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We investigate the role of the coupling between a spin-orbit coupled semiconductor nanowire and a con-
ventional s-wave superconductor on the emergence of the topological superconducting phase with Majorana
bound states in an applied magnetic field. We show that when the coupling is strong, the topological phase
transition point is very sensitive to the size of the superconductor and in order to reach the topological phase a
strong magnetic field is required, which can easily be detrimental to superconductivity. Moreover, the induced
energy gap separating the Majorana bound states and other quasiparticles in the topological phase is substantially
suppressed compared to the gap at zero field. In contrast, in the weak-coupling regime, we find that the situation is
essentially the opposite, with the topological phase emerging at much lower magnetic fields and a sizable induced
energy gap in the topological phase, which can also be controlled by the chemical potential of the superconductor.
Furthermore, we show that the weak-coupling regime does not generally allow for the formation of topologically
trivial zero-energy states at the wire end points, in stark contrast to the strong-coupling regime, where such states
are found for a wide range of parameters. Our results thus put forward the weak-coupling regime as a promising
route to mitigate the most unwanted problems present in nanowires for realizing topological superconductivity
and Majorana bound states.
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I. INTRODUCTION

The realization of Majorana bound states (MBSs) in
topological superconductors (SCs) has received great atten-
tion in the last decade, not only because they represent
a new state of matter but also due to their potential for
novel applications [1–9]. A promising route to engineer
this topological state combines one-dimensional (1D) semi-
conducting nanowires (NWs) with strong Rashba spin-orbit
coupling (SOC), proximity-induced s-wave superconductiv-
ity, and large enough magnetic fields [10–12]. Here, MBSs
emerge at the ends of the NW, and tunneling into one MBS has
theoretically been shown to produce zero-bias conductance
peaks with a height of 2e2/h [13–15]. These ideas have mo-
tivated large experimental efforts and have already led to the
fabrication of high-quality samples and zero-bias conductance
measurements which, however, only partially agree with the
theoretical predictions [16–23].

Part of the disagreement likely stems from the fact that
recent studies have reported zero-bias conductance peaks due
to topologically trivial zero-energy Andreev bound states that
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are therefore not related to MBSs or topology [24–55]. A
particularly relevant mechanism for generating such topolog-
ically trivial zero-energy states (TZESs), very likely present
in many recent experiments, is spatial inhomogeneities in
the chemical potential profile [25,26,26,27,56]. Interestingly,
such inhomogeneities, and thus TZESs, have been shown to
naturally appear due to the finite size of the SC when strongly
coupled to the NW [31,57–59]. Strong coupling between the
SC and NW also leads to a renormalization of the normal-
state parameters in the NW [57–67], which both substantially
change the NW properties and also force the use of a larger
magnetic field to reach the topological phase transition. Such
large magnetic fields, in turn, can deteriorate the induced su-
perconductivity in the NW, introducing strict requirements for
the superconducting material in the strong-coupling regime.
Thus, while the strong-coupling regime naturally provides a
strong superconducting proximity effect in the NW, it also
introduces complications that easily challenge the realization
and proper identification of MBSs.

In this work we consider a 1D semiconductor NW with
Rashba SOC coupled to a two-dimensional (2D) conven-
tional s-wave SC [see Figs. 1(a) and 1(b)] and investigate the
emergence of topological superconductivity at finite magnetic
fields. We demonstrate that, in the weak-coupling regime,
the topological phase transition does not depend on the fi-
nite size of the SC and can be reached by relatively small
magnetic fields, in contrast to the strong-coupling regime,
where strong dependence on SC size exists and substantially
larger magnetic fields are required. Most interestingly, we find
that the induced energy gap in the topological phase at weak
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(a) (b)

FIG. 1. (a) Schematics of a 1D NW (cyan) with length Lnw in a
parallel magnetic field B coupled with strength � to a 2D SC with
superconducting order parameter �sc and length Lx and width Ly

(green). (b) Same as (a), but part of the NW is not coupled to the SC,
remaining in the normal state, such that the NW-SC hybrid system
forms a SN junction.

coupling is similar to or even larger than the gap in strongly
coupled NWs. Moreover, this energy gap is tunable by the
chemical potential in the SC, such that it easily acquires large
values for both thin and thick SCs, which is crucial for the
topological protection of MBSs. Furthermore, we show that
TZESs do not emerge in the weak-coupling regime, contrary
to the strong-coupling regime, which is plagued by the natural
appearance of TZESs. Our results thus demonstrate that the
weak-coupling regime of NW-SC systems is surprisingly ben-
eficial for low magnetic field topological superconductivity
and topologically protected MBSs.

The remainder of this paper is organized as follows. We
introduce the model and method used in this study in Sec. II.
In Sec. III we present the phase diagram of the system and
discuss the effects of finite size and chemical potential of the
SC on the topological phase transition. In Sec. IV we compare
the induced energy gap in the topological phase for weakly
and strongly coupled NW-SC systems and also illustrate the
sensitivity of the induced energy gap to the chemical potential
of the SC. In Sec. V, we discuss the absence or presence
of TZESs from a coupling strength perspective. Finally, in
Sec. VI, we present our conclusions.

II. MODEL AND METHOD

We consider a one-dimensional NW with strong SOC in
a parallel magnetic field, which induces a Zeeman field B,
coupled to a conventional 2D spin-singlet s-wave SC, as
schematically shown in Fig. 1(a). The total coupled NW-SC
system is modeled by

H = Hnw + Hsc + H�, (1)

where

Hnw =
∑

x,σ,σ ′
d†

xσ

[
εnwσ 0

σ,σ ′ + Bσ x
σ,σ ′

]
dxσ ′

+
∑

x,σ,σ ′
d†

xσ

[ − tnwσ 0
σ,σ ′ + iαnwσ

y
σ,σ ′

]
dx+1,σ ′ + H.c.,

Hsc =
∑
i jσ

c†
iσ [εscδi, j − tscδ〈i, j〉]c jσ

+
∑

i

�sc(c†
i↑c†

↓ + ci↓ci↑),

H� = −�
∑
x,iσ

c†
iσ dxσ δix,xδiy,

Ly+1
2

+ H.c.

Here, Hnw represents the 1D NW Hamiltonian, where the
operator dx,σ destroys an electron with spin σ at site x in

the NW of length Lnw, σ i is the i-Pauli matrix in spin space,
εnw = (2tnw − μnw) is the NW on-site energy, μnw is the NW
chemical potential, tnw is the nearest-neighbor NW hopping
strength, B is the Zeeman interaction that results from the
external magnetic field along the NW, and αnw is the Rashba
SOC hopping strength. Moreover, Hsc represents the Hamil-
tonian of the 2D SC with length Lx and width Ly, where
ci,σ destroys an electron with spin σ at site i = (ix, iy) in
the SC, εsc = (4tsc − μsc) is the on-site energy, δ〈i, j〉 implies
only nearest-neighbor hopping is allowed, and �sc is the spin-
singlet s-wave (i.e., on-site) order parameter. Last, H� denotes
the coupling between the NW and SC with coupling strength
� � tsc, where, as seen in Fig. 1(a), the NW is positioned to
the middle of the 2D SC.

We solve the full NW-SC system in Eq. (1) within the
Bogoliubov–de Gennes formalism [68] for experimentally
realistic parameters. Since we are mainly interested in the
low-energy states, we take advantage of the sparseness of the
Hamiltonian in Eq. (1) and carry out a partial diagonalization
using the Arnoldi iteration method [69] to extract the low-
energy spectrum. We have further verified that self-consistent
calculations of the superconducting order parameter do not
modify the results presented here [59,70–72]. The parameters
we consider in the SC are tsc = 15meV and |�sc| = 0.1tsc,
which is in the range of experimentally measured values for
NbTiN [5]. For the NW we use tnw = 4tsc, which is consistent
with earlier works [31,59] and accounts for the difference
in the effective masses and lattice constant mismatch in the
NW and SC. For the NW we also use μnw = 0.02tnw, and
αnw = 0.05tnw. The SOC strength is then αR = 2aαnw, giv-
ing αR = 0.9 eVÅ, when using a lattice constant a = 1.5 nm,
which is a large value but in line with reports for InSb
and InAs NWs [5]. We further consider a NW of length
Lnw = 1000a = 1.5 μm, again realistic for experiments. The
length of the SC is taken to be substantially longer than
the NW to avoid boundary effects from the SC, while we
usually vary the width of the SC. For the setup in Fig. 1(b)
the NW is left partly uncovered by the SC to simulate a
superconductor-normal state (SN) junction, where we keep
the N part LN = 4a long. In what follows, all energies are
given in units of tsc, and lengths are in units of the lattice
constant a.

The NW-SC system, modeled by Eq. (1), is expected to
enter into a topological phase, with MBSs at the ends of the
NW, for Zeeman fields B above a critical value Bc, namely,
B > Bc (see, e.g., [4]). Here, all the ingredients, SOC, su-
perconductivity, and a Zeeman field, are crucial to reach the
topological phase. Of particular importance is the proximity-
induced superconductivity in the NW, characterized by the
induced energy gap �ind, which is effectively determined by
the lowest energy level, i.e., closest to zero, in the full NW-SC
spectrum,

�ind =
{|E0|, B < Bc,

|E1|, B > Bc,
(2)

where E0(1) is the lowest (first excited) energy level. Here,
the first excited energy level is needed in the topological
phase, B > Bc, since E0 corresponds to the energy of the
MBSs that appear at or close to zero. In order to visualize
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FIG. 2. Induced energy gap in the NW �ind as a function of
NW-SC coupling strength � for several different values of Ly and
μsc at zero Zeeman field B = 0. Vertical dashed lines denote the
weak, �/tsc = 0.2, 0.3, and strong, �/tsc = 0.7, coupling values used
throughout our work and μnw/tnw = 0.02. For the remaining param-
eters, see the text.

the behavior of �ind, we present in Fig. 2 the dependence of
�ind on � for several SC widths Ly and chemical potentials
μsc at B = 0. We see that, although there is an apprecia-
ble sensitivity to these parameters, in general, �ind ∝ � at
low �, while �ind has a nonlinear and saturating behavior
at larger �. This identifies two distinct regimes: we refer
to �ind linear in � as the weak-coupling regime, while we
refer to �ind nonlinear in � as the strong-coupling regime.
For our parameters the weak-coupling regime is generally
present when 0 < �/tsc � 0.3. We therefore probe these two
different regimes by fixing �/tsc = 0.2, 0.3 for weak cou-
pling and �/tsc = 0.7 for strong coupling (see vertical dashed
lines in Fig. 2). This definition of the weak- and strong-
coupling regimes is also qualitatively consistent with earlier
works [64,65].

The strong-coupling regime has attracted a large amount
of attention lately mainly because it allows for large induced
gaps that are similar in size to those in the parent SC at
B = 0 (see Fig. 2 and, e.g., [18,23]). However, as we discussed
in the Introduction, the strong-coupling regime also brings
unwanted effects such as renormalization of the normal-state
NW parameters and the formation of TZESs that can easily
obscure unambiguous identification of MBSs (see, e.g., [59]).

III. PHASE DIAGRAM

As explained in the previous section, the setup modeled by
Eq. (1) realizes a topological phase for large enough Zeeman
fields with MBSs located at the ends of the NW. To proceed,
we first analyze how the phase diagram, which shows the
appearance of trivial and topological phases, depends on prop-
erties of the SC, in particular Ly and μsc. To characterize the
phase diagram, we calculate the topological invariant using
the Wilson loop W [72–75]. For this purpose we use the setup
in Fig. 1(a) and also assume that Lx and LNW are infinitely
long, such that the wave vector along x, kx, is a good quantum

number. Then W is obtained as [73,74]

W = det[Ûo(−π )†Ûo[−π + (n − 1)δkx]

×
n−2∏
i=1

{Ûo[−π + (i + 1)δkx]†Ûo(−π + iδkx )}

× Ûo(−π + iδkx )†Ûo(−π )]

= eiγ , (3)

where W = +1 (−1) dictates that the system is in the topo-
logically trivial (nontrivial) phase. Here, Ûo is the matrix of
occupied states and a function of kx, δkx is the discretization
of kx, n is the number of discretized points, and γ is the Berry
phase. Note that Ûo(−π ) is used instead of Ûo(π ) since the
wave functions are the same at the boundaries of the Brillouin
zone and this trick makes W gauge invariant. The quantity W
in Eq. (3) provides the same information as the Pfaffian but is
simpler to calculate; see [76,77] for related Pfaffian studies.

In Fig. 3(a) we plot W as a function of B and � for
several different values of Ly and fixed μsc/tsc = 0.5, where
each curve represents the topological phase transition (TPT)
separating the trivial and topological regimes. This TPT cor-
responds to a critical Zeeman field denoted Bc. The general
observation is that the TPT curves exhibit a strong dependence
on Ly when the SC is not in the bulk regime. When reach-
ing the bulk regime, Ly/a � 41 in our case, this dependence
saturates, and the TPT curves appear to be superimposed.
Most importantly, each TPT curve strongly depends on the
values of �, where larger Zeeman fields are needed to reach
the topological phase when � is large, whereas notably lower
Zeeman fields are enough at weak �. There is thus an interplay
between the size of the SC and the coupling to the NW
which strongly affects the TPT. This effect can be understood
to arise from an effective energy shift induced in the NW
when the coupling � is strong, which both renormalizes the
NW chemical potential and makes it strongly dependent on
Ly [59,66]. This, in turn, moves the TPT to higher B values,
even possibly making it difficult to reach the topological phase
without destroying superconductivity at strong coupling. In
contrast, the renormalization of the chemical potential in the
weak-coupling regime is negligibly small, and hence, the TPT
does not depend very much on Ly in this regime. Moreover,
as noted above, the weak-coupling regime requires relatively
small Zeeman fields to reach the TPT for essentially all rea-
sonable widths of the SC.

As elucidated above, the TPT separating the trivial and
topological regimes is highly dependent on the coupling
strength and SC thickness. Given fixed coupling and thick-
ness, which is the realistic setup, we next explore the
possibility to control the TPT by tuning the chemical poten-
tials in the NW and SC, μnw and μsc, which are experimentally
tunable by means of voltage gates. In Fig. 3(b) we present
the critical Zeeman fields Bc needed to reach the TPT as
a function of μsc in the weak, �/tsc = 0.2, 0.3, and strong,
�/tsc = 0.7, coupling regimes for a fixed thin SC with Ly/a =
11 and μnw = 0.02tnw. Here, we focus on a thin SC, Ly/a =
11, motivated by the thin SCs currently employed in several
experiments (see, e.g., [18,23]). For completeness, we also
provide the corresponding results for a bulk SC with Ly/a =
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FIG. 3. (a) Topological phase diagram calculated using the Wilson loop W as a function of coupling � and Zeeman field B for several
different SC widths using μnw/tnw = 0.02 and μsc/tsc = 0.5. The curves denote TPT, i.e., Bc for each Ly. Vertical lines denote weak (two
leftmost line) and strong (rightmost line) coupling. (b) Critical field Bc as a function of μsc for a thin SC, Ly = 11a, at weak (red and yellow)
and strong (black) coupling. W as a function of μnw and μsc for Ly/a = 11 [purple curve in (a)] for (c) weak coupling and (d) strong coupling.

41 in Appendix A. We observe that the TPT in Fig. 3(b) is
largely insensitive to μsc at weak coupling (red and yellow)
but very sensitive to it at strong coupling (black). This result
is qualitatively unchanged for a bulk SC (see Appendix A).
Moreover, the critical fields Bc are much larger for strong
coupling compared to weak coupling, implying that Bc could
even be experimentally unreachable for some values of μsc

as superconductivity might be destroyed before reaching Bc.
In stark contrast, in the weak-coupling regime, a low Zeeman
field is enough for the system to reach Bsc and thus become
topological, highlighting again a clear advantage for weakly
coupled hybrid systems.

Having seen that the weak-coupling regime needs lower
Zeeman fields to reach the topological phase, we finally
present in Figs. 3(c) and 3(d) the phase diagram, calculated
using W , as a function of μnw and μsc for Ly/a = 11 in
the weak- and strong-coupling regimes, respectively, and for
fixed, but different, B. In the weak-coupling case [Fig. 3(c)],
the topological phase emerges at small NW doping and is
notably largely insensitive to the SC doping. The latter is a
result of the negligible renormalization of the NW chemical
potential at weak coupling. For strong coupling, a substan-
tially larger B is needed to produce a phase diagram with a
reasonably sized topological region [see Fig. 3(d)], and even
then there is a strong dependence on the properties of the SC.
We have verified that the phase diagrams remain qualitatively
the same when changing B or Ly or both.

To summarize the results above, the topological phase in
strongly coupled NW-SC hybrid structures is very sensitive to
the properties of the SC and notably also needs strong Zeeman
fields, which can easily be detrimental to superconductivity.
In stark contrast, the topological phase in the weak-coupling
regime is not sensitive the properties of the SC and instead
only requires that the NW is lightly doped, which opens a
promising route for low Zeeman field topological supercon-
ductivity and MBSs.

IV. LOW-ENERGY SPECTRUM AND INDUCED GAP

Having established that a sizable topological phase regime
emerges at low Zeeman fields in the weak-coupling regime of
NW-SC hybrid structures, we next investigate the possibility
to produce appreciable induced energy gaps �ind, defined in
Eq. (2). The need for a large induced gap in the topological

phase, often simply called the topological gap, is motivated
by the fact that this gap separates the discrete MBSs from
the quasicontinuum, thus providing the operation protection
of MBSs from quasiparticle poisoning (see, e.g., [17,78]). The
induced gap is set by the proximity-induced superconductivity
in the NW. As a consequence, stronger coupling between the
NW and SC is expected to generate a larger energy gap. How-
ever, as we established in the previous section, strong coupling
also requires larger Zeeman fields to reach the topological
regime and additionally renormalizes the properties of the
NW, and it is a priori not clear whether these might also have
an effect on the topological gap. In this section, we therefore
investigate the induced gap for both strong and weak coupling
across the TPT and into the topological phase.

We start by obtaining the low-energy spectrum in the setup
schematically shown in Fig. 1(a) with both the SC and NW
considered to be finite and the NW terminated within the SC
to avoid boundary effects from the SC. In Figs. 4(a)–4(c) we
plot the low-energy spectrum as a function of Zeeman field B
(renormalized by Bc) in both the weak (red and yellow curves)
and strong (black curve) coupling regimes for several different
values of μsc. Note that only the lowest positive energy levels
are shown for visualization purposes. In general, for all μsc

and �, a substantial induced energy gap is opened at B = 0. In
this zero-field limit, the induced gap is particularly large in the
strong-coupling regime, and it represents proximity-induced
superconductivity in the NW with effective order parameter
�ind. By increasing the Zeeman field, �ind overall becomes
smaller due to Zeeman depairing, and it eventually even van-
ishes when B = Bc (black arrows) since the bulk spectrum
necessarily closes at the TPT. Beyond the TPT, the induced
gap �ind, the topological gap, again acquires a finite value in
the topological phase, but notably, now it is the energy gap
separating the MBS and the first excited state. As a side note,
we have verified that the MBSs spatially reside in the NW
(SC) in the weak (strong) coupling regime, thus conditioning
the regions where they have to be probed; for details see
Appendix B.

What is most remarkable in Figs. 4(a)–4(c) is that the
topological gap is generally very similar in the weak- and
strong-coupling regimes. In particular, the topological gap
is not much smaller, and instead is sometimes even larger,
for weak coupling compared to strong coupling. This is very
different from the behavior at low Zeeman fields, where strong
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FIG. 4. (a)–(c) Low-energy spectrum as a function of the normal-
ized Zeeman field B/Bc for weak and strong coupling � at different
SC chemical potentials μsc for the geometry depicted in Fig. 1(a).
(d)–(f) Induced gap �ind extracted from (a)–(c) using Eq. (2) as a
function of μsc for weak and strong coupling � at different Zeeman
fields B. Here, Ly/a = 11, and μnw/tnw = 0.02.

coupling always gives the larger gap. Moreover, the topolog-
ical gap also varies with μsc, which enables an experimental
tunable level of control. The surprising similarity in topolog-
ical gap sizes in the weak- and strong-coupling regimes can
be explained by an interplay of effects. First of all, strong
coupling should generate stronger induced superconductivity
in the NW, which should naively give a larger induced gap
compared to those of weakly coupled structures. But strong
coupling also renormalizes the NW normal-state properties;
in particular it reduces the SOC strength (see, e.g., [59]),
and the topological gap is known to be proportional to the
SOC [79]. Thus, the topological gap is directly reduced by
this SOC renormalization always present in strongly coupled
structures. On the other hand, at weak coupling, the SOC is
not renormalized (or only slightly renormalized in the worst
case), resulting in a sizable topological gap, despite the ini-
tially smaller �ind at B = 0 in this regime. Moreover, strong
coupling also requires a larger Zeeman field to reach the TPT,
which further suppresses the induced gap compared to the
weak-coupling regime. Taken together, we find that the inter-
play of these effects results in very similar induced gaps in the
topological phase for weakly and strongly coupled NW-SC
hybrid structures.

To further elucidate the behavior of the induced gap �ind,
particularly its tunability, we plot in Figs. 4(d) and 4(e) �ind as
a function of μsc for both weak and strong coupling at several
different B. At B = 0, �ind is substantially larger in the strong-
coupling regime compared to weak coupling for all μsc, albeit

hole doping does not favor the proximity effect as much and
generates a smaller �ind [see Fig. 3(d)]. As the Zeeman field
increases but B < Bc, �ind decreases due to the detrimental
effect of magnetism on superconductivity [see Fig. 4(e)]. This
suppression of �ind is larger in the strong-coupling regime for
a fixed ratio of B/Bc, as Bc is then also larger. In the topo-
logical regime, B > Bc, the situation is notably different from
that at zero field: overall, the induced gap �ind is similar in the
weakly and strongly coupled regimes. We also observe that by
tuning μsc, �ind can easily be even larger in a weakly coupled
NW-SC hybrid structure than in the strongly coupled regime.
This is both a surprising and highly useful result as it implies
that weakly coupled NW-SC hybrid structures can achieve a
topological gap similar to or even larger than that in strongly
coupled structures and that the gap is also tunable. We have
verified that these findings remain robust for larger bulklike
SC (see Appendix A) and also in the presence of weak to
moderate scalar disorder in the superconductor (results to be
published elsewhere).

In summary, weakly coupled NW-SC hybrid structures
can achieve robust topological superconductivity with a large
topological gap and stable MBS. In contrast, the large induced
gap in the trivial phase of strongly coupled NW-SC hybrid
structures does not translate into a large induced gap in the
topological phase due to the combined detrimental effects of
large magnetic fields and significant reduction of SOC.

V. TRIVIAL ZERO-ENERGY STATES

Hitherto we have focused on the setup in Fig. 1(a) where
the whole NW is in contact with the SC. As a final part, we
study the setup presented in Fig. 1(b), where part of the NW
is left uncovered with the SC, thus forming an effective SN
junction. This type of junction is experimentally relevant in
transport experiments but has been shown to host TZESs in
the strong-coupling regime, with properties similar to those of
MBSs (see, e.g., [59,66]). Here we are interested in exploring
whether TZESs emerge in SN junctions in weakly coupled
NW-SC hybrid structures. To address this question, we plot in
Fig. 5 the low-energy spectrum obtained by solving Eq. (1) for
the setup in Fig. 1(b) as a function of coupling, SC chemical
potential, and Zeeman field.

To start, we display in Figs. 5(a) and 5(b) the low-energy
spectrum as a function of the Zeeman field for two different
values of �. In the case of strong coupling [Fig. 5(a)], the
low-energy spectrum has a finite induced gap at B = 0, as
expected, but this gap is then reduced as B increases and also
gives rise to the formation of TZESs for B < Bc, well before
the TPT. After the TPT, the system hosts a pair of MBSs at
zero energy, which exhibit spectral properties similar to those
of the TZESs. The appearance of the TZES is a consequence
of the renormalization of the NW chemical potential in the S
part of the NW. Then, because the NW chemical potential in
the uncoupled N region is left unchanged, the full NW devel-
ops an effective potential that resembles that of a quantum dot
forming in the N part of the junction. This quantum dot region
favors the formation of bound states, which can easily appear
at zero energy. The quantum dot TZESs are also located at the
wire end point, just like the topologically protected MBSs, and
therefore, they become very challenging to distinguish from
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MBS
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(b)

(c)

(d)

(a)

MMBS

MBS

FIG. 5. Low-energy spectrum as a function of the Zeeman field
B for (a) strong and (b) weak coupling � at fixed μsc/tsc = 0.5 for
the geometry depicted in Fig. 1(b). Points 1 and 2 corresponds to the
same points in (e). Low-energy spectrum as a function of chemical
potential in the SC μsc for (c) strong and (d) weak coupling at fixed
magnetic field B/tsc = 0.5. (e) Lowest positive energy plotted in a
color scale as a function of μsc and � for fixed B/tsc = 0.5. Dashed
vertical lines indicate weak and strong coupling, while dashed green
curve denotes TPT with topological MBS to the left and TZEs to the
right. The trivial phase hosts TZESs between the green (TPT) and
dashed red curves. Here Ly/a = 11, and μnw/tnw = 0.02.

MBSs. In stark contrast to the strong-coupling regime, we find
for the weak coupling that the SN junction does not host any
TZESs below Bc, only MBSs for B > Bc [see Fig. 5(b)]. Using
the same argument as above, this stems from the fact that the
NW chemical potential profile in the weak-coupling regime is
not overly affected by the SC, thereby avoiding the creation of
an unwanted quantum dot with TZESs.

The results above can be further confirmed by obtaining
the low-energy spectrum as a function of the SC chemical
potential in the weak- and strong-coupling regimes at a fixed
magnetic field, as shown in Figs. 5(c) and 5(d). While the
strong-coupling regime allows for both TZESs and topolog-
ical MBSs, indicated by red and green arrows in Fig. 5(c),
the weak-coupling regime interestingly permits the formation
of only MBSs in Fig. 5(d). The robustness and emergence of
the TZES for a wide range of parameters at strong coupling
is clearly a property that might challenge experimental inter-
pretation. To further illustrate this issue, we plot in color scale
in Fig. 5(e) the lowest positive energy level as a function of
μsc and � at fixed magnetic field. Here, the TPT is denoted
by a dashed green curve, obtained by calculating the Wilson
loop in Eq. (3). We have also checked that each point on this

curve coincides with the bulk gap closing in our real-space
calculations, as it should. The left side of the TPT curve
corresponds to the topological phase with E0 being the energy
of the MBSs, while the right side is the trivial phase which
hosts TZESs within the region enclosed by the TPT and the
dashed red curve. The most relevant feature of this plot is
the very large region with TZESs for all larger couplings
�, which are energywise impossible to distinguish from the
phase with MBSs. In contrast, in the weak-coupling regime,
TZESs do not even emerge, and this complication is avoided
altogether. We have verified that this conclusion also holds in
the presence of weak to moderate scalar disorder.

VI. CONCLUSIONS

In this work we have studied the realization of topolog-
ical superconductivity in a nanowire-superconductor hybrid
structure in the presence of an external magnetic field. We
have shown that, when the coupling between the nanowire
and superconductor is strong, the topological phase transition
point is very sensitive to the finite size of the superconductor
and, importantly, requires strong magnetic fields to reach the
topological phase, a situation that can easily be detrimental to
superconductivity. In contrast, in the weak-coupling regime,
we have found that the topological transition point is largely
insensitive to the finite size of the superconductor and can also
be reached by relatively small magnetic fields.

Moreover, very importantly for the practical applicabil-
ity, the induced energy gap in the topological phase in the
weakly coupled regime easily acquires large values similar to
those in the strong-coupling regime. This is a result of the
induced gap being heavily suppressed in the strong-coupling
regime due to both renormalization of the nanowire spin-orbit
coupling and the larger magnetic fields needed to reach the
topological phase. As a consequence, it is not necessary to
use a system with strong coupling between the nanowire and
superconductor to achieve a large topological gap, and in
fact, the weak-coupling regime is actually more advantageous
because it has a large and tunable topological gap, which is
of great importance for topological protection of Majorana
bound states.

Furthermore, we have also demonstrated that the weak-
coupling regime does not allow for the formation of
topologically trivial zero-energy states, easily present in
strongly coupled superconductor-semiconductor hybrid struc-
tures. This stems from the fact that the nanowire chemical
potential does not get renormalized in the weak-coupling
regime, leading to a homogeneous potential profile in the
wire, which cannot accommodate trivial zero-energy states.
Our findings thus show clear and multiple advantages of the
weak-coupling regime for the realization of low Zeeman field
topological superconductivity and Majorana bound states in
semiconductor-superconductor hybrid structures.

ACKNOWLEDGMENTS

We acknowledge financial support from the Swedish Re-
search Council (Vetenskapsrådet Grants No. 2018-03488 and
No. 2021-04121) and the Knut and Alice Wallenberg Foun-
dation through the Wallenberg Academy Fellows program, as

144509-6



ROBUST TOPOLOGICAL SUPERCONDUCTIVITY IN … PHYSICAL REVIEW B 105, 144509 (2022)

well as the EU-COST Action CA-16218 Nanocohybri. Sim-
ulations were enabled by resources provided by the Swedish
National Infrastructure for Computing (SNIC) at the Uppsala
Multidisciplinary Center for Advanced Computational Sci-
ence (UPPMAX), partially funded by the Swedish Research
Council through Grant No. 2018-05973.

APPENDIX A: BULK SUPERCONDUCTOR

In this Appendix we present further supporting calculations
for a thick, or bulklike, SC with Ly = 41. In particular, we
focus on the low-energy spectrum as a function of the Zeeman
field and of the topological transition point as a function of
the SC chemical potential to offer direct comparisons with the
results in the main text.

1. Phase diagram

In Fig. 6 we present the critical Zeeman field Bc at which
the system undergoes a TPT as a function of the chemical
potential in the SC μsc in the weak, �/tsc = 0.2, 0.3, and
strong, �/tsc = 0.7, coupling regimes. This is the same plot
as in Fig. 3(b), which instead used a thin SC with Ly/a = 11.
Here, we clearly observe that Bc is considerably larger in the
strong-coupling regime and also very dependent on μsc. In
contrast, Bc is overall lower and also almost independent of
μsc in the weak-coupling regime. These findings for thick
SCs are in excellent qualitative agreement with the results
presented in the main text for thin SCs. As a consequence, the
weak-coupling regime allows us to use low Zeeman fields,
largely independent of μS, to reach the topological phase,
independent of the size of the SC.

2. Low-energy spectrum and induced gap

In Fig. 7 we show the low-energy spectrum as a function
of magnetic field and extracted induced gap as a function
of the SC chemical potential, just as in Fig. 4 in the main
text but now for a bulk SC. Besides some very slight and
irrelevant modifications, the results remain qualitatively the
same. In particular, the size of the induced gap is very similar
in the weakly and strongly coupled regimes once we enter the
topological phase.

FIG. 6. Same as Fig. 3(b) in the main text, but for Ly = 41a.

(g)(a)

(b)

(c)

(d)

(e)

(f)

FIG. 7. Same as Fig. 4 in the main text, but for Ly/a = 41.

APPENDIX B: LEAKAGE OF LOW-ENERGY STATES
INTO SUPERCONDUCTOR

In this Appendix we consider the geometry depicted in
Fig. 1(a) and explore how the coupling � between the NW and
SC influences where in space the lowest-energy wave function

0 is located. Ideally, the MBSs emerging in the topological
regime are situated at the end points of the NW. However,
with a finite coupling between the NW and SC, the MBSs can
experience a nonvanishing weight also in the SC. In particular,
this leakage into the SC might be dependent on the coupling
� between the NW and SC. To characterize this effect, we
therefore calculate the weight of the lowest state in the NW

(a) (b)

FIG. 8. Weight of the lowest-energy state 
0, P , as a function of
Zeeman field B/Bsc in the SC (dashed lines) and NW (solid lines) for
(a) weak and (b) strong coupling. The green dashed line denotes the
TPT. The state for Ly/a = 11 is the same state as that given as E0 in
Fig. 4(c) in the main text, while that for Ly/a = 41 is the same as that
in Fig. 7(c).
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and SC as

Pnw =
Lnw∑
x=1

|
nw(x)|2, P sc =
Lx∑

ix=1

Ly∑
iy=1

|
sc(ix, iy)|2, (B1)

where P = ∑
r |
0(r)|2 = Pnw + P sc = 1 is the wave func-

tion probability of the lowest-energy state 
0, with Pnw (Psc)
being the fraction or weight of 
0 residing in the NW (SC).
We have here also verified that P = 1 for all parameters, as
expected for the total probability. However, the individual
weights, Pnw and Psc, exhibit distinct behaviors, as seen in
Fig. 8, where we present them as a function of the Zeeman
field for both thin and thick SCs in the weak [Fig. 8(a)] and

strong [Fig. 8(b)] coupling regimes. In the weak-coupling
case, the lowest-energy state 
0 resides mainly in the NW for
all values of the Zeeman field; that is, both the finite-energy
state in the trivial regime and the MBS in the topological
regime sit mainly in the NW. The opposite is true for strong
coupling; then the lowest-energy state mainly resides in the
SC, including the MBS formed in the topological regime.
At very large Zeeman fields, 
0 can become equally shared
between the SC and NW for thin SCs but not bulk SCs.
The detection of MBSs in strongly coupled NW-SC hybrid
structures can therefore be difficult as the MBS cannot be fully
captured if one probes only the NW. The same problem does
not exist in the weakly coupled regime.
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