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1. Introduction

A question which often arises when discussing physics and space is: “what
is the difference between astro physics and space physics”? A relevant ques-
tion, since both topics seems to deal with physics in space. The difference can
perhaps be described in the following way: astrophysics deals with observa-
tions at a distance (by using e.g. telescopes), while space physics deals with
measurements in situ, i.e. at site (by going to the place of interest with satel-
lites). This is of course not the whole explanation, but it emphasizes the main
differences.

The similarity is that both deal to a large extent with something called plas-
mas. Plasmas are usually referred to as the fourth state of matter1. By heating
a piece of matter, the material goes through the chain of states: solid, liquid,
gas and then plasma. The plasma state is characterized by the gas being ion-
ized. In a plasma the neutral atoms are separated into electron(s) and ion(s).
Hence we could say that a plasma is an electrically charged gas. On average,
the plasma is still neural. This condition is called quasi-neutrality. As such, a
plasma is very complicated to describe, since besides being a gas, the charge
separation makes electromagnetic forces important.

Although plasmas are not very common in our everyday life on Earth, one
example of plasmas on Earth is lightning discharges, people are often sur-
prised to learn that the dominant part of all matter in our universe is in the
plasma state. Likewise, people are often taught that space around us is empty,
the space is vacuum. This is not true. Although space is almost void, it is filled
with plasma, albeit of an extremely low density. This does not mean that it is
not important. On the contrary, our near Earth space environment directly af-
fects us and our every day life to some extent. A significant amount of research
effort is devoted to the new area of space science called space weather. One
striking example of plasma phenomena in space near us, at least for inhabi-
tants of northern countries, is Aurora Borealis (northern lights). Other effects
we can immediately note include phenomena like geomagnetic storms, which
can disrupt communication networks and commercial satellites.

This thesis deals with plasma physics, focusing on space plasma physics,
although some of the results have wide application and importance for other

1This is partly true. The argument against this has something to do with a phenomena called
phase transitions.
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areas where plasmas occurs, such as astrophysics or fusion research. By us-
ing scientific satellites equipped with state of the art instrumentation for an-
alyzing plasma phenomena, information on plasma waves is obtained, ana-
lyzed and compared with theoretical models. Also, by using novel techniques
and utilizing data from several spacecraft simultaneously, a new class of ob-
jects were found in the space plasma close to Earth: a kind of plasma vortices
(whirlpools) in space.

In writing this thesis the aim has been to provide a background to the papers
it is comprised of, at a level suitable for a general physicists, and in particular
for someone familiar with space physics. This is not an easy task, consider-
ing the broad spectrum of topics covered: electromagnetism, hydrodynamics,
statistical mechanics, turbulence theory, general space physics, hardware in-
strumentation, mathematical physics etc. We will show how these topics, and
the papers, relate to each other.
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2. The magnetosphere and Cluster

In which we introduce the notion of the magnetosphere, and the Cluster mis-
sion as an unprecedented diagnostic tool designed to reveal new information
on what is going on in space around us.

2.1 Cluster: the first multi-spacecraft mission

The near Earth space environment is globally determined by the extension of
the sun’s corona: a stream of plasma from the sun called the solar wind. When
the solar wind hits the Earth’s intrinsic magnetic field it dynamically creates
the cavity in the solar wind called the magnetosphere. See Figure 2.1 for an
overview of the magnetosphere.

The year 2000 saw the launch of a satellite mission which was designed to
open a new window in space plasma physics research in the magnetosphere. It
was the Cluster mission, an ESA cornerstone mission comprised of four iden-
tical spacecraft flying in formation, orbiting the Earth. Beside having state of
the art instrumentation [9] for measuring plasma parameters, the key novelty
with Cluster is that it is comprised of four spacecraft, which is a first in space
science missions. To obtain information on changes in both space and time,
more than one spacecraft is needed. The sampling of plasma parameters is
made in space as well as in time.

One example where it is important to distinguish between space and time
effects is plasma waves. Waves are not only described by frequencies (tem-
poral features) but also described by wavelengths (spatial features). The min-
imum number of points in space needed to obtain information about three-
dimensional spatial features is four. This is the reason why the Cluster mission
is comprised of exactly four satellites flying in formation like the corners of a
tetrahedron. The study of waves is important in space plasma physics. Waves
and their interaction with the particles are responsible for the energy transfer
and reorganization that continuously takes place in the collisionsless plasma
in the magnetosphere.
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Figure 2.1: An overview of the magnetosphere. The polar cusps, where the space
plasma measurements for this thesis have been made, are the magnetic throttles in-
dicated in the sketch. The image shows the Cluster orbit in the magnetosphere, and
was specifically created to show the location of the satellites for the event analyzed in
Paper II. Image courtesy: NATURE. Adapted from [11].

2.2 The role of the cusp
One of the key areas of interest in the magnetosphere targeted by the Clus-
ter mission is the polar cusps. When the supersonic1 solar wind approaches
the magnetosphere, it is slowed down to subsonic speeds and a bowshock is
formed. The solar wind plasma downstream of the bowshock flowing around
the magnetosphere is called the magnetosheath. The polar cusps are the mag-
netic funnels in the magnetosphere where solar wind plasma from the mag-
netosheath has direct entry and can flow down towards the Earth’s ionosphere
(Figure 2.1). Usually the polar cusps separate the magnetic field lines of the
dayside magnetosphere from the field lines extending to the magnetospheric
tail. The plasma in the cusps are mainly of magnetosheath origin. A small
fraction of the cusp plasma is coming from the ionosphere, outflowing from
lower altitudes due to heating by plasma waves.

The polar cusps are key points of interest in the magnetosphere because of
the large amounts of energy transfer and reorganization that takes place, by
large scale processes such as solar wind/magnetosheath flow, low and high

1actually super Alfvénic, i.e. faster than the characteristic Alfvén speed, which will be defined
in the next section.
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latitude reconnection2 and microscale processes driven by plasma waves. Pa-
per I addresses the role of low-frequency plasma waves for energy transport
in the cusp, and how some of them might be generated by local processes in
the cusp, see Section 3.1. Paper III addresses the high-frequency waves in the
polar cusp and their possible generation mechanism, see Section 3.2. The cusp
is known to be a region exhibiting a large degree of turbulence. This impor-
tant aspect of plasma physics and its consequences has not been investigated
in much detail before. In Paper II and Chapter 4 the role of turbulence in the
cusp and some of its manifestations are addressed.

2Reconnection is a process where a topological change in the magnetic field converts piled up
magnetic energy into kinetic energy of the plasma particles.
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3. Waves and instabilities in the
high-altitude cusp

In this chapter we use satellite observations and in particular the
multi-spacecraft capabilities of Cluster to discern which wave modes exist in
the high-altitude cusp. The waves are analyzed with respect to frequencies,
length scales, Poynting flux and instabilities.

3.1 Low-frequency waves
3.1.1 Observations and wave dispersion relations
Observations of low-frequency waves in the cusp
An example of waves and particles observed in the high-altitude cusp is shown
in Figure 3.1. These observations and their interpretation is presented in Pa-
per I. In the top panel, the location of the Cluster spacecraft and part of the
trajectory (red line) in the cusp boundary layer is shown, together with the
background magnetic field lines from a model. The second panel is an ion
spectrogram, showing the number flux of protons as a function of time and en-
ergy. Around the time 02:50, the spacecraft enters a region with an increased
proton flux. At the same time, enhanced magnetic field fluctuations occur,
seen in the bottom panel. The frequency regime in the figure cover the range
of frequencies from almost DC and up to about 10 Hz. See Figure 3.2 for a
detailed spectrogram. For the plasma parameters in this event, it corresponds
to frequencies around the proton gyrofrequency1, fcp, which in this event is
1.6 Hz. This is the domain of Alfvén waves and ion cyclotron waves.

Kinetic Alfvén waves and ion-cyclotron waves
When a plasma is sufficiently magnetized, the ambient magnetic field B0

tends to decouple the disturbances along and across the magnetic field. As-
suming that the pressure is not important at all (what is usually referred to as
a “cold” plasma) a plasma can sustain two basic wave modes in the range of
frequencies below the proton gyrofrequency, so called magnetohydrodynamic

1The frequency with which the protons gyrates around the magnetic field lines. The angular
gyrofrequency ωcp = 2πfcp is most often used in formulas.

7



02:30 02:40 02:50 03:00 03:10

X [Re]

Z [Re]

10

cusp

Cluster

polar cap

10

5

5

1

10

f 
[H

z
]

-8

-6

-4

-2

0

lo
g

1
0
B

 [
n

T
2
/H

z
]B spectra

log(flux)

[1
/c

m
2
 s

 s
tr

 (
e

V
/e

)]

5.6

3.9

2.1

104

103

102

101

E
 [
e
V

]

polar cap boundary layer polar cap/cusp high latitude boundary layer cusp poper

cusp

ions

Figure 3.1: Location of the Cluster satellites, and particle and wave observations in
the cusp. Adapted from Paper I and Paper II.

(MHD) waves. These modes are the shear2 Alfvén and compressional3 Alfvén
waves. The most simple description of these waves are the plasma dispersion
relations

ω2 = k2v2
A cos2 θ = k2

‖v
2
A (shear) (3.1)

ω2 = k2v2
A (compressional) (3.2)

where ω is angular frequency, k = ‖k‖ the wave number, vA = B0/
√

µ0ρ the
Alfvén speed, ρ the density and θ the angle between the wave normal direction
k and the background magnetic field B0. Adding a pressure term modifies the
equations and splits the compressional wave into two different modes, called
the fast and slow magnetosonic waves, while the shear Alfvén waves remain
unchanged. Of these waves the shear Alfvén wave, Equation (3.1), is of par-
ticular interest. This wave represents transverse fluctuations δB to the back-
ground magnetic field B0. It is guided by B0 and can transport large amounts
of electromagnetic energy in the form of Poynting flux over large distances.

2also called the slow, or the torsional Alfvén wave
3also referred to as the fast, or magnetosonic, or ion-whistler wave
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Taking kinetic effects (due to the thermal motion of the particles) into account,
in a sufficiently magnetized plasma, me/mi � β � 1, where β is the ratio of
kinetic to magnetic pressure, the shear Alfvén wave is for large perpendicular
wavenumbers k⊥, called the kinetic Alfvén wave. For frequencies well below
the ion gyrofrequency ω � ωci, it is described by the approximate dispersion
relation

ω2 = k2
‖v

2
A

[
1 + k2

⊥ρ2
i

(
3
4

+
Te

Ti

)]
. (3.3)

The additional terms are corrections due to the finite ion gyroradius (ρi) and
the finite electron pressure (Te/Ti).

Closer to the ion gyrofrequency, which is a resonance frequency in a mag-
netoplasma, things get more complicated. Close to the cyclotron frequency
for large k⊥, it is not possible to write down a simple analytical dispersion
relation, such as Equation (3.3). In a warm plasma due to the finite size of
the gyroradius, a new kind of waves appear, so called Ion Cyclotron (IC)
waves. These waves thus do not occur in a cold plasma. IC waves are of ut-
most importance, due to their ability to heat the plasma by cyclotron heating,
a process naturally occurring in the cusp [3], and utilized in the laboratory to
heat plasma in fusion experiments [8]. The ion cyclotron waves can be of two
types, ordinary and extra-ordinary [1, 22], which refers to their polarization,
left-handed or right-handed with respect to B0, respectively. Ion cyclotron
waves occurs normally close to multiples of the cyclotron frequency ωci. In
the range me/mi � β � 1, the extra-ordinary ion cyclotron waves can cou-
ple to the fast Alfvén wave (compressional, right-handed), and the ordinary
ion cyclotron waves to the shear/kinetic Alfvén wave (transverse, left-handed)
in the low frequency limit.
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3.1.2 Multi-spacecraft determination of wavelengths
As noted above in Section 2.1, one of the main reasons for building the Cluster
spacecraft was to investigate spatial phenomena in space plasmas. A plasma
wave is usually described in Fourier domain, obtained through a Fourier trans-
form in time and space (t, r) → (ω,k). In this domain partial differential
equations describing waves become simple as time derivatives are transformed
into frequencies ∂/∂t → iω and spatial derivatives are transformed into wave
vectors ∇ = ∂/∂x → ik. Information on frequencies ω is obtained by sam-
pling the wave field in time, while information on wavevectors k can only be
obtained by measuring at several points in space simultaneously.

To infer the wavelengths of the waves, we applied in Paper I the cross-
spectral analysis technique [19] on simultaneous wave signals from differ-
ent spacecraft. Together with information on the spatial location of the Clus-
ter satellites, this gives us information on phase velocities of the waves, and
subsequently their wavelengths. By comparing the resulting frequencies and
wavelengths with theoretical values from the dispersion relations, one may
conclude which wave modes are present in the plasma. The result is that, the
wavelengths both below and around the proton gyrofrequency ωcp is very long
in parallel direction, λ‖ � ρp, where ρp is the proton gyroradius, and short
in perpendicular direction λ⊥ � 2 − 4 ρp. The observations were consistent
with the waves being kinetic Alfvén waves at frequencies below the local ωcp,
and ion-cyclotron waves at frequencies around and above ωcp. According to
our analysis, the fast magnetosonic wave mode, Equation (3.2), is not present
in this plasma to any significant degree.

3.1.3 Poynting flux
Waves with extremely low frequencies, around and below ωcp, are important
in space physics for many reasons. One is that they carry most of the wave
electromagnetic energy. Shear Alfvén waves, which have the group velocity
almost parallel to B0 (Section 3.1) is of special significance since they can
transport electromagnetic energy over large distances along the field lines.
Energy in space plasmas is transported both in the form of particles, and by
waves. The energy flux in an electromagnetic wave is described by the Poynt-
ing vector, defined as the cross product of the electric and magnetic fields

S =
1
µ0

E × B. (3.4)

It is of interest to investigate the ratio of particle power flux to wave
Poynting flux both from a global perspective, and from the point of view
of wave-particle interaction. The configuration and instrumentation of the
Cluster spacecraft made it possible to investigate the parallel component of
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the (low-frequency) Poynting flux in the cusp boundary layer. The result of
the analysis is shown in Figure 3.3, both as a function of frequency (panel
a), and integrated over time

∫
Sdt (panel b). The calculations, which are

presented in detail in Paper I, show that most of the energy is transported by
particles (ion power flux), about 40 times more than the Poynting flux at very
low frequencies. This is to be expected, since ultimately the energy is coming
from the solar wind as particle flux.

The wave-particle interaction of these waves is investigated in Section 3.1.4
below. The generation mechanism of the ion-cyclotron waves is however in-
dicated already by the Poynting flux. The flux below and above the local ωcp

is downward and upward respectively, as seen in Figure 3.3. This is consistent
with a local generation at the ωcp, in a converging dipole field: at lower alti-
tudes, the magnetic field is stronger, and waves generated at lower altitudes
traveling upwards should be seen at higher frequencies. Similarly for waves
generated at higher altitudes, they should be observed at lower frequencies
traveling downwards. This is precisely what is observed. The instability re-
sponsible for the wave generation close to the proton gyrofrequency is dis-
cussed next.

3.1.4 Ion-shell instability and ion-cyclotron waves
Microinstabilities in plasmas
One usually classifies plasma instabilities into two types: microinstabilities
and macroinstabilities. Both types of instabilities are due to non-equilibrium
states of the plasma. Instabilities of macro-type refer to coordinate space non-
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equilibrium (velocity shear, density inhomogeneities etc), while micro-type
instabilities refer to non-equilibrium in velocity space. Macroinstabilities are
responsible for e.g. drift-waves, which are important in the formation of co-
herent structures, which we discuss later in Chapter 4. This section deals with
microinstabilities, which turns out to be important for the formation of ion-
cyclotron waves, observed in the cusp.

Observations of ion distribution functions
An example of an ion distribution function observed in the high-altitude cusp
boundary layer is shown in Figure 3.4. It is of a partly developed shell type,
commonly referred to as a horse-shoe type distribution4. Such distribution
functions can be formed by time-of-flight effects from the reconnection site,
in this case for northward interplanetary magnetic field situated at higher al-
titudes and latitudes, tailward of the cusp. The reconnection process creates
field aligned ion-beams. The more energetic ions have the highest velocity
and are the ones observed first when entering “new” cusp field lines. The less
energetic particles are observed later, on “older” field lines. In a converging
magnetic field, as in the cusps above the poles, the conservation of the first
adiabatic invariant causes the particles to pitch-angle spread. An initial beam-
like distribution of energetic ions will then develop first to a horse-shoe type
distribution, and later when the particles have had time to reflect and move
back up the field lines, into a developed shell.

Numerical modeling, dispersion relation and growth rate
This kind of ion-shell distribution functions can be unstable. The thermal
speed of the particles are of the same order as the (perpendicular) phase ve-
locity of the waves observed in Paper I, and resonant interaction of the waves
and particles can occur. The observed distribution functions could e.g. be mod-
eled by a spherical shell represented by a delta function, and be examined for
instability by analytical means. This has been done in other regions of the
magnetosphere for different wave modes, see e.g. [4, 5, 14, 17].

In Paper I we instead use an approach based on modeling of the observed
distribution together with a numerical solution of the possible dispersion rela-
tions. In this way, realistic estimates of the wave growth can be obtained and
compared with measurements. To this end, the program package WHAMP
[29] was used. Since the observations showed the existence of electromagnetic
ion-cyclotron waves with large k⊥, we looked for this mode in the instability
analysis. In Figure 3.5 the result of the analysis is shown. The ion-cyclotron
mode for frequencies around ωcp is indeed unstable for the observed distribu-
tion functions, as seen from the growth rate in panel b. Moreover, the numeri-

4Called shells and horseshoes because of the resemblance when depicted in velocity space.
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Figure 3.4: Ion distribution function measured in the high-altitude cusp. The distri-
bution function is of a partly developed shell-type, or as often called, a horseshoe
distribution. The horizontal axis is the perpendicular velocity while the vertical axis is
the parallel velocity. Color code is phase space density. Adapted from Paper I.

cal result for the wavelength is in agreement with observations λ ∼ 2 − 4 ρp,
as is also the case for the E⊥/B⊥ ratio (panel c).

3.1.5 Summary of low-frequency waves
In summary, the analysis of the observations in the cusp is consistent with
waves having small perpendicular wavelengths, belonging to the kinetic
Alfvén and electromagnetic ion-cyclotron (Bernstein) wave branches
respectively. The dominant part of the energy flux is carried by the particles,
and most of the wave Poynting flux is carried by low frequency waves.
The distribution of Poynting flux as a function of frequency, and the ion
distribution functions suggest that ion-cyclotron waves are locally generated
in the cusp.

3.2 High-frequency waves
3.2.1 Observations
Waves at high-frequencies (electron time scales) in the high-altitude cusp has
not been covered in very much detail before in the literature, although there
are some reports on electron cyclotron waves in the cusp and their possible
generation mechanisms [23, 24]. These earlier works suggested that the elec-
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pendicular wavenumber. The middle panel shows the linear growth rate. Dots refer
to negative imaginary parts, i.e. damping, while crosses refer to positive values, i.e.
growth. The last panel shows the E⊥/B⊥-ratio. Adapted from Paper I.

tron cyclotron waves were generated by field-aligned beams. Surprisingly we
find that these waves as well as other observed wave modes can be generated
by the electron shell-type instability, i.e. similar to the ion shell instability
generating ion-cyclotron waves. Figure 3.6 shows a typical high-frequency
spectrogram from the high-altitude cusp. We note the presence of several har-
monics of the electron cyclotron frequency and continuous emissions above
the (electron) plasma frequency ωpe.

3.2.2 The electron shell at low energies

In contrast to earlier studies [24], in the analyzed events of Paper III we find no
electron cyclotron waves observed simultaneously with strong parallel elec-
tron beams. On the other hand, shell-type distributions were found to occur
when electron cyclotron harmonic waves were observed. One example of an
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Figure 3.6: Electric field spectrogram up to 80 kHz, from a southern cusp cross-
ing. The lower panel shows the detailed spectrum from 22:24 UT. The lower fre-
quency peaks coincides with the multiples of the electron cyclotron frequency (dotted
lines). The upper-hybrid and the plasma frequency are marked with solid lines, around
38 kHz. Adapted from Paper III.

electron distribution function is shown in Figure 3.7. This is a shell-type distri-
bution, which can be recognized from that there are less electrons at energies
below 10 eV than above. Superimposed on the observed distribution function
is a model, constructed from multiple Maxwellian distributions, to capture
the important features of the observed distributions, such as the positive slope
in velocity space at low energies. The analytical properties of the instability
of electron cyclotron waves for an electron (delta function) shell-distribution
has been extensively covered in the literature [34, 35]. However, our obser-
vations showed a number of other wave modes present in the cusp plasma.
Investigating all those possible wave modes separately by analytical means is
cumbersome. As in the ion case, we use the numerical approach instead.

3.2.3 Numerical dispersion relations
The model distribution function from Figure 3.7 was used as input to the pro-
gram package WHAMP. The wave modes observed in the data were selected
for an instability analysis. The resulting dispersion relations are presented as
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Figure 3.7: Electron distribution functions in high-altitude cusp. The figure shows
measured phase space density as a function of particle energy. Superimposed on the
measured values is a model used for an instability analysis.

dispersion surfaces [2], displaying frequency as a function of both parallel and
perpendicular wave number. The electron cyclotron modes are displayed si-
multaneously with the whistler mode in Figure 3.8. The linear growth rate, i.e.
the imaginary part of the wave frequency, is represented by the color code on
the surfaces. Blue refers to damped waves, while red refers to growing waves.
Growth is found for upper-hybrid waves and the electromagnetic continuous
RX-mode (see Paper III). The instability analysis shows that growth occurs
on all the frequencies observed in the data.

By making a cut for a specific k‖ in Figure 3.8, dispersion curves as a
function of k⊥ are obtained. These are shown in Figure 3.9. Investigating
the obtained modes in more detail indicates that some fine structure should
be observed. For example Figure 3.9 tells us that the harmonic peaks should
possibly have double peaks instead of a single peak. This could be observed,
given enough resolution. A detailed analysis of the electric field spectrum ob-
tained with the high-resolution WBD instrument is shown in Figure 3.10. The
observed spectrum shows a striking agreement with the numerical result from
the model. From lower to higher frequencies the peaks are the lower-hybrid,
and the first, second and third multiples of the electron cyclotron frequency,
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respectively. The double peaks in the harmonics of the electron cyclotron fre-
quency are in good qualitative and quantitative agreement with the model.

3.2.4 Summary of high-frequency waves
Observations indicate that a multitude of different high-frequency wave modes
are present in the cusp: electron cyclotron waves, whistler waves and waves
above the electron plasma frequency. A generation mechanism common for
all these wave modes is proposed, which is due to a shell-like distribution of
electrons at low energies. Numerical calculations of wave growth, based on
the observed energy distribution functions, show that wave growth occurs at
several wave modes all of which can be identified in the observations. Also,
a possible connection between low- and high-frequency waves is suggested
for the creation of the electron shells: The kinetic Alfvén waves and ion-
Bernstein waves present in the cusp sustain a parallel electric field, which can
accelerate the electrons in parallel direction. The electrons subsequently pitch-
angle spread in the converging magnetic field and shell-type distributions are
formed.

17



10
−3

10
−2

10
−1

10
0

10
1

0

0.5

1

1.5

2

2.5

3

p

z=0.0002512

f/f
c

10
−3

10
−2

10
−1

10
0

10
1

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

p

|fi
m

/fc
|

Figure 3.9: Some of the modes obtained from a numerical solution of the dispersion
relations for a model of the electron distributions in the cusp. The top panel shows the
frequency as a function of the perpendicular wavenumber. The bottom panel shows
the imaginary part of the frequency, where the crosses indicates growth, while dots
indicates damping. Fine structure of the electron Bernstein waves can be anticipated
from this result.

18



Figure 3.10: Electric field spectrogram from the WBD instrument on Cluster. The
peaks are located at (from lower to higher frequencies) the lower-hybrid and the first
multiples of the electron cyclotron frequency (red lines). The fine structure in the
harmonic bands can be compared with the predicted result from the numerical model.
Black lines are 1.1, 2.1 and 3.1 times fce.
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4. Turbulence and nonlinear dynamics
in the cusp

Here the concept of turbulence is introduced and its characteristics is ex-
plained in a phenomenological way. The path of statistics is then immedi-
ately disembarked and the problem is instead attacked by examining multi-
spacecraft time-series, and along the way a new discovery is made.

4.1 What is turbulence?
Turbulence is everywhere. It is a ubiquitous phenomenon inherent to many
physical systems, spanning such different areas as hydrodynamics and plas-
mas to the dynamics of clusters of galaxies. Everyone who has looked at
the turmoil of a stream in a river has observed one manifestation of what
physicists call turbulent flow. The concept was noted as important already
by Leonardo da Vinci who was the first to try and study la turbolenza (Fig-
ure 4.1). Despite the widespread occurrence in physical systems, turbulence
theory is not part of the usual curriculum for a physicist. In order to explain the
findings in Paper II we must therefore first present the fundamental concepts
of turbulence.

Turbulence is an inherently nonlinear phenomena involving fluctuations
and interactions on many different scales. Turbulence was originally studied
in neutral fluids (hydrodynamics), governed by the Navier-Stokes equation

∂v
∂t

+ (v · ∇)v = −1
ρ
∇p +

µ

ρ
∇2v. (4.1)

which is the moment equation of an element of fluid with velocity v, where
µ is the viscosity, ρ the density and p the pressure, It is here written for an
incompressible fluid and where µ is not spatially dependent. While all of (hy-
drodynamical) turbulence can be said to be contained in the Navier-Stokes
equation, we still do not have a deterministic theory of turbulence due to the
complexity of the phenomena. Turbulence at first sight look stochastic in na-
ture. In describing turbulence one usually resort to averages and statistical
descriptions such as correlation functions and probability density functions.
The modern study of turbulence was introduced by Kolmogorov in 1941 [16],
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Figure 4.1: Leonardo da Vinci (1452-1519) was the first we know who noted the
importance of the phenomena of turbulence and tried to describe it in a scientific way.
Image courtesy: The Royal Collection, Her Majesty Queen Elizabeth II. RL 12660v.

who used a phenomenological approach and presented dimensional scaling
arguments to show how energy should be transfered from large scales (energy
injection) towards smaller scales, see Figure 4.2. This Richardson cascade, or
transport of energy from larger scales towards smaller scales is mediated by
interaction of waves and eddies at neighboring wavenumbers in the inertial
range (wavenumber range with no energy sources or sinks). Thus, we could
say that the turbulent state is characterized as a state of constant instability.
Ultimately, when the dissipation range is reached and no new unstable modes
exist, the energy must dissipate into heat.

While turbulence was originally studied in neutral fluids (hydrodynam-
ics), the object for our interests is turbulence in magnetized plasmas. Low-
frequency turbulence in plasmas have mostly been studied in the framework
of magnetohydrodynamics (MHD). For an incompressible magnetoplasma the
basic equations governing MHD turbulence are expressed by the momentum
equation

∂v
∂t

+ (v · ∇)v = −1
ρ
∇p +

1
µ0ρ

(∇ × B) × B + ν∇2v. (4.2)
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Figure 4.2: The classical Kolmogorov spectrum with slope -5/3 and the Richardson
cascade. Energy is inserted into the system at some large scale, and transferred via
dissipationless turbulent cascade towards larger wavenumbers in the inertial range, to
finally be converted into heat at the dissipation scale.

and the induction equation

∂B
∂t

= ∇ × (v × B) + µ∇2B. (4.3)

where ν = µ/ρ is the the kinematic viscosity. Clearly, the introduction of
electromagnetic fields make MHD turbulence even more complex than hy-
drodynamical turbulence.

While Kolmogorov imposed certain assumptions in his original theory,
among them isotropy, we note that MHD turbulence is different due to the
anisotropy introduced by the ambient (background) magnetic field B0. When
the magnetic energy density is large enough compared to the thermal energy
density of the particles, the isotropy condition is broken and the parallel (with
respect to the background magnetic field) and perpendicular dynamics tend to
decouple. In 1967, Kraichnan [18] showed that for (quasi-)two-dimensional
hydrodynamical turbulence, the spacefilling Richardson cascade is not
adequate. There might be regions of the spectrum that admit an inverse
cascade. This cascade is a consequence of additional conserved quantities
beside energy, and acts as a suppressor of the turbulence. As result, the slope
of the spectrum in the inertial range will be different from the Kolmogorov
case.
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4.2 Drift-wave turbulence and structures
When the restraint of homogeneity is also relaxed, and the plasma is inhomo-
geneous in coordinate space (density or velocity), macroscopic instabilities
can excite drift-waves [36]. While turbulence is a mainly stochastic phenom-
ena, it is observed that self-interaction in drift-wave turbulence can give rise to
the emergence of coherent (ordered) vortex structures [13]. The hydrodynam-
ical analog of drift-waves and vortex structures is Rossby waves and Rossby
vortices. Such structures are often observed in planetary atmospheres and in
oceans [28]. See Figure 4.3 for an illustration.

In magnetized plasmas, low-frequency drift-Alfvén wave turbulence is be-
lieved to play a central role in the formation of structures on different scale
sizes. It can cause plasma particle energization and cross-field anomalous
transport of particles and energy. The study of low-frequency drift-wave turbu-
lence is thus of great importance. The turbulence is supposed to be the prime
candidate for anomalous ion and electron transports that are observed in e.g.
tokamaks and reversed field pinch plasmas; it leads to a significant decrease of
the efficiency of the plasma confinement, and thus constitutes a major problem
for fusion research [33].

Traditionally, the study of turbulence in the inertial regime has mostly been
in the framework of weak turbulence. In this picture one studies the nonlinear
interaction of small amplitude waves (eigenmodes) of the linearized system
for small growth rates |γk/ωk| � 1. When the amplitude or the growth rate is
no longer small, the state is classified as strong turbulence.

In an attempt to capture nonlinear phenomena and describe strong turbu-
lence for inhomogeneous plasmas, Hasegawa and Mima [12] presented in
1978, a two-dimensional model equation, now commonly referred to as the
Charney-Hasegawa-Mima (CHM) equation

∂

∂t

(∇2φ − φ
) − [∇φ × ẑ · ∇]

[
∇2φ − ln

(
n0

ωci

)]
= 0 (4.4)

where φ is the electrostatic potential and n0 the density. For a derivation of
this equation, see e.g. [12, 13]. As for the Navier-Stokes equation in hydro-
dynamics, this equation could be considered as the inhomogeneous plasma
analogous equation. The CHM equation admit both wave and vortex (coher-
ent) solutions and is therefore well suited for describing low-frequency strong
turbulence in inhomogeneous plasmas.

Drift-wave turbulence is essentially two-dimensional. Although the cou-
pling to the third dimension (field aligned) is present, the cascade takes place
in the plane perpendicular to the magnetic field. The dynamics is therefore of-
ten denoted as quasi-two-dimensional. This reduced dimensionality with asso-
ciated conserved quantities is leading to an inverse cascade in addition to the
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Figure 4.3: Vortex street in the atmosphere close to the Chilean coast, captured by the
Landsat 7 satellite. Image courtesy: Bob Cahalan, NASA GSFC.

usual direct cascade. The formation of larger scale coherent structures such
as vortices is attributed to the presence of an inverse cascade, driving energy
towards smaller wavenumbers and larger scales.

4.3 Drift-kinetic Alfvén vortices
In this section we will review the derivation of analytical solutions of elec-
tromagnetic drift-kinetic Alfvén vortices, which are candidates for describing
coherent structures in drift-Alfvén turbulence. In order to ease the comparison
with existing literature, this section will be written in CGS units.

Numerical simulations suggest that coherent vortex structures can emerge
as result of nonlinear interaction of the constituents of the apparently stochas-
tic turbulence contained in the CHM-equation. We shall in this section study
such vortex solutions in detail. For later comparison with observations from
the Cluster satellites, we shall restrict the derivation for the conditions present
in the high-altitude cusp. To this end, the electrostatic CHM-equation is gen-
eralized to include the magnetic field. See [7, 15, 21, 27, 31, 32] for original
derivations.

We start by the writing the two-fluid momentum equations

∂tvj + (vj · ∇)vj =
qj

mj
(E + vj × B

c
) − 1

mjn
∇pj , (4.5)

where ρj = njmj and the index j refers to either ions or electrons j ∈ {i, e}.
We will assume quasi-neutrality, so that the number densities ni ≈ ne. In the
high-altitude cusp we have the following characteristic plasma parameters:
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me/mi � β ∼ 0.02 � 1, which means that the phase velocity of Alfvén
waves are larger than the ion thermal velocity but smaller than electron ther-
mal velocities, vth,i � ω/k‖ < vth,e. This means that the relevant length scale
is the ion gyroradius ρi, i.e. the Alfvén waves are in the kinetic regime. We
study a magnetized plasma with B = B0ẑ + δB⊥ for frequencies ω � ωci.
Under these conditions the perpendicular electric field can be considered to
be potential E⊥ = −∇⊥φ. After taking the cross product of B and Equa-
tion (4.5) and using the assumptions above, we obtain the drift-approximation.
For the ion velocity we get

vi,⊥ ≈ c

B0
ẑ × ∇⊥φ +

cTi

eB0ni
ẑ × ∇ni +

c

B0ωci
(∂t + vi ·∇)E⊥ (4.6)

We recognize the drift terms in Equation (4.6) as the ExB-drift
(vE = c/B0ẑ × ∇⊥φ), the diamagnetic drift and the polarization drift
respectively. For the electrons we get

ve ≈ c

B0
ẑ × ∇⊥φ − cTe

eB0ne
ẑ × ∇ne + vez

(
ẑ +

δB⊥
B0

)
(4.7)

where again we have the ExB and diamagnetic drift terms in the first two
terms. The last terms is the nonlinear bending of the field lines due to inter-
action of the parallel electron velocity with the perpendicular magnetic field.
Inserting the ion velocity into the continuity equation

∂n

∂t
+ ∇ · (nvi) = 0 (4.8)

and replacing vi in the right hand side of Equation (4.6) with vE , in a first
order perturbation expansion we obtain

∂n

∂t
+vE ·∇n+∇ ·

[(
∂

∂t
+ vE · ∇

)
(enE⊥ − ∇pi)/miω

2
ci

]
= 0. (4.9)

In an analogous way, the equation for variation of ion pressure is found to be(
∂

∂t
+ vE · ∇

)
pi =

d
dt

pi = 0. (4.10)

Combining Equations (4.9) and (4.10) we get

d
dt

(
n − en0

miω2
ci

∇2
⊥ϕ

)
− e

m2
i ω

3
ci

∇ · {pi,∇⊥ϕ} = 0 (4.11)

where the Poisson bracket is defined by

{A,B} =
∂A

∂x

∂B

∂y
− ∂A

∂y

∂B

∂x
, (4.12)
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which is another way of writing a vector nonlinearity. For the parallel electron
motion we get from Ampere’s law

v‖e =
c∇2

⊥Az

4πne
(4.13)

and the electron motion along the magnetic field

men
d
dt

v‖ + enE‖ + ∇‖pe = 0 (4.14)

together with

E‖ = −ẑ · ∇φ − 1
c

∂Az

∂t
(4.15)

the equation

neẑ · ∇φ +
ne

c

∂Az

∂t
− mec

4πe

d
dt

∇2
⊥Az = ẑ · ∇pe. (4.16)

With the continuity equation for the electrons we also get

∂n

∂t
+ vE · ∇n +

c

4πe
ẑ · ∇∇2

⊥Az = 0. (4.17)

The system of Equations (4.16) and (4.17) for the electrons, together with the
Equations (4.10) and (4.11) for the ions, generalizes the CHM and would re-
duce to it in the case of Az = 0 and p = 0. If we linearize the system we obtain
the dispersion for coupled drift and Alfvén waves. Retaining the complete sys-
tem vortex solutions can be found. These solutions are based on a technique
used by Larichev and Reznik [20] to investigate Rossby waves and Rossby
vortices, where one assumes the solution to be a function of the variables x
and η = y + αz −ut. Here α is a small angle to the magnetic field introduced
to allow coupling between perpendicular and parallel components, and u is
the drift-velocity of the vortices. The inhomogeneity is introduced as a first
order perturbation (gradient) of the density and pressure in the x-direction.
The drift velocity is thus always perpendicular to the ambient magnetic field
and density gradient directions. Details of the derivation will not be given here
but can be found in [7, 15, 21, 27, 31, 32]. The result is1

φ = [ur + c1J1(k1r) + c2J1(k2r)] cos θ (r ≤ r0) (4.18)

φ = c3K1(sr) cos θ (r ≥ r0),

where φ can be either the electrostatic potential or the Az component of the

1Here only the simplest kind of solution is presented. More elaborate solutions where a slight
discontinuity in the current is fixed are derived in [21]. The general features of the vortices is
nevertheless captured in the here presented solution.
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magnetic vector potential. The vortex radius r0 of the radial coordinate

r2 = x2 + η2 (4.19)

can be estimated to be around r0 ∼ 3ρs for the medium β-plasma present in
the high-altitude cusp, where ρs = cs/ωci is the ion sound gyroradius2. The
potential expressed by Equation (4.18) is displayed in Figure 4.4.
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Figure 4.4: The top panel shows the electrostatic potential or the z-component of the
magnetic vector potential of a drift-kinetic dipole vortex. The lower panel shows the
magnetic field vectors in the plane perpendicular to the ambient magnetic field. The
line is an example of how a spacecraft could cross a dipole vortex. Adapted from
Paper II.

4.4 Discovery of drift-kinetic Alfvén vortices
Vortices like those derived in the previous section could represent “elementary
entities” of drift-Alfvén wave turbulence in magnetized plasmas, and their
existence would have far-reaching implications on the nature of turbulence
and turbulent cross-field transport.

2for our parameters ρs ∼ ρp
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Figure 4.5: Hodograms of the magnetic field along the spacecraft trajectory. The ro-
tational behavior is consistent with the spacecraft passing through a vortex. Adapted
from Paper II.

It has thus been a long standing issue whether the above described vor-
tices do exist or not. The first original measurements in space plasmas in this
direction was performed by Chmyrev et al. [7] by analyzing data from the
Intercosmos-Bulgaria-1300 satellite. These earlier space-borne observations,
which suggested vortex-like structures, suffered from the inherent problem of
separating temporal from spatial variations due to limitations of single point
measurements in space. Hence, the existence of such small scale vortices and
many theoretical predictions about their properties could not be experimen-
tally verified, e.g. the cross field spatial scale, which is a crucial parameter for
vortex turbulence.

In Paper II, we presented the first multi-point in situ measurements of small-
scale coherent vortex structures in a plasma. While most studies of turbulence
takes the statistical approach, we instead looked for coherent structures by
examining the time series of the quasi-static fields. The findings are inter-
preted as the detection and confirmed existence of drift-kinetic Alfvén vor-
tices. They form close to the ion gyroradius scale as result of nonlinear in-
teraction between drift-kinetic Alfvén waves in a strongly velocity sheared
inhomogeneous low-frequency turbulent magnetoplasma. This discovery was
made possible by the Cluster flotilla of four-spacecraft, and most crucially, its
unique ability to distinguish temporal from spatial variations and the possibil-
ity to directly measure spatial scales.

As described in Section 2.2, the cusp is the region of the magnetosphere
where large amounts of plasma and electromagnetic energy can flow down
towards the ionosphere. The cusp plasma is known to exhibit turbulence [25,
30] with anisotropic features owing to the strong background magnetic field
[Paper I], [37]. On 9 March 2002 the Cluster spacecraft traversed outbound
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Figure 4.6: Timeseries analysis of a vortex street observed in the cusp. The top panel
shows the angular rotation of the field vectors in the plane perpendicular to the ambient
magnetic field. The time lag between the two obtained timeseries is in agreement with
the location of the spacecraft in bottom panel. Adapted from Paper II.

through this turbulent boundary layer and through the cusp, see Figure 2.1.
In Figure 4.5 hodograms of the perpendicular magnetic field along the

spacecraft trajectory are shown. The apparently temporal variation of the mag-
netic field vectors describe a behavior reminiscent of vortex structures. To
determine whether these variations are of temporal or spatial nature, we use
information from the four spacecraft simultaneously. The analysis is presented
in Figure 4.6.

In particular, the angle of the magnetic field vector in the perpendicular
plane is plotted in the top panel of Figure 4.6 for two of the spacecraft, aligned
with the plasma flow vector (red line in bottom panel). Clearly, the two space-
craft observe the same kind of rotation, showing that the feature is quasi-static,
i.e a spatial phenomena on the time-scale of the measurements. The behavior
of the magnetic field can be compared with a vortex model. We constructed
a model field by assembling vortices in a plane. Such a field is shown in Fig-
ure 4.7. The magnetic field a spacecraft would observe when passing through
such a field is depicted in Figure 4.8, and should be compared with Figure 4.6.
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Figure 4.7: The magnetic field in the perpendicular plane from a model of vortex
turbulence in the cusp. The line is a simulated spacecraft trajectory through the vortex
field.

By using the information from the four spacecraft and their relative position
we could deduce the characteristic perpendicular radial length scale of the
vortices to 2−6ρp. This length scale is in good agreement with the theoretical
value ∼ 3ρp [7].

The confirmed existence of such larger3 coherent structures stresses the
complexity of low-frequency plasma turbulence. The formation of large co-
herent vortices as semi-stable entities of turbulence changes the classical pic-
ture of the cascade. It shows how energy can spontaneously condense into
larger scale structures as a manifestation of an inverse cascade. This is an
example of how order can arise from chaos, which is a manifestation of the
phenomenon called self-organization, inherent to nonlinear systems.

3We call them large scale structures since they are formed by nonlinear interaction by smaller
scale waves and are a manifestation of an inverse cascade, although they are small on a plasma
ion scale.
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5. Covariant parametrization of the
electromagnetic field

Here we use the powerful theory of spinors to reduce a general description of
electromagnetic waves in arbitrary spacetime into fundamental physical ob-
jects.

5.1 Group theory and physics
Physics is about unvealing the laws governing our world. These laws are
deeply connected with conserved quantities, which always arise due to un-
derlying symmetries. One simple example is the conservation of angular mo-
mentum which is a direct consequence of symmetry under rotations.

5.1.1 Definition of a group and related concepts

The mathematical language to describe symmetries is called group theory. A
set of elements (can be e.g. numbers, transformations, etc.) a, b, c, ... ∈ G is
called a group if

• there exists an operation in the set G which associates to each two elements
a and b of G a third element c of G, also an element of the group, denoted
c = ab. The operation is called group multiplication.

• the group multiplication is associative, i.e. a(bc) = (ab)c
• There exists a right identity element I , such that aI = a
• There exists a right inverse element a−1, such that aa−1 = I .

While a group is an abstract concept, calculations can be facilitated by mak-
ing a matrix representation of a group, whenever possible. A representation is
a mapping of the elements of the group to a set of matrices. The group opera-
tion is then represented by matrix multiplication. One such example is the set
of rotations in the xy-plane, which can be represented by

g(ϕ) =

(
cos ϕ sin ϕ

− sin ϕ cos ϕ

)
. (5.1)
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It is easy to check that the group requirements in Equation (5.1) are fulfilled.
This group is called the rotation group SO(2)1. In three dimensions it is called
SO(3), the group of three-dimensional orthogonal matrices with determinant
unity. Examples are the familiar rotation matrices with the Euler angels as pa-
rameters. Rotations can also be described by unitary matrices of order two,
with determinant unity, which form the group SU(2). The correspondence be-
tween these two descriptions of rotations is expressed by

SU(2) → SO(3), (5.2)

which means that there is a homomorphism2 between SU(2) and SO(3). We
say that the SU(2) is the covering group of SO(3). The group SU(2) is im-
portant in many different areas of physics, e.g. in quantum mechanics and
quantum field theory. This is because the representation theory of SU(2) gives
rise to the concept of spinors3, which can describe particles with intrinsic spin.

The infinitesimal generators4 of SU(2) are proportional to the Pauli matri-
ces. Apart from their wide spread use in particle physics, the Pauli matrices
turn out to play an interesting role also in electrodynamics. The polarimetric
properties of the electric or magnetic wave fields is described by the spectral
density matrix

S(r, ω) = F(r, ω)F†(r, ω), (5.3)

where F(r, ω) is the Fourier transformed electric or magnetic field. It turns
out that the spectral density matrix can be expanded in a basis, where the
basis elements are the Pauli matrices and the unit matrix [10]. The coefficients
are the Stokes parameters. This was later generalized [6] to three dimensions,
where the basis used was the generators of the group SU(3).

5.1.2 The Lorentz group
The above mentioned parametrizations are however not Lorentz invariant.
Furthermore, Equation (5.3) only involves either the electric or the magnetic
field, never both simultaneously. It is therefore desirable to find a covariant5

1This is an example of a Lie-group, i.e. a finite parameter continuous group.
2A homomorphism means that there exists a mapping between the groups that preserves the
group structure and the group multiplication. If the mapping is one-to-one is is called an iso-
morphism.
3We will discuss spinors more in detail in Section 5.1.3.
4Lie groups can be studied via elements infinitesimally close to the identity element of the
group, called their generators.
5Covariant here means coordinate free in a relativistic meaning. The equations should be on
a form equivalent to all classes of observes. In special relativity the observers are related by
Lorentz transformations.
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description of electromagnetic polarization parameters. Some early steps in
this direction was done in [26].

In the theory of special relativity, the set of all Lorentz transformations
forms a group. The inhomogeneous Lorentz group, or as sometimes called, the
Poincaré group, is the set of all homogeneous Lorentz transformations includ-
ing also translations. It is a ten-parameter group. This group has a subgroup,
called the homogeneous Lorentz group L, which is a six-parameter group. A
subgroup is a subset of a group which also satisfies the group properties. The
homogeneous Lorentz group can be divided into a set of four disjoint classes.
The most important of these forms a subgroup of L, and is called the proper,
orthochronous Lorentz group, L↑

+.

5.1.3 The group SL(2,C) and spinors

The group of complex unimodular 2x2 matrices

g =

(
a b

c d

)
, ad − bc = 1 (5.4)

is called SL(2,C). This group is of great interest because there exist a homo-
morphism between the group SL(2,C) and the group L↑

+

SL(2, C) → L↑
+. (5.5)

Both SL(2,C) and the Lorentz group are six-parameter groups. The above ho-
momorphism reflects the fact that SL(2,C) is the covering group of the Lorentz
group. The homomorphism is two-to-one. The reason for this can be found
in the representation theory of SL(2,C), which gives rise to two-component
spinors. The spinors associated with SL(2,C) can express objects with half-
integral spin, while tensors which are associated with the Lorentz group, only
can describe objects with integral spin. This explains the two-to-one corre-
spondence between the groups. Thus, for every tensor Tµν there exist a corre-
sponding spinor TAB′CD′ defined by

TAB′CD′ = σµ
AB′σ

ν
CD′Tµν . (5.6)

Greek tensorial indicies runs over 0, 1, 2, 3 while Roman spinorial indicies run
over 0, 1, 0′, 1′. The so called Infeld van der Waerden symbols σµ are related
to the metric tensor gµν by the relation

gµνσ
µ
AB′σ

ν
CD′ = εACεB′D′ , (5.7)
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where the Levi-Cevita spinor εAC is defined by

εAC = εB′D′ = εAC = εB′D′
=

(
0 1

−1 0

)
. (5.8)

The metric tensor gµν can here be any metric, we are no longer restricted to
the flat Minkowski space of special relativity.

5.2 Irreducible representation of covariant
spectral densities

The group SL(2,C) do not only contain the Lorentz group, but it also have
SU(2) as a subgroup. We noted that the group SU(2) naturally led to the
Stokes parameters when forming the spectral density matrix. We will now
parametrize the electromagnetic field, analogously to Equation (5.3), but in
a covariant manner for an arbitrary metric gµν , in the framework of the more
general group SL(2,C). This is accomplished in Paper IV. The electromagnetic
field is described in natural units by the Maxwell tensor

fµν =




0 −Ex −Ey −Ez

Ex 0 Hz −Hy

Ey −Hz 0 Hx

Ez Hy −Hx 0


 , (5.9)

satisfying the symmetry

fµν = −fνµ. (5.10)

We form a covariant spectral density tensor Sαβγδ by Fourier transforming in
time

fµν(t, r) → Fµν(ω, r) (5.11)

and forming the outer product of Fµν with its hermitian conjugate

Sαβγδ = FαβFδγ . (5.12)

The tensor Sαβγδ will due to Equation (5.10) and (5.12) satisfy the symmetries

Sαβγδ = −Sβαγδ = −Sαβδγ = Sβαδγ (5.13a)
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Sαβγδ = Sγδαβ . (5.13b)

The spectral density tensor Sαβγδ now contains the polarimetric information
on the electromagnetic wave field. In order to decompose this tensor into more
fundamental (and more understandable) components we form the equivalent
spinor according to Equation (5.6), generalized to four tensor indicies

SAB′CD′EF ′GH′ = σα
AB′σ

β
CD′σ

γ
EF ′σ

δ
GH′Sαβγδ. (5.14)

In Paper IV the somewhat lengthy decomposition is carried out, with the result

SAB′CD′EF ′GH′ = CAB′CD′EF ′GH′ +

+
λ

6
εB′D′εF ′H′(εAEεCG + εAGεCE) +

+
λ∗

6
εACεEG(εF ′B′εH′D′ + εF ′D′εH′B′) +

+
1
2
(εEGεB′D′DAF ′CH′ − εACεF ′H′DEB′GD′

−εACεF ′H′MEB′GD′ − εEGεB′D′MAF ′CH′).
(5.15)

The spinor CAB′CD′EF ′GH′ is in turn comprised of

CAB′CD′EF ′GH′ = AAB′CD′EF ′GH′ + BAB′CD′EF ′GH′ , (5.16)

where

AAB′CD′EF ′GH′ = ΨACEGεF ′H′εB′D′ + ΨF ′H′B′D′εACεEG (5.17)

and

BAB′CD′EF ′GH′ = ξACEGεF ′H′εB′D′ + ξF ′H′B′D′εACεEG. (5.18)

The spinor BAB′CD′EF ′GH′ can be contracted to form

ΥAB′CD′ = BEF ′
AB′EF ′CD′ . (5.19)

Equations (5.15) to (5.19) is the decomposition of Equation (5.14) into ir-
reducible6 components. It is easier to interpret the components in ordinary
tensor space, so we use the general transformation from the tangent spinor
space back to ordinary tensors

σAB′
µ σCD′

ν TAB′CD′ = Tµν (5.20)

6Here irreducible means in a somewhat informal way traceless.
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on Equations (5.15)-(5.19). The decomposition equivalent to Equation (5.15)
can then in symbolical tensor notation be written

Sαβγδ = Aαβγδ ⊕ Υαβ ⊕ Mαβ ⊕ Dαβ ⊕ λ. (5.21)

5.3 Physical observables as irreducible
components
We now explicitly calculate Equation (5.21) for the important special case of
flat spacetime, expressed by the Minkowski metric

gµν = ηµν =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


 . (5.22)

The first object is the rank zero tensor of Equation (5.21), the complex scalar
λ, which is found to be

λ =
1
2

(|E|2 − |H|2) + i (E · H∗) (5.23)

We recognize the real and imaginary parts as of the complex scalar as the two
true invariants of electromagnetism. Indeed, in general

 (λ) =
1
4
FµνF

µν (5.24)

� (λ) = −1
8
Fµν

∗Fµν (5.25)

will hold, where ∗Fµν is the dual tensor

∗Fµν =
1
2
εµνρσFρσ. (5.26)

The first rank two tensor Mαβ turns out to be

Mαβ =




σ Px Py Pz

Px Txx Txy Txz

Py Tyx Tyy Tyz

Pz Tzx Tzy Tzz


 , (5.27)

which we recognize as the energy-momentum-stress tensor of Maxwell’s the-
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ory. The M00 component

σ =
1
2

(|E|2 + |H|2) (5.28)

is the energy density of the electromagnetic field, while the three-vector

P = (Px, Py, Pz) =
1
2
(E × H∗) (5.29)

is the Poynting vector. The tensor

Tij = − [
EiE

∗
j + HiH

∗
j

]
+ δijσ. (5.30)

is the Maxwell stress tensor.
If the waves have a phase-difference between the components, i.e. are ellip-

tically polarized, the imaginary part expressed by the second rank two tensor

Dαβ =




K Qx Qy Qz

Qx Uxx Uxy Uxz

Qy Uyx Uyy Uyz

Qz Uzx Uzy Uzz


 (5.31)

describes the ellipticity of the wave field. Accordingly, we call the D00 com-
ponent

K = −�(E · H∗) (5.32)

the spin-density in analogy with Equation (5.28). Continuing the analogy, we
call the three-vector

Q = − i

2
(E × E∗ + H × H∗) (5.33)

the spin-flux-density. The stress tensor

Uij = −� [E∗
i Hj − H∗

i Ej ] + δijK. (5.34)

is then expressing the stress of the spin-flux-density analogously with Equa-
tion (5.30) for the Maxwell stress. To the authors knowledge, this is the first
time the tensor in Equation (5.31) has been written down.
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The third rank two tensor Υαβ which is the contracted imaginary part of
Cαβγδ, behaves as an anti-hermitian matrix and have the components

Υαβ =




0 · · ·
Sx 0 · ·
Sy Vyx 0 ·
Sz Vzx Vzy 0


 , (5.35)

where

S = (Sx, Sy, Sz) = − i

3
�(E × H∗) (5.36)

is recognized as the imaginary part of the complex Poynting vector and

Vij = − i

3
�(E∗

i Ej − B∗
i Bj) (5.37)

is a three-(stress)tensor.
The remaining real part Aαβγδ of the four-tensor Cαβγδ is more difficult

to write down in an understandable form. One way to do it is using sixtor
notation, see Paper IV, with the result

Aαβγδ ↔
(

E F

F −E

)
(5.38)

where the two block matrices E and F are

E = Eij = −1
2
(E∗

i Ej − B∗
i Bj) +

2
6
(λ)δij (5.39)

and

F = Fij = −1
2
(E∗

i Bj + B∗
i Ej) +

2
6
�(λ)δij . (5.40)

5.4 Fundamental objects and number of
independent components
The spectral density tensor Sαβγδ has 256 complex components, but only 36
real components are independent due to the symmetries. These 36 components
are found among the irreducible tensors in Equation (5.21), and are listed in
Table 5.1. This decomposition of the spectral density tensor into fundamental
objects is a covariant parametrization of the electromagnetic field, in analogy
with the parametrization of e.g. the electric field in terms of the Stokes param-
eters. In the special case of only two non-zero field components, say e.g. Ex
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Table 5.1: Tensors obtained in the decomposition.

Irreducible tensor Number of real components
λ 2
Mαβ 9
Dαβ 9
Υαβ 6
Aαβγδ 10

and Ey, we find the ordinary Stokes parameters among the tensors listed in
Table 5.1. These new parameters are written on covariant form, which means
that by applying a Lorentz transformation, information on e.g. the ellipticity
of a wave field can easily be calculated for different observers. Moreover, the
spinorial result is not restricted to a flat metric. Since a local Lorentz invari-
ance is retained, it should be possible to calculate these parameters in a curved
spacetime e.g. along a ray path, which could find astrophysical applications.

41





6. Summary of the papers

Paper I

Multi-spacecraft determination of wave characteristics near the proton
gyrofrequency in high-altitude cusp
Sundkvist, D., Vaivads, A., André, M., Wahlund, J.-E., Hobara, Y., Joko, S.,
Krasnoselskikh, V. V., Bogdanova, Y. V., Buchert, S. C., Cornilleau-Wehrlin,
N., Fazakerley, A., Hall, J.-O., Rème, H., Stenberg, G.,
Annales Geophysicae, 23, 983-995 (2005).

This paper investigates the properties of waves around the proton cyclotron
frequency in the high-altitude cusp for conditions of northward interplanetary
magnetic field. The measurement of the particles was consistent with lobe-
reconnection taking place at high latitudes and altitudes, tailward of the cusp.
The parallel component of the Poynting flux was calculated as a function of
frequency. For low frequencies the measurements were consistent with what
has been previously reported in the literature, i.e. the net Poynting flux was
directed Earthward. For frequencies close to the proton gyrofrequency, the
Poynting flux was directed in both directions, consistent with a picture of local
generation at the local proton gyrofrequency. This was also consistent with
a numerical instability analysis based on observations of proton distribution
functions.

By comparing wave field measurements from several spacecraft simulta-
neously information on wavelengths was obtained. The result was that the
characteristic wavelengths both below and directly above the proton gyrofre-
quency were of the order of the proton gyroradius. The measurements were
consistent with waves below the gyrofrequency being kinetic Alfvén waves,
and wave above the gyrofrequency electromagnetic ion cyclotron waves (non-
potential ion Bernstein waves).
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Paper II

In situ multi-satellite detection of
coherent vortices as a manifestation of Alfvénic turbulence
Sundkvist, D., Krasnoselskikh, V. V., Shukla, P. K., Vaivads, A., André, M.,
Buchert, S. C., Rème, H.,
Nature, 436, 825-828 (2005), Nature, 437, 290 (2005).

This paper investigates in detail the low frequency turbulent fluctuations in
the high-altitude cusp. The plasma in the high-altitude cusp is strongly in-
homogeneous, giving rise to coupled drift and Alfvén waves. The nonlinear
self-interaction of drift-Alfvén waves can result in self-trapping and the for-
mation of coherent vortices. Here the first direct measurements decoupling
temporal from spatial variations of spatially coherent drift-kinetic Alfvén vor-
tices is presented. The characteristic vortex scale size is determined to be of
the order of 2 − 6 times the proton gyroradius.

Paper III

Shell-instability generated waves by low energy electrons on converging
magnetic field lines
Sundkvist, D., Vaivads, A., Bogdanova, Y. V., Krasnoselskikh, V. V.,
Submitted to Geophysical Research Letters (2005).

In this paper electron cyclotron waves are observed in the cusp, as well
as whistler waves and continuous emissions above the electron plasma
frequency. A generation mechanism common for all the observed wave
modes is presented. This is a shell-instability where the source of free
energy is positive slopes at low electron energies, around 10 eV. A numerical
instability analysis is presented, and wave growth is seen to occur on plasma
wave modes corresponding well to observations. A possible connection
between low- and high-frequency waves responsible for the formation of the
electron shell-distributions is presented.
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Paper IV

Covariant irreducible parametrization of electromagnetic fields in
arbitrary spacetime
Sundkvist, D.,
Submitted to Journal of Mathematical Physics (2005).

This paper presents a new way of looking at the Maxwell tensor. The electro-
magnetic fields are Fourier transformed in time and a covariant spectral den-
sity tensor is formed as the outer product of the Maxwell tensor with its own
hermitian conjugate. This spectral density tensor is transformed into its spinor
equivalent under the symmetry group SL(2,C). The spectral density spinor is
then decomposed into its irreducible components valid for an arbitrary met-
ric tensor. Transforming back to the equivalent tensors, the irreducible com-
ponents are found to be comprised of both known and previously unknown
tensors. The two known scalar invariants of electromagnetism is found as the
real and imaginary parts of the complex scalar invariant tensor. The tensors
was explicitly calculated for the special case of a flat spacetime. The energy-
momentum-stress tensor is found among the rank two irreducible tensors. A
new rank two tensor describing the phase of the fields is found as another
irreducible tensor. In addition another new rank two tensor, containing the
imaginary part of the complex Poynting vector, and a new rank four tensor are
also found.

Paper V

Modeling of CLUSTER’s electric antennas in space: application to
plasma diagnostics
Béghin, C., Décréau, P. , Pickett, J., Sundkvist, D., Lefebvre, B.
Accepted to Radio Science (2005).

In this paper a finite element model of the Cluster electric field antennas is
presented. The model is compared to analytical results. The effective antenna
length is obtained from the model. A mutual impedance antenna measurement
was proposed for comparison with the model. The measurements were carried
out in two tests, in the magnetosheath and the solar wind respectively. My con-
tribution to this paper was the analysis of the data from the mutual impedance
test, using data from the Wide band instrument (WBD). The measurements
were shown to be qualitatively consistent with the theory. The measurement
gives a spin-off as a possibility to measure a cold electron population us-
ing wave instruments, by fitting the theoretical Debye length to the measured
data.
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7. Sammanfattning på svenska

Rymden i jordens närmiljö är inte tom utan fylld med en elektriskt
laddningsseparerad gas kallad plasma. Plasmadynamik är betydligt mer
komplicerad än vanlig gasrörelse, eftersom elektromagnetiska krafter
påverkar de laddade plasmapartiklarnas rörelse. Den här avhandligen rör
till stor del egenskaper i plasmat som finns i den så kallade cuspen, en
magnetisk "tratt" som finns i magnetosfären ovanför de magnetiska polerna.
Se Figur (2.1) för en översikt av magnetosfären. Ett plasma tillåter vågrörelse
liksom andra gaser och fluider. På grund av den komplicerade dynamiken
i ett plasma finns det många olika typer av vågor i ett plasma. Vågor
karakteriseras i grunden av frekvenser och våglängder. Eftersom plasmavågor
är elektromagnetiska vågor, vilka har en vektornatur, så karakteriseras
plasmavågor också av egenskaper som polarisation. Egenskaperna hos
både låg- och högfrekventa vågor i rymdplasmat i cuspen bestämdes och
jämfördes med teoretiska modeller.

När många starka vågor interagerar med varandra kan turbulens uppstå. Ett
exempel som de flesta känner igen är det strömmande vattnet i en fors. I den
till synes slumpartade turbulensen i vattnet uppstår ofta spontant större virvlar.
Baserat på teoretiska beräkningar har man länge trott att liknande virvlar kan
uppstå i plasma. Problemet har varit att kunna mäta dem med tillförlitliga
medel. I denna avhandling presenteras de första direkta mätningarna av en ny
typ av virvlar, kallade drift-kinetiska Alfvénvirvlar, i rymdplasmat i cuspen.
Deras storlek och hastighet bestämdes från mätningarna.

Plasmafysik är elektromagnetism applicerat på en stor samling med
laddade partiklar. Elektromagnetism är en av grundpelarna i modern fysik
och beskriver hur elektromagnetiska fält och elektriskt laddade partiklar
samverkar. Trots att det är ett gammalt och väl utrett ämnesområde finns det
fortfarande outforskade områden i grundläggande elektromagnetism. I denna
avhandling presenteras ett nytt sätt att behandla symmetriegenskaper hos det
elektromagnetiska fältet, och den ofrånkomliga kopplingen till rymdtidens
struktur. Vågors polarimetriska egenskaper beskrevs på kovariant form, och
visas kunna reduceras till grundläggande så kallade tensorer, en del välkända,
ett par av dem inte förut beskrivna i litteraturen.

Bakom mätningar av parametrar i rymdplasma ligger ett stort arbete med att
bygga sofistikerade instrument för ändamålet. I denna avhandling presenteras
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en modell över hur de elektriska antennerna ombord på Clustersatelliterna
fungerar och påverkas av detaljer i konstruktionen. Denna modell ligger till
grund för en studie av hur detaljerade mätningar av plasmafrekvensen kan ge
information om "kalla" elektroner, vilka ofta är omöjliga att mäta med dedik-
erade partikelinstrument.

Nedan följer en sammanfattning av de olika artiklarna som ligger som
grund för avhandlingen.

Artikel I

Fler-satellitbestämning av vågegenskaper nära protongyrofrekvensen i
cuspen på hög altitud
Sundkvist, D., Vaivads, A., André, M., Wahlund, J.-E., Hobara, Y., Joko, S.,
Krasnoselskikh, V. V., Bogdanova, Y. V., Buchert, S. C., Cornilleau-Wehrlin,
N., Fazakerley, A., Hall, J.-O., Rème, H., Stenberg, G.,
Annales Geophysicae, 23, 983-995 (2005).

I denna artikel bestäms egenskaperna hos vågor nära protongyrofrekvensen i
cuspen på hög höjd, under nordriktat interplanetärt magnetfält. Partikelmät-
ningarna var konsistenta med att rekonnektion pågick på höga altituder och
latituder, på fältlinjer som sträcks mot magnetosvansen. Den fältparallella
komponenten av Poyntingflödet bestämmdes som en funktion av frekvens. För
mycket låga frekvenser var mätningarna i överenstämmelse med vad som tidi-
gare har rapporteras i litteraturen, dvs. att nettoflödet var fältriktat mot jorden
och jonosfären. För frekvenser nära protongyrofrekvensen var Poyntingflödet
riktad både parallellt och antiparallellt med bakgrundsmagnetfältet, på ett sätt
som var konstistent med att vågor bildades lokalt vid gyrofrekvensen. Detta
resultat är också i överenstämmelse med en instabilitetsanalys baserad på ob-
servationer av protonernas fördelningsfunktioner.

Genom att jämföra mätningar av vågfältet från flera rymdfarkoster
gjorda samtidigt kunde information om våglängder beräknas. Resultatet
var att den karakteristiska våglängden både under och ovanför den lokala
protongyrofrekvensen var av storleksordningen protongyroradien. Detta är
konsistent med att att vågor under gyrofrekvensen är kinetiska Alfvénvågor,
medan de för frekvenser ovanför cyklotronfrekvensen är elektromagnetiska
joncyklotronvågor, dvs. jon-Bernsteinvågor med magnetisk komponent.
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Artikel II

In situ upptäckt av koherenta virvlar som en konsekvens av Alfvénisk
turbulens, med hjälp av fler-satellitmätningar
Sundkvist, D., Krasnoselskikh, V. V., Shukla, P. K., Vaivads, A., André, M.,
Buchert, S. C., Rème, H.,
Nature, 436, 825-828 (2005), Nature, 437, 290 (2005).

In denna artikel undersöks egenskaperna hos de lågfrekventa turbulenta fluk-
tuationerna i cuspen på hög höjd. Plasmat i cuspen är inhomogent med starka
densitetsgradienter, vilket gör att kinetiska Alfvénvågor kopplar till driftvågor.
Ickelinjär självkoppling av drift-Alfvénvågor kan resultera i självinfångning
av partiklar och bildandet av spatiellt koherenta virvlar. Här presenteras för
första gången direkta mätningar som kan skilja tids- från rumsvariationer, och
som visar på existensen av spatiellt koherenta drift-kinetiska Alfvénvirlar. Den
karakteristiska virvelradien är uppmätt till 2-6 gånger protongyroradien.

Artikel III

Vågor genererade av skal-instabilitet för låga elektronenergier på
konvergerande magnetfältlinjer
Sundkvist, D., Vaivads, A., Bogdanova, Y. V., Krasnoselskikh, V. V.,
Skickad till Geophysical Research Letters (2005).

I denna artikel presenteras observationer i cuspen av elektroncyclotronvågor,
visslarvågor och kontinuerliga emissioner ovanför elektronplasmafrekvensen.
En gemensam mekansism som kan generera alla de observerade moderna
föreslås. Denna mekanism är en skal-instabilitet där den fria energin återfinns
för låga elektronenergier, runt 10 elektronvolt. En numerisk instabilitetsanalys
presenteras, där vågtillväxt sker på alla de i data observerade moderna. För
mekanismen som genererar elektronskal föreslås en möjlig koppling mellan
låg- och hög-frekventa vågor.
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Artikel IV

Kovariant irreducibel parametrisering av elektromagnetiska fält i
godtycklig rumtid
Sundkvist, D.,
Skickad till Journal of Mathematical Physics (2005).

I denna artikel presenteras ett nytt sätt att betrakta Maxwelltensorn. Genom
att Fouriertransformera fälten i tiden och bilda den kovarianta spektralden-
sitetstensorn som den yttre produkten av Maxwelltensorn med sitt eget
hermitska konjugat, kan all polarimetrisk information beskrivas av en tensor.
Denna spektraldensitetstensor transformeras sedan till dess ekvivalenta
spinor under symmetrigruppen SL(2,C). Spektraldensitetsspinoren delas
upp i sina irreducibla komponenter, giltiga för en godtycklig metriktensor.
När man transformerar tillbaka till tensorrummet, så visar det sig att de
irreducibla komponenterna består av både välkända och helt nya tensorer. De
två skalärinvarianterna i Maxwells teori återfinns som de rella och imaginära
delarna av den komplexa irreducibla tensorn av rang noll. Tensorerna
beräknades explicit för det viktiga specialfallet med en platt rumtid, den så
kallade Minkowskimetriken. Den vanliga energi-moment-spännings-tensorn
återfinns som en rang två tensor. En ny rang två tensor som beskriver
fasegenskaperna hos fälten är funnen som en av de irreducibla tensorerna.
Dessutom så hittas ännu en ny rang två tensor, som innehåller den imaginära
delen av den komplexa Poyntingvektorn. Slutligen hittas en ny rang fyra
tensor.

Artikel V

Modellering av CLUSTERs elektriska fältantenner i rymden:
applikation för plasmadiagnostik
Béghin, C., Décréau, P. , Pickett, J., Sundkvist, D., Lefebvre, B.
Accepterad till Radio Science, (2005).

I denna artikel presenteras en finitelementmodell för Clustersatelliternas elek-
triska antenner. Modellen jämförs med analytiska resultat, och en ny typ av
mätningar av ömsesidig impedans föreslås. Mätningarna gjordes i två olika
test, i magnetoskiktet och i solvinden. Mitt bidrag till denna artikel bestod i att
analysera data från testen som gjordes, tagna med hjälp av WBD-instrumentet
(Wide Band Data). Mätningarna visade sig vara kvalitativt i överensstämmelse
med teorin. Mätningarna ger också spin-off effekter, i form av ett nytt sätt att
mäta en kall partikelpopulation i plasmat genom att anpassa den teoretiska de-
byelängden till resultatet från mätningarna, och dessutom erhålls den effektiva
antennlängden på Clustersatelliterna.
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8. Conclusions and outlook

This thesis has to a large extent dealt with aspects of plasma dynamics in the
high-altitude cusp. The polar cusps are known as very dynamic regions of the
magnetosphere. This however means that lots of interesting processes are tak-
ing place, many still unknown and some just poorly understood. In this thesis,
characteristics of both low- and high-frequency waves in the cusp were ex-
amined. Waves around the proton gyrofrequency were seen to be a mixture
of kinetic Alfvén waves and electromagnetic ion-cyclotron waves (nonpoten-
tial ion Bernstein waves), both with very small perpendicular wavelengths.
The Poynting flux was confirmed to be mostly directed Earthward in the case
of very low frequencies, while the Poynting flux for frequencies close to the
proton gyrofrequency, together with an instability analysis indicated a local
generation process for the ion-cyclotron waves.

The plasma in the cusp is in a turbulent state. The kinetic Alfvén waves
in the cusp interact among themselves and with strong density and velocity
inhomogeneities, and form larger scale coherent structures. The discovery of
drift-kinetic Alfvén vortices in a turbulent drift-Alfvén magnetoplasma pre-
sented in this thesis can play an important future role in the study of low fre-
quency drift-wave turbulence. The findings was denoted a “Breakthrough in
turbulence” by leading journals and institutions. The reason for this is that the
vortices are result of self-organization and are believed to play a significant
role for turbulent anomalous transport. Turbulence of this type can be found
not only in space plasmas, but also in astrophysical and fusion (laboratory)
plasmas. In our analysis, the characteristic scale size of the vortices was de-
termined. As always in science, the answer to one question gives rise to many
new. After the now confirmed existence of these vortices natural questions
to ask are: How are they formed in the first place? What kind of instability
is responsible for their formation? What nonlinearities are important for the
subsequent self-trapping? What happens in vortex-vortex collisions? Are they
stable? What is the characteristic life-time of a vortex? The list of new ques-
tions can be made much longer.

For high frequency waves we showed that the shell-instability could be re-
sponsible for growth of several wave modes, such as electrostatic electron
cyclotron waves, whistler waves, upper-hybrid waves and right-handed con-
tinuous waves. The details of the resonant wave-particle interaction is still to
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be investigated. Some of the waves have so large amplitude that nonlinear
interaction can take place. The nonlinear saturation of the electron cyclotron
waves and their interaction with lower frequency waves is a topic that is being
pursued.

The electromagnetic wave fields written on covariant form was shown to be
decomposable into traceless tensors by using the spinor representation theory
arising from the group SL(2,C). This is a new approach to Maxwell’s theory
of electromagnetism. The tensors found in the decomposition were comprised
both of well known tensors, such as the two scalar invariants of electromag-
netism and the rank two energy-momentum-stress tensor. Even more interest-
ing are the new tensors found. One rank two tensor was shown to correspond
to the phase difference properties of the wave field. It remains to identify the
physical meaning of the other new objects, and the conservation laws the sym-
metries gives rise to. Although the explicit form of the tensors was calculated
for a flat spacetime, the decomposition was made for an arbitrary metric. The
result could beside theoretical use, find applications both in space physics and
in more extreme environments in astrophysics, where a covariant formulation
is needed. A topic to return to in the future.
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