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ABSTRACT

Ekman, M. 2005: Modeling and Control of Bilinear Systems: Applications to the
Activated Sludge Process. Written in English. Acta Universitatis Upsaliensis.
Uppsala Dissertations from the Faculty of Science and Technology 65. 231 pp. Upp-
sala, Sweden. ISBN 91-554-6342-8

This thesis concerns modeling and control of bilinear systems (BLS). BLS are
linear but not jointly linear in state and control.

In the first part of the thesis, a background to BLS and their applications to
modeling and control is given. The second part, and likewise the principal theme of
this thesis, is dedicated to theoretical aspects of identification, modeling, and control
of mainly BLS, but also linear systems. In the last part of the thesis, applications of
bilinear and linear modeling and control to the activated sludge process (ASP) are
given.

In the system identification part of the thesis special emphasis is devoted to
errors-in-variables (EIV) problems for linear as well as bilinear systems. The pa-
rameter estimation problem for continuous-time BLS is also investigated. One main
point is that both the EIV problem and the continuous-time BLS parameter esti-
mation problem can be treated as separable least-squares (LS) problems. A new
bias-eliminating approach, based on a compensated LS solution of an overdetermined
system of equations and separable LS, is introduced for identification of parameters
in dynamic linear and bilinear systems with EIV, and for parameter estimation of
continuous-time BLS.

Two different strategies for controlling BLS are investigated. Firstly, a suboptimal
control law for the continuous-time BLS is introduced. Secondly, a model predictive
control (MPC) algorithm for discrete-time BLS is presented.

The last part of the thesis is focused on applications to wastewater treatment
plants (WWTP’s). Reduced order time varying bilinear state-space models for the
ASP are derived and used for control applications. An adaptive control strategy for
control of the nitrate level in an ASP is also suggested. Finally, a supervisory aeration
volume control strategy for an ASP is discussed. The control strategy is evaluated in
a simulation study as well as in a real pilot plant.
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Svensk Sammanfattning

Modellering, estimering och reglering av bilinjära
system med tillämpning p̊a aktivslamprocessen

DENNA avhandling behandlar modellering, identifiering och reglering av
bilinjära dynamiska system. Dessa kan betraktas som linjära system givna

p̊a tillst̊andsform, utökade med en extra olinjär term best̊aende av produkten
av tillst̊andsvariabler och insignaler.

Avhandlingens första del, Kapitlen 1 och 2, syftar till att ge en allmän
bakgrund till bilinjära system, deras egenskaper och tillämpningar inom model-
lering och reglering. I den andra delen, Kapitlen 3-6, presenteras avhand-
lingens huvudtema, som är identifiering, modellering och reglering av bilinjära,
och i viss m̊an även linjära system, betraktat ur ett antal teoretiska synvinklar.
I avhandlingens tredje del (Kapitlen 7-9) studeras reglertekniska tillämpningar
p̊a aktivslamprocessen i ett avloppsreningsverk.

Kapitlen 3 och 4 behandlar systemidentifiering, där tyngdpunkten ligger
p̊a att hantera s.k. EIV- (errors-in-variables) problem för s̊aväl linjära som
bilinjära system, dvs. att identifiera parametrar i system där b̊ade utsignaler
och insignaler är kontaminerade av brus. Ett annat problem som undersöks är
skattning av parametrar i tidskontinuerliga bilinjära system.

En av de viktigaste slutsatserna i avhandlingen är att de tv̊a ovan nämnda
problemställningarna kan behandlas som separabla minstakvadrat- (MK) pro-
blem. I Kapitel 3 presenteras en ny metod för att skatta modellparametrar
i dynamiska linjära och bilinjära system med EIV. Metoden baseras p̊a MK-
lösningen till ett överbestämt ekvationssystem där principen om separabel MK
tillämpas. Tillräckliga villkor ges för att garantera att parameterskattningarna
för EIV-problemet statistiskt konvergerar mot de sanna värdena. Genom simu-
leringar undersöks ocks̊a parameterskattningarnas noggrannhet. Samma MK-
metod som ovan, baserad p̊a principen om separabel MK, används även i Kapi-
tel 4 för att skatta modellparametrar i tidskontinuerliga bilinjära system. Här
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m̊aste dock, i ett först steg, den tidskontinuerliga modellen transformeras till
en tidsdiskret modell.

Tv̊a olika strategier för att reglera bilinjära system presenteras i avhand-
lingen. Den ena reglerstrategin beskrivs i Kapitel 5 och är given i kontinuerlig
tid. Den baseras p̊a lösningen till ett linjärkvadratiskt optimeringsproblem.
Den andra reglerstrategin, som presenteras i Kapitel 6, är baserad p̊a en MPC-
(model predictive control) algoritm för bilinjära system i diskret tid. B̊ada reg-
lerstrategierna undersöks genom numeriska experiment, där speciellt reglering
av aktivslamprocessen utvärderas via flera simuleringsstudier.

Den sista delen av avhandlingen fokuserar p̊a tillämpningar av reglerstrate-
gier för avloppsreningsverk. I Kapitel 7 härleds n̊agra lägre ordningens bilinjära
och linjära tillst̊andsmodeller som beskriver aktivslamprocessen. Syftet med
modellerna är att tillämpa modellbaserade reglerstrategier. I Kapitel 8 pre-
senteras en modellbaserad adaptiv styrstrategi för reglering av nitrathalten i
en aktivslamprocess. Regulatorn kan adaptera och kompensera för ändringar i
processen eftersom viktiga systemparametrar skattas on-line. Slutligen behand-
lar avhandlingens sista kapitel en överordnad reglerstrategi, där luftningsvoly-
merna i den aeroba delen av en aktivslamprocess styrs för att åstadkomma
optimering av kvävereduktionen. Styrstrategin utvärderas dels i en simuler-
ingsstudie och dels i ett sm̊askaligt avloppsreningsverk.



Chapter 1
Introduction

MATHEMATICAL modeling of dynamic systems is a basic scientific meth-
odology used in various disciplines of science and have found multidisci-

plinary applications. Many dynamical processes have been successfully mod-
eled by linear mathematical models, even if the very nature of the process is
nonlinear. Linear models are often adequate enough for describing the dynam-
ics of processes in steady-state operations if disturbances affecting the process
are small. This is one of the reasons for the popularity of using linear dynami-
cal models in system parameter identification. Moreover, linear system theory
and the ensuing control design have been well established for several decades.
For instance, the least-squares (LS) method and linear programming problems
are based on a fairly complete theory and arise in a variety of applications. On
the contrary, it cannot be claimed that nonlinear systems have a convenient
uniform theory. The platform on which existing powerful analysis tools for lin-
ear systems is resting on, is the superposition principle. It is a well-known fact
that the superposition principle is not valid for nonlinear systems. Therefore,
analysis tools for nonlinear systems involve more advanced mathematics, and
the tools for analysis and design are limited to special categories.

Even if linear system theory has contributed to valuable methodologies
for dynamical modeling, system identification, and control design, it has its
limitations. There are many situations where linear methodology is insufficient,
for example, when steady-states are changing abruptly or frequently. In such
situations it might be necessary to use nonlinear models in order to describe
the system more accurately.

Bilinear systems (BLS) embrace perhaps one of the simplest classes of non-
linear systems. BLS involve products of state and control, which means that
they are linear in state and linear in control but not jointly linear in state and
control. The input signal is commonly a control variable or a control function.
In many practical systems BLS arise as natural models. BLS may also be
utilized to approximate other nonlinear systems.
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4 1. Introduction

In this thesis the main theme is modeling and control of bilinear systems in
general. However, another important theme is of this thesis is application of
linear and bilinear modeling and control to the Activated Sludge Process (ASP).
The modeling part of this thesis involves system identification of both bilinear
and linear systems, with special emphasis on errors-in-variables, where the
principle of separable LS plays a major role. Some of the developed strategies
for modeling and control of bilinear systems are applied to the ASP. Control
strategies based on linear theory are also treated in the thesis.

One motive for the application of more advanced control strategies in the
operation of wastewater treatment plants (WWTP’s) is that during the last few
decades, wastewater treatment processes in urban water management have pro-
gressively become more efficient and complex. Several factors, such as urban-
ization, stricter legislations on effluent quality, economics, increased knowledge
of the involved biological, chemical and physical processes as well as techni-
cal achievements, have been important incentives for the development of even
more efficient procedures for wastewater treatment plants. Moreover, future
requirements on more sustainable urban water systems, in combination with
increasing wastewater loads, will most probably further increase the need for
optimization and control of both existing and emerging wastewater treatment
processes.

The thesis is divided into three parts; the first part contains a background
to BLS, including concepts like Volterra series representations, modeling, con-
trollability and sampling of BLS; the second part of the thesis is dedicated to
new contributions, which are dealt with also in the the third part. However,
whereas the second part discusses more theoretical aspects of modeling, identi-
fication and control of BLS as well as linear systems, the last part of the thesis
is focused on applications to WWTP’s and also contains results from control
strategies tested on a real WWTP.

The aim of this introductory chapter is to give a brief insight into BLS and
their applications to modeling and control. Section 1.2 presents an overview
of control strategies, models and simulators for WWTP’s, whereas Section 1.3
comprises a summary of current exploitation and future scenarios for infor-
mation systems in urban water systems. In Section 1.5 problem statements
are introduced. Thus, the section contains a description of the problems that
will be treated in the thesis, with focus on the theoretical parts. Section 1.4
presents some motives and questions that have been driving forces for the work
in this thesis. Finally, the outline and new contributions are given in Section
1.6. However, we proceed first with a brief introduction to BLS.

1.1 Bilinear systems

Bilinear systems (BLS) can be regarded as a simple nonlinear extensions of
linear systems, i.e. linear in state and control, with an extra nonlinear term
which is a product of state and control. Thus, BLS are nonlinear systems
characterized by some features of linear systems. A number of highly nonlinear
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systems can be approximated with a bilinear model. One example of this is
the time-varying bilinear model describing an ASP, derived in Chapter 7. A
change of variable may also lead to a BLS realization. Moreover, for some
applications an appropriate approximation of nonlinear systems is obtained by
including linear and bilinear terms in the Taylor approximation, which results
in a bilinear realization. One important motivation for studying in particular
BLS is that nonlinear systems which are affine in the input, i.e. the input
appears linearly, often can be bilinearized and, thus, well approximated by a
BLS. This bilinearization procedure is often called Carleman linearization and
will be studied in more detail in Chapter 2.

BLS arise as natural models for many dynamical processes. Some exam-
ples of dynamical processes that can be described by bilinear models are heat
conduction, the immune system, biomedical, biological, humoral and compart-
mental processes. Another example is the nuclear fission process which will be
studied in more detail below. A lucid overview of dynamical processes which
can be described by bilinear models, and typical applications of BLS, can be
found in Mohler [1991]. Other examples of BLS modeling are given in e.g.
Dunoyer et al. [1996] and Schwarz et al. [1996]. Overviews of BLS in theory
and applications are also given in Bruni et al. [1974] and Mohler and Kolodziej
[1980].

1.1.1 A Modeling Example – Nuclear Fission

In order to illustrate the basic structure of BLS we will begin with a simple
example of a process that can be modeled by a BLS. The following example
describes the neutron kinetics in nuclear fission. The derivation given here
follows that of Mohler [1991].

The net change in neutron population over one generation by neutron con-
servation is

dn

dt
= (k − 1)

n

l
, (1.1)

where k is the so called multiplication constant, i.e. the average number of
first-generation offspring per neutron death. The constant l is the mean prompt
neutron generation time, such that all neutrons are produced in t time, where
t � l. The size of l is in milliseconds or microseconds.

In (1.1) it is assumed that all neutrons are produced promptly. However,
small portions of neutrons also derive from unstable fission products, called
precursors. It has been observed that six groups of precursors are possible.
However, the neutron kinetics can be approximated by a single-precursor. The
model (1.1) can be modified to account for delayed neutrons by first subtracting
βn
l , where β is the portion of neutrons generated from the precursor. This,

together with the additional delayed neutrons emitted by the precursor, and
assuming that the delayed neutrons have the same effect on the process as that
of prompt fission neutrons, provide the following model around the desired
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design level

dn

dt
= ((k − 1) − β)

n

l
+ γc, (1.2)

dc

dt
= β

n

l
− γc, (1.3)

where c is an average precursor of the populations and γ is the corresponding
average decay. Assuming that k can be manipulated, we can chose u = (k− 1)
as the control variable affecting the fission process. Then (1.2)-(1.3) can be
written as the following state equation,

ẋ =
(−β

l γ
β
l −γ

)
x +

(
1
l 0
0 0

)
xu, (1.4)

where x = [n c]T . The state equation (1.4) is called a homogeneous bilinear
state equation. Next, the basic definition of BLS will be presented.

1.1.2 Basic Definitions

The BLS considered in this thesis will have the state-space form as follows:

dx(t)
dt

= A(t)x(t) +
m∑

i=1

Gi(t)x(t)ui(t) + B(t)u(t), (1.5)

y(t) = C(t)x(t), (1.6)

where x(t) ∈ R
n, u(t) = [u1(t), u2(t), . . . , um(t)]T ∈ R

m, y(t) ∈ R
p, (A(t), Gi(t))

∈ R
n×n, B(t) ∈ R

n×m and C(t) ∈ R
p×n. Usually, the vectors u(t) and y(t)

are referred to as the input and the output signal, respectively. Note that the
BLS in (1.5)-(1.6) is time varying. In most cases considered in this thesis the
system will be time-invariant, and we can drop the time dependence for the
matrices in (1.5)-(1.6). Even if the vectors x(t), u(t) and y(t) always depend on
the time variable t, we will now and then drop the time notation for simplicity
reason. For instance, the derivative of x(t) with respect to the time will often
be denoted ẋ. The notation of the bilinear term in (1.5) is sometimes simplified
and written as

∑m
i=1 Gixui = xGu, where

xGu =
n∑

j=1

Njuxj . (1.7)

xj is the scalar state and N ∈ R
n×m. Defining the kth column as Nj,k, we

have [N1,k,N2,k, . . . ,Nn,k] = Gk. It is also convenient to add an initial state
condition, x(0) = x0 to (1.5). This together with the assumption that the
system is time-invariant gives the following bilinear state equation

ẋ = Ax + xGu + Bu, x(0) = x0, (1.8)
y = Cx. (1.9)
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We have B = [b̄1, b̄2, · · · , b̄m], where b̄k means the kth column of B. Sometimes
the bilinear term in (1.5) is given in the form

m∑
i=1

Gixui = [G1 G2 . . . Gm]u ⊗ x = Gu ⊗ x, (1.10)

where G ∈ R
n×nm.

1.1.3 Parameter Identification

Identification of system parameters from observed input and output data is
a key issue in mathematical modeling. Even if a model is derived from basic
physical laws, it often contains a number of unknown parameters which have to
be estimated. Another way of constructing models, which differs from the mod-
eling based on physical insight, is system identification. A general description
of system identification involves model construction based on signals produced
from the system in question. Typically, the underlying physical mechanisms of
the system are unknown, or the properties of the system are changing in an un-
predictable manner. For such systems a particular model must be singled out
among a number of candidate models, which describes the observed data sat-
isfactorily. In general, the parameter estimates are selected so as to minimize
a criterion function and the modeling is based on statistical estimation theo-
ry. This technique of building mathematical models is often called black-box
modeling. Usually, the black-box models are linear parameter models.

Grey-box modeling is frequently referred to as parameter identification in
which some a priori knowledge of the process exists. For example, the model
might be entirely or partly based on physical relationships and laws but also
system disturbances that cannot be negligible. It is common that grey-box
models have non-linear structures. Since physical processes are inherently con-
tinuous in time, models based on physical mechanisms are also often given in
continuous-time. There are also approaches for nonlinear black-box identifica-
tion, where many different models have been proposed. One example, where
block-oriented algorithms based on linear dynamic and static nonlinear blocks
connected in cascade, can be found in Billings and Fakhouri [1982]. Other ex-
amples of nonlinear black-box models are neural networks, see e.g. Chen and
Billings [1992], and the Hammerstein Wiener models (Westwick and Verhagen
[1996]). Volterra series, which will be treated in more detail in Chapter 2, and
identification of its kernels also belong to this class of system identification
methods. A survey of different methods for nonlinear black-box identification
is provided in Sjöberg et al. [1997].

As an example of a model based on physical insight and given in continuous-
time we can consider the prompt neutron kinetics without precursor described
by (1.1). It is assumed that l is the unknown parameter to be estimated and
that v = (k − 1) is known. A typical criterion function is the Euclidian norm
|| · ||, thus, since the model is given in continuous-time, we want to select the l
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which minimizes

J(l) =
∫ t

0

||ṅ − 1
l
nv||2dt. (1.11)

The minimizing l is found as the solution to ∂J
∂l = 0. If ṅ and n are known on

[0, t], then

l =

∫ t

0
n2v2dt∫ t

0
nvṅdt

. (1.12)

Unfortunately, observations are most often given as discrete data, and the
integrals in (1.12) must in one way or another be approximated. Moreover, it
is common that observations are corrupted by noise, which further complicates
the identification problem.

Identification of continuous-time systems appears frequently in diverse ap-
plications, and consequently, a large number of examples and different methods
for continuous-time system identification exist, see e.g. Young [1981], Unbe-
hauen and Rao [1998], Garnier et al. [2003], and Larsson [2004] for a comprehen-
sive picture. Although most of the available literature on the subject deals with
linear continuous-time systems, several techniques for identification of nonlin-
ear continuous-time models have also been proposed in the literature, see for
example Nielsen et al. [2000] for a broad overview. It is obvious that methods
for linear and nonlinear systems are also applicable to BLS. Nevertheless, some
references more specific for BLS identification can also be found. One example
of continuous-time BLS identification using Walsh functions is for instance pre-
sented in Karanam et al. [1978], and in Chen and Hsu [1982] continuous-time
BLS identification is discussed using block-pulse functions. A system identi-
fication technique based on Hartley modulating functions for identification of
continuous-time BLS can also be found in Daniel-Berhe and Unbehauen [1998].
The literature dealing with system identification of discrete-time BLS is more
extensive and probably reflects that discrete-time BLS identification is a some-
what simpler problem to solve compared with its continuous-time counterpart;
observed data are most often given in discrete-time, and stochastic distur-
bances in continuous-time is rather complicated to treat. The discrete-time
BLS identification problem is discussed in e.g. Baheti et al. [1980], where an
algorithm is developed using second order correlations. An estimation method
based on Volterra kernels is presented in Inagaki and Mochizuki [1984], and an
Instrumental Variable (IV) method is utilized in Ahmed [1986]. Other works
on discrete-time BLS are described in Gabr and Rao [1984], where a recursive
identification method is used, and a short survey of identification methods that
can be applied to discrete-time BLS is given in Fnaiech and Ljung [1987]. More
recent results for estimating discrete-time BLS parameters are presented in e.g.
Chen et al. [1996], where the extended LS method is used, and in Verdult and
Verhegen [2001], where the principle of separable LS is utilized.

As mentioned previously, measured signals are commonly contaminated by
noise. Sometimes the noise content in the measured signal is negligible and
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there is no need to consider the noise in the actual estimation procedure. How-
ever, quite often the disturbances are highly affecting the measurement sig-
nals. Thus, in order to avoid biased estimates one has to take into account
the measurement noise in the parameter estimation. The system identification
problem becomes even more difficult if the disturbances are not only acting
on the system outputs, but also on the input signals. This kind of systems,
where disturbances (or errors) are present on both the inputs and outputs, are
usually called Errors-In-Variables (EIV) systems. There exist a vast number of
textbooks and articles describing various techniques and different applications
for system identification of linear dynamic systems, both for continuous-time
and discrete-time systems. Usually the output measurements are assumed to
be corrupted by noise. However, the circumstances where also the system in-
puts are corrupted by noise have as well been exposed frequently during the
past decades and considerable effort has been made on dynamic EIV identifi-
cation. This topic will also be treated in Chapter 3. A comprehensive overview
of existing methods for EIV identification can be found in e.g. Soverini and
Söderström [2000], Mahata [2002], and Söderström et al. [2002].

1.1.4 Control of Bilinear Systems

Let us again return to the example in Section 1.1.1, and remember that the
prompt neutron kinetics without precursor is described by (1.1). With u = k−1

l
as the control variable, the following first-order bilinear system is obtained

ṅ = nu. (1.13)

Suppose that the input is constrained such that |u| ≤ 1. Now, assume that it
is desired to control (1.13) from n(0) = n0 to n(tf ) = nf , in minimum time.
This time-optimal control problem is solved using the well-known Maximum
principle, see e.g. Bryson and Ho [1975], Fleming and Rishel [1975], Glad and
Ljung [1997]. From necessary conditions on the so called Hamiltonian and
the corresponding costate, the following optimal control law can be calculated
(Mohler [1991])

u(t) =
{

+1 for nf > n0,
−1 for nf < n0.

(1.14)

The control law (1.14), of so called bang-bang type, occurs rather frequently
in time-optimal control problems. Bang-bang control is one example of control
strategies that have found some application for BLS. More common is perhaps
control strategies based on the Maximum principle but not explicitely on time-
optimal performance indexes. This form of optimal control may also lead to
bang-bang control laws, where the control variable is given by the sign of a
switching function, see e.g. Mohler [1973, 1991].

The optimal quadratic-cost control problems for BLS have been considered
by a number of authors. In most cases it is not possible to give explicit ex-
pressions for the optimal feedback control law. Some of the obtained optimal
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control laws rely on a quadratic cost function modified by incorporation of non-
negative state-dependent penalizing functions, see e.g. Ryan [1984], Cebuhar
and Costanza [1984], Tzafestas et al. [1984], and Benallou et al. [1988]. The
technique of using penalizing functions, which are incorporated into a cost func-
tion, may be regarded as suboptimal control techniques. A suboptimal control
law applied to the activated sludge process is presented in Ekman [2003] and
Ekman [2005b]. Another suboptimal control law, or nearly optimal closed-
loop control, where results from Hofer and Tibken [1988] and Su and Gajic
[1991] are utilized, is studied in Aganovic and Gajic [1993]. In Cebuhar and
Costanza [1984] both the finite-time and the infinite-time cases are treated.
The infinite-time case has also been investigated in for example Tzafestas et al.
[1984] and Benallou et al. [1988]. The problem of finding stabilizing feedback
controllers for bilinear systems has also been discussed by a number of authors,
e.g. quadratic state stabilizing feedback control laws have been treated in Ja-
cobson [1977], Slemrod [1978], Gutman [1981], Tzafestas et al. [1984], Benallou
et al. [1988], and Ekman [2003].

A common method to take the nonlinearities into account in the controller
design of nonlinear systems is to use exact linearization via internal feedback.
Even if references on exact linearization applied to BLS are rather rare, it is
obvious that the method also can be utilized for BLS control problems. Some
standard references on the method for general nonlinear systems are Isidori
[1995] and Khalil [1996].

1.2 Modeling and Control of Wastewater Treat-
ment Systems

Mathematical modeling is fundamental in wastewater treatment design. A
model may be a tool that answer questions about the process without per-
forming practical experiments. When using simple models, it is possible to
analytically investigate the behavior of the model, which may give some in-
sight about the process. For more complicated models, analytical methods are
often not possible to use, but still the model may contribute useful information
by numerical experiments, or in other words, simulations.

Up to date, several different mathematical models covering different parts
of the urban water system exist. In this section an introduction to modeling
parts of wastewater treatment systems is given. In particular, mathematical
models describing the activated sludge process and the settler are discussed.

A model may be used in many different ways; some typical general appli-
cations include:

• Forecasting. It may include prediction of future performance of the plant,
e.g. after a rain storm.

• Design of the process. Instead of using simple “rules of thumb”, simula-
tion studies using dynamic models may be advantageous.
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• Fault detection and monitoring. A model can be used for early detection
of, for instance, sensor failures.

• Design and analysis of control systems. In order to design and analyze a
control strategy, it is often necessary to use some kind of model for the
process, since it is often too expensive, dangerous or time-consuming to
perform practical experiments on a real process.

• Education. Simulators can be used for education and training.

• Research. A great part of the natural and technical science includes
development and testing of models (hypotheses).

1.2.1 Mathematical Models for Activated Sludge Processes

A common concept for biological wastewater treatment is the activated sludge
process (ASP). The ASP is a biological process in which microorganisms ox-
idize and mineralize organic matter. A basic description of the ASP is given
in Appendix 7.A. Today, there exist several models describing the ASP, where
the most widely used is the IAW activated sludge model No. 1 (ASM1), see
Henze et al. [1987]. Three important processes described by the model are: re-
moval of organic matter, nitrification, and denitrification. The model contains
13 different components and the behavior of each component is described by a
nonlinear differential equation. Besides pure biomass growth, ASM1 also con-
tains other processes such as microbial decay, hydrolysis and ammonification.
A description of ASM1 is given in Appendix 7.C. Other, more recent, models
for the ASP are ASM2, which also deals with biological phosphorus removal,
and ASM3, which is a modified ASM1. Models using the ASM1 concept for
anaerobic processes (ADM1) has also recently been developed (Batstone et al.
[2002]).

1.2.2 Modeling the Settling Process

Sedimentation (settling) is a commonly applied method in wastewater treat-
ment systems. The sedimentation of particles occurs due to the gravity force
as a result of the differences in density between the particles and the fluid. A
successful sedimentation is important for the overall efficiency of a plant and
this process is often the weak link in many WWTP’s. The sludge in the bot-
tom of the settler contains high concentrations of the microorganisms necessary
for the biological processes and part of the microorganism content is therefore
recirculated back to the bioreactor, see Figure 7.2 in Appendix 7.A.

Several different settler models exist in the literature, which are compara-
tively described in Grijspeerdt et al. [1995] and thoroughly evaluated with
respect to consistency and robustness in Jeppsson [1996]. A reliable settler
model has been developed by Takács et al. [1991], which is briefly described in
Appendix 7.B.
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1.2.3 Simulators

The main problem in all kinds of simulations is to find an appropriate model
and the means to calibrate it. This is also valid for models describing ASP’s.
Typical tasks for the users are how to:

• Characterize influent water. It may also be important to gain information
about the dynamic changes of the influent water characteristics.

• Calibrate the model for a specific WWTP. This is often a very time
consuming process, where different laboratory experiments have to be
included in the calibration of model parameters.

The purpose of the simulation decides how careful one has to be in the steps
described above. If the purpose requires a very accurate model, then the model
has to be thoroughly calibrated and validated.

Several models and simulators have been developed in the last decades. A
comprehensive overview of different commercial simulators for ASP’s can be
found in Olsson and Newell [1999]. A list of some simulators for WWTP’s is
given in Table 1.1. A JAVA based simulator, which can be run via Internet, is

Table 1.1: Examples of simulators for WWTP’s.

Simulator Company Web address
GPS-X Hydromantis www.hydromantis.com
Simba IFAK www.ifak.fgh.de/regelung/
Efor DHI www.efor.dk/efor/
West Hemmis www.hemmis.com/product/west
JASS Uppsala Univ. www.it.uu.se/research/project/jass/

presented in Samuelsson et al. [2001], Ekman et al. [2001], and Grusell [2002].

1.2.4 Characteristics and Operational Objectives for Waste-
water Treatment Plants

A strong motivation for an effective control of WWTP’s is to achieve a more
sustainable and robust operation with respect to use of chemicals and energy
consumption. This, in turn, will lead to considerable economical benefits. De-
velopment towards tighter effluent demands and more complex WWTP’s will
probably intensify the focus on more automation of the treatment process in
the future.

Some properties and attributes of biological wastewater treatment, which
significantly affect the design and implementation of automatic control, are
given below, see further Lindberg [1997] and Olsson and Newell [1999]:

• Significant nonlinearities in the process.
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• Strong interactions between different process variables.

• Strong external couplings, from sewers to the process.

• Changes of microorganisms behavior and distribution.

• Very sensitive settling with respect to hydraulic disturbances.

The main objective for controlling the wastewater treatment process is to
optimize the operation in order to minimize expenses and keep the effluent
concentrations at a low level, despite disturbances affecting the process. The
control of the process has to fulfill several operational goals in order to handle
the main objectives of the wastewater treatment. General operational objec-
tives for WWTP’s are (Olsson and Newell [1999]):

• To grow the proper biomass population.

• To maintain good mixing where appropriate.

• To retain adequate dissolved oxygen (DO) concentration.

• To keep up an appropriate air flow.

• To achieve good settling properties.

• To avoid settler overload.

• To avoid denitrification in the settler.

1.2.5 An Overview of Control Strategies for
Wastewater Treatment Systems

The control of the wastewater treatment processes in present WWTP’s can be
divided into three main field or supervisory goals:

• Control of organic removal.

• Control of phosphorus removal.

• Control of nitrogen removal.

In a biological reactor with nitrogen and phosphorus reduction, competition
between the three objectives given above may exist. Conflicts are considerable
if, for example, attempts are made to fulfill several simultaneous reactions and
requirements.

Some common control strategies in WWTP’s are:

• Manual control. The control signal is changed by the operator.

• Time control. Typically the control signal has one value during the day
and another during the night.
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• Feedforward control. The control signal is controlled by measurable dis-
turbances. A common example is dosage of precipitation chemicals based
on influent flow (flow proportional control).

It is well known that feedforward control is not always good enough. The main
problem with the control strategies above is that they are not taking advantage
of feedback from the control output. Consequently, there is no guarantee that
the process output is close to the desired value. Control strategies which are
not using feedback are called open control strategies. Using open-loop control
implies, for example, a considerable risk to add too much precipitation chemi-
cals, which may result in increasing operational costs and chemical discharges.
However, one advantage with open-loop control is that there is often no need
for sensors in the controlled process.

A number of possible control strategies and fields of research, mainly for
ASP’s, will be outlined below. However, similar and interesting control prob-
lems and control strategies also exist for other wastewater treatment processes
and water systems as well as many types of flowsheet configurations which
result in different control problems.

• Control of the DO (Dissolved Oxygen) concentration. In order to main-
tain the growth of nitrifying bacteria, it is important to have a satisfactory
concentration of DO. The DO concentration is controlled by the air flow
rate, and the dynamics is relatively fast. DO control has been practiced
for many years, and several variants exist. One of the first computer
controlled DO controllers was implemented in Käppala WWTP (Swe-
den; Olsson and Hansson [1976]). The DO control was later improved by
implementing a self-tuning DO controller (Olsson et al. [1985]; see also
Lindberg and Carlsson [1996b] for nonlinear control of the DO). Another
approach using auto tuning for DO control is described in Carlsson et al.
[1994].

• Supervisory control of the DO. The ammonium concentration is possible
for control by manipulating the DO set-point. Examples can be found
in e.g. Lindberg and Carlsson [1996b], Lindberg [1998], Suescun et al.
[2001], Galarza et al. [2001], Serralta et al. [2001], Ingildsen [2002], and
Ekman [2005b].

• Control of external carbon source. Addition of an external carbon source
is commonly used in order to control the denitrification. In Ekman and
Samuelsson [2002], Ekman et al. [2003b], Ekman et al. [2003a], and Ek-
man [2003] such a control strategy is presented. Furthermore, exam-
ples of carbon dosage control is described in Hellström and Bosander
[1990], Isaacs et al. [1993], Hallin et al. [1996], Yuan et al. [1997] Lind-
berg and Carlsson [1996a], Barros and Carlsson [1997], de Arruda and
Barros [2001], Carlsson and Milocco [2001], and Samuelsson and Carls-
son [2001].

• Control of the nitrification by manipulations of the aeration volume. See
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for instance Brouwer et al. [1998], Krause et al. [2001], Samuelsson and
Carlsson [2002], and Ekman et al. [2005].

• Control of hydraulic variables. Examples of different hydraulic variables
that can be controlled in an ASP are the internal recirculation flow rate,
the sludge recycling flow rate, and the excess sludge flow rate. The quan-
tity of sludge in the system can be controlled by manipulating for example
the excess sludge flow rate. Rhenström and Carlsson [2001] describe a
control strategy where the excess sludge flow rate is used for controlling
the sludge level in a secondary clarifier. Automatic control of the ex-
cess sludge flow rate is also described in Ekster [2001] and Vrecko et al.
[2002b].

The sludge blanket height (SBH) can be controlled by using the sludge
recycling flow rate as a control signal. Yuan et al. [2001] showed that the
SBH should be controlled dynamically in order to optimize the nitrifica-
tion and denitrification during different load situations.

The recirculation flow of nitrate in a pre-denitrifying system is often a fast
process. This implies that the nitrate concentration in the incoming water
to the anoxic compartments may be changed rapidly by manipulating
the internal recirculation flow rate. A control strategy where the internal
recirculation flow rate is used as a control signal is presented in Ekman
et al. [2001], Rhenström and Carlsson [2001], Vrecko et al. [2002a], and
Ekman [2003]. Other examples of internal recirculation flow rate control
can be found in Vrecko et al. [2002b] and Ingildsen [2002].

• Control of the addition of precipitation chemicals. Precipitation chemi-
cals are commonly used for phosphorous removal, see e.g. Hellström et al.
[1984], Devisscher et al. [2001] and Ingildsen [2002]. Control of biological
phosphorus removal is presented in Munk-Nielsen et al. [2001].

• Integrated control. Wastewater treatment systems are often exposed to
varying disturbances due to weather and unintentional discharges from
industries and households. Characteristic for urban water systems is the
strong interactions that exist between different parts of the urban water
flows. It is therefore desirable to have some form of integrated control,
where information from the different parts of the urban water system is
utilized to optimize the operation.

One examples of integrated control is to level out the influent flow to
WWTP’s by using the sewer network as a buffer volume (Aspegren et al.
[1996] and Lumley [1996]). Information from, for instance, hydrological
and meteorological models may be used in order to forecast the flows of
the incoming water to WWTP’s. The European project SMAC (SMArt
Control of wastewater systems) is focusing on grey-box models in order
to discover relationships between flows in sewers and processes in water
systems for integrated control, see further Thornberg et al. [2001].

• Control of anaerobic processes. Anaerobic fermentation is a relatively
common treatment process in wastewater systems, for example in anaer-
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obic digestion of sludge. The literature is therefore extensive with many
examples of modeling, optimization and control of anaerobic processes;
in Polito-Bragga et al. [2001] a control strategy has been developed for
a combined wastewater treatment process based on a UASB-reactor fol-
lowed by an activated sludge system; an analysis of several advanced
control strategies for anaerobic digestion processes is given in Harmand
and Steyer [2001]; an adaptive linearized fuzzy-controller has been im-
plemented in a pilot plant and is described in Bernard et al. [2000]; the
advantages of using sophisticated instrumentation and implementation of
advanced information systems applied on anaerobic processes is discussed
in Steyer et al. [2001].

• Multivariable and model based control. During the last years, several
model based and multivariable approaches for controlling wastewater
treatment systems have been suggested in the literature. Such strate-
gies are proposed in, for example, Bastin and Dochain [1990], Lindberg
[1997], Lukasse [1999], Weijers [2000], and Ekman [2005b]. Multivariable
approaches are also described in Chapter 5 and 6 of this thesis. Other
multivariable control strategies are given in Garca-Sanz and Ostolaza
[1998] and Weijers et al. [1997] and an overview of the model implemen-
tation in control systems of WWTP’s is given in Vanrolleghem [2003].

1.3 Information Systems for Urban Water Sys-
tems

A general information system can be defined as the integrating procedure ap-
plied for collecting, storing, analyzing and processing measurable process pa-
rameters. The purpose is to utilize these parameters in a computer system so
that the process can be controlled towards optimal production results. For a
WWTP this will typically involve optimization of effluent water quality with
minimum consumption of resources and to minimize the influence of external
disturbances. An information system contains several components including
networks, communication, instrumentation, and monitoring as well as data
collection, data storing, presentation, interfaces, detection, warning systems,
signal processing, models, controllers, software sensors, and hardware sensors.

1.3.1 Present Utilization of Information Systems in Ur-
ban Water Systems

Using the stream of information for control purposes requires that data are
treated in an intelligent way in future information systems and that different
helping tools are utilized maximally. However, this may contrast to present
day utilization of implemented IT-tools at many WWTP’s. In many aspects,
the handling of wastewater systems is very conservative, as far as effective
utilization of information technology and control systems is concerned. Rather
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than implementing new and far more effective security control systems, old but
known solutions are preferred, see Lundkvist [1999]. An interesting, and in
some aspects, very critical description of how IT-tools have been used so far in
wastewater systems is given in Alm [2000].

There is, however, a recent strong interest among operators and researchers
to find IT based solutions. There also exist examples of effective integration and
utilization of information systems in water systems. Pleau et al. [2000] show
how the volume of flooding can be reduced by using a control strategy where
plant measurements and meteorological predictions are updated periodically.
In order to avoid flooding and hydraulic overload, a control strategy has been
implemented in Rya WWTP in Göteborg (Sweden). The control is based on
hydrological and hydrodynamical models, see Lumley [1996]. Internet has in
recent years become an increasingly important tool for data acquisition. Some
data acquisition and analysis softwares, for example the software Waste, can be
reached by Internet, see Olsson et al. [1998]. Progress has also been achieved in
urban storm management, where system analysis methods have been applied,
see Loke et al. [1997] and Arnbjerg-Nielsen et al. [1998].

An overview of existing information systems for urban water systems is
exposed in Ekman and Carlsson [2001]. A comprehensive compilation of the
development within operation and control of WWTP’s in Scandinavia during
the last 20 years, is given in Olsson et al. [1998] and an overview of the present
status and future trends of Instrumentation, Control and Automation (ICA) is
presented in Jeppsson [2001]. A conclusive remark is that the level of ICA dif-
fers significantly between different countries, but most of the larger WWTP’s
in Europe are equipped with a SCADA (Supervisory Control And Data Acqui-
sition) system, although these are generally more used for data acquisition than
for control. Another conclusion is that a significant need for objective evalu-
ation of different control strategies exists as well as requirement of integrated
and plant-wide control.

1.3.2 Future Integrated Information Systems for Urban
Water Systems

Information systems have traditionally acted as the intermediary structure be-
tween operators and the process. In the future, the information from households
and industries will probably be more important than today for the operation
and optimization of the water treatment. The information system may also be
forced to handle an increasing stream of information from e.g. new sensors.

The specific properties of urban water systems infer special requirements
on the installed information systems. Operational staff cannot be available 24
hours per day. Therefore, when a computer system for automation and control
is constructed, distributed systems with redundancy are frequently demanded.
Often it is also necessary to divide the control objects into several smaller units,
so that only a part of the system is affected if the system crashes. It is common
that water systems are spread out over a large geographic territory. This infers
special requirements on the communication capability. Sub-control systems
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have to work even if the communication with the central processor is broken.
Today, urban water systems are often large, geographically distributed sys-

tems containing multiple subsystems and subprocesses with several more or less
strong interactions, which is illustrated in Figure 1.1. A technical challenge is
to co-ordinate and integrate many subsystems to achieve a more effective oper-
ation. In this respect, information techniques together with control strategies
and sensors are required, see Olsson and Newell [1999]. An effective informa-
tion system may also facilitate the possibility to adapt to future changes of the
urban water system. A future scenario will probably involve that important
information from different subsystems is further integrated in the information
system.
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Figure 1.1: Interactions between urban water subsystems which constitute the
integrated urban water system.
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Some examples of applications where information systems may be useful
are given below:

• Integrated control where information from, for instance, the sewerage sys-
tem is used for early warning systems and feedforward strategies (Lumley
[2001]).

• Forecasting the water flow in sewerage networks using meteorological
data, see e.g. Pleau et al. [2000] and Lumley [1996].

• Data acquisition and signal processing. Utilizing new measurements both
on- and off-line, which will provide an increasing amount of information.

• Disturbance detection and monitoring. This includes, for example, dis-
covering different process changes or the status of a pump. Fault detec-
tion is also the backbone for early warning systems. Rosen [2001] gives
examples of early warning and monitoring systems applied to wastewater
treatment where multivariate methods are used.

• Indirect control of households. As mentioned, relevant information about
pollution in the wastewater may affect the attitude and behavior of the
users.

The design of future information systems and what system configurations
will be used, is very much dependent on the technological development within
computer and network communication. A critical factor is also to what ex-
tent the new technology will be used within the water system society. The
specific properties of urban water systems which infer special requirements on
the information systems give a hint on how the systems will be developed in
the future. Intranet/Internet will probably be the dominating platform for the
networks.

Examples of how present Internet technology may be used for monitoring,
supervision and control are given in Cianchi et al. [2000] and Fatta et al. [2000].
Interesting thoughts about future urban water system are presented in Olsson
and Newell [1999].

1.4 Motivation

Bilinear control processes are very common in nature, and some examples where
they appear have been mentioned earlier in this chapter. It is apparent that
bilinear mathematical models are useful to describe various dynamical phe-
nomena and behavior in real-world. The large number of articles and text-
books treating bilinear systems from different aspects also give evidence in
favor of this statement. However, all questions regarding modeling, identifica-
tion and control of BLS have not been answered. For example, identification of
continuous-time BLS in presence of noise is a research field where identification
methods still need to be developed. This is especially true when noise is acting
on the input, i.e. an errors-in-variables problem. Moreover, optimal control
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problems in both discrete-time and continuous-time are a subject still receiving
attention from the research society. Examples of subjects that are discussed
include stability problems and approximations of optimal control solutions.

Within the context of the second theme of this thesis, it may be stated that
the lack of advanced information systems in many parts of the urban water
plants of today contrasts to other areas, such as paper and pulp and power
industries. Advanced information systems could certainly play a central role,
when developing new or modified systems in the future, where also households
and industries may take a more active part.

The present day urban water systems are characterized by a large and com-
plex infrastructure. One problem of this infrastructure is a lack of integration
between the involved sub-systems. Integrated information systems constitute
an important prerequisite for a more reliable operation. This applies also for
drinking water systems, stormwater systems and households. Furthermore, in-
formation systems can be used to monitor discharge from individuals or groups
of households as well as give information to the users, which may help change
their behavior towards a more sustainable operation overall.

Some of the incentives and challenges that motivate the development and
research of information systems for urban water systems are listed below, see
also Olsson and Newell [1999]:

• How much savings of resources in terms of energy, chemicals and other
operation costs can be achieved by a more effective use of information?

• Is it possible to obtain a more robust and less resource consuming oper-
ation by coordination between different subsystems?

• How can new information systems, including computer systems for auto-
mation and control, improve and simplify the operation?

• Is it possible to obtain urban water systems that are more adaptable to
future changes by using effective information technology?

• How can information to the householders affect the attitudes and be-
havior of the users and thereby decrease the quantity of pollution in the
wastewater?

1.5 Problem Description

The aim of this section is to give a brief description of the different problems
treated in this thesis, with special focus on the more theoretical parts. In some
sections, a solution to the stated problems is also briefly outlined.

1.5.1 Errors-In-Variables Problems

The first chapter in the second part of this thesis will discuss the problem of
Errors-In-Variables (EIV), mainly for linear systems. However, it is also shown
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that the proposed method in Chapter 3 can easily be extended to the bilinear
case. Moreover, linear systems may be regarded as a special case of BLS, where
the matrices corresponding to the bilinear part are Gi = 0, for i = 1, . . . , m. For
simplifying reasons, the definition of the EIV problem for only linear systems
will be stated below.

First, we introduce the deterministic linear process

A(q−1)y0(t) = B(q−1)u0(t). (1.15)

A(q−1) and B(q−1) are polynomials of the type

A(q−1) = 1 + a1q
−1 + . . . + ana

q−na

B(q−1) = b1q
−1 + . . . + bnb

q−nb ,
(1.16)

where q−1 is the backward shift operator, hence, q−1y(t) = y(t − 1). The
signals y0(t) and u0(t) are the undisturbed output and the noise-free input,
respectively. In EIV problems the observations are corrupted by noise. Thus,
the available signals are of the form

y(t) = y0(t) + ỹ(t)
u(t) = u0(t) + ũ(t),

(1.17)

where y(t) is the measured output and u(t) is the measured input. The se-
quences ỹ(t) and ũ(t) are stochastic processes. It is assumed that the measure-
ment noises are generated by driving linear systems with white noises, i.e. ỹ(t)
and ũ(t) are generated by the ARMA processes

ỹ(t) =
D(q−1)
C(q−1)

e(t) = H1(q−1)e(t), (1.18)

and

ũ(t) =
G(q−1)
F (q−1)

v(t) = H2(q−1)v(t), (1.19)

with

C(q−1) = 1 + c1q
−1 + . . . + cnc

q−nc

D(q−1) = 1 + d1q
−1 + . . . + dnd

q−nd ,
(1.20)

and

F (q−1) = 1 + f1q
−1 + . . . + fnf

q−nf

G(q−1) = 1 + g1q
−1 + . . . + gng

q−ng .
(1.21)

The EIV system under consideration is depicted in Figure 1.2.
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Figure 1.2: The setup for EIV systems.

Some basic assumptions are introduced:

A1.1: A(q−1) and B(q−1) are coprime and A(z), C(z) and F (z) have all
zeros outside the unit circle, where z is an arbitrary complex variable replacing
q−1.
A1.2: The polynomial degrees na, nb, nc, nd, nf and ng are a priori known.
A1.3: The noise-free input signal u0(t) is persistently exciting of a sufficient
order.
A1.4: e(t) and v(t) are mutually independent zero-mean white noise sequences
and independent of u0(t).

The conditions in A1.1-A1.4 are standard assumptions in system identifica-
tion problems. However, additional assumptions are often required depending
on which particular approach that is used.

In Chapter 3, a bias-eliminating approach for solving the EIV problem
is discussed. Apparently, from its very definition one has to determine the
dynamics of the stochastic processes when utilizing bias-eliminating methods.
Knowledge of the dynamics of ỹ(t) and ũ(t) implies that the transfer functions
in (1.18)-(1.19) need to be determined, or at least the auto-covariance functions
of ỹ(t) respectively ũ(t), need to be estimated. It is well known that a Gaussian
random process is completely characterized by its mean-value and covariance
function.

The EIV problem under consideration can be summarized as:

P1. Given the available measurements {y(t)}N
t=1 and {u(t)}N

t=1;

1. Determine the unknown parameter vector θ = [a1, . . . , ana
, b1, . . . , bnb

]T

of (1.15).

2. Determine the unknown dynamics of ỹ(t) and ũ(t) in (1.17).
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�

If the transfer functions H1(q−1) = H2(q−1) = 1, then the second problem
above is reduced to involve only the variances of e(t) and v(t).

1.5.2 Identification of Continuous-time Bilinear Models -
Discrete-time Measurements

The BLS (1.8) can be written as the deterministic differential equation

dx = Axdt + xGudt + Budt. (1.22)

The system matrices are depending on a parameter vector θ in different ways.
Without consideration of the explicit dependence of θ in the system matrices,
the system (1.22) can be expressed as

dx = A(θ)xdt + xG(θ)udt + B(θ)udt. (1.23)

In practise, the signals u and y in (1.23) are observed in discrete-time. Hence,
it is assumed that the output is given by

y(tk) = C(θ)x(tk) + e(tk), (1.24)

where e(tk) describes the measurement noise. The input, u(tk), and the output,
y(tk), of the system have been observed at discrete-times t1, t2, . . . , tN .

The continuous-time identification problem with discrete-time measurement
corrupted by noise for BLS, can be formulated as:

P2. Given the available measurements {u(tk)}N
k=1, {y(tk)}N

k=1;

• Determine the unknown parameter vector θ in (1.23)-(1.24).

�

If we denote the whole data vector as zN = [y(t1), . . . , y(tN ), u(t1), . . . , u(tN )]T ,
the identification problem can be formulated even more concise as the deter-
mination of a mapping from zN to the model parameters in θ:

zN → θ̂(tk, zN ), k = 1, . . . , N. (1.25)

The value θ̂(tk, zN ) represents the estimate of θ based on information contained
in zN .

In general, the identification problem becomes much simpler with the fol-
lowing assumptions:

A1.5: The process (1.22)-(1.23) is observed at equidistant time points, and
the input is constant over the sampling periods.
A1.6: The noise sequence e(tk) is stationary.
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A natural approach is to obtain an estimate of θ by minimizing a cost function

V (θ) = l(ε(tk, θ)), (1.26)

where ε(tk, θ) is the prediction error defined as

ε(tk, θ) = y(tk) − ŷ(tk|tk−1). (1.27)

Here, the variable ŷ(tk|tk−1) denotes a predictor of y(tk), preferably the optimal
one step predictor. The choice of the function l(ε(tk, θ)) in (1.26) can be quite
general and includes, for instance the negative log-likelihood criterion function

V (θ) =
1
2

N∑
k=1

[
εT (tk, θ)Λ−1(tk, θ)ε(tk, θ) + log detΛ(tk, θ)

]
, (1.28)

where Λ(tk, θ) represents the covariance matrix of the prediction errors. If the
prediction errors are Gaussian, the criterion function equals the maximum like-
lihood criterion (Ljung and Söderström [1983]). Assuming that the covariance
matrix Λ is independent of θ implies that only the first term on the right-hand
side of (1.28) affects the minimization. Thus, under this assumption, (1.28) is
a quadratic criterion function. If the covariance matrix is unknown, it might
be possible to estimate Λ. However, it could also be reasonable to consider Λ
as a design variable. A common approach is to choose Λ as the unit matrix
and minimize the criterion function

V (θ) =
1
2

N∑
k=1

εT (tk, θ)ε(tk, θ), (1.29)

i.e. the sum of squared prediction errors. The off-line estimate of θ is obtained
by minimization of (1.26) or (1.29), and the method is often referred to as
the prediction error identification method. Moreover, the criterion (1.29), or
alternatively (1.28), is also the foundation on which the recursive prediction
error methods (RPEM) are based. However, this approach originates from
discrete-time models, entailing that in order to develop a RPEM algorithm,
the BLS (1.23) has to be discretized, which can be performed in different ways.

One alternative of discretize (1.23) is to integrate the BLS given by (1.23)-
(1.24) over the interval [tk−l, tk], yielding

y(tk) − y(tk−l) = C(θ)
∫ tk

tk−l

(
A(θ)x + xG(θ)u + B(θ)u

)
dt + e(tk) − e(tk−l).

(1.30)

The left-hand side is obtained by integrating the derivative of y(tk). On the
right-hand side of (1.30) the integral for the signals x and u as well as their
product must be calculated. This can be accomplished using a numerical in-
tegration method, e.g. the Trapezoidal rule. Since the state variable x is not
completely measurable, some assumptions which basically assure that x can
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be expressed as a function of the data vector zN , have to be made in order to
calculate the integrals.

Under certain conditions (see further Chapter 4 for a more detailed discus-
sion on necessary structural conditions and assumptions) numerical integra-
tions or differentiations can be performed such that the system (1.23)-(1.24)
can be approximated by the discrete-time output-error (OE) model

yI(zN ) = fI(zN , θ) + ε(tk). (1.31)

Here, fI(zN , θ) is a nonlinear function of zN and θ. yI is a linear combination
of zN and can be considered as a measurable signal. For linear systems the
model (1.31) can be obtained by using e.g. the linear integral filter (Sagara
and Zhao [1990]).

The model parameter θ can be estimated directly from (1.31) using for ex-
ample a RPEM. This is, however, often a tedious and numerically cumbersome
process. The model equation (1.31) may also be regarded as written in a non-
linear regression form. Thus, (1.31) can be solved off-line in a least-squares
(LS) sense. However, since we have noise present in both yI and fI , this could
lead to difficulties and biased estimates.

The integration approach described above, where (1.31) is solved off-line in
an LS sense, is a direct method of solving P2. Other direct methods applied
on mainly linear systems are linear filter methods (e.g. Young [1970]), and
modulating functions methods, (e.g. Pearson and Lee [1985], Co and Ungarala
[1997]).

In Chapter 4 the problem P2 is solved using an integration method, com-
bined with a bias-eliminating method, in order to obtain unbiased estimates.
In fact, it is shown that the model (1.31) can be regarded as a separable LS pro-
blem for BLS. In this thesis, another indirect nonlinear identification method
for identifying BLS will also be utilized, namely a recursive prediction error
method (RPEM) system identification technique (Wigren [2004, 2006]).

For more references on the subjects treated in this section, the reader is
referred to Chapter 4 and the references therein.

1.5.3 Separable Least-Squares

One main point when considering the EIV problem for linear and bilinear
systems is that it can be treated as a separable least-squares (LS) problem.
The method discussed in Chapter 4 for identifying continuous-time bilinear
models also results in a separable LS problem. Hence, it is of interest to give a
short background to the principle of separable LS.

Consider the nonlinear model of the form

yi = φi(ϑ)θ, (1.32)

where yi, i = 1, . . . , N are given data and φi(ϑ) is a matrix-valued nonlinear
function of the unknown parameter vector ϑ ∈ R

nϑ . Moreover, we have the
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unknown parameter vector θ ∈ R
nθ entering the signal model (1.32) linearly.

Without loss of generality, we may assume that the sequence {yi}N
i=1 is scalar

valued.
Now, the problem under consideration is the following:

P3. Given the observed sequence {yi}N
i=1, solve (1.32) in a least-squares

sense, or reformulated, find the optimal parameters θ = [θ1, . . . , θnθ
]T and

ϑ = [ϑ1, . . . , ϑnϑ
]T that minimize the nonlinear loss function

f(θ, ϑ) =
N∑

i=1

[
yi − φi(ϑ)θ

]2
. (1.33)

�

The optimization problem can be somewhat simplified by using the nota-
tion Y = [y1, . . . , yN ]T and Φ(ϑ) = [φT

1 (ϑ), . . . , φT
N (ϑ)]T , where Y ∈ R

N and
Φ(ϑ) ∈ R

N×nθ . With these definitions, we can reformulate (1.33) and estimate
θ and ϑ from

(θ, ϑ) = arg min
θ, ϑ

||Y − Φ(ϑ)θ||2. (1.34)

One important observation is that the optimization problem (1.34) can be
solved for θ and ϑ separately. For a fixed ϑ, the minimization problem can be
solved analytically with respect to θ. Using standard LS theory the minimum
is readily achieved by the estimate

θ̂ = Φ†(ϑ)Y, (1.35)

where Φ†(ϑ) is the pseudo-inverse of Φ(ϑ), i.e. Φ†(ϑ) =
(
ΦT (ϑ)Φ(ϑ)

)−1ΦT (ϑ).
A necessary, but in general mild assumption, is that Φ(ϑ) must have full column
rank. Substituting (1.35) in (1.34), the optimization problem reduces to

ϑ̂ = arg min
ϑ

||Π⊥(ϑ)Y||2, (1.36)

where Π⊥ = I − Φ(ϑ)Φ†(ϑ), i.e. the orthogonal projection operator onto
the null-space of ΦT (ϑ). The optimization problem (1.36) is referred to as a
variable projection problem. Substituting ϑ from (1.36) in (1.35) one obtains
the estimate of θ as

θ̂ = Φ†(ϑ̂)Y. (1.37)

In general, the variable projection problem (1.36) must be solved numerically.
It is also, in general, a non-convex optimization problem. A standard reference
treating the separable LS problem is Golub and Pereyra [1973].

1.5.4 Optimal Control

Continuous-time BLS

A continuous-time BLS is given by (1.8)-(1.9) and the optimal control problem
can be expressed as:
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P4. Given the BLS (1.8)-(1.9), find a control signal u such that the per-
formance index

JC(x(0), u(·)) =
1
2

∫ T

0

lC(x, u)dt (1.38)

is minimized. �

In this thesis, a quadratic performance index will be treated. This gives a
special structure of the optimal solution, and somehow simplifies the stabil-
ity analysis of the problem. In general, a calculation of the control law from
minimizing (1.38) for BLS starts from solving the so called Hamilton-Jacobi
equation (Bryson and Ho [1975])

−∂JC

∂t
= arg min

u

[∂JC

∂x
(Ax + Gxu + Bu) + lC(x, u)

]
. (1.39)

Assuming an unambiguous solution, and evaluating the right-hand side of
(1.39), leads to the following control law

u = s(x, t), s(x, t) = arg min
u

[∂JC

∂x
(Ax + Gxu + Bu) + lC(x, u)

]
. (1.40)

In most cases it is not possible to give explicit expressions for s(x, t). However,
if l(x, u) is analytic, it is possible to assign power series expansions on JC(x, u)
and s(x, t). Inserting the series expansion in (1.38) and (1.40) results in a
number of equations from which the control law can be determined. In practise,
the power series is truncated and arbitrary numbers of terms can be chosen for
JC(x, u) and s(x, t). In Chapter 5 of this thesis, an approximative solution to
the problem P4 for BLS is discussed using a quadratic performance index. A
suboptimal control law is obtained by using a truncated Taylor series expansion
around a fixed point in the state-space.

Discrete-time BLS

A discrete-time BLS is of the form

x(k + 1) = Ax(k) +
m∑

i=1

Gix(k)ui(k) + Bu(k), (1.41)

y(k) = Cx(k), (1.42)

where the states, inputs, outputs and state-space matrices are of the same size
as for the continuous-time BLS given by (1.8)-(1.9). An explanation of the
discrete-time notation is given in Section 2.6.

A discrete-time version of the continuous-time control problem P4 would
be to minimize a performance index of the form

JD(k) =
N∑

k=1

lD(x(k), u(k)). (1.43)
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Common and often necessary conditions are that the sampling is periodic and
that the control signal is constant over the sampling period. Sometimes (1.43)
can be obtained from transforming a continuous-time performance index into a
discrete-time version. The discrete-time optimal control problem is, in general,
solved by using the principle of optimality and so called dynamic programming
(e.g. Bellman [1957], Åström [1970]). Unfortunately, a dynamic programming
scheme in most cases becomes complicated for nonlinear systems, including
BLS. However, for linear systems, and especially for optimal control problems
with a quadratic performance index, closed form solutions exist, even for the
case where the time horizon goes to infinity. This is in general not the case for
nonlinear systems, and for BLS explicit solutions are often hard to find.

In Chapter 6, optimal control with quadratic performance index for discrete-
time BLS, and where N is finite, is discussed. Moreover, constraints on the
inputs and the state variables are also treated. Introduction of constraints ex-
tends the optimization problem. The control rules obtained from solving this
kind of optimization problems is often called model predictive control (MPC).
Hence, the discrete-time optimal control problem with constraints for BLS and
with a quadratic performance index can be expressed as:

P5. Given the BLS (1.41)-(1.42), find a control signal u(k) such that the
performance index

JD(k) =
N∑

k=1

xT (k)Q1x(k) + uT (k)Q2u(k) (1.44)

under the constraints

u(k) ∈ UD, x(k) ∈ XD. (1.45)

is minimized. �

Here, Q1 and Q2 are penalty matrices of suitable size and the constraints
UD and XD can be some specified intervals such as 0 ≤ ui(k) ≤ 1.

1.6 Thesis Outline and Contributions

The thesis consists of three parts. The first part, Chapters 1-2, provides an
introduction to the thesis, and establishes a theoretical background for bilinear
systems. The second part contains new contributions with focus on modeling
estimation and control of BLS, and comprises Chapters 3-6. The last part,
Chapters 7-9, also contains new contributions, but the focus is on applications
to the activated sludge process.

Chapter 1

Sections 1.2 and 1.3, which contain an overview of control strategies, models,
and simulators for WWTP’s together with a presentation of current exploita-
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tion and future scenarios for information systems in urban water systems, are
partly based on:

M. Ekman and B. Carlsson. “En förstudie för projekt Lokalt ren-
ingsverk för Hammarby Sjöstad, etapp 1.” Technical Report, No.
32, Stockholm Vatten (In Swedish), 2001.

Chapter 2

This chapter establishes some basic concepts for BLS analysis, and also gives
a short description on Carleman linearization and sampling of continuous-time
BLS, as well as a brief presentation of a nonlinear identification method. Most
of the text covered in the chapter can be found in textbooks describing BLS,
nonlinear system theory and Volterra/Wiener methods. However, the material
in Section 2.6 is partly new contributions and some of the illustrative examples
given in the chapter are also new.

Chapter 3

The objective of the chapter is to present a new approach, called the Extended
Compensated Least-squares (ECLS) method, for identification of systems with
Errors-In-Variables (EIV). The method is based on the principle of separable
nonlinear LS. This chapter is mainly focused on the identification problem for
linear systems. However, it is shown that the ECLS approach can also be
applied to bilinear systems with errors-in-variables. This chapter is based on
the publications:

M. Ekman. “Identification of linear systems with errors in variables
using separable nonlinear least-squares.” In Proc. of the 16th IFAC
World Congress, Praha, Czech Republic, 2005.

M. Ekman, M. Hong, and T. Söderström. “Identification of linear
systems with errors in variables using separable nonlinear least-
squares.” Submitted to The 14th IFAC SYSID Symposium, New-
castle, Australia, 2006.

Chapter 4

The problem of estimating the parameters in continuous-time bilinear systems
is considered. The system identification approach is based on numerical in-
tegration and separable nonlinear LS. The situation where the available mea-
surements are contaminated with noise is also discussed, and it is illustrated
that the ECLS method derived in Chapter 3 may be applicable for this kind of
identification problems. Parts of the result in this chapter have been reported
in:
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M. Ekman, and E. K. Larsson. “Parameter estimation of continuous-
time bilinear systems based on numerical integration and separable
nonlinear least-squares.” Submitted for publication, 2005.

Chapter 5

The optimal quadratic-cost control problem for bilinear systems is considered.
A suboptimal control law is derived by approximating the solution of the state-
dependent algebraic Riccati equation using a Taylor series expansion. Stability
properties of the suggested control law are also discussed, and a strategy in
order to achieve a more robust behavior is also suggested. This chapter is
based on the publications:

M. Ekman. “Stabilizing Suboptimal Control of the Bilinear Quadratic
Regulator Problem.” Submitted for publication, 2005.

M. Ekman. “Suboptimal Control for the Bilinear Quadratic Regu-
lator Problem: Application to the Activated Sludge Process.” IEEE
Transaction on Control Systems Technology, 13(1):162–168, 2005.

Chapter 6

Model Predictive Control (MPC) of discrete-time bilinear systems is considered
in this chapter. The derived MPC algorithm is illustrated on a pilot tank pro-
cess and on a simulation model of the activated sludge process. Both processes
are modeled as bilinear systems using a recursive prediction error identification
method. Parts of the material in this chapter is based on:

M. Ekman. “MPC for discrete-time bilinear systems: Application
to the Activated Sludge Process.” Submitted for publication, 2005.

M. Ekman. “MPC for discrete-time bilinear systems.” In Preprints
of Reglermöte, Göteborg, May 26 – 27, 2004.

Chapter 7

This chapter presents a reduced order model of the IAW activated sludge model
No. 1 (ASM1). A linear time varying state-space model for an anoxic compart-
ment, and a bilinear time varying state-space model for an aerobic compartment
in a pre-denitrifying activated sludge process is derived. This chapter is based
on the licentiate thesis:

M. Ekman. “Urban Water Management - Modeling, Simulation
and Control of the Activated Sludge Process.” Licentiate Thesis,
2003-005, 2003.
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Chapter 8

The control of the nitrate concentration in an activated sludge process by ma-
nipulating the external carbon dosage is considered. A model based adap-
tive control strategy, which can be regarded as an indirect adaptive Linear
Quadratic Gaussian (LQG) controller, is suggested. Some important system
parameters are also estimated adaptively. This chapter is based on:

M. Ekman, P. Samuelsson and B. Carlsson. “Adaptive control of
the nitrate level in an activated sludge process.” Water Science and
Technology, 47(11):137–144, 2003.

M. Ekman and P. Samuelsson. “Adaptive control of the nitrate level
in an activated sludge process using an external carbon source - Ex-
tended version.” Technical Report, 2003-030, Uppsala University,
2003.

and shorter versions were published as:

M. Ekman and P. Samuelsson. “Adaptive control of the nitrate
level in an activated sludge process.” In Preprints of Reglermöte,
Linköping, May 29 – 30, 2002.

M. Ekman and P. Samuelsson. “Model based control of the external
carbon flow rate nitrate level in an activated sludge process.” In
Preprints of 3rd World Water Congress of the IWA, Melbourne,
April 7 – 12, 2002.

Chapter 9

A supervisory aeration volume control strategy for an activated sludge process
is discussed. The control strategy is evaluated in a simulation benchmark and
in a pilot plant at Hammarby Sjöstad in Stockholm, Sweden. Compared to
constant dissolved oxygen control, the suggested control strategy can reduce the
effluent nitrate and ammonium concentrations significantly without increasing
the aeration energy. This chapter is partly based on:

M. Ekman, B. Björlenius and M. Andersson. “Control of the aera-
tion volume in an activated sludge process using supervisory control
strategies.” Submitted to Water Research, 2005.

1.7 Topics for Future Research

There are several interesting directions of continued research that can be ad-
dressed in the future. In the second part of the thesis, following topics are
identified:
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• It could be profitable to further investigate the behavior of the in Chapter
3 suggested recursive algorithm in terms of consistency, stability, and
convergence, both theoretically and in simulation studies. It would also
be worthwhile to investigate other possible recursive versions of the ECLS
approach.

• An interesting question is whether it is feasible to determine general con-
ditions under which the concentrated loss function in the variable pro-
jection problem (in e.g. Chapter 3) is a convex function. This would
increase the potential to utilize more effective minimization algorithms,
and could also improve the accuracy of the estimates. In connection to
this, how initial values for the variable projection problem are chosen may
be investigated further.

• Extension of the result in Chapter 4 to the case of EIV for continuous-
time BLS could be rewarding to investigate.

• It would be of great interest to test the practical use of the methods
discussed in chapters 3 and 4.

• A topic for future research of the control law, developed in Chapter 5,
could include a closer analysis of the stability properties of the resulting
closed-loop system.

• It would be fruitful to perform a detailed analysis of the stability pro-
perties of the MPC for BLS derived in Chapter 6, and to incorporate
the robustness problem into the controller design. Another identified
research topic involves the solution of the nonlinear non-convex opti-
mization problem in Chapter 6, by utilizing the special structure of the
prediction model.

The third part of the thesis is directed towards applications to the activated
sludge process (ASP). Within this context there are several interesting chal-
lenges to meet:

• In connection to Chapter 8, an extension of the derived controller to in-
clude internal flow rate control and supervisory dissolved oxygen control
may improve the results. Moreover, an evaluation using pilot or full scale
experiments could be fruitful. The strategy for estimating the reaction
rate terms may also be further improved. Besides, an indirect adaptive
controller approach for controlling the ASP using a bilinear model struc-
ture could be a topic for future research.

• Finally, it would be of great interest to investigate the practical use of the
volume control strategy discussed in Chapter 9, i.e. to test the suggested
controller approach on a full-scale wastewater treatment plant.
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1.8 Glossary

The following lists of notations and abbreviations are mainly intended to in-
troduce symbols that are frequently used in the thesis. Note that the same
symbol may occasionally be used for a different purpose.

Notations

RT transpose of the matrix R
Rc complex conjugate of R
RH complex conjugate transpose of the matrix R
R† the pseudo-inverse, (RT R)−1RT , of the matrix R
diag(R) the diagonal elements of the matrix R
Im(x) the imaginary part of x
Re(x) the real part of x
σ(R) spectrum of the matrix R
Tr(R) trace of the matrix R
⊗ Kronecker product
R the set of real numbers
C the set of complex numbers
L the Laplace operator
i imaginary unit (i =

√−1)
∈ belongs to
� equal by definition
ẋ time derivative of x(t)
h sampling interval
σ2 variance of discrete-time white noise
E expectation operator
q forward-shift operator (qy(tk) = y(tk+1))
q−1 backward-shift operator (q−1y(tk) = y(tk−1))
δk,s Kronecker delta (= 1 if k = s, otherwise = 0)
O(h) ∆ = O(h) ⇒ ∆/h → C as h → 0 for some finite constant

C std(y(t)) standard deviation of the signal y(t).
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Abbreviations

ARMA autoregressive moving average
ARMA(n,m) ARMA where AR and MA parts have orders n and m
ASP activated sludge process
BLS bilinear system
COD chemical oxygen demand
DO dissolved oxygen
EIV errors-in-variables
EKF extended kalman filter
IV instrumental variable
LQG linear quadratic gaussian
LS least squares
MIMO multi input, multi output
ML maximum likelihood
MPC model predictive control
PEM prediction error method
RLS recursive least squares
SISO single input, single output
TSS total suspended solids
WWTP wastewater treatment plant
i.e. id est, that is
e.g. exempli gratia, for the sake of example.
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Chapter 2
Bilinear Systems

IT is a fact that there exist a large number of mathematical tools for non-
linear system theory, ranging from Lie algebras to differential topology. The

development of the Volterra/Wiener representation for nonlinear systems can
be regarded as one of the most important pieces in the building of a reasonably
general nonlinear system theory. However, it has to be pointed out that the
theory behind the Volterra/Wiener methods is still not complete.

One simple and reasonable rule is that Volterra/Wiener methods seem to
work appropriate when the nonlinearities are mild. For example, the Volterra
representation corresponding to bilinear systems (BLS) is rather simple. BLS
are also possible to analyze using many of the tools associated with linear
systems, this motivates an introduction to the basic concepts of Volterra theory
and structural properties for BLS. In Section 2.3, a summary of the Volterra
series for BLS is presented, together with a discussion of the so called Carleman
linearization of nonlinear systems. More detailed analysis of Volterra/Wiener
representations and methods are provided by e.g. Schetzen [1980] and Rugh
[1981]. Discussions about Volterra series more specific for BLS can be found
in Isidori and Ruberts [1973], Casti [1985] and Mohler [1991]. The references
given above have been most important when compiling the text in the sections
covering different aspects of the Volterra series method. The presentation of
the Carleman linearization approach in Section 2.4 is, in many parts, based on
the book by Rugh [1981].

This chapter also presents a short exposition of structural properties, like
controllability and stability of BLS (Section 2.5) An excellent and more detailed
survey is found in Mohler [1991]. The problem of sampling a continuous-time
BLS is investigated in Section 2.6. In general, a zero-order hold sampling of a
continuous-time BLS will not lead to a discrete-time BLS representation. How-
ever, simpler discretization schemes may result in discrete-time BLS. This is
utilized in the recursive prediction error method (RPEM) system identification
technique, which is briefly described in Section 2.7. This nonlinear identifi-
cation method was first proposed in Wigren [2004] and Wigren [2006], and is

37
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used in this thesis for identifying BLS.
First, however, some useful notations will be introduced.

2.1 Notations and Series Expansions

2.1.1 Power Series Expansions

In order to reduce the notational complexities which begin to appear when
considering power series expansions in several variables, some useful notations
will be introduced. The notations are primarily based on the ones applied by
Rugh [1981].

Let z ∈ R
n be a vector and f(z) the nonlinear function f : R

n → R
m. A

power series expansion of f(z) around z = 0 can be written as

f(z) = F0 + F1z + F2z ⊗ z + F3z ⊗ z ⊗ z + . . . =
∞∑

k=0

Fkz(k), (2.1)

where ⊗ is the Kronecker product and z(k) = z ⊗ . . . ⊗ z, with k terms. Here
z(k) ∈ R

nk

and, hence, Fk ∈ R
m×nk

. Notice that only
[

n+k−1
k

]
entries in z(k)

are distinct. In order to eliminate the redundancy, the repeated entries are
deleted and the notation z[k] for the new

[
n+k−1

k

]
-dimensional vector (some-

times called the generalized k-power of z) is introduced. Each component of
z[k] is of the form zi1

1 · · · zin
n ≤ ir ≤ k,

∑n
r=1 ir = k. The vector z[k] has the

dimension nk =
[

n+k−1
k

]
. The square bracket notation also means that the

matrices in (2.1) have to be reduced. Thus, using the square bracket notation,
the reduced dimension power series expansion can be written as

f(z) =
∞∑

k=0

Fkz[k], (2.2)

where Fk ∈ R
m×nk .

There exist situations, however, where the Kronecker product notation is
more preferable, despite the problem of redundancy. One reason for this is that
for a given linear differential equation

ẋ = Ax, (2.3)

it is possible to write a differential equation for x(2) in explicit terms of A. This
is often very difficult when using the square notation. Utilizing the product
rule

d

dt
x(2) = ẋ ⊗ x + x ⊗ ẋ, (2.4)

one can write the differential equation for x(2) in the form

d

dt
x(2) = [A ⊗ I + I ⊗ A]x(2), (2.5)
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where I is the identity matrix of a suitable size. The same rule can be used to
show that x(k), where k = 3, 4, . . . , also satisfies a linear differential equation.
Furthermore, it is possible to make an extension of this example and consider
a state equation where the right-hand side of the equation is a power series of
the same form as in (2.1). We will also assume that an input to the system
appears linearly as

ż =
∞∑

k=1

Fkz(k) + (
∞∑

k=0

Gkz(k))u, (2.6)

where u ∈ R is the input.
∑∞

k=1 Fkz(k) and
∑∞

k=0 Gkz(k) are power series
expansions of the nonlinear functions f : R

n → R
n g : R

n → R
n. A differential

equation for z(2) has the form

d

dt
z(2) =

d

dt
[z(1) ⊗ z(1)] = ż(1) ⊗ z(1) + z(1) ⊗ ż(1) =

=
( ∞∑

k=1

Fkz(k) + (
∞∑

k=0

Gkz(k))u
)
⊗ z(1) + z(1) ⊗

( ∞∑
k=1

Fkz(k) + (
∞∑

k=0

Gkz(k))u
)

=
( ∞∑

k=1

[Fk ⊗ I + I ⊗Fk

]
z(k+1)

)
+
( ∞∑

k=0

[Gk ⊗ I + I ⊗ Gk

]
z(k+1)

)
u. (2.7)

Continuing in a similar manner for z(i), results in a bilinear differential equa-
tion. Before showing the structure of this equation, some additional notations
are introduced. The matrix Fj,k is defined by F1,k = Fk, and

Fi,k = Fk ⊗ I ⊗ · · · ⊗ I + I ⊗Fk ⊗ I ⊗ · · · ⊗ I + · · · + ⊗ · · · ⊗ I ⊗Fk, (2.8)

for i > 0. The notation means that there are i− 1 Kronecker products in each
term. The matrix Gi,k is defined in a similar way. Moreover, the following state
vector notation is introduced

z⊗ =




z(1)

z(2)

...
z(N)


 . (2.9)

Thus, truncating the sums in (2.7) at N respectively N − 1, leads to the fol-
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lowing bilinear differential equation

d

dt
z⊗=




F1,1 F1,2 · · · F1,N

0 F2,1 · · · F2,N−1

0 0 · · · F3,N−2

...
...

...
...

0 0 · · · FN,1


 z⊗+




G1,1 G1,2 · · · G1,N−1 0
G2,0 G2,1 · · · G2,N−2 0
0 G3,0 · · · G3,N−3 0
...

...
...

...
...

0 0 · · · GN,0 0


 z⊗u

+




G1,0

0
0
...
0


u. (2.10)

This derived expression in a bilinear differential form will be very useful in the
bilinearization technique discussed in in Section 2.4.

2.2 Volterra Series

The relation between a scalar input, u(t), and a scalar output, y(t), for a general
nonlinear time-invariant system with zero initial conditions can be described
by the Volterra series

y(t)=
∫ ∞

−∞
h1(τ1)u(t−τ1)dτ1 +

∫ ∞

−∞

∫ ∞

−∞
h2(τ1, τ2)u(t−τ1)u(t−τ2)dτ1dτ2 + · · ·

+
∫ ∞

−∞

∫ ∞

−∞
· · ·

∫ ∞

−∞
hk(τ1, τ2, . . . , τk)u(t−τ1) · · ·u(t−τk)dτ1 · · · dτk+· · · . (2.11)

For any τj < 0 j = 1, 2, . . . k, we have hk(τ1, τ2, . . . , τk) = 0 for k = 1, 2, . . . ,.
The functions hk(τ1, τ2, . . . , τk) are called the Volterra kernels of the system.

The functional series in (2.11) can be derived by considering a pulse formu-
lation of the input/output relation, and the derivation basically follows that
of a linear system (e.g. Rugh [1981] and Mohler [1991]). The basic idea is to
assume that the input u(t) can be approximated by a finite number of finite-
dimensional pulses, u1, u2, . . . , uN , starting from t and numbering back to t = 0.
Here, it is assumed that u(t) = 0 for t < 0 and that the nonlinear system has
a finite memory such that u(t− τ) does not affect the output for τ sufficiently
large. Now, consider the multi-dimensional Taylor series approximation of the
output

ŷ(t) =
N∑

i=1

hiui∆t +
N∑

i=1

N∑
j=1

hijuiuj(∆t)2 +
N∑

i=1

N∑
j=1

N∑
k=1

hijkuiujuk(∆t)3 + · · · ,

(2.12)

where ∆t is the pulse width of the input pulses. It is obvious that the first
terms in (2.12), ŷ1(t) =

∑N
i=1 hiui∆t, represent the linear terms. Thus, when
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N → ∞ and ∆t → 0 the linear impulse function is obtained

y1(t) =
∫ t

0

h1(τ)u(t − τ)dτ, (2.13)

where h1(τ) is the impulse response. The first kernel in (2.11) is then obtained
by incorporating the unit step function, δ−1(·) into (2.13), which gives

y1(t) =
∫ ∞

−∞
h1(τ)u(t − τ)δ−1(t − τ)dτ. (2.14)

Here, it is assumed that h1(τ) satisfies h1(τ) = 0 for t < 0. The second and the
higher order kernels can be derived in a similar manner by taking the limits
N → ∞ and ∆t → 0. Often the step function δ−1(·) is dropped in the notation,
which results in the Volterra series in (2.11).

One major difficulty associated with the application of the Volterra series
is the ability to compute the Volterra kernels. Suitable calculation methods
include the Laplace transformation and the direct method, where the Volterra
series is substituted into a differential equation of the system.

2.3 Volterra Series for BLS

We will in this section investigate the direct method for determining the kernels
in a Volterra representation corresponding to a given bilinear state equation.
For simplicity, we consider the scalar input/output case of a BLS.

The solution to the bilinear differential equation (1.8) can be expressed as

x(t) = Φ(t, t0)z(t), (2.15)

where z(t0) = x0, z ∈ R
n. The so called state transition matrix Φ(t, t0),

corresponding to the matrix A in (1.8), is the solution to

dΦ(t, t0)
dt

= AΦ(t, t0). (2.16)

Differentiation of (2.15) with respect to time yields

ẋ = Φ̇z + Φż. (2.17)

Substituting (2.15) and (2.16) into (2.17) gives

ż = Φ−1Gxu + Φ−1Bu. (2.18)

Assuming that the inverse Φ−1(t, t0) exists, the integration of (2.18) implies
that

z(t) = x0 +
∫ t

t0

Φ−1(τ1, t0)Gx(τ1)u(τ1)dτ1 +
∫ t

t0

Φ−1(τ1, t0)Bu(τ1)dτ1, (2.19)



42 2. Bilinear Systems

and the solution can be written as

x(t) = Φ(t, t0)x0 + Φ(t, t0)
∫ t

t0

Φ−1(τ1, t0)
(
Gx(τ1) + B

)
u(τ1)dτ1. (2.20)

Using the multiplication rule Φ(t0, τ)Φ(τ, t0) = Φ(t0, t0), and assuming that
Φ(t0, t0) = I, makes it possible to write the solution as

x(t) = Φ(t, t0)x0 + Φ(t, t0)
∫ t

t0

Φ(t0, τ1)
(
Gx(τ1) + B

)
u(τ1)dτ1. (2.21)

So far, this is in parity with the input/output representation corresponding to
a linear state equation, except that in the bilinear case G 	= 0.

The next step is to perform repeated substitutions. The solution at τ1 can
be written as

x(τ1) = Φ(τ1, t0)x0 + Φ(τ1, t0)
∫ τ1

t0

Φ(t0, τ2)
(
Gx(τ2) + B

)
u(τ2)dτ2. (2.22)

Replacing x(τ1) in (2.21) by (2.22) yields

x(t) = Φ(t, t0)x0 + Φ(t, t0)
∫ t

t0

Φ(t0, τ1)
(
GΦ(τ1, t0)x0 + B

)
u(τ1)dτ1+

+ Φ(t, t0)
∫ t

t0

∫ τ1

t0

Φ(t0, τ1)GΦ(τ1, τ2)
(
Gx(τ2) + B

)
u(τ2)u(τ1)dτ1dτ2.

(2.23)

Repeating this process indefinitely many times provides the following Volterra
system representation of the BLS (1.8)-(1.9)

y(t) = CΦ(t, t0)x0 +
∫ t

t0

CΦ(t, τ1)GΦ(τ1, t0)x0u(τ1)dτ1 +
∞∑

k=2

∫ t

t0

∫ τ1

t0

· · ·

· · ·
∫ τk−1

t0

CΦ(t, τ1)GΦ(τ1, τ2)G · · ·GΦ(τk, t0)x0u(τ1) · · ·u(τk)dτk · · · dτ1+

∫ t

t0

CΦ(t, τ1)Bu(τ1)dτ1 +
∞∑

k=2

∫ t

t0

∫ τ1

t0

· · ·
∫ τk−1

t0

CΦ(t, τ1)GΦ(τ1, τ2)G · · ·

· · ·GΦ(τk−1, τk)Bu(τ1) · · ·u(τk)dτk · · · dτ1. (2.24)

It can be shown that (2.24) converges uniformly on any finite time interval for
bounded inputs. Assuming x0 = 0, it is clear that only the last two terms in
(2.24) are needed in order to describe the input/output behavior of a BLS. The
transition matrix is easily obtained as Φ(t, τ) = eA(t−τ). Thus, for t0 = 0 and
after some variable substitutions in the integrals, the Volterra series expression
for the output vector y(t) with zero initial conditions is given by

y(t) =
∞∑

k=1

∫ ∞

0

. . .

k

∫ ∞

0

CeAτ1GeA(τ2−τ1) · · ·

· · ·GeA(τk−τk−1)Bu(t − τ1) · · ·u(t − τk)dτ1 · · · dτk + · · · . (2.25)
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The kth Volterra kernel for a BLS is obtained as

hk(τ1, . . . , τk) = CeAτ1GeA(τ2−τ1) · · ·GeA(τk−τk−1)B. (2.26)

It is interesting to compare (2.26) with the solution of a homogenous BLS, i.e.
when B = 0 in (1.8). For homogenous BLS the Volterra series in (2.25) does
not make sense, and it is obvious that the Volterra series is given for x0 	= 0 by
the first two terms in (2.24).

Remark 2.1. For some BLS the associated Volterra series is finite. It can
be shown that if there exists a matrix P , such that PAP−1 and PGiP

−1 are
triangular, then a finite number of terms in the corresponding Volterra series for
the BLS are enough in order to describe the input/output relation, see Mohler
[1991] for more details. A bilinear state equation with triangular matrices A
and Gi is called a BLS in canonical form.

Remark 2.2. One difficulty associated with the Volterra series is their condi-
tional convergence. In general, the Volterra series representation of a nonlinear
system may converge for only a limited amplitude of the input signal. However,
for BLS it can be shown that the corresponding Volterra series representation
converges for bounded input signals (e.g. Rugh [1981]). The problem of limi-
ted convergence is often overcome by the introduction of orthogonal functions.
This is also the basic idea behind the Wiener theory of nonlinear systems,
see for instance Schetzen [1980] for a comprehensive treatment of the Wiener
theory.

Remark 2.3. Since the Volterra series is not orthogonal, there is no guarantee
that adding extra terms in a truncated series will provide a better approxima-
tion of the input/output relation of a nonlinear system. Anyway, the infinite
series (2.11) is an exact description of the input/output behavior of a nonlinear
system. �
Example 2.1. As an illustrating example we consider the following BLS

ẋ1 = −x1 + x2 + u

ẋ2 = −2x2 + 2x1u. (2.27)

It is assumed that the initial state is zero, x0 = [0 0]T , and the output is given
by y(t) = x1(t). From the Laplace inverse transform of (sI − A)−1, the state
transition matrix is easily obtained as

Φ(t)=L−1
{(s + 1 −1

0 s + 2

)−1}
=
(

e−t e−t(1 − e−t)
0 e−2t

)
. (2.28)

From (2.26), it is obvious that the first kernel is given by

h1(τ1) = CeAτ1B =
(
1 0

)
eAτ1

(
1
0

)
= e−τ1 , (2.29)

and the second kernel by

h2(τ1, τ2) = CeAτ1GeA(τ1−τ2)B = 2e−τ1(1 − e−τ1)e−(τ2−τ1), (2.30)

and higher order kernels are obtained similarly. �
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2.4 Carleman Linearization

One approach for calculating the Volterra kernels in an input/output repre-
sentation is the so called Carleman linearization. Sometimes the approach is
simply called the bilinearization method. The Carleman linearization method
is used for computing kernels for nonlinear state equations which are affine in
the input

ẋ = f(x, t) + g(x, t)u, x(0) = x0. (2.31)

The input signal u is scalar and it is assumed that (2.31) is a linear analytic
state equation, i.e. f(x, t) and g(x, t) are analytic in x and continuous in t.
Then, it can be shown that there exists a Volterra system representation for
(2.31) that converges on t ∈ [0, T ] for a sufficiently small input signal |u(t)| < ε,
see for example Rugh [1981]. For simplicity we will consider a scalar output
depending linearly on the states as

y(t) = Cx(t), (2.32)

where C is a matrix of suitable size. Without loss of generality, it is also
assumed that f(0, t) = g(0, t) = 0. We begin with an example.

Example 2.2. Consider the system

ẋ = −x + ax2 − b sinx + u, (2.33)

where y(t) = x(t) and x(t) ∈ R. The sinusoidal term in (2.33) can be replaced
by the power series expansion

−b sinx = −bx +
b

6
x3 − · · · . (2.34)

Now, let

x⊗ =


 x

x2

x3


 . (2.35)

The derivative of the two last terms in (2.35) are

d

dt
x2 = 2xẋ = −2x2 + 2ax3 − 2bx2 +

b

3
x4 + 2xu − · · · (2.36)

d

dt
x2 = 3x2ẋ = −3x3 + 3ax4 − 3bx3 +

b

2
x5 + 3x2u − · · · . (2.37)

Excluding terms with higher degree than x3 in (2.36)-(2.37) implies

d

dt
x⊗ =


−(1 + b) a b

6
0 −2(1 + b) 2a
0 0 −3(1 + b)


x⊗ +


0 0 0

2 0 0
0 3 0


x⊗u +


1

0
0


u,

(2.38)

where the output is y(t) = x(t). The structure of (2.38) is in fact the same as
in (2.10). �
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Example 2.2 illustrates the basic idea behind the bilinearization procedure
of a nonlinear system. Hence, the Carleman linearization procedure becomes
obvious if one considers the following power series representation of the func-
tions in (2.31)

f(x, t) =
N∑

k=1

Fkx(k) + · · · , (2.39)

g(x, t) =
N−1∑
k=0

Gkx(k) + · · · . (2.40)

Such a power series representation exists under the given conditions. Terms of
a degree higher than N and N − 1 are not given explicitely in the expressions
for (2.39) and (2.40), respectively. Following the same procedure as in Section
2.1 will eventually lead to the bilinear model (2.10).

2.5 Structural Properties of BLS

2.5.1 Stability

It is well known that stability properties of time-invariant linear systems are
determined by the eigenvalues of the state system matrix A. Obviously, the
eigenvalues of the matrix A in (1.8) also determine the stability behavior of a
BLS. This is immediately recognized by considering a zero input signal into the
system (1.8). However, studying the eigenvalues of the matrix A alone does
not always give the complete picture of the stability behavior for a BLS, not
even locally around an equilibrium point. For example, recalling the nuclear
fission model (1.4), the eigenvalues of the matrix

A =
(−β

l γ
β
l −γ

)
(2.41)

are given by the equation det(λI − A) = 0. The solution is λ1 = 0 and λ2 =
−(γ + β

l ). At an equilibrium point with an equilibrium input ue = 0 the
structure of (2.41) will be the same. Thus, since one of the eigenvalues is zero,
no conclusions about stability for (1.4), at an equilibrium point xe, can be
drawn without further investigations.

Perhaps more interesting is the question, under what premises the BLS (1.8)
is stabilizable in terms of feedback control. This is an important issue which will
be investigated in Chapter 5. Stability for feedback controlled continuous-time
BLS can be studied using linearization techniques, the quadratic Lyapunov
function concept as well as the Popov method. In Chapter 5, some stability
properties of a proposed feedback control law is discussed. Therefore, the reader
is referred to this chapter and the references therein for a brief overview of
concepts of stabilizing feedback control in terms of Lyapunov and linearization
methods.
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Stability of discrete-time BLS has also been investigated quite frequently.
Some work on the subject is presented in e.g. Gounaridis-Minaidis and Kaloupt-
sidis [1986], Yang and Miminis [1992], Corra [1993], and Grüne and Wirth
[1999]. In general, the tools for analyzing stability and stabilizing feedback
control laws for discrete-time nonlinear systems are basically the same as for
continuous-time systems, where the Lyapunov methodology plays a main role,
see Kalman and Bertram [1960] for a discussion of Lyapunov stability of discrete-
time dynamical systems. Moreover, methods and some results from stability
analysis of linear system can be used with advantage in stability analysis for
BLS. Although MPC of discrete-time BLS will be discussed in Chapter 6, re-
sults for stabilizing control laws for discrete-time BLS and the theory behind
it are beyond the scope of this thesis.

2.5.2 Controllability

Controllability is usually defined as:

Definition 1. The bilinear state equation (1.8)-(1.9) is said to be controllable
if there exists an input u(t) such that given any initial state x0, the system can
be forced in finite time [t0, tf ] to any terminal state x(tf ). �

Note that for a homogeneous BLS the potential controllability space is
outside the origin.

It is rather uncommon that a system is completely controllable, i.e. control-
lable also for bounded control. In practise, the control signal is often bounded,
u ∈ U , where U is a closed bounded set. For instance, a linear system is not
completely controllable with bounded control. On the other hand, a BLS may
very well be completely controllable with bounded control (Mohler [1973] and
Mohler [1991]).

Some necessary conditions for BLS controllability can be established. To be
completely controllable, the BLS (1.8)-(1.9) with scalar control requires that:

• The matrix pair
(
[(A + Gue) G], (Gxe + B)

)
is controllable for every

equilibrium points xe and ue.

• The matrices A and G have no common eigenvectors, and it is necessary
that A has distinct nonzero eigenvalues.

• The following sets

S = {x : Ax = 0}, W = {x : Gx = −B}, (2.42)

satisfy

S ∩ W = ∅, (2.43)

i.e. the intersection of these sets is the null set.

Remark 2.4. It is relatively easy to generalize the necessary conditions for
completely BLS controllability for vector control, i.e. the multi-input case.
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Remark 2.5. Note that the first item above is reduced to the well-known
controllability linear system rank test if G = 0. Moreover, local controllability
of a BLS can be expressed by applying the linear rank test on the matrix
[(Gx + B), (A + Gu)(Gx + B), . . . , (A + Nu)n−1(Gx + B)], which should be of
rank n. �

There are also some sufficient conditions for complete controllability of BLS.
For simplicity reasons, scalar control is once again assumed. First, we define
an equilibrium set as Xe (Mohler [1973]), and assume that U is a compact
connected set containing the origin. Then, the following theorem can be estab-
lished, with proof given in Mohler [1973].

Theorem 2.1. The bilinear system (1.8)-(1.9) is completely controllable if:

1. There exist fixed control values (u+, u−) ∈ U , such that Re{σ(A+Gu+)} >
0 and Re{σ(A + Gu−)} < 0, respectively, and such that the equilibrium
states (xe(u+), xe(u−)) ∈ Xe.

2. For each x ∈ Xe with an equilibrium control ue(x) ∈ U such that Ax +
Gxue(x) + Bue(x) = 0, there exists a v ∈ R such that (Gx + B) lies
in no invariant subspace of dimension at most (n − 1) of the matrix
(A + Gue(x)).

Other definitions of controllability for BLS, such as strong and weak con-
trollability and strong and weak accessibility, also exist. Often the Lie algebra
has proved to be useful when analyzing those kinds of controllability. For more
material on the subject, see e.g. Haynes and Hermes [1970], Haussmann [1971],
Brocket [1972], Isidori [1995], Sachov [1997], and the references therein.

Literature concerning controllability of discrete-time BLS can, for instance,
be found in Goka et al. [1973] and Grüne and Wirth [1999]. Lie algebra as well
as methods where the linear structure of BLS is utilized, are applied for ana-
lyzing controllability of discrete-time BLS. These methods are though beyond
the scope of this thesis and will not be discussed further. However, a simple
example is presented in order to illustrate the basic concepts of controllability
and stability problems for discrete-time BLS.

Example 2.3. Consider the following scalar discrete-time BLS

x(k + 1) = x(k) + 2x(k)u(k) − u(k). (2.44)

Now, we will examine the stability properties using linear and nonlinear feed-
back controls of the following forms

u(k) = −K1x(k), (2.45)

u(k) =
−K2

2(x(k) − 0.5)
x(k). (2.46)

The closed-loop solutions are

x(k + 1) = (1 + K1)x(k) − 2K1x
2(k) (2.47)
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and

x(k + 1) = (1 − K2)x(k), (2.48)

respectively. In a first gleam, it seems that the system (2.48) is asymptotically
stable if K2 is chosen as |1 − K2| < 1, whereas stability of the system (2.47)
also depends on the quadratic term x2(k). For example, choosing the constants
as K1 = −1 and K2 = 1, gives the following closed-loop solutions

x(k + 1) = 2x2(k) (2.49)

and

x(k + 1) = 0, (2.50)

respectively. Hence, the system (2.49) is asymptotically stable if |x(0)| ≤ 0.5.
Studying the system (2.50) we can see that choosing K2 = 1 results in a dead-
beat controller, where the origin is reached after one step. However, we need to
modify the control law (2.46) as the denominator is zero for x(k) = 0.5. One
way of solving this is to add a small number, ε, in the denominator of (2.46).
Despite this, the dead-beat control law is not asymptotically stable. It is easy
to see that for x(0) = 0.5, the trajectory will be x(1) = x(2) = · · · = x(n) · · · =
0.5. Thus, the system (2.44) is not controllable. In Figure 2.1 the linear control
law (2.45) is compared with the nonlinear control law (2.46) with the values
K1 = −1 and K2 = 1, respectively, for the initial value is x(0) = 0.49.
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Figure 2.1: Closed-loop solutions. Comparison between the linear control law
(2.45) with K1 = −1 (dashed line), and the dead-beat control law (2.46) with
K2 = 1 (solid line).
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Remark 2.6. The chosen values K1 = −1 and K2 = 1 for the control laws
(2.45) respectively (2.46) are given by minimizing the following optimization
problems

arg min
u(k)

||x(k) − u(k)||2 (2.51)

and

arg min
u(k)

||x(k) + 2x(k)u(k) − u(k)||2, (2.52)

respectively. From identification of the solutions of the minimization problem
(2.51) and (2.52), the values of the constants K1 and K2 are easily obtained.
Thus, the linear control law is obtained by only considering the linear part of
the system (2.44) in the optimization problem. Hence, the result in Figure 2.1
reveals that it is not always sufficient to approximate a nonlinear system with
a linear system, even if the nonlinearity seems to be mild.

Remark 2.7. Some further interpretations can be made for the nonlinear
control law (2.46). Because the nonlinearity of the system (2.44) is removed
by using (2.46), this control law may be regarded as an exact linearization of
the system (2.44). Another interpretation of the optimization problem (2.52),
in connection with the method used in Chapter 6, is that (2.46) is a MPC,
where no constraints are present in the optimization problem and where the
prediction and control horizons are N = M = 1, respectively.

2.5.3 Phase Variable Canonical Form and Dyadic BLS

BLS can be formulated in different forms of which the phase variable canonical
form is of particular importance. For simplicity, we consider the scalar input
case although the representation can be generalized to the multi-input case.
The matrices in (1.8)-(1.9) have the following structure when represented in
the phase variable canonical form

A=




0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0
... 1

a1 a2 a3 . . . an




, G=




0 0 . . . 0
...

...
...

...
...

...
...

...
0 . . . . . . 0
g1 g2 . . . gn




, B=




b1

b2

...
bn


 (2.53)

C =
(
1 0 . . . 0

)
. (2.54)

This representation demonstrates some similarities with the canonical form re-
presentations for linear systems. If a BLS can be represented in phase variable
canonical form, this will facilitate theoretical analysis in terms of stabilizing
feedback control, controllability and also system identification. For example,
the structure of the bilinear models in the system identification technique pre-
sented in Section 2.7 will be in the phase variable canonical form. Other impor-
tant representations for BLS are the triangular forms. Necessary and sufficient
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conditions for the existence of transformations of BLS which will result in tri-
angular and canonical forms for BLS are presented in Benedetto and Isidori
[1978].

A class of BLS is the so called dyadic bilinear systems.

Definition 2. The bilinear state equation (1.8)-(1.9) is said to be a dyadic
BLS of order d if for i = i1, . . . , kd, where d ∈ {1, 2, . . . ,m},

Gkx + b̄k = b̄k(cT
k x + 1), (2.55)

where cT
k is an m-dimensional row vector, and b̄k is the kth column of the

matrix B in (1.8). �

There are some interesting stabilizing feedback control results for dyadic
bilinear systems of first order. Define the following three sets,

S+ ={x|(cT
k x+1)>0}, S0 ={x|(cT

k x+1)=0}, S−={x|(cT
k x+1)<0}. (2.56)

Let Φ(x0, u, t) be the solution to the dyadic BLS at time t when x(0) = x0 and
u(τ), τ ∈ [0, t]. Then, by defining three new sets as

V+ ={x ∈ S+|there exist a u+ such that Φ(x0, u
+, t) ∈ S+∀t},

V0 ={x0 ∈ S0|eAtx0 ∈ V+ for some t > 0}, (2.57)
W ={x0|there exist a uV0 such that Φ(x0, uV0 , t) ∈ V0 for some t < 0},

the following theorem, where a proof is given in Gutman [1981], can be estab-
lished.

Theorem 2.2. A necessary and sufficient condition for stabilizing a dyadic
BLS of first order is that:

1. V0 is nonempty, and

2. V+ ∪ V0 ∪ W = R
n.

For discrete-time dyadic BLS there also exist some interesting results con-
cerning controllability. We assume scalar input, i.e. that the matrices in (1.8)
for a discrete-time BLS are given by

G + B = B(cT + 1), (2.58)

and that the dyadic BLS is in the phase variable canonical form (2.53). Then,
by defining a matrix as O(cT , A) = [c, AT c, . . . , A(n−1)T

c]T , and letting 1 denote
the n-vector containing ones in every element, the following theorem can be
stated, of which the proof is found in Goka et al. [1973].

Theorem 2.3. Assume A−1 exists. Then, a discrete-time dyadic scalar input
BLS, where the matrices are defined by (2.58), is controllable in R

n if:

(a) (A,B) is a controllable pair, and
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(b) either rank
[O(cT , A)

]
<rank

[O(cT , A);1
]

or
∑n

i=1 ai 	= 1, and

(c) cT B, cT A−1B 	= 0.

Observe that the theorem does not apply for continuous-time dyadic BLS.
Other interesting and easily interpretable results concerning controllability for
discrete-time homogeneous dyadic BLS can be found in Evans and Murthy
[1977].

2.6 Sampling of continuous-time BLS

Transformation of continuous-time systems into discrete-time versions is fun-
damental in computer-controlled systems, since the available signals in such
a system are given as discrete-time sequences. Sampling a continuous-time
system involves to find an equivalent discrete-time system.

The theory behind sampling of linear continuous-time systems is well under-
stood, see for example Åström and Wittenmark [1990]. however, for nonlinear
systems the situation is more complicated. Expressions for an exact sampled
nonlinear system often become too complex to be useful. Here, exact sam-
pling is referred to as a zero-order hold equivalent of a continuous-time system.
Therefore, it is common that simple schemes, like Euler forward, are utilized
in sampling of nonlinear continuous-time systems. BLS expressions for ex-
act sampled systems are rather easy to obtain, but clearly, exact sampling of
continuous-time BLS will in general not lead to an equivalent bilinear discrete-
time system.

Consider a zero-order hold sampling of the BLS (1.8)-(1.9). For simplicity
we assume a SISO system, i.e a scalar input and a scalar output. The control
signal is sampled and given by the sequence {u(tk)}, k = 0, 1, . . . ,. Assuming
that the state is known at time tk, then the state at some future time tk+1 can
be obtained by solving (1.8), which results in the following sampled system

x(tk+1) = Θ(u(tk), tk)x(tk) + Υ(u(tk), tk)u(tk) (2.59)
y(tk) = Cx(tk), (2.60)

where u is a constant between the sampling instants. Assuming periodic samp-
ling with the period h implies that tk = kh, and the matrices in (2.59) are
given by

Θ(u(kh), kh) = e(A+Gu(kh))h, (2.61)

Υ(u(kh), kh) =
∫ h

0

e(A+Gu(kh))τdτB. (2.62)

The notation can be further simplified by using the sampling time as time unit,
h = 1. The sampled system can then be written as

x(k + 1) = Θ(u(k))x(k) + Υ(u(k))u(k) (2.63)
y(k) = Cx(k). (2.64)
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Often in the literature the parameter t is used instead of k. In this thesis
the notation will be different for different chapters. For example in Chapter 3
we will use t. However, this will not likely arise any confusion. The discrete-
time system (2.63)-(2.64) is highly nonlinear in u(k) and it might be difficult
to utilize the system as it is in, for instance, controller design. Hence, it is
interesting to study other approximative sampling methods.

A common discretization method for nonlinear continuous-time systems is
the Euler forward method. This sampling method is for example used in the
nonlinear identification method that will be described in Section 2.7. For a
continuous-time BLS the Euler approximation of the system will be

x(k + 1) = (I + hA)x(k) + hGx(k)u(k) + hBu(k) (2.65)
y(k) = Cx(k). (2.66)

Note that the bilinear structure is retained in the sampled system (2.65)-(2.66).
Nevertheless, in many situations the Euler forward method may cause some
problems since the truncation error is of order O(h). Moreover, for larger
sampling periods h, the Euler method often suffers from stability problems.
Therefore, it would be desirable to have a method with a smaller truncation
error but which preserves the bilinear structure.

Series expansion of the matrix exponents reveals that the matrices in (2.61)-
(2.62) can be written as

Θ(u(k)) = e(A+Gu(k))h =
(
I + (A + Gu(k))h +

(A + Gu(k))2h2

2
+ · · · ),

(2.67)

Υ(u(k)) =
∫ h

0

e(A+Gu(k))τdτB = (Ih +
(A + Gu(k))h2

2!
+

· · · + (A + Gu(k))ihi+1

(i + 1)!
+ · · · )B. (2.68)

Consequently, the Euler method corresponds to truncating the series for terms
of higher order than h. Moreover, (2.67)-(2.68) reveal that an exact sampling
which preserves the bilinear structure exists for a continuous-time BLS if AB =
−GB and (A + G)2 = 0, see further Remark 2.8.

It would be tempting to divide the matrix exponents in (2.67) as eAheGu(k)h,
if it was not for the fact that in general eA+B 	= eAeB , unless A and B commute,
i.e. AB = BA. However, it is easy to show that

e(A+B)h − eAheBh =
(BA − AB)

2
h2 + higher order terms in h. (2.69)

This means that we will not lose much in accuracy if (2.67) is written as
eAheGu(k)h, at least when compared with the Euler method. Thus, an ap-
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proximative way of writing (2.67)-(2.68) would be

Θ(u(k)) ≈ eAheGu(k)h = eAh
(
I + Gu(k)h +

(Gu(k))2h2

2
+ · · · ), (2.70)

Υ(u(k)) ≈
∫ h

0

eAτeGu(k)τdτB

=
∫ h

0

eAτ (I + Gu(k)τ +
(Gu(k))2τ2

2
+ · · · )dτB

=
∫ h

0

eAτdτB +
∫ h

0

eAτ (eGu(k)τ − I)dτB. (2.71)

Excluding terms of higher order than h in (2.70), and only keeping the first
term in (2.71), the following bilinear discrete-time system is readily obtained

x(k + 1) = Θ̄x(k) + hΘ̄Gx(k)u(k) + Ῡu(k) (2.72)
y(k) = Cx(k), (2.73)

where

Θ̄ = eAh, (2.74)

Ῡ =
∫ h

0

eAτdτB. (2.75)

Apparently, there exists one important advantage of using (2.74)-(2.75) instead
of (2.65)-(2.66). That is, if G = 0, then the sampling is exact. Or alternatively,
when u(k) = 0, then the sampling is exact. A derivation of an error bound
for the sampling method (2.74)-(2.75) will not be performed here. Instead
some numerical illustrations where different sampling methods are compared
are given below.

In Figure 2.2 results from using the sampling methods ending up in the
discrete-time bilinear models (2.65)-(2.66) respectively (2.74)-(2.75) are illus-
trated. In the figure the same BLS (2.27) as in Example 2.1 is sampled with
different sampling periods. It is obvious from the figure that using the discrete-
time model (2.74)-(2.75) gives a much more accurate and stable discretization
of a continuous-time BLS.

Exact sampling of a continuous-time BLS has also been investigated in
Schwartz [1987]. Another method of sampling BLS, which leads to a discrete-
time system where the bilinear structure is retained, but where the model
parameters depend on the input, can be found in Dunoyer et al. [1997].

Remark 2.8. Investigating the series expansions (2.67)-(2.68) reveals that if A
and G commute, which can be written as the Lie bracket condition [A,G] = 0,
then, if G is nilpotent, i.e. G2 = 0, and moreover if GB = 0, the system (2.72)-
(2.73) is exactly sampled. This can be shown by utilizing series expansion of
the matrix exponents and the fact that eA+B = eAeB if A and B commute.
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Figure 2.2: Comparison between the sampled system (2.65)-(2.66) (dotted line)
and the sampled system (2.74)-(2.75) (+). The solid line illustrates the exact
sampled system. Upper plot: The sampling period is h = 0.05. Middle plot:
The sampling period is h = 0.1. Lower plot: The sampling period is h = 0.125.

2.7 Recursive Prediction Error Identification of
BLS

A short description of the prediction error algorithm used for BLS identification
throughout this thesis is presented in this section. For more rigorous treatments
of the algorithm, the reader is referred to the Wigren [2004], Wigren [2006],
Wigren [2005b], Brus [2005a], Wigren [2005c], and Wigren [2005a].

The recursive prediction error method is based on a state-space model in
which the right-hand side of the last state component contains a nonlinear
function. The nonlinear function of several variables is of polynomial form
and may be considered as a power-series expansion. In order to reduce the
notational complexities, the notation introduced in Section 2.1 will be utilized.

The identification model utilized in the RPEM is of output error (OE) type.
The model considered here is a multi-input single-output (MISO) model. In
Wigren [2006] the identification algorithm is also developed for MIMO systems.
Further, is shown that under certain conditions, a transformation that converts
a general nonlinear ODE model, with general functions in all components of
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the right-hand side into the following parameterization, exists:

ẋ =




ẋ1

...
ẋn−1

ẋn


 =




x2

...
xn

f(x, u, θ)


 . (2.76)

y = x1. (2.77)

In general, when performing the transformation, the input vector u will also
contain entries which are derivatives of the input signals in u, up to a selected
order. This result is put on more rigorous basis in Wigren [2006]. However, the
notation will be simplified by excluding the derivatives into u. This is motivated
by the purpose of the identification procedure, which is to find proper bilinear
models for the studied processes.

Defining z = (xT uT )T , the truncated polynomial expansion of f(x, u, θ)
in (2.76) can be written as the series expansion in (2.2) with the square bracket
notation

f(z, θ) =
N∑

k=0

Fk(θ)z[k], (2.78)

where the matrix Fk in (2.2) is parameterized by the model parameter vector θ.
It is obvious that the restricting bilinear systems imply that N = 1. Moreover,
some of the entries in z[1] also have to be deleted in order to obtain a BLS. It
will also be assumed that only one of the input signals is affecting the states
in a bilinear manner, and that F0(θ) = 0. Then, the resulting BLS has the
following structure

ẋ = Ax + Gxu1 + Bu (2.79)
y = Cx, (2.80)

where

A=




0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0
... 1

a1 a2 a3 . . . an




, G=




0 . . . 0
...

...
...

...
...

...
0 . . . 0
g1 . . . gn




, B=




0 . . . 0
...

...
...

...
...

...
0 . . . 0
b1 . . . bm




(2.81)

C =
(
1 0 . . . 0

)
. (2.82)

A comparison of the bilinear system (2.79)-(2.82) and (2.53)-(2.54), yields that
the BLS representation above is in phase variable canonical form. Hence, the
unknown model parameter vector to be estimated is

θ = [a1, . . . , an, g1, . . . , gn, b1, . . . bm]T . (2.83)



56 2. Bilinear Systems

By defining

ϕ(x, u) = [x1, x2, . . . , xn, x1u1, . . . , xnu1, u1, . . . , um]T , (2.84)

it is possible to formulate the nonlinear function in (2.78) for BLS as

f(z, θ) = ϕ(x, u)T θ. (2.85)

The RPEM algorithm is based on discrete-time models and as a result, the
bilinear model (2.79)-(2.80) needs to be discretized. This is achieved by ap-
plying a simple Euler-forward method. As it has been mentioned in Section
2.6, one important benefit of using this method is that the bilinear structure
is retained after discretization. Recalling (2.65)-(2.66), and assuming that h is
the sampling interval, the discrete time BLS version of (2.79)-(2.80) is given by

x(k + 1) = (I + hA)x(k) + hGx(k)u1(k) + hBu(k) (2.86)
y(k) = Cx(k). (2.87)

From the discretized bilinear model (2.86)-(2.87) an RPEM algorithm can be
constructed using a standard OE approach, see Ljung and Söderström [1983].
A detailed formulation of the RPEM algorithm used for the identification pro-
cedure is given in Wigren [2006] and a software package of Matlab files is also
available at http://www.it.uu.se/ research/reports/. In Appendix 2.A a version
of the RPEM algorithm adapted for the BLS in (2.79)-(2.82) is presented.

2.A RPEM for BLS

The notation given in Wigren [2006] will be followed when constructing the
RPEM algorithm for the BLS given by (2.86)-(2.87). Thus, t is the time unit.
The RPEM is then given by:

ε(t) = ym(t) − y(t)

Λ(t) = Λ(t − h) +
µ(t)

t

(
ε(t)εT (t) − Λ(t − h)

)
R(t) = R(t − h) +

µ(t)
t

(
ψ(t)Λ−1(t)ψT (t) − R(t − h)

)
θ̂(t) =

[
θ̂(t − h) +

µ(t)
t

R−1ψ(t)Λ−1(t)ε(t)
]
DM

x(t + h) = (I + hA)x(t) + hGx(t)u1(t) + hBu(t)
y(t + h) = Cx(t + h)

ϕ(t) = [x1(t) x2(t) . . . xn(t) x1(t)u1(t) . . . xn(t)u1(t) u1(t) . . . um(t)]T

dϕ

dx
(t) =




1 0 . . . u1 0 . . . 0 . . . 0

0 1 . . . 0 u1 0 . . . . . .
...

...
. . . . . .

...
. . . . . . . . . . . .

...
0 . . . 0 1 0 . . . u1 . . . 0
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dx

dθ
(t + h) =

dx

dθ
(t) + αh




dx2
dθ (t)

...
dxn

dθ (t)

ϕT (t) + θ̂(t)dϕ
dx (t)

(
dx
dθ (t)

)T




ψ(t + h) = C
dx

dθ
(t + h).
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Chapter 3
Identification of Systems with
Errors-in-Variables using
Separable Nonlinear
Least-Squares

3.1 Introduction

IT is well known that the least-squares (LS) identification method gives con-
sistent parameter estimates only under quite restrictive conditions. The spe-

cial case where only the output observation is corrupted by noise and the input
is completely known, is a classical system identification problem. However, in
many practical situations, both input and output measurements are corrupted
by noise, and identification of systems with noise-corrupted input and output
measurements (errors-in-variables) has received increased attention. During
the past decades, many approaches for errors-in-variables (EIV) identification
have been developed. For instance, in Fernando and Nicholson [1985] a vari-
ant of the Koopmans-Levin method is suggested. In Söderström and Mahata
[2002] the total LS approach is proposed, and in Mahata and Söderström [2002]
a method, based on pre-filtering data, is investigated. In Beghelli et al. [1990]
it is suggested to use the Frisch scheme for estimating the noise variance and
model parameters. Several recursive algorithms for identification of EIV mod-
els based on bias-eliminated least-squares (BELS) methods have been proposed
in Zheng and Feng [1989], Zheng and Feng [1992], and Zheng [1999]. Guillaume
et al. [1995] suggest a frequency domain based method, whereas an instrumen-
tal variable based method is proposed in Stoica et al. [1995]. An overview
of different perspectives on EIV estimation for dynamic systems is given in
Söderström et al. [2002]. Some comparison between different approaches are
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also given Söderström [1981] and Soverini and Söderström [2000].
In this chapter a bias-eliminating approach, based on a compensated least-

squares (CLS) solution of an overdetermined system of equations and separable
nonlinear LS, see e.g. Hannan [1971] and Golub and Pereyra [1973], for esti-
mating the parameters in dynamic errors-in-variables models, is investigated.
The method can be regarded as an extended version of the CLS method, de-
scribed in e.g. Levin [1964], Aoki and Yue [1970], and Stoica and Söderström
[1982], and will hereafter be called the extended CLS (ECLS) method. It is de-
veloped from the fact that the original nonlinear CLS optimization problem is
separable. Hence, the model parameters and the noise parameters can be esti-
mated separately. The ECLS method was first proposed for an EIV problem in
Ekman [2005a], where the measurement disturbances were assumed to be white
noise. In this chapter we will consider the case when both the output noise and
the input noise are autocorrelated. Since the noise parameters and the model
parameters are still separable in the corresponding optimization problem, the
parameters associated with the noise terms can be estimated first. Once the
noise parameters are attained, consistent estimates of the model parameters
can be obtained using the bias compensation principle. Thus, problem P1 and
P3 (section 1.5.1 and 1.5.3, respectively) are considered in this chapter. It
will also be exemplified that the proposed method can be extended easily to
bilinear discrete-time models with errors-in-variables.

In this chapter we shall analyze the consistency behavior of the ECLS es-
timates and show that the estimates, under some general assumptions, are
consistent. Some numerical simulations are performed in order to illustrate the
consistency. The accuracy of the parameter estimates is also investigated with
some numerical examples.

The chapter is organized as follows. In Section 3.2, some notations are intro-
duced and the ECLS problem is presented. Section 3.3 describes the principle
of separable LS, and the variable projection problem is derived. In Section
3.4, we perform a consistency analysis for the ECLS estimates. Section 3.5
discusses some special issues concerning the case where the input and output
measurements are contaminated by white noise. Numerical examples, where
the consistency behavior of the estimates is illustrated and the accuracy of the
parameters is investigated, are given in Section 3.6. A study where the ECLS
method is compared with the Cramér-Rao lower bound (CRB), is also per-
formed. In Section 3.7, the ECLS method is applied to a discrete-time bilinear
model, and finally, conclusive remarks are given in Section 3.8.

3.2 Extended CLS Estimates

First, consider the statement of the EIV problem in Section 1.5.1, and the EIV
system described by the equations (1.15)-(1.21). In addition to the basic as-
sumptions A1.1-A1.4, the following condition is assumed:

A3.1: The polynomial degrees in Assumption A1.2 fulfill nc ≥ nd, nf ≥ ng,
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nc≤(2nd + 1), and nf ≤(2ng + 1).

The following notations are introduced:

ϕ(t) = [Y (t), U(t)]T (3.1)
Y (t) = [−y(t − 1), . . . ,−y(t − na)] (3.2)
U(t) = [u(t − 1), . . . , u(t − nb)] (3.3)

Ỹ (t) = [−ỹ(t − 1), . . . ,−ỹ(t − na)] (3.4)

Ũ(t) = [ũ(t − 1), . . . , ũ(t − nb)] (3.5)

θ = [a1, . . . , ana
, b1, . . . , bnb

]T , (3.6)

where θ is the parameter vector of model parameters. The noise-free parts of
the available signals are denoted Y 0(t) = Y (t)− Ỹ (t) and U0(t) = U(t)− Ũ(t).
We can further write the regressor vector as a sum of one noise-free term and
one noise term:

ϕ(t) = ϕ0(t) + ϕ̃(t)

= [Y 0(t), U0(t)]T + [Ỹ (t), Ũ(t)]T . (3.7)

Clearly, the true system is given by

y(t) = ϕT (t)θ0 + xS(t), (3.8)

where θ0 is the true value of the “model” parameter vector and xS(t) is a
stochastic disturbance term given by

xS(t) = ỹ(t) − ϕ̃(t)θ0. (3.9)

We introduce a vector z(t) with dimension (nz|1), where the size of nz is still
to be decided. Moreover, consider the following system of equations

1
N

N∑
t=1

z(t)xS(t) =
1
N

N∑
t=1

z(t)[y(t) − ϕT (t)θ], (3.10)

where the unknown model parameter vector, θ, is required to satisfy (3.10) in
some sense. Hence, choosing a proper z(t), one may try to estimate θ, i.e.
the first part of problem P1 in Section 1.5.1, by solving (3.10) in an LS sense.
However, the left-hand side of (3.10) is, in general, unknown and has to be
estimated. This will, however, be exploited later.

The entries of z(t) can be chosen in many different ways. Selecting the
entries of the vector z(t) as signals uncorrelated with the disturbance xS(t) will
give rise to the well-known instrumental variable (IV) estimates of θ0, see e.g.
Söderström and Stoica [1989]. However, since we are interested in estimating
the noise parameters as well as the model parameters, we will choose at least
some of the entries in z(t) to be correlated with xS(t). One special choice is to
let the entries of z(t) be given by

z(t) = [y(t), Y (t), Y p(t), u(t), U(t), Up(t)]T , (3.11)
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where

Y p(t)=[−y(t − na − 1), . . . ,−y(t − na − p)], (3.12)
Up(t)=[u(t − nb − 1), . . . , u(t − nb − p)]. (3.13)

This choice of z(t), or instruments, will also be used in Section 3.5 and 3.6.
In general, the elements of z(t) will contain noise-free terms, z0(t), and noise

terms, z̃(t), and therefore we can write

z(t) = z0(t) + z̃(t). (3.14)

Let us introduce covariance matrices and covariance vectors as follows:

Rzϕ = E[z(t)ϕT (t)], rzy = E[z(t)y(t)]. (3.15)

We have that Rzϕ is an (nz|na + nb) matrix, and rzy is an (nz|1) vector. Since
z0(t) is uncorrelated with ϕ̃ and ỹ, the covariances in (3.15) can be decomposed
into one noise-free term and one noise term as vectors as follows:

Rzϕ = Rz0ϕ0 + Rz̃ϕ̃(ϑ), (3.16)
rzy = rz0y0 + rz̃ỹ(ϑ), (3.17)

where the same notation as in (3.15) is used for the corresponding expected val-
ues of the covariance matrices and vectors. In (3.16)-(3.17) we have considered
the matrix and the vector corresponding to the noise term, as functions of a
parameter vector ϑ. The parameter vector ϑ is specified by the auto-covariance
functions of the output noise, rỹỹ(·), and the input noise, rũũ(·), where

rỹỹ(τ) = E[ỹ(t)ỹ(t − τ)], (3.18)
rũũ(τ) = E[ũ(t)ũ(t − τ)]. (3.19)

It is obvious that the structure of the matrix and the vector corresponding to
the noise in (3.16)-(3.17) will depend on the choice of the entries in z(t). For
example, choosing z(t) = ϕ(t) will give rise to a Toeplitz block structure of
the matrix Rz̃ϕ̃(ϑ). As the measurement noises in (1.18)-(1.19) are modeled
as ARMA processes, the autocovariance functions in (3.18)-(3.19) satisfy the
following Yule-Walker equations, see e.g. Söderström [2002]:

rỹỹ(τ) + c1rỹỹ(τ − 1) + · · · + cnc
rỹỹ(τ − nc)

= 0, τ > nd, (3.20)
rũũ(τ) + f1rũũ(τ − 1) + · · · + fnf

rũũ(τ − nf )
= 0, τ > ng. (3.21)

Thus, the autocovariance functions in (3.18)-(3.19) can be written as non-
linear combinations of the parameters rỹỹ(0), . . . , rỹỹ(nd), rũũ(0), . . . , rũũ(ng),
c1, . . . , cnc

and f1, . . . , fnf
. Thus, the elements of Rz̃ỹ and Rz̃ϕ̃ have, in gen-

eral, a nonlinear dependence of the elements of ϑ. However, it can be shown
that the dependence is linear for the special cases where the input and output
noises are either white noises or MA-processes.
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Now, if we use the notation c = [c1, . . . , cnc
] and f = [f1, . . . , fnf

], then we
can take

ϑ =
(
rỹỹ(0) . . . rỹỹ(nd) rũũ(0) . . . rũũ(ng) c f

)
(3.22)

as the unknown noise parameter vector. The elements of rz̃ỹ and Rz̃ϕ̃ will be
analytic functions of every element of ϑ.

It is obvious that, as a result of (3.8), the true parameter vector θ0 can be
written as the solution to the equation

Rz0ϕ0θ0 = rz0y0 . (3.23)

Asymptotically we have the relationship given in (3.16)-(3.17). After inserting
(3.16)-(3.17) into (3.23), we have that the true system satisfies the following
nonlinear system of equations

R(θ0, ϑ0) =
(
Rzϕ − Rz̃ϕ̃(ϑ0)

)
θ0

− (rzy − rz̃ỹ(ϑ0)) = 0, (3.24)

where ϑ0 is the “true” noise parameter vector. Hence, the parameter vectors
θ0 and ϑ0 will give a global minimum to the loss function

V (θ, ϑ)= ||R(θ, ϑ)||2. (3.25)

Thus, solving (3.24) in a LS sense by minimizing (3.25) will give the solution

(θ0, ϑ0) = arg min
θ, ϑ

[
V (θ, ϑ)

]
. (3.26)

The dimension of the unknown parameters are dim(θ) = na +nb, and dim(ϑ)=
nc + nd + nf + ng + 2. Next, we introduce the estimated covariances as

R̂(N)
zϕ =

1
N

N∑
t=1

z(t)ϕT (t), r̂(N)
zy =

1
N

N∑
t=1

z(t)y(t). (3.27)

Under the given assumptions we have that

lim
N→∞

R̂(N)
zϕ = E[z(t)ϕT (t)] = Rzϕ, (3.28)

lim
N→∞

r̂(N)
zy = E[z(t)y(t)] = rzy, (3.29)

both with probability one and in mean square, see for example Söderström and
Stoica [1989]. Taking the ergodicity result in (3.28)-(3.29) into consideration,
it is convenient to seek for an approximative solution to (3.26) by minimizing
the loss function

VN (θ, ϑ)= ||R̂N (θ, ϑ)||2, (3.30)

where

R̂N (θ, ϑ) =
(
R̂(N)

zϕ − Rz̃ϕ̃(ϑ)
)
θ

− (r̂(N)
zy − rz̃ỹ(ϑ)). (3.31)
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As a result the ECLS estimates of θ and ϑ can be defined as

(θ̂N , ϑ̂N ) = arg min
θ, ϑ

[
VN (θ, ϑ)

]
. (3.32)

The following restriction on dim(z(t)) applies

nz ≥ dim(θ) + dim(ϑ) =

na + nb + nc + nd + nf + ng + 2 � n. (3.33)

Here, it is assumed that:

A3.2: (R̂(N)
zϕ − Rz̃ϕ̃(ϑ)) has full column rank for ϑ ∈ Ω and for all N ≥ N0,

where N0 is an integer and Ω is an open set containing ϑ0.

This is in general a mild assumption, especially when taking Assumption A1.3
into consideration, and it is expected to hold at least generically.

Remark 3.1. In general, the Assumption A3.2 implies that the matrix R̂
(N)
zϕ

has full column rank. This condition is at least generically true, see e.g.
Söderström and Stoica [1989].

3.3 Separable Nonlinear Least-Squares

Considering the ECLS estimate in (3.32), an estimate of ϑ0 is given as the
minimal point

ϑ̂N = arg min
ϑ

[
min

θ
VN (θ, ϑ)

]
. (3.34)

However, recalling problem P3 in Section 1.5.3, the optimization problem
(3.34) is separable and can be solved for ϑ and θ separately. If the loss func-
tion (3.30) is minimized analytically with respect to θ, then for a given ϑ, the
minimum is achieved by the ECLS estimate

θ̂N = (R̂(N)
zϕ − Rz̃ϕ̃(ϑ))†(r̂(N)

zy − rz̃ỹ(ϑ)), (3.35)

where (R̂(N)
zϕ −Rz̃ϕ̃(ϑ))† is the pseudo-inverse of (R̂(N)

zϕ −Rz̃ϕ̃(ϑ)). Substituting
(3.35) into (3.30), we have the concentrated loss function

WN (ϑ) = ||r̂(N)
zy −rz̃ỹ(ϑ)−(R̂(N)

zϕ −Rz̃ϕ̃(ϑ))×
(R̂(N)

zϕ −Rz̃ϕ̃(ϑ))†(r̂(N)
zy −rz̃ỹ(ϑ))||2, (3.36)

and the optimization problem in (3.34) reduces to

ϑ̂N = arg min
ϑ

WN (ϑ). (3.37)

As in Section 1.5.3, the optimization problem in (3.37) is referred to as a
variable projection problem. Once a minimizing ϑ̂N is found from (3.37), then
θ̂N can be obtained from (3.35) by replacing ϑ by ϑ̂N .
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3.4 Consistency Analysis

For the consistency analysis, we introduce the following assumption:

A3.3: There exists a compact set S ⊂ Ω ⊂ Rn such that whenever (θ, ϑ) ∈ S
||Rz̃ϕ̃(ϑ))|| ≤ C1, ||rz̃ỹ(ϑ))|| ≤ C2. (3.38)

The conditions in A3.3, together with A3.2 (see Remark 3.1), implies that
VN (θ, ϑ) is bounded on S for all N ≥ N0. The bounds in (3.38) are reasonable
in a neighborhood of (θ0, ϑ0) as long as Rz̃ϕ̃ and rz̃ỹ are analytic functions of
the elements in ϑ. The following additional assumption will restrict S, but is
necessary to ensure convergence of the parameter estimates:

A3.4: Rz̃ϕ̃(ϑ) and rz̃ỹ(ϑ) are continuous functions of ϑ for all ϑ ∈ S. Moreover,
(θ0, ϑ0) is a unique global minimum point to (3.25) in S.

Assumption A3.4 is an identifiability condition, see also Remark 3.2 below.
We have the following proposition.

Proposition 1. Under Assumption A3.2-A3.4.

VN (θ, ϑ)= ||R̂N (θ, ϑ)||2 → ||R∞(θ, ϑ)||2
� V∞(θ, ϑ)= V (θ, ϑ), as N → ∞, (3.39)

uniformly for all (θ, ϑ) ∈ S with probability one.

Proof: Since the loss function in (3.30) is continuous at (θ0, r0) and from
ergodicity results, or by using Slutsky’s theorem (see e.g. Cramer [1946]), it
follows that the convergence in (3.39) is true. The uniformity of the convergence
follows directly from Assumptions A3.2-A3.3. To see this, consider the bounds
in (3.38) together with Assumption A3.2. We know that in the compact set S
we can always find a function f , which only depends on N such that

sup
θ,ϑ∈S

|VN (θ, ϑ) − V (θ, ϑ)| ≤ f(N), ∀N ≥ N0. (3.40)

From ergodicity results we have that f(N) tends to 0 as N → ∞. This is
exactly the definition of uniform convergence in a metric space, and the propo-
sition follows. �

Proposition 2. Assume that VN (θ, ϑ) converges uniformly to V∞(θ, ϑ) (as
N → ∞) in a compact set S, and that V∞(θ, ϑ) is continuous and has a unique
global minimum point at (θ∗, ϑ∗). Let (θN , ϑN ) be a global minimum point of
VN (θ, ϑ) in S. Then (θN , ϑN ) converges to (θ∗, ϑ∗) as N → ∞.

Proof: See e.g. Söderström [1974]. �

Now, it is possible to state the following proposition.
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Proposition 3. Under Assumptions A1.1-A1.4 and A3.2-A3.4,

lim
N→∞

{
arg min

θ, ϑ

[
VN (θ, ϑ)

]}
=arg min

θ, ϑ

[
V∞(θ, ϑ)

]
, (3.41)

almost surely.

Proof: The proof follows under the given Assumptions from Propositions
1-2. �

Thus, the consistency of the estimate by minimizing the loss function (3.30)
follows directly from (3.41). Under the given assumptions, recalling that in As-
sumption A1.2 we assume that the polynomial degrees of the model is correct,
we have that (θ̂N , ϑ̂N ) → (θ0, ϑ0) almost surely. Now, the question is if the
variable projection problem (3.37) as well will give consistent estimates. This
question can be answered by considering the following Theorem.

Theorem 3.1. Suppose that Assumption A3.2 holds, then, if (θ̂M , ϑ̂N ) is a
global minimizer of (3.30), ϑ̂N is a global minimizer of (3.37) and VN (θ̂N , ϑ̂N ) =
WN (ϑ̂N ). Furthermore, if there is a unique θ̂N among the minimizing pairs of
f(θ, ϑ), then θ̂N must satisfy (3.35).

Proof: See Theorem 2.1 in Golub and Pereyra [1973]. �

Exploiting this theorem and taking Assumption A3.4 into account, one can
conclude that the variable projection problem (3.37) will give a consistent es-
timate of ϑ0, and (3.35) will provide a consistent estimate of θ0.

Remark 3.2. In this consistency analysis we assume that the global minimum
of (3.30) is indeed found. However, Assumption A3.4 does not necessarily
imply that (θ0, ϑ0) is the only minimum point of (3.25). In fact, the loss
function (3.25) is in general a non-convex function.

3.5 The ECLS Method for the White Noise Case

In this section we will discuss some special features which appear when the
measurements (1.17) are corrupted with white noise. Thus, the polynomials
(1.20)-(1.21) are C(q−1) = D(q−1) = F (q−1) = G(q−1) = 1, and the sequences
e(t) and v(t) in (1.18)-(1.19) are mutually uncorrelated zero-mean white noises
with unknown variances σ2

e and σ2
v , respectively. Then, with the same choise of

the vector z(t) as in (3.11), we have nz = na+nb+2p+2, and it is now possible
to write the structure of the noise matrices in (3.16)-(3.17) as matrix functions
of only the variance vector σ = [σe σv]T . Hence, the following matrices are
defined for the white noise case

Rzϕ = Rz̃ϕ̃(ϑ) = S(σ), (3.42)
rzy = rz̃ỹ(ϑ) = ξσ. (3.43)
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It is now possible to write the structure of the noise matrices as

S(σ)=




0 0
σ2

eIna
0

0 0
0 σ2

vInb

0 0



} 1
} na

} p + 1
} nb

} p

, ξ=
[
1 0
0 0

]
} nz−1 , (3.44)

where Ina
and Inb

are na×na and nb×nb unity matrices, respectively. The
structures above follow from e.g. James et al. [1972], and from the fact that
Y p(t) and Up(t) are uncorrelated with the stochastic disturbance term xS(t).

The loss function (3.30), with the new matrices in (3.42)-(3.43), can be
written as

VN (θ, σ)= ||(R̂(N)
zϕ − S(σ)

)
θ − (r̂(N)

zy − ξσ)||2. (3.45)

One interesting observation is that the loss function in (3.45) can be rewritten
as

VN (θ, σ)= ||r̂(N)
zy −R̂(N)

zϕ θ+
(
(S1θV1+S2θV2)−ξ

)
σ||2, (3.46)

where S1 and S2 are (nz|na + nb) matrices defined by

S1 =




0 0
Ina

0
0 0
0 0
0 0


 , S2 =




0 0
0 0
0 0
0 Inb

0 0


 , (3.47)

and

V1 = [ 1 0 ], V2 = [ 0 1 ]. (3.48)

Thus, for a given θ the loss function (3.46) can be analytically minimized with
respect to σ, where the minimum is achieved at

σ̂ =
(
(S1θV1 + S2θV2) − ξ

)†(R̂(N)
zϕ θ − r̂(N)

zy ). (3.49)

Substituting (3.49) in (3.46), we have the concentrated loss function

LN (θ)= ||r̂(N)
zy −R̂(N)

zϕ θ−((S1θV1+S2θV2)−ξ
)×(

(S1θV1+S2θV2)−ξ
)†(r̂(N)

zy −R̂(N)
zϕ θ)||2, (3.50)

and the solution to the variable projection problem can instead be written as

θ̂ECLS = arg min
θ

LN (θ). (3.51)

Following the previous procedure, the noise variance estimates are obtained in
the second step by replacing θ by θ̂ECLS in (3.49).
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One question that appears is which of the two loss functions, WN (σ) and
LN (θ), in (3.36) and (3.50) respectively, that should be used as a first minimiza-
tion step in the identification problem. The question will be partly answered
in the next section through simulation studies. However, some concluding re-
marks about this issue can be given already at this stage. Minimizing WN (σ)
and LN (θ) is a nonlinear optimization problem, which in general has to be
solved numerically. Despite of minimization techniques, it is obvious that if
dim(θ) > dim(σ), then the minimizing of the loss function LN (θ) will require a
larger computational load than minimizing WN (σ). Thus, for systems of high
orders it is more preferable to minimize WN (σ) than LN (θ). However, there
is another reason why it might be easier to solve the, in general non-convex,
variable projection problem (3.37) instead of (3.51). This is due to the fact
that the search space for a global minimum of the loss function WN (σ) can be
reduced by considering the result from Beghelli et al. [1990]. By defining new
matrices as

RY Y =
1
N

N∑
t=1

(
[y(t),−Y (t),−Y p(t)]T[y(t),−Y (t),−Y p(t)]

)
,

RUU =
1
N

N∑
t=1

(
[u(t), U(t), Up(t)]T[u(t), U(t), Up(t)]

)
,

RY U =
1
N

N∑
t=1

(
[y(t),−Y (t),−Y p(t)]T[u(t), U(t), Up(t)]

)
,

=RT
UY , (3.52)

the following theorem can be stated.

Theorem 3.2. The maximum admissible value for the output noise variance
σ2

e is the minimum eigenvalue of the matrix

RY Y − RT
UY R−1

UURUY (3.53)

and, similarly, the maximum admissible value for the input noise variance σ2
v

is the minimum eigenvalue of the matrix

RUU − RUY R−1
Y Y RT

UY . (3.54)

Proof: See Beghelli et al. [1990]. �

A recursive version of the ECLS algorithm (RECLS) for the case of white
noise in the measurements are also derived in Appendix 3.A. Some simula-
tion studies, where the behavior of the RECLS algorithm is investigated, are
performed in Section 3.7.2.

3.6 Simulation Results

In order to study the behavior of the ECLS method, a few simulation examples
were performed. In the first two examples both the input and output are
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contaminated with white noise, and a comparative study is performed where
the ECLS method is compared with other methods for EIV problems. In the
second example focus is on the accuracy of the estimates and the consistency
behaviour. The last example compares the ECLS method with the extended
Instumental Variable (IV) algorithm, and the Cramér-Rao lower bound (CRB)
is also calculated.

The variable projection problem (3.37) was solved by a sequential quadratic
programming (SQP) method using the fmincon function in Matlab optimiza-
tion toolbox. However, in Section 3.6.1 the Nelder-Mead minimization method
was used. One important reason for choosing the SQP method is that it can
handle constraints added to the nonlinear minimization problem. Simulation
studies have also shown that adding “stability” constraints to the parameters
in the polynoms, C(q−1) and F (q−1) (see Assumption A1.1), significantly im-
proves the searching for the global optima. It is well known that necessary
conditions for a polynom C(z) of order n to have all roots inside the unit circle
are the following

C(1) > 0,

(−1)nC(−1) > 0.

The search space for a global minimum of the loss function (3.37) can also
be reduced by considering Jury’s stability criterion, see e.g. Åström and Wit-
tenmark [1990]. In this section, necessary conditions for stability are added
as constraints on the parameters in C(q−1) and F (q−1) during all simulation
studies.

3.6.1 Estimating an ARMAX Model with White-Noise
as Input and Output Disturbances

In this section, the example described in Söderström [1981], and also used in
e.g. Soverini and Söderström [2000], has been used in the simulations. The
system is described by

x(t) =
B(q−1)
A(q−1)

u0(t), (3.55)

where

A(q−1) = 1 − 1.5q−1 + 0.7q−2

B(q−1) = 1.0q−1 + 0.5q−2.
(3.56)

The undisturbed input u0(t) is modeled as

u0(t) =
C(q−1)
D(q−1)

r(t), (3.57)

where

C(q−1) = 1

D(q−1) = 1 − 0.9q−1,
(3.58)
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and r(t) is white noise with variance σ2
r = 1.

A comparative study, where the above derived method is compared with
a standard IV method and the Frisch Scheme approach (FR), has been per-
formed. For the IV method the system was identified using the delayed inputs,
Up=4(t), as instruments. Both the ECLS and the CLS method were used in
the study. For the ECLS method, z(t) was chosen as in (3.11) where p = 2.
Moreover, the variable projection problem (3.37) and (3.51) were solved by the
Nelder-Mead minimization method using the fminsearch function in Matlab
optimization toolbox. In the standard CLS method, the same noise variance
estimates as for the ECLS method were used, i.e. the estimates obtained from
the variable projection problem (3.37). Moreover, for the CLS method we have
z(t) = φ(t).

Example 1.

In the first comparative study, Monte Carlo simulations based on one hundred
independent realizations with N = 500 data points were performed. The mea-
surement noise variances are σ2

e = σ2
v = 1. For the IV method, the estimates

were rejected if |θ0 − θ̂| > 10. The initial values, σ = [0 0]T and θ = θLS

(where θLS is the standard LS estimate) were used for the variable projection
problems (3.37) and (3.51), respectively.

Tables 3.1 and 3.2 show the mean values and the standard deviations of
the estimated model parameters. From the tables it can be seen that the IV
estimates are not very accurate. The FR and the CLS methods have approxi-
mately the same level of accuracy. The ECLS method shows an overall better
accuracy than the other methods.

Table 3.1: Mean values and standard deviations for coefficient esti-
mates of A(q−1).

Method a1 = −1.5 a2 = 0.7
ECLS -1.502 ± 0.025 0.700 ± 0.019
CLS -1.502 ± 0.048 0.701 ± 0.030
FR -1.509 ± 0.034 0.705 ± 0.024
IV -1.491 ± 0.602 0.692 ± 0.391

Table 3.2: Mean values and standard deviations for coefficient esti-
mates of B(q−1).

Method b1 = 1 b2 = 0.5
ECLS 0.996 ± 0.155 0.493 ± 0.191
CLS 0.986 ± 0.249 0.507 ± 0.400
FR 1.007 ± 0.199 0.459 ± 0.272
IV 0.773 ± 4.780 0.736 ± 5.448
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Table 3.3 reports the mean values and the standard deviations of the esti-
mated noise variance parameters for the ECLS and the FR methods. From the
table it can be seen that the accuracy is approximately the same for both the
output noise variance estimate and the input noise variance estimate.

Table 3.3: Mean values and standard deviations for noise variance
estimates.

Method σ2
y = 1 σ2

u = 1
ECLS 0.995 ± 0.094 0.992 ± 0.120
FR 0.996 ± 0.104 0.971 ± 0.110

Some minor studies concerning the computational load has also been per-
formed. It can be established that both the FR and the IV method are faster
than the ECLS method. This is due to to the fact that in the ECLS method
a nonlinear optimization problem has to be solved. However, even if there
exist faster and more efficient methods than the Nelder-Mead method, it is
interesting to compare the computational load required when minimizing the
loss functions WN (σ) and LN (θ), respectively. Minimizing WN (σ) and then
solving the equation (3.35) will give the same result as minimizing LN (θ) and
then solving the equation (3.49), i.e. the same parameter values are obtained.
However, simulation studies reveal that solving the variable projection prob-
lem (3.51) and the corresponding equation (3.49) is approximately twice as
slow compared to times solving (3.37) and (3.35). Moreover, in order to find
the global minima, simulation studies showed that it is more important to have
a good initial guess of the parameters when solving the minimization problem
(3.51) compared to solving (3.37).

Example 2.

The robustness of the noise variance estimates for the ECLS and the FR meth-
ods has been investigated. Six different condition for the noise variances, i.e.
all possible pairs of σ2

e = {1, 10, 50} and σ2
v = {1, 3}, have been tested.

Again, Monte Carlo simulations based on one hundred independent realiza-
tions with N = 500 data points were performed. The result reported in Table
3.4 shows that the accuracy is approximately the same, but the accuracy de-
creases when the variances of the added noise are high. However, the result
also indicates that the FR method might have a slightly more robust behavior
when the amount of noise on the data are unbalanced, although, for some noise
conditions the ECLS method show better mean values.
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Table 3.4: Mean values and standard deviations for noise variance
estimates.

Variances / Method ECLS FR
σ2

e = 1 0.995 ± 0.094 0.996 ± 0.104
σ2

v = 1 0.992 ± 0.120 0.971 ± 0.110
σ2

e = 10 9.714 ± 1.776 9.726 ± 0.838
σ2

v = 1 0.936 ± 0.396 0.860 ± 0.304
σ2

e = 50 48.230 ± 7.700 49.53 ± 5.208
σ2

v = 1 1.449 ± 0.769 0.907 ± 0.362
σ2

e = 1 0.978 ± 0.100 0.975 ± 0.122
σ2

v = 3 2.987 ± 0.264 2.932± 0.239
σ2

e = 10 9.684 ± 2.198 10.443 ± 1.094
σ2

v = 3 3.025 ± 0.556 1.357± 0.476
σ2

e = 50 48.000 ± 3.405 47.426 ± 4.733
σ2

v = 3 3.405 ± 0.965 2.525± 0.651

3.6.2 Estimating an ARMAX Model with two First-Order
ARMA Processes as Noise Sequences

For the system in this example, simulations have been performed, where asymp-
totic and accuracy behaviors were studied. The above derived method has also
been compared with the standard LS method. The system is a standard ex-
ample described in e.g. Soverini and Söderström [2000] and Söderström [1981].
However, in this section the measurement noises are modified and modeled as
two first order ARMA processes. The system is described by

y0(t) =
B(q−1)
A(q−1)

u0(t), (3.59)

where

A(q−1) = 1 − 1.5q−1 + 0.7q−2

B(q−1) = 1.0q−1 + 0.5q−2.
(3.60)

The undisturbed input u0(t) is modeled as

u0(t) =
1

H(q−1)
r(t), (3.61)

where

H(q−1) = 1 − 0.9q−1, (3.62)

and r(t) is white noise with variance σ2
r = 1. The noise sequences (1.18)-(1.19)

are modeled as first order ARMA processes where

C(q−1)=1+0.8q−1, D(q−1)=1+0.3q−1, (3.63)

F (q−1)=1−0.6q−1, G(q−1)=1+0.2q−1, (3.64)
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and the white noise variances are σ2
e = σ2

v = 1. From (3.63)-(3.64) it is obvious
that dim(ϑ) = 6, and the noise parameters to estimate are rỹỹ(0), rỹỹ(1),
rũũ(0), rũũ(1), c1, and f1.

In the first study, Monte Carlo simulations based on one hundred indepen-
dent realizations with N = 1000 data points were conducted. The initial value,
ϑ = [0 0 0 0 0 0]T was used for the variable projection problems (3.37).
The augmented vector z(t) was chosen as in (3.11)-(3.13), where p = 3. Tables
3.5 and 3.6 show the mean values and the standard deviations of the estimated
model parameters. From the tables it can be seen that the LS estimates are
biased. The ECLS method gives, as expected, more accurate estimates than
the LS method. Table 3.7 reports the mean values and the standard deviations
of the estimated noise parameters for the ECLS method. In order to illustrate
the consistency behavior, the number of data points was increased. Results
from Monte Carlo simulations based on one hundred independent realization
with N = 10000 can also be seen in Table 3.7 (only the noise parameters are
reported). The result demonstrates that the estimates become more accurate
when the number of data points are increased. The standard deviations for
the estimates are, as one would expect, decreasing with approximately a factor√

10.

Table 3.5: Mean values and standard deviations for coefficient esti-
mates of A(q−1).

Method a1 = −1.5 a2 = 0.7
ECLS -1.498 ± 0.040 0.699 ± 0.031
LS -1.234 ± 0.048 0.394 ± 0.044

Table 3.6: Mean values and standard deviations for coefficient esti-
mates of B(q−1).

Method b1 = 1 b2 = 0.5
ECLS 1.015 ± 0.116 0.494 ± 0.167
LS 0.673 ± 0.072 0.401 ± 0.095

During the numerical examinations where the polynomial degrees for the
ARMA processes in (3.63)-(3.64) have been increased, it was observed that the
minimization algorithm is more easily converged to a local minimum. It was
also observed that when the polynomial degrees for the ARMA processes of the
noise sequences are increased, the accuracy of the estimates is worse, even if
the algorithm finds the “true” global minimum. This is especially conspicuous
when N is relatively small. Thus, when the polynomial degrees for the ARMA
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Table 3.7: Mean values and standard deviations for noise parameter
estimates using the ECLS method for N = 1000 and for N = 10000.

True values Estimates Estimates
N = 1000 N = 10000

rww(0) = 1.694 1.673 ± 0.170 1.698 ± 0.048
rww(1) = −1.056 -1.051 ± 0.118 -1.052 ± 0.041
c1 = 0.8 0.795 ± 0.042 0.799 ± 0.013
rss(0) = 2 1.964 ± 0.163 1.991 ± 0.059
rss(1) = 1.4 1.377 ± 0.159 1.400 ± 0.047
f1 = −0.6 -0.581 ± 0.067 -0.601 ± 0.017

processes in (3.63)-(3.64) are increased, the parameter convergence is slower and
it is necessary to have a large data set in order to find reasonable estimates.

3.6.3 Estimating an ARMAX Model with White-Noise as
Input Disturbance and a First-Order ARMA Pro-
cess as the Output Disturbance

A comparative study where the above derived method is compared with the
standard LS method and the extended instrumental variable (IV) method (e.g.
Söderström and Stoica [1989]), is outlined in this section. Moreover, the stan-
dard deviations obtained from Monte Carlo simulations for the above methods,
are compared with the standard deviations obtained from theoretical calcula-
tions of the Cramér-Rao lower bound (CRB). In the computation of the CRB
we the algorithms outlined in Söderström [1997, 2005]. The system treated
in this example is described in Zheng and Feng [1992]. For this system, only
the output noise is colored and modeled as an ARMA process. The system is
described by (3.60) and

A(q−1) = 1 − 0.8q−1

B(q−1) = 1.0q−1.
(3.65)

The undisturbed input u0(t) is modeled as

u0(t) =
1

H(q−1)
r(t), (3.66)

where

H(q−1) = 1 − 0.5q−1 (3.67)

and r(t) is again white noise with the variance σ2
r = 1. The noise sequences

(1.18)-(1.19) are modeled as a first order ARMA process and as a white noise
sequence, respectively, where

C(q−1)=1−0.8q−1, D(q−1)=1+0.7q−1, (3.68)

F (q−1)=1, G(q−1)= 1, (3.69)
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and the white noise variances are σ2
e = σ2

v = 1. From (3.68)-(3.69) it is obvi-
ous that dim(ϑ) = 4, and the noise parameters to estimate are rỹỹ(0), rỹỹ(1),
rũũ(0) = σ2

v and c1. In the first experiment, Monte Carlo simulations based
on one hundred independent realizations with N = 500 data points were con-
ducted. The initial value, ϑ = [0 0 0 0]T , was used for the variable projection
problems (3.37). The augmented vector z(t) was chosen as in (3.11)-(3.13),
where p = 3. For the extended IV method the vector Up(t) in (3.13) was
chosen as instrumental vector with p = 5. Simulation experiments also re-
vealed that the extended IV estimates, where the instrumental variable vector
is overdetermined, are more accurate than estimates obtained from standard
IV where p = 2.

Table 3.8 displays the mean values and the standard deviations of the esti-
mated model parameters. From the table it can be seen that the LS estimates
are biased. The ECLS and extended IV methods give, as expected, almost
unbiased estimates. The results indicate that both the ECLS method and the
extended IV method provide rather accurate model parameter estimates, and
the standard deviations are relatively close to the CRB. In Table 3.9 the mean
and standard deviation for the noise parameters are reported.

Table 3.8: Mean values and standard deviations for coefficient esti-
mates of A(q−1), B(q−1) and C(q−1).

Method a1 = −0.8 b1 = 1 c1 = −0.8
mean std mean std mean std

ECLS -0.792 0.055 1.014 0.192 -0.780 0.072
Extended IV -0.792 0.064 0.994 0.286 – –
LS -0.873 0.016 0.529 0.047 – –
CRB – 0.039 – 0.165 – 0.038

Table 3.9: Mean values and standard deviations for noise parameter
estimates using the ECLS method for N = 500.

True values Estimates CRB
N = 500 std

rỹỹ(0) = 7.25 7.01 ± 1.755 1.732
rỹỹ(1) = 6.5 6.37± 1.715 1.668
σ2

v = 1 1.004 ± 0.184 0.166

3.7 Numerical Evaluation of Identification of Discrete-
time BLS with Errors-in-Variables

In this section it will be illustrated by a simple numerical example that the
ECLS method can be extended to the problem of identifying discrete-time bi-
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linear systems with EIV. However, we will not consider the problem of necessary
conditions for consistency of the estimates or discuss the identifiability prob-
lem, although the last issue will be considered more thoroughly in Chapter 4.
Instead the same conditions as in previous sections are assumed and the prin-
ciple of ECLS is investigated on one single discrete-time bilinear model, which
is identifiable. Hence, the ECLS approach is believed to be applicable also
to other identifiable discrete-time BLS. Moreover, in Section 3.7.2, a recursive
version of the ECLS method will be investigated.

3.7.1 A Second Order Discrete-Time BLS with Errors in
Variables

The system considered in this section is described by the following discrete-time
state-space equation

x(t + 1) =
[−a1 1
−a2 0

]
x(t) +

[
0 0
g1 0

]
x(t)u(t) +

[
b1

b2

]
u(t) (3.70)

y(t) =
[
1 0

]
x(t), (3.71)

where a1 = −0.9, a2 = 0.6, g1 = −0.1, b1 = 1, and b2 = 0.5. The system
(3.70)-(3.71) can be written explicitely as the following difference equation

y(t)=0.9y(t − 1)−0.6y(t − 2)−0.1y(t − 2)u(t − 2)+u(t − 1)+0.5u(t − 2).
(3.72)

It is assumed that the measurements in (1.17) are corrupted with zero-mean
white noise. By studying (3.72) it is trivial to formulate the regression model

y(t) = ϕbls(t)θ, (3.73)

where θ = [a1 a2 g1 b1 b2]T . The regressor is given by

ϕbls(t) = [−y(t − 1),−y(t − 2),−y(t − 2)u(t − 2), u(t − 1), u(t − 2)]. (3.74)

Following the same ECLS approach as in previous sections, results in the fol-
lowing ECLS estimate of θ

θ̂bls = (R̂(N)
zϕbls

− Sbls(σbls))†(r̂(N)
zy − ξbls(σbls)) (3.75)

and the noise variances σbls in the matrix Sbls(σbls) and vector ξbls(σbls) can
be estimated solving a variable projection problem.

In the experiment the same undisturbed input u0(t) as in (3.57)-(3.58) was
used, and the vector z(t) was chosen as in (3.11) where p = 2. The elements of
ξbls(σbls) and Sbls(σbls) in (3.75) was calculated in the very same way as for the
linear model with white noise disturbances in Section 3.6.1. Nevertheless, due
to the bilinear element in the regressor (3.74), terms like E[e(t − 2)2u0(t − 2)]
and E[v(t− 2)2y0(t− 2)] appear in the matrix Sbls(σbls). Those terms are zero
as long as E[u0(t)] = E[y0(t)] = 0. However, this condition might be true
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only for very large N , which can induce bias estimates in situations where N
is relatively small.

In the first study, Monte Carlo simulations based on 100 independent real-
izations with N = 500 data points were conducted. The white noise variances
are σ2

e = 1 and σ2
v = 0, and the initial value, ϑ = [0]T was used for the variable

projection problem. The results can be seen in Table 3.10, where the ECLS
estimates are compared with standard LS estimates. The table demonstrates
that good ECLS estimates are obtained for all parameters.

Table 3.10: Mean values and standard deviations for parameter esti-
mates for N = 500.

True values ECLS LS
N = 500 N = 500

a1 = −0.9 -0.900 ± 0.016 -0.672 ± 0.072
a2 = 0.6 0.601 ± 0.009 0.453 ± 0.047
g1 = 0.1 0.100 ± 0.003 0.111 ± 0.004
b1 = 1 0.986 ± 0.048 0.988 ± 0.068
b2 = 0.5 0.515 ± 0.062 0.725 ± 0.102
σ2

e = 1 0.999 ± 0.095

In the second study, Monte Carlo simulations based on 50 independent
realizations with N = 10000 data points were conducted. The initial value,
ϑ = [0 0]T , was used for the variable projection problem, and the white noise
variances are σ2

e = σ2
v = 1. The results can be seen in Table 3.11, where the

ECLS estimates are compared with standard LS estimates. The table shows
that good ECLS estimates are obtained for for all parameters except for the
parameter b2.

Table 3.11: Mean values and standard deviations for parameter esti-
mates for N = 10000.

True values ECLS LS
N = 10000 N = 10000

a1 = −0.9 -0.904 ± 0.019 -0.893 ± 0.018
a2 = 0.6 0.595 ± 0.013 0.469 ± 0.019
g1 = 0.1 0.099 ± 0.002 0.075 ± 0.003
b1 = 1 1.116 ± 0.043 0.750 ± 0.017
b2 = 0.5 0.357 ± 0.055 0.408 ± 0.0325
σ2

e = 1 0.982 ± 0.030
σ2

v = 1 1.061 ± 0.037

In Table 3.12 we have chosen another undisturbed input, the polynomial
D(q−1) in (3.58) is changed to D(q−1) = 1 − 0.7q−1. Note that the accuracy
of the ECLS estimates is improved except for the parameter g1.
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Table 3.12: Mean values and standard deviations for parameter esti-
mates for N = 10000.

True values ECLS LS
N = 10000 N = 10000

a1 = −0.9 -0.901 ± 0.016 -0.775 ± 0.009
a2 = 0.6 0.597 ± 0.010 0.404 ± 0.008
g1 = 0.1 0.107 ± 0.009 0.072 ± 0.003
b1 = 1 1.02 ± 0.025 0.676 ± 0.012
b2 = 0.5 0.452 ± 0.047 0.463 ± 0.013
σ2

e = 1 0.993 ± 0.022
σ2

v = 1 1.003 ± 0.036

3.7.2 A Recursive ECLS Algorithm

A recursive version of the ECLS method, called RECLS and derived in Ap-
pendix 3.A, is investigated on the bilinear system described by (3.70)-(3.71).
However, in order to motivate the use of a recursive algorithm, some of the
parameters in (3.70)-(3.71) are assumed to be time varying. Even if the deriva-
tion of the RECLS in Appendix 3.A is performed without a forgetting factor,
it is straightforward to include this in the algorithm. In the experiment below,
the same undisturbed input u0(t) as in (3.57)-(3.58) was used.

In the first simulation experiment the system (3.70)-(3.71) was assumed
to be time invariant. Hence, the forgetting factors were chosen as ones. The
initial values for the algorithm were P (0) = I, L(0) = 0.01, σ̂e(0) = 0, and
θ̂ = [0 0 0 0 1]T . It is also assumed that the input noise is zero, i.e. σv = 0,
but σe = 1. The results with N = 500, and based on one hundred independent
Monte Carlo simulations, are depicted in Table 3.13. Comparing the result in
Table 3.13 with the result in Table 3.10 reveals that, for this system, better
accuracy of the parameter estimates is achieved using a recursive ECLS method.

The next simulation experiment is based on one realization with N =
10000. The initial values were P (0) = 0.5I, L(0) = 0.005, σ̂e(0) = 0 and
θ̂ = [0 0 0 0 1]T . However, this time the variance of the output measurement
is increasing from σe = 1 to σe = 4 at the sample instant N = 5000, and again
σv = 0. Thus, the forgetting factors are chosen as one in (3.94) and λ = 0.997
in (3.98), i.e. the scalar L(t) in (3.98) was updated as

L(t) = (L(t − 1) − L(t − 1)2

λ + L(t − 1)
)/λ. (3.76)

The result is shown in Figure 3.1. The figure indicates that a relatively good
tracking of the variance is possible with the RECLS algorithm.
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Table 3.13: Mean values and standard deviations for parameter esti-
mates using the RECLS method for N = 500.

True values RECLS
N = 500

a1 = −0.9 -0.900 ± 0.003
a2 = 0.6 0.600 ± 0.001
g1 = 0.1 0.101 ± 0.002
b1 = 1 1.013 ± 0.018
b2 = 0.5 0.489 ± 0.014
σe

v = 1 0.987 ± 0.008
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Figure 3.1: The estimate of the variance σ̂e(t) using the RECLS algorithm.
After the sample N = 5000, the the true variance is increased from σe = 1 to
σe = 4.

3.8 Conclusions

In this chapter the EIV problem is considered. A new approach for estimating
the parameters in dynamic EIV models is investigated. The method is a version
of the CLS method based on an overdetermined system of equations, and is
therefore called the extended CLS (ECLS) method. The ECLS method utilizes
that, solving the overdetermined system of equations in LS sense, involves that
the model parameters and the parameters associated with the noise can be
treated separately. Thus, a variable projection algorithm is applied to obtain
consistent parameter estimates. Simulation experiments show that the ECLS
approach provides a good accuracy of the parameter estimates as long as the
global minimum of the variable projection problem is found. An analysis of
the concistency of the ECLS estimates for linear systems is also provided in
this chapter. Simulation experiments also reveal that good accuracy of the
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parameter estimates can be obtained using the ECLS method on discrete-time
BLS.

For the case where the input and the output are contaminated with white
noise, simulation experiments showed that the ECLS approach gives a good
accuracy of the parameter estimates, and a comparative analysis has indicated
that the ECLS method might provide an even better accuracy of the model
parameter estimates than the FR method. On the other hand, the FR method
seems to have a slightly more robust behavior of the noise variance estimates.

3.A The Recursive ECLS

Consider the ECLS estimate (3.35) for the white noise case discussed in Section
3.5. Let θ̂(t) denote the estimate based on t data points. Then we can write

Rzϕ(t)θ̂(t) = rzy, (3.77)

where

Rzϕ(t) =
t∑

s=1

z(s)ϕT (s) − tS(σ), (3.78)

rzy(t) =
t∑

s=1

z(s)y(s) − tξ(σ)). (3.79)

This implies that the matrix and the vector in (3.78)-(3.79) can be updated as

Rzϕ(t) = Rzϕ(t − 1) + z(t)ϕT (t) − S(σ), (3.80)
rzy(t) = rzy(t − 1) + z(t)y(t) − ξ(σ)). (3.81)

First, a recursive ECLS (RECLS) algorithm for computing θ̂(t) is used,
where the variances σ are assumed to be fixed and known. From (3.77) and
(3.80)-(3.81), it is natural to formulate the following recursive estimate of θ̂(t)

θ̂(t) = θ̂(t − 1) + P (t)RT
zϕ(t)[rzy(t) − Rzϕ(t)θ̂(t − 1)], (3.82)

where

P (t) = [RT
zϕ(t)Rzϕ(t)]−1. (3.83)

The matrix in (3.83) can be computed recursively as

P−1(t) = P−1(t − 1) +
[
RT

zϕ(t − 1) ωT (t)
]
Λ−1

[
Rzϕ(t − 1)

ω(t)

]
, (3.84)

where

Λ−1 =
(

0 I
I I

)
, ω(t) = z(t)ϕT (t) − S(σ). (3.85)
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Defining φ(t) = (RT
zϕ(t− 1) ωT (t)) and using the matrix inversion lemma, the

following recursive update of P (t) is obtained

P (t) = P (t − 1) − P (t − 1)φ(t)[Λ + φT (t)P (t − 1)φ(t)]−1φT (t)P (t − 1).
(3.86)

We now turn to the recursive computation of the variances σ, assuming that
the model parameter vector θ is fixed and known. From (3.46) it is obvious
that a recursive update of the variances can be formulated from the following
equation

t(S1θV1 + S2θV2 − ξ)σ̂(t) = R̄zϕ(t)θ − r̄zy(t), (3.87)

where σ̂(t) denote the estimate of the variances, and

R̄zϕ(t) =
t∑

s=1

z(s)ϕT (s), (3.88)

r̄zy(t) =
t∑

s=1

z(s)y(s). (3.89)

Denote V = (S1θV1 + S2θV2 − ξ), then the following estimates of the variances
is obtained

σ̂(t) =
1
t
V †[R̄zϕ(t)θ − r̄zy(t)]. (3.90)

This implies that σ̂(t) can be computed recursively as

σ̂(t) = σ̂(t − 1) + L(t)[V †(z(t)(ϕT (t)θ − y(t))
)− σ̂(t − 1)], (3.91)

where

L(t) =
L(t − 1)

1 + L(t − 1)
. (3.92)

Combining the above equations results in a complete set of recursion for θ̂(t)
and σ̂(t). However, it is obvious that one has to compute σ̂(t) for a given θ̂(t),
and vice versa, in each iteration step. Hence, the derived recursive algorithm
consists of a two step iteration until convergence. The RECLS is summarized
in the following.
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Algorithm 3.1.

θ̂(t) = θ̂(t − 1) + P (t)RT
zϕ(t)[rzy(t) − Rzϕ(t)θ̂(t − 1)] (3.93)

P (t) = P (t−1)−P (t−1)φ(t)[Λ+φT (t)P (t−1)φ(t)]−1φT (t)P (t−1) (3.94)

φ(t) = (RT
zϕ(t − 1) ωT (t)) (3.95)

ω(t) = z(t)ϕT (t) − S(σ̂(t)) (3.96)

σ̂(t) = σ̂(t − 1) + L(t)[V †(z(t)(ϕT (t)θ̂(t − 1) − y(t))
)− σ̂(t − 1)] (3.97)

L(t) =
L(t − 1)

1 + L(t − 1)
(3.98)

R̄zϕ(t) = R̄zϕ(t − 1) + z(t)ϕT (t) (3.99)
r̄zy(t) = r̄zy(t − 1) + z(t)y(t) (3.100)

Rzϕ(t) = R̄zϕ(t) − S(σ̂(t)) (3.101)
rzy(t) = r̄zy(t) − ξ(σ̂(t)). (3.102)

The constant matrix Λ in (3.94) is given by

Λ =
(−I I

I 0

)
, (3.103)

and V by V = (S1θV1 + S2θV2 − ξ). The algorithm above can, for example, be
initialized with

σ̂(0) = 0, P (0) = ρ1I, where ρ1is a relatively large positive number,
L(0) = ρ2I, where ρ2is a relatively large positive number, R̄zϕ(0) = 0, and

r̄zy(0) = 0.

However, observe that the initial value θ̂(0) = 0 has to be avoided in order to
prevent singularity of the matrix VTV.



Chapter 4
Parameter Estimation of
Continuous-time BLS based on
Numerical Integration and
Separable Nonlinear
Least-Squares

4.1 Introduction

REAL systems are often continuous in time. Hence, model parameteriza-
tions based on physical insight are often more easily described by continu-

ous-time models. Moreover, it is common that real systems are nonlinear by
nature, implying that nonlinear parametric models should be used to give rep-
resentative accurate descriptions.

Identification of continuous-time systems is a fundamental problem with
applications in many disciplines of science. In this study the identification
of continuous-time bilinear systems (BLS), which constitute a well structured
subclass of nonlinear systems, is considered. During the last decades some at-
tention has been devoted to parameter estimation of continuous-time BLS from
sampled data. One approach using Walsh functions is for example presented
in Karanam et al. [1978], and in Chen and Hsu [1982] block-pulse functions are
used. A system identification technique based on Hartley modulating functions
can be found in Daniel-Berhe and Unbehauen [1998]. The problem of identi-
fication of continuous-time linear systems has been raised by several authors
during the last few decades, see e.g. Young [1981], Unbehauen and Rao [1987],
Wahlberg [1991], Söderström et al. [1997], Unbehauen and Rao [1998], Garnier
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et al. [2003], and Larsson [2004].
The approach used in this chapter is an integral method where the original

state-space BLS is converted to a discrete-time regression model via integra-
tion operations. Then the unknown parameters are estimated by solving an
overdetermined system of equations in a least-squares (LS) sense. The esti-
mation method involves the same approach as the bias compensating method
discussed in Chapter 3, and is therefore referred to as the extended compen-
sated LS (ECLS) method. Hence, the model parameters are estimated utilizing
the principle of separable nonlinear LS. It is shown that for BLS represented
in phase variable canonical form, the model parameters corresponding to the
linear part of the system can be separated from the model parameters corre-
sponding to the bilinear part of the system. Moreover, if white noise is acting
on the output, the variances can be estimated using the same principle of sepa-
rable nonlinear LS, and estimates of the model parameters can be obtained
using a bias compensating scheme.

One important advantage using integral methods compared to differentia-
tion methods is that the integration procedure, in general, makes the estimates
more robust against system disturbances and measurement noises. There exist
several approaches for integral methods. An integral approach is a so called di-
rect method for solving the parameter estimation problem P2 in Section 1.5.2.
Integral methods have also been investigated by a number of authors, see e.g.
Whitfield and Messali [1987], Sagara and Zhao [1989, 1990], Sinha and Rao
[1991], and Kowalczuk and Kozlowski [2000].

The chapter starts with the problem statement in Section 4.2, including
some basic assumptions. The integration approach, a regression model for BLS
in observable phase variable canonical form, and a bias correction technique us-
ing the ECLS method are presented thereafter (Sections 4.3-4.5). Numerical
examples, which illustrate the performance of the proposed parameter identi-
fication method, are given in Section 4.6. Finally, conclusions are presented in
Section 4.7.

4.2 Problem Statement

Consider the continuous-time bilinear system described by the differential equa-
tion model

ẋ(t) = A(θ)x(t) +
m∑

i=1

Gi(θ)x(t)ui(t) + B(θ)u(t), x(0) = x0,

y0(t) = C(θ)x(t).

(4.1)

The time invariant model (4.1) is parameterized by θ, which appears in the
matrices A(θ), B(θ), C(θ) and Gi(θ). The explicit dependence on θ can be
quite general and vary from case to case. Moreover, the model matrices have
the same dimensions as in (1.5)-(1.6) in Section 1.1.2.

It is assumed that the output, y0(t), and input, u(t), are sampled with a
sampling period h, and that the input is kept constant between the sampling
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instants, t = kh, k = 0, . . . , N . Hence, assumptions A1.5-A1.6 in Section
1.5.2 are valid. Furthermore, it is assumed that the sampled output signal is
noise contaminated, i.e. the measured output signal satisfies

y(t) = y0(t) + ỹ(t), (4.2)

where y0(t) is the noise-free output and ỹ(t) is zero-mean white noise with
variance σ2

ỹ.
Our problem is then the same as P2 in Section 1.5.2, i.e. to determine the

elements of the matrices in (4.1), which is equivalent to estimate the parameter
vector θ from observations of the input u(kh) and output y(kh), k = 1, . . . , N .
Hereafter we assume the sampling time as the time unit and write y(kh) = y(k).

4.2.1 Assumptions

In order to certify a well posed problem we impose the following additional
assumptions:

A4.1: The input signal u(t) is persistently exciting of sufficiently high or-
der.
A4.2: The model is identifiable and distinguishable.

If some structural properties of the model (4.1) are assumed, such as iden-
tifiability and distinguishability, estimates of the parameter vector θ can be
obtained from measurements of y0(t) and u(t). It is also evident that the iden-
tification problem is simplified if the model (4.1) is partially known but some
of its matrix elements remain to be estimated, for example, if the model can
be written in certain canonical forms. However, at this stage no particular
parameterization will be specified.

4.3 Approach

The approach considered for estimating θ in (4.1) is to utilize numerical inte-
gration. Finite-horizon processing of the measurement data will be performed,
hence, initial effects will be eliminated.

Integrating both sides of (4.1) will, eventually, lead to a discrete-time re-
gression model of the same form as (1.31). The structure of this model will
be derived from the state-space description of the BLS (4.1). However, for
notational convenience we drop the time notation for the model signals and
the state vector. Moreover, in order to simplify the transformation into the
discrete-time domain, the model (4.1) is, without loss of generality, partitioned
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as

ẏ0 = A11(θ)y0 + A12(θ)x̄ +
m∑

i=1

G11,i(θ)y0ui +
m∑

i=1

G12,i(θ)x̄ui + B1u, (4.3)

˙̄x = A21(θ)y0 + A22(θ)x̄ +
m∑

i=1

G21,i(θ)y0ui +
m∑

i=1

G22,i(θ)x̄ui + B2(θ)u, (4.4)

where A11(θ), G11,i(θ) ∈ R
p×p, A12(θ), G12,i(θ) ∈ R

p×n−p, A21(θ), G21,i(θ) ∈
R

n−p×p, A22(θ), G22,i(θ) ∈ R
n−p×n−p, B1(θ) ∈ R

p×m and B2(θ) ∈ R
n−p×m.

Hence, the vector y0 is the output signal y0 = C(θ)x, and the vector x̄ contains
the remaining unmeasurable states in x.

4.3.1 Numerical Integration

The integral of a continuous scalar signal s(t) over the time interval [(k−l)h, kh)
can be approximately calculated by the integral filter

∫ kh

(k−l)h

s(τ)dτ ≈
l∑

j=0

tjq
−js(k) = T (q−1)s(k), (4.5)

where q−1 is the backward shift operator. The coefficients tj are determined
by the numerical integration method applied. Here, we choose the Trapezoidal
rule which gives the following coefficients

t0 = tl = h/2, (4.6)
tj = h, j = 1, 2, . . . , l − 1. (4.7)

Since the input is assumed to be constant between the sampling instants, the
integral for ui(t) can be calculated by the filter

F (q−1)ui(k) =
∫ kh

(k−l)h

ui(τ)dτ, (4.8)

where F (q−1) = h(q−1 + . . . + q−l). From (4.3)-(4.4) it is apparent that we
also have to consider the integrals of the bilinear terms. The assumption that
the input is constant between the sampling instants reveals that the integral
for the product of a scalar signal and an input signal can be approximated by
a nonlinear filter in discrete-time form. The following notation will be used,
which approximately calculates the integral, for the nonlinear filter:

H(ui, q
−1)s(k) ≈

∫ kh

(k−l)h

s(τ)ui(τ)dτ. (4.9)

The polynomial H(ui, q
−1) is a function of the input sequence ui(k − j),

j = 1, . . . l, or in other words, the polynomial contains known time-varying
parameters. The following corollary can be made:
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Corollary 4.1. Assuming that the input, ui, is constant between the sampling
instants and using the Trapezoidal rule, the polynomial in (4.9) is given by

H(ui, q
−1) =

h

2

[
ui(k − 1) +

(
ui(k − 1) + ui(k − 2)

)
q−1+

· · · +
(
ui(k − l + 1) + ui(k − l)

)
q−l+1 + ui(k − l)q−l

]
. (4.10)

Proof: See Appendix 4.A. �

The polynomial H(ui, q
−1) is used to simplify the manipulation of the non-

linear difference equation derived below. First, however, some remarks on the
polynomial H(ui, q

−1) are necessary, before proceeding with the derivation.

Remark 4.1. The nonlinearity obtained when operating with H(ui, q
−1), due

to the time-varying coefficients ui, implies that the rule for manipulating linear
polynomial operators is not valid. Manipulations of linear polynomial operators
are independent of the sequence of which the filtering procedure is conducted.
For example, filtering a signal y(t) through a linear filter G(q−1), and then
backward shifting the filtered signal is equal to first backward shifting y(t)
and thereafter filter the backward shifted signal through the same linear filter
G(q−1). In other words, it does not matter in which order you perform the
filtering procedure when the operators are linear, i.e. using the shift operator
and multiplying y(t) from the left implies

q−1G(q−1)y(t) = G(q−1)q−1y(t). (4.11)

However, when y(t) is filtered through the operator H(ui, q
−1), the rule is that

the ordering of the filtering follows the left multiplication of the filters. Thus,

q−1H(ui, q
−1)y(t) 	= H(ui, q

−1)q−1y(t). (4.12)

This also means that if we have the following equation:

H(ui, q
−1)(

F1(q−1)
F2(q−1)

y(t)) = F3(q−1)u(t), (4.13)

where y(t) and u(t) are arbitrary signals and Fi(q−1), i = 1, 2, 3 are linear
filters, then

H(ui, q
−1)(F1(q−1)y(t)) 	= F2(q−1)F3(q−1)u(t). (4.14)

Instead, multiplying (4.13) from the left, we have

F2(q−1)
(
H(ui, q

−1)
(F1(q−1)
F2(q−1)

y(t)
))

= F2(q−1)F3(q−1)u(t), (4.15)

where the parenthesis on the left hand-side of (4.15) emphasizes that the fil-
tering is first performed inside the parenthesis.
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Nevertheless, the nonlinear polynomial operator H(ui, q
−1) is still a useful

tool when manipulating the systems of nonlinear difference equations consid-
ered in this chapter, and it also simplifies the notational burden. �

Applying the Trapezoidal rule using the notation in (4.5), (4.8) and (4.9),
and integrating (4.3)-(4.4) on both sides, yields the following system of equa-
tions

(1 − q−l)y(k) = A11(θ)T (q−1)y(k) + A12(θ)T (q−1)x̄(k)+

+
m∑

i=1

G11,i(θ)H(ui, q
−1)y(k) +

m∑
i=1

G12,i(θ)H(ui, q
−1)x̄(k) + B1(θ)F (q−1)u(k),

(4.16)

(1 − q−l)x̄(k) = A21(θ)T (q−1)y(k) + A22(θ)T (q−1)x̄(k)+

+
m∑

i=1

G21,i(θ)H(ui, q
−1)y(k) +

m∑
i=1

G22,i(θ)H(ui, q
−1)x̄(k) + B2(θ)F (q−1)u(k).

(4.17)

The system of difference equations (4.16)-(4.17) contains the unknown sampled
vector signal x̄(k). Moreover, the noise-free output y0 is replaced by the mea-
sured sampled output y(k) = y0(k) + ỹ(k). Now, the idea is to eliminate the
unknown vector signal x̄(k) between equations (4.16) and (4.17). To accomplish
this we assume that a solution to the following equation exists

x̄(k) =
(
(1 − q−l)In−p − A22(θ)T (q−1) −

m∑
i=1

G22,i(θ)H(ui, q
−1)

)−1

×

(
A21(θ)T (q−1)y(k) +

m∑
i=1

G21,i(θ)H(ui, q
−1)y(k) + B2(θ)F (q−1)u(k)

)
,

(4.18)

where In−p is the ((n− p)|(n− p)) identity matrix. From (4.16)-(4.18) we can
obtain an expression depending entirely on the variables y(k) and ui(k), as

(1 − q−l)y(k) − A11T (q−1)y(k) −
m∑

i=1

G11,i(θ)H(ui, q
−1)y(k)

− B1(θ)F (q−1)u(k) =
(
A12(θ)T (q−1) +

m∑
i=1

G12,i(θ)H(ui, q
−1)

)
×

(
(1 − q−l)In−p − A22(θ)T (q−1) −

m∑
i=1

G22,i(θ)H(ui, q
−1)

)−1

×

(
A21(θ)T (q−1)y(k) +

m∑
i=1

G21,i(θ)H(ui, q
−1)y(k) + B2(θ)F (q−1)u(k)

)
.

(4.19)
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Taking Assumption A4.2 into consideration, the parameter vector θ in (4.19)
can be estimated in a LS sense from measurements of y(k) and u(k). However,
it might be a tedious work to formulate a regression equation from (4.19),
especially for large system orders. This is mainly due to the difficulties in
obtaining an explicit solution to equation (4.18). Moreover, the manipulating
with the operator H(ui, q

−1) can also be rather difficult, see further Remark
4.1. It is also a fact that, in general, the parameter vector θ contains not only
single elements of the system matrices, but also nonlinear combinations of the
matrix elements.

4.4 Structure of the Regression Model

Bilinear models can be formulated in different forms. In order to simplify the
mathematical analysis of this presentation, a more detailed derivation of the
regression equation obtained from (4.19) will be limited to a special case of
bilinear system representations.

4.4.1 Bilinear System in Observable Phase Variable Canon-
ical Form

The system to be treated is the so called phase variable (observable) canonical
form for a SISO bilinear system. The term observable is included in order to
emphasize that the linear part of the system is written in observable canoni-
cal form. The phase variable canonical form for bilinear systems is given by
equations (2.53)-(2.54) in Section 2.5.3. The matrices A, B and C in (2.53)-
(2.54), corresponding to the linear part of the system, can be transformed to a
observable canonical form by the transformation matrix

T =




1 0 . . . 0

an
. . . . . .

...
...

. . . 1 0
a2 . . . an 1


 . (4.20)

After the transformation the bilinear system has the the following matrix struc-
tures

A =




−a1 1 0 . . . 0
−a2 0 1 . . . 0

...
...

. . .
. . .

−an−1 0 0 . . . 1
−an 0 0 . . . 0


, G=




0 . . . 0
...

...
...

...
...

...
0 . . . 0
g1 . . . gn


, B =




b1

...
bn−1

bn


, CT =




1
0
...
0


.

(4.21)

Note that the matrices Gj , B and C in (2.53)-(2.54) will keep their structures
using this transformation, but the elements in the matrices are not the same
as before the transformation.
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The next step is to solve (4.18) and insert the solution into (4.19). With the
BLS written in observable phase variable canonical form, the equation (4.19)
can be rewritten as

(1 − q−l)y(k) + a1T (q−1)y(k) − b1F (q−1)u(k) =

A12T (q−1) ×
(
(1 − q−l)In−1 − A22T (q−1) − G22H(u, q−1)

)−1

×(
A21T (q−1)y(k) + G21H(u, q−1)y(k) + B2F (q−1)u(k)

)
, (4.22)

where

A12 = [1, 0, . . . , 0]T, A21 = [−a2, . . . ,−an]T, G21 = [0, . . . , 0, g1]
T
, B2 = [b2, . . . , bn]T,

(4.23)

and

A22 =




0 1 0 . . . 0

0 0 1 . . .
...

...
...

. . .
. . .

...
0 . . . . . . 0 1
0 . . . . . . . . . 0




T

, G22 =




0 . . . 0
...

...
...

0 0 0
g2 . . . gn




T

. (4.24)

Let θg = [g1, g2, . . . , gn]T . Then, after straightforward calculations, the follow-
ing regression model is obtained

yf (k) = ϕl(k)T θl + ϕg(k)T θg + f(θg, k)θl. (4.25)

Here, θl = [a1, . . . , an, b1, . . . , bn]T is the model parameter vector corresponding
to the linear part of (4.1). Further, we have

yf (k) = (1 − q−l)ny(k), (4.26)

and the regressors ϕl(k) and ϕg(k) are of the form

ϕl(k) = [−(1 − q−l)n−1T (q−1)y(k),−(1 − q−l)n−2T (q−1)2y(k), . . . ,

− T (q−1)ny(k), (1 − q−l)n−1F (q−1)u(k), . . . , T (q−1)n−1F (q−1)u(k)]T ,
(4.27)

ϕg(k) = T (q−1)n−1H(u, q−1) × [y(k),
(1 − q−l)
T (q−1)

y(k), . . . ,
(1 − q−l)n−1

T (q−1)n−1
y(k)]T .

(4.28)
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The vector function f(θg, k) in (4.25) is given by

f(θg, k) = T (q−1)n−1H(u, q−1)×[(
g2y(k) + g3

(1 − q−l)
T (q−1)

y(k) + . . . + gn−1
(1 − q−l)n−2

T (q−1)n−2
y(k)

)
,

(
g3y(k) + . . . + gn−1

(1 − q−l)n−3

T (q−1)n−3
y(k)

)
, . . . , gn−1y(k), 0,

−(g2
F (q−1)
T (q−1)

u(k)+g3
(1−q−l)F (q−1)

T (q−1)2
u(k)+. . .+gn−1

(1−q−l)n−2F (q−1)
T (q−1)n−1

u(k)
)
,

−(g3
F (q−1)
T (q−1)

u(k)+. . .+gn−1
(1−q−l)n−3F (q−1)

T (q−1)n−2
u(k)

)
, . . . ,−gn−1

F (q−1)
T (q−1)

u(k), 0
]
.

(4.29)

Now, the main observation is that θl and θg in (4.25) are obviously separable,
i.e. the parameters corresponding to the linear part of (4.1) and the parameters
corresponding to the bilinear part can be separated. Hence, the principle of
separable LS can be utilized, and a variable projection similar to problem P3
in Section 1.5.3 can be derived. This is exploited in the next section.

Remark 4.2. Notice that the polynomial operators in (4.26)-(4.27) may be
interpreted as linear integral filters, see e.g. Sagara and Zhao [1990]. In Sagara
and Zhao [1990] the issue how to chose the length factor l is also discussed. The
answer given is that this user parameter should be chosen so that the frequency
bandwidth of L−1(s) = 1−elhs

sn is closed to the band of the system under study.

4.5 Bias Correction using the ECLS Method

The extended compensated least-squares (ECLS) method is based on subtract-
ing the bias from the LS estimate (further discussed in Chapter 3). Parameters
associated with the measurement noise variances, as well as the model param-
eters, are estimated using the principle of separable nonlinear LS.

Solving (4.25) in an LS sense and assuming a fixed θg results in the following
estimate of θl:

θ̂l =
(
ϕl(k) + f(θg, k)

)†(
yf (k) − ϕg(k)θg

)
. (4.30)

From this one may derive the variable projection problem discussed in Sec-
tion 1.5.3. However, it is obvious that θ̂l in (4.30) will be biased unless
the measurement noise is zero. Therefore, in very much the same way as
in Chapter 3, an overdetermined system of equations is formulated using an
overdetermined instrumental vector z(k), in order to also estimate the vari-
ance of the measurement noise. The dimension of z(k) has to be chosen as
dim(z(k)) > dim(θl) + dim(θg) + 1.

For a given instrumental vector z(k), one can define the estimated covari-
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ances as

R̂(N)
zϕl

=
1
N

N∑
k=1

z(k)ϕT
l (k), R̂(N)

zϕg
=

1
N

N∑
k=1

z(k)ϕT
g (k), (4.31)

R̂
(N)
zf (θg) =

1
N

N∑
k=1

z(k)f(θg, k), r̂(N)
zyf

=
1
N

N∑
k=1

z(k)yf (k). (4.32)

Assuming that the input signal u(t) is persistently exciting of a sufficient order,
i.e. taking assumption A.1.3 into consideration, it is in general a mild sup-
position that the following ergodicity results hold, see for example Söderström
and Stoica [1989]:

lim
N→∞

R̂(N)
zϕl

= E[z(k)ϕT
l (k)] = Rzϕl

, (4.33)

lim
N→∞

R̂(N)
zϕg

= E[z(k)ϕT
l (k)] = Rzϕg

, (4.34)

lim
N→∞

R̂
(N)
zf (θg) = E[z(k)f(θg, k)] = Rzf (θg), (4.35)

lim
N→∞

r̂(N)
zyf

= E[z(k)yf (k)] = rzyf
, (4.36)

where Rzϕl
and Rzf are (nz|na + nb) matrices, Rzϕg

is an (nz|ng) matrix, and
rzyf

a (nz|1) vector. The covariances in (4.33)-(4.36) can be decomposed into
one noise-free term and one noise term. By using the notation Rz0ϕ0,l

and Rz̃ϕ̃l

for the noise-free part and noisy part, respectively, and using the same notation
for the other covariances in (4.33)-(4.36), the following is true:

Rzϕl
= Rz0ϕ0,l

+ Rz̃ϕ̃l
(σỹ), (4.37)

Rzϕg
= Rz0ϕ0,g

+ Rz̃ϕ̃g
(σỹ), (4.38)

Rzf (θg) = Rz0f0(θg) + Rz̃f̃ (θg, σỹ), (4.39)

rzyf
= rz0y0,f

+ rz̃ỹf
(σỹ). (4.40)

The matrices and the vector in (4.37)-(4.40) are functions of the standard
deviation σỹ. It is obvious that the structure of the matrices and the vector
corresponding to the noise will depend on the choice of the entries in z(k).
The issue of choosing elements in z(k) is most important and it also affects the
accuracy of the estimates. This issue is also discussed in Section 4.6.

Introducing the loss function

VN (θl, θg, σỹ)= ||R̂N (θl, θg, σỹ)||2, (4.41)

where

R̂N (θl, θg, σỹ) =
(
R̂(N)

zϕl
− Rz̃ϕ̃l

(σỹ) + R̂
(N)
zf (θg) − Rz̃f̃ (θg, σỹ)

)
θl

− (
(r̂(N)

zyf
− rz̃ỹf

(σỹ)) − (R̂(N)
zϕg

− Rz̃ϕ̃g
(σỹ))θg

)
, (4.42)

and minimizing (4.41) with respect to θl, θg and σỹ, the ECLS estimates can
now be defined as

(θ̂l,N , θ̂g,N , σ̂ỹ,N ) = arg min
θl, θg, σỹ

[
VN (θl, θg, σỹ)

]
. (4.43)
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Here, it is assumed that:

A4.3:
(
R̂

(N)
zϕl − Rz̃ϕ̃l

(σỹ) + R̂
(N)
zf (θg) − Rz̃f̃ (θg, σỹ)

)
has full column rank.

An observation is that the unknown parameters are still separable in (4.41).
Hence, the loss function (4.41) can be minimized analytically with respect to
θl, and the minimum is achieved by the estimate

θ̂l,N =
(
R̂(N)

zϕl
− Rz̃ϕ̃l

(σỹ) + R̂
(N)
zf (θg) − Rz̃f̃ (θg, σỹ)

)†×(
(r̂(N)

zyf
− rz̃ỹf

(σỹ)) − (R̂(N)
zϕg

− Rz̃ϕ̃g
(σỹ))θg

)
. (4.44)

The substitution of (4.44) into (4.41), results in the concentrated loss function

WN (θg, σỹ) = ||(r̂(N)
zyf

− rz̃ỹf
(σỹ)) − (R̂(N)

zϕg
− Rz̃ϕ̃g

(σỹ))θg−(
R̂(N)

zϕl
− Rz̃ϕ̃l

(σỹ) + R̂
(N)
zf (θg) − Rz̃f̃ (θg, σỹ)

)×(
R̂(N)

zϕl
− Rz̃ϕ̃l

(σỹ) + R̂
(N)
zf (θg) − Rz̃f̃ (θg, σỹ)

)†×(
(r̂(N)

zyf
− rz̃ỹf

(σỹ)) − (R̂(N)
zϕg

− Rz̃ϕ̃g
(σỹ))θg

)||2, (4.45)

and the optimization problem reduces to

(θ̂g,N , σ̂ỹ,N ) = arg min
θg,σỹ

WN (θg, σỹ). (4.46)

Once a minimizing θ̂g,N and σ̂ỹ,N is found from (4.46), then θ̂l,N can be ob-
tained from (4.44) by replacing θg and σỹ by θ̂g,N and σ̂ỹ,N , respectively.

4.6 Simulation Results

The behavior of the ECLS method for continuous-time BLS was studied using
two different simulation examples. In the first example some basic investiga-
tions, where the performance of the estimation method using different step
size h and different sizes of the length factor l, were performed on a second-
order linear system. In the other simulation study the proposed estimation
method was compared with an extended instrumental variable (EIV) method
on a second-order BLS.

The variable projection problem (4.46) was solved by the Nelder-Mead mini-
mization method using the fminsearch function in Matlab optimization toolbox.
The number of data points were in all simulations N = 1000. In order to
generate the discrete-time output measurements, the state-space differential
equation model (4.1) was solved using a fourth order Runge-Kutta method
with the step size h

3 , i.e. the step size is one third of the sampling period
used for estimating the model parameters. Initial condition when solving the
differential equation with the Runge-Kutta method was x0 = [1 1]T , during all
simulations.
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4.6.1 Example 1: Second-Order Linear System

The system considered in this simulation example is described in Sagara and
Zhao [1989],

ẋ =
(−2.8 1

−4 0

)
x +

(
0
5

)
u. (4.47)

The input was modeled as

u(t) = sin(t) + 1.5sin(1.5t) + 2.5sin(2.5t). (4.48)

First, the effect of different sizes of the sampling interval h was investigated in
a simulation study. The result is depicted in Table 4.1. The variance of the
output noise was zero, and the length factor l = 25. The instrumental vector
z(k) was chosen as z(k) = [y(k), y(k−1), . . . , y(k−5), u(k), . . . , u(k−5)]T . The
result is as expected, where a small size of h gives good estimates.

Table 4.1: The ECLS estimates using different sampling periods h.
True values h = 0.1 h = 0.05 h = 0.01
a1 = 2.8 2.8097 2.8024 2.8001
a2 = 4 4.0005 4.0001 4.0000
b1 = 0 0.0167 0.0029 0.0001
b2 = 5 5.0006 5.0002 5.0000

In Figure 4.1 the length factor, l, is plotted versus the mean normalized er-
ror (MNE), where the MNE is defined as MNE= ||θ̂mean−θ||2

||θ||2 , and θ = [θT
l θT

g ]T .
In the simulations the variance of the output noise was σ2

ỹ = 0.09, which corre-
sponds to a ratio of noise-to-signal, N/S≈16%. N/S is defined as N/S= std(ỹ(t))

std(y(t)) .
The sampling interval was h = 0.05 and z(k) was the same as previously. The
results reveal that the optimal value of the length factor is approximately l = 25
for the selected system.

A comparative study based on Monte Carlo simulations with one hun-
dred independent realizations was also performed for the system (4.47). This
time the instrumental vector was chosen as z(k) = [y(k), y(k − 1), . . . , y(k −
10), u(k), . . . , u(k − 10)]T . In Tables 4.2 and 4.3 the ECLS estimates are com-
pared with estimates obtained from the standard LS. In Table 4.2 the variance
was σ2

ỹ = 0.1, which corresponds to N/S≈17%, whereas in Table 4.3 the vari-
ance was σ2

ỹ = 0.3, corresponding to N/S≈30%.
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Figure 4.1: The mean normalized error (MNE) versus horizon length l.

Table 4.2: Mean values and standard deviations for parameter esti-
mates using the ECLS method for N/S≈17%.

True values ECLS LS
a1 = 2.8 2.790± 0.087 2.713 ± 0.071
a2 = 4 4.060± 0.105 3.881 ± 0.088
b1 = 0 -0.014 ± 0.039 0.048 ± 0.036
b2 = 5 5.000 ± 0.150 4.838 ± 0.125
σ2

ỹ = 0.1 0.099 ± 0.010

Table 4.3: Mean values and standard deviations for parameter esti-
mates using the ECLS method for N/S≈30%.

True values ECLS LS
a1 = 2.8 2.773± 0.152 2.547 ± 0.110
a2 = 4 4.156± 0.194 3.680 ± 0.135
b1 = 0 -0.059 ± 0.076 0.118 ± 0.056
b2 = 5 5.031 ± 0.262 4.549 ± 0.191
σ2

ỹ = 0.3 0.292 ± 0.030
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In the next simulation study, white noise was added also to the input mea-
surements. Thus, the ECLS method is extended to the errors-in-variables (EIV)
problem for continuous-time linear systems. The structure of the covariance
matrices corresponding to the noisy terms are rather easy to calculate also for
linear systems with EIV. Again different values of the output variance, and
this time also the input noise variance, σ2

ũ, were used during the simulation
study. The N/S between the noise-free input signal and the input noise, ũ(t),
was also calculated as (N/S)u = std(ũ(t))

std(u(t)) . The length factor was l = 25 and the
sampling period h = 0.05. The instrumental vector was chosen as in the first
simulation study, i.e. z(k) = [y(k), y(k − 1), . . . , y(k − 5), u(k), . . . , u(k − 5)]T .
The results in Tables 4.4 and 4.5 indicate that rather good accuracy of the
ECLS estimates can be obtained also for linear systems with EIV, except for
the estimates of σ2

ũ.

Table 4.4: Mean values and standard deviations for parameter esti-
mates using the ECLS method for N/S≈30% and (N/S)u≈32%.

True values ECLS LS
a1 = 2.8 2.798± 0.277 2.184 ± 0.144
a2 = 4 3.961± 0.593 3.263 ± 0.184
b1 = 0 0.021 ± 0.196 0.279 ± 0.075
b2 = 5 4.984 ± 0.445 3.889 ± 0.243
σ2

ỹ = 0.3 0.294 ± 0.033
σ2

ũ = 0.5 0.545 ± 2.684

Table 4.5: Mean values and standard deviations for parameter esti-
mates using the ECLS method for N/S≈30% and (N/S)u≈46%.

True values ECLS LS
a1 = 2.8 2.868± 0.380 1.916 ± 0.166
a2 = 4 4.071± 0.700 2.947 ± 0.225
b1 = 0 -0.025 ± 0.245 0.390 ± 0.100
b2 = 5 5.091 ± 0.618 3.376 ± 0.295
σ2

ỹ = 0.3 0.294 ± 0.038
σ2

ũ = 1 0.772 ± 2.898

4.6.2 Example 2: Second-Order Bilinear System

The next set of simulation experiments was performed on the following BLS:

ẋ =
(−2.8 1

−4 0

)
x +

(
0
1

)
x1u +

(
0

−0.5

)
x2u +

(
0
5

)
u, x = [x1 x2]T . (4.49)

The same input as in (4.48) was used during the simulations. However, here it
is assumed that we know that b1 = 0. Thus, this parameter is excluded from
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the model parameter vector. Moreover, we only consider the case with noise
on the output and zero noise on the input.

Monte Carlo simulations based on 100 independent realizations were per-
formed. The ECLS method was compared with an EIV method. Hence, the
elements in the instrumental vector z(k) were chosen to be uncorrelated with
the noise. However, the model parameters corresponding to the bilinear part
of the system (4.49) still have to be estimated using the principle of nonlinear
LS also for the EIV method. The difference between the EIV method and the
ECLS method is that the vector z(k) is chosen differently and, apparently, for
the EIV method there is no need to estimate the variance σ2

ỹ. For the ECLS
method the instrumental vector was chosen as

z(k) = [−(1 − q−l)T (q−1)y(k),−T (q−1)2y(k), y(k − l), y(k − 2l),

(1 − q−l)F (q−1)u(k), T (q−1)F (q−1))u(k), u(k − l), u(k − 2l)]T , (4.50)

and for the EIV method as

z(k) = [u(k), u(k − 1), . . . , u(k − 10),

(1 − q−l)F (q−1)u(k), T (q−1)F (q−1))u(k), u(k − l), u(k − 2l)]T , (4.51)

see also Remark 4.3. The sampling period was h = 0.05 and l = 23 during the
simulations. The result is illustrated in Tables 4.6, 4.7 and 4.8, where different
values of the variance σ2

ỹ were tested. It can be seen that the ECLS method
overall gives better accuracy than the EIV method.

Table 4.6: Mean values and standard deviations for parameter esti-
mates using the ECLS method and the EIV method for N/S≈14%.

True values ECLS EIV
a1 = 2.8 2.826± 0.074 2.813 ± 0.092
a2 = 4 4.020± 0.042 4.004 ± 0.050
b2 = 5 5.024 ± 0.214 5.013 ± 0.738
g1 = 1 1.010 ± 0.114 1.033 ± 0.379
g2 = −0.5 -0.502 ± 0.007 -0.499 ± 0.008
σ2

ỹ = 0.1 0.080 ± 0.013

Remark 4.3. The choice of instrumental vectors has a strong influence on the
accuracy of the estimates of the model parameters. Simulation studies indicate
that, especially for the EIV method, rather large dimension of the instrumental
vector, z(k), must be chosen to yield satisfactory parameter estimates. These
studies propose that the the choice of z(k) plays a major role for the estimation
results, for both the EIV and the ECLS methods. However, the ECLS method
is not as sensitive as the EIV method for the choice of z(k).
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Table 4.7: Mean values and standard deviations for parameter esti-
mates using the ECLS method and the EIV method for N/S≈23%.

True values ECLS EIV
a1 = 2.8 2.803± 0.130 2.850 ± 0.186
a2 = 4 4.061± 0.086 4.005 ± 0.082
b2 = 5 5.022 ± 0.369 5.120 ± 1.200
g1 = 1 1.038 ± 0.189 1.040 ± 0.600
g2 = −0.5 -0.508 ± 0.014 -0.496 ± 0.014
σ2

ỹ = 0.3 0.243 ± 0.024

Table 4.8: Mean values and standard deviations for parameter esti-
mates using the ECLS method and the EIV method for N/S≈40%.

True values ECLS EIV
a1 = 2.8 2.773± 0.271 2.871 ± 0.295
a2 = 4 4.189± 0.137 4.020 ± 0.138
b2 = 5 4.960 ± 0.870 5.392 ± 2.220
g1 = 1 1.054 ± 0.444 1.161 ± 1.143
g2 = −0.5 -0.520 ± 0.030 -0.490 ± 0.027
σ2

ỹ = 1 0.810 ± 0.065

4.7 Conclusions

This chapter deals with the problem of estimating the model parameters for
continuous-time bilinear systems. The suggested approach is an integral method,
where the BLS given in state-space form is transformed via integration oper-
ations into a discrete-time regression model. The model parameters in the
discrete-time regression model is thereafter estimated using the principle of
separable nonlinear LS. In order to overcome the problem of biased estimates
due to noise in the output measurements, the ECLS method is utilized for bias
correction.

Simulation results indicate that the ECLS approach for parameter estima-
tion of continuous-time BLS provides a satisfactory accuracy of the estimates.
It is also illustrated that, for linear systems, the method can be extended to
the EIV problem case. However, simulation studies have also revealed that the
choise of instrumental vector is important for the estimation results.
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4.A Proof of Corollary 4.1

Using the Trapezoidal rule will give the following approximation of a continuous
scalar signal s(t) over the time interval [(k − l)h, kh):

∫ kh

(k−l)h

s(τ)dτ ≈
l−1∑
j=0

Is(j), (4.52)

where Is(j) is given by

Is(j) =
h

2
(s(k − j) + s(k − j − 1)). (4.53)

Since the scalar input is constant between the sampling instants, the approxi-
mated integral over any time instant for the product s(t)ui(t) will be

∫ (k−j)h

(k−j−1)h

s(τ)ui(τ)dτ ≈ Is(j)ui(k − j − 1). (4.54)

Thus, the approximated integral over the entire time interval is approximately
calculated by

∫ kh

(k−l)h

s(τ)ui(τ)dτ ≈
l−1∑
j=0

Is(j)ui(k − j − 1) =

h

2

[(
s(k) + s(k − 1)

)
ui(k − 1) +

(
s(k − 1) + s(k − 2)

)
ui(k − 2) + . . .

+
(
s(k − l + 1) + s(k − l)

)
ui(k − l)

]
=

=
h

2
s(k)ui(k − 1) + s(k − 1)

h

2
(
ui(k − 1) + ui(k − 2)

)
+ . . .

+
h

2
s(k − l + 1)

(
ui(k − l + 1) + ui(k − l)

)
+

h

2
s(k − l)ui(k − l) =

=
h

2

[
ui(k − 1) +

(
ui(k − 1) + ui(k − 2)

)
q−1 +

(
ui(k − 2) + ui(k − 3)

)
q−2+

· · · +
(
ui(k − l + 1) + ui(k − l)

)
q−l+1 + ui(k − l)q−l

]
s(k) =

= H(ui, q
−1)s(k). (4.55)

�
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Chapter 5
Optimal Control of
Continuous-time Bilinear Systems

5.1 Introduction

PHYSICAL systems are in general nonlinear by nature, which is way linear
models often are insufficient for describing the behavior of such physical

processes. The study of nonlinear systems has become more active, and ef-
forts have been made to overcome the complexity and analytical difficulties
of nonlinear systems. However, the methods for analyzing and synthesizing
controllers for nonlinear systems are still not as well developed as their linear
counterparts. One of the simplest classes of nonlinear systems is bilinear sys-
tems (BLS) (e.g. Bruni et al. [1974] and Mohler and Kolodziej [1980]). In this
chapter optimal control applications to BLS will be investigated.

Many processes, such as heat conduction, chemical reactions, fluid flows,
distillation columns, and biological processes are adequately described by bi-
linear models (Mohler [1991]). Moreover, a large class of nonlinear systems
affine in the input can be described by an infinite dimensional BLS by apply-
ing Carleman bilinearization, see e.g. Rugh [1981], Van de Wouw et al. [2000],
and Bai [2002].

The optimal quadratic cost control problems for BLS have been considered
by a number of authors. In most cases it is not possible to give explicit ex-
pressions for the optimal feedback control law. Some of the obtained optimal
control laws rely on a quadratic cost function modified by incorporation of non-
negative state-dependent penalizing functions, see e.g. Ryan [1984], Cebuhar
and Costanza [1984], Tzafestas et al. [1984], Benallou et al. [1988], and Ying
et al. [1993]. Hofer and Tibken [1988] present an iterative method for the so-
lution of the finite-time optimization problem. In Aganovic and Gajic [1993]
the recursive scheme in Hofer and Tibken [1988] is applied together with the
reduced-order method for weakly coupled control problems studied by Su and
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Gajic [1991], in order to obtain a nearly optimal closed-loop control. The idea
of decomposing the system into subsystems is further exploited in Kim and Lim
[2001]. Cebuhar and Costanza [1984] treat both finite-time and infinite-time
cases. The infinite-time case has also been investigated by others e.g. Tzafestas
et al. [1984] and Benallou et al. [1988]. The problem of finding stabilizing feed-
back controllers for BLS has also been discussed by a number of authors. Some
of the results in the literature are partly applicable on the control law devel-
oped here. For instance, stabilizing feedback control laws which are quadratic
in the states have been treated in Jacobson [1977], Slemrod [1978], Gutman
[1981], Tzafestas et al. [1984], and Benallou et al. [1988]. Stabilizing control
laws based on Lyapunov techniques and division controller strategies can also
be found in e.g. Grüne [1996], Chin [1998], and Chen et al. [2003].

In this chapter, the optimization problem P4 in Section 1.5.4 will be treated,
where quadratic cost functions for the infinite-time case are considered. A
suboptimal control law is obtained by approximating the solution of the state-
dependent algebraic Riccati equation (ARE) using a Taylor series expansion
around a fixed point in the state-space. A similar technique is used in Wernli
and Cook [1975], where the power series is expanded around a temporary vari-
able for more general nonlinear systems. The direct solution to the Hamilton-
Jacobi equation through expansion in a general power series for BLS was ana-
lyzed in Cebuhar and Costanza [1984]. For systems of high orders the general
power series expansion usually becomes rather complex. The proposed method
in this paper results in a smaller dimension matrix power series expansion and
offline calculations of at most one ARE and a sequence of Lyapunov equations.
Furthermore, some stability properties of the proposed suboptimal control law
are discussed. A strategy in order to achieve a larger stability region for the
truncated power series expansion suboptimal control law is also suggested.

The chapter is organized as follows. In Section 5.2 the problem statement
and definitions are introduced. The derivation of the suboptimal control law
is presented in Section 5.3. Some stability properties of the suggested control
law are investigated in Section 5.4, and a strategy in order to achieve a higher
robustness of the suboptimal control law are presented in Section 5.5. In Sec-
tion 5.6 two illustrative examples are put forward. The derived suboptimal
control law is also compared with other control laws found in the literature,
and in Section 5.7 it is applied to an activated sludge process (ASP). Finally,
conclusions are given in Section 5.8.

5.2 Definitions and Review of Previous Results

Recall the BLS (1.8), which, by not dropping the time notation, is written as

ẋ(t) = Ax(t) + xGu(t) + Bu(t), x(0) = x0, (5.1)

where

t ∈ [0,∞). (5.2a)
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In the sequel we shall simplify the notation by omitting the time argument t.
The optimal control problem under consideration is to find a control signal u
such that the performance index

J(x(0), u(·)) =
1
2

∫ ∞

0

(m(x) + uT Q2u)dt (5.3)

is minimized. Initially, the quadratic performance index, m(x) = xT Q1x, will
be considered. Here, Q1 ∈ R

n×n and Q2 ∈ R
m×m.

It is assumed that:

A5.1: Q1 ∈ R
n×n, Q1 = QT

1 � 0 and Q2 ∈ R
m×m, Q2 = QT

2 � 0.

Qi � 0 means that Qi is positive definite. It is also assumed that:

A5.2: The matrix

M(x) = [(xG + B), A(xG + B), . . . , An−1(xG + B)] (5.4)

has rank n for all x under consideration.

The Assumption A5.2 implies that the pair (A,B) is controllable if M(0)
has full rank and that x stays in the controllability domain defined by

Xc � {x ∈ R
n|(A,B + xG) controllable}. (5.5)

Note that for a homogeneous BLS, i.e. when B = 0, the controllability space
is outside the origin.

The Hamilton-Jacobi-Bellman (HJB) equation for the problem is (Moyland
and Anderson [1973] and Bryson and Ho [1975])

1
2
xT Q1x +

(
∂V

∂x

)
Ax

− 1
2

(
∂V

∂x

)
(xG + B)Q−1

2 (xG + B)T

(
∂V

∂x

)T

= 0. (5.6)

Lukes [1969] show that there exists an optimal control and a continuously
differentiable positive definite function

V (x) = inf
u∈U

J(x, u(·)), (5.7)

in some set Ω with the origin in its interior, satisfying the standard HJB equa-
tion (5.6), provided that Assumptions A5.1 and A5.2 hold. The performance
index (5.3) is minimized by the optimal control law

u = −Q−1
2 (xG + B)T

(
∂V

∂x

)T

. (5.8)

The following standard assumption is made:
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A5.3: There exists a symmetric matrix-valued function S(x), such that
(

∂V
∂x

)
=

xT S(x) and ∂
∂x [S(x)x] is symmetric.

In connection with Assumption A5.3, it can be shown that the form(
∂V

∂x

)
= xT S(x), S(x) : R

n → R
n×n (5.9)

is permitted if and only if the matrix ∂
∂x [ST (x)x] is symmetric, see Jacobson

et al. [1980].
By replacing (5.9) in (5.8), the optimal control law can be written as

u = −Q−1
2 (xG + B)T S(x)x. (5.10)

By replacing (5.9) in (5.6), S(x) will be a solution to the state-dependent ARE

Q1 + S(x)A + AT S(x) − S(x)(xG + B)Q−1
2 (xG + B)T S(x) = 0. (5.11)

A unique positive definite solution to (5.11) exists if A5.2 holds, see Kalman
[1960]. A discussion of conditions under which (5.10) and (5.11) have a unique
continuous solution u(x) inside the regions ‖u‖ < q, where q is arbitrary for
all x ∈ R

n inside the region ‖x‖ < r if r is sufficiently small, can be found in
Wernli and Cook [1975]. In Krener [2001], the HJB equation for more general
nonlinear systems, perturbed by a smooth nonlinear exosystem, are investi-
gated. It is shown that the corresponding HJB equation is locally solvable in
certain situations, even if the linear part of the system is not stabilizable or
detectable. It should be mentioned that it may also exist asymmetric solutions
to (5.11), see for example Cloutier and Stansbery [1999] for a discussion on
asymmetric solutions to state-dependent Riccati equations.

Remark 5.1. One important observation is that the theory of existence of
an optimal control discussed above is not covering the case where B = 0,
since it is assumed that the origin is in the interior of the HJB solution set
Ω. Nevertheless, it is obvious that a solution to (5.11) and the corresponding
optimal control law (5.10) also may be found for BLS homogeneous in state.
However, since the origin is not involved in the controllability space, it is a
considerable risk that the resulting optimal control will not be defined at the
origin. Despite of this, the solution to (5.11) can still be useful outside the
origin, which will be further exploited in Section 5.6.1. As a matter of fact,
assuming that (5.1) goes to zero as t → 0 for all allowable u, it can be shown
that if a function which satisfies (5.11) exists, then the minimizing controller
is (5.10) also for BLS where B = 0, see e.g. Jacobson et al. [1980] for details.

5.3 Approximative Solution to the HJB Equa-
tion

An approximative solution to (5.11) can be obtained by applying a power series
expansion of the elements in in the state dependent matrix S(x).
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In most cases it is difficult to obtain a closed form solution to the HJB equa-
tion (5.6). The approach of searching an approximative solution to the HJB
equation for general nonlinear systems by separating out the nonlinearities in
the system into a power series, has been investigated in a number of publi-
cations (e.g. example Lukes [1969], Garrard [1972], Glad [1987], and Krener
[2001]). The ideas are based on considering the nonlinear system as a pertur-
bation of a linear system or introducing a temporary variable and expanding
around it. Typically, the approximative solution is solved by an iterative pro-
cess where the lowest degree terms in the HJB equation are the solution to the
ARE and the successively higher order terms are solved by higher order sys-
tems of equations. In Cebuhar and Costanza [1984], an approximative solution
to (5.6) is investigated, using the same square bracket (or generalized power)
series expansion of (5.9) as in Section 2.1. An approach for more general non-
linear systems where instead of solving the HJB equation itself, a power series
expansion with a temporary variable is applied to a state dependent ARE, can
be found in Wernli and Cook [1975]. In this section a similar approach where
Taylor series expansion around a fixed point in the state-space of the elements
in the matrix S(x) in (5.11) is applied. This results in a transformation of
the generalized power series into a smaller matrix dimension series expansion.
The generalized power series of

(
∂V
∂x

)
in (5.6), in some open set R

n, can be
expanded as (Brockett [1976]):(

∂V

∂x

)
= P1x

[1] + P2x
[2] + P3x

[3] + · · · . (5.12)

Recall from Section 2.1 that each component of x[k] is of the form xi1
1 · · ·xin

n ,
0 ≤ ir ≤ k,

∑n
r=1 ir = k, and the dimension of Pk is growing since Pk ∈

R
n×nk , see Cebuhar and Costanza [1984]. The idea in this section is to utilize

the expression (5.9), and instead of solving the HJB equation (5.6) itself, a
power series expansion is applied to the state dependent ARE (5.11). A similar
approach for more general nonlinear systems can be found in Wernli and Cook
[1975], where a temporary variable is used for the expansion. However, in
this section a Taylor series expansion around a fixed point in the state-space
of the elements in the matrix S(x) in (5.11) is applied, which results in a
transformation of the generalized power series into a smaller matrix dimension
series expansion compared to (5.12). To see this, let a power-series expansion
using the Kronecker product, ⊗, be defined as:(

∂V

∂x

)
=S[1]x + S[2][x[1] ⊗ x] + · · · + S[k][x[k−1] ⊗ x] + · · ·

=S[1]x + [S[2]
1 S

[2]
2 · · ·S[2]

n2
][x[1] ⊗ x] + · · ·

+ [S[k]
1 S

[k]
2 · · ·S[k]

nk
][x[k−1] ⊗ x] + · · · , (5.13)

where S[k+1] ∈ R
n×n·nk , S

[k+1]
i ∈ R

n×n ∀i, k ≥ 1 and the dimension of [x[k]⊗x]
is n × nk.

The expression (5.13) can be further exploited and written in a smaller
matrix dimension series expansion as the sum of the product of column matrices
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S
[k]
i ∈ R

n×n and the entries in x[k−1], see (5.16) for an illustration. Moreover,
if the right-hand side of (5.13) is considered to be equal to the right-hand side
of (5.12) for all x, it is obvious that when the power series expansion (5.13) is
known, it can be uniquely transformed to have the same form as (5.12). This is
due to the fact that [x[k−1] ⊗x] in (5.13) has the same, but repeated, entries as
x[k]. It is easily seen that, after separating out the elements of the matrices by
collecting terms by power of x, the elements of the matrices Pk can be uniquely
determined by the relation:

vec(Pk) = Mkvec(S[k]), (5.14)

where vec(·) is an operator that stacks the columns of a matrix on top of each
other. The matrix Mk ∈ R

n·nk×n2·nk−1 has full row rank, rank(Mk) = n · nk,
and its entries are zeros and ones where the ones depend on how the entries
in x[k] are ordered. From (5.14), it is apparent that there exists a surjective
mapping:

φk : S[k] �→ Pk ∀k. (5.15)

However, it is easy to verify that φk is not injective, and hence not invertible
uniquely (i.e. not bijective).

As an illustration of the Taylor series approximation method, it is assumed
that (5.1) is a second order system. However, the extension to systems of higher
orders is analogous. Thus, for the two variable case (5.13) can be written as:(

∂V

∂x

)
=S[1]x+S[2][x[1] ⊗ x]+S[3][x[2] ⊗ x]+· · ·=

S[1]x+[S[2]
1 x1+S

[2]
2 x2]x+[S[3]

1 x2
1+S

[3]
2 x1x2+S

[3]
3 x2

2]x+· · ·
=[S[1]+S

[2]
1 x1+S

[2]
2 x2+S

[3]
1 x2

1+S
[3]
2 x1x2+S

[3]
3 x2

2 +· · · ]x
= S(x)x. (5.16)

The matrix polynomial in the square bracket in (5.16) truncated at degree k,
can be identified as the Taylor matrix polynomial:

Sk(x1, x2) =
k∑

i=0

( i∑
j=0

1
i!

Si−j,jx
i−j
1 xj

2

)
, (5.17)

where Si−j,j = ∂iS

∂xi−j
1 ∂xj

2
is the partial derivative of the matrix elements. Hence,

the power series expansion (5.13) can be regarded as a Taylor series expansion
of the matrix S(x).

It is assumed that:

A5.4. The elements in S(x) have continuous partial derivatives up to order
k + 1 at all points in a neighborhood of the origin.
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From Assumption A5.4, it follows that a Taylor polynomial (or the MacLau-
rin polynomial) of degree k provides a kth-degree polynomial approximation
to S(x) in a neighborhood of the origin.

Using (1.7), the state-dependent ARE (5.11) can be written as

Q1 + S(x)A + AT S(x) − S(x)
[
BQ−1

2 BT + (BQ−1
2 N T

1 + N1Q
−1
2 BT )x1

+ (BQ−1
2 N T

2 + N2Q
−1
2 BT )x2 + · · · + (BQ−1

2 N T
n + NnQ−1

2 BT )xn+

(N1Q
−1
2 N T

2 + N2Q
−1
2 N T

1 )x1x2 + · · · + (N1Q
−1
2 N T

n + NnQ−1
2 N T

1 )x1xn

+ · · · + (Nn−1Q
−1
2 N T

n + NnQ−1
2 N T

n−1)xn−1xn + N1Q
−1
2 N T

1 x2
1

+ · · · + NnQ−1
2 N T

n x2
n

]
S(x) = 0. (5.18)

Replacing S(x) in (5.18) by (5.17) where the factorial terms are included in
the matrices, and separating out and collecting terms by powers of x, results
in the following system of equations for n = 2:

S0,0A + AT S0,0 − S0,0BQ−1
2 BT S0,0 + Q1 = 0 (5.19a)

S1,0(A − BQ−1
2 BT S0,0) + (AT − S0,0BQ−1

2 BT )S1,0 =

S0,0(BQ−1
2 N T

1 + N1Q
−1
2 BT )S0,0 (5.19b)

S0,1(A − BQ−1
2 BT S0,0) + (AT − S0,0BQ−1

2 BT )S0,1 =

S0,0(BQ−1
2 N T

2 + N2Q
−1
2 BT )S0,0 (5.19c)

S1,1(A − BQ−1
2 BT S0,0) + (AT − S0,0BQ−1

2 BT )S1,1 =

S0,0(N1Q
−1
2 N T

2 + N2Q
−1
2 N T

1 )S0,0 + S1,0BQ−1
2 BT S0,1+

S0,1BQ−1
2 BT S1,0 + S0,0(BQ−1

2 N T
2 + N2Q

−1
2 BT )S0,1+

S0,1(BQ−1
2 N T

2 + N2Q
−1
2 BT )S0,0 + S0,0(BQ−1

2 N T
1

+ N1Q
−1
2 BT )S1,0 + S1,0(BQ−1

2 N T
1 + N1Q

−1
2 BT )S0,0 (5.19d)

...

Sk,j(A − BQ−1
2 BT S0,0) + (AT − S0,0BQ−1

2 BT )Sk,j

= Tk−1,j−1, (5.19e)

where Tk−1,j−1 is a R
n×n-valued function of S0,0, S1,0, S0,1, S1,1,...,Sk−1,j−1.

Equation (5.19a) is the standard ARE for the linear part of the system (5.1).
Equations (5.19b)-(5.19e) are Lyapunov matrix equations. The solutions to
(5.19b)-(5.19e) are unique and symmetric, since the right-hand sides of the
equations (5.19b)-(5.19e) are symmetric, and the matrix (A−BQ−1

2 BT S0,0) is
Hurwitz.

Often, some of the matrices Nj , j = 1, ..., n are zero. For simplicity assume



110 5. Optimal Control of Continuous-time Bilinear Systems

that:

Nj 	= 0 j = 1, .., n1

Nj = 0 j = n1 + 1, .., n.

Denote x = [x1 . . . xn1 ]
T and x̃ = [xn1+1 . . . xn]T . The following result then

holds.

Conjecture 5.1. The expression inside the square brackets in (5.18) will not
contain the states x̃.

Conjecture 5.1 is verified by collecting the terms containing the states x̃.
It is easily seen that for every term containing one of the states in x̃, the
corresponding system of equations will have the same form:

S̃(A − BQ−1
2 BT S0,0) + (A − BQ−1

2 BT S0,0)T S̃ = 0. (5.20)

Since the matrix (A − BQ−1
2 BT S0,0) is Hurwitz, the unique solution to the

Lyapunov matrix equation (5.20) is S̃ = 0. The matrix S(x) is then a function
of the remaining states x, and the Taylor series expansion needs only be applied
to the matrix S(x) : R

n1 → R
n×n. �

By inserting (5.17) into (5.10), the suboptimal control law, as a function of
two state variables, obtains the form:

u = −Q−1
2 (xG + B)T

( k∑
i=0

( i∑
j=0

1
i!

Si−j,jx
i−j
1 xj

2

))
x. (5.21)

The extension of (5.21) for n > 2 is similar, and will be written as:

u = −Q−1
2 (xG + B)T Ŝk(x)x, (5.22)

where Ŝk(x) is the kth-degree polynomial approximation to S(x). If S(x)
is analytic, it follows that the Taylor series (5.17) has a positive radius of
convergence. However, the control law (5.22) may still be feasible outside the
region of convergence.

The Taylor series expansion has one advantage over the generalized power
series method derived in Cebuhar and Costanza [1984], namely that the proce-
dure of collecting terms by powers of x is mathematically more intuitive for the
Taylor series expansion method. The recursive calculation of the matrices Pk

in (5.12) for the generalized power series method differs from the computation
of the matrices in (5.19a)-(5.19e), and requires the computation of one ARE
and matrix equations of the form:

(
1
2
(A + AT ) − BQ−1

2 BT P1)Pk = Tk, k = 2, 3, ...,

where P1 is the solution of the ARE and Tk is a dimensionally increasing R
n×nk

-valued function of P1, P2, ...,Pk−1. Thus, the system of equations (5.19a)-
(5.19e) reveals that the dimension of the matrix equations has been reduced
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compared to the generalized power series method. On the other hand, the
smaller number of matrix equations for the generalized power series method
is sacrificed for the economy of dimension when the Taylor series expansion is
performed. It is also obvious from (5.15), that if a Taylor series expansion has
been found, there exists a transformation resulting in the generalized power
series of the form (5.12), whereas there is no unique transformation from (5.12)
to (5.13).

Remark 5.2. The Taylor series expansion method and the control law (5.22)
may still be applicable to bilinear systems homogeneous in the state. Equation
(5.19a) is then reduced to the Lyapunov matrix equation S0,0A+AT S0,0+Q1 =
0. It is known that a unique solution exists if and only if λ ∈ σ(A) ⇒ −λ̄ /∈
σ(A), where λ are the eigenvalues of A and σ(A) the spectrum of A. This is
satisfied if A is Hurwitz and, moreover, if Q1 is positive definite, then S0,0 is
also positive definite.

5.4 Stability Properties of the Suboptimal Con-
trol Law

The problem of finding stabilizing feedback controllers for bilinear systems has
been treated by a number of authors. Some of the results in are applicable to
the control law (5.22), especially if only the first term in the Taylor series is
used.

The following basic theorem is adopted from Jacobson [1977]:

Theorem 5.1. Assume that the system (5.1) is controlled with (5.8) and that
assumptions A5.1-A5.2 hold. Moreover, assume that Ω for V (x) in (5.7) is
the whole space R

n, and that V (x) is positive definite and radially unbounded.
The closed-loop system is then globally asymptotically stable.

Proof: Let V (x) in (5.7) be a candidate Lyapunov function of the closed-
loop system. The rate of change along any optimal trajectory is then given
by

V̇ (x) = (
∂V

∂x
)
[
Ax − (xG + B)Q−1

2 (xG + B)T (
∂V

∂x
)T

]
=

− 1
2
xT Q1x − 1

2
(
∂V

∂x
)(xG + B)Q−1

2 (xG + B)T (
∂V

∂x
)T < 0, ∀x 	= 0.

Thus, V (x) is a Lyapunov function for the optimal system. �

Assumption A5.1 implies that (∂V
∂x )Ax < 0 : ∀x 	= 0. The requirement

that xT Q1x should be positive definite can be relaxed to xT Q1x ≥ 0 and
(∂V

∂x )Ax ≤ 0. The control law (5.8) still globally asymptotically stabilizes the
system (5.1) under the condition of the following theorem:

Theorem 5.2. Suppose there exists a positive definite and radially unbounded
function V (x) : R

n → R, which is once continuously differentiable such that
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(∂V
∂x )Ax ≤ 0. Then, if there is no non-zero x ∈ R

n for which (∂V
∂x )Ax and

(∂V
∂x )(xG + B) are both zero,

u = −Q−1
2 (xG + B)T (

∂V

∂x
)T

globally asymptotically stabilizes the system (5.1).

Proof: See e.g. Theorem 5 in Glad [1987], or Theorem 2.5.4 in Jacobson
[1977]. �

For the suboptimal control law (5.22) we have the following lemma (which
is weaker than the result from Theorem 5.1):

Lemma 5.1. Assume that (A,B) is a stabilizable pair, then the suboptimal
control law (5.22) makes the closed-loop system of (5.1) asymptotically stable
at the equilibrium point x = 0.

Proof: See Appendix 5.A.1. �

Remark 5.3. For the homogeneous class of bilinear systems it has to be as-
sumed that A is Hurwitz to guarantee asymptotic stability at the origin. It
has been shown, for example in Jacobson [1977], Gutman [1980], and Benal-
lou et al. [1988], that if A is Hurwitz, then a feedback control of the form
u = −Q−1

2 (xG + B)T Sx, where S satisfies

SA + AT S = −Q (5.23)

and Q is positive definite, will make the closed-loop system of the bilinear
system globally asymptotically stable. If A is non-Hurwitz, then the globally
asymptotic stabilization depends on whether a positive definite solution to
(5.23), where Q is positive semidefinite, can be found or not. Here, the result
from Theorem 5.2 can be useful. �

Tzafestas et al. [1984] showed that a quadratic feedback control law, where
the positive definite matrix satisfies the ARE corresponding to the linear part
of the bilinear system, will stabilize (5.1). The following theorem can be estab-
lished.

Theorem 5.3. Suppose that the system (5.1) is controlled with

u = −Q−1
2 (xG + B)T Sx, (5.24)

where the symmetric n × n positive definite matrix S satisfies the ARE

SA + AT S − SBQ−1
2 BT S + Q = 0. (5.25)

Consider further a cost function of the form

J =
1
2

∫ ∞

0

(L(x) + uT Q2u)dt. (5.26)
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The feedback control law (5.24) will then minimize the cost function (5.26) and
simultaneously make the closed-loop system asymptotically stable, if L(x) in
(5.26) is chosen as

L(x) = xT
[
Q + S((xG + B)Q−1

2 (xG + B)T − BQ−1
2 BT )S

]
x, (5.27)

and Q satisfies

Q1 + SBQ−1
2 BT S � Q, (5.28)

where Q1 and Q2 are subjected to Assumption A5.1.

Proof: See Appendix 5.A.2. �

Remark 5.4. Note that the control law (5.24) will have the same structure as
(5.22) if only the first matrix term in Ŝk(x) is used. The question is: When is it
possible to find a matrix Q that satisfies (5.28)? If A is Hurwitz, such a Q can
always be found. This can for example be seen by considering the Lyapunov
matrix equation SA+AT S = −Q, where Q is positive definite. Assume that a
unique positive definite solution to this matrix equation is S̄ for an arbitrarily
positive definite Q̄ (such a solution always exists if A is Hurwitz). A Q satisfying
(5.28) can then be found by inserting Q = Q̄+ S̄BQ−1

2 BT S̄ in the ARE (5.25).
The solution will be S = S̄, and obviously Q − SBQ−1

2 BT S = Q̄ � 0. The
same transformation can be used for the case when A is non-Hurwitz and there
exists a positive definite solution to the Lyapunov matrix equation, with Q
positive semidefinite, see Remark 5.3. Moreover, if it is not possible to find
a positive definite Q that satisfies the Lyapunov matrix equation, then there
exists no Q satisfying (5.28). �

Lemma 5.1 shows that (5.24) will make the closed-loop system asymptoti-
cally stable at x = 0. Since the corresponding Jacobian matrix (see Appendix
5.A.1) is Hurwitz, one can always estimate the stability domain (or the region
of attraction) of the origin (Khalil [1996]). We shall define a stability domain
as

Ωδ = {x : V (x) ≤ δ} for some δ > 0. (5.29)

From Theorem 5.3 we have that the control law (5.24) makes the closed-loop
system of (5.1) asymptotically stable at the equilibrium point x = 0. Assuming
that (A,B) is a stabilizable pair, the following corollary, which extends Theorem
5.3, is then obtained:

Corollary 5.1. Ωδ in (5.29) is an estimate of the stability domain of the
resulting closed-loop system obtained when control law (5.24) in Theorem 5.3 is
applied to (5.1), if V (x) is a Lyapunov function for the system in a neighborhood
of the origin.

Proof: The proof follows easily from the Lyapunov-Poincaré theorem, see
e.g. Khalil [1996]. �
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In practice, it is necessary to truncate the Taylor series of S(x). It is then
possible that some of the desirable stability properties will be lost, see Theorem
5.1 and Theorem 5.2. The techniques of the inverse optimal control problem
can be used to further investigate the stability properties of the truncated
feedback control law. It is possible to define a function m̂(x) such that the
truncated Ŝk(x)x = (∂Φ

∂x )T in (5.22) and the corresponding truncated optimal
cost Φ(x) is the solution to the HJB equation, where m(x) in (5.3) is replaced
by m̂(x). m̂(x) can be determined by the following equation Glad [1987]:

m̂(x) = −min
u∈U

[
1
2
uT Q2u + (

∂Φ
∂x

)(Ax + (xG + B)u)]. (5.30)

If m̂(x) is positive definite and there exists a unique minimum, where the
truncated Φ(x) > 0 is radially unbounded and (5.22) is at least continuous,
then according to Theorem 5.1, the optimally closed-loop system is globally
asymptotically stable. m̂(x) is given from (5.30) as

m̂(x) = −xT Ŝk(x)Ax +
1
2
xT Ŝk(x)(xG + B)Q−1

2 (xG + B)T Ŝk(x)x. (5.31)

It is easily seen from (5.31) that if

xT Ŝk(x)Ax < 0 (5.32)

is satisfied, the suboptimally controlled system will be globally asymptotically
stable. Note that if k is odd, m̂(x) can never be positive definite. However, the
tests for positive definiteness of (5.31), or negative definiteness of (5.32), may
be difficult, especially for polynomials of more than two variables.

5.5 A Stabilizing Suboptimal Control Law

Theorem 5.1 and 5.2 show that optimal feedback is connected to certain in-
trinsic stability properties. The robustness properties for closed-loop systems
include an infinite gain margin, where the gain can be static, dynamic or non-
linear. One way of investigating stability robustness is to study a perturbed
system. Generally, the robustness is analyzed with respect to gain margin and
gain reduction, and the perturbations considered are often static or dynamic
input perturbations. A survey of robustness of nonlinear state feedback can be
found in Glad [1987]. Methods for robust output feedback controller design and
controller-observer synthesizing for various classes of nonlinear systems, have
been studied in a number of publications, see for example Khalil and Esfan-
diari [1993], Teel [1994], Khalil and Mahmoud [1996], and Christofides [2000].
An interesting approach for a robust near-optimal feedback controller design is
also developed and applied to a chemical reactor in El-Farra and Christofides
[2001].

The truncated suboptimal control law (5.22) is considered as a nominal
input unom(x) perturbed additively by the perturbation up(x),

u = −Q−1
2 (xG + B)T Ŝk(x)x = −unom(x) + up(x). (5.33)
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It is assumed that there exists some set Ω with x = 0 in its interior, where
the optimal control law is given by unom(x) with the associated optimal cost
Φnom(x), and where an arbitrary m(x) replacing xT Q1x in (5.3) satisfies

m(0) = 0; m(x) ≥ 0 ∀x 	= 0. (5.34)

If unom(·) and Φnom(·) are continuously differentiable on Ω and satisfy the
corresponding stationary HJB equation, then with the Assumption A5.2 the
equilibrium point x = 0 is asymptotically stable for the closed-loop system. The
necessary optimality condition of the HJB equation imposes that the optimal
control law is given by

unom(x) = −Q−1
2 (xG + B)T (

∂Φnom

∂x
)T . (5.35)

Defining its stability domain as Ωδ, the following theorem, presented in Geromel
and Yamakami [1985], can be established.

Theorem 5.4. Suppose that the system (5.1) is controlled by the additively
perturbed control law (5.33), where up(x) : R

n → R
m;up(0) = 0, and that m(x)

in (5.3) satisfies (5.34), then the closed-loop system remains asymptotically
stable with stability domain Ωδ if

m(x) > up(x)T Q2up(x) ∀x 	= 0 ∈ Ωδ. (5.36)

Proof: See Appendix 5.A.3. �

Remark 5.5. Note that if the nominal input is defined as in (5.24) and if Q
satisfies (5.28), then Ωδ is the whole space R

n. It is then obvious from Theorem
5.3 that the closed-loop system will remain globally asymptotically stable if
up(x) satisfies the condition (5.36). Moreover, m(x) will be a polynomial of
degree 4, because from (5.26) m(x) = L(x). Considering (5.33) it is obvious
that the perturbation input will be of the degree k + 2, where k ≥ 1, since

up(x) = −Q−1
2 (xG + B)T (Ŝk(x) − Ŝ)x,

where Ŝ satisfies (5.25) and, hence, is the first constant matrix term in the
truncated Taylor matrix expansion Ŝk(x). This implies that

m(x)
up(x)T Q2up(x)

→ 0 as ‖x‖2 → ∞.

�

Condition (5.36) decides the maximum allowable magnitude ofup(x)TQ2up(x)
to guarantee stability. If up(x)T Q2up(x) grows faster than m(x), the constraint
in (5.36) will be exceeded for larger values of x. However, if the constraint
in (5.36) is satisfied in a neighborhood of the origin, it might be possible to
bound the magnitude of a known up(x) in such a way that (5.36) will still be
satisfied for values of x far from the origin. One possibility is to let the additive
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input perturbation in (5.33) for the truncated suboptimal control law (5.22) be
replaced by the bounded signal:

ue(x) = up(x)e
−up(x)T up(x)

2ε2‖x‖2
2 , (5.37)

where ε > 0 ε ∈ R. The new input signal

u = unom(x) + ue(x), (5.38)

will approach the suboptimal truncated input (5.33) when x approaches the
origin, and approaches u = unom(x) when x is increasing. Let λmin(·) and
λmax(·) denote, respectively, the minimum and maximum eigenvalue of (·).
Further, let

m(x) = xT Q1x + m̃(x), (5.39)

where Q1 � 0 and m̃(0) = 0; m̃(x) ≥ 0, then the following theorem can be
formulated.

Theorem 5.5. Suppose that the system (5.1) is controlled by the additively
perturbed control law (5.38) and let m(x) in (5.3) be as in (5.39), then the
closed-loop system remains asymptotically stable with stability domain Ωδ if

ε <
( λmin(Q1)

λmax(Q2)
e
) 1

2
. (5.40)

Proof: See Appendix 5.A.4. �

Remark 5.6. If the nominal input is defined as in (5.24) and if Q satisfies
(5.28), then it is obvious from Theorem 5.3 that the closed-loop system will
remain globally asymptotically stable if up(x) is replaced by the bounded signal
ue(x) in (5.37), and if ε is chosen to satisfy condition (5.40).

5.6 Simulation Results

5.6.1 Example 1

A second order bilinear system, which is homogeneous in the state, is considered
to illustrate the behavior of the Taylor series approximation.

ẋ =
(

0 1
−1 −2

)
x +

(
0 0
0 −2

)
xu.

The cost function used for the Taylor series method is

J =
1
2

∫ ∞

0

(xT Q1x + ru2)dt. (5.41)

where the state weighting matrix is Q1 = I and r = 1.
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For this system it is possible to find a closed-form solution to the state
dependent ARE. Recalling remarks 5.1 and 5.2, the following “true” optimal
control law is obtained

u = 2x2(s12x1 + s2x2), (5.42)

where

s2 = (

√
1
2
(1 + 2x2

2 +
√

1 + 4x2
2 − 1)/2x2

2 (5.43)

s12 = (
√

1 + 4x2
2 − 1)/4x2

2, s1 = s2 + 2s12 + 4s12s2x
2
2

s12 is the off-diagonal elements and s2 one of the diagonal element solutions to
the state dependent ARE matrix S(x) in (5.11). The diagonal element s1 is
not needed in the control law (5.42).

The solution to the Taylor polynomial Ŝ(x)k in (5.22) is an even function
in powers of x2. A satisfactory approximation is obtained in a neighborhood
of the origin (not very close to the origin since the elements in (5.43) are not
defined when x2 → ∞), which can be seen in Figure 5.1. The figure shows a
plot of the true diagonal elements s1 and s2, compared with the Taylor series
approximation for one, two and three terms.
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Figure 5.1: Diagonal elements for the ARE matrix in Example 1. The solid line
displays the closed form solution s1 and s2 and the dashed line shows the Taylor
series approximation using one term. The dashed-dotted line illustrates the
Taylor series approximation using two terms. Finally, the dotted line exposes
the Taylor series approximation using three terms.

5.6.2 Example 2

The following example was first considered in Derese and Noldus [1980] to test
their design method. The same system was used for design in Benallou et al.
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[1988] for comparison with the one obtained in Derese and Noldus [1980]. Both
design methods incorporate a state-dependent penalizing function in their cost
function. The system considered is

ẋ =
(

0 1
−5 −2

)
x +

(
0
1

)
x1u +

(
2
0

)
x2u +

(
2
0

)
u.

The cost function used for the Taylor series method is

J =
1
2

∫ ∞

0

(xT Q1x + uT Q2u)dt, (5.44)

where

Q1 =
(

6.02 −0.06
−0.06 5.11

)

and Q2 = 1 are chosen to be same as in Derese and Noldus [1980] and Benallou
et al. [1988]. The control law obtained by Derese and Noldus [1980] is

u = −3.19x1 + 0.41x2

and for Benallou et al. [1988]1

u = −(xG + B)T Sx, (5.46)

where

S =
(

9.16 0.6
0.6 1.58

)
. (5.47)

The control law derived in Benallou et al. [1988] is based on the methods
discussed in Remark 5.3. Thus, the matrix S satisfies a Lyapunov matrix
function and the closed-loop system is globally asymptotically stable.

The behavior of the closed-loop systems for the three controllers were evalu-
ated for different initial conditions. The results, which are shown in Figure 5.2
and Figure 5.3, indicate that the response for the state x1 for the control law
obtained by Benallou et al. [1988] is rather fast, whereas the response for the
state x2 is rather slow. However, one important advantage of the control law
obtained by Benallou et al. [1988] is that it results in global asymptotic stability
of the closed-loop system. This is not the case for the control law derived by
Derese and Noldus [1980] which can be seen in Figure 5.3, were the initial value
x1(0) = 1, x2(0) = −0.5 is outside the boundary of the stability region. The
control law from the Taylor series approximation is not globally asymptotically
stable. This is due to the fact that Q1 − SBQ−1

2 BT S is not positive definite.

1Note that the control law, u∗ = −0.6x2
1−1.2x2

2−16.7x1x2−9.2x1−0.6x2, given explicit
in Benallou et al. [1988] (p. 1495) is not correct. Instead we have used the control law given
by (5.46) and (5.47).
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Figure 5.2: Closed-loop solutions for Example 2. The solid line displays the
closed-loop solution using the Taylor series approximation method with k = 2.
The dashed line shows the solution using the control law by Benallou et al.
[1988]. Finally, the dashed-dotted line illustrates the solution using the control
law by Derese and Noldus [1980].
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Figure 5.3: State-plane plot for Example 2. The solid line shows the state
trajectories using the Taylor series approximation method with k = 2. The
dashed line illustrates the trajectories using the control law by Benallou et al.
[1988] and the dashed-dotted line shows the path using the control law by Derese
and Noldus [1980].

In order to obtain a more robust control for the Taylor series approximation
method, the penalty matrix Q1 was transformed to obtain the same matrix S
in (5.47) as the solution to the ARE corresponding to the linear part of the
system. Then, using only the first term in the Taylor series approximation,
results in global asymptotic stability of the closed-loop system. However, if
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more than one term in the Taylor series is used, some further stability analysis
has to be performed in order to confirm global asymptotic stability. The new
transformed state penalty matrix, used in (5.44), is

Q1 =
(

341.386 21.989
21.989 6.5596

)
. (5.48)

The robustness methods discussed in Section 5.5 were also tested in order to
achieve a more robust control for the Taylor series approximation method.
Choosing the nominal input unom(t) as in (5.46), imposes the perturbation
input to be

up(t) = −Q−1
2 (xG + B)T (Sk(x) − S)x,

where Sk(x) is the truncated matrix polynomial, and the matrix S is from
(5.47). Using (5.37) as a new perturbation input, and choosing ε < 3.725, will
guarantee a globally asymptotic stable closed-loop system.

The two new Taylor series approximation control laws with k = 2, together
with the control law by Benallou et al. [1988], were evaluated by comparing the
solutions of the closed-loop system for different initial conditions. The results
are shown in Figure 5.4 and Figure 5.5. The behavior of the Taylor series
approximation, where (5.48) is chosen as the state penalty matrix, is quite
similar to the behavior of the control law obtained by Benallou et al. [1988].
However, the Taylor series approximation control law where up(t) is bounded,
shows a faster response compared to the other two control laws.
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Figure 5.4: State-plane plot for Example 2. The solid line shows the state
trajectories using the Taylor series approximation method with bounded input
and k = 2. The dashed line illustrates the trajectories using the Taylor series
approximation method with the penalty matrix (5.48) and k = 2. The dashed-
dotted line displays the path using the control law by Benallou et al. [1988].
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Figure 5.5: Closed-loop solutions for Example 2. The solid line displays the
closed-loop solution using the Taylor series approximation method with bounded
input and k = 2. The dashed line shows closed-loop solution using the Taylor
series approximation with the new state penalty matrix (5.48) and k = 2. Final-
ly, the dashed-dotted line illustrates the closed-loop solution using the control
law by Benallou et al. [1988]. Left figure: x1(0) = 0 and x2(0) = 1. Middle
figure: x1(0) = −1 and x2(0) = 1. Right figure: x1(0) = −1 and x2(0) = 1.

5.7 Application to the Activated Sludge Pro-
cess

5.7.1 Modeling and Control of the Activated Sludge Pro-
cess

In this section the derived suboptimal control law is compared with an LQ
controller. The controllers are simulated and tested using the IWA Acti-
vated Sludge Model No.1 (ASM1), which describes biological nitrogen removal
and oxidation of organic carbon in municipal wastewater treatment plants
(WWTP’s), see Appendix 7.C. ASM1 includes 13 different components, and
the dynamic behavior of each component is described by a nonlinear differ-
ential equation (Henze et al. [1987]). Several model based and multivari-
able approaches for controlling WWTP’s have been suggested in the literature
(e.g. Bastin and Dochain [1990], Lindberg [1997], Lukasse [1999], and Weijers
[2000]). An overview of the use of models in control systems of WWTP’s is
given in Vanrolleghem [2003]. The main objective for controlling a wastewater
treatment process is to optimize the operation in order to keep the effluent
concentrations at a low level, despite disturbances affecting the process, and
to minimize expenses. An overview of properties and attributes of biological
wastewater treatment, which significantly affect the design and implementation
of automatic control, are given in Olsson and Newell [1999].
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The simulated ASP used in this example consists of one aerobic compart-
ment, one anoxic compartment and a settler in a pre-denitrifying ASP, see
Figure 5.6. The parameters in the model are the default values given in Henze
et al. [1987].

AerobicAnoxic

Settler

Qa

Qin(t) Q(t)
SNO,e

SNH,e
SCOD,e

SNO,1
SNH,1
SCOD,1

SNO,in
SNH,in
SCOD,in

Qr(t)

Figure 5.6: Schematic illustration of the activated sludge process with one
anoxic and one aerobic compartment. The components in the anoxic and aer-
obic compartments are denoted by the subscripts 1 and e respectively. The
components in the influent water are denoted by the subscript in. SNO is the
nitrate concentration, SNH the ammonium concentration and SCOD the con-
centration of soluble chemical oxygen demand (COD). Qin is the influent flow,
Qr the sludge recirculation flow, Qc the external carbon flow and Qa the inter-
nal recirculation flow.

There are a number of possible control signals that can be manipulated
in an ASP. In this example the internal recirculation flow rate, Qa, an exter-
nal carbon flow rate, Qc, and the concentration of dissolved oxygen, SO, will
be used as control variables for controlling the concentrations of nitrate and
ammonium in the last aerobic compartment. The concentrations in the last
aerobic compartment are approximately the same as the effluent concentra-
tions, and the controlled variables are therefore denoted SNO,e, SCOD,e and
SNH,e, respectively. A traditional PI controller is used for controlling the level
of S0 in the aerobic compartment.

The controller design is based on the following simplified ASM1 model de-
rived in Chapter 7:

ẋ(t) = A(t)x(t) + G1(t)x(t)u1(t) + G2x(t)u2(t) + Buu3(t)
+ Bdd(t) + Bww(t), (5.49)

where the states are the concentrations of nitrate, SNO, ammonium, SNH , and
soluble COD, SCOD, in the two compartments, and the state vector is

x(t)T = [SNO,1(t) SCOD,1(t) SNH,1(t) SNO,e(t) SCOD,e(t) SNH,e(t)], (5.50)

see Figure 5.6. The measurable disturbances are

d(t)T = [Din(t)SNO,in(t) Din(t)SCOD,in(t) Din(t)SNH,in(t)], (5.51)



5.7. Application to the Activated Sludge Process 123

where Din(t) = Qin(t)
V is the influent dilution rate and the volumes in the

anoxic and the aerobic compartments are assumed to be equal and constant,
V . The hydrolysis terms, H1(t) and He(t), and the ammonification terms,
Am1(t) and Ame(t), in the two compartments are considered as unmeasurable
disturbances, w(t) = [H1(t) Am1(t) He(t) Ame(t)]T . The systems matrices
are:

A(t) =
(

Aanox(t) Dr(t)I
Dr(t)I Aaerob(t)

)
,

where I is a 3 × 3 unity matrix. Dr(t) = Qr(t)
V is the sludge return dilution

rate, and

Aanox(t) =


−D(t) −rSCOD

(t) 0
0 α1rSCOD

(t) − D(t) 0
0 −α3rSCOD

(t) −D(t)




Aaerob(t) =


−D(t) −rSCOD,1(t) 0

0 α1rSCOD,1(t) − D(t) 0
0 −α3rSCOD,1(t) −D(t)


 ,

where D(t) = Q(t)
V . Further, we have:

G1(t) =
(− 1

V I 1
V I

1
V I − 1

V I

)
, G2(t) =

(
0 0
0 n2(t)

)
,

where

n2(t) =


0 rSCOD,1(t) rSNH

(t)
0 −α1rSCOD,1(t) − rSCOD,3(t) 0
0 α3rSCOD,1(t) − α4rSCOD,3(t) α2rSNH

(t)


 .

αi i = 1, .., 4, are known constants and rSCOD
(t), rSNH

(t) and rSCOD,j
(t), j =

1, ..3, are time-varying reaction rate terms. The remaining system matrices are
Bu = [0 1200 0 . . . 0]T , and

Bd =
(

I
0

)
, BT

w =




0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


 .

The model (5.49) is a time varying state-space bilinear model of order six, where
states are assumed to be measurable. The time-varying reaction rate terms, as
well as the unmeasurable disturbances, are in fact lumped variables, typically
Monod functions, which contain several of the states and other components
and constants described in ASM1, see Section 7. The model has three inputs.
The first input is the internal recycling flow rate, u1. The second input is
u2 = SO

SO+K , where SO is the oxygen concentration in the aerobic compartment,
and K is assumed to be a known constant. The third input, u3, is an external
carbon flow rate added to the anoxic compartment.

The design of the controller is made at a stationary point, xs and us, and
it may then be assumed that the model is time invariant within a sufficiently
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small region around the stationary point. The obtained values of the states
and inputs at steady-state are:

xs = [0.025 102.01 8.49 4.57 42.4 2.91]T ,

us = [700 0.95 0.095]T .

The system matrices at the stationary point are:

A =




−0.8 −0.0535 0 0.4 0 0
0 −1.268 0 0 0.4 0
0 −0.0267 −0.8 0 0 0.4

0.8 0 0 −0.8 −0.668 0
0 0.8 0 0 −6.592 0
0 0 0.8 0 −0.334 −0.8


 ,

G1(t)=10−3

(−I I
I −I

)
, G2=




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0.668 3.136
0 0 0 0 −2.2395 0
0 0 0 0 −0.129 −3.201


.

Steady-state values of the model parameters and a complete derivation of the
model are given in Section 7.

Neglecting the unmeasurable disturbances and introducing the new states,
inputs and measurable disturbances, ∆x = x − xs, ∆u = u − us, and ∆d =
d− ds, a bilinear model around the operating point xs can be obtained as, see
Gutman [1980]

∆ẋ = (A +
2∑

i=1

Giusi)∆x + G1∆x∆u1 + G2∆x∆u2

+
2∑

i=1

(Gixs + B)∆ui + Bd∆d. (5.58)

An LQ controller is also designed on a model linearized around the same oper-
ating point xs and us. However, the bilinear model is believed to cover more of
the nonlinearities in ASM1 than the corresponding linear approximation. Note
that the same cost function (5.3) can be used for both the LQ controller design
and the Taylor series approximation method.

5.7.2 Simulation Results

The first set of simulation runs was performed using the derived steady-state
model as a simulation model. The concentrations of nitrate, ammonium and
soluble COD in the last aerobic compartment were considered as outputs.
Three terms were used for the Taylor series approximation method and the
weighting matrices used in (5.3) were Q1 = diag([0 0 0 1 0.1 1]) and Q2 =
10 diag([0.01 1 1]). Figure 5.7 shows the behavior of the closed-loop outputs,
when the initial values are xs(0) = [0, 0, 0, 0,−0.5,−1]T and a sampling pe-
riod of 0.01 hours is used. The result indicates that a controller design using
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Figure 5.7: Closed-loop outputs. Solid line displays the result when the Taylor
series approximation control law with three terms is used. Dashed line shows
the result when the LQ control law is used.

the Taylor series approximation method gives faster output responses than a
LQ-design based on linearizing the bilinear model.

In the second set of simulations, the derived control law was tested on the
ASM1. In this set of simulations the nitrate and the ammonium concentrations
in the last aerobic compartment were chosen as outputs, and not the soluble
COD. Even if it is of interest to keep the concentration of effluent soluble COD
at a low level, it is more common to consider only the nitrate and the ammo-
nium concentrations as controlled variables, because a low value of ammonium
normally guarantees a low value of COD. To achieve integral action, an inte-
grating state, xi(t), with state feedback, Li, was added in the control law. The
control signals are then calculated as:

u(t) = −L(∆x)∆x(t) − Lixi(t) (5.59)

for the Taylor series approximation method, and, for the LQ controller

u(t) = −L̂∆x(t) − Lixi(t). (5.60)

In the LQ-design, the state vector was extended with an integrating state, and
the new augmented system was used in the cost function (5.3) for calculating
the L and Li-matrix in (5.59). The same Li-matrix was used in (5.59) and
(5.60). Since noise was added to the states, the penalty matrix for the inte-
grating state was chosen to be relatively small, and the resulting Li-matrix
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became:

Li =


 0.2141 0.7480
−0.0053 0.0008
0.0006 0.0020


 .

Remark 5.7. By including measurable disturbances in the control law, an
effective feedforward action may be obtained. For example, adding the term
−LddSNH(t) in (5.59) and (5.60), where dSNH(t) = Din(t)SNH,in(t), will im-
prove the disturbance rejection, if Ld is chosen in a proper way. �

The weighting matrices where chosen as Q1 =diag([0 0 0 100 0.01 100]) and
Q2 =diag([0.01 20000 10000]). The behavior of the closed system response,
using a three terms Taylor series approximation, is compared with the LQ
controller. Measurement noise with a standard deviation of 0.01 was added to
each element in the state vector and the sampling period was 0.1 hours. Figure
5.8 shows the influent ammonium disturbances used in the simulation. After
100 hours, SNH,in has changed from 25 mg/l to 40 mg/l, after 150 hours SNH,in

has decreased to 30 mg/l, and finally, after 200 hours, it has changed back to
25 mg/l. The influent soluble COD was simulated as the periodic disturbance:

SCOD,in = 60 + 20sin(0.08πt).

Remark 5.8. Both the reaction rate terms and the unmeasurable disturbances
in (5.49) are time-varying, since they are functions of the states in ASM1.
Thus, during the simulation they can be considered as parametric variations
or uncertainties in the model (5.49). �

The nitrate and the ammonium concentrations in the aerobic compartment
are plotted in Figure 5.9. The result shows that the Taylor series approximation
controller gives a better disturbance rejection compared to the LQ controller.
Figure 5.10 compares the control signals used during the simulations.
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Figure 5.8: Influent variation of SNH,in.
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5.8 Conclusions

A suboptimal control law to the bilinear quadratic regulator problem with infi-
nite final time is developed. The solution to the state-dependent ARE is derived
using a Taylor-series approach, which results in simple offline calculations of
one ARE and a sequence of Lyapunov equations. A strategy to achieve a more
robust behavior of the truncated Taylor-series expansion was suggested. The
performance of the resulting control law was compared to other feedback laws
proposed in the literature.

Special emphasize is devoted to illustrate the performance of the developed
control law applied to an activated sludge process.

5.A Proofs

5.A.1 Proof of Lemma 5.1

Using the control law (5.22) results in the closed-loop system

ẋ = f(x) = Ax − (xG + B)Q−1
2 (xG + B)T Ŝk(x)x =

Ax − BQ−1
2 BT Ŝ0x − ψ(x)x, (5.61)

where Ŝ0 is the matrix solution from the ARE corresponding to the linear
part of the system. We have from (5.13) that ∂ψ

∂x |x=0 = 0, and f : D → R
n

is continuously differentiable for a D in a neighborhood of the origin Khalil
[1996]. Moreover, since (A,B) is a stabilizable pair, the Jacobian matrix

∂f

∂x
|x=0 = A − BQ−1

2 BT Ŝ0 (5.62)

has all eigenvalues strictly in the left half-plane. This proves that the origin
for the system (5.61) is asymptotically stable. �

5.A.2 Proof of Theorem 5.3

The proof is partly adopted from Theorem 2 of Tzafestas et al. [1984], where
the theorem is shown for the finite time case.

The optimal control law (5.24) inserted in (5.6) and replacing xT Q1x by
L(x) in (5.6), yields the steady-state HJB

0 =
1
2
xT

[
Q + S

(
(xG + B)Q−1

2 (xG + B)T − BQ−1
2 BT

)
S
]
x+

1
2
xT S(xG + B)Q−1

2 (xG + B)T Sx

+ xT SAx − xT S(xG + B)Q−1
2 (xG + B)T Sx

=
1
2
xT

[
Q + SA + AT S − SBQ−1

2 BT S
]
x. (5.63)
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From (5.63) one obtains an ARE identical to (5.25), which reveals that the cost
function (5.26) is minimized.

Taking V (x) = xT Sx as a candidate Lyapunov function and using (5.63)
one obtains

V̇ (x) = xT SAx − xT S(xG + B)Q−1
2 (xG + B)T Sx =

= −1
2
xT (Q − SBQ−1

2 BT S)x

− xT S(xG + B)Q−1
2 (xG + B)T Sx < 0 ∀x 	= 0. (5.64)

Thus, the closed-loop system is globally asymptotically stable. �

5.A.3 Proof of Theorem 5.4

Taking Φnom(x) as a candidate Lyapunov function, we can determine:

Φ̇nom(x) = (
∂Φnom

∂x
)[Ax − (xG + B)(unom(x) + up(x))] =

= −1
2
m(x) − 1

2
unom(x)T Q2unom(x) + (

∂Φnom

∂x
)(xG + B)up(x), (5.65)

where the associated HJB equation is used in the second equality. From (5.35)
we have

(
∂Φnom

∂x
)(xG + B) = unom(x)T Q2 (5.66)

and (5.65) turns out to be

Φ̇nom(x) = −1
2
m(x) − 1

2
unom(x)T Q2unom(x) + unom(x)T Q2up(x)

+
1
2
up(x)T Q2up(x) − 1

2
up(x)T Q2up(x) =

= −1
2
m(x) + up(x)T Q2up(x) − 1

2
(unom(x) − up(x))T Q2(unom(x) − up(x))

≤ −1
2
[
m(x) − up(x)T Q2up(x)

]
. (5.67)

If (5.36) is satisfied we get

Φ̇nom(x) < 0 ∀x 	= 0 ∈ Ωδ, (5.68)

and the theorem is proved. The proof is also given for more general nonlinear
systems affine in the input in Theorem 2 of Geromel and Yamakami [1985]. �

5.A.4 Proof of Theorem 5.5

From condition (5.36) we have

m(x) > ue(x)T Q2ue(x) = up(x)T Q2up(x)e
−up(x)T up(x)

ε2‖x‖2
2 ≤

≤ up(x)T up(x)e
−up(x)T up(x)

ε2‖x‖2
2 λmax(Q2).
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Next, let y = up(x)T up(x)

ε2‖x‖2
2

, using the condition y−ln(y) ≥ 1 for y > 0, we obtain

up(x)T up(x)
ε2‖x‖2

2

− ln
(

up(x)T up(x)
ε2‖x‖2

2

)
≥ 1 ⇔

⇔ ln
(
up(x)T up(x)

)− up(x)T up(x)
ε2‖x‖2

2

≤ −1 + ln
(
ε2‖x‖2

2

) ⇔

⇔ up(x)T up(x)e
−up(x)T up(x)

ε2‖x‖2
2 ≤ e−1ε2‖x‖2

2,

and we will obtain the loose upper limit bound

up(x)T up(x)e−
up(x)T up(x)

ε2‖x‖2 λmax(Q2) ≤ e−1ε2‖x‖2λmax(Q2).

Further, from (5.39) we have m(x) ≥ xT Q1x. Considering the bounds

xT Q1x ≥ λmin(Q1)‖x‖2,

imposes the condition

λmin(Q1) > e−1ε2λmax(Q2),

which gives (5.40), and the theorem is proved. �



Chapter 6
MPC for Discrete-time BLS

6.1 Introduction

IN model predictive control (MPC), the possibility of the model to predict
future values of interesting signals is utilized in the controller design. After

the controlled outputs have been modeled as a function of possible control ac-
tion, the “best” control input is computed according to some criterion, often a
quadratic criterion, subject to constraints on the input or/and the states. This
procedure is repeated at each sampling instant. For linear discrete-time sys-
tems, the future controlled outputs can be expressed as a linear function of the
present state and future control signals. The resulting optimization problem,
choosing a quadratic performance measure, is a quadratic programming (QP)
problem, see for example Garćıa and Morshedi [1986] and Garćıa et al. [1989].
For nonlinear systems with a quadratic performance measure, the nonlinear
relationship between future controlled outputs and future control signals in
general results in non-convex optimization problems, and there is no guarantee
that the optimal solution will be found.

One class of nonlinear systems are bilinear systems. Algorithms for solving
MPC optimization problems for discrete-time bilinear systems (BLS), handling
closed-loop stability, input constraints and unstable zero dynamics problems,
can be found in Bloemen et al. [2001b], Bloemen et al. [2001a], Bloemen et al.
[2002a], Bacic et al. [2002], and Liao and Kouvaritakis [2005]. Bilinear model
based predictive control of a polymerization process was discussed in Bloemen
et al. [2002b].

In this chapter, an MPC algorithm for solving the optimization problem
P5 in section 1.5.4, which is a nonlinear non-convex optimization problem, for
discrete-time bilinear systems is presented. A prediction model of the original
discrete-time deterministic system is derived and used to express the objec-
tive function and the constrained function for the optimization problems, as
functions of the present state and predicted outputs. An algorithm for a sub-
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optimal version of the MPC algorithm is also derived and compared with the
original optimization problem. The suboptimal predictive control law is based
on linearization of the prediction model and constraints.

Two different processes are modeled as BLS and used as illustrative ex-
amples of processes, in which the behavior of the derived MPC algorithm is
evaluated. The first process is a simulator model, the IWA Activated Sludge
Model No.1 (ASM1), which describes the biological nitrogen removal in munici-
pal wastewater treatment plants (Henze et al. [1987]). Bilinear optimal control
of the activated sludge process (ASP) in continuous-time is discussed in Ekman
[2005b]. The second process is a tank laboratory process which consists of two
water tanks that are connected in cascade. Both processes are modeled as a
BLS by application of the recursive prediction error method (RPEM) system
identification technique, which is presented in Section 2.7. Some applications
where this method is used can be found in Wigren [2005b], Brus [2005a], and
Brus [2005b].

For the tank process, a priori knowledge of the system dynamics is utilized
and, therefore, the parameter identification procedure may be regarded as a
grey-box modeling. However, for the ASM1 process, knowledge of the system
dynamics is not available to the same extent, and the modeling is more simi-
lar to nonlinear black-box identification. An investigation is also performed
where the suggested bilinear MPC algorithm is compared with a linear coun-
terpart. Thus, linear models are also identified for the processes using the same
RPEM, and “traditional” MPC algorithms based on linear models are used in
a comparative study.

The chapter is organized as follows. In Section 6.2, the problem statement
and definitions are introduced. The derivation of the prediction model is pre-
sented in Section 6.3, and in Section 6.4, the optimal constrained predictive
control problem is derived. Section 6.5 deals with a suboptimal constrained
predictive control problem. The BLS modeling of the processes is presented
in Section 6.6, and simulation result and discussion in Section 6.7. Finally,
conclusive remarks are given in Section 6.8.

6.2 Problem Formulation

Recall the discrete-time bilinear model (1.41)-(1.42):

x(k + 1) = Ax(k) +
m∑

j=1

Gjx(k)uj(k) + Bu(k)

y(k) = Cx(k), (6.1)

where x ∈ R
n, y ∈ R

p, u ∈ R
m, and Gj ∈ R

n×n. A, B, C and Gj are
state-space matrices. To obtain a convenient notation, stacked versions of the
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predicted outputs and inputs are defined as

Xk =
(
xT (k + N |k) . . . xT (k + 1|k)

)T

, (6.2)

Yk =
(
yT (k + N |k) . . . yT (k + 1|k)

)T

, (6.3)

Uk =
(
uT (k + M − 1) . . . uT (k)

)T

, (6.4)

where Xk ∈ R
nN , Yk ∈ R

pN , and Uk ∈ R
mM . It is assumed that M < N ,

where N is the the prediction horizon for the outputs and M is the control
horizon. The argument (k + i|k) refers to the predicted value for time k + i
based on information up to time k. The objective is to control the system in
such a manner that a finite horizon cost function1

Jk = ||fY (Yk, Uk)||2Q1
+ ||fU (Uk)||2Q2

(6.5)

is minimized subject to linear constraints of the form

RuUk ≤ Eu, (6.6)
RxXk ≤ Ex. (6.7)

6.3 Prediction

The model (6.1) is deterministic and the prediction of x(k) given x(t), where t
denotes the present time, is given by

x(k + 1|t) = Ax(k|t) +
m∑

j=1

Gjuj(k)x(k|t) + Bu(k),

y(k|t) = Cx(k|t), x(t|t) = x(t) = xt. (6.8)

If the input signals after k + M − 1 are chosen to be zero (see Remark 6.1) the
prediction can be written in a more compact form as

Yt = Hxt + Φ(xt)Ut + SUt + ψ(xt, Ut), (6.9)

where H ∈ R
pN×n, Φ(xt), S ∈ R

pN×mM , and ψ(xt, Ut) ∈ R
pN . The first and

the third matrices on the right-hand side of (6.9) have the following structures

HT =
(
CAN CAN−1 . . . CA

)
, (6.10)

S =




CAN−MB CAN−M+1B . . . CAN−1B
CAN−M−1B CAN−MB . . . CAN−2B

...
...

...
CB CAB . . . CAM−1B
0 CB . . . CAM−2B
...

. . .
. . .

...
0 . . . 0 CB




. (6.11)

1The notation used is ||Y ||2Q = Y T QY .
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The structures of Φ(xt) and ψ(xt, Ut) in (6.9) are more complicated and are
given in Appendix 6.B.

Remark 6.1. The choice of future inputs after k +M − 1 is dependent on the
system dynamics. In linear MPC, it is common to implicitly choose the future
inputs constant equal to the last value u(k + M − 1). If there is integral action
in the system, a suitable choice is to have zero input values after u(k +M − 1).

6.4 Optimal Constrained Predictive Control

In this section a quadratic performance index will be exploited. The prediction
model derived in the previous section will be utilized in order to express the
objective function and the constraints as functions of the present state, xt,
and the predicted inputs, Ut. It is assumed that complete state information
is available. Choosing fY (Yt, Ut) = Yt and fU (Ut) = Ut in (6.5) implies the
quadratic cost function

Jt = ||Yt||2Q1
+ ||Ut||2Q2

(6.12)

(where Q1 and Q2 are positive definite matrices) to be minimized under the
linear constraints (6.6)-(6.7). A reasonable assumption is that the linear in-
equalities (6.6)-(6.7) can be written as

e ≤ Fuu(k) + Fxx(k|t) ≤ e, (6.13)

which should be satisfied for all k > t. The inequalities in (6.13) apply element
wise and it is assumed that e ≤ 0 ≤ e. Making use of the deterministic model
(6.8) and using the same framework as in Poulsen et al. [2001], the constraints
(6.13) can further be brought into the compact form

E ≤ PU (xt, Ut)Ut + Pxxt ≤ E , (6.14)

where

E =




e
...
e


, E =




e
...
e


, Px =




FxAN−1

...
Fx


, (6.15)

and

PU (xt, Ut) = PS + PΦ(xt) + Pψ(xt, Ut). (6.16)

The structures of the matrices in the right-hand side of (6.16) are given in more
detail in Appendix 6.C.

The constraints in (6.14) can further be brought into the form[
PU (xt, Ut)
−PU (xt, Ut)

]
Ut ≤

[
E
−E

]
−
[
Px

−Px

]
xt. (6.17)
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From (6.9) and (6.56) in Appendix 6.B it then follows that

Yt = Hxt + Ψ(xt, Ut)Ut, (6.18)

where Ψ(xt, Ut) = Φ(xt) + S + ψ̃(xt, Ut). Replacing Yt in (6.12) by (6.18), and
assuming that the desired set-point is the origin, results in the minimization
problem

min
Ut

||Hxt + Ψ(xt, Ut)Ut||2Q1
+ ||Ut||2Q2

(6.19)

subject to[
PU (xt, Ut)
−PU (xt, Ut)

]
Ut ≤

[
E
−E

]
−
[
Px

−Px

]
xt. (6.20)

6.4.1 Observer Design

In general, the state vector xt is not completely measurable. Therefore, it is
often necessary to introduce an observer in the controller. There are a few
possible observers to choose between in the design. For instance, one option
would be to include a discrete-time version of the bilinear observers described
in e.g. Hara and Futura [1976] and Mohler [1991]. However, here a standard
Extended Kalman Filter (EKF) will be used as state observer. The EKF
algorithm for BLS is a standard algorithm and it is given in Appendix 6.F.

6.4.2 Feedforward Action

When a measurable disturbance exists in a system, and if the dynamics of the
disturbance is known, then it is convenient to utilize this extra information
in the controller design. Thus, the feedback controller can be complemented
with feedforward from the measurable disturbance. Feedforward action in the
controller generally results in an improved disturbance rejection. Another ad-
vantage is that feedforward may also increase the stability robustness (Sternad
[1991]).

A natural way of achieving feedforward action in the controller is to augment
the state vector with the measurable disturbance. This is especially true for
linear systems and linear quadratic (LQ) control, see e.g. Kwakernaak and
Sivian [1972]. It is also possible to include a measurable disturbance to the
state vector in (6.1), and consider the measurable disturbance as an output
in the MPC design. However, this implies that the dimension of the vector
Yt will increase with a factor equal to the dimension of the disturbance, and
the disturbance has to be considered as an extra output in the constructions
of the matrices in (6.9). Therefore, feedforward action will be added here
by including measurable disturbances directly in the output vector Yt in the
prediction model (6.9). Moreover, augmenting the vector Yt with measurable
disturbances enables the use of separate penalties on their contributions to the
control signals.
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For the systems studied in this chapter, the measurable disturbances are
entering the system linearly. Therefore, the measurable disturbances can be
described with the additional term Bdd(k) in (6.1), where d(k) are the measur-
able disturbances and Bd is a parameter matrix with suitable size. Then, the
prediction model can be written as

Yt = Hxt + Φ(xt)Ut + SUt + ψ(xt, Ut) + Sdd(k), (6.21)

where the structure of the matrix Sd is the same as in (6.11), but with B
replaced with Bd. Augmenting Yt with d(t + 1) provides the prediction model

(
Yt

d(t + 1)

)
=
(

H Sd

0 0.99I

)(
xt

d(t)

)
+
(

Φ(xt) + S
0

)
Ut +

(
ψ(xt, Ut)

0

)
, (6.22)

where the matrix 0.99I is included in order to model the dynamics of d(k).
Now, it is obvious that the term ||d(k + 1)||2 can be penalized separately in
the cost function (6.12). In this chapter feedforward action is achieved by
following the procedure above, and the penalties on d(k + 1) are included as
the last diagonal elements of Q1 in (6.12), where Q1 is chosen as a diagonal
matrix.

6.4.3 Integral Action

If set-point tracking is preferred, where the desired set-point is r, a natural
modification of the quadratic cost is to penalize the control error instead of Yt.
Thus, the corresponding cost term will instead be ||Yt−r||2Q1

, where r is a vector
with all elements equal to r. It may also be necessary to incorporate integral
action in the controller in order to obtain feasible set point tracking. The
use of integral action may also guarantee robustness of tracking with respect
to disturbances. A commonly used approach for achieving integral action in
linear MPC is to differentiate the system and derive an incremental controller,
see e.g. Garcia et al. [1989]. However, we will study some other approaches
where additional integration states are included in the design.

The integration states are given by

xI(k + 1) = xI(k) + r − Cxt. (6.23)

As for the case of feedforward action, it is tempting to augment the vector Yt in
(6.9) with the integration states xI(k + 1), in order to attain integral action in
the controller. However, it is not likely that this will be achieved. To see this,
consider the MPC for linear systems without constraints, and with r = 0. In
that case, the prediction model with xI(k+1) included in Yt is readily obtained
as

Ȳt =
(

Yt

xI(k + 1)

)
=
(

H 0
−C I

)(
xt

xI(k)

)
+
(

S
0

)
Ut. (6.24)
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It is obvious that replacing Yt by Ȳt in the cost (6.12), the unconstrained control
law is given by

Ut = −
[ (

ST 0
)
Q1

(
S
0

)
+ Q2

]−1 (
ST 0

)( H 0
−C I

)(
xt

xI(k)

)
= −Lxt + 0 · xI(k). (6.25)

Thus, no integral action has been achieved in the controller. One way to
overcome this is to also include xI(k + 2) in Yt. Augmenting Yt with xI(k +
2) and again considering the linear case with r = 0, provides the following
prediction model(

Yt

xI(k + 2)

)
=
(

H 0
−C(A + I) I

)(
xt

xI(k)

)
+
(

S
0

)
Ut −

(
0

CB

)
u(k). (6.26)

The unconstrained control law is then achieved as the state feedback

Ut = −Lxt + LixI(k). (6.27)

Now, considering the unconstrained control law (6.25), it can be argued that
Li in general is nonzero.

Another way of introducing integral action in the control law is to incorpo-
rate separate penalties on ||xI(k + 2)||2 directly into the cost (6.12). For the
bilinear case the dynamics of xI(k + 2) is

xI(k + 2) = xI(k) + 2r − C
[
(A + I)xt + Gx(k)u(k) + Bu(k)

]
. (6.28)

In order to simplify the argumentation, we assume that Q1 in (6.12) is a diago-
nal matrix. Because the integration states are not appearing in the constraint
functions (6.17), it can be concluded that the new term in (6.12) for achieving
integral action in the control law will have the form xT

I (k)M(xt)u(k), where
M(xt) is a matrix function of suitable dimension. Taking the squares of the
right-hand side of (6.28), we see that M(xt) = −2C(Gxt +B). The other, “ex-
tra”, terms will have no effect on the control law, or can be incorporated into
the original terms. A heuristic solution to the integral action problem would
then be to, in the cost function (6.12), include a term

||xT
I (k)qIu(k)||2, (6.29)

where qI is a penalty matrix of suitable dimension.
A third possible method of achieving integral action is to directly add the

integration term LixI(k) to the control law. This rather ad-hoc method of
adding integral action immediately reveals the problem of choosing a suitable
vector Li. However, at least for scalar systems this way of implementing inte-
gration in the system is very common. For instance, in PID-controlled systems
a proper choice of Li would correspond to selecting a suitable time constant
in the (I)ntegration-part of the PID-controller. A major drawback with this
method is that, since the integration state is not included in the optimization
problem, the constraints in (6.6)-(6.7) may be exceeded.



138 6. MPC for Discrete-time BLS

6.5 Suboptimal Constrained Predictive Control

The minimization of (6.19) subject to (6.20) is in general a nonlinear, non-
convex optimization problem. Note that the constraints in (6.20) will be linear
if only input constraints are considered. In Bloemen et al. [2001b] the nonlinear
optimization problem (6.19) with constraints only on the inputs is solved by
using a sequential QP method where the structural properties of the bilinear
model are utilized. It would be desirable to modify (6.19)-(6.20) to obtain a
convex optimization problem, since an optimal solution to such a problem, if
one exists, can be found by a finite number of steps. A convenient and straight-
forward way of achieving this is to approximate the original performance index
and the constraints using linearization techniques. Methods for linearization of
the model around an input trajectory for nonlinear MPC can for example be
found in Kouvaritakis et al. [1999] and Marco et al. [1997].

It may be assumed, without loss of generality, that the desired set-point
corresponds to the origin. If this is not the case, the bilinear model (6.1) can
be shifted, such that the origin of the shifted model corresponds to the desired
set-point of the original model. However, shifting of a bilinear model will, in
contrast to linear models, affect the matrices in (6.1) and, thus, changes the
dynamics of the model, see e.g. Gutman [1980] and Bloemen et al. [2002b].

Now, linearizing (6.18) with respect to Ut around the origin, simply gives

Y t = Hxt + Ψ(xt)Ut, (6.30)

where Ψ(xt) = Φ(xt) + S. Proceeding in the same way for the constraints in
(6.20) we obtain

E ≤ PU (xt)Ut + Pxxt ≤ E , (6.31)

where

PU (xt) = PS + PΦ(xt). (6.32)

Replacing Yt by Y t in (6.12) and PU (xt, Ut) by PU (xt) in (6.20) results in the
following minimization problem

min
Ut

J t = min
Ut

||Hxt + Ψ(xt)Ut||2Q1
+||Ut||2Q2

, (6.33)

subject to
[
PU (xt)

−PU (xt)

]
Ut ≤

[
E
−E

]
−
[
Px

−Px

]
xt. (6.34)

The minimization of (6.33) subject to (6.34), is a standard constrained QP
problem.

The unconstrained control law in respect of the cost (6.33) is given by

Ut =−(Ψ(xt)T Q1Ψ(xt)+Q2

)−1
Ψ(xt)THxt, (6.35)

where the last component of Ut in (6.35) is implemented at each sample instant.
The objective function (6.33) can be written as the quadratic cost function
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(6.12) modified by incorporation of a state- and input-dependent penalizing
function

J t = Jt + ||Ut||2R2
− 2UT

t ψ̃T (xt, Ut)Q1Hxt, (6.36)

where

R2 = Ψ
T
(xt)Q1Ψ(xt)−(

Ψ(xt)+ψ̃(xt, Ut)
)T

Q1

(
Ψ(xt) + ψ̃(xt, Ut)

)
. (6.37)

Thus, the objective function (6.33) may be interpreted as a suboptimal mini-
mization problem.

6.6 The Processes

Two processes are used in the identification experiment and in the evaluation
of the bilinear MPC strategy proposed in this chapter. A short description of
these two processes, and of the construction of the identified bilinear models,
is given below.

6.6.1 The Activated Sludge Process

In order to simulate the Activated Sludge Process (ASP), the IWA Activated
Sludge Model No.1 (ASM1) is utilized, see Henze et al. [1987]. Three different
processes are described by ASM1: removal of organic matter, nitrification, and
denitrification. The model contains 13 different components and the behavior
of each component is described by a nonlinear differential equation.

In the version of the simulator used for the experiments, an activated sludge
process with post-denitrification is implemented. The implemented process
consists of a basin divided into 10 completely mixed compartments, each mod-
eled by ASM1, and a settler (or clarifier) modeled as a completely mixed basin.
The configuration is depicted in Figure 6.1. All differential equations are solved
with a fourth order Runge-Kutta method with time step 0.005 hour. The to-
tal volume, V of the compartments is 7500 m3. The simulator model was
implemented in the programming language C++, and in Matlab. In the iden-
tification experiment, two control variables and one measurable disturbance
were selected as inputs to the bilinear models. The control variables are de-
noted as u1(t) = DOref and, u2(t) = carbflow, where DOref denotes the
set-point of the dissolved oxygen and carbflow is the carbon flow into the first
anoxic compartment. It is assumed that the same set-point, DOref , is valid
for all the aerobic compartments. The measurable disturbance, d1(t), is the
resulting ammonium concentration into the first aerobic compartment. Thus,
d1(t) = Din(t)SNH,in(t) + Dr(t)SNH,r(t), where Din(t) and SNH,in(t) are the
influent dilution rate and influent ammonium concentration, respectively. Con-
sequently, Dr(t) and SNH,r(t) are the return sludge dilution rate respectively
the concentration of ammonium in the return sludge.
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influent carbon
External

clarifier

effluent

recirculated sludge

waste sludge

Figure 6.1: Schematic layout of the simulated activated sludge process.

The simulated process was divided into three subprocesses, denoted S1, S2,
and S3. The first subprocess, S1, describes the rate of change of the ammonium
concentration in the aerobic compartments. The inputs for this subprocess are
the measurable disturbance, d1, and the control variable, u1, and the output,
denoted y1, is the concentration of ammonium in the last aerobic compartment.
Thus, this subprocess is describing the nitrification process.

The second subprocess, S2, has the same inputs as S1 but has the nitrate
concentration in the last aerobic compartment, denoted d2, as output. Subpro-
cess S2 is cascade connected with the third subprocess, S3, which has, besides
d2 also the carbflow u2 as input. The output for the third subprocess is the
nitrate concentration in the last anoxic compartment, denoted y2. The system
configuration of the subprocesses is illustrated in Figure 6.2. For each subpro-
cess a third-order bilinear model and a third-order linear model were identified
according to the procedure described in Section 2.7. All models are in phase
variable canonical form, and despite that the structure of the models is anti-
cipated, the identification procedure may be regarded as nonlinear black-box
modeling.

S1

S2 S3

u1

u2

y1

y2

d1

d2

Figure 6.2: Division of ASM1 into subprocesses.
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6.6.2 The Tank Process

The tank process is a pilot tank system comprising two water tanks connected
in cascade. The process is shown in Figure 6.3. Using physical modeling based
on Torricelli’s principle and the net change of volume in the tank, the system
can be described by the following nonlinear model

ḣ1 = −a1

√
2g

A1

√
h1 +

k

A1
u (6.38)

ḣ2 =
a1

√
2g

A2

√
h1 − a2

√
2g

A2

√
h2, (6.39)

where the input signal, u, is the voltage to the electrical pump, and h1 and
h2 are the water levels (in cm) in the upper and lower tanks, respectively.
A1 and A2 represent the areas of the upper and lower tanks. The effluent
areas are denoted by a1 and a2, and g is the gravity constant. The nonlinear
system (6.38)-(6.39) can be further simplified by making a linearization around
a working point. Defining the output signals as the voltages x1 and x2 (in volts)
from the water level sensors leads to the following linear differential equations

ẋ1 = − 1
τ1

x1 +
ko

τ1
u (6.40)

ẋ2 =
1
τ1

x1 − 1
τ2

x2. (6.41)

PUMP
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�
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q1out = q2in

q2out

q1in

Water

u

Figure 6.3: The tank process.
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The parameters τ1, τ1, and ko are unknown and have to be identified. The
water level in the upper tank, x1, is controlled by the pump voltage whereas
the water level in the lower tank, x2, depends on the water level in the upper
tank. Although only the water level in the lower tank is to be controlled, both
levels are assumed to be measurable. This is important, since both tanks have
physical limits which should not be violated, and therefore constraints on both
tanks will be included in the MPC criterion.

The structure of the model (6.40)-(6.41), which is based on physical mecha-
nisms, will be utilized for bilinear as well as for linear “grey-box” identification.
First order systems are used for modeling the upper tank, T1, and the lower
tank T2, respectively. Studying the model (6.40)-(6.41) reveals that for the
system T1, the first order model will have u and x1 as single input and output,
respectively. However, for the system T2 the input is given by both u and x1,
whereas it has a single output x2 (Figure 6.4). Hence, a cascade structure is
again applied. Moreover, in the bilinear case, the product x1u is involved in
the system T2. This is a product of two inputs when only the system T2 is
considered. Assembling T1 and T2 gives the following second order BLS to
identify.

ẋ = −
(

a11 0
a12 a22

)
x +

(
g11 0
g12 g22

)
xu +

(
b1

b2

)
u, (6.42)

where x = [x1 x2]T . The linear systems to be identified are of the same
structure as (6.42), except that the bilinear matrix G is zero.

T1

T2

u
x1

x2

Figure 6.4: Division into subprocesses when modeling the tank system.

6.7 Results and Discussions

6.7.1 Identification of the ASP

The model ASM1 was used for simulating the ASP using influent data from
the file raininfluent.mat and dryinfluent.mat from the COST benchmark, see
htpp://www.ensic.unancy.fr/COSTWWTP/ and Alex et al. [1999]. The level
of dissolved oxygen (DO) was controlled by a traditional PI controller, where
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the set-point, DOref , was chosen by the MPC controller. The return sludge
flow rate was controlled proportionally to the incoming flow rate, and the waste
sludge rate was QW = 16 m3.

The data used for estimation and control were sampled with a sampling peri-
od of h = 0.5 hour. Measurement noise with a standard deviation of 0.1 mg/l
was added to the ammonium and nitrate sensors. Two simulation experiments
were performed, one for calibration purposes and one for validation purposes.
The data generated by the file raininfluent.mat were used as calibration data,
and the data generated by the file dryinfluent.mat were applied as validation
data. Different sequences of the inputs u1 and u2 were also applied during the
two experiments. The input signals were chosen as PRBS, modified to have
varying amplitudes. The input signals used in the calibration experiment are
displayed in Figure 6.5. The corresponding outputs are illustrated in Figure
6.6. The figures show that the experimental period covers approximately 14
days.
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Figure 6.5: Input signals used in the calibration experiment.

The RPEM algorithm was run repeatedly using the same data-set, and the
parameter values at the end of each run were used as initial values for the next
run, until satisfactory convergence was reached. In the experiments, the first
initial parameter vector was chosen to correspond to a stable linear system.
A third-order model for each subprocess, shown in Figure 6.2, was identified.
Both linear and bilinear models were investigated and validated. The identi-
fication experiment revealed that bilinear models could describe the processes
S1 and S3 better than linear models. However, no significant improvement was
attained with bilinear models, compared to linear models, for the subprocess
S2. Therefore, the bilinear model for S2 was rejected when assembling the



144 6. MPC for Discrete-time BLS

50 100 150 200 250 300

5

10

15

hours

y 1 [m
g/

l]

50 100 150 200 250 300

2
4
6
8

10
12

hours

d 2 [m
g/

l]

50 100 150 200 250 300

5

10

15

20

hours

y 2 [m
g/

l]

Figure 6.6: Output signals used in the calibration experiment.

models for S2 and S3, and instead the identified linear model was applied also
in the bilinear modeling. Moreover, the off-set term F0(θ) in (2.78) did not
provide any important contribution to the model and could be excluded. The
same was true for the bilinear terms d1y1 and d1d2.

In Figure 6.7 the identified bilinear model is compared with the identified
linear model for system S1. In Figure 6.8, a similar comparison and validation
is presented for the system S3.

Table 6.1 illustrates the validation result by comparing the mean square
error of the prediction residuals, defined as MSE = 1

N ||y− ŷ||2, where N is the
number of data, y is the “true” measured output, ŷ is the estimated output.
The result confirms that BLS describes the dynamics of S1 and S3 better than
linear models.

Table 6.1: Comparison between bilinear and linear mean square error
of the prediction residuals for sub-systems S1 and S3.

System Linear Bilinear
S1 : MSE = 8.91 · 10−2 MSE = 7.32 · 10−2

S3 : MSE = 10.34 · 10−2 MSE = 8.55 · 10−2

Numerical values for the bilinear models of the systems S1 and S3, and the
linear model for the systems S2, are given in Appendix 6.D. The models are
also used in the bilinear MPC design in Section 6.7.2, where the models for the
systems S2 and S3 are assembled to a sixth-order bilinear system.
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Figure 6.7: Validation using data from the file dryinfluent.mat. Approximately
the last ten days of the validation experiments are shown. The solid line shows
the true ammonium concentration, y1, in the last aerobic compartment. The
thick dashed-dotted line illustrates the estimated concentration using the bilinear
model, and the dashed line the ammonium concentration when the linear model
is used.
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Figure 6.8: Validation using data from the file dryinfluent.mat. Approximately
the last ten days of the validation experiments are shown. The solid line
shows the true nitrate concentration, y2, in the last anoxic compartment. The
thick dashed-dotted line illustrates the estimated concentration using the bilin-
ear model, and the dashed line the nitrate concentration when the linear model
is used.
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6.7.2 MPC of the ASP

The derived bilinear MPC is compared with a linear MPC, where the models
utilized in the design are identified in Section 6.7.1. Outputs from the ASP
during the control operation are y1 and y2, and the control variables are u1 and
u2, see Figures 6.1 and 6.2. The controller design is based on a decentralized
control strategy where the output y1 is controlled by manipulating the input
u1, and the output y2 is controlled by manipulating the input u2. Thus, two
controllers are designed and, consequently, two different models are used in the
controller design. The first model is the third-order model for the system S1,
whereas the second model is the sixth-order model obtained when assembling
the models for systems S2 and S3. Since not all the states in the models are
measurable, an EKF is applied as observer.

In the controller design the prediction horizon was chosen as N = 5, and the
control horizon as M = 2, which correspond to 2.5 and 1 hours, respectively.
Only the control variables were constrained during the simulations as, 0 ≤
u1 ≤ 1 and 0 ≤ u2 ≤ 0.12. The same horizons, penalty matrices and design
matrices, together with feedforward action, were used in the controller design
for both the bilinear and the linear cases. For the system S1 the vector of
predicted outputs was augmented with the measurable disturbance d1, and the
weighting matrices in (6.12) were fixed to Q1 = diag([0.01 0.01 0.1 1 1 1]) and
Q2 = diag([0.01 0.01]), where the last element in Q1 is the penalty on d1.

For the assembled system of S2 and S3, both d1 and d2 were included in
Yt. The weighting matrices were Q1 = diag([[0.01 0.01 0.1 1 1 10 10]) and
Q2 = diag([100 100]), where the two last elements in Q1 are the penalties on
d1 and d2, respectively.

The design matrices in the EKF were also fixed during the simulations.
For the system S1 the covariance matrices for the noises were chosen as R1 =
diag([1 1 1]) and R2 = 0.01, and the initial value of the covariance matrix as
P (0) = 100I, where I is the unity matrix. For the assembled system S2 and
S3 the matrices were R1 = diag([1 1 1 1 1 1]), R2 = 0.001 and P (0) = 100I.
Integral action was included by introduction of the term given in (6.29) into
the cost function (6.12).

The ammonium concentrations in the last aerobic compartment, y1, are
plotted in Figure 6.9. Different values of the integration penalty constant, qi,
were tested in the simulations and the results are displayed in the figure. The
corresponding dissolved oxygen set-point value, u1, for the aerated compart-
ments are illustrated in Figure 6.10.

Simulation results from the controllers based on the assembled models for
S2 and S3 are shown next. The nitrate concentration in the last anoxic com-
partment, y2, is displayed in Figure 6.11, and the corresponding carbon flow,
u2, is illustrated in Figure 6.12. The results indicate that the bilinear MPC
strategy has a better performance than the linear counterpart. It seems that
the bilinear MPC law also gives a less oscillative behavior when the integration
effect is increased, i.e. when the penalty constant qI is increased. This can be
explained by the fact that BLS are modeling the dynamics of an ASP better
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Figure 6.9: Simulation experiments using data from the file constinfluent.mat.
The thick solid line illustrates the ammonium concentration in the last aerobic
compartment when the bilinear MPC law is used, the dashed-dotted line shows
the result when the linear MPC law is used, and the dashed line displays the
reference value. Upper plot: qI = 0.01. Middle plot: qI = 0.03. Lower plot:
qI = 0.01.
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Figure 6.10: Simulation experiments using data from the file constinfluent.mat.
The thick solid line displays the control signal u1 when the bilinear MPC law
is used, and the dashed line shows the control signal when the linear MPC law
is used.
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than linear systems.
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Figure 6.11: Simulation experiments using data from the file constinfluent.mat.
The thick solid line shows the nitrate concentration in the last anoxic compart-
ment when the bilinear MPC law is used, the dashed-dotted line shows the result
when the linear MPC law is used, and the dashed line displays the reference
value. Upper plot: qI = 0.1. Middle plot: qI = 0.2. Lower plot: qI = 0.3.
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Figure 6.12: Simulation experiments using data from the file constinfluent.mat.
The thick solid line displays the control signal u2 when the bilinear MPC law
is used, and the dashed line shows the control signal for the linear MPC law.
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In the second simulation experiment, data from the file raininfluent.mat
was used. Moreover, measurement noises with a standard deviation of 0.1
were added to the outputs y1 and y2. The same set-up of penalty and design
matrices as in the first set of simulation experiments was used. The value of the
integration parameter was chosen as qI = 0.03 for the system S1 and qI = 0.2
for the assembled system, and the set-point value for both outputs was ref= 2.
The results for the seven last days are displayed in Figures 6.13 and 6.14. The
result shows that the bilinear MPC gives a slightly faster disturbance rejection
than the linear MPC.
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Figure 6.13: Upper plot: The thick solid line illustrates the ammonium concen-
tration in the last aerobic compartment when the bilinear MPC law is used, and
the dashed-dotted line shows the result when the linear MPC law is used. Lower
plot: The thick solid line illustrates the nitrate concentration in the last anoxic
compartment when the bilinear MPC law is used, while the dashed-dotted line
shows the result when the linear MPC law is used.
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Figure 6.14: Upper plot: The thick solid line displays the control signal u1

when the bilinear MPC law is used, whereas the dashed-dotted line shows the
control signal when the linear MPC law is used. Lower plot: The thick solid
line displays the control signal u2 when the bilinear MPC law is used, and the
dashed-dotted line shows the control signal when the linear MPC law is used.

6.7.3 Identification of the Tank Process

In the identification experiment for the tank laboratory, live data from the
process were collected. The input signal u(t), i.e. the pump voltage, was
chosen as a PRBS modified to have varying amplitudes. This can be seen
in Figure 6.15, where the input voltage used in the identification experiment
together with the corresponding tank levels (given in voltage) are plotted.

In the identification experiment the sampling period was h = 4 seconds.
Moreover, the off-set term F0(θ) in (2.78) was excluded from the models. First-
order models, both linear and bilinear, were identified for each process T1 and
T2 depicted in Figure 6.4. Experimental data were also collected for validation
purposes. In Figure 6.16 the identified bilinear models for the systems T1 and
T2 are compared with the identified linear models using validation data. The
bilinear models show a better performance than the linear models. This is also
verified by the results in Table 6.2. Numerical values for the bilinear and linear
model of the tank system are given in Appendix 6.E.

Table 6.2: Comparison between bilinear and linear mean square error
of the prediction residuals for the tank process.

System Linear Bilinear
Upper tank: MSE = 47.27 · 10−2 MSE = 9.74 · 10−2

Lower tank: MSE = 42.07 · 10−2 MSE = 8.59 · 10−2



6.7. Results and Discussions 151

1 2 3 4 5 6 7 8 9 10

2
4
6
8

hours

Up
pe

r t
an

k,
 x

1

1 2 3 4 5 6 7 8 9 10

2
4
6
8

hours

Lo
we

r t
an

k,
 x 2

1 2 3 4 5 6 7 8 9 10

0.5
1

1.5
2

2.5

hours

Pu
m

p 
vo

lta
ge

, u

Figure 6.15: Upper plot: Water level in the upper tank given as voltage from
the water level sensor. Middle plot: Water level in the lower tank given as
voltage from the water level sensor. Lower plot: The input signal to the tank
system given as voltage from the pump.
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Figure 6.16: Upper plot: The solid line shows the true water level, x1, in the
upper tank. The thick dashed-dotted line illustrates the estimated level using the
bilinear model, and the dashed line the water level when the linear model is used.
Lower plot: The solid line shows the true water level, x2, in the lower tank.
The thick dashed-dotted line illustrates the estimated level using the bilinear
model, and the dashed line the water level when the linear model is used.
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6.7.4 MPC of the Tank Process

The derived MPC algorithms were implemented in real-time in the tank labora-
tory process. In the MPC design the sampling period (h) was 4 seconds and
the prediction horizon was chosen to 1 minute, i.e. N = 15. The control
horizon is chosen as M = 3, which corresponds to 12 seconds. Since both
state variables are measurable, there is no need to introduce an observer in the
controller design. The models utilized in the controller design are identified in
Section 6.7.3. In the tank laboratory experiments the derived bilinear MPC
was compared with an MPC law based on the linear model. The same fixed
penalty matrices in (6.12) were used in the bilinear and linear MPC design. The
penalty matrices were tuned to make the controllers as fast as possible without
exceeding stability margins. In the experiment the water level in the lower
tank, x2, was to be controlled. However, the tank process also has physical
limits which should not be violated; the water level in the upper tank and the
pump voltage. Thus, the following constraints are included in the optimization
problem (6.19): 0 ≤ x1 ≤ 10 and 0 ≤ u ≤ 8.

The behavior of the bilinear MPC law when a large step change is performed
for the lower tank is depicted in Figure 6.17. The water level in the upper tank
is rising rapidly but without exceeding its upper limit, i.e. without overflow.
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Figure 6.17: Upper plot: The solid line shows the water level of the lower tank,
x2. The dashed line illustrates the set-point value. Lower plot: The solid line
shows the water level, x1, in the upper tank. The dashed line illustrates the
pump voltage, u.
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The results from step change experiments show that the bilinear MPC law
results in a smaller static control error than the linear MPC law, even if the
difference is relatively minor (Figure 6.18). However, the size of the static
control error might have a large effect on the controller performance when
integral action is introduced in the controller. This is illustrated in Figure
6.19, where integral action is included in the control laws. The term LixI(k) is
added directly to the control laws where xI(k) is the integration state given by
(6.23), and the integration constant is chosen as Li = 0.1. Even if the integral
action in the controllers are included in a rather ad-hoc manner, the results in
Figure 6.19 indicate that the bilinear MPC control law may have a more robust
set-point tracking when integration is included in the controllers.
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Figure 6.18: Upper plot: The solid line shows the water level in the lower
tank, x2, when the bilinear MPC is used. The dashed-dotted line displays the
water level in the lower tank when the linear MPC is used, and the dashed line
illustrates the set-point value. Middle plot: The solid line shows the water level
in the upper tank, x1, when the bilinear MPC is used, and the dashed-dotted
line illustrates the water level when the linear MPC is used. Lower plot: The
solid line shows the pump voltage, u, when the bilinear MPC is used, and the
dashed-dotted line illustrates the pump voltage when the linear MPC is used.
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Figure 6.19: Upper plot: The solid line shows the water level in lower tank, x2,
when the bilinear MPC is used. The dashed-dotted line shows the water level
when the linear MPC is used, and the dashed line illustrates the set-point value.
Lower plot: The solid line shows the pump voltage, u, when the bilinear MPC
is used, and the dashed-dotted line illustrates the pump voltage when the linear
MPC is used.

6.7.5 The Suboptimal Control Law

In this section the performance of the optimal optimization problem (6.19)-
(6.20) is compared with the suboptimal optimization problem (6.33)-(6.34).
Two different models are used in the experiment, where the model in the second
example is unstable.

Example 1.

Consider the SISO model of (6.1) for

A =
(

1 0.1393
0 0.8607

)
, B =

(
0.2142
2.7858

)
, (6.43)

G =
(

0.3 0
−0.3 1

)
, C =

(
1 0

)
, (6.44)

with the input constraint

−0.1 ≤ u(t) ≤ 0.1. (6.45)

The behavior of the suboptimal control law, obtained by solving the optimiza-
tion problem (6.33)-(6.34), is compared with the optimal control law, attained
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by solving the optimization problem (6.19)-(6.20). The optimal control law
is achieved by using the sequential QP method defined in the Matlab Opti-
mization Toolbox function fmincon. The suboptimal optimization problem is
solved by a standard QP algorithm. The tuning parameters are set to

Q1 = I, Q2 = 0.1I, N = 8, and M = 2. (6.46)

The simulations were performed with the initial states y(0) = y1 = 1 and
x2(0) = y2 = 0. The results of the output behavior are shown in Figure 6.20. In
the plot, the behavior of the unconstrained optimal control law obtained when
(6.19) is minimized without considering input constraints, but where the input
has a physical constraint corresponding to (6.45), is also included for illustration
purposes. The corresponding control signals are shown in Figure 6.21. From
the plots it can be seen that the suboptimal control law has a similar behavior
as the optimal control law, (these two signals are hardly distinguishable) and
that the performance is better than the unconstrained control law. However,
the similar performance between the suboptimal and the optimal control law
can be explained by the small values of the input, due to that the suboptimal
control law is based on linearization of the prediction model around the origin.
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Figure 6.20: Outputs and set-point for Example 1. The dashed thick line il-
lustrates the set-point, the solid line the output for the suboptimal control law,
the dashed line (very close to the solid line) the output for the optimal control
law and, finally, the dashed-dotted line the output for the optimal control law
without constraints in the optimization.
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Figure 6.21: Inputs for Example 1. The solid line shows the suboptimal control
signal, the dashed line (very close to the solid line) the optimal control signal
and, finally the dashed-dotted line the optimal control signal without constraints
in the optimization.

Example 2.

In this example the unforced dynamics of the model is unstable. The same
state-space matrices as in (6.43)-(6.44) are used, except for one element in the
A matrix. That is, element a2,2 = 0.8607 is changed to a2,2 = −1.8607. The
constraints are

−1 ≤ u(t) ≤ 1. (6.47)

The same tuning parameters as in (6.46) are used in the simulations, except
for Q2 which is changed to Q2 = 10I. In order to evaluate the performance
of the suboptimal control law for larger values of the input, the set-point is
changed from 0 to 4. This set-point change is compared with, in the same plot,
a simulation where the set-point is changed from 0 to 1. The simulations were
performed with the initial states y1 = y2 = 0. The results of the behavior of
the outputs and the corresponding control signals are shown in Figure 6.22.
The figure displays that the optimal control law has a slightly faster and more
stable response than the suboptimal control law when the set-point change is
large, and that the behavior of the responses are similar for smaller set-point
changes.
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The corresponding relative simulated cost for the two algorithms are calcu-
lated as

Jrel =
∑T

i=1 Jopt(i)∑T
i=1 Jsub(i)

, (6.48)

where Jopt is the simulated cost (6.12) obtained from solving the optimization
problem (6.33), and Jsub is the simulated cost obtained from solving the opti-
mization problem (6.19). The same simulation period as in Figure 6.22, with
T = 80 samplings instants and the time step h = 0.15, is used in the calcula-
tions. The values obtained are Jrel = 0.932, when the set-point is changed from
0 to 1, and Jrel = 0.629, when the set-point is changed from 0 to 4. This indi-
cates that the suboptimal control law, obtained from solving the standard QP
problem, has a performance close to the optimal control law when the control
action is close to the linearization point. Although the suboptimal algorithm
does not converge to the true optimal solution, the QP algorithm is much faster
than the optimal algorithm solving (6.19), and the optimization problem (6.19)
may also suffer from local minima. However, the solution to the QP problem
(6.33) may serve as a good initial guess for the optimization problem (6.19).
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Figure 6.22: Outputs and set-points for Example 2. Upper plot: The dashed
thick line illustrates the set-point for two different simulation runs, the solid
line the first state for the suboptimal control law and the dashed line the first
state for the optimal control law. Lower plot: The solid line illustrates the
suboptimal control signal and the dashed line the optimal control signal.
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6.8 Conclusions

An MPC algorithm for solving a nonlinear non-convex optimization problem
for discrete-time bilinear systems was developed and compared with an MPC
algorithm based on a discrete-time linear model. The derived control algo-
rithms were applied to the simulation model, IWA Activated Sludge Model
No.1 (ASM1), which describes biological nitrogen removal in municipal waste-
water treatment plants. The algorithms were also tested on a tank laboratory
process. Both processes were modeled as bilinear systems by using a recursive
prediction error system identification method. Results from simulation experi-
ments of the ASM1 show that the MPC law based on a bilinear model has a
better and more robust performance than its linear counterpart.

Step change experiments on the tank laboratory process indicate that the
bilinear MPC law has a more robust behavior than the MPC algorithm based
on a linear model, when integration is included in the control law. However,
the differences in performance between the bilinear and the linear models are
relatively small. Hence, since the performance of the MPC algorithm based
on a bilinear model is not significantly better than a linear MPC, it may be
difficult to motivate bilinear MPC approaches. However, simulation results also
indicate that bilinear MPC gives a better performance compared to its linear
counterpart when applied to the ASP.

The MPC algorithm for solving the original nonlinear non-convex optimiza-
tion problem for discrete-time bilinear systems is compared with an algorithm
based on a linearization of the prediction model and the constraints. The line-
arization procedure reduces the original nonlinear optimization problem into a
standard QP problem. Simulation experiments indicate that the suboptimal
control law, obtained from solving the standard QP problem, has a perfor-
mance close to the optimal control law when the control action is close to the
linearization point.

6.A Direct sum operator

The direct sum operator, ⊕, is used to define the block diagonal matrices

C = (⊕N
r=1C) =




C 0 . . . 0
0 C . . . 0
...

. . .
. . .

...
0 . . . 0 C


. (6.49)

If C ∈ R
n×m, then C ∈ R

Nn×Nm. Multiplying a matrix A = [A1 A2 . . . AN ]T

of a suitable dimension with C entails that CA = [CA1 CA2 . . . CAN ]T .
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6.B Derivation of the Structure of the Predic-
tion Model

The matrix S, given in (6.11) in section 6.3, can also be expressed as

S = C




s1,1 . . . s1,M

...
. . .

...
sN,1 . . . sN,M


B, (6.50)

where the direct sum operator, ⊕, is used to define the block diagonal matrices

C = (⊕N
r=1C), B = (⊕M

r=1B). (6.51)

Defining l = N − M , the block matrices si,j ∈ R
n×n in (6.50) are given by

si,j =
{

Al−i+j if i − j ≤ l,

0 if i − j > l.
(6.52)

After some calculations it follows that Φ(xt) in (6.9) satisfies

Φ(xt) = C




φ1,1 . . . φ1,M

...
. . .

...
φN,1 . . . φN,M


, (6.53)

where φi,j ∈ R
n×m are block matrices given by

φi,j =
{

Al−i+jGÃ(xt) if i − j ≤ l,

0 if i − j > l,
(6.54)

where G ∈ R
n×nm is G =

[
G1 G2 . . . Gm

]
. The block diagonal matrix Ã(xt) ∈

R
nm×m is defined as Ã(xt) = ⊕m

r=1(A
M−jxt).

To obtain a convenient expression for the function ψ(xt, Ut) in (6.9), the
block matrices si,j and φi,j are utilized for defining the following two matrices

S̃ =




sl+2,1 . . . sl+2,M

...
. . .

...
sN,1 . . . sN,M


B, Φ̃(xt)=




φl+2,1 . . . φl+2,M

...
. . .

...
φN,1 . . . φN,M


, (6.55)

where S̃, Φ̃(xt) ∈ R
n(M−1)×mM . Now, after some straightforward calculations,

ψ(xt, Ut) in (6.9) can be defined as

ψ(xt, Ut)=Γ̃(Ut)G̃(Ut)[Φ̃(xt) + S̃]Ut = ψ̃(xt, Ut)Ut. (6.56)

The matrix G̃(Ut) ∈ R
n(M−1)×n(M−1) in (6.56) is the block diagonal, G̃(Ut) =

⊕M−1
r=1

(∑m
j=1 Gjuj(k+M−r)

)
. Moreover, Γ̃(Ut) ∈ R

pN×n(M−1) in (6.56) can
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be written as Γ̃(Ut) = CΛ(Ut), where

Λ(Ut) =


Al AlΓM−2 AlΓM−2ΓM−3 . . . AlΓM−2ΓM−3· · ·Γ1
Al−1 Al−1ΓM−2 . . . . . . Al−1ΓM−2ΓM−3· · ·Γ1

...
...

...
...

...
I ΓM−2 . . . . . . ΓM−2ΓM−3· · ·Γ1
0 I ΓM−3 . . . ΓM−3ΓM−4· · ·Γ1
...

. . .
. . . . . .

...

0
. . . 0 I Γ1

0 . . . . . . 0 I
0 . . . . . . . . . 0




, (6.57)

and the block matrices Γi are defined as

Γi =
[
A +

∑m
j=1 Gjuj(k + i + 1)

]
, i=1, 2, . . . ,M−2. (6.58)

At first sight, the vector function (6.56) seems to impose that there will
exist products of inputs having the same time shift. However, a closer look
at the specific structure of the matrices in (6.56) reveals the same observation
as in Bloemen et al. [2001b], namely that the order of every input u(k + j),
j = 0, . . . , M − 1, is never larger than one in the expression for ψ(xt, Ut) in
(6.56).

6.C Derivation of the Structure of the Model
Constraints

The matrix PS in (6.16) in section 6.4 is given by

PS =




FxAN−M−1B FxAN−MB . . . FxAN−2B
...

...
...

FxB FxAB . . . FxAM−1B
Fu FxB . . . FxAM−2B
0 Fu . . . FxAM−3B
...

. . .
. . .

...
0 . . . 0 Fu




. (6.59)

In order to formulate the remaining matrices in (6.16) in section 6.4, we first
define the block matrix

Fx = (⊕N
r=1Fx). (6.60)

By deleting the first block row in the matrices defined by (6.54) and (6.57), and
adding a block row of zeros in the bottom, two new matrices can be formulated
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as

Φ(xt) =




φ2,1 . . . φ2,M

...
. . .

...
φN,1 . . . φN,M

0 . . . 0


, (6.61)

and

Λ(Ut) =
[[

0 I
]
Λ(Ut)

0

]
, (6.62)

where I is a n(N−1)×n(N−1) unity matrix. It is now possible to write PΦ(xt)
and Pψ(xt, Ut) in (6.16) as

PΦ(xt) = FxΦ(xt) (6.63)

and

Pψ(xt, Ut) = FxΛ(Ut)G̃(Ut)[Φ̃(xt) + S̃]Ut. (6.64)

6.D Numerical Values of the Bilinear Models
for the ASP

S1 : x(t + 1)=


 1 0.5 0

0 1 0.5
−0.44 −1.14 −0.18


x(t)+


 0 0 0

0 0 0
−0.46 −0.75 −0.52


x(t)u1(t)

+


 0 0

0 0
−1.54 0.87


(

u1(t)
d1(t)

)
, y1(t) = (1 0 0)x(t). (6.65)

S2 : x(t + 1)=


 1 0.5 0

0 1 0.5
−0.36 −1.83 −0.16


x(t)+


 0 0

0 0
2.56 0.27


(u1(t)

d1(t)

)
, d2(t)=x1(t).

(6.66)

S3 : x(t + 1)=


 1 0.5 0

0 1 0.5
−0.06 −0.58 0.76


x(t)+


 0 0 0

0 0 0
−2.11 −0.78 −5.96


x(t)u2(t)

+


 0 0

0 0
−4.74 2.01


(

u2(t)
d2(t)

)
, y2(t) = (1 0 0)x(t). (6.67)
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6.E Numerical Values of the Models for the Tank
Process

6.E.1 Bilinear Model

x(t + 1) =
(

0.9433 0
0.9428 0.0512

)
x(t) +

(
0.0098 0
0.0087 −0.0068

)
x(t)u1(t)

+
(

0.1514
−0.0053

)
u1(t). (6.68)

6.E.2 Linear Model

x(t + 1) =
(

0.9459 0
0.9504 0.0459

)
x(t) +

(
0.1956
−0.0089

)
u1(t). (6.69)

6.F Basic Discrete-Time EKF for BLS

Consider the bilinear discrete-time model

x(t + 1) = Ax(t) +
m∑

j=1

Gjuj(t)x(t) + Bu(t) + g(t, x(t))v(t),

(6.70)

where y(t) is a measured signal, u(t) is the input signal, and v(t) and e(t) are
mutually independent Gaussian white noise sequences with zero means and
covariances R1(t) and R2(t), respectively. Assuming that the process noise
model, g(t, x(t)), is the unity matrix I, then, the EKF algorithm applied to the
system (6.70) can be summarized as follows (see Söderström [1994]):

K(t) =P (t|t − 1)CT

× [CP (t|t − 1)CT + R2(t)]−1

x̂(t|t) =x̂(t|t − 1) + K(t)[y(t) − Cx̂(t|t − 1)]
P (t|t) =P (t|t − 1) − K(t)CP (t|t − 1)

x̂(t + 1|t) =Ax̂(t|t) +
m∑

j=1

Gjuj(t)x̂(t|t) + Bu(t)

F (t) =A +
m∑

j=1

Gjuj(t)

P (t + 1|t) =F (t)P (t|t)FT (t) + R1(t),

where x̂(t|t−1) is the predicted state and x̂(t|t) is the most recent estimate (see
Appendix 8.C where an EKF algorithm for more general nonlinear systems is
presented).



Part III

Modeling, Estimation, and
Control of the Activated

Sludge Process

163





Chapter 7
Reduced Order Models for the
ASP

7.1 Introduction

AS mentioned earlier, the IWA activated sludge model No. 1 (ASM1) is a
widely used model for simulation of the activated sludge process (ASP).

The model includes 13 different components, and the dynamic behavior of each
component is described by a nonlinear differential equation, see Henze et al.
[1987] and Appendix 7.C. See also Bastin and Dochain [1990] and Dochain
and Vanrolleghem [2001] for some examples on bioreactor modeling. Due to its
large complexity, it is far from trivial to use the ASM1 directly for controller
design or theoretical analysis of the system. In order to design model based
controllers, reduced order state-space models of the ASM1 are derived in this
section. The model reduction is based on lumping of components together with
some simplifying assumptions, see also Jeppsson [1996]. The procedure aims to
maintain the basic mechanistic structure and the significant reactions in ASM1,
while describing the system with a lower order model. Another reason for using
model reduction by lumping components is that several of the components in
ASM1 are not measurable. By lumping appropriate components, measurable
variables may be obtained.

The chapter is organized as follows: In Section 7.2 the derivation of a linear
time varying state-space model of an anoxic compartment is presented. An
analysis of the identifiability properties of the model is also performed in this
section. Finally, a time varying bilinear model for a pre-denitrifying ASP with
two compartments, an anoxic and an aerobic, is derived in Section 7.3.

165
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7.2 Derivation of a State-Space Model for an
Anoxic Compartment

Initially in the model reduction procedure, an anoxic compartment in a post-
denitrifying system will be considered. The design of the external carbon flow
rate controller described in Chapter 8 is based on the model derived in this
section.

The following assumptions are introduced:

A7.1. The biological reactions in the compartment are described by ASMI
and the compartment is completely mixed.

A7.2. The volume in the compartment is constant, V [m3].

A7.3. The concentration of dissolved oxygen is zero, SO = 0 [mg/l].

A7.4. The impact of an external carbon source is modeled as an addition
of readily biodegradable substrate SS(t) [mg COD/l] (Chemical Oxygen De-
mand).

A7.5. The slowly biodegradable substrate, XS(t) [mg COD/l], is not included
in the soluble COD.

The dilution rate is D(t) = Q(t)/V , where Q(t) is the time varying inflow
to the compartment. The control signal is the extended carbon flow rate, see
also Samuelsson and Carlsson [2001]

u(t) =
Qc

V
SS,C(t), (7.1)

where QC(t) is the flow rate of the external carbon source and SS,C(t) [mg
COD/l] is the COD concentration of the carbon source.

Taking assumptions A7.1, A7.2, and A7.4 into consideration, the dynamic
behavior of the nitrate concentration, SNO(t), and the readily biodegradable
substrate, SS(t), in a completely mixed anoxic reactor can be described by the
mass balance

dSNO(t)
dt

= −R(t) + D(t)(SNO,in(t) − SNO(t)), (7.2)

dSS(t)
dt

= αR(t) + D(t)(SS,in(t) − SS(t)) + H(t) + u(t), (7.3)

where the subscript in denotes the concentrations in the influent of the anoxic
compartment and H(t) is a hydrolysis term. From the full ASM1 (Appendix
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7.C), assumption A7.3 implies that

R(t) =
1 − YH

2.86YH
µ̂H(

SS(t)
KS + SS(t)

)(
SNO(t)

KNO + SNO(t)
)ηgXB,H(t), (7.4)

α = − 2.86
1 − YH

, (7.5)

where YH is the yield of the heterotrophic biomass. The time varying concen-
trations and constant parameters are lumped into one unknown variable R(t),
which is the process rate term. For an explanation of the different parameters
in (7.4)-(7.5) and their typical default values, see Henze et al. [1987].

One difficulty in using the model (7.2)-(7.3) for control purposes is that
SS(t), in general, is not directly measurable on-line. In practice, standard lab-
oratory COD measurements on filtered samples of the wastewater are often
considered to be equal to the amount of SS(t), see Jeppsson [1996]. However,
all soluble biodegradable matter is not necessarily readily biodegradable and
moreover, particulate biodegradable matter may not be slowly biodegradable.
Some guidelines for the determination of COD components are defined in Pe-
tersen [2000], where it is proposed that the soluble COD should contain readily
biodegradable substrate SS(t), soluble inert organic matter SI(t), and part of
the slowly biodegradable substrate XS(t).

To obtain an appropriate state-space representation of the soluble COD, it
is natural to define a new state variable as the sum of SS(t) and SI(t), especially
if Assumption A7.5 is taken under consideration. SI(t) is inert and therefore
considered to be unaffected by biological reactions, i.e. the dynamics of SI(t)
is modeled as ṠI(t) = D(t)(SI,in(t) − SI(t)). By introducing the new state
variable SCOD(t) = SS(t) + SI(t), the system (7.2)-(7.3) can be rewritten as

dSNO(t)
dt

= −R(t) + D(t)(SNO,in(t) − SNO(t)), (7.6)

dSCOD(t)
dt

= αR(t) + D(t)(SCOD,in(t) − SCOD(t)) + H(t) + u(t).(7.7)

The complete process rate term in (7.4) is given by the relationship R(t) =
rSS

(t)SS(t), where

rSS
(t) =

1 − YH

2.86YH
µ̂H(

1
KS + SS(t)

)(
SNO(t)

KNO + SNO(t)
)ηgXB,H(t).

Since SS(t) is hard to measure on-line, it is desirable to derive a corresponding
relationship R(t) = rSCOD

(t)SCOD(t), in order to formulate an observable and
controllable state-space representation of the system (7.6)-(7.7). The fact that
SS(t) = SCOD(t) − SI(t), gives R(t) = rSS

(t)(SCOD(t) − SI(t)). A reasonable
assumption is that SCOD > 0, and rSCOD

(t) is then given by the identity

R(t) = rSS
(t)

SS(t)
SS(t) + SI(t)

SCOD(t) = rSCOD
(t)SCOD(t). (7.8)
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The system (7.6)-(7.7) can now be rewritten as

dSNO(t)
dt

= −rSCOD
(t)SCOD(t) + D(t)(SNO,in(t) − SNO(t)), (7.9)

dSCOD(t)
dt

= αrSCOD
(t)SCOD(t) + D(t)(SCOD,in(t) − SCOD(t))

+ H(t) + u(t), (7.10)

or[
ṠNO(t)
ṠCOD(t)

]
=
[ −D(t) −rSCOD

(t)
0 αrSCOD

(t) − D(t)

] [
SNO(t)
SCOD(t)

]
+
[

0
1

]
u(t)+

+
[

1 0 0
0 1 1

] D(t)SNO,in(t)
D(t)SCOD,in(t)

H(t)


 . (7.11)

Considering SNO(t) as the output, the model (7.11) is controllable and ob-
servable if rSCOD

(t) 	= 0, see Wilson [1993] for controllability and observability
analysis for time varying linear systems. An extension of the model (7.11) to
the case of two anoxic compartments is derived in Appendix 8.A.

7.2.1 Derivation of an Augmented State-Space Model

A lot of research has been devoted to develop optical sensors that could re-
place the traditional laboratory COD measurements. However, today it is still
not common to have on-line measurements of the soluble COD (SCOD) at
WWTP’s. One possibility to estimate soluble COD on-line may be to establish
an empirical relationship between measurements of COD from filtered waste-
water and measured TOC (Total Organic Carbon), see Olsson and Newell
[1999].

In this section, the soluble COD will be estimated from on-line measure-
ments which utilize sensors of more standard type. By lumping together un-
measurable ASM1 variables, new variables related to TSS (Total Suspended
Solids) and total COD are obtained.

In order to obtain a measurable variable (see Remark 8.1), a new lumped
variable is defined as

XTSS(t) = XB(t) + XI(t) + XS(t), (7.12)

where the total active biomass, XB(t), is the sum of heterotrophic and auto-
trophic biomass XB(t) = XB,H(t) + XB,A(t). The inert and particulate inert
matter from biomass decay, as defined in ASM1, are combined into one matter
XI(t). We also define the sum of XTSS(t) and SCOD(t) as

XCOD(t) = XTSS(t) + SS(t) + SI(t) = XTSS(t) + SCOD(t), (7.13)

where XCOD(t) can be regarded as the total COD. Summing up the reaction
rates for the components in (7.12)-(7.13) (see Appendix 7.C), the mass balance
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of the new variables (7.12)-(7.13) and the nitrate, SNO(t), can be written as

dSNO(t)
dt

= −R(t) + D(t)(SNO,in(t) − SNO(t)), (7.14)

dXTSS(t)
dt

= −αYHR(t) + D(t)(XTSS,in(t) − XTSS(t)) − H(t), (7.15)

dXCOD(t)
dt

= −2.86R(t) + D(t)(XCOD,in(t) − XCOD(t)) + u(t). (7.16)

Using (7.8), and exploiting the relationship SCOD(t) = XCOD(t) − XTSS(t)
inserted in (7.8), the system (7.14)-(7.16) is obtained as

dSNO(t)
dt

= −D(t)SNO(t) + rSCOD
(t)XTSS(t) − rSCOD

(t)XCOD(t)

+ D(t)SNO,in(t), (7.17)
dXTSS(t)

dt
= (αYHrSCOD

(t) − D(t))XTSS(t) − αYHrSCOD
(t)XCOD(t)

+ D(t)XTSS,in(t) − H(t), (7.18)
dXCOD(t)

dt
= 2.86rSCOD

(t)XTSS(t) − (2.86rSCOD
(t) + D(t))XCOD(t)

+ D(t)XCOD,in(t) + u(t). (7.19)

Using the relationship XCOD,in(t) = XTSS,in + SCOD,in, a state-space repre-
sentation of the system (7.17)-(7.19) can be written as

ż(t) =


 −D(t) rSCOD

(t) −rSCOD
(t)

0 αYHrSCOD
(t) − D(t) −αYHrSCOD

(t)
0 2.86rSCOD

(t) −2.86rSCOD
(t) − D(t)


 z(t)

+


 0

0
1


u(t) +


 1 0 0 0

0 1 −1 0
0 1 0 1






D(t)SNO,in(t)
D(t)XTSS,in(t)

H(t)
D(t)SCOD,in


 , (7.20)

where z(t) = [ SNO(t) XT SS(t) XCOD(t) ]T . The hydrolysis H(t) may be regarded
as non-measurable process disturbance. Note that the system (7.20) is not
observable if SNO(t) is the only output. A minimal realization of (7.20) is
simply the system (7.11), which is obtained by replacing the states XCOD(t)
and XTSS(t) with the new state variable SCOD(t) = XCOD(t)−XTSS(t). This
will be exploited when designing the controllers in Section 8.3.

The system (7.20) is extended to the case of two anoxic compartments in
Appendix 8.B.

7.2.2 Theoretical Identifiability

One important question is if the unknown parameter, rSCOD
(t), in the sug-

gested model (7.20) is theoretically identifiable. A simple method for investi-
gating theoretical identifiability is the Taylor series expansion of observations
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method, see for example Jeppsson [1996] and Dochain and Vanrolleghem [2001]
for application on models for the ASP. Based on the analysis in Appendix 7.D,
the following result holds.

Conjecture 7.1. The reaction rate term rSCOD
(t) in (7.20) is theoretically

identifiable under the following assumptions:

A7.6. rSCOD
(t) and D(t) are constants, i.e. not varying with time.

A7.7. The nitrate concentrations, SNO,in(t) [mg/l] and SNO(t) [mg/l], are
measurable.

A7.8. The concentrations of total suspended solids, XTSS,in(t) [mg COD/l]
and XTSS(t) [mg COD/l], are measurable.

A7.9. The incoming soluble COD (SCOD,in) [mg COD/l] is measurable.

Comment: Assumption A7.9 is only temporary and will be somewhat
relaxed in Section 8.4.2. Assumption A7.6 is not true in practice and is only
temporarily used in order to investigate the theoretical identifiability.

The Taylor series expansion of observations method can also be applied
to (7.9)-(7.10). It is interesting to compare the identifiability results from
(7.9)-(7.10) with the expression (7.47) in Appendix 7.D. By investigating the
theoretical identifiability of a constant rSCOD

in the model (7.9)-(7.10), we can
conclude that a constant rSCOD

cannot be identified if SCOD(t) is unmeasur-
able, since rSCOD

(t) and SCOD(t) always occur as a combined variable. Thus,
the conclusion that can be drawn from the identifiability results is that in
the case of unmeasurable SCOD(t), a constant rSCOD

can at least be theoreti-
cally identifiable using the model (7.20), if measurements of nitrate, TSS, and
SCOD,in(t) are available, and if D(t) is a constant.

For the case when YH is unknown, the following conjecture, based on the
analysis in Appendix 7.E, can be formulated.

Conjecture 7.2. Consider the same assumptions as in Conjecture 7.1 and the
following additional assumption:

A7.10. H(t) is constant.

The heterotrophic yield, YH , is then theoretically identifiable.

7.3 Derivation of a Bilinear Model for the Ac-
tivated Sludge Process

In this section a completely mixed anoxic compartment, a completely mixed
aerobic compartment, and a settler in a pre-denitrifying system is considered,
see Figure 7.1.
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AerobAnox

Settler

Qa

Qin Q(t)
SNO,e

SNH,e

SCOD,e

SNO,1
SNH,1
SCOD,1

SNO,in

SNH,in

SCOD,in

Qr

Figure 7.1: Schematic picture of the activated sludge process for a anoxic and
a aerobic compartment.

Modeling general nonlinear systems using bilinear system structures often
gives a more accurate approximation of nonlinear systems than a linear approxi-
mation. Bilinear approximation might also be acceptable in a wider region of
the state-space around some operating point than a linear counterpart (Mohler
[1991]). Below, the ASM1 will be reduced to a sixth order bilinear state-
space model. As in Section 7.2, the model reduction is based on lumping of
components together with some simplifying assumptions to maintain the basic
mechanistic structure and the significant reactions in ASM1. The model was
used in Chapter 5, where a suboptimal bilinear control law is applied to an
activated sludge process.

The six states in the resulting model describes the dynamic behavior of three
different components in the compartments. The considered components are the
concentrations of nitrate, SNO(t), soluble COD, SCOD(t), and the ammonium,
SNH(t).

The components in the anoxic and the aerobic compartment are denoted
by the subscripts 1 and e, respectively. The components in the incoming water
are denoted by the subscript in, see Figure 7.1.

7.3.1 The Aerobic Compartment

The derivation of the model for the aerobic compartment is based on the as-
sumptions A7.1, A7.2, and A7.5, together with the additional assumption:

A7.11. No biological processes occur in the settler, and the settler dyna-
mics is neglected.

Remark 7.1. Taking Assumption A7.11 under consideration implies that the
soluble matters in the settler are unaffected and thus, the settler unit can be
neglected when deriving the models for the soluble components.
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Employing Assumption A7.11 yields that the concentration of soluble com-
ponents in the effluent water and in the return sludge flow, Sr, is approximately
equal to the concentration of soluble components in the aerobic compartment,
i.e. Sr = Se. The following general mass balance then holds for any soluble
component Se in the aerobic compartment

dSe(t)
dt

= Rs(t) + D(t)(S1(t) − Se(t)) +
Qa

V
(S1(t) − Se(t)), (7.21)

where Rs(t) is the general reaction rate term, Qa is the internal recycling flow
rate, D(t) = Q(t)/V is the dilution rate, and Q(t) = Qin(t) + Qr(t) is the sum
of the influent flow to the compartment and the sludge return flow (Figure 7.1).

Applying the general mass balance (7.21) and the reaction rate terms in
ASM1, the dynamic behavior of SNO,e(t), SCOD,e(t), and SNH,e(t) can, for
one completely mixed aerobic reactor, be described by the mass balance

dSNO,e(t)
dt

= −R̄1(t) + R̄2(t) + D(t)(SNO,1(t) − SNO,e(t))

+
Qa

V
(SNO,1(t) − SNO,e(t)), (7.22)

dSCOD,e(t)
dt

= α1R̄1(t) − R̄3(t) + D(t)(SCOD,1(t) − SCOD,e(t))

+
Qa

V
(SCOD,1(t) − SCOD,e(t)) + H̄e(t), (7.23)

dSNH,e(t)
dt

= −α3R̄1(t) + α2R̄2(t) − α4R̄3(t) + Ame(t) (7.24)

+ D(t)(SNH,1(t) − SNH,e(t)) +
Qa

V
(SNH,1(t) − SNH,e(t)),

H̄e(t) and Ame(t) are the hydrolysis and the ammonification terms, respec-
tively. The reaction rate terms are given by

R̄1(t) =
1 − YH

2.86YH
µ̂H(

SS,e(t)
KS + SS,e(t)

)(
K0,H

KO,H + SO
)×

(
SNO,e(t)

KNO + SNO,e(t)
)ηgXB,H,e(t), (7.25)

R̄2(t) =
1

YA
µ̂A(

SNH,e(t)
KNH + SNH,e(t)

)(
SO(t)

KO,A + SO(t)
)XB,A,e(t), (7.26)

R̄3(t) =
1

YH
µ̂H(

SS,e(t)
KS + SS,e(t)

)(
SO(t)

KO,H + SO(t)
)XB,H,e(t), (7.27)

α1 = − 2.86
1 − YH

, α2 = −(iXBYA + 1), α3 = −α1α4, α4 = YHiXB . (7.28)

YA is the yield for the autotrophic biomass. For an explanation of the different
parameters in (7.25)-(7.28) and their typical default values, see as before Henze
et al. [1987].

From (7.26) we can define the relationship R̄2(t) = r̄SNH
(t)SNH,e(t). Re-

placing SS,e with SCOD,e in the numerator of (7.25) and (7.27), and using the
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same procedure as in Section 7.2, gives the relationship R̄i(t) = r̄SCOD,i
(t)SCOD,e(t),

i = 1, 3. Utilizing this, the system (7.22)-(7.24) can be rewritten as

dSNO,e(t)
dt

= −r̄SCOD,1(t)SCOD,e(t) + r̄SNH
(t)SNH,e(t) (7.29)

+ D(t)(SNO,1(t) − SNO,e(t)) +
Qa

V
(SNO,1(t) − SNO,e(t)),

dSCOD,e(t)
dt

= α1r̄SCOD,1(t)SCOD,e(t) − r̄SCOD,3(t)SCOD,e(t) + H̄e(t) (7.30)

+ D(t)(SCOD,1(t) − SCOD,e(t)) +
Qa

V
(SCOD,1(t) − SCOD,e(t)),

dSNH,e(t)
dt

= −α3r̄SCOD,1(t)SCOD,e(t) + α2r̄SNH
(t)SNH,e(t)

− α4r̄SCOD,3(t)SCOD,e(t) + D(t)(SNH,1(t) − SNH,e(t)) (7.31)

+
Qa

V
(SNH,1(t) − SNH,e(t)) + Ame(t).

7.3.2 The Anoxic Compartment

The differential equations determining the dynamic behavior of the components
SNO,1(t) and SCOD,1(t) was derived in Section 7.2, and an extended version
of the model (7.11) will be utilized below. Thus, assumptions (A7.1)-(A7.5)
are also used in this section. The dynamic behavior of the components in the
anoxic compartment is somewhat simpler compared to the aerobic reactor. Due
to the Assumption A7.3, there is only one process rate term that influences
the process. Augmenting the model (7.11) with the state SNH,1, and including
the dynamics from the internal recycling flow, results in the model

dSNO,1(t)
dt

= −rSCOD
(t)SCOD,1(t) + Dr(t)SNO,e(t) (7.32)

− D(t)SNO,1(t) +
Qa

V
(SNO,e(t) − SNO,1(t)) + Din(t)SNO,in(t),

dSCOD,1(t)
dt

= α1rSCOD
(t)SCOD,1(t) + Dr(t)SCOD,e(t)

− D(t)SCOD,1(t) +
Qa

V
(SCOD,e(t) − SCOD,1(t)) (7.33)

+ Din(t)SCOD,in(t) + H̄1(t) + u3(t),
dSNH,1(t)

dt
= −α3rSCOD

(t)SCOD,1(t) + Dr(t)SNH,e(t)

− D(t)SNH,1(t) +
Qa

V
(SNH,e(t) − SNH,1(t)) (7.34)

+ DinSNH,in(t) + Am1(t),

where Dr(t) = Qr(t)/V is the sludge return dilution rate and Din(t) = Qin(t)/V
the influent dilution rate, whereas u3(t) is the external carbon source in (7.1).
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7.3.3 Assembling the Models

In this section the models for the anoxic and the aerobic compartments are
assembled. The control variables are defined as u1(t) = Qa, u2 = SO

K+SO
and

u3(t). The following additional assumptions are introduced:

A7.2’. The volumes in the anoxic and the aerobic compartments are equal
and constant, V [m3].

A7.12. K = KO,H = KO,A.

The dynamics of the components of the two compartments can then be ex-
pressed in the bilinear state-space form

ẋ(t) = A(t)x(t) + N1(t)x(t)u1(t) + N2x(t)u2(t) + Buu3(t) + Bd̄d̄(t) + Bw̄w̄(t),
(7.35)

where

x(t) = [SNO,1(t) SCOD,1(t) SNH,1(t) SNO,e(t) SCOD,e(t) SNH,e(t)]T ,

d̄(t) = [Din(t)SNO,in(t) Din(t)SCOD,in(t) Din(t)SNH,in(t)]T ,

w̄(t) = [H̄1(t) Am1(t) H̄e(t) Ame(t)]T .

The system matrices are

A(t) =
(

Aanox(t) Dr(t)I
Dr(t)I Aaerob(t)

)
,

where I is a 3 × 3 unity matrix, and

Aanox(t) =


−D(t) −rSCOD

(t) 0
0 α1rSCOD

(t) − D(t) 0
0 −α3rSCOD

(t) −D(t)




Aaerob(t) =


−D(t) −r̂SCOD,1(t) 0

0 α1r̂SCOD,1(t) − D(t) 0
0 −α3r̂SCOD,1(t) −D(t)


 .

We have further that

N1(t) =
(− 1

V I 1
V I

1
V I − 1

V I

)
, N2(t) =

(
0 0
0 n2(t)

)
,

where

n2(t) =


0 r̂SCOD,1(t) r̂SNH

(t)
0 −α1r̂SCOD,1(t) − r̂SCOD,3(t) 0
0 α3r̂SCOD,1(t) − α4r̂SCOD,3(t) α2r̂SNH

(t)


 ,
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where r̂SCOD,1(t) = r̄SCOD,1(t)/(1−u2), r̂SCOD,3(t) = r̄SCOD,3(t)/u2 and r̂SNH
(t) =

r̄SNH
(t)/u2. The remaining system matrices are Bu = [0 SS,C/V 0 . . . 0]T , and

Bd̄ =
(

I
0

)
, Bw̄ =




0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1




.

7.A The Activated Sludge Process

A common concept for biological wastewater treatment is the ASP. In the ASP,
microorganisms oxidize and mineralize organic matter. Before sewage enters
the ASP, larger objects are eliminated by grates and screens and suspended
solids are removed by sedimentation. In the aerobic compartments, the active
biomass is kept in suspension together with dissolved compounds and organic
and inorganic particles. The organic fraction in the influent wastewater is
mineralized and transformed into biomass. The biological step is followed by a
settler, where the effluent water is separated from the sludge.

The basic ASP can be extended to include also biological nitrogen removal.
Nitrogen in wastewater is present in several forms such as ammonia (NH3),
ammonium (NH+

4 ), nitrate (NO−
3 ), nitrite (NO−

2 ), and as organic compounds.
However, most of the nitrogen in the influent water is in the form of ammonium.
In order to reduce the amount of ammonium in the influent water, it may be
converted into nitrate in the aerated compartments. This bacterial process
is called nitrification. The nitrification process consists of two sub-processes,
where primarily two different groups of autotrophic nitrifying bacteria oxidize
ammonium. It is known that nitrification also may be accomplished by a variety
of heterotrophic bacteria. Neglecting the temperature and pH dependency, the
principal behavior of the nitrification process can be described by the following
simplified chemical reaction formula

NH+
4 + 1.5O2 ⇒ NO−

2 + H2O + 2H+

NO−
2 + 0.5O2 ⇒ NO−

3 .

The second step in the nitrogen reduction where nitrate is converted into
gaseous nitrogen (N2), is called denitrification. This process takes place in
the anoxic compartments. For an efficient denitrification, it is crucial to limit
the DO concentration, and thereby force the heterotrophic bacteria to use the
nitrate oxygen for respiration, instead of DO. Denitrification can, however,
occur at high oxygen levels, but the reaction is reduced considerably. The
denitrification process can be described by the simplified formula

2NO−
3 + 2H+ ⇒ N2 + H2O + 2.5O2.

For a more detailed description of the nitrification and denitrification processes,
see for instance Hallin [1998].
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The two most common ways to configure the ASP for nitrogen removal are
a post-denitrifying or a pre-denitrifying plant structure. In a post-denitrifying
system the nitrification and the oxidation of organic material occur in the aer-
ated compartments, whereas denitrification takes place in the following anoxic
compartments, see Figure 7.2. Since a great deal of the organic material from
the influent wastewater is degraded in the aerobic compartments, a carbon
source must commonly be added to the anoxic compartment.

In a pre-denitrifying plant, the aerated compartments are placed after the
anoxic ones. Here, possible organic matter in the influent wastewater is better
utilized by the denitrification bacteria. To denitrify the nitrate-rich water from
the end of the aerobic compartments, the water from the last aerobic compart-
ment is generally recirculated back to the beginning of the anoxic compart-
ments. A comprehensive description of the different mechanisms behind the
biological processes in ASP’s is presented in e.g. Henze et al. [1995] and Olsson
and Newell [1999].

AerobicAerobic AnoxicAnoxic

Qin

Qr

Qc

Qw

Figure 7.2: An activated sludge process configured for nitrogen removal (post-
denitrifying). Qin is the influent flow rate, Qr the recirculated sludge flow rate,
Qw the excess sludge flow rate, and Qc the external carbon flow rate.

7.B The Settler Model

The settler in Takács et al. [1991] is modeled as a one-dimensional layer model,
in wich each horizontal layer is assumed completely mixed (Figure 7.3). The
different flows in and out from the settler are defined in Figure 7.2. The solids
flux of particles due to gravity sedimentation J depends on the velocity vs and
the sludge concentration X according to

J = vs(X)X.

For each layer, i, the concentration is then

dXi

dt
=

1
h

∆Ji,
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Figure 7.3: One-dimensional settler model.

where ∆Ji is the difference in flux in the layer obtained from the solids mass
balance around layer i. The settling velocity is given by (Takács et al. [1991])

vs,i = v0e
rh(Xi−Xmin) − v0e

−rp(Xi−Xmin), (7.42)

0 ≤ vs,i ≤ v
′
0. (7.43)

For an explanation of the different parameters in (7.42)-(7.43), and a derivation
of the difference in flux ∆Ji, the reader is referred to Takács et al. [1991].

7.C The Activated Sludge Model No. 1

Evaluate different controllers and control strategies requires a model that re-
alistically simulates a true plant. In the simulations in Chapters 8-9, the IWA
Activated Sludge Model No. 1 (ASM1) by Henze et al. [1987] has been used to
model each compartment of the implemented process.

7.C.1 Differential Equations

For a completely mixed compartment, the following model structure holds for
a general component Z (Bastin and Dochain [1990]):

dZ

dt
= RZ(t) + D(t)(Zin(t) − Z(t)),
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where Zin(t) is the influent concentration of the actual component, Z(t) is
the effluent concentration, which is equal to the concentration in the com-
partment under the assumption of complete mixing, D(t) is the dilution rate
(flow/volume), and RZ(t) denotes the reaction rate for the component.

The different components used in ASM1 are given in Table 7.1.

Table 7.1: Components included in the model.

SNH(t) soluble ammonium nitrogen
SNO(t) soluble nitrate nitrogen
SND(t) soluble biodegradable organic nitrogen
SO(t) dissolved oxygen
SS(t) soluble readily biodegradable substrate
SI(t) soluble inert organic matter
SALK(t) alkalinity
XB,A(t) active autotrophic biomass
XB,H(t) active heterotrophic biomass
XND(t) particulate biodegradable organic nitrogen
XS(t) slowly biodegradable substrate
XI(t) particulate inert organic matter and products

According to ASM1, the reaction rates for the components are:

RSS
= − 1

YH
µ̂H(

SS

KS + SS
)(

SO

KO,H + SO
)XB,H

− 1

YH
µ̂H(

SS

KS + SS
)(

KO,H

KO,H + SO
)(

SNO

KNO + SNO
)ηgXB,H

+ kh

XS
XB,H

KX + XS
XB,H

(
(

SO

KO,H + SO
) + ηh(

KO,H

KO,H + SO
)(

SNO

KNO + SNO
)

)
XB,H

RXI
= fP (bHXB,H + bAXB,A)

RXS
= (1 − fP )(bHXB,H + bAXB,A)

− kh

XS
XB,H

KX + XS
XB,H

(
(

SO

KO,H + SO
) + ηh(

KO,H

KO,H + SO
)(

SNO

KNO + SNO
)

)
XB,H

RXB,H
= µ̂H(

SS

KS + SS
)(

SO

KO,H + SO
)XB,H

+ µ̂H(
SS

KS + SS
)(

KO,H

KO,H + SO
)(

SNO

KNO + SNO
)ηgXB,H − bHXB,H

RXB,A
= µ̂A(

SNH

KNH + SNH
)(

SO

KO,A + SO
)XB,A − bAXB,A

RSO
= −1 − YH

YH
µ̂H(

SS

KS + SS
)(

SO

KO,H + SO
)XB,H

− 4.57 − YA

YA
µ̂A(

SNH

KNH + SNH
)(

SO

KO,A + SO
)XB,A + KLa(SO,sat − SO)
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RSNO
= − 1 − YH

2.86YH
µ̂H(

SS

KS + SS
)(

KO,H

KO,H + SO
)(

SNO

KNO + SNO
)ηgXB,H

+
1

YA
µ̂A(

SNH

KNH + SNH
)(

SO

KO,A + SO
)XB,A

RSNH
= −iXB µ̂H(

SS
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)(

SO

KO,H + SO
)XB,H

− iXB µ̂H(
SS

KS + SS
)(

KO,H

KO,H + SO
)(

SNO

KNO + SNO
)ηgXB,H

− (iXB +
1

YA
)µ̂A(

SNH

KNH + SNH
)(

SO

KO,A + SO
)XB,A + kaSNDXB,H

RSND
= −kaSNDXB,H

+
XND

XS
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The reaction rate of the alkalinity, SALK , has been omitted above, as it
does not affect other components nor the reaction rate of SI , because it is
inert. Explanation of the different process parameters and their default values
are given in Henze et al. [1987].

7.D Taylor Series Expansion of Observations Me-
thod with known Heterotrophic Yield, YH

The purpose of this derivation is to find an expression for the reaction rate
term rSCOD

, which only depends on measurable quantities. It is assumed that
(A7.6)-(A7.9) hold and that YH is known. Differentiating (7.17) results in the
following equation:

S̈NO(t) = −DṠNO(t)+rSCOD
ẊTSS(t)−rSCOD

ẊCOD(t)+DṠNO,in(t). (7.44)

From (7.17), (7.19) and (7.44), where XCOD,in(t) = XTSS,in +SCOD,in, an ex-
pression for the constant reaction rate term that only depends on the available
state variables and on SCOD,in(t), can be formulated. Thus, from (7.44) we
obtain

ẌCOD(t) = − 1
rSCOD

S̈NO(t)− D

rSCOD

ṠNO(t)+ẊTSS +
D

rSCOD

ṠNOin
(t). (7.45)

From (7.17) we also have

XCOD(t) = − 1
rSCOD

ṠNO(t)− D

rSCOD

SNO(t)+XTSS +
D

rSCOD

SNOin
(t). (7.46)
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Combining (7.45) and (7.19) and including (7.46) in that expression, yields the
following constant reaction rate term:

r̂SCOD
=

D2∆SNO(t) + D∆ṠNO(t) − DṠNO(t)) − S̈NO(t)
Ω(t) + 2.86ṠNO(t) − ẊTSS(t) + DSCOD,in(t) + u(t)

, (7.47)

where

∆SNO(t) = (SNO,in(t) − SNO(t))
∆XTSS(t) = (XTSS,in(t) − XTSS(t))

Ω(t) = D(∆XTSS(t) − 2.86∆SNO(t)).

7.E Taylor Series Expansion of Observations Me-
thod with unknown YH

In order to investigate the theoretical identifiability of the unknown YH , the
same Taylor series expansion of observations method as in Appendix 7.D is
used. Differentiating (7.18) and assuming that (A7.6)-(A7.10) hold, results
in the following equation:

ẌTSS(t) = −DẊTSS(t) + βrSCOD
ẊTSS(t) − βrSCOD

ẊCOD(t) + DXTSS,in(t),
(7.48)

where β = αYH . Combining (7.48) and (7.44), the constant parameter, β, can
be determined as

β =
ẌTSS(t) − D∆XTSS(t)

S̈NO(t) − D∆ṠNO

.



Chapter 8
Adaptive Control of the Nitrate
Level in an ASP using an
External Carbon Source

8.1 Introduction

THE degree of nitrogen removal in an ASP is dependent on the efficiency of
two biological processes; nitrification and denitrification. By nitrification

ammonium is oxidized to nitrate and in the denitrification process nitrate is
transformed to nitrogen gas. Nitrate can be reduced to nitrogen gas by faculta-
tive heterotrophic bacteria in an anoxic environment. An organic carbon source
is needed as electron donor and to supply carbon for synthesis of cell compo-
nents. If the carbon/nitrate ratio is too low in the influent water to the anoxic
zone, an addition of external carbon source is required (Henze et al. [1995]).
An important question is which amount of carbon that should be added. A
too high carbon dosage is expensive, may increase the biochemical oxygen de-
mand (BOD) level in the effluent, increase the sludge production (Aspegren
et al. [1992]) and decrease the capacity of the microorganisms to use naturally
existing carbon sources (Hallin and Pell [1996]). On the other hand, a too low
carbon dosage will leave the denitrification process carbon constrained, and the
full capacity for nitrogen removal is not utilized.

Adaptive and model-based approaches for control and estimation of waste-
water treatment plants have been frequently reported in the literature. Such
an approach is, for example, found in Bastin and Dochain [1990]. The IWA
Activated Sludge Model No.1 (ASM1) described in Henze et al. [1987] is fre-
quently used for modeling of ASP’s. Jeppsson [1996] and Weijers [2000] dis-
cuss the need for model reduction and different reduction approaches for the
ASM1 when model based control strategies are suggested. Model reduction of
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the ASM1 is also discussed in Ekman [2003] and in Chapter 7 of this thesis.
In Lukasse [1999] an adaptive MPC evaluated on an alternating ASP, with
dissolved oxygen concentration as control input and ammonium and nitrate
concentrations as controlled outputs, is presented. The reduced order model
used in the control design is based upon ASM1, see Lukasse et al. [1997]. In
Lindberg [1997] several different controllers for a pre-denitrifying process are
designed.

Some of the reported strategies consider control of the nitrate concentra-
tion using the external carbon dosage as an input signal. In Lindberg and
Carlsson [1996a] a direct adaptive strategy for controlling the nitrate concen-
tration, based on a generalized minimum-variance (GMV), is evaluated in a
pre-denitrifying pilot plant. A controller design based on the ASM1 is presented
in Yuan et al. [1997], where the choice of set-point for the carbon controller
is also considered. A feedforward strategy based on a simple mass balance is
presented in Samuelsson and Carlsson [2001]. A related strategy can be found
in Carlsson and Milocco [2001], where a model based feedback-feedforward con-
troller is designed using exact linearization on a simplified ASM1. A cascade
control strategy for controlling the nitrate concentration in both the effluent
and in the last anoxic compartment is proposed in Cho et al. [2002].

A model based adaptive control strategy is suggested. The model used
for controller design was derived in Section 7.2. The time varying model pa-
rameters in (7.20) are estimated from measurements of nitrate concentration
and total suspended solids (TSS). The derived state-space model (7.20) is then
used in the design of a Linear Quadratic Gaussian (LQG) controller utilizing
both feedback and feedforward from measurable disturbances. The suggested
control strategy can be regarded as an indirect adaptive LQG controller (e.g.
Åström and Wittenmark [1995]). The controller adapts to and compensates for
changes in the system dynamics, as important system parameters used in the
controller are estimated adaptively. Another benefit with the suggested control
strategy is that the estimated system parameters and states serve as a guidance
about the state of the process and the characteristics of the wastewater.

The chapter commence with a discussion of the estimation of reaction rate
terms and the heterotrophic yield (Section 8.2). The LQG controller design
is thereafter outlined in Section 8.3, followed by simulation results and com-
parisons with traditional PID control and PI control with feedforward (Section
8.4). Finally, conclusions are given in Section 8.5.

8.2 Estimation of the Reaction Rate Term

The transformed reaction rate term, rSCOD
(t), appears in the models (7.11)

and (7.20), derived in Section 7.2. Since rSCOD
(t) is unknown, it has to be

estimated in an appropriate way. One approach is to approximate the reaction
rate term as constant, which gives the possibility to use off-line estimation
techniques. With an additional assumption that D(t) is constant, the system
matrices in (7.11) and (7.20) will be time invariant, which simplifies the control
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synthesis. One drawback with this approach is that if the assumption regarding
the constant reaction rate term is inexact, important information about the
system dynamics may be lost.

In this section, the reaction rate term will be estimated on-line. Allowing
rSCOD

(t) to be time varying implies the possibility for the models to adapt to
important system dynamics. The time varying reaction rate term also gives
guidance about the state of the process. rSCOD

(t) will be estimated from (7.20)
with an Extended Kalman Filter (EKF).

8.2.1 Estimation of the Reaction Rate Term with known
YH

It is assumed that the the yield of the heterotrophic biomass, YH , in an anoxic
compartment is known in the model (7.20).

To apply an EKF discrete-time algorithm, the model (7.20) can be sampled
and augmented according to the following steps:

1. The model (7.20) is sampled which gives the discrete-time system:

z(t + 1) = As(t)z(t) + BH(t)H(t) + Bu(t)u(t) + Bm(t)m(t), (8.1)

where m(t)T = D(t)[SNO,in(t) XTSS,in(t) SCOD,in(t)] are measurable
disturbances. A zero-order hold sampling is used, see e.g. Åström and
Wittenmark [1990].

2. To obtain the Jacobian matrix in the EKF-algorithm (see Appendix 8.C),
the model (7.20) is linearized with respect to z(t) and rSCOD

(t) and then
sampled.

3. Next, the unknown parameters H(t) and rSCOD
(t) are modeled as AR-

processes:

rSCOD
(t + 1) = φrSCOD

(t) + e(t)
H(t + 1) = φH(t) + v(t), (8.2)

where e(t) and v(t) are white noise. Note that φ = 1 correspond to a
random walk process. In what follows, we will choose φ = 0.99, which
can be seen as a filtered random walk.

4. The system (8.1) is then augmented with H(t) and rSCOD
(t) as additional

states:
 z(t + 1)

rCOD(t + 1)
H(t + 1)


 =


 As(t) 0 BH(t)

0 0.99I 0
0 0 0.99I




 z(t)

rCOD(t)
H(t)




+


 Bu(t)

0
0


u(t) +


 Bm(t)

0
0


m(t) +


 0 0

I 0
0 I


[ e(t)

v(t)

]
. (8.3)
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5. By augmenting the Jacobian matrix in the same manner as in step 4, the
hydrolysis, H(t), the reaction rate term, rSCOD

(t), and the unmeasurable
state, XCOD(t), can now be updated using one step in the discrete-time
EKF algorithm. After updating the model (7.20) with the new estimates,
the procedure is repeated.

The discrete-time EKF algorithm is summarized in Appendix 8.C. Another
approach is to use a continuous-discrete EKF, which has the benefit to keep
the model in the continuous form, while the measurements are discrete in time.
For more practical aspects of extended Kalman filtering, see Gelb [1975]. The
estimation of the unknown states, the reaction rate terms and the hydrolysis
terms for two anoxic compartments is illustrated by simulations in Section
8.4.2.

8.2.2 Estimation of YH

In Section 8.2.1, the heterotrophic yield, YH , was assumed to be known. YH

can be determined using respirometry by addition of an amount of wastewater
COD and measurements of the substrate oxidation, see e.g. Sollfrank and Gujer
[1991] and Petersen [2000]. YH will be estimated on-line from measurements
of SNO(t) and XTSS(t) using a discrete-time EKF.

Let the parameter β be defined as β = αYH . The heterotrophic yield is then
obtained from YH = β

β−2.86 using (7.3). The unknown parameter β is modeled
as an AR-process, see (8.2), and the state vector in (8.3) is augmented with
the new state β. The unknown states can be estimated in the same way as in
Section 8.2.1 using a discrete-time EKF. Here, the tracking problem involves
simultaneous estimation of the four unknown parameters β, rSCOD

(t), H(t) and
XCOD(t). The estimation of the heterotrophic yield, reaction rate terms and
the hydrolysis terms for two anoxic compartments is illustrated by simulations
in Section 8.4.4.

8.3 Controller Design

In this section the case of two anoxic compartments is considered. The compo-
nents in the first and second compartment are denoted by the subscripts 1 and
2 respectively. The LQG controller design is based on the two models (8.7) and
(8.15) in Appendix 8.A and Appendix 8.B. The augmented state-space model
(8.15) is used for the estimation part. If D(t) and rSCOD,i

(t) 	= 0, i = 1, 2,
are assumed to be constants, the model (8.7) is a minimal realization, which is
not the case for the model (8.15). Therefore, the controller design is based on
model (8.7).

The assumptions (A3.7)-(A3.9) in Section 7.2.2 are used. However, A3.7
and A3.8 are modified to hold for two anoxic compartments, and A3.9 is
somewhat relieved in order to hold for measurement methods of standard type:
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A8.1. The nitrate concentrations, SNO,in(t) [mg/l] and SNO,2(t) [mg/l], are
measurable.

A8.2. The concentrations of total suspended solids, XTSS,in(t) [mg COD/l],
XTSS,1(t) [mg COD/l] and XTSS,2(t) [mg COD/l], are measurable.

A8.3. The incoming soluble COD (SCOD,in) [mg COD/l] is measured in
twenty-four hours intervals from laboratory tests.

Remark 8.1. In practice, insoluble particles can be measured on-line using, for
example, turbidimeters. Turbidity is related to the content of suspended solids
(SS) and there are also laboratory tests for solids that can calibrate turbidity
measurements, see Olsson and Newell [1999]. However, insoluble particles also
contain other materials than organic particles. Furthermore, it is necessary to
convert the measurement of TSS to have the same unit as XTSS(t). A survey of
new and existing technologies for measuring different components and variables
in wastewater, including SS, is presented in Vanrolleghem and Lee [2003].

The LQG controller will be designed in discrete-time. Hence, the first step
is to sample the system (8.7) using zero-order hold sampling. In order to obtain
feedforward action in the LQG controller, the measurable disturbance d(t) from
(8.8) is included in the state vector in (8.7). The dynamics of d(t) is modeled
as an AR-process, see (8.2) in Section 8.2.1. Several different strategies for
how to design an integrating controller exist. The approach used here is based
on differentiating the system and deriving an incremental controller, see e.g.
Garćıa et al. [1989].

After rewriting (8.7) in a discrete and differential form, with d(t) included
in the state vector, a feedforward-feedback integrating LQG controller can be
designed. In the differentiation of the model, constant process disturbances are
eliminated. To see this, assume that:

A8.4. The hydrolysis terms Hi(t) are slowly time varying.

This will result in that Hi(t) can be omitted from (8.7) when deriving the
LQG controller. The sampled and differentiated system can now be written as,
see further (Lindberg [1997])[

∆xn(t + 1)
y(t + 1)

]
= Ad(t)

[
∆xn(t)

y(t)

]
+ Bd(t)∆u(t), (8.4)

where Ad(t) and Bd(t) are the discrete-time system matrices obtained from
sampling and differentiating (8.7), and y(t) = SNO,2(t) is the output signal.
Further, ∆xn(t + 1) = xn(t + 1) − xn(t) and so on. The differentiated state
vector is ∆xn(t) =

[
∆x(t) ∆d(t)

]T , where

∆x(t) =
[

∆SNO,1(t) ∆SNO,2(t) ∆SCOD,1(t) ∆SCOD,2(t)
]T

.
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The differentiated control signal can then be computed as

∆u(t) = −L

[
∆x̂n(t)

y(t)

]
+ Lww(t) =

− [
Lxn

Ly

] [ ∆x̂n(t)
y(t)

]
+ Lww(t), (8.5)

where w(t) is the reference signal (set-point of the nitrate). A suitable choice of
Lw is Lw = Ly, because the set-point w(t) and output y(t) are then amplified
equally. The state feedback (and disturbance feedforward) vector L is found
by minimizing the cost function

lim
n→∞

n∑
t=1

([ ∆xn(t)
y(t)

]T

Q1

[
∆xn(t)

y(t)

]
+ ∆u(t)T Q2∆u(t)

)
, (8.6)

where Q1 and Q2 are positive definite penalty matrices, see also, e.g. Åström
and Wittenmark [1990].

An EKF observer is used for estimating the unmeasurable states in ∆x(t)
and the reaction rate terms, rSCOD,i

(t), in (8.7). After zero-order hold sampling,
the model (8.15) is augmented with the reaction rate terms and the hydrolysis
terms Hi. The soluble COD in the two compartments can now be estimated
using the relationship, ŜCOD,i(t) = X̂COD,i(t)−XTSS,i(t), where X̂COD,i(t) is
estimated by the EKF. The system matrices, Ad and Bd, in (8.4) are updated
at each sampling instant using the EKF estimates of r̂SCOD,i

(t).
The controller design in this section can be regarded as an indirect adaptive

LQG controller, which is illustrated in Figure 8.1. A recursive least squares
(RLS) estimation procedure has also been evaluated, but simulation results
indicate that the EKF performs better.

Controller Process

EKF
Update

parameters

Update controller

models

Ĥi(t)

X̂COD,i(t)

SNO,2(t)

XT SS,1(t)

XT SS,2(t)

D(t)

r̂CODs,i
(t)

x̂(t)

∆x̂(t)

1−q−1

1−q−1
∆d(t)

SNO,in(t)

SCOD,in(t)

XT SS,in(t)

w(t) u(t)

Figure 8.1: Block diagram of the adaptive LQG controller with EKF.
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8.4 Simulation Studies

8.4.1 Simulation Set Up

The feedback-feedforward adaptive LQG control law given by (8.5) was studied
on the ASM1 in a post-denitrifying ASP. The simulated ASP consisted of eight
aerobic compartments, two anoxic compartments and one settler. Matlab was
used to implement the model. The parameters in the model were the default
values given in Henze et al. [1987]. The total volume of the plant was 6000
m3. Each anoxic compartment had the volume Vanox = 1000 m3, and each
aerobic compartment had the volume Vaerobic = 500 m3. The excess sludge
flow rate was Qw = 16 m3/h. The plant was simulated using influent data from
the file dryinfluent.mat and storminfluent.mat from the COST benchmark, see
htpp://www.ensic.unancy.fr/COSTWWTP/ and Alex et al. [1999].

In the tuning of the controller parameters, influent data were taken from
the file dryinfluent.mat. A traditional PI controller was used for controlling
the level of dissolved oxygen (DO) in the aerobic compartments, and the DO
set-point was chosen to be 2 mg/l in each compartment. The return sludge
flow rate was controlled to maintain a constant ratio between the return sludge
flow rate and the influent flow rate.

8.4.2 Simulations Using an LQG Controller assuming YH

known

The simulations below are based on assumptions (A8.1)-(A8.3). SNO,1(t),
XCOD,1(t), and XCOD,2(t) were estimated employing an EKF, and SCOD,i(t)
was estimated as ŜCOD,i(t) = X̂COD,i(t) − XTSS,i(t). The data used for esti-
mation and control were sampled with a sampling period of 1 minute without
noise and delay on the sensors.

The external carbon source was assumed to be ethanol with SS,C = 1200000
mg (COD)/l. An upper bound on the external carbon flow rate was introduced
and chosen as 5 m3 ethanol/day. The design variables in the LQG controller
were selected in a way so that the controller behaved as fast as possible without
exceeding the upper bound on u(t) when influent data from the file dryinflu-
ent.mat were used. The nitrate set-point was 4 mg/l. For the LQG controller
the penalty matrices in (8.6) were picked out as Q1 = diag[0, 0, 0, 0, 1, 1, 1] and
Q2 = 25000. The initial value of the covariance matrix in the EKF was chosen
as P (0) = I, where I denotes the unity matrix, and the design variables as
R1 = diag[10, 1, 10, 1, 1, 1, 1, 1, 1, 0.01] and R2 = 0.01I.

For comparison, a traditional PID controller and a PI controller with feed-
forward (Samuelsson and Carlsson [2001]) were also implemented. The feed-
forward part uses measurements of the influent SS(t) of the first anoxic com-
partment. The control parameters in the traditional PID controller and the
PI controller with feedforward were tuned to make the controllers as fast as
possible without exceeding the upper bound on u(t), when simulating using
influent data from the file dryinfluent.mat. The upper bound on u(t) and the
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nitrate set-point were the same as for the LQG controller. It is worth noticing
that none of the controllers are optimally tuned.

Results and Discussion

The simulation results for the three different controllers are illustrated in Fig-
ure 8.2. The seven last days of the simulations using influent data from the
storminfluent.mat file are shown in the plots. By comparing the LQG controller
and a traditional PID controller without feedforward, it is seen that the LQG
controller gives a faster disturbance rejection than the PID controller. The
PI controller with feedforward, in the same figure, has a similar performance
as the LQG controller. During the larger disturbances at day 2 and 4 the
controllers reach the upper bound on u(t). The total consumption of external
carbon during the period, ucons, and the variance of the control error, evar, for
the three controllers are shown in Table 8.1.

Notice that the PI controller with feedforward uses measurements of both
SNO,in(t) and SS,in(t). Previous work where the LQG design and the estima-
tion procedure is based on on-line measurements of SCOD(t) has shown that
the LQG controller gives faster disturbance rejection than the PI controller
with feedforward, see Ekman et al. [2002]. However, one drawback with the
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Figure 8.2: Upper plot: The solid line shows the nitrate concentration in the last
anoxic compartment when the LQG controller is used, dashed line the nitrate
concentration when PI with feedforward is used, and dashed-dotted line the
nitrate concentration when a traditional PID controller is used. Lower plot:
The external carbon flow rates are shown for the three controllers, respectively.
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Table 8.1: The variance of the control error, evar, and the total con-
sumption of external carbon during the period, ucons, for the three
controllers.

Controller evar ucons

LQG 0.468 16.17
PI-feedforward 0.440 16.41
PID 1.175 16.37

LQG design is the implementation part, which is more complex compared to
the PI controller with feedforward.

Figure 8.3 illustrates the EKF estimation of rSCOD,1(t) and rSCOD,2(t). The
EKF also provides a good estimate of the total COD and satisfactory estimates
of the hydrolysis terms in both anoxic compartments. The convergence of the
estimates of rSCOD,i

(t) and Hi(t) is improved with the reasonable Assumption
A8.3. Figures 8.4 and 8.5 illustrate the estimates of XCOD,i(t) and Hi(t),
respectively. All fourteen days from the storminfluent.mat file are shown in the
plots.
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Figure 8.3: Upper plot: The dashed line shows the EKF estimated value of the
reaction rate term rSCOD,1(t) and the solid line the true value. Lower plot: The
dashed line shows the EKF estimated value of the reaction rate term rSCOD,2(t)
and the solid line the true value.
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Figure 8.4: Upper plot: The dashed line shows the EKF estimated value of
XCOD,1(t) and the solid line the true value of XCOD,1(t). Lower plot: The
dashed line shows the EKF estimated value of XCOD,2(t) and the solid line the
true value of XCOD,2(t).
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Figure 8.5: Upper plot: The dashed line shows the EKF estimated value of the
hydrolysis term H1(t) and the solid line the true value. Lower plot: The dashed
line shows the EKF estimated value of the hydrolysis term H2(t) and the solid
line the true value.
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8.4.3 Estimating the Reaction Rate Terms, rSCOD,1
(t) and

rSCOD,2
(t), during Toxic Load Event

In order to investigate the performance of the EKF estimates of rSCOD,1(t) and
rSCOD,2(t) during abnormal conditions, a toxic load event was simulated using
the dryinfluent.mat file. It was assumed that the toxic load results in an in-
creased decay of microorganisms and a decrease of the specific growth rate. The
process conditions are changed more drastically in the aerobic compartments,
since the nitrifying bacteria are generally more sensitive to toxic compounds
than other bacteria.

The same LQG controller as in Section 8.4.2 was used in the simulation.
After day one, the decay rate coefficient, ba, for autotrophic biomass is sud-
denly increased with 60% and the decay rate coefficient, bh, for heterotrophic
biomass is increased with 30%. At the same event, the maximum specific
growth rate for autotrophic biomass is decreased with 50% and the maximum
specific growth rate for heterotrophic biomass decreased with 30%. This may
simulate the behavior of the plant when a toxic compound suddenly appears in
the wastewater. The coefficients are thereafter changed stepwise back to nor-
mal values, and after 8.3 days the biological properties of the microorganisms
are recovered to normal conditions.

Results and Discussion

Figure 8.6 illustrates the EKF estimation of rSCOD,1(t) and rSCOD,2(t). It is
seen that especially rSCOD,2(t) is difficult to estimate during the toxic load
event. The explanation is probably a too poor excitation of the input signal,
since the external carbon flow rate, u(t), is zero during long periods. However,
the result demonstrates that at least the estimate of rSCOD,1(t) may be used
as a toxic load indicator.

8.4.4 Estimation of YH

As in Section 8.4.2, the assumptions (A8.1)-(A8.3) are used. To facilitate the
estimation procedure, it was also assumed that the nitrate in the first anoxic
compartment, SNO,1(t), was measured. An LQG controller was used simulta-
neously with the estimation of the unknown parameters, in order to control
the nitrate concentration in the last anoxic compartment. In the estimation,
influent data were taken from the file dryinfluent.mat. The data used for esti-
mation were sampled with an interval of 1 minute without delay on the sensors.
However, measurement noise with a standard deviation of 0.1 was added to the
nitrate concentrations SNO,1(t), SNO,2(t) and SNO,in(t) and with a standard
deviation of 0.05 to the SS concentrations XTSS,1(t), XTSS,2(t) and XTSS,in(t).

The initial value of the covariance matrix in the EKF was chosen as P (0) =
diag[1, 1, 1, 1, 1, 1, 5, 5, 10, 50, 50], and the design variables as R1 =
diag[1, 1, 1, 1, 1, 1, 0.05, 0.05, 0.001, 3, 3] and R2 = 0.01I. The initial value for
the state vector was [8, 6, 7200, 7200, 7250, 7250, 1, 0.53, 10, 10]T .
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Figure 8.6: EKF estimates during toxic load event. Upper plot: The dashed
line shows the EKF estimated value of the reaction rate term rSCOD,1(t) and the
solid line the true value. Lower plot: The dashed line shows the EKF estimated
value of the reaction rate term rSCOD,2(t) and the solid line the true value.

Results and Discussion

Figure 8.7 shows the external carbon flow rate generated by the LQG controller
during the simulation. Figure 8.8 illustrates the EKF estimation of YH . Al-
though the convergence is fairly slow, it is seen from the plot that the estimate
of YH comes fairly close to the true value. The estimation performance, espe-
cially for the hydrolysis terms and YH , seems to be rather dependent on the
choice of design variables R1, R2, and P (0), and the design variables can only
be chosen in a small range to avoid biased estimates. Figure 8.9 shows that
the EKF provides good estimates of the reaction rate terms and Figure 8.10
illustrates satisfactory estimates of the hydrolysis terms.
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Figure 8.7: The input signal to the system (external carbon flow rate generated
by the LQG controller).
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Figure 8.8: Simulations performed with a measurement noise with standard de-
viation 0.1 on the nitrate sensors, and with a measurement noise with standard
deviation 0.05 on the SS sensors. Solid line shows the value of YH estimated
with the EKF and dashed line the true value.
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Figure 8.9: Simulations performed with a measurement noise with standard
deviation 0.1 on the nitrate sensors, and with a measurement noise with stan-
dard deviation 0.05 on the SS sensors. Upper plot: The dashed line shows the
EKF estimated value of the reaction rate term rSCOD,1(t) and the solid line the
true value. Lower plot: The dashed line shows the EKF estimated value of the
reaction rate term rSCOD,2(t) and the solid line the true value.
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Figure 8.10: Simulations performed with a measurement noise with standard
deviation 0.1 on the nitrate sensors, and with a measurement noise with stan-
dard deviation 0.05 on the SS sensors. Upper plot: The dashed line shows
the EKF estimated value of the hydrolysis term H1(t) and the solid line the
true value. Lower plot: The dashed line shows the EKF estimated value of the
hydrolysis term H2(t) and the solid line the true value.
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8.5 Conclusions

A model based control strategy for control of the nitrate level in the last anoxic
compartment, using an external carbon source, is presented. By lumping some
states in the ASM1, a feasible state-space model for estimation was derived.
The model was later used for on-line design of an integrating LQG controller.
This strategy can be regarded as an indirect adaptive LQG control. The con-
troller was evaluated in a simulation study and performed well, despite major
process disturbances. In the EKF estimation procedure, it is possible to use
sensors of more standard type.

8.A Derivation of a State-Space Model for two
Anoxic Compartments

An extension of the model (7.11) for two anoxic compartments is easily derived.
The two compartments are assumed to have equal and constant volume, V .
Denoting the components in the first and second compartments by the subscript
1 and 2, respectively, the following state-space representation for two anoxic
compartments is obtained:


ṠNO,1(t)
ṠNO,2(t)
ṠCOD,1(t)
ṠCOD,2(t)


 = A(t)




SNO,1(t)
SNO,2(t)
SCOD,1(t)
SCOD,2(t)


+ Bu(t) + Gdd(t) + GhHi(t). (8.7)

Here d(t) denotes measurable disturbances and Hi(t) unmeasurable distur-
bances

d(t) =
[

D(t)SNO,in(t)
D(t)SCOD,in(t)

]
, (8.8)

Hi(t) =
[

H1(t)
H2(t)

]
. (8.9)

The system matrices become

A(t) =
(

F1(t) F2(t)
0 F3(t)

)
, (8.10)

where

F1(t) =
(−D(t) 0

D(t) −D(t)

)
, F2(t) =

(−rSCOD,1(t) 0
0 −rSCOD,2(t)

)

F3(t) =
(

αrCOD,1(t) − D(t) 0
D(t) αrSCOD,2(t) − D(t)

)

B =




0
0
1
0


 , Gd =




1 0
0 0
0 1
0 0


 , Gh =




0 0
0 0
1 0
0 1


 , (8.13)
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where rSCOD,1(t) and rSCOD,2(t) are transformed reaction rate terms given by

rSCOD,i
(t) =

Ri(t)
SCOD,i(t)

, i = 1, 2. (8.14)

8.B Derivation of an Augmented State-Space
Model for two Anoxic Compartments

The system (7.20) can be extended to two anoxic compartments. The resulting
state-space representation is of order six and has the structure

żn(t) = F (t)zn(t) + G(t)g(t), (8.15)

where zn(t) = [ SNO,1(t) SNO,2(t) XT SS,1(t) XT SS,2(t) XCOD,1(t) XCOD,2(t) ]T , and
g(t) = [ u(t) D(t)SNO,in(t) D(t)XT SS,in(t) H1(t) H2(t) D(t)SCOD,in(t) ]T . The
matrix F (t) contains the transformed reaction rate terms, rSCOD,1(t) and rSCOD,2(t),
given by (8.14). These variables are unknown and time varying and have to be
estimated. The system matrices F (t) and G(t) are defined as

F (t) =
(

F1(t) F2(t) F2(t)
0 F4(t) F5(t)

)
,

where

F1(t) =
(−D(t) 0

D(t) −D(t)

)
, F2(t) =

(
rSCOD,1(t) 0

0 rSCOD,2(t)

)

F4(t) =




αYHrSCOD,1(t) − D(t) 0
D(t) αrSCOD,2(t) − D(t)

2.86rSCOD,1(t) 0
0 2.86rSCOD,2(t)




F5(t) =




−αYHrSCOD,1(t) 0
0 −αYHrSCOD,2(t)

−2.86rSCOD,1(t) − D(t) 0
D(t) −2.86rSCOD,2(t) − D(t)




and

G(t) =




0 1 0 0 0 0
0 0 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 −1 0
1 0 1 0 0 1
0 0 0 0 0 0




.
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8.C Basic Discrete-Time EKF Algorithm

Consider the nonlinear stochastic discrete-time model

x(t + 1) = f(t, x(t), u(t)) + g(t, x(t))v(t)
y(t) = h(t, x(t)) + e(t), (8.21)

where y(t) is a measured signal, u(t) is the input signal, and v(t) and e(t) are
mutually independent Gaussian white noise sequences with zero means and
covariances R1(t) and R2(t) respectively. The whole EKF algorithm applied to
the system (8.21) can be summarized as follows (Söderström [1994]):

H(t) =
∂h(t, x)

∂x

∣∣∣∣∣
x=x̂(t|t−1)

K(t) =P (t|t − 1)HT (t)

× [H(t)P (t|t − 1)HT (t) + R2(t)]−1

x̂(t|t) =x̂(t|t − 1) + K(t)[y(t) − h(t, x̂(t|t − 1))]
P (t|t) =P (t|t − 1) − K(t)H(t)P (t|t − 1)

x̂(t + 1|t) =f(t, x̂(t|t), u(t))

F (t) =
∂f(t, x, u)

∂x

∣∣∣∣∣
x=x̂(t|t)

G(t) =g(t, x)|x=x̂(t|t)
P (t + 1|t) =F (t)P (t|t)FT (t) + G(t)R1(t)GT (t),

where x̂(t|t − 1) is the predicted state and x̂(t|t) is the most recent estimate.
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Chapter 9
Control of the Aeration Volume in
an Activated Sludge Process

9.1 Introduction

TO remove the nitrogen from the wastewater in an activated sludge process
(ASP), the two biological processes, nitrification and denitrification, may

be used. By nitrification ammonium is oxidized to nitrate and in the denitrifi-
cation process nitrate is transformed to nitrogen gas. Nitrate can be reduced
to nitrogen gas by facultative heterotrophic bacteria in an anoxic environment.
To obtain an satisfying nitrification in the aerobic environment, several factors
must be fulfilled, including an adequately large aeration volume together with
a sufficiently high concentration of dissolved oxygen (DO) to cover the oxy-
gen demand of the microorganisms and to avoid formation of dinitrous oxide
(N2O). On the other hand, aeration causes high energy costs and constitutes
the major expenditure of an ASP plant. Moreover, a too high DO level may
unfavorably influence the denitrification rate in the anoxic compartments, see
for instance Olsson and Newell [1999] and Henze et al. [1995]. Therefore, it is
important to control the DO level and limit the aeration as much as possible,
for process reasons as well as on economical grounds.

The most common way of controlling the aeration in an ASP is to keep
the DO concentration at some pre-specified level. However, it is often difficult
to know the DO concentration needed to achieve a satisfactory ammonium
reduction. Moreover, it might be difficult to choose a suitable DO set-point
because of the competing biological reactions and the economical causes men-
tioned above. One way to overcome these difficulties is to use a time varying
DO set-point, which is determined supervisory by the ammonium concentra-
tion in the last aerobic compartment, see e.g. Nielsen and Lyngaard [1993],
Sorensen et al. [1994], and Lindberg [1997]. The same strategy is also inves-
tigated in a benchmark study by Carlsson and Rhenström [2002]. In the last
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decade, the possibility of using multivariable approaches for controlling the
nitrification and denitrification simultaneously have also been a subject for in-
vestigation, see for instance Weijers et al. [1997], Lindberg [1998], Sotomayor
and Garcia [2002], and Ekman [2005b]. It is important that the aerated volume
is sufficiently large when DO control is used in order to achieve a satisfactory
nitrification. A drawback with supervisory DO set-point control strategies,
when a pre-denitrifying structure is used, is that the DO level in the internally
recirculated water may be too high and inhibit the denitrification rate (Olsson
and Jeppson [1994]).

In order to avoid some of the drawbacks with the control strategies described
above, attempts to use the aeration volume as an extra control variable have
been made. A model based feedforward control strategy of the aeration volume
was evaluated in a pilot plant, see Brouwer et al. [1998]. The strategy is based
on a simplified ASP model, where the aeration volume is calculated from the
desired ammonium level at steady state. A related model based approach is
presented in Samuelsson and Carlsson [2002], where feedforward information
together with a traditional feedback is used for controlling the aeration volume.
Another related approach, where feedback control is combined with feedforward
information, has also been studied using benchmark simulations in Alex et al.
[2002]. Some rule based strategies for manipulating the aerobic volume can for
example be found in Hoen et al. [1996] and Krause et al. [2001].

A major disadvantage with the aerobic volume and supervisory DO set-
point control strategies mentioned above is that they are dependent on reliable
measurements of the ammonium concentration. Even if the sensor techno-
logy has been improved during the last decade, on-line measurements of the
ammonium concentration still suffer from unreliability and are in some plants
not even available. However, on-line measuring of the DO using membrane
electrodes exists in most wastewater treatment plants today. Moreover, the
membrane electrodes technique has proved to be reliable, and the membrane
electrodes are also easy to operate and maintain. Moreover, many of the strate-
gies mentioned above are based on models that in one way or the other have
to be identified or calibrated.

In this chapter, strategies where the DO concentration in some of the com-
partments is determined supervisory by the DO concentration in other com-
partments and, thus, the DO set-point will be time varying for some of the
compartments, are studied. In this way, only sensors for measuring the DO
concentrations are needed for the decision of the time varying DO set-points.
The respiration rate is affected by the content of substrate and nitrogen in the
compartments. Therefore, the suggested manipulations of the DO set-points
are indirectly determined by the current load into the plant. Moreover, the DO
concentration in the compartments with time varying set-points is for some pe-
riods very low, i.e. the microorganisms are acting in an anoxic environment,
entailing that the suggested strategies can be regarded as a control of the aer-
ation volume. Another volume control strategy, which has similar requirements
on sensor instrumentation, but with a totally different strategy than the one
suggested in this work, can be found in Svardal et al. [2003]. The aerobic vol-



9.2. The Benchmark Plant 201

ume is manipulated by using oxygen uptake monitoring, and the only sensors
needed are DO sensors together with measurements of the total air flow.

The aeration volume control strategies suggested in this chapter are tested
on a wastewater treatment simulation benchmark developed within the COST
Action 624 and 682. The strategies are also compared with a standard con-
stant DO set-point control and with a supervisory control of the DO where
the ammonium concentration is controlled by manipulating the DO set-point.
The aeration volume control strategies are also tested and evaluated in a pi-
lot wastewater treatment plant situated at the Hammarby Sjöstadsverket in
Stockholm, Sweden. One of the investigated strategies was run in the pilot
plant for more than one month with satisfactory result.

The chapter is organized as follows. In Section 9.2 the benchmark model
used for simulating the suggested control strategy is presented. Next, the pilot
plant, where control strategies have been evaluated in real-time experiments, is
described in Section 9.3. The suggested volume control strategy is discussed in
Section 9.4, and the simulation design and the pilot plant set-up are presented in
Section 9.5. Section 9.6 comprises simulation and experimental results. Finally,
conclusions are given in Section 9.7.

9.2 The Benchmark Plant

The benchmark plant is designed as a pre-denitrifying activated sludge pro-
cess with two anoxic compartments and three aerobic compartments and a
secondary settler, see Figure 9.1. All five compartments are fully mixed and
the aerated compartments have a maximum KLa of 10 h−1. For more infor-
mation about default values of model parameters and volumes etc. for the
original benchmark configuration, it is refer to the benchmark homepage at:
http: www.ensic.u-nancy.fr/COSTWWTP and Alex et al. [1999]. The biologi-
cal processes in the benchmark bioreactors are modeled by the IAWQ Activated
Sludge Model No 1 (ASM1), see Henze et al. [1987]. A ten layer double ex-
ponential settling velocity model (Takács et al. [1991]), is used to model the

Effluent waterInfluent water

Recirculated water

Recirculated sludge

Excess sludge

Anoxic Anoxic Aerobic Aerobic Aerobic

Figure 9.1: Benchmark plant layout.
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secondary settler. Influent data for different weather conditions are available
for the benchmark model. Dynamic influent data over a period of 14 days are
collected in the three weather files containing dry, rainy and stormy weather
conditions, respectively. The Matlab-Simulink simulation platform was em-
ployed for the simulations.

9.3 The Pilot Plant in Hammarby Sjöstad

The practical test of the suggested control strategy was also carried out in the
existing pilot plant in Hammarby Sjöstad, Stockholm, Sweden. Hammarby
Sjöstad is the largest urban development project in Stockholm for many years.
When Hammarby Sjöstad is fully developed, in 2016, it will include 9.000 apart-
ments for around 22.000 residents, and altogether 30.000 people are expected
to live and work in the area.

The new area has its own environment programme as well as a special
eco-cycle model and an environment information center. One essential part
of the technical infrastructure and eco-cycle model is the experimental on-
site sewage facility, officially opened in 2003. New treatment technologies,
at least for Nordic conditions, are used to treat and extract nutrients from
sewage for use on farmland. Storm water is treated locally to avoid overloading
and contamination of the sewage facility. The research program will continue
until 2007. The results will be used to design a full scale treatment plant for
Hammarby Sjöstad but can also be used for novel developments in existing
sewage works.

The pilot plant consists of four treatment lines including sludge treatment
(anaerobic digestion and dewatering). Line 1 and 2 have aerobic processes
as the main biological treatment: activated sludge and membrane bio reactor
(MBR), respectively. Line 3 and 4 have anaerobic processes as principal bio-
logical treatment: fluidized bed respectively up-flow anaerobic sludge blanket
(UASB).

Line 1 has the same process layout as the existing main central sewage
works in Henriksdal WWTP in Stockholm, i.e. chemical pre-precipitation,
pre-denitrification and sand filtration. Line 1 is equipped with primary sedi-
mentation including a separate hydrolysis tank, three anoxic with mixers, three
aerated reactors, secondary sedimentation and a dual media down-stream sand
filter, see Figure 9.2. The biological reactors have all membrane diffusers so the
air flow can be controlled or be completely shut off or, alternatively, fully on.
The primary and excess sludge are thickened by a gravity thickener, digested
in a mesophilic digester, and finally dewatered in a centrifuge. Line 1 has a
design inflow of 1, 2 m3/h. Design data for line 1 are shown in Table 9.1.
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Figure 9.2: Schematic outline of line 1.

Table 9.1: Design data for line 1.
Parameters in line 1 Volume [m3] Horizontal surface [m2]
Pre-sedimitation 2.5 1.1
Biological reactors 6 × 5 6 × 1.4
Second sedimitation 5.4 2.5
Sand filter 0.85 0.28
Hydrolysis 0.77 0.40
Thickener 0.30 0.44
Digester 12 31

9.4 Supervisory Aeration Volume Control Strate-
gies

The suggested aeration volume control strategy is based on reliable DO mea-
surements in a cascade strategy. The idea is to utilize the fact that during
closed loop DO control, the aeration flow in the aerobic compartments reflects
the dynamics of the influent load into the plant. Thus, a feasible strategy might
be to use a larger aeration volume during high load conditions than during low
load conditions. Such a strategy has the potential to save aeration energy. The
main idea can be itemized as follows:

1. During periods when the influent load into the plant is low, a rela-
tively low number of compartments are aerated using controllers with
pre-specified DO set-points.

2. When the influent load is increasing, some additional compartments are
also aerated using a cascade control strategy. Depending on the plant
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layout, the additionally aerated compartments may be located before
and/or after the compartments which are aerated also during low load
periods.

A possible implementation of the strategy above is to use a supervisory cont-
rol strategy where the DO set-points, for some compartments, are indirectly
determined by an estimate of the current load into the plant. One example of
the suggested strategy is illustrated in Figure 9.3, where three compartments
are involved in the aeration strategy.

In Figure 9.3 it can be seen that the DO set-points for the first and the
last aerobic compartments, DOref,1 and DOref,3, are determined by an outer
control loop. The inner DO controllers regulate the DO level in the first and last
aerobic compartments by adjusting the valve openings V1 and V3, respectively.
The set-point for the DO controller of the second compartment, controlling the
valve opening V2, is not determined by the outer control loop. Instead, the
set-point DOref,2 is fixed (or decided by another outer control loop). The set-
point for the second compartment DOref,2 is used as an input for the set-point
controller.

The set-point controller is displayed in more detail in Figure 9.4. The super-
visory control strategy is based on the concept that the DO level in the second
compartment has to be kept at its pre-specified set-point, DOref,2, despite
external disturbances like time-varying influent load. The other two compart-

2 31

V1

V3

V2V1 V3

V2

DO

DO

DO

ControllerController
Set−Point DO

Controller
DO

ref,2

ref,1

ref,3

DO DODO

Figure 9.3: Arrangement of the benchmark plant with DO sensors together with
the cascade control strategy.
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Figure 9.4: Block diagram of the supervisory set-point controller.

ments act as complements and are made aerobically active when needed, i.e.
when the load into the plant is sufficiently high. Since the DO concentra-
tion in the second aerobic compartment is directly and highly affected by the
DO concentration in the first aerobic compartment, a standard cascade control
strategy for the first aerobic compartment is possible. In the controller, there
are also switching functions which are triggered by the degree of opening of the
valves. The openings of the air valves are graded from 0 to 100%. The reason
for introducing switching functions is to permit a more on-off like behavior of
the controller.

The control error for the DO set-point controller, which has DOref,1 as
output, is given by

e1 =
{

0 if V2 < α2

DOref,2 − DO2 if V2 ≥ α2
, (9.1)

where the parameter α2 is the chosen limit value for the valve opening V2, i.e.
the set-point for the outer DO set-point controller is 0 when the valve opening
is below α2. Clearly, choosing low values for α2 will lead to longer periods
with anoxic conditions in the first compartment. The DO level in the first
aerobic compartment is settled by the control error e1 in (9.1). Now, the idea
is that when the DO level in the first aerobic compartment is too low, then the
aeration in the last aerobic compartment is triggered.
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Considering the inner control loop in Figure 9.4 for the last aerobic zone, it
can be seen that the DO set-point, DOref,3, is determined by the magnitude
of the variable

e2 =
{

0 if V1 < α1

K · DOref,1 − (DO1 + DO3) if V1 ≥ α1
. (9.2)

The parameter α1 is the chosen limit for V1 in the controller which is con-
trolling the valve opening for the last compartment. Thus, the set-point for
the DO set-point controller is 0 when the valve opening, V1, is below α1. The
variable e2 may be considered as a control error, although selected in a rather
ad hoc manner. The configuration of this second cascade strategy, which is
controlling the valve opening for the last compartment V3, is not as obvious
as for the first aerobic compartment. However, the motivation for reducing
the DO concentration in the last aerobic compartment is quite clear. Allowing
the DO level in the last aerobic compartment to be low or even zero will not
only save aeration energy but also improve the denitrification rate, since less
oxygen is recirculated to the first anoxic compartment. One may also consider
this as an enlargement of the deoxic compartment. Thus, the main idea for the
cascade control for the last aerobic compartment is the same as for the first
aerobic compartment, i.e. to aerate the compartment only when necessary.
Moreover, in the cascade control strategy for the last compartment it might be
convenient to include an extra parameter which makes the control more flex-
ible. This is illustrated in Figure 9.4 by the addition of the parameter K. The
positive parameter K can be regarded as design variables, which decide how
much air to add in the last compartment, depending on the DO concentrations
in the first and last aerobic compartments. Since the DO concentration in the
first aerobic compartment is indirectly affected by the influent load, the last
aerobic compartment will be aerated when the influent load is high.

One way to overcome a possible situation where the switch functions are
triggered too frequently might be to introduce a hysteresis switching function.
It is also important that the inner control loop is much faster than the outer
control loop and to implement bumpless transfer and antiwindup functions
in the controller design. The supervisory control strategy described in this
chapter can be regarded as a control of the aeration volume, because the DO
concentrations in the first and last compartments for some periods can be
chosen very low or even zero.

9.5 Simulation Design and Pilot-Plant Set-Up

When traditional PID controllers are used for controlling a process, there are
three design parameters (the proportional gain, Kp, the integral time, Ti, and
the derivative time, TD) that have to be tuned in a proper way in order to
achieve a satisfactory control behavior. How these parameters for the PI con-
trollers were chosen during the benchmark simulation and the pilot-plant eval-
uation, is explained in this section.
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9.5.1 Simulation Set-Up

In the simulations, the default benchmark configuration is used with the cor-
responding model parameters, plant volumes, and flows, see the reference to
the benchmark homepage in Section 9.2. The control performances of the sug-
gested cascade volume control strategies are compared with two other strategies
for controlling the DO in the aerobic compartments. The first one of the two
comparative strategies is a standard constant DO set-point control, and the
second strategy is a supervisory control of the DO based on measurement of
the ammonium concentration in the last aerobic compartment.

The control parameters for the traditional PI controllers in the simulation
study were tuned to make the controller sufficiently fast without frequently
exceeding upper bounds on control signals and without jeopardizing the ro-
bustness properties of the controller. Note that none of the controllers are
optimally tuned. During the benchmark simulations the chosen limit value for
the valve openings were α1 = 0% and α2 = 70%. The chosen values of K was
K = 1.5.

A short description of the different control strategies used in the simula-
tion study is presented below, together with design parameter values of the
comprised PID controllers.

• The aeration volume control strategies; for the aeration volume control
strategies, two simulation examples are considered. The first comprise
a cascade control strategy, where the controller tries to maintain a pre-
specified DO concentration in the second compartment by manipulating
the DO concentration in the first aerobic compartment, see Figure 9.4. In
the last aerobic compartment a constant DO set-point control is applied.
The values of the DO controller parameters for the three aerobic com-
partments is presented in Table 9.2. All three controllers are standard
PI controllers and the DO levels in the compartments are controlled by
manipulating the valve opening for the airflow. The parameter values
for the (outer loop) supervisory set-point controller for the first aerobic
compartment are also given in Table 9.2. The second aeration volume
control strategy is illustrated in Figures 9.3 and 9.4, i.e. the DO set-
point in the last aerobic compartment is also controlled by a supervisory
set-point controller (parameter values are given in Table 9.2). To avoid
that the DO set-point becomes too high, an upper bound of the DO ref-
erence value is set to 3 g/m3 for the first aerobic compartment and to 5
g/m3 for the last aerobic compartment.

• The constant DO set-point control ; in the constant DO set-point control
strategy the same PI control parameter values as in the top of Table 9.2
are used.

• Supervisory set-point control based on measurements of the ammonium
concentration; for the set-point controller based on on-line measurements
of the ammonium concentration, the parameter values of the outer set-
point controller are given in the bottom of Table 9.2. The same DO set-
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point is used in all aerated zones. However, for the inner DO loop, the DO
controllers are speeded up, and the values of the controller parameters
are the same for all three controllers (given in the bottom of Table 9.2).
An upper bound of the DO reference value is set to 5 g/m3 for all aerated
compartments.

Table 9.2: PI parameters for line 1.
Parameters First aerobic Second aerobic Last aerobic

compartment compartment compartment
Kp [d−1] 100 300 300
Ti[d] 0.1 0.01 0.01

Set-point controller, Set-point controller,
Parameters first aerobic last aerobic

compartment compartment
Kp [d−1] 2 1
Ti [d] 0.5 0.6

Set-point controller DO controller
Parameters based on for all aerobic

ammonium meas. compartments
Kp [d−1] 1 500
Ti [d] 0.5 0.005

Three different influent files with the benchmark set-up exist, which re-
present three different weather conditions. The data files, which aim to mimic
real operating conditions during 14 days, are denoted dryinfluent, raininfluent
and storminfluent and, thus, the files are representing dry, rainy and stormy
weather conditions respectively. The sampling interval for the files is 15 min-
utes. In order to have a fair comparison between different control strategies,
the benchmark has to be run to steady-state condition by using a constant
influent file during 100 days, before any simulation run with the weather files.

9.5.2 Pilot-Plant Set-Up

The configuration of the pilot-plant in Hammarby Sjöstad is described in Sec-
tion 9.3. The control parameters in the PI controllers were tuned to make the
controllers as fast as possible without creating an oscillating behaviour. The
same parameter values for the PI controllers, which are controlling the valve
openings for the aerated compartments, were used during the whole evalua-
tion period. Therefore, we concentrate on the chosen values of the controller
parameters specific for the control strategy suggested in this chapter.

The parameters K, α1 and α2 were tuned during periods not included in the
evaluation periods in Section 9.6. The same parameters were thereafter used,
during the evaluation period. The chosen parameter values were, K = 1.7,
α1 = α2 = 95%. In the beginning of the experimental period it was also
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confirmed that an additional multiplicative parameter, K2 = 0.83, for the
supervisory controller of the last aerobic compartment slightly improved the
controller performance. Therefore, the signal K2DO3 was replacing the signal
DO3 in (9.2), which enters the supervisory controller block for the last aerobic
compartment, during the experiment.

9.6 Results and Discussion

9.6.1 Simulation Results

The performance of the different control strategies is evaluated for the last
seven days of simulations using the weather files. Some important criteria
and average effluent concentrations have been evaluated in order to assess the
performance of the control strategies. The chosen criteria studied here are the
pollution index (EQ) and the aeration energy (AE). Further on, the average
effluent concentrations based on load are focused on nitrate (SNO), ammonium
(SNH), total nitrogen (Ntot), and total COD (totCOD).

Simulation studies were also conducted for the constant DO control strat-
egy and the supervisory set-point control strategy based on measurements of
the ammonium concentration. A simulation study was performed where the
reference value in the first aerobic compartment was changed within the inter-
val 0.5 mg/l to 3 mg/l, and the set-point in the other two aerated zones were
kept at the constant value of 2 mg/l. In another study, the behavior of the
supervisory set-point controller, based on measurements of the ammonium con-
centration, was investigated by changing the ammonium set-point for the last
aerobic compartment within the interval 0.5 - 4 mg/l. Both studies revealed
that there is a contrast especially between the objectives of keeping a low con-
centration of effluent ammonium and saving aeration energy. The same is valid
for the case of keeping a low ammonium concentration and a low concentration
of effluent total nitrogen, since a low ammonium level often results in a higher
concentration of nitrate. An acceptable balance between the competitive goals
have been found for the constant DO set-point controller when the reference
value for the first aerated zone is chosen at 1.5 mg/l, and for the supervisory
controller when the ammonium reference value is chosen as 2 mg/l.

The different control strategies are denoted DOCref1,ref2,ref3 where the
subscript denotes the chosen reference values for the aerated compartments.
The result from the simulation study is illustrated in Table 9.3 where criteria
and average effluent concentrations are showed for the constant DO controller,
DOC1.5,2,2, the supervisory DO set-point controller based on ammonium mea-
surements, DOCSNH=2, and the aeration volume set-point controller, suggested
in this chapter, for only the first aerobic compartment, DOCvol,2,2, and for both
the first and the last aerobic compartments, DOCvol,2,vol.

From Table 9.3 it can be concluded that the aeration volume control strat-
egy, DOCvol,2,vol, overall demonstrates a better performance than the other
control strategies. In most cases it has the lowest total effluent nitrogen con-
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Table 9.3: Average effluent concentrations and quality variables dur-
ing dry weather, rainy weather and stormy weather conditions.

Control SNO SNH Ntot totCOD EQ AE
Strategy [mg/l] [mg/l] [mg/l] [mg/l] [g/d] [kWh/d]
(dry weather)
DOC1.5,2,2 12.01 2.66 16.65 48.24 7454 6424
DOCSNH=2 10.37 2.76 15.12 48.48 6913 6340
DOCvol,2,2 11.94 2.62 16.54 48.24 7414 6473
DOCvol,2,vol 11.26 2.44 15.69 48.46 7118 6354
Control SNO SNH Ntot totCOD EQ AE
Strategy [mg/l] [mg/l] [mg/l] [mg/l] [g/d] [kWh/d]
(rainy weather)
DOC1.5,2,2 8.76 3.48 14.60 45.45 8969 6065
DOCSNH=2 8.73 3.06 14.16 45.63 8770 6831
DOCvol,2,2 8.74 3.43 14.54 45.45 8938 6165
DOCvol,2,vol 8.11 3.39 13.89 45.67 8640 5962
Control SNO SNH Ntot totCOD EQ AE
Strategy [mg/l] [mg/l] [mg/l] [mg/l] [g/d] [kWh/d]
(stormy weather)
DOC1.5,2,2 10.17 3.15 15.58 47.66 8183 6395
DOCSNH=2 9.72 2.96 14.95 47.86 7932 6769
DOCvol,2,2 10.11 3.12 15.50 47.66 8150 6457
DOCvol,2,vol 9.62 2.95 14.83 47.87 7887 6356

centration and also the lowest ammonium and AE level. Moreover, under more
extreme weather conditions it seems that the control strategy, DOCvol,2,vol,
outperforms the supervisory DO set-point control strategy, DOCSNH=2, in
terms of total nitrogen and energy consumption, despite the fact that the later
strategy is based on ammonium measurements. One explanation could be that
the aeration volume control strategy, DOCvol,2,vol, responds more rapidly to
incoming disturbances, due to that the DO set-point for the first and second
aerated zones is indirectly affected by a change in the incoming load when the
load reaches the second aerobic compartment. For the strategy DOCSNH=2,
an incoming load disturbance is compensated for when detected by the am-
monium sensor in the last aerobic compartment. It should, however, be noted
that by incorporating feedforward control in the DOCSNH=2 strategy, a fast
response can be achieved, see Vrec̆ko et al. [2005].

9.6.2 Evaluation in the Pilot Plant

The aeration volume control strategy, DOCvol,2,vol, was evaluated at the Ham-
marby Sjöstad pilot plant during the period 2004-07-01 to 2004-08-08. Table
9.4 shows the average concentration of effluent ammonium and nitrate and the
average airflow consumption for the aeration volume control strategy during
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the period of six weeks. In the table the same variables are shown for the
period from 2004-01-01 to 2004-06-30, where a constant DO control strategy
(DOCref1,ref2,ref3) with manually changed set-points was used in the pilot
plant. The values put in brackets show the average concentrations obtained
from laboratory measurements during the same period, i.e. the other values are
collected from on-line measurements. Note that total nitrogen is not measured
on-line. The results shown in Table 9.4 indicate that the aeration volume con-
trol strategy suggested in this chapter gives lower effluent concentrations and
less aeration energy consumption compared to a traditional constant DO con-
trol. However, one important factor to consider when evaluating the results in
Table 9.4 is that the average water temperature was higher during the (sum-
mer) period when the aeration volume control strategy was tested. The table
shows that the difference in temperature between the two periods was 2.4 C.
This implies that during the period with volume control it was, to some ex-
tent, easier to keep low effluent concentrations compared to the period when
the traditional constant DO control strategy was tested.

Table 9.4: Average effluent ammonium and nitrate concentrations and
airflow.

Control SNO SNH Ntot Airflow Temp.
Strategy [mg/l] [mg/l] [mg/l] [m3/h] [C]
DOCvol,2,vol 2.81 1.86 9.22 22.1

(2.24) (4.5) (6.72)
DOCref1,ref2,ref3 5.82 4.94 14.5 19.7

(6.72) (6.67) (12.97)

Figures 9.5 , 9.6 and 9.7 illustrate the result from the volume control strat-
egy tested at the pilot plant during a period in July 2004. Figure 9.5 shows the
DO concentration in the three aerobic compartments. Figure 9.6 illustrates the
corresponding air valve openings, i.e. the control signals. The reference signal
for the second aerobic compartment during the period was 2 mg/l. It can be
seen from Figure 9.5 that around 10, 15 and 35 hours the air supply into the
second compartment is unsatisfactory, which is due to a high load condition
during these periods. At those times, the supervisory controller starts to aerate
the first compartment in order to increase the DO concentration in the second
compartment. At almost the same time the air valves are also opened in the last
compartment in order to further increase the air supply during the high load
condition. Figure 9.7 displays the ammonium and the nitrate concentrations
during the period.
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Figure 9.5: Dashed line illustrates the DO concentration in the first compart-
ment, solid line the concentration in the second compartment, and the dashed-
dotted line the concentration in the last compartment.
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Figure 9.6: Dashed line illustrates the valve opening in the first compartment,
solid line in the second compartment, and dashed-dotted line the valve opening
in the last compartment.
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Figure 9.7: Dashed line illustrates the effluent nitrate concentration. Solid line
shows the effluent ammonium concentration.

9.7 Conclusions

A new aeration volume control strategy for an ASP is suggested and has been
evaluated on a benchmark and in a pilot plant. The control strategy is of a
cascade type and only requires on-line measurements of the DO concentration
in the aerated compartments. The control structure also involves that, besides
the ordinary PI controller parameters, some extra control parameters have be
tuned. The reason for introducing the extra parameters is to achieve a more
distinct control action. The introduction of the extra parameters allows the
operator to control the relative time of anoxic or aerobic conditions in espe-
cially the last compartment in a more flexible way. The control strategy worked
well for the benchmark as well as for the pilot plant, and simulations indicate
that the suggested strategy, at least for more extreme weather conditions, is
even better than a supervisory DO set-point control strategy based on ammo-
nium measurements in the last aerobic compartment. It should be mentioned
that tuning of the aeration volume controller must be done with care to avoid
oscillations.
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K. J. Åström and B. Wittenmark. Computer-Controlled Systems. Prentice-Hall
International Editions, New Jersey, 1990.

215



216 BIBLIOGRAPHY

K. J. Åström and B. Wittenmark. Adaptive Control. 2nd edition, Addison-
Wesley, Reading, Mass, 1995.

M. Bacic, M. Cannon, and B. Kouvaritakis. Feedback linearization MPC for
discrete time bilinear systems. In Proc. 15:th World Congress of IFAC,
Barcelona, Spain, 2002.

R. S. Baheti, R. R. Mohler, and H. A. Spang. Second-order correlation method
for bilinear system identification. IEEE Trans. Autom. Contr., AC–25:1141–
1146, 1980.

Z. Bai. Krylov subspace techniques for reduced-order modeling of large-scale
dynamical systems. Applied Numerical Mathematics, 43:9–44, 2002.

P. R. Barros and B. Carlsson. Iterative design of a nitrate controller using an
external carbon source in an activated sludge process. Wat. Sci. Tech., 37
(12):95–112, 1997.

G. Bastin and D. Dochain. On-line Estimation and Adaptive Control of Biore-
actors. Elsevier, Amsterdam, 1990.

D.J. Batstone, J. Keller, I. Angelidaki, S. V. Kalyuzhnyi, S. G. Pavlostathis,
A. Rozzi, W. T. M. Sanders, H. Siegrist, and V. A. Vavilin. Anaerobic
Digestion Model No. 1 (ADM1). IWA Publishing, Bedfordshire, 2002.

S. Beghelli, R. P. Guidorzi, and U. Soverini. The Frisch scheme in dynamic
system identification. Automatica, 26:171–176, 1990.

R. Bellman. Dynamic Programming. Princeton University Press, Princeton,
1957.

A. Benallou, D. A. Mellichamp, and D. E. Seborg. Optimal stabilizing con-
trollers for bilinear systems. Int. J. Control, 48(4):1487–1501, 1988.

M. D. DI. Benedetto and A. Isidori. Triangular canonical forms for bilinear
systems. IEEE Trans. Autom. Contr., 23(5):877–880, 1978.

O. Bernard, M. Polit, Z. Hajd-Sadok, M. Pengov, D. Dochain, M. Estaben, and
P. Labat. Advanced monitoring and control of anaerobic wastewater treat-
ment plants: III - software sensors and controllers for an anaerobic digestor.
In Proc. 5:th IWA Int. Symp., volume 3, pages 65–72, Gent, Belgium, 2000.

S. A. Billings and S. Y. Fakhouri. Identification of systems containing linear
dynamic and static nonlinear elements. Automatica, 18:15–26, 1982.

H. H. J. Bloemen, M. Cannon, and B. Kouvaritakis. Interpolation in MPC for
discrete time bilinear models. In Proc. American Control Conference, pages
3061–3066, 2001a.

H. H. J. Bloemen, T. J .J van den Boom, and H. B. Verbruggen. An opti-
mization algorithm dedicated to a MPC problem for discrete time bilinear
models. In Proc. American Control Conference, pages 2376–2381, 2001b.



BIBLIOGRAPHY 217

H. H. J. Bloemen, T. J .J van den Boom, and H. B. Verbruggen. On the trade-off
between feasibility and performance in bilinear and state-affine model-based
predictive control. Int. J. Control, 75(4):275–284, 2002a.

H. H. J. Bloemen, V. Verdult, T. J. J. van den Boom, and M. Verhagen. Bilinear
versus linear MPC: Application to a polymerization process. In Proc. 15:th
World Congress of IFAC, Barcelona, Spain, 2002b.

R. W. Brocket. System theory on group manifolds and coset spaces. SIAM J.
Contr. and Optimiz., 10:265–284, 1972.

R. W. Brockett. Volterra series and geometric control theory. Automatica, 12:
167–176, 1976.

H. Brouwer, M. Bloemen, B. Klapwijk, and H. Spanjers. Feedforward control of
nitrification by manipulating the aerobic volume in activated sludge plants.
Wat. Sci. Tech., 38(3):245–254, 1998.

C. Bruni, G. Dipillo, and G. Koch. Bilinear systems: An appealing class
of nearly linear systems in theory and applications. IEEE Trans. Autom.
Contr., 19(4):334–348, 1974.

L. Brus. Nonlinear identification of a solar heating system. In Proc. CCA,
Toronto, Canada, 2005a.

L. Brus. Nonlinear identification of an anaerobic digestion process. In Proc.
CCA, Toronto, Canada, 2005b.

A. E. Bryson and Y.-C. Ho. Applied Optimal Control - Optimization, Estima-
tion, and Control. NY:Hemisphere, 1975.

B. Carlsson, C-F. Lindberg, S. Hasselblad, and S. Xu. On-line estimation of
the respiration rate and the oxygen transfer rate at Kungsängen wastewater
plant in Uppsala. Wat. Sci. Tech., 30(4):255–263, 1994.

B. Carlsson and R.H. Milocco. A simple stratgy for controlling the nitrate
concentration in an activated sludge process using external carbon flow rate.
Latin Am. Appl. Res., 31(2):115–120, 2001.

B. Carlsson and A. Rhenström. Control of an activated sludge process with
nitrogen removal - a benchmark study. Wat. Sci. Tech., 45(4–5):135 – 142,
2002.

J. L. Casti. Nonlinear system theory. Academic Press, London, 1985.

W. A. Cebuhar and V. Costanza. Approximation procedures for the optimal
control of bilinear and nonlinear systems. J. Optimiz. Theory and Appl., 43
(4):615–627, 1984.

B. Chen and N. S. Hsu. Analysis and parameter estimation of bilinear systems
via block-pulse functions. Int. J. Control, 36:53–65, 1982.



218 BIBLIOGRAPHY

H. Chen, A. S. I. Zinober, and R. Ruan. Strong consistency and convergence
rate of parameter identification for bilinear systems. Int. J. Control, 63:
907–919, 1996.

M. S. Chen, Y. R. Hwang, and Y. J. Kuo. Exponential stabilizing division
controllers for dyadic bilinear systems. IEEE Trans. Autom. Contr., 48(1):
106–110, 2003.

S. Chen and S. A. Billings. Neural networks for nonlinear dynamic system
modelling and identification. Int. J. Control, 56:319–346, 1992.

M. S. Chin. Bilinear system control with exponential stability. In Proc. Ameri-
can Control Conference, pages 3220–3223, Philadelphia, Pennsylvania, 1998.

J.H. Cho, S.W. Sung, and I.B. Lee. Cascade control strategy for external
carbon dosage in predenitrifying process. Wat. Sci. Tech., 45(4-5):53–60,
2002.

P. D. Christofides. Robust output feedback control of nonlinear singurlarly
peturbed systems. Automatica, 36:45–52, 2000.

P. Cianchi, S. Marsili-Libelli, A. Buchi, and S. Burchielli. Integrated river
quality management using internet technologies. In Proc. 5:th IWA Int.
Symp., volume 4, pages 55–62, Gent, Belgium, 2000.

J. R. Cloutier and D. T. Stansbery. Control of a continuously stirred tank
reactor using an asymetric solution of the state-dependent ricatti equation.
In Proc. IEEE Int. Conference on Control Applications, Hawai, USA, 1999.

T. B. Co and S. Ungarala. Batch scheme recursive parameter estimation of
continuous-time systems using the modulating functions method. Automat-
ica, 33(6):1185–1191, 1997.

G. Corra. Necessary and sufficient conditions for bounded-input/bounded-
state stability of discrete-time, bilinear systems. SIAM J. Matrix Analys.
and Appl., 14(3):712–720, 1993.

H. Cramer. Mathematical Methods of Statistics. Princeton University Press,
Princeton, 1946.

S. Daniel-Berhe and H. Unbehauen. Bilinear continuous-time system identi-
fication via Hartley-based modulating functions. Automatica, 34:499–503,
1998.

G. H. M. de Arruda and P. Barros. Gain and phase margins tuning for a PI ni-
trate controller in an activated sludge process. In Proc. 1:st IWA Conference
on ICA, volume 1, pages 59 – 66, Malmö, Sweden, 2001.
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D. Dochain and P. A. Vanrolleghem. Dynamical Modelling and Estimation in
Wastewater Treatment Processes. IWA Publishing, 2001.

S. Dunoyer, L. Balmer, K.J. Burnham, and D. J. G. James. Systems modelling
and control for industrial plant: a bilinear approach. In Proc. 13:th Triennial
World Congress of IFAC, San Francisco, USA, 1996.

S. Dunoyer, L. Balmer, K.J. Burnham, and D. J. G. James. On the discretiza-
tion of single-input single-output bilinear systems. Int. J. Control, 68(2):
361–372, 1997.

M. Ekman. Urban water management - Modelling, simulation and control of
the activated sludge process. Licentiate thesis, 2003-005, Uppsala University,
Division of Systems and Control, 2003.

M. Ekman. Identification of linear systems with errors in variables using sepa-
rable nonlinear least squares. In Proc. 16:th IFAC World Congress, Prague,
Czech Republic, 2005a.

M. Ekman. Suboptimal control for the bilinear quadratic regulator problem:
Application to the activated sludge process. IEEE Trans. Contr. Syst. Tech.,
13(1):162–168, 2005b.

M. Ekman, B. Björlenius, and M. Andersson. Control of the aeration volume
in an activated sludge process using supervisory control strategies. Water
Research, (Submitted), 2005.

M. Ekman and B. Carlsson. Informationssystem inom VA-sektorn - en förstudie
för projekt lokalt reningsverk för hammarby sjöstad, etapp 1. In Technical
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L. Grüne. Numerical stabilization of bilinear control systems. SIAM J. Contr.
and Optimiz., 34(6):2024–2050, 1996.
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