AdS;
• In order to describe processes involving a variable number of internal sin-

gletons we introduce a closed singleton string with singleton-valued vertex
operators.
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5.1 A Model for Tensionless Branes in AdS

Let us summarize the model that was proposed in Article V to describe the
bosonic bits, obtained after a discretization of bosonic p-branes. By defining
the sp(2,R)(ξ ) doublet

Y A
i (ξ ) =

√
2
(
XA(ξ ),PA(ξ )

)
, i = 1,2 , (5.1)

associated with one bit, and further the sp(2Nbit,R) vector

Y A
I =

(
Y A

i1 (1) · · ·Y A
iNbit

(Nbit)
)

, I = 1, . . . ,2Nbit , (5.2)

a collection of bits Y A
iξ

(ξ ), ξ = 1, . . . ,Nbit, are governed by the sp(2Nbit,R)-
gauged action

SNbit = 1
4

∫
Y IADYIA . (5.3)

Here we have defined the covariant derivative DY IA = dY IA +ΛIJY A
J , which is

defined using d = dτ∂τ and an sp(2Nbit,R) one-form gauge field ΛIJ = ΛJI .
Indices are raised/lowered using the conventions Y I = ΩIJYJ and YI = Y JΩJI ,
where ΩIJ = −ΩJI . The case Nbit = 1 has been known for long and has been
investigated in detail by Bars [BDA98, BR01, Bar01]. The model given in
Eq. (5.3) possesses the following classical symmetries

• Local sp(2Nbit,R) gauge symmetries with generators TIJ = 1
2Y A

I Y B
J ηAB;

• Global so(D−1,2) symmetries with generators MAB = 1
2Y I

AY J
B ΩJI;

• Reflections ρξ acting as Y A
Iη

(η)→ (−1)δξ ηY A
Iη

(η);
• Permutations Pξ η acting as Y A

Iξ
(ξ )→ Y A

Iξ
(P(ξ ));

• Induced bulk higher spin gauge symmetries and W symmetries.

Classical solutions of this model can be analyzed by fixing to a harmonic
gauge. In particular, there are truly singletonic solutions which are character-
ized by E = S �= 0 with motions similar to the end-points of rotating folded
strings carrying large spin, or more generally, rotating folded Nbit-cusp p-
branes.

Upon quantization of one bit, one imposes the canonical commutation relation

[Y A
i ,Y B

j ] = 2iηABεi j , (5.4)

which is equivalent to the ordinary Heisenberg algebra [XA,PB] = ih̄ηAB, with
h̄ = 1. By requiring the one-particle lowest weight state to be sp(2,R) invariant
as well as being annihilated by L−r , we recover the singleton D(ε0,0). As an
example, the positive energy sp(2,R) invariant singleton isomorphic to (2.29)
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takes the form

D
(
ε0,0) =

{
L+
{r1
· · ·L+

rk}|ε0,0〉
}∞

k=0
, (5.5)

where the ground state may be constructed explicitly by introducing an so(D−
1)s⊕so(2)E covariant Fock vacuum |0〉, which is annihilated by the spatial os-
cillators ar = (Y 2

r − iY 1
r )/2, r = 1, . . . ,D−1 as well as the temporal oscillators

bα = (Y 1
α − iY 2

α )/2, α = 0′,0, both sets obeying canonical commutation rela-
tions. The analytical sp(2,R) invariant so(D−1,2) lowest weight ground state
takes the form

|ε0,0〉 = N (u†)ε0
Jε0

(|a†b†|)
|a†b†|ε0

|0〉 . (5.6)

where u† ≡ (b0′ − ib0)/
√

2 carries unit energy and where Jν(x) is the Bessel
function regular at x = 0. The norm of this ground state is given by the Rie-
mann zeta function N 2ζ (0) and is thus divergent. Note that the sp(2,R) con-
dition puts all traces to zero; in particular we have that L+

r L+
r = f (Y A

i )Ki j ∼ 0,
where Ki j = 1

2Y A
i Y B

j ηAB is the sp(2,R) generators. In addition to being non-
normalizable, the singleton states also suffer from a “global anomaly” [V] in
the sense that the reflections ρξ cannot be gauged in dimensions other than 3
mod 4.

There also exist a corresponding distributional ground state solution, possess-
ing the same quantum numbers, which is obtained by deforming the standard
contour in the integral representation of the Bessel function to the y-axis [V].
These states are confined to the apex of the Dirac hypercone and might be es-
sential in constructing ground states with finite norm as conjectured in Article
V (cf. correlation functions in field theory which are defined in a distributional
sense as x→ 0).

Multi-singleton quantum states can be constructed analogously by imposing
the diagonal subalgebra sp(2)(1)⊕·· ·⊕ sp(2)(Nbit) ⊂ sp(2Nbit,R) strongly, as
Ki j(ξ )|Ψ〉 = 0. This implies that the “off-diagonal” sp(2Nbit,R) generators
Ti, j = 1

2Y A
i (1)YjA(2) vanish weakly upon using that Y A

i (ξ )∼ [Ki
j(ξ ),Y A

j (ξ )].

5.2 A psu(2,2|4) Supersymmetric Extension
Supersymmetric one-bit models in AdS5×S5 based on psu(2,2|4) have been
considered by Bars using the covariant phase-space approach as well as vari-
ous gauge fixed versions such as the twistor approach [BDM99, Bar00]. The
model describes the psu(2,2|4) Maxwell supersingleton S covariantly.
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Let us follow a slightly different approach. Introduce the su(2,2)⊕ su(4) co-
variant superoscillator, or twistor, ζΛ = (yα ,θI), obeying the algebra

[yα , ȳβ ] = 2δα
β , {θI, θ̄ J} = 2δI

J , (5.7)

where yα , α = 1, . . . ,4 is a Grassmann even so(4,1) Dirac spinor and where θI ,
I = 1, . . . ,4, is a Grassmann odd su(4)	 so(6) spinor. The psu(2,2|4) algebra
presented in Eq. (2.63) can then be realized as traceless bilinears ζ̄ ΛζΛ′ in these
oscillators:

QI
α = 1

2 yαθ̄ I , Q̄α
I = 1

2 ȳαθI ,

T I
J = 1

2

(
θ̄ IθJ− 1

2Y δ I
J
)

, (5.8)

Mα
β = 1

2

(
ȳαyβ − 1

2K δ α
β
)

,

where Y = 1
2 θ̄ IθI is the “bonus” hypercharge and where K = 1

2 ȳαyα . The
u(1)Z symmetry is realized as the trace Z = 1

2 ζ̄ ΛζΛ = 1
2(ȳy+ θ̄θ) and gener-

ates an abelian ideal (central element) which can be consistently modded out,
cf. Eq. (2.64).

A superoscillator ζΛ living in a supertwistor space and obeying the algebra in
Eq. (5.7) can be obtained upon quantization of the “one-bit” action

Sζ = 1
4

∫
ζ̄ ΛDζΛ , (5.9)

which has a u(1)Z world-line gauging. DζΛ = dζΛ +ΠζΛ is a u(1)Z covariant
derivative and Π is a one-form Lagrange multiplier, or equivalently a u(1)Z

gauge field. Whether this model descends from a superstring is not immedi-
ately clear, but it is certainly equivalent to the twistor action (obtained after a
gauge fixing) in Ref. [Bar00, Bar04] after specifying to the gauge Π = 0. The
equations of motion resulting from (5.9) read

DζΛ = 0 , Z ≡ 1
2 ζ̄ ΛζΛ = 0 , (5.10)

where Z realizes the u(1)Z generator. Upon quantization, one imposes the
canonical commutation relations in (5.7) and moreover the u(1)Z invariance
condition strongly

Z |Ψ〉 = 0 . (5.11)

Let us recombine the superoscillator ζΛ into su(2)V⊕su(2)′V⊕su(2)H⊕su(2)′H
covariant superoscillators αV = (αv,αv′) and β H = (β h,β h′) (v,v′,h,h′ = 1,2;
with unprimed/primed bosonic/fermionic), having the graded commutation re-
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lations [GMZ98, SS01b]

{αV1 ,α
V2 ] = δV2

V1
, {βH1 ,β

H2 ] = δ H2
H1

. (5.12)

The su(2,2|4)⊕ u(1)Y superalgebra is realized as bilinears in these oscilla-
tors. The Fock vacuum |0〉, defined by αV |0〉= βH |0〉= 0 and 〈0|0〉= 1, then
realizes the ground state of the Z = 0 Maxwell supersingleton S given in
Eq. (2.70). The full representation is obtained by applying arbitrarily many
raising operators αV β H . A crucial difference from the bosonic case is that the
psu(2,2|4) quantum supersingleton given here has a perfectly finite norm since
the u(1)Z condition does not require a “squeezed state” of infinitely many os-
cillators.

Given the model above, the generalization to an arbitrary number of bits ζΛξ (ξ ),
ξ = 1, . . . ,Nbit, is straightforward. By interpreting ξ as a vector index, in the
sense that (ζΛ)ξ ≡ ζΛξ (ξ ), we find that the resulting action can be written as

SNbit = 1
4

∫
ζ̄ Λξ DζΛξ , (5.13)

which is u(Nbit) gauged. DζΛ
ξ = dζΛ

ξ +ζΛ
ηΠη

ξ is a covariant derivative and
Πξ

η is a u(Nbit) gauge field. The equations of motion following from (5.13)
read

DζΛ
ξ = 0 , Zξ

η ≡ 1
2 ζ̄ Λ

ξ ζΛ
η = 0 , (5.14)

where the generator Zξ
η realizes the u(Nbit) algebra

[Zξ
η ,Zξ ′

η ′ ] = δξ ′
ηZξ

η ′ −δξ
η ′Zξ ′

η . (5.15)

The diagonal subalgebra ⊕Nbit
ξ=1u(1)(ξ ) may be imposed strongly giving rise to

Nbit Maxwell supersingletons. The off-diagonal elements vanish weakly anal-
ogous to the bosonic case.

It is amusing that the psu(2,2|4) supersymmetric multi-singleton model natu-
rally incorporates a u(Nbit) gauge symmetry algebra, in harmony with the in-
terpretion of the model (5.13) as Chan-Paton factors of open strings. Arguing
with the bosonic model in mind [V], a continuum version of the model (5.13)
would formally have Nbit→∞ and simultaneously allow for a finite number of
singleton excitations nbit < Nbit. Let us next turn to the continuum version of
(5.13).
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5.3 A Twistor String Proposal
In analogy with the analysis of the bosonic model [V] it is natural to propose
the following continuum version Nbit→∞ of the psu(2,2|4) model introduced
in the previous section:

S = 1
4

∫
dτdσ

(
ζ̄ ΛdζΛ +ΠZ

)
, (5.16)

which we interpret as a u(1) gauged chiral closed string. Here, the twistor
ζΛ = ζΛ(τ,σ) is periodic both in τ and in σ and Π(τ,σ) is a Lagrange multi-
plier for the u(1) constraint. This topological string model contains a singleton-
valued weight zero spin field, whose normal ordered products generate the
generalized Chan-Paton factors.

We stress that this quantum string lives phase space, or in this case rather
twistor space, while the space-time physics is recovered when the equations are
unfolded which we shall discuss in Chapter 6. Thus, in this doubling proposal
the quantum string lives in a fiber over a classical spacetime.
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6 Massless Higher Spin Gauge Theory

There is a symmetry enhancement in tensionless string theory [Gro88], a phase
in which the string breaks up into collections of “partons” or bits [Tho91,
Tho95, BT95, Ber96, KS88][V]. In AdS, massless higher spin states (double-
tons) are interpreted as composite objects formed out of two bits. In Article V,
we proposed a marginal deformation of the sp(2,R) bit model which offers an
explaination of the constructions of Vasiliev’s massless higher spin field equa-
tions. This chapter is devoted to these “effective” models of massless higher
spin gauge fields, based on the higher spin algebras ho0(D− 1,2) appearing
naturally in the tensionless limit of p-branes in AdSD [V]. Furthermore, super-
symmetric extensions of these model will be considered in D = 4,5.

Massless higher spin fields have appeared in various models troughout the de-
velopment of theoretical physics. Historically, given the successes of theories
of spin 1 and spin 2 massless particles, whose importance cannot be under-
stated, it was natural to further examine theories with spins higher than two; a
study that was initiated by Fierz and Pauli in 1939 [FP39]. The construction
of free higher spin field dynamics have since then been well-established, see
e.g. Refs. [Fro78, FF78a, dWF80]. The formulation of interacting higher spin
gauge theories, however, challenged physicists for a long time and was even
considered as non-existing due to the existence of various no-go theorems,
such as the Coleman-Mandula theorem and its supersymmetric generaliza-
tion [CM67, HLS75], the Aragone-Deser problem [AD79] and the Weinberg-
Witten theorem [WW80, Lop88]. In fact, all of these (apparent) obstacles can
be circumvented by relaxing some of the assumptions upon which the the-
orems are based, in particular by (1) allowing for a non-zero cosmological
constant and (2) letting the number of higher spin fields be unlimited. The nat-
ural arena for the higher spin gauge theories that will be treated below, based
upon Vasiliev’s constructions, turns out to be AdS [FV87b, FV87a] (which
is equipped with an infrared cut-off) which serve as their spacetime vacuum
leaving all global higher spin gauge symmetries intact. Although flat space so-
lutions in principle exist, they necessarily break all higher spin gauge symme-
tries, and consequently realize a broken phase. Another characteristic of these
theories is that they cannot be truncated – neither to ordinary (super)gravity
nor to subsectors including a finite number of higher spin fields.
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Vasiliev’s equations are based on an extension of the frame formulation of or-
dinary gravity which was introduced by Weyl long ago [Wey29] in Minkowski
spacetime. The extension to AdS gravity was given by MacDowell and Man-
souri in Ref. [MM77] and was reformulated in a manifestly AdS4 covariant
form by Stelle and West in Ref. [SW80]. These constructions were gener-
alized to gravity in an arbitrary dimension by Vasiliev [Vas01], building on
previous work in Refs. [Vas80, LV88] and has later been generalized to free
symmetric higher spin gauge fields in AdSD, see Ref. [BCIV05].

The non-linear dynamics of higher spin gauge fields, however, has not yet
arrived at a (conventional) off-shell formulation. These non-Lagrangian con-
structions are instead based on Cartan integrable systems, which naturally in-
corporate manifest gauge symmetries as well as diffeomorphisms. The formal-
ism relies on a certain “doubling of oscillators” which will be described below.
By refering the theory to a spacetime manifold, by a “local coordinatization”,
it becomes highly non-local due to an unbounded number of higher derivative
couplings between the higher spin gauge fields.

6.1 Higher Spin Symmetry Algebras
Let us introduce the minimal bosonic higher spin algebra ho0(D−1,2) men-
tioned in Chapter 2 as the minimal Lie algebra admitting the so(D−1,2) scalar
singleton as its lowest weight unitary fundamental representation and which
has the additional property that it acts transitively on the singleton weight
space. The higher spin algebra serve as the symmetry algebra of the Lapla-
cian � in a D− 1-dimensional (conformal) field theory [Eas02] which pre-
serve harmonic functions1. ho0(D−1,2) is minimal in the sense that if l is Lie
algebra and so(D− 1,2) ⊆ l ⊆ ho0(D− 1,2), then l is either so(D− 1,2) or
ho0(D−1,2) [V].

To define ho0(D−1,2), we recall the definition of a (universal) enveloping al-
gebra U [g]. Let A [g] be the associative algebra generated freely by elements
of a Lie algebra g with generators T P, P = 1, . . . ,dim(g):

A [g] =
{

T P1T P2 · · ·T Pk−1T Pk

}∞

k=1
. (6.1)

The universal enveloping algebra U [g] is then constructed as the quotient

U [g] = A /I , (6.2)

1ho0(D− 1,2) was called ho(1|2 : [d − 1,2]) in Ref. [BCIV05] defined to be the even spin
subalgebra of hu(1|2 : [d − 1,2]) (which in turn was called hu(sp(2)[2,D− 1]) in [Vas03]).
Hitherto, there is no widely accepted notation for higher spin (super)algebras.
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where I is the ideal I ⊂A generated by elements x,y ∈ g of the form xy−
yx− [x,y]. Note that U [g] has a linear anti-automorphism τ

τ(T P1 · · ·T Pk) = (−1)kT Pk · · ·T P1 . (6.3)

We define ho0(D−1,2) as the quotient

ho0(D−1,2) ≡
{

T ∈ U
[
so(D−1,2)

]
I [D ]

: τ(T ) = T † =−T
}

,(6.4)

where I [D ] is the ideal subspace of U [so(D− 1,2)] containing generators
which annihilate the singleton D ≡ D(ε0,0), cf. the discussion in Subsection
2.1.1. Thus, the singleton annihilator I [D ] comprises generators spanning
the null space, i.e.

I [D ] =
{

I ∈U [so(D−1,2)] : I|Ψ〉= 0 ∀ |Ψ〉 ∈D
}

. (6.5)

Given an arbitrary state in the so(D−1,2) singleton representation, any other
state within the singleton representation can be reached by the application of a
single generator belonging to ho0(D−1,2), i.e. ho0(D−1,2) acts transitively
on the singleton. This statement can be lifted to P-fold tensor products of
singletons by representing the higher spin generators T as

T(1)⊗ I(2)⊗·· ·⊗ I(P)⊕·· ·⊕ I(1)⊗·· ·⊗ I(P−1)⊗T(P) . (6.6)

In particular, the massless spectrum contained in the symmetric part of the
tensor product D ⊗D in Eq. (2.40) form a lowest weight representation of
ho0(D−1,2) built upon the lowest weight state

|D−3
2 ,0〉(1)⊗|D−3

2 ,0〉(2) ∈D(D−3,0) , (6.7)

which we identify as a massless scalar.

We will work with two different representations of the higher spin algebras.
The first is the adjoint representation which is defined in the conventional
sense, i.e. given an associative higher spin algebra h which is endowed with
a product ◦ (later to be identified with a certain Moyal-Weyl star product) and
a Lie bracket [x,y]◦ = x◦y−y◦x, with x,y∈ h, the adjoint action of an element
x ∈ h is given by

adx(y) ≡ [x,y]◦ , ∀ y ∈ h . (6.8)
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The twisted adjoint representation2 is defined similarly, apart from a grading
with signs using the π map whose action on the AdS generators was defined
in (2.10). This distinction between translation and rotations generators carries
over to the higher spin generators. The twisted adjoint action on elements x∈ h

is given by

ãdx(y) ≡ [x,y]◦,π = x◦ y− y◦π(x) , ∀ y ∈ h . (6.9)

A crucial feature of the twisted adjoint representation of ho0(D− 1,2) is its
isomorphism with the symmetric part of the spectrum of two scalar singletons
in Eq. (2.40), including the scalar representation3.

The minimal higher spin algebras ho0(D− 1,2) have natural supersymmetric
extensions in dimensions D ≤ 7. The minimal higher spin superalgebras of
relevance for the most symmetric versions of the AdS/CFT correspondence
are [SS98a, SS98b, SS02a, SS01b, SS02c]
• D = 4: hs(8|4)⊃ ho0(3,2)⊃ so(3,2) ;
• D = 5: hs(2,2|4)⊃ ho0(4,2)⊃ so(4,2) ;
• D = 7: hs(8∗|4)⊃ ho0(6,2)⊃ so(6,2) ;
which admit as their fundamental representations the supersingletons of osp(8|4),
psu(2,2|4) and osp(8∗|4), respectively.

From the AdS/CFT correspondence point of view, we know that global sym-
metries on the boundary correspond to local symmetries in the bulk. There is
higher spin gauge symmetry enhancement in the λ → 0 limit of N = 4 Super-
Yang Mills Theory as well as in the R→ 0 and T → 0 limit of Type IIB String
Theory in AdS5×S5:

psu(2,2|4) −→ hs(2,2|4) . (6.10)

These limiting cases of the theories should be dual to each other, assuming
the strong version of the AdS/CFT correspondence. Indeed, in the free and
large N field theory limit single-trace operators arrange themselves into irre-
ducible representations of hs(2,2|4) [BBMS04]. In the bulk we conjecture
that the tensionless string is described by the continuum version of the u(Nbit)
gauged bit model in Eq. (5.13), i.e. the psu(2,2|4) twistor string displayed in
Eq. (5.16). The multipleton spectrum should likewise be arranged into higher
spin supermultiplets of hs(2,2|4), which is known to be the case for the single-
ton and the doubleton representation constructed using the ζΛ superoscillator,

2The twisted adjoint representation is also known as the “quasi-adjoint representation” in the
literature.
3The twisted adjoint representation of the non-minimal higher spin algebra, which includes both
even and odd generators (cf. (6.4)), is isomorphic to the full spectrum in Eq. (2.40).
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see Refs. [SS01a, SS01b].

Let us now consider higher spin (super)algebras in D = 4,5 and realize their
generators explicitly in terms of oscillators.

6.1.1 hs(4) and its Supersymmetric Extensions
The minimal bosonic higher spin extension of so(3,2) is ho0(3,2), also known
as hs(4) in the literature4. D = 4 turns out to be the dimension in which non-
trivial higher spin gauge theories are most easily constructed. In particular,
only symmetric higher spin gauge fields can be constructed5.

One way realizing the generators of so(3,2) is as bilinears in a set of real
Grassmann even sl(2,C) spinor oscillators aI and aI = (aI)† with the canonical
commutation relations

[aI,aJ] = δI
J , I,J = 1,2 . (6.11)

By using the Jordan decomposition given in Eq. (2.11), the generators can be
split into the three sets

LIJ = aIaJ , LI
J = 1

2

(
aIaJ +aJaI

)
, LIJ = aIaJ , (6.12)

where LI
J spans so(3)S⊕ so(2)E and the LIJ(LIJ) are raising (lowering) oper-

ators. The so(3,2) scalar singleton can be realized unitarily in a Fock space
by introducing an sl(2,C) invariant Fock vacuum |E0,S0〉 = |12 ,0〉 such that
aI|12 ,0〉= 0, and 〈1

2 ,0|12 ,0〉= 1. Explicitly the Rac becomes

D(1
2 ,0) 	

{
L(I1J1 · · ·LIkJk)|12 ,0〉

}∞

k=0
, (6.13)

which is isomorphic to the singleton constructed in Eq. (2.29) in D = 4.

In D = 4, there exist another state that is annihilated by LIJ , given by the spinor
ground state |1, 1

2〉I = aI|12 ,0〉. The unitary representation built on this ground
state is isomorphic to the spinor singleton Di and take the form

D(1, 1
2) 	

{
L(I1J1 · · ·LIkJk)|1, 1

2〉I
}∞

k=0
. (6.14)

Combining these two representations yields the (unique) supersingleton of
osp(1|4) in Eq. (2.56) spanned by even powers in the oscillator (the Rac) as

4This name has its origin in the isomorphism so(3,2)	 sp(4,R).
5In a general dimension massless higher spin gauge fields of mixed type appear, see
e.g. Ref. [Met97].
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well as odd powers (the Di):

Ξ(1) 	 D(1
2 ,0)⊕D(1, 1

2) . (6.15)

To realize the generators of hs(4) explicitly in terms of oscillators, it is conve-
nient to work with the sl(2,C) spinor oscillators ŷα , α = 1,2 and ˆ̄yα̇ = (ŷα)†,
α̇ = 1,2, which are related to (aI,aJ) as

ŷ1 = a1 + i(a2)† , ŷ2 = −a2 + i(a1)† , (6.16)

and obey the algebras

[ŷα , ŷβ ] = 2iεαβ , [ ˆ̄yα̇ , ˆ̄yβ̇ ] = 2iεα̇β̇ . (6.17)

The so(3,2) commutation relations in Eq. (2.53) are realized by the bilinears

Mαβ = ŷα ŷβ , Mα̇β̇ = ˆ̄yα̇ ˆ̄yβ̇ , Pαα̇ = ŷα ˆ̄yα̇ . (6.18)

The π map introduced in Eq. (2.10) acts on the oscillators as

π(ŷα) = −ŷα , π( ˆ̄yα̇) = + ˆ̄yα̇ ,

π̄(ŷα) = +ŷα , π̄( ˆ̄yα̇) = − ˆ̄yα̇ , (6.19)

thus distinguishing the space-time rotations from the translations as can be
readily seen from Eq. (6.18).

By further considering the associative polynomial algebra P(ŷ, ˆ̄y) with gener-
ators

Tα1···αm,α̇1···α̇n ≡ ŷα1 · · · ŷαm
ˆ̄yα̇1 · · · ˆ̄yα̇n , m,n = 0,1,2, . . . , (6.20)

the generators of hs(4) can be constructed by projecting out elements T ∈
P(ŷ, ˆ̄y) not obeying

τ
(
Tα1···αm,α̇1···α̇n

)
= −Tα1···αm,α̇1···α̇n , (6.21)

where the τ map defined in Eq. (6.3) is realized on the oscillators as

τ(ŷα) = iŷα , τ( ˆ̄yα̇) = i ˆ̄yα̇ ,

τ
(

f (ŷ, ˆ̄y)g(ŷ, ˆ̄y)
)

= τ
(
g(ŷ, ˆ̄y)

)
τ
(

f (ŷ, ˆ̄y)
)

. (6.22)

Hence, we are left with monomials of even powers m + n = 2,6,10, . . . in the
oscillators, at levels � = (m + n− 2)/4 = 0,1,2, . . ., which realize the spin
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s = 2,4,6, . . . generators of the higher spin algebra hs(4)6. As noted above,
so(3,2) is its maximal subalgebra and it is indeed generated by the bilinear
monomials appearing at level 0, cf. (6.18). Further, from the schematic form
of the general commutation relations between a spin s and a spin s′ generator

[T(s),T(s′)] =
min(s,s′)−1

∑
k=1

T(s+s′−2k) , (6.23)

we see that the spin 2 sector form a closed subalgebra. Once a spin s > 2 gen-
erator is added, all generators s = 2,4,6, . . . have to be included, thus forming
an open algebra.

By adding appropiate fermionic oscillators, N = 1,2,4,8 minimal higher spin
superalgebras can be constructed acting transitively on the osp(N |4) super-
singletons in Eq. (2.56). In Article I, N = 1,2,4 higher spin algebras were
considered and in particular a new minimal N = 1 higher spin algebra was
constructed, using the (ŷα , ˆ̄yα̇) oscillators as well as a pair of Grassmann odd
oscillators (ξ̂ , η̂) obeying the algebras

{ξ̂ , ξ̂} = 2 , {η̂ , η̂} = 2 , {ξ̂ , η̂} = 0 , (6.24)

being inert under the π map and transforming under the graded anti-involution
τ as

τ(ξ̂ ) = iξ̂ , τ(η̂) = −iη̂ . (6.25)

The generators T (�, j) of the minimal higher spin superalgebra hs(1|4)⊃ osp(1|4)
can be defined using these oscillators as

T
(�, j)

α1···αm,α̇1···α̇n
≡ ŷα1 · · · ŷαm

ˆ̄yα̇1 · · · ˆ̄yα̇n ξ̂ pη̂2 j ,

with m+n+ p = 4�+2+2 j , (6.26)

following from a projection analogous to the one in Eq. (6.21). These gen-
erators are associated with the spins s = 3

2 ,22, 5
2 , 7

2 ,42, 9
2 , 11

2 . . . and appear at
levels (�, j), � =−1,0,1, . . ., j = 0, 1

2 , the even spins appearing with multiplic-
ity 2 (cf. Table 2.1 and Table 1 in Article I.). The maximal subalgebra osp(1|4)
appear at level (0,0), and is spanned by the bosonic generators in Eq. (6.18) as
well as the fermionic generators Qα = ŷα ξ̂ and Qα̇ = ˆ̄yα̇ ξ̂ , cf. Eq. (2.54).

Note that the spinor formulation is not capable of describing the theory off-
shell, since sl(2,C) multispinors are intrinsically traceless. The vector formu-

6The weaker projection τ2(Tα1···αm,α̇1···α̇n

)
= Tα1···αm,α̇1···α̇n yields a non-minimal higher spin

algebra including all spins. This algebra will not be considered in the following.
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lation, however, allow for both an on-shell as well as an off-shell version, a
fact that will be commented on in Subsections 6.1.3 and 6.2.2.

Minimal and non-minimal N = 2,4,8 higher spin superalgebras in D = 4 can
be constructed analogously and are summarized in Table 7 of Article I.

6.1.2 hs(2,2|4)
hs(2,2|4) ⊃ hs(2,2) 	 ho0(4,2) is the minimal higher spin extension7 of the
finite-dimensional superconformal algebra psu(2,2|4). It is given by the odd
elements of the enveloping algebra of psu(2,2|4), which forms a proper Lie
algebra after modding out the central charge Z . To describe its generators
[SS01b] we make use of the superoscillator ζΛ = (yα ,θI) introduced in Section
5.2. The generators of hs(2,2|4) may be realized by traceless monomials in
the superoscillator ζΛ

T
Λ′1...Λ

′
2�+1

Λ1...Λ2�+1
≡ ζ(Λ1 · · ·ζΛ2�+1]ζ̄

(Λ′1 · · · ζ̄ Λ′2�+1]− traces , (6.27)

where (...] denotes graded symmetrization, giving rise to graded symmetric,
traceless generators at levels � = 0,1,2, . . .. By construction, the generators
(5.8) of the psu(2,2|4) subalgebra given in Ew. (2.63) appear at level 0. The
generators carry spins (sL,sR), with Grassmann parity given by 2(sL +sR) mod
2, and are are associated with massless spin (sL + 1

2 ,sR + 1
2) gauge fields in the

bulk, or equivalently, spin (sL + 1
2 ,sR + 1

2) currents in the Super Yang-Mills
Theory. The fundamental unitary irreducible representation of hs(2,2|4) is
the Maxwell supersingleton S given in Eq. (2.70) having a vanishing central
charge Z = 0. Every two states in S are connected by the application of a
single higher spin generator [BBMS04].

6.1.3 Realizations using Vector Oscillators
In the analysis of particles and discretized p-branes in AdSD, the vector os-
cillator Y A

i = (XA,PA) appears naturally, cf. the discussion in Section 5.1. Let
us describe how to realize the minimal bosonic on-shell higher spin algebra
ho0(D−1,2) and its off-shell extension8 ho(D−1,2) using vector oscillators
[Vas04b, Vas04a, SSS05][V].

The algebra ho(D−1,2) can be realized9 by using the sp(2,R) doublet so(D−
1,2) vector oscillator Y A

i fulfilling the Heisenberg algebra (5.4) which in turn

7In Ref. [Vas01] hs(2,2|4) was called ho0(1,0|8).
8This terminology is suitable since its gauging gives rise to off-shell higher spin gauge fields
(containing non-trivial trace parts).
9ho(D−1,2) was denoted by hu∞(1|2 : [d−1,2]) in Ref. [BCIV05].
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can be constructed by introducing a Moyal-Weyl star product algebra, see Ap-
pendix A.2. The so(D−1,2) and sp(2,R) algebras are Howe duals [How89]
and are realized as the bilinears MAB = 1

2Y i
[A �YB]i and Ki j = 1

2Y A
(i �Yj)A. The

off-shell higher spin algebra ho(D−1,2) is realized in terms of Weyl ordered
polynomials as

ho(D−1,2) =
{

P(Y A
i ) : τ(P) = P† =−P, [Ki j,P]� = 0

}
,

where the last condition imposes sp(2,R) invariance on the generators and
where the τ map acts on the vector oscillators as

τ(Y i
A) = iY i

A . (6.28)

The level � element appearing in P = ∑�≥0 P�, with P�(λY i
A) = λ 4�+2P�(Y i

A),
is a generating function of the level � higher spin generators and is given by

P� =
1
2i

PA1...A2�+1,B1...B2�+1MA1B1 · · ·MA2�+1B2�+1

=
1
2i

2�+1

∑
m=0

Pa1···a2�+1,b1···bmMa1b1 · · ·MambmPam+1 · · ·Pa2�+1 , (6.29)

where the products are Weyl ordered. PA1...A2�+1,B1...B2�+1 are traceless so(D−
1,2) tensors, combining into single traceful sl(D + 1) tensors having highest
weights (2�+ 1,2�+ 1) and Pa1···a2�+1,b1···bm are sl(D) tensors having highest
weights (2�+ 1,m). Each level � consequently forms a finite-dimensional re-
ducible so(D−1,2) representation.

Due to the existence of non-trivial trace parts, ho(D− 1,2) is reducible and
contains the ideal

I (K) =
{

Ki j �gi j : τ(gi j) = (gi j)† =−gi j, [Ki j,gkl] = 4iδ (k
(i gl)

j)

}
,

which can be consistently modded out to form the minimal on-shell higher
spin algebra (6.4)

ho0(D−1,2) = ho(D−1,2)/I (K) . (6.30)

This algebra admits a similar expansion as in Eq. (6.29) but with expansion
coefficients given by traceless so(D− 1,2) and Lorentz tensors, respectively.
The generators {MAB}= {Mab,Pc} appearing at level � = 0 span the maximal
finite-dimensional subalgebra so(D−1,2).
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6.2 Gauging and Dynamics

Having specified the higher spin algebras both abstractly and explicitly using
spinor and vector oscillators we next turn to their gauging. Interacting mass-
less higher spin theories have been so far been successfully formulated only
through the approach of Fradkin and Vasiliev [FV87b, FV87a], the ingredients
of which will be summarized below.

A crucial ingredient in Vasiliev’s formulation of higher spin gauge theories are
the Cartan integrable systems. Historically, while well-known in the mathe-
matics community, the Cartan integrable systems first appeared in physics as a
convenient way of describing various supergravity theories containing higher
rank differential forms [DF82, CFG+82, DF]. In this section, we review some
elementary facts about Cartan integrable systems, indicating their role as gen-
eralizations of Maurer-Cartan systems which are reformulations equivalent to
Lie algebras.

It is well-known that a Lie algebra g can be described in two equivalent ways.
By defining the Lie bracket [·, ·] and the Jacobi identity we arrive at the fa-
miliar description using the generators T a, a = 1, . . . ,d ≡ dim g satisfying the
commutation relations

[Ta,Tb] = fab
cTc . (6.31)

These generators can be represented as a basis of the tangent space T (M d)
of a Lie group manifold M d .

Alternatively, the Lie algebra can be defined by introducing the cotangent
space T ∗(M d) of the manifold M d spanned by a dual basis σa called viel-
beins (or Maurer-Cartan one forms) which are defined by the inner product

〈σ a,Tb〉 = δ a
b . (6.32)

By using the exterior derivative d = dxa∂a, the commutation relations in (6.31)
can equivalently be formulated as the Maurer-Cartan structure equation

Ra ≡ dσa + 1
2 fbc

aσb∧σ c = 0 , (6.33)

which can be interpreted as a zero-curvature condition on the two-form Ra.
The Jacobi identity is encoded in the integrability condition

dRa = 0 , (6.34)

upon using the nilpotency condition d2 = 0. Eq. (6.33) stays invariant under
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the gauge transformation

δσa = Dεa ≡ dεa + fbc
aσbεc , (6.35)

where εa is an arbitrary zero-form, thus implying its gauge invariance.

The Maurer-Cartan equations in Eq. (6.33) can be generalized by considering
generalized curvatures Rα ∈Ωpα+1(M d)

Rα ≡ dΣα +F α(Σβ ) = 0 , (6.36)

where Σα ∈ Ωpα (M d) consitutes a collection of differential forms with de-
grees pα ≥ 0 and where

F α(Σβ ) =
∞

∑
k=1

f α
β1...βk

Σβ1 ∧·· ·∧Σβk , (6.37)

k

∑
m=1

pβm = pα +1 , (6.38)

for some structure constants f α
β1...βm

. This set of constraint equations are re-
ferred to as Cartan integrable systems and are manifestly diffeomorphism in-
variant due to their formulation entirely in terms of differential forms. The
integrability condition for the constraints in Eq. (6.36) reads

F β ∧ ∂F α

∂Σβ = 0 , (6.39)

and give rise to generalized Jacobi identities on the structure constants in
Eq. (6.37). For a pα > 0 form Σα , the constraints in Eq. (6.36) stays invariant
under the gauge transformations

δΣα = dεα − εβ ∧ δF α

δΣβ , (6.40)

where εα is an arbitrary pα −1 form.

In known (minimal) higher spin gauge theories, two kinds of differential forms
are required – a master zero-form Σ0 = Φ and a master one-form Σ1 = A –
which form modules of the twisted adjoint and the adjoint representations in
Eqs. (6.9) and (6.8), respectively. The master fields admit expansions in terms
of oscillators and the expansion coefficients are interpreted as fields whose
physical content is as follows:

• a scalar (super)multiplet in Φ;
• spin s > 0 gauge field (super)multiplets in A.

The master fields also contain a set of auxiliary fields which can be expressed
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in terms of the physical fields.

Consistent dynamics of higher spin gauge fields have so far been formulated
only in terms of Cartan integrable systems of the form given in Eq. (6.36). The
equations of motion can be summarized elegantly in terms of curvatures as

R0 = DΦ = 0 , (6.41)

R1 = F− J(Φ) = 0 , (6.42)

where D is a twisted adjoint covariant derivative, F ≡ dA + A∧A is a higher
spin field strength and J is a “source term” which will all be specified in more
detail below. This way of reformulating the dynamical equations of a system
in terms of zero curvature conditions in a first order form and expressing deriv-
atives of the fields in terms of auxiliary fields is called unfolding and is due to
Vasiliev [Vas88, Vas89a, Vas89b, Vas94]. It is always possible to reformulate
a Lagrangian system as an unfolded system by introducing enough auxiliary
fields, see e.g. Ref. [Vas05] where the Klein-Gordon equation, electrodynam-
ics and gravity are formulated as unfolded dynamical systems.

6.2.1 Higher Spin Theory using Spinor Oscillators

As noted above, the simplest (non-trivial) higher spin gauge theory is given
in D = 4 and is based on the minimal bosonic higher spin algebra hs(4) with
generators in the spinor basis given in Eq. (6.21). The spinor oscillator alge-
bra in Eq. (6.17) can be realized using a Moyal-Weyl star product which we
summarize in Appendix A.1, and the associative polynomial algebra Eq. (6.20)
corresponds under this product to Weyl ordered polynomials, with the operator
product ◦ specified to the star product �.

The master zero form Φ takes its values in the twisted adjoint representation
(6.9) of hs(4) and can be realized in the spinor basis as

τ(Φ) = π̄(Φ) , Φ† = π(Φ) , (6.43)

where τ and π are the involutions defined in Eqs. (6.22) and (6.19), respec-
tively. The first condition in Eq. (6.43) defines the representation and the sec-
ond is a (twisted) reality condition. The one-form master field A = Aµdxµ

carries the adjoint representation (6.8) of hs(4) which in the spinor basis reads

τ(A) = −A , A† = −A , (6.44)

where the latter equation is a reality condition. Let us note the definitions of a
covariant derivative of a p-form C̃p in the twisted adjoint representation and of
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a q-form Cq in the adjoint representation of hs(4):

DC̃p ≡ dC̃ +[A,C̃p]�,π̄ = dC̃p +A�C̃p− (−1)pC̃p � π̄(A) , (6.45)

DCq ≡ dCq +[A,Cq]� = dCq +A�Cq− (−1)qCq �A , (6.46)

where A is the one-form master gauge field. Note in particular that DDC̃p =
[F,C̃p]�,π̄ .

Thus, the master fields admits expansions in Weyl ordered polynomials in the
spinor oscillators (yα , ȳα̇) which can conveniently be written as sums over lev-
els10 �

Φ(x;y, ȳ) =
∞

∑
�=−1

Φ(�) , (6.47)

A(x;y, ȳ) =
1
2i

∞

∑
�=0

A(�) , (6.48)

where

Φ(�) = ∑
|m−n|=4�+4

1
m!n!

Φ(�)
α1...αm,α̇1...,α̇n

yα1 · · ·yαmȳα̇1 · · · ȳα̇n , (6.49)

A(�) = ∑
m+n=4�+2

1
m!n!

A(�)
α1...αm,α̇1...,α̇n

yα1 · · ·yαmȳα̇1 · · · ȳα̇n . (6.50)

Here, juxtaposition of the oscillators means Weyl ordering. The components
fields are subject to the reality conditions

(Φ(�)
α1...αmα̇1...α̇n

)† = (−1)nΦ(�)
α1...αnα̇1...α̇m

, (6.51)

(A(�)
α1...αmα̇1...α̇n

)† = A(�)
α1...αnα̇1...α̇m

, (6.52)

which follow from the (twisted) reality conditions on the master fields. As the
coming analysis will reveal, the physical content of the master fields in this
model is a scalar field φ , a vierbein eµ

a and all even higher spin gauge fields
Wµ

a1...as−1 , s = 4,6,8, . . ., which are identified with the following component
fields in the master fields:

φ ≡ Φ(−1)|y=ȳ=0 , (6.53)

eµ
a ≡ (σa)αα̇ ∂

∂yα
∂

∂ ȳα̇ Ωµ

∣∣∣
y=ȳ=0

, (6.54)

W (�)
µ

a1...as−1 ≡ (σa1)α1α̇1 · · ·(σas−1)αs−1α̇s−1
∂

∂yα1
· · · ∂

∂ ȳα̇s−1
A(s/2−1)

µ

∣∣∣
y=ȳ=0

,

(6.55)

10Troughout the thesis, we use the convention that the (super)gravity multiplets reside at level 0.
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where we have defined the so(3,2) covariant spin connection11.

Ω ≡ 1
2i A

(0) = e+ω = 1
2i e

αα̇yα ȳα̇ + 1
4i(ω

αβ Mαβ +h.c.) , (6.56)

containing the vierbein eµ
αα̇ = eµ

a(σa)αα̇ and the spin connection ωµ
αβ =

1
2 ωµ

ab(σab)αβ . All the remaining components of the master fields can be ex-
pressed in terms of these physical fields, and will therefore be referred to as
auxiliary fields.

The dynamics of the master fields are governed by field equations which can be
written on the compact form in Eqs. (6.41) and (6.42) by extending spacetime
M4 with an auxiliary non-commutative twistor space Mz,z̄ with coordinates
(zα , z̄α̇). This “internal space” was given a geometrical explanation in Arti-
cle V in the vector formulation of higher spin gauge theories, which will be
described below. Hence, we allow the master fields to depend on these extra
coordinates

Φ(x;y, ȳ) −→ Φ̂(x;y, ȳ;z, z̄) = Φ̂µdxµ + Φ̂αdzα + Φ̂α̇dz̄α̇ , (6.57)

A(x;y, ȳ) −→ Â(x;y, ȳ;z, z̄) = Âµdxµ + Âαdzα + Âα̇dz̄α̇ , (6.58)

which is indicated on the fields with a hat. The new oscillators obey an algebra
similar to that of the (yα , ȳα̇) oscillators in Eq. (6.17) and is summarized in
Appendix A.1.

The full field equations in the extended spacetime M4×Mz,z̄ take the form
[Vas90, Vas91, SS02b]

D̂Φ̂ = 0 , (6.59)

F̂ = i
4 dzα ∧dzαV (Φ̂�κ)+ i

4 dz̄α̇ ∧dz̄α̇ V̄ (Φ̂� κ̄) , (6.60)

where we have defined the curvatures

D̂Φ̂ ≡ dΦ̂+ Â� Φ̂− Φ̂� π̄(Â) , (6.61)

F̂ ≡ dÂ+ Â∧�Â , (6.62)

the former being a twistor-extended analog of (6.45) for a 0 form in the twisted
adjoint representation of hs(4). The π map is realized by the operators

κ ≡ exp(iyαzα) , κ̄ ≡ exp(−iȳα̇ z̄α̇) , (6.63)

11We use slightly different conventions compared to Section 2.2 throughout this chapter.

64



which acts on Weyl ordered functions by conjugation

κ �F(y, ȳ;z, z̄)�κ = π
(
F(y, ȳ;z, z̄)

)
= F(−y, ȳ;−z, z̄) , (6.64)

κ̄ �F(y, ȳ;z, z̄)� κ̄ = π̄
(
F(y, ȳ;z, z̄)

)
= F(y,−ȳ;z,−z̄) . (6.65)

V (X) is an odd �-function V (X) = ∑∞
k=0 b2k+1X2k+1,�, following from the re-

quirement of conventionally realized local Lorentz invariance [Vas99], and its
complex conjugate is defined by V̄ (X) = (V (X†))†. V can be constrained
further by requiring invariance under a certain parity map [SS03]. This re-
quirement leaves us with two unique choices viz.

Type A model : V+(X) = X , (6.66)

Type B model : V−(X) = −iX , (6.67)

with resulting models giving rise to massless spectra given by the symmetric
part of two Rac representations, given in Eq. (2.40) for D = 4, and the antisym-
metric part of two Di representations, given in Eq. (2.41), respectively. Notice
that their spectra are identical apart from the spin zero field which is a massless
scalar in the Type A model and a massless pseudoscalar in the Type B model.

Let us note that Klebanov and Polyakov have proposed a boundary dual of the
Type A model given by the well-known d = D− 1 = 3 O(N) vector model
[KP02]. Moreover, Sezgin and Sundell [SS03] have proposed that the Type B
model is dual to the d = 3 O(N) Gross-Neveu model. Indeed, as far as their
spectra are concerned, their singletons as well as their bilinear currents con-
structed from the vector in the O(N) model and from the fermion in the O(N)
Gross-Neveu model, match the singletons and the spectra underlying the Type
A and B model, respectively. Supersymmetric extensions of these dualities
have also been considered [LP03, SS03], in particular based on the minimal
N = 1 superalgebra hs(1|4) ⊃ osp(1|4) with generators given in Eq. (6.26).
The hs(1|4) higher spin gauge theory was formulated in Article I and was ex-
amined in an N = 1 superspace in Article II. It includes the Type A and B
models as truncations. The boundary dual is given by an N = 1 extension
of the O(N) model, which similarly includes the vector model and the Gross-
Neveu model as truncations. The scalar and the pseudo scalar of the bulk
higher spin gauge theory couples to the boundary scalar current bilinear in the
vector and fermion, respectively.

The field equations in Eqs. (6.59) and (6.60) are integrable in the sense de-
scribed above. As a consequence (cf. Eq. (6.40)), they stay invariant under the
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gauge transformations

δ Φ̂ = Φ̂� π̄(ε̂)− ε̂ � Φ̂ ,

δ Â = Dε̂ = dε̂ + Â� ε̂− ε̂ � Â , (6.68)

where the gauge parameter ε̂ is an adjoint zero form, i.e.

τ(ε̂) = −ε̂ , ε̂† = −ε̂ . (6.69)

Note that these transformations include higher spin gauge transformations as
well as diffeomorphisms δ Â = {d, iξ}Â, with ξ = ξ µ∂µ ; the latter being given
by field dependent gauge transformations with ε̂ = iξ Â.

Given the initial conditions

Φ̂(x;y, ȳ;0,0) = Φ(x;y, ȳ) , Âµ(x;y, ȳ;0,0) = Aµ(x;y, ȳ) , (6.70)

Âα(x;y, ȳ;0,0) = 0 , (6.71)

Eqs. (6.59) and (6.60) can be solved iteratively [SS02b] by making the ansatz

Φ̂ =
∞

∑
n=1

Φ̂(n) , Âµ =
∞

∑
n=0

Â(n)
µ , Âα =

∞

∑
n=0

Â(n)
α , (6.72)

where the nth iteration contain n powers of Φ. After imposing the gauge con-
dition Â(0)

α = 0, the constraints F̂αβ̇ = 0, F̂αβ =− i
2 εαβ V (Φ̂�κ) and D̂αΦ̂ = 0

determine the nth order contribution to Φ̂ and Âα to be

Φ̂(n) = zα
n−1

∑
j=1

∫ 1

0
dt
(

Φ̂( j) � π̄(Â(n− j)
α )− Â(n− j)

α � Φ̂( j)
)∣∣∣

z→tz,z̄→tz̄
+h.c. ,

Â(1)
α = − ib1

2
zα

∫ 1

0
tdtΦ(−tz, ȳ)κ(tz,y) ,

Â(n)
α = zα

∫ 1

0
tdt
(
− i

2V (n) +
n−1

∑
j=1

Â( j)β � Â(n− j)
β

)∣∣∣
z→tz,z̄→tz̄

+z̄α̇
n−1

∑
j=1

∫ 1

0
[Â( j)

α , Â(n− j)
β̇

]�
∣∣∣
z→tz,z̄→tz̄

, n≥ 2 (6.73)

where the replacements indicated by the arrow are to be done after the �-
products have been performed and where V (n)(Φ̂ � κ) is nth order in Φ. Fur-
thermore, the constraint F̂µα = 0 determines the Âµ expansion to be

Âµ =
1

1+∑∞
n=1 L̂(n)

Aµ , (6.74)
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where

L̂(n)( f̂ ) =−i
∫ 1

0

dt
t

[
Â(n)α �

( ∂ f̂
∂ zα −

∂ f̂
∂yα

)
+
( ∂ f̂

∂ zα +
∂ f̂
∂yα

)
� Â(n)α +h.c.

]∣∣∣ .
Finally, the remaining constraints F̂µν = 0 and D̂µΦ̂ = 0 give the space-time
field equations

Fµν = −2
∞

∑
n=1

n

∑
j=0

(
Â( j)

[µ � Â(n− j)
ν ]

)∣∣∣
z=z̄=0

, (6.75)

DµΦ =
∞

∑
n=2

n

∑
j=1

(
Φ̂( j) � π̄

(
Â(n− j)

µ
)− Â(n− j)

µ � Φ̂( j)
)∣∣∣

z=z̄=0
, (6.76)

where F = dA+A∧�A is the hs(4) covariant curvature and the twisted adjoint
derivative is given by

DΦ = dΦ+A�Φ−Φ� π̄(A) . (6.77)

To get covariant Lorentz transformation properties of the component fields in
Aµ , a field redefinition is needed [Vas99]. This is achieved by

Aµ = Ωµ +Wµ +Kµ , Kµ ≡ iωµ
αβ(Âα � Âβ

)∣∣
z=z̄=0−h.c. ,

where we have separated out Ω = ω +e defined in Eq. (6.56) and W containing
the higher spin gauge fields defined in Eq. (6.55).

By treating the spin 2 gauge fields as strong and the remaining s > 2 higher spin
gauge fields contained in W = A−Ω−K as well as the scalar field contained
in Φ as weak, one can define a weak-field expansion. By expanding Eqs. (6.75)
and (6.76) to first order in Φ and W , we get the constraints

R +F = −{Ω, L̂(1)(Ω)}�
∣∣
z=z̄=0 (6.78)

= −ib1eαα̇ ∧
(

eα̇
β ∂ 2Φ

∂yα∂yβ

∣∣∣
ȳ=0

+ eα
β̇ ∂ 2Φ

∂ ȳα̇∂ ȳβ̇

∣∣∣
y=0

)
,

∇Φ+{e,Φ}� = 0 , (6.79)

where R = dΩ + Ω∧ �Ω and F = dW + {Ω,W}� are the so(3,2) covariant
gravitational and linearized higher spin curvatures, respectively, and where the
Lorentz covariant derivative is defined by ∇Φ = dΦ+[ω,Φ]�. b1 selects either
the Type A model (6.66) (b1 = 1) or the Type B model (6.67) (b1 = −i). At
the linearized level, however, b1 can be absorbed into Φ by a field redefinition.
The constraints above are integrable to the leading order, and should be sup-
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plemented by the Bianchi identity d(R +F ) = [R +F ,Ω +W ], as well as
the gauge transformations δΦ = 0 and δA = Dε , cf. Eq. (6.68). By expanding
F into levels, Eq. (6.78) can be written in the component form

Rαβ ,γδ = Φ(0)
αβγδ , Rαβ ,γ̇ δ̇ = 0 , Rαβ ,γδ̇ = 0 , (6.80)

F
(�)
αβ ,γ1...γ2�

= Φ(�)
αβγ1...γ2�

, F
(�)
αβ ,γ̇1...γ̇m γ̇m+1...γ̇2�

= 0 ,

m = 0,1, . . . ,4�+1 , � = 1,2, . . . , (6.81)

where Rαβ ,γδ is the chiral part of the so(3,2) covariant Riemann tensor

Ra
b = 1

2Rµν ,a
bdxµ ∧dxν = dΩa

b +Ωa
c∧Ωc

b , (6.82)

Rab,c
d = ea

µeb
νRµν ,c

d , Rαβ ,γδ = 1
4(σab)αβ (σ cd)γδ Rab,cd ,

and F
(�)
αβ ,γ1...γ2�

are generalized spin s = 2�+ 2 (chiral) Riemann tensors. ea
µ

is the inverse vierbein, defined by ea
µeµ

b = δ b
a . Furthermore, Eq. (6.79) takes

the component form

∇α
α̇Φ(�)

β1...βm

β̇1...β̇n = iΦ(�)
αβ1...βm

α̇β̇1...β̇n− imnεα(β1εα̇(β̇1Φ(�)
β2...βm)

β̇2...β̇n) ,

|m−n|= 4�+4 � =−1,0,1,2, . . . . (6.83)

From Eqs. (6.80) and (6.81) we thus identify Φ(0)
αβγδ and Φ(�)

α1...α2s as the Weyl
tensor and the generalized spin s Weyl tensors, respectively. The conditions on
the components of R are equivalent to the Einstein equation with a non-zero
cosmological constant λc.c. < 0. To see this, we note the following relation
between the so(3,2) covariant curvature R and the Lorentz covariant curvature
R(ω):

R = R+λc.c.e∧ e+T , T ≡ ∇e = 0 , (6.84)

where the cosmological constant λc.c.∼ 1/R2 has been temporarily introduced.
The latter zero torsion condition follows from Eq. (6.80) with the identification
Tαβ ,γδ̇ = Rαβ ,γδ̇ . Eqs. (6.80) and (6.84) are thus equivalent to the Einstein
equation

Rµν − 1
2 gµνR+λc.c.gµν = Tµν , (6.85)

where the stress-energy tensor Tµν vanishes to the leading order in the weak
field expansion. Higher order terms in the weak field expansion give rise to
non-trivial interactions between the higher spin fields and consequently con-
tribute to the stress-energy tensor, see Ref. [KR03] where the scalar field con-
tributions were examined. From Eqs. (6.80) and (6.81) it follows that the phys-
ical degrees of freedom at levels � ≥ 1 are contained in the spin s = 2� + 2
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higher spin gauge fields

hµ1...µs ≡ (σµ2)
α2α̇2 · · ·(σµs)

αsα̇sW (�)
µ1α2...αsα̇2...α̇s

, (6.86)

where W (�)
µα1...αs−1α̇1...α̇s−1

are defined in Eq. (6.55), and that the remaining com-

ponents W (�)
µα1...αmα̇1...α̇n

, for |m− n| ≥ 2, m + n = 4� + 2, are auxiliary gauge
fields that can be solved for in terms the physical gauge fields. By going to
a physical gauge [SS02b], one finds the metric-like formulation of free mass-
less higher spin gauge fields introduced by Frønsdal [Fro78, dWF80] in which
hµ1...µs represents doubly traceless symmetric tensors obeying the field equa-
tions and gauge transformations

�hµ1...µs−∂(µ1∂ νhµ2...µs)ν +∂(µ1∂µ2hν
µ3...µs)ν

−m2
s hµ1...µs−2g(µ1µ2hν

µ3...µs)ν = 0 , (6.87)

δξ hµ1...µs = ∂(µ1ξµ2...µs)−double traces , (6.88)

where gµν = eµ
aeν

bηab is the AdS background metric and where the masses
m2

s agree with the masses in Eq. (2.43). The linearized analysis of the higher
spin gauge fields consequently fits nicely with historical results12.

Combining the m = n = 0 and m = n = 1 component equations in (6.83) one
finds the scalar field equation

(∇µ∇µ −M2
0)φ = 0 , M2

0 R2 = −2 , (6.89)

where φ is defined in Eq. (6.53). The mass coincides with the mass of a mass-
less scalar in the representation D(1,0), following from the relation E0(E0−
3) = m2R2 in Eq. (2.26). By performing a similar analysis for the higher spin
Weyl tensors, one finds the field equations

(∇µ∇µ −M2
s )Φ(�)

α1...α2s = 0 , M2
s R2 = −2(s+1) , (6.90)

thus yielding the proper mass terms in Eq. (2.45) associated with the mass-
less representations D(s+1,s) having Lorentz representations h = {s,s}. The
mixed components in Eq. (6.83) implies that Φ(�)

α1...α2s+m
α̇1...α̇m , with m = 1,2, . . .

are auxiliary fields, expressible in terms of derivatives of the scalar field and
the spin s = 2�+2 Weyl tensors, viz.

Φ(�)
αα1...αmα̇α̇1...α̇n

= −i∇αα̇Φ(�)
α1...αmα̇1...α̇n

. (6.91)

12Recent findings [FS02, FS03] demonstrates that the double trace conditions on the higher
spin gauge fields are in fact redundant, and result only after a gauge fixing in a more general
framework.
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Let us finally note that, a priori, there is no preferred reason for singling out
the spin 2 fields in the weak field expansion. A more natural scheme from the
higher spin gauge theory perspective would be to treat all the higher spin gauge
fields on an equal footing. To achieve this, the spacetime M4 base manifold
has be replaced with some infinite dimensional generalization (analogous to
superspace), thus requiring a notion of some kind of generalized (higher spin)
geometry {xµ1...µs−1}s. This choice in adding extra coordinates is a character-
istic for unfolded systems and was illustrated in Article II for a different case.
There, we chose an N = 1 superspace as the base manifold of the hs(1|4)
higher spin gauge theory and showed its equivalence with the theory in ordi-
nary spacetime examined in Article I.

6.2.2 Higher Spin Theory using Vector Oscillators

Recently, [Vas04a] Vasiliev has proposed models of interacting totally sym-
metric higher spin gauge fields in any dimension D based on the symmetry
algebras and realizations given in Subsection 6.1.3. In Article V, these mod-
els were argued to follow from a certain marginal deformation of the sp(2,R)
gauged bit model. Also, a geometrical meaning to the ZA

i oscillator was given
which is needed to write down field equations in terms of bilocal master fields,
analogous to the constructions in Subsection 6.2.1. The relevant properties of
the Y A

i and ZA
i oscillator algebras as well as their induced Moyal-Weyl star

product algebra is given in Appendix A.2.

Analogously to the spinor formulation, the vector formulation relies on the in-
troduction of a master zero form Φ̂(x,Y,Z) and a master one form Â(x,Y,Z) =
dxµ Âµ +dZiAÂiA which take values in the twisted adjoint and the adjoint rep-
resentation, respectively,

τ(Â) = −Â , Â† = −Â , (6.92)

τ(Φ̂) = π(Φ̂) , Φ̂† = π(Φ̂) , (6.93)

with the π map and the τ map acting on the oscillators as

π(Y a
i ) = +Y a

i , π(Yi) =−Yi , τ(Y A
i ) = +iY A

i , (6.94)

π(Za
i ) = +Za

i , π(Zi) =−Zi , τ(ZA
i ) = −iZA

i , (6.95)

where we recall that Y a
i = Y A

i VA
a and Yi = Y A

i VA etc. The π map is realized
using the oscillators by conjugation with κ ≡ exp(iZiYi) = κ† = τ(κ):

π( f̂ ) = κ � f̂ �κ . (6.96)
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The off-shell master field equations in the extended spacetime MD×MZ of
the minimal bosonic higher spin theory based on ho(D−1,2) take the form

F̂ = i
2 dZi∧dZiΦ̂�κ , D̂Φ̂ = 0 , (6.97)

where the curvatures are given by

F̂ = dÂ+ Â∧�Â , D̂Φ̂ = dΦ̂+[Â,Φ̂]�,π , (6.98)

with the “π-tator” defined by [ f̂ , ĝ]�,π = f̂ � ĝ− ĝ � π( f̂ ). Note that “source”
term explicitly breaks so(D− 1,2) invariance down to Lorentz invariance.
These integrable constraints are of the form in Eqs. (6.41) and (6.42) and are
consequently invariant under the gauge transformations

δε̂ Â = D̂ε̂ , δε̂Φ̂ = −[ε̂,Φ̂]�,π , (6.99)

where ε̂ is an adjoint zero form. In addition, they stay invariant under global
sp(2,R) gauge transformations.

A model consisting of sp(2,R) singlet Lorentz tensors arises from the follow-
ing invariance conditions on the master fields

[K̂i j,Φ̂]π = 0 , D̂K̂i j = 0 , (6.100)

where the full sp(2,R) generator in the interacting theory is realized as

K̂i j = Ki j(Y )+
1
2

(
ŜA

(i � Ŝ j)A−ZA
i Z jA

)
, ŜA

i = ZA
i −2iÂA

i .

(6.101)

Note that the first and second condition removes the sp(2,R) non-singlet in the
zero- and one-form, respectively.

Treating the scalar field, the higher spin gauge fields and all curvatures are
treated as weak fields, the linearized constraints can be shown to describe an
off-shell higher spin multiplet with physical content given by

• a massless scalar field φ ;
• a vielbein eµ

a;
• a tower of real higher spin gauge fields φa1...as , s = 4,6,8, . . . in sl(D) repre-

sentations h = {s}.
The resulting spin s = 2�+2 generalized Riemann tensors, constructed out of
s derivatives of φa1...as , at levels �≥ 0 are off-shell in the sense that they contain
non-zero trace parts.
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There are two approaches in obtaining dynamical field equations starting from
the system above. The first is based upon a strong sp(2,R) condition on the
0-form [SSS05]

K̂i j � Φ̂ = 0 , (6.102)

which eliminates the trace parts of the component fields. In fact, there is no
need to introduce an additional constraint on the one-form since the gauge
fields in it adjust to the source through the equation F̂ = Φ̂� Ĵ′. The trace parts
of the component fields in Â turns out to be pure gauge. The constraints can be
integrated and shown to incorporate the local geometric compensator formula-
tion of Francia–Sagnotti [FS02, FS03]. The conventional Frønsdal formulation
[Fro78] is recovered after a gauge fixing of the compensators. Furthermore, the
generalized on-shell Weyl tensors carry Lorentz representations h = {s,s} and
satisfy Klein-Gordon-like field equations analogous to Eq. (6.90) with masses
given in Eq. (2.45).

In the second approach [Vas04b, SSS05] the elimination of the traces is ac-
complished by multiplying the both master equations by an sp(2,R) projector
M̂ with has the property that K̂i j � M̂ = 0. The resulting weakly sp(2,R)
projected constraints read

F̂ � M̂ = i
2 dZi∧dZiΦ̂�κ � M̂ , (6.103)

D̂Φ̂� M̂ = 0 . (6.104)

These constraints are invariant under shifts of the master fields by ideal ele-
ments which can be used to eliminate the trace parts in the component fields.

The relation between the approaches involving the weak and the strong pro-
jections remains to be uncovered. In Article V, we found that the massless
sector of the phase-space sigma-model, which was reformulated as an open
topological string model, result in weakly projected field equations.
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7 Epilogue

It is interesting to note the similarities between the constructions of Yangian al-
gebras Y [g] [Dri85, Ber93, Mac04] and higher spin algebras hs[g], the former
presumably being a deformation of the latter. In the case of Super Yang-Mills
Theory and Type IIB String Theory in AdS5×S5, the deformation is governed
by λ = T 2R4 [DNW03, DNW04]. In the languange of spin chains, each ul-
tralocal site is a free parton described by a psu(2,2|4) supersingleton S which
is a fundamental representation of the higher spin superalgebra hs(2,2|4). The
one-loop deformation not only enlarge the the universal enveloping algebra
U [psu(2,2|4)], by giving rise to new generators, but also deform the Lie al-
gebra structure. The resulting Hopf algebra Y [psu(2,2|4)] is equipped with
non-trivial coproducts and consequently relate different sites, which in the par-
ticular case of cyclic spin chains only act on nearest neighbors. In other words,
the deformation corresponds to introducing interactions between the sites.

The Yangian will most likely be instrumental in the quest for understanding
string quantization in AdS5×S5 as well as for the AdS/CFT correspondence.
Just as history has taught us, however, the desire to formulate the theory di-
rectly in terms of physical “observables” should not forego the necessity of
understanding the unbroken phases of the theory as we have tried to stress in
the thesis.

Our understanding of string quantization in curved backgrounds is accordingly
still highly unsatisfactory. Ironically, one of the major drawbacks of string
theory is its background dependence induced via the general covariance. Ul-
timately, a more fundamental formulation is desirable in which spacetime be-
comes “dynamically reconstructed”. At the same time, it is appealing to think
of an underlying background covariant quantum master equation not associ-
ated with any fundamental mass scale and which is based on some unique
gauge symmetry algebra. Known physics, such as string/M-theory, would
appear upon expanding around particular backgrounds, possibly possessing
residual gauge symmetries. One small step in these directions may be offered
by the formalism used in Vasiliev’s formulation of higher spin gauge theories,
viz. the theory of unfolded dynamics. Although unconventional, we should not
disregard theories which has the capacity of explaining features that our exist-
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ing models do not. To conclude in this spirit, new aspects of string/M-theory
may be appreciated by interpreting their known attributes differently and fur-
ther by resorting to alternative theories outside their realm, not being biased by
conventional thoughts. Or to put in the words of E. Schrödinger

“The task is not so much to see what no one has yet seen; but to think what
nobody has yet thought, about that which everybody sees”.
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A Moyal-Weyl Star Products

A.1 Spinor Oscillators

The oscillator algebras in Eq. (6.17) can be realized by introducing a Moyal-
Weyl star product � acting on Weyl-ordered functions of the oscillators. The
integral and differential representations of the product read

F(y, ȳ)�G(y, ȳ) =
∫

[dudv]ei(uα vα+ūα̇ v̄α̇ )F(y+u, ȳ+ ū)G(y+ v, ȳ+ v̄)

= F(y, ȳ)exp

(
i
←−
∂

∂yα

−→
∂

∂yα
+ i
←−
∂

∂ ȳα̇

−→
∂

∂ ȳα̇

)
G(y, ȳ) , (A.1)

where the integration measure has been chosen such that F � I = F and where←−
∂ and

−→
∂ act to the left and right, respectively. The oscillators (yα , ȳα̇) obey

yα � yβ = yαyβ + iεαβ , yα � ȳβ̇ = yα ȳβ̇ , (A.2)

ȳα̇ � ȳβ̇ = ȳα̇ ȳβ̇ + iεα̇β̇ , ȳα̇ � yβ = ȳα̇yβ , (A.3)

where juxtaposition of the oscillators means Weyl ordering. By defining the
star commutator and star anticommutator

[A,B]� ≡ A�B−B�A , {A,B}� ≡ A�B+B�A , (A.4)

we see that the oscillator algebra in Eq. (6.17) follows, e.g. [yα ,yβ ]� = 2iεαβ .

When doing explicit calculations, it is convenient to introduce the concept of
contractions which we define as

yαF(y, ȳ) ≡ 1
2 [yα ,F(y, ȳ)]� = i

∂
∂yα F(y, ȳ) , (A.5)

so that e.g. yα �yβ = yαyβ +yαyβ . The contraction rules for ȳα̇ are completely
analogous. As a rule, when commuting (anticommuting), only odd (even)
numbers of contractions survive. sl(2,C) indices are raised/lowered according
to the rules

V α = εαβVβ , Vα = V β εβα , (A.6)
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where

εαγεβγ = εβ
α = δ α

β , (A.7)

and similarly for the dotted α̇, β̇ , . . . indices.
The auxiliary twistor space Mz,z̄ is described by the Grassmann even spinors
(zα , z̄α̇), where z̄α̇ = (zα)†. Under the π and τ maps, defined for the (yα , ȳα̇)
oscillators in Eqs. (6.19) and (6.22), respectively, the twistor coordinates trans-
form according to

π(zα) = −zα , π̄(zα) = +zα , τ(zα) = −izα , (A.8)

π(z̄α̇) = +z̄α̇ , π̄(z̄α̇) = −z̄α̇ , τ(z̄α̇) = −iz̄α̇ . (A.9)

The associative algebra of Weyl-ordered functions in the extended oscillator
space (yα , ȳα̇ ;zβ , z̄β̇ ) obey a star product [Vas91, Vas92] with integral and dif-
ferential representations

F̂(y, ȳ;z, z̄)� Ĝ(y, ȳ;z, z̄) =
∫

[dudv]ei(uα vα+ūα̇ v̄α̇ )F̂(y+u, ȳ+ ū;z+u, z̄+ ū)

×Ĝ(y+ v, ȳ+ v̄;z− v, z̄− v̄) (A.10)

= F̂ exp
(

i
←−
∂ (+)α−→∂ (−)

α + i
←−
∂ (−)α̇−→∂ (+)

α̇

)
Ĝ , (A.11)

where ∂ (±)
α = ∂ (z)

α ±∂ (y)
α . In particular, the (zα , z̄α̇) oscillators obey

zα � zβ = zαzβ − iεαβ , zα � z̄β̇ = zα z̄β̇ , (A.12)

z̄α̇ � z̄β̇ = z̄α̇ z̄β̇ − iεα̇β̇ , z̄α̇ � zβ = z̄α̇zβ , (A.13)

and the star products between (yα , ȳα̇) and (zα , z̄α̇) oscillators become

zα � yβ = zαyβ + iεαβ , zα � ȳβ̇ = zα ȳβ̇ , (A.14)

z̄α̇ � ȳβ̇ = z̄α̇ ȳβ̇ − iεα̇β̇ , z̄α̇ � yβ = z̄α̇yβ . (A.15)

The above relations result in the following algebra

[zα ,zβ ]� = −2iεαβ , [z̄α̇ , z̄β̇ ]� = −2iεα̇β̇ , (A.16)

with other commutators vanishing.

A.2 Vector Oscillators

The integral and differential representations of Moyal-Weyl star product acting
on Weyl-ordered functions of the vector oscillators Y A

i =
√

2(XA,PA) take the
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form

F(Y )�G(Y ) =
∫

[dSdT ]eiSAiT A
i F(Y +S)G(Y +T ) ,

= F(Y )exp

(
i
←−
∂

∂Y A
i

−→
∂

∂Y B
j

ηABε ji

)
G(Y ) , (A.17)

where the normalization of the measure has been chosen so that F � I = F ,
viz. [dSdT ] = d2(D+1)Sd2(D+1)T/(2π)2(D+1). In particular, a single pair of os-
cillators obey

Y A
i �Y B

j = Y A
i Y B

j + iηABεi j , (A.18)

thus realizing vector oscillator algebra (5.4)

[Y A
i ,Y B

j ]� = 2iηABεi j . (A.19)

Contractions are defined as

Y AF(Y ) ≡ 1
2 [Y A

i ,F(Y )]� = iηABε ji
∂

∂Y B
j

F(Y ) , (A.20)

so that Y A
i �Y B

j = Y A
i Y B

j +Y A
i Y B

j . We use conventions in which sp(2,R) tensors
indices are raised/lowered as

V i = ε i jVj , Vi = V jε ji , (A.21)

where

ε ikε jk = ε j
i = δ i

j . (A.22)

In the extended non-commutative internal space MZ , the star product of Weyl
ordered functions of the oscillators Y A

i and ZA
i take the form

f̂ (Y,Z)� ĝ(Y,Z) =
∫

[dSdT ]eiT AiSAi f̂ (Y +S,Z +S)ĝ(Y +T,Z−T ) ,

with the same integration measure as above. The additional fundamental star
products and non-zero commutation relations between the Y A

i and ZA
i oscilla-

tors read

ZA
i �Y B

j = ZA
i Y B

j + iηABεi j , Y A
i �ZB

j = Y A
i ZB

j − iηABεi j , (A.23)

ZA
i �ZB

j = ZA
i ZB

j − iηABεi j , [ZA
i ,ZB

j ]� = −2iηABεi j . (A.24)
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Summary in Swedish

Dualiteter, Symmetrier och Obrutna faser i Sträng-
teori

En Utforskning av Strängens Sammansatta Natur

Partikelfysik beskrivs i allmänhet av relativistiska kvantfältteorier med vars
hjälp vi kan beskriva naturen med anmärkningsvärd precision. Som namnet
antyder är dessa teorier förenliga med kvantfysikens premisser samt även med
relativitetsteorins lagar förutsatt att all inblandning från gravitation försum-
mas. De bygger vidare på postulerade, ofta abstrakta, symmetriprinciper som
vi idag inte kan härleda ur mer fundamentala teorier och som inte kan uppfattas
härstamma i några geometriska konstruktioner eller liknande. En avgörande
symmetri är den sk gaugesymmetrin, en lokal rumtidssymmetri som kan as-
socieras till masslösa partiklar och som ger upphov till de gaugeteorier vilka
underligger i stort sett alla dagens teorier för partikelfysik.

Dessa gaugeteorier beskriver partiklar som inte har någon rumslig utsträckn-
ing, dvs partiklar som är punktformiga och som därmed sveper ut en linje i
rumtiden. Lite förenklat uttryckt beskriver varje gaugeteori en punktpartikel
och dess dynamik. Varje partikel karakteriseras av den massa och det spinn
den har. Medan den förra egenskapen enkelt kan förstås intuitivt är den senare i
strikt mening en inneboende kvantmekanisk egenskap men som man naivt kan
föreställa sig som en rotation kring partikelns egen axel. I strängteori däremot
ges partiklar och deras inbördes växelverkan en helt annan betydelse. Till skill-
nad från en partikel som sveper ut en linje i rumtiden sveper en sträng istället
ut en yta. I strängteorin tolkas t ex varje partikel som en speciell vibrations-
mod hos strängen. Strängspektrumet består av ett fåtal masslösa partiklar samt
ett torn av massiva partiklar. I denna mening förenar, eller unifierar, strängen
partiklar av olika slag samt beskriver deras dynamik på ett enhetligt sätt.

En allmän kvantfältteori är inte väldefinierad. I själva verket är bara en bråkdel
av alla teorier av detta slag renormerbara, en teknisk egenskap som alla da-
gens partikelteorier besitter. Om man däremot dessutom ställer kravet att teorin
skall vara supersymmetrisk återstår bara en handfull teorier. Supersymmetri är
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en symmetri som relaterar bosoner, som består av de kraftpartiklar som bär på
ett heltaligt spinn, till fermioner, som i sin tur består av de materiepartiklar som
bär på ett halvtaligt spinn. Denna supersymmetriska klass av teorier uppför sig
väsentligt bättre än de icke-supersymmetriska och kan i vissa fall t o m lösas
exakt, vilket är väldigt ovanligt inom fysiken. Supersymmetri visar sig vara en
nödvändig ingrediens i strängteori. Det finns fem väldefinierade strängteorier
som alla är supersymmetriska och vilka i själva verket alla är del av en och
samma M-teori.

Avhandlingen behandlar vissa aspekter av kvantfältteorier, strängteorier samt
M-teorin. Det övergripande syftet är att erhålla en bättre förståelse för de sym-
metrier och strukturer som underligger dessa teorier, speciellt de två senare.
Detta utreds bl a genom att studera högre-spinn-gaugeteorier och den alternati-
va beskrivningen av “observabler” i Super-Yang-Mills-teori som spinn-kejdor.

En mycket speciell supersymmetrisk gaugeteori i fyra rumtidsdimensioner som
behandlas i denna avhandling utgörs av N = 4 Super-Yang-Mills-teori. Den-
na teori är utrustad med ytterligare en konform symmetri samt med vissa dolda
symmetrier, som går under namnet integrabla strukturer, som inte finns till-
gängliga i en allmän gaugeteori. En intressant egenskap med denna teori är att
den kan omformuleras som en strängteori i en rumtidsdimension högre, dvs i
fem dimensioner. Mer i detalj säger denna sk AdS/CFT-korrespondans att en
teori ingående i en viss klass av gaugeteorier tillåter en alternativ beskrivn-
ing i form av en strängteori i ett krökt universum kallad anti-de Sitter-rumtid
(AdS). Denna dualitet är än så länge bara en förmodan som bara har testats
i vissa sektorer och som måste bevisas formellt för att ges en fastare grund.
AdS/CFT-korrespondansen har i vilket fall som helst, sann såsom falsk, öpp-
nat för nya domäner för strängteoretikerna att undersöka.

Gaugeteorierna ovan bygger alltså på gaugesymmetrier och beskriver partik-
lar som intrinsiskt är masslösa. I denna avhandling ställs frågan huruvida det
finns en analog fas av strängteorin i vilken det också finns gaugesymmetri-
er av något slag, samt om partiklarna i strängspektrumet i denna fas även
blir masslösa. Intressant nog visar det sig att i en anti-de Sitter-rumtid finns
det en obruten fas i vilken strängen “löses upp” i mindre beståndsdelar och
i vilken en symmetriförhöjning inträder. Modeller baserade på dessa högre-
spinn-gaugesymmetrier är förvånansvärt rika och innehåller inte bara Maxwells
teorier för ljuspartiklar och Einsteins gravitationsteorier, som definierar teorier
för masslösa partiklar med spinn ett och två, utan även motsvarande teorier för
masslösa partiklar av högre spinn. Modeller för masslösa partiklar av godty-
ckligt spinn kan alltså förenas in ett gemensamt ramverk i en anti-de Sitter-
rumtid, i motsats till i platt rumtid. Även denna modell ges en tolkning i den
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ovan nämnda dualiteten mellan en teori innehållande gravitation och en kvant-
fältteori utan.

I avhandlingen konstateras det således att det finns underliggande integrabla
strukturer (dolda symmetrier) samt gaugesymmetrier vars innebörd vi bara har
börjat att förstå och som med all sannolikhet kommer att vara ledstjärnor i den
främsta utmaningen strängteoretikerna står inför idag – att kvantisera strängen
i en krökt rumtid. De viktigaste (tekniska) resultaten som redovisas i avhan-
dlingen är:

• En hypotes framläggs som klargör hur gaugesymmetrier dyker upp i en
obruten fas av strängteori. Identifiering av hur singletoner, partiklar som
utgör de fundamentala byggstenarna i en anti-de Sitter-rumtid, uppkommer
som bundna kvantmekaniska tillstånd i strängen. En uppsättning singletoner
behandlas i ett gemensamt ramverk och det hävdas att de utgör de funda-
mentala frihetsgraderna i den obrutna fasen. En analys av singletonsträngar
inleds;
• Supersymmetriska varianter av Vasilievs modeller för masslösa högre-spinn-

partiklar in fyra rumtidsdimensioner behandlas. Den minimalt supersym-
metriska modellen formuleras i ett super-rum vilket illustrerar hur valet av
basmångfald kan varieras inom formalismen för dessa modeller. Det visas
även att Vasilievs ekvationer har sitt ursprung i en deformation av single-
tonmodellen;
• En integrabel sektor i Super-Yang-Mills-teori samt i klassisk strängteori i

en anti-de Sitter-rumtid börjar avtäckas. Speciellt identifieras resolventen
som generatorn för konserverade laddningar i fältteorin vilken i den duala
klassiska strängteorin kan beskrivas med en motsvarande generator erhållen
från Bäcklundtransformationer.
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