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Introduction

For temperatures and pressures where life as we know it exists the properties
of matter can be described in terms of atoms, molecules and solids. The com-
mon building blocks of these different forms of matter are the electron and
the atomic nuclei. The fundamental laws of nature that describe the motions
of electrons and atomic nuclei have been relatively well known for almost a
century and in principle it is possible from these laws to predict the behaviour
of matter, may it be an atom or a living cell. But for systems of more than
two particles the complexity of the equations of motion grows quickly with
the number of particles, which limits our understanding of our selves and our
environment in terms of these laws. An approach to investigate complex sys-
tems and get a better understanding of matter is to find approximate theories.
From such theories can the properties of a materials be calculated without in-
put from experiments and predictions can be made based only on theoretical
assumptions, that is from first principles. The predictive power of these ap-
proximate theories has during the last decades been greatly enhanced by the
capacity of modern computers.

The only way to know if our computer calculations are correct is to com-
pare the results with empirical knowledge obtained from experiments. Also a
combination of theoretical calculations and experimental data makes it possi-
ble to answer questions that nor theory or experiment could answer on their
own. The properties of matter can be probed by measuring its ability to absorb
light of different energies. If X-ray light is used then the electric structure can
be measured with in an atomic specific way, since all different atomic species
have a specific set of energies in the X-ray range where they efficiently absorb
photons.

This thesis presents the development of a new method for simulating elec-
tronic properties of materials and how the result of the simulations can be used
to interpret X-ray absorption measurements.

Let me now ask four questions that hopefully will motivate the reader to
continue to digest the rest of my thesis. In the papers that the thesis is based
upon the answers to the following questions are given.

In Figure (1) the absorption of light as a function of photon energy for car-
bon nanotubes is shown. As seen here the ability to absorb light drastically
changes if the carbon nanotubes are loaded with hydrogen. The first ques-
tion that will be answered is, what can we learn about the hydrogen storage
capacity of carbon nanotubes from X-ray absorption?



2 INTRODUCTION

Figure 1: X-ray absorption spectra of carbon nanotubes before and after the tubes
were loaded with hydrogen. The figure is redrawn from Ref. [1].

In Fig. (2) the amount of light absorbed at different photon energies is
shown for gas phase water, bulk ice, ice surface and liquid water. The atomic
structure of these phases of water are relatively well known except the struc-
ture of liquid water. The second question is, what can we learn about the struc-
ture of water from X-ray absorption?

When ytterbium is compressed its ability to absorb X-ray light will change
as shown in Fig. (3). When a pressure of 4 GPa is applied Yb undergoes
a change from face centred cubic to body centred cubic structure. As more
pressure is applied Yb is known to keep the body centred cubic structure but
the electronic structure and in particular the valency of Yb at high pressure is
not well known. What can we learn about the electronic structure of Yb under
pressure from X-ray absorption?

The ability to manipulate the magnetic state in magnetic information stor-
age devices has replaced the technique of carving symbols into clay or wood.
The magnetisation direction of a material depends on the mean spin direction
of the electrons in the material. The common way to change the magnetisation
direction of a magnetic material is to rotate the direction of the spins using an
external magnetic field. An alternative approach to change the average spin
direction of the electrons is to let a current of spin polarised electrons pass
through the material, see Figure (4). Can the change of magnetisation induced
by a current be calculated from first principles?
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Figure 2: The ability of various structures of water to absorb X-ray light. The plots
show the X-ray absorption spectra, i.e. the X-ray absorption as a function of photon
energy. The X-ray absorption spectra was taken from Refs. [2, 3].

Figure 3: X-ray absorption spectra of ytterbium at different pressures.
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Figure 4: Consider a material with three layer A, B and C. The magnetisation direction
of layer B, indicated by a black arrow in the z-direction, can be manipulated by a
current perpendicular to the layers, indicated with black arrows in the z-direction. If
the current that enter layer B from layer A has a spin polarisation direction, indicated
by a grey arrow, that differs from the spin polarisation of the current that exits layer
B through layer C, then the magnetisation of layer B will change. The change of
magnetisation is indicated by a grey arrow in the y-direction.
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1. The electronic structure of matter
from first principles

All knowledge of the behaviour of our physical world can be reduced to a few
fundamental concepts. This chapter will show how some of these fundamental
concepts can be used to describe a system of atomic nuclei and electrons such
as an atom, molecule, liquid or solid.

1.1 Many body theory
The state of an isolated system, may it be the whole universe or a single elec-
tron, is given by a vector in an abstract Hilbert space Ψ. The time evolution of
the system is given by the Shrödinger equation

ih̄
∂

∂ t
Ψ = HΨ, (1.1)

where H is the Hamiltonian operator. For a system of atomic nuclei and elec-
trons, due to the difference in their mass, a good approximation is to consider
the electrons as moving an external potential of the fixed atomic nuclei. This is
the so-called Born-Oppenheimer approximation. The electronic Hamiltonian
H for a system of N electrons and M nuclei is given by [4]

H =
N

∑
m=1

p2
m

2me

+
1
2

N

∑
m=1

N

∑
n=1,n�=m

V(ee)(|rm − rn|)+
N

∑
n

M

∑
m

V(en)(|Rm − rn|), (1.2)

where p,V(ee) and V(en) denote electron momentum operator −ih̄∇, electron-
electron interaction potential and the Coulomb interaction between the elec-
trons and the nuclei, respectively, me is the electron mass. The Hamiltonian
operator H for a system of electrons and nuclei determines the ground state
properties such as crystal structure and conductivity. The state of a system of N

electrons may be represented by a linear combination of Slater determinants,

Ψ = ∑
{i}

a{i}
1√
N!

∣∣∣∣∣∣∣∣∣∣
φi1(r1,α1) φi1(r2,α2) . . . φi1(rN ,αN)

φi2(r1,α1) . . .
...

φiN (r1,α1)

∣∣∣∣∣∣∣∣∣∣
. (1.3)
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In the above equation φia(rb,αb) are the orthonormal single electron wave
functions of electron b in state ia where rb and αb are the position and the
spin of electron b. The Slater determinants with the number of electrons N
taking all values span the Hilbert space called state space. A short notation
for a Slater determinant is c

†
i1

c
†
i2

. . .c†
iN
|0〉 where |0〉 is the vacuum state and

the action of the creation operator c
†
ia

on a vector in state space is to add
an electron in state ia. The hermitian conjugate of the creation operator cia

removes an electron in state ia and results in zero if it acts on the vacuum
state, i.e. cia |0〉= 0. The annihilation and creation operators for fermions have
the following commutation properties

cic
†
j + c

†
jci = δi j (1.4)

cic j + c jci = 0 c
†
i c

†
j + c

†
jc

†
i = 0. (1.5)

All operators on the electron state space can be represented in terms of these
operators, for example

N

∑
m=1

p2
m

2me

= ∑
i, j

〈φi| p2

2me

|φ j〉c†
i c j (1.6)

1
2

N

∑
m=1

N

∑
n=1,n�=m

V(ee)(|rm − rn|) =
1
2 ∑

i, j,k,l

Vi jkl c
†
j c

†
i ckcl (1.7)

Vi jkl = ∑
α ,α ′

∫
d3r

∫
d3r′φ∗

i (r,α)φ∗
j (r

′,α ′)V(ee)(|r− r′|)φk(r,α)φl(r
′,α ′)

N

∑
m

M

∑
n

V(en)(|Rn − rm|) = ∑
i, j

〈φi|
M

∑
n

V(en)(|Rn − r|)|φ j〉c†
i c j (1.8)

where |φi〉 is the single electron state c
†
i |0〉. An advantage of this formalism is

that it applies to a system of a non-fixed number of electrons (N is not present
on the right hand side of equation (1.6-1.8)).

1.2 Independent electron approximations
In practise it has been found impossible to calculate the ground state of a
system of many electrons and atomic nuclei from the Shrödinger equation
Instead one often relies on approximations turning the N electron problem into
a problem of N non-interacting or independent particles moving in some kind
of mean field potential. For independent particles the many body Hamiltonian
reduces to a sum of single particle Hamiltonians ĥ = ∑n |ψn〉εn〈ψn|

H = ∑
m

ĥm = ∑
n

εnc†
ncn. (1.9)

For a system of N non-interacting particles the ground state can be written
as a single Slater determinant ∏N

n=1 c†
n|0,0,0, . . .〉 where the electron creation
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operators c†
n are ordered according to their single particle energies εn . All the

states with n ≤ N are occupied and all states with n > N are unoccupied and
the single particle energy of electron N, εN , is called the Fermi energy or Fermi
level, εF . For non-interacting particles at zero temperature the Fermi level co-
incides with the chemical potential µ . The chemical potential is defined as the
energy needed to add one electron to the system, i.e. the difference in energy
of the ground state with N particles and the energy of the ground state with
N +1 particles. For a solid material it is convenient to describe the state of the
material as deviations from the ground state ,that for independent particles is
given by ∏N

n=1 c†
n|0,0,0, . . .〉 and introduce the notion of annihilation/creation

operators for particles and holes, a/a† and b/b†, respectively.

an = cn,a
†
n = c†

n i f n > N (1.10)

b†
n = cn,bn = c†

n i f n ≤ N (1.11)

From here on |0〉 will denote the ground state of a system with fixed numbers
of particles.

1.3 Spin density functional theory and the Kohn-Sham
equation
One way to obtain an independent particle approximation for a system of N
electrons is to use the independent particles or quasi particles defined in den-
sity functional theory (DFT). The single particle wave functions of DFT also
serve as a basis set for modelling systems with real interacting electrons. In
DFT the strategy to obtain properties of the ground state of a solid or a liquid
is to solve for the ground state electron density and not for the wave function.
Due to a theorem by Hohenberg and Kohn [5] the ground state of the system
is uniquely defined by the ground state electron density n(r).

n(r) = 〈Ψ|n̂(r)|Ψ〉 (1.12)

n̂(r) = ∑
m,n,α

φm(r,α)φn(r,α)c†
mcn. (1.13)

The next step is to find a system of independent particles moving in an external
effective potential Ve f f that has the same density of particles as the interacting
system. The independent particles are obtained from the so-called Kohn-Sham
(KS) equation where the single particle wave functions φm and energies εm of
the independent KS quasi particles are calculated, see [6] and references there
in, (

− ∇2

2me

+Ve f f (r)
)

φm(r,α) = εmφm(r,α). (1.14)

For independent particles the particle density is easily obtained as n(r) =

∑N
m=1 ∑α |φm(r,α)|2, where the sum is over all occupied states. The difficult
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part in formulating the KS equation is to find the effective potential. The effec-
tive potential can be written as a sum of the external potential v, the Coulomb
interaction with the charge density and a so-called exchange correlation po-
tential µxc,

Ve f f (r) = v(r)+

∫
d3r′e2 n(r′)

4πε0|r− r′| + µxc(n(r)). (1.15)

The electron density for magnetic systems can be generalised to a spin density
ραβ that can be calculated using spin density functional theory (SDFT).

ραβ (r) = 〈Ψ|ρ̂αβ (r)|Ψ〉 (1.16)

ρ̂αβ (r) = ∑
m

∑
n

φ∗
m(r,α)φn(r,β )c†

mcn. (1.17)

The spin dependent KS wave functions are calculated from a spin dependent
KS equation with a spin dependent effective potential.

∑
β

(
−δαβ

∇2

2me

+V
e f f

αβ (r)−δαβ εm

)
φm(r,β ) = 0 (1.18)

V
e f f

αβ (r) = δαβ v(r)+ δαβ

∫
d3r′e2 (ρ↑↑(r′)+ ρ↓↓(r′))

4πε0|r− r′| + µxc
αβ (ραβ ) (1.19)

ραβ (r) =
N

∑
m=1

N

∑
n=1

φ∗
m(r,α)φn(r,β ). (1.20)

Since the charge/spin density is needed in order to obtain the effective poten-
tial in the Kohn-Sham equation, the equations 1.14, 1.15 and 1.18, 1.19 need to
be solved iteratively, i.e. the charge/spin density from the previous iteration is
used in the next iteration to calculate the effective potential. The iterations go
on until self consistency is reached. So far an exact expression of the exchange
correlation term has not been found for realistic systems but there are several
approximations. So far the most common approximation is the so-called lo-
cal spin density approximation (LSDA), where the exchange correlation term
is approximated by the corresponding term of a homogeneous but interacting
electron gas, having the same particle density as our non-interacting system.
Even for the homogeneous electron gas no general exact analytic expression
for µxc exists. However there are several parametrisations where extrapola-
tions are made either between limiting cases where it is known how µxc be-
haves or from results from quantum Monte Carlo simulations.

1.4 Periodic potentials, band structures and Fermi
surfaces
The periodic symmetry can be used to simplify the solution of the KS equa-
tion for a crystal structure. If the charge/spin density in the bulk of a crystal
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is assumed to be periodic with a periodicity given by a primitive cell of a
few atoms, then also the effective potential in the KS equation would be pe-
riodic. In such cases the KS equation for the whole crystal can be simplified
since the Bloch theorem [4] states that the KS wave function is a product of a
plane wave and a function unk(r,α) with the same periodicity as the effective
potential,

ψnk(r,α) = eikrunk(r,α). (1.21)

ψnk is called a Bloch type wave function.
There also exist crystals where the periodicity of the charge/spin density is

incommensurate with the periodicity of the atoms in the crystal. An example

Figure 1.1: Local magnetisation direction of a helical spin density wave. The spin
density wave is characterised by the spiral wave vector q and the spherical coordinates
θ and φ = qr

of this is a crystal with a helical spin density wave. The magnetisation den-
sity of a helical spin density wave M(r) = h̄µb ∑α ,β σαβ ραβ (r) rotates as a
function of qr and can mathematically be described by a spin spiral [7, 8]

M(r) = M(r)[cos(qr)sin(θ),sin(qr)sin(θ),cos(θ)], (1.22)

q is the so-called spin spiral wave vector. The magnitude of the magnetisation
density M(r) of a helical spin density wave has the same periodicity as the
crystal. Without loss of generality the cone angle θ is defined relative to the ẑ

axis, see Fig. (1.1). For a crystal with a helical spin density wave the KS wave
functions can be represented by a generalised Bloch wave function.(

ψnk(r,↑)
ψnk(r,↓)

)
= eikr

(
e−iqr/2unk(r,↑)
eiqr/2unk(r,↓)

)
(1.23)

where unk(r,α) have the same periodicity as the crystal. The periodic part
of the Bloch wave function unk(r) can be calculated considering only one
periodic unit of the crystal.
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Many properties of crystals can be calculated considering only the single
particle energies εnk of the Bloch wave functions ψnk. For periodic potentials
the single particle energies typically have two indexes, the crystal momentum
vector k and the band index or symmetry n. The crystal momentum is usually
represented as a vector in the 3D reciprocal space. The single particle energy
εnk is often called band energy and is a periodic function of k with the same
periodicity as the reciprocal lattice. At zero temperatures the states with εnk ≤
εF are occupied when the crystal is in equilibrium, i.e. the distribution function
f (n,k) has the following property

f (n,k) = 〈0|c†
nkcnk|0〉 = θ(εF − εnk),θ(x) =

{
0, x < 0

1, x ≥ 0
(1.24)

The surfaces in reciprocal space defined by εnk = εF enclosing the occupied
states is called the Fermi surface (FS).

1.5 Basis sets
In order to solve the KS equation for a crystal numerically one needs to find
a proper basis set for the KS quasi particle wave functions. In the interstitial
region between the atoms the Bloch type wave functions ψnk are well repre-
sented by a linear combination of plane waves eiKr,where K = G + k and G

is a reciprocal lattice vector. In the region of space close to the atoms a lin-
ear combination of atomic orbitals φnlm is a good representation, φnlm(r) =
fnl(r)Ylm(r̂) = φi(r), where Ylm are the spherical harmonics and the index i is
a multiindex i = {nlm} containing the band index n and angular momentum
indexes l and m. The projector augmented waves (PAW) and the augmented
plane waves (APW) are two sets of wave functions that outside a region of
radius Raug surrounding the atoms are plane waves and inside the radius are
atomic orbital like.

The PAW are represented as

ψPAW
K (r) = eiKr +∑

i

aiK(φi(r)− φ̃i(r)) (1.25)

where φ̃i(r) is chosen such that φi(r)− φ̃i(r) = 0 if r > Raug and aiK is chosen
such that eikr −∑i aiKφ̃i(r) ≈ 0 if r < Raug. Raug is called the augmentation
radius.

The APW are inside Raug given by a linear combination of orbital like
wave functions ψAPW

K (r,α) = ∑i aiKφi(E,r,α), where aiK is chosen such that
ψAPW

K (r,α) is continuous at r = Raug. The functions φi(E,r,α) are chosen
such that they solve the angular symmetric part of the KS equation for r < Raug

∑
β

(
−δαβ

∇2

2me

+V
e f f

αβ
(r)−δαβ E

)
φi(E,r,β ) = 0. (1.26)
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The E parameter in the APW is set to coincide with the energy of the KS
quasi particle. The so-called core electrons that are closely bond to the atomic
nucleus are usually represented using only atomic orbitals.

From the charge density obtained using the KS equations is it possible to
obtain, at least within the approximations made other properties like the total
energy and conductivity of our system. The LSDA is known to give the wrong
electronic structure for Mott insulators such as the 3d transition metal oxides.
For example, CoO and FeO are erroneously predicted to be conductors by the
LSDA and the magnetic moments turn out to be too small for NiO and CuO
when calculated by the LSDA [9]. For these systems the correlation effects
from d-electron interaction is considered to be strong, which means that the
d-electrons of these systems are not well represented by independent particles.





13

2. The response to an alternating and a
static electromagnetic field

The response of a system to an external electromagnetic field is of interest
both for the fundamental scientific understanding and for industrial applica-
tions. This chapter will discuss some models of the interaction of a many body
system with a X-ray field and with a static electric field.

2.1 X-ray absorption spectroscopy
If a sample of material is exposed to an X-ray field some of the energy of
the X-ray field is absorbed by the sample. The energy of the photons in the
X-ray field can be tuned so that when absorbed it excites a core electron of
a specific element and thus information about the local electronic structure
of that element can be obtained. The electromagnetic energy absorbed by the
sample per unit volume and unit time P is described by

P = j ·E. (2.1)

In the above equation is E the external electric field of the X-ray photons and
j is the microscopic current induced in the media by the external field E. The
current j can, to a first order in the external field, be calculated using the linear
response optical conductivity σ .

j = σ(q,ω)E. (2.2)

The conductivity is in general dependent on the wave vector q and the fre-
quency ω of the applied electric field. Since the X-ray energies that we con-
sider have wavelengths longer than the size of the crystal unit cell we make
the approximation that q = 0. If a complex notation for σ = |σ |eiθ is used,
where θ is the phase shift between the applied field and the induced current,
then the time average off the energy absorption 〈P〉time is given by

〈P〉time =
1
2

Re(σ(ω))|E|2. (2.3)
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The conductivity of a many electron system can in the formalism of chapter 1
be expressed using the current current correlation function π(ω) as [10, 11]

Re(σ(ω)) = Re

(
i

ω
π(ω)

)
(2.4)

= Re

(
1

ων

∫ ∞

0
dteiωt−δ t〈0|[ j†(t), j(0)]|0〉

)
(2.5)

= Re

(
1

ων

∫ ∞

0
dteiωt−δ t〈0| j†(t) j(0)|0〉

)
, (2.6)

where ν is the volume of the sample and j is the current operator. The equality
between Eq. (2.5) and Eq. (2.6) holds if ω > 0. The current operator is given
by

j = 2∑
i, j

〈φi|eÊ ·p
me

|φ j〉c†
i c j. (2.7)

In the above equation e is the electron charge, me is the electron mass, Ê is the
direction of the electric field and p is the momentum operator.

An experimental technique to probe the electronic structure of a system is
to measure the absorption of X-ray photons as a function of photon energy.
The X-ray absorption spectra, is as seen from Eq. (2.3), given by the real part
of the conductivity.

2.1.1 X-ray absorption spectra of atomic systems
For systems with only a few electrons such as atoms, is it possible to approx-
imately solve the Shrödinger equation and calculate the eigen energies and
eigen values of the Hamilton operator. If the eigenstates and eigen energies to
the electronic Hamilton operator H|n〉 = En|n〉 are known then equation (2.6)
can be generalised to non zero temperatures and the expression for the XA
spectra can be rewritten as

Re(σ(ω)) =
π

ων ∑
m,n

|〈m| j|n〉|2 e−βEn

∑k e−βEk
δ (ω + En −Em). (2.8)

where β is equal to one over temperature times the Boltzmann constant, β =
1/kBT . The above expression is a sum of delta functions where each delta
function corresponds to an excitation from an initial state |n〉 with energy En to
a final state |m〉 with energy Em = En +ω and the selection rules are governed
by the oscillator strengths |〈m| j|n〉|2.

2.1.2 X-ray absorption spectra and the initial and final state
If the electrons in a crystal are approximated by independent KS quasi par-
ticles and the X-ray photon energy is tuned to knock out a specific electron
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from a core state φc, then the significant parts of the current operator are those
that connect the core state and the states in the valence bands.

j = ∑
n,k

〈ψnk|eÊ ·p
me

|φc〉c†
nkb†

c + 〈ψnk|eÊ ·p
me

|φc〉∗bccnk. (2.9)

In the above equation ψnk are the KS wave functions of the quasi particles
in the valence bands n with crystal momentum k and bc/b†

c are the annihila-
tion/creation operator of a hole in the core state φc. Combining Eq. (2.6) and

Figure 2.1: In the XA-process is a core electron promoted by an X-ray photon to the
unoccupied states above the Fermi level. Eventually the core hole will be filled by an
electron from the valence band

Eq. (2.9) one may see that the first term in Eq. (2.9) promotes an electron from
the core state to the valence bands at time 0 and the second term in Eq. 2.9 fill
the core hole with a valence electron at time t. The process is schematically
illustrated in Fig. (2.1). For non-interacting quasi particles the expression for
the XA spectrum (2.4) reduces to

I(ω) ∼ Re(σ(ω)) =
π

ων ∑
n,k

|〈ψnk|eÊ ·p
me

|φc〉|2θ(εnk −µ)δ (ω + εc− εk),

(2.10)
where εnk and εc are the KS quasi particle energies of the valence and core
electrons, respectively. This expression is similar to the local density of states
above the Fermi level. The term 〈ψnk| eÊ·p

me
|φc〉 is the so called dipole transition

matrix element that governs the selection rules. According to the selection
rules only excitations between states that differ with one quanta of angular
momentum is allowed.
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If an interaction between the valence quasi particles and the core hole is
introduced the Hamiltonian is represented as [12]

H = εcbcb†
c +∑

n,k

εnkc
†
nkcnk + ∑

n,n′k,k′
〈ψnk|Vh|ψn′k′〉c†

nkcn′k′b†
cbc. (2.11)

where εc is the core hole energy. The first two terms in the above expression
are the Hamiltonian of a non-interacting core hole and non-interacting valence
electrons. The last term including the potential of the core hole Vh causes an
interaction between the valence electrons and the core hole. This model ne-
glects all electron electron interactions except for those taken into account by
the KS equation and the interaction between the valence quasi particles and
the core hole. The effect of the core valence interaction on the current cur-
rent correlation function for an insulator or semiconductor where the valence
band is empty can be calculated and the result is that the XA spectrum is pro-
portional to the local density of final states or the local density of states at
an atomic site with a core [13, 14]. The final states are calculated by diago-
nalising an independent particle Hamiltonian with a core excited atom. The
Hamiltonian with a core excited atom can be expressed using the creation and
annihilation operators as,

H = ∑
nk

εnkc
†
nkcnk + ∑

n,n′,k,k′
〈φnk|Vh|φn′k′ 〉c†

nkcn′k′ . (2.12)

The Hamiltonian with a core excited atom can also be represented in terms
of single particle operators. The first term in Eq. (2.12) corresponds to the
single particle Hamiltonian ĥ = ∑k |ψnk〉εnk〈ψnk| where ψnk and εnk can be
obtained from the KS equation. The core hole causes the effective potential
in the KS equation to be more attractive at the site of the core excited atom.
The core hole potential can be represented by a single particle operator V̂h =

∑n,k |ψnk〉〈ψnk|Vh|ψnk〉〈ψnk|. The presence of a core hole is usually taken into
account in an LSDA calculation of a crystal by replacing one atom in the
periodic lattice by the next element in the periodic table of elements causing
the potential at the site of the replaced atom to become more attractive. This
approximation is called the Z+1 approximation.

The presence of a core hole will alter the electronic structure of the va-
lence electrons in such a way that previously itinerant electrons can become
localised. The transition from itinerant to localised means that in an indepen-
dent quasi electron picture the quasi electron wave functions, instead of being
distributed over the whole crystal become exponentially damped as the dis-
tance increases from the atom with a core hole. For such an electron with a
localised orbital like wave function the ability to hybridise with the orbitals at
the surrounding ions will be less important and the Coulomb interaction with
the electrons on the same atom will increase.
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2.1.3 The effect of the core hole in the X-ray absorption process
The effect of the interaction between the valence quasi electrons and the core
hole in equation (2.11) is more difficult to calculate for metallic systems where
the valence band is not empty. The modelling of XA, including core hole
valence electron interaction, is treated by the theory of dynamical core hole
screening developed by Mahan, Nozières and De Dominicis (MND), see [15]
and references therein. In this section we introduce a multiband generalisation
of this theory. The calculation of XA-spectra of metallic systems is simpli-
fied if the operators are expressed using Wannier type wave functions instead
of Bloch type wave functions.The Wannier wave functions φnR are a set of
orthonormal functions localised at the atomic site R with symmetry n; the
annihilation and creation operators cnR and c

†
nR annihilate and create a quasi

electron at site R in a state with symmetry n. If Wannier states are used then
the current operator and the Hamiltonian with core hole interaction is given
by

j = ∑
n

〈φnRc
|eÊ ·p

me

|φc〉c†
nRc

b†
c + 〈φnRc

|eÊ ·p
me

|φc〉∗bccnRc
(2.13)

H = εcb†
cbc + ∑

n,n′,R,R′
δnn′εnRR′c†

nRcnR′

+ 〈φnRc
|Vh|φn′Rc

〉c†
nRc

cn′Rc
b†

cbc. (2.14)

In the above equation the core hole potential is assumed to be restricted to
only the site of the core excited atom Rc. This assumption is usually approx-
imately valid for metallic systems where the core hole potential is efficiently
screened. For insulating systems the core hole potential is also influencing the
neighbouring atoms. Let us now define a two particle Green function

Knn′RR′(τ , t) = θ(τ)(θ(t − τ)〈0|dc(t)cnR(τ)c†
n′R′(0)d†

c (0)|0〉
− θ(τ − t)〈0|cnR(τ)bc(t)c

†
n′R′(0)b†

c(0)|0〉), (2.15)

The connection between the two particle Green function and the X-ray ab-
sorption spectrum is given by the following equation

I(ω) ∼ ∑
n,n′

〈φnRc
|eÊ ·p

me

|φc〉∗Re

(∫ ∞

0
dteiωt−δ tKnn′RcRc

(t, t)

)
〈φn′Rc

|eÊ ·p
me

|φc〉.
(2.16)

The two particle Green function obeys the following differential equation

∑R1

(
i

∂

∂τ
δRR1 − εnRR1

)
Knn′R1R′(τ , t) = δRR′δ (τ)Gc(−t)

− ∑n′′ 〈φnRc
|Vh|φn′′Rc

〉δRRc
θ(t − τ)Kn′′n′RcR′(τ , t). (2.17)

where Gc(−t) = iθ(t)〈0|bc(t)b
†
c(0)|0〉 is the Green function of the core hole.

Equation (2.17) can be reformulated by making a Fourier transform of the τ
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variable . The transformed version of Eq. (2.17) can be solved by introducing
an auxiliary matrix

ϕmn(ω , t) = KnmRcRc
(ω , t)/Gc(−t). (2.18)

If we define a Green function matrix Gmn(ω) = G
c

†
mRcnR

(ω) (see appendix
A) and a core hole potential matrix Vmn = 〈φmRc

|Vh|φnRc
〉, then the auxiliary

matrix obeys the following equation

ϕ(ω , t) = G(ω)−V

∫ ∞

−∞

dε1

2πi

ei(ω−ε1)t −1
ω − ε1

ϕ(ε1, t). (2.19)

The two particle Green function Knn′RR′(τ , t) can be calculated from the aux-
iliary matrix ϕmn and the core hole Green function Gc, which can be obtained
from the following equations

Gc(t) = θ(−t)e−iεct+∆(t) (2.20)

∆(t) = −TrV

∫ −t

0
dt1ϕ(−0, t1). (2.21)

where εc is the core level energy, see Eq. (2.14). If the core hole potential
also influences atoms in the vicinity of the core excited atom then the band
indexes of the matrices Gmn, Vmn and ϕmn must be generalised to multiindexes
including both a band index and an index for the atoms in the vicinity of the
core excited atom.

2.2 Charge and spin transport
The average velocity of electrons in a crystal will change if the crystal is ex-
posed to a static electric field. If the electrons are approximated by indepen-
dent quasi particles in a periodic potential then the mean velocity of a particle
in state ψnk is given by

v =
1
h̄

∇kεnk (2.22)

where k is the crystal momentum. Since εnk is a function of k so is the velocity.
Within the semi classical approximation the time dependence of the crystal
momentum k of a quasi particle exposed to an electric field is given by the
Boltzmann equation [4].

dk

dt
= − e

h̄
E (2.23)

In the ground state only quasi particle states with crystal a momentum vec-
tor k inside the FS are occupied. The electric field scatters the quasi particles
out of the region enclosed by the FS and causes the distribution of electrons
g(n,k, t) = 〈N(t)|c†

nkcnk|N(t)〉 to change away from the equilibrium distri-
bution; |N(t)〉 is the state of the system excited by an electric field. The ef-
fect of the electric field is to displace g(n,k, t) in the direction of the electric
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field. There are several effects that counteract the displacement of g(n,k, t),
which we will summarise in the concept of collisions. If the electric field is
removed the collisions cause the electrons to relax to their equilibrium distri-
bution f (n,k). The time scale of the relaxation is set by the relaxation time τ .(

dg(n,k, t)

dt

)
col

= −1
τ
(g(n,k, t)− f (n,k)) (2.24)

The net effect of a small electric field and the collisions is that the system will
find a new stable distribution where the occupation of the states at the FS has
changed.

δ f (n,k) = −τe

h̄
E ·∇kεnk δ (εnk − εF) (2.25)

The above expression follows from the relaxation time approximation [4].
The charge current density j and spin current density tensor Q induced

by an electric field can be calculated using the electron distribution function
g(n,k)= f (n,k)+ δ f (n,k). In general the charge and spin current densities of
a system in state |N〉 are given by

jm(r) = Re
e

m
∑
α

〈N|∑
i, j

φ∗
i (r,α)pmφ j(r,α)c†

i c j|N〉 (2.26)

and

Qmn(r) = Re
h̄

2m
∑
α ,β

〈N|∑
i, j

φ∗
i (r,α)σn,αβ pmφ j(r,β )c†

i c j|N〉, (2.27)

where m is the coordinates x,y,z in real space and n denotes the coordinates in
spin space. If a crystal is modelled using a semi classical distribution of inde-
pendent particles moving in a periodic potential then the spin current density
tensor is approximated by an integral in reciprocal space.

Q(r) =
ν

(2π)3 ∑
n

∫
dkg(n,k)Re

−ih̄2

2m
∑
α ,β

φ∗
nk(r,α)σαβ ∇φnk(r,β ) (2.28)

=
ν

(2π)3 ∑
α ,β

∑
n

∫
dkg(n,k)Qnk(r) (2.29)

In the above expression ν is the volume of the system and Qnk is the spin
current tensor of a particle in state φnk. The average charge current density
can also be calculated using a similar integral

〈j〉 = Re
e

m(2π)3 ∑
n

∫
dkg(n,k)〈φ∗

nk|p|φnk〉. (2.30)

No net charge current flows through a system in its equilibrium ground state.
However, if an external electric field E is applied the occupation of the states
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at the Fermi surface (FS) will change and the average charge current can be
obtained from an FS integral

〈j〉 =
1

(2π)3

τe2

h̄m
∑
n

∫
FSn

E ·∇kεnk〈φ∗
nk|p|φnk〉 dSFSn

|∇kεnk| . (2.31)

2.2.1 Current induced magnetism
If there is a net spin flux into a region of space enclosed by a surface S then
due to conservation of angular momentum the total angular momentum of the
region J will change. The change in J implies a change of the total magneti-
sation of the region. The spin flux through the surface S is given by a surface
integral of the spin current tensor Q(r)

∂Jn

∂ t
= −∑

m

∫
S

Qmn dSm (2.32)

If the semi classical expression in Eq. (2.29) is used, the total spin flux into a
region is obtained by summing the spin flux from all occupied states. The sum
of the spin flux into any region of space will be zero due to time invariance if
the system is in its equilibrium ground state. However, if an external electric
field E is applied the spin flux into the region enclosed by S can be calculated
from an FS integral.

∂J

∂ t
=

ν

(2π)3 ∑
n

∫
FSn

τe

h̄
E ·∇kεnk

∫
S

Qnk ·dSS

dSFSn

|∇kεnk| (2.33)

2.3 Magnetic field induced magnetism and nesting
The magnetisation M induced in a crystal by an external magnetic field B is
to linear order given by the susceptibility χ0

M = χ0B (2.34)

M = h̄µb ∑
α ,β

〈N|∑
i, j

φ∗
i (r,α)σαβ φi(r,β )c†

i c j|N〉. (2.35)

The interaction of the electrons in the crystal and the external magnetic field
is in the Hamiltonian given by the term

Hmagn = 2µBSi ·B (2.36)

where Si is the spin of electron i. For simplicity the angular momentum con-
tribution B ·L is omitted in the above equation. The only spin dependent term
in Eq. (1.18) for the KS quasi particles, except for the interaction with the ex-
ternal magnetic field, is the exchange correlation potential µxc

αβ . The exchange
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correlation potential is a function of the spin density. Within the Stoner ap-
proximation the spin dependent part of the exchange correlation potential is
defined by the average spin density, i.e. the magnetisation and the Stoner ex-
change I by the expression

µxc
αβ = δαβ µxc + h̄µBIM ·σαβ . (2.37)

The effect of the Stoner exchange is that the KS quasi particles are considered
to move in an effective magnetic field given by

Hmagn = 2µBSi · (B + IM) = 2µBSi ·Be f f . (2.38)

The following expression is obtained when the external field B is replaced by
Be f f = B + IM in Eq. (2.34)

M = χ0Be f f = χ0(B + IM). (2.39)

The above equation can be interpreted as follows. An external magnetic field
induces a magnetisation and if Iχ0 > 0 the induced magnetisation will cause
a further increase in the magnetisation. Equation (2.39) becomes unstable if
Iχ0 > 1 which means that the system will have a spontaneous magnetisation
even if B = 0. Thus if Iχ0 > 1 there is a non zero magnetisation even if the
external magnetic field is zero, this is the so called Stoner criterion for spon-
taneous magnetisation.

We would like to investigate the criteria for the occurrence of a helical mag-
netisation since we are interested in systems with a helical spin density wave,

M = M+−
q [sin(qx),cos(qx),0] (2.40)

The occurrence of a helical magnetisation is governed by the susceptibility for
a periodic magnetic field

M+−
q = χ+−(q)B+−

q (2.41)

B = B+−
q [sin(qx),cos(qx),0] (2.42)

The susceptibility for helical spin density is a special case of the frequency
dependent susceptibility χ+−(q,ω) where ω → 0. The frequency dependent
susceptibility χ+−(q,ω) is given by [14]

χ+−(q,ω) = i

∫ ∞

0
dteiωt+δ t〈0|[S+−

q (t),S+−
−q (0)]|0〉 (2.43)

where the helical spin operator S+−
q is given by

S+−
q =

∫
dreiqr ∑

i, j

φ∗
i (r,↑)φ j(r,↓)c†

i c j. (2.44)



22
CHAPTER 2. THE RESPONSE TO AN ALTERNATING AND A STATIC

ELECTROMAGNETIC FIELD

If Bloch type states are used then the expressions for the helical spin operator
can be written as

S+−
q = ∑

n,k

∫
dreiqrφ∗

nk+q(r,↑)φnk(r,↓)c†
nk+qcnk (2.45)

= A+−
nk,qc

†
nk+qcnk. (2.46)

The expression for the helical spin density susceptibility for independent KS
quasi particles in a non magnetic ground state reduces to

χ+−(q,0) = −2µ2
0 ∑

nk

f (n,k)− f (n,k + q)

εnk − εnk+q
|A+−

nk,q|2. (2.47)

The above expression shows that χ+−(q,0) becomes large if the states ψnk

and ψnk+q are on the FS. A system with a large helical spin density suscepti-
bility fulfils the Stoner criterion and spontaneously forms a helical spin den-
sity wave. This will occur if parts of the FS can be connected by the vector q.
Vectors in reciprocal space connecting significantly large parts of the FS are
called nesting vectors.
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3. X-ray absorption spectroscopy from
first principles

The ability to interpret XA-spectra in terms of fundamental properties of the
system under investigation is greatly enhanced if the spectra can be compared
to a theoretical model. In this chapter we show how the XA spectra can be
calculated by combining MND theory with first principles calculations.

3.1 The theory of Grebennikov
The original version of the MND theory of dynamical core hole screening
is difficult to solve numerically since it requires an integration of the Green
function over the whole energy axis, Eq. (2.19). The approach formulated by
Grebennikov Ref. [16] involves only the imaginary part of the Green function
which is non-zero only in a restricted energy interval which makes it easier to
solve numerically. We have generalised the scheme in Ref. [16] so that it can
be applied to a realistic multiband case.

Technically, the computational procedure is as follows. We make use of the
initial- and final-state retarded Green function operators defined as

gR(ω) = (ω −µ + iδ − ĥ)−1 (3.1)

ĥ = ∑
n,k

|ψnk〉εnk〈ψnk|, (3.2)

and

GR(ω) = (ω −µ + iδ − ĥ−V̂h)
−1 (3.3)

V̂h = ∑
n,n′,k,k′

|ψnk〉〈ψnk|Vh|ψn′k′ 〉〈ψn′k′ |, (3.4)

correspondingly (see appendix A). Here µ is the chemical potential, δ a small
complex component to the argument of the Green functions, ĥ the single par-
ticle Hamiltonian without a core hole and Vh is the core hole potential. In
the XA process the excited core electron undergoes a transition to a valence
orbital located at the excited atom. The electronic structure of the latter is de-
scribed by the projections of the Green functions onto local orbitals φmRc

,φnRc
,

as gR
mn = 〈φmRc

|gR|φnRc
〉 and GR

mn = 〈φmRc
|GR|φnRc

〉. When we introduce the
modified auxiliary function ϕ̃(ω , t) = g−1(ω)ϕ(ω , t) (see Eq. 2.18), then the
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XAS intensity function I(ω) is given by the expression [16]

I(ω) ∼ Re

∫ ∞

0
dt

∫ ∞

µ

dε

π
eit(ω−ε+εc)+∆(−t)

∑
mn

tn(ImgR(ε)ϕ̃(ε , t))mnt∗n , (3.5)

where tn = Ê · 〈φc|p|φnRc
〉 are the transition matrix elements (see Eq. (2.9)

and ∆(t) is the core hole energy shift, see Eq. (2.21). The modified auxiliary
function ϕ̃(ε , t) can be calculated from the matrix integral equation derived
from Eq. (2.19)[16]

ϕ̃(ε , t) = 1+ V

∫ ∞

µ

dε1

π
ImgR(ε1)L

+(ε ,ε1, t)ϕ̃(ε1, t)

L+(ε ,ε1, t) =
I∗(ε1, t)− ei(ε−ε1)tI∗(ε , t)

ε1 − ε

I(ε , t) = 1+ V

∫ ∞

−∞

dε1

π

ei(ε−ε1)t −1
ε − ε1

ImGR(ε1), (3.6)

where ∗ means the complex conjugation of all matrix elements and V is the
core hole potential matrix Vmn = 〈φmRc

|Vh|φnRc
〉. If the core hole potential in-

fluence atoms in the vicinity of the core excited atom then the band indexes of
the matrices Gmn, Vmn and ϕmn must be generalised to multiindexes including
both a band index and a site index for the atomic sites in the vicinity of the
core excited atom.

3.2 Numerical results for model systems
The effect of the interaction between core hole and valence electrons in the
XA-process can be illustrated by considering a single band model system with
a half filled valence band. For the single band case the locally projected initial
state retarded Green function gR(ω) can be calculated from the local density
of states (DOS), see Appendix A. If the core hole Coulomb attraction only
effects electrons at the site with the core hole then the hole potential can be
represented by a real number Vh. The local projection of the final state re-
tarded Green function GR(ω) can be obtained from gR(ω) and Vh through the
equation GR(ω) = gR(ω)(1−VhgR(ω))−1. Let us consider four model sys-
tems where a gap in the DOS is successively opened up at the Fermi level, see
Figure (3.1). The upper left graph of Figure (3.1) shows that for a metallic
system the XA-spectrum has a singularity at the threshold. This singularity
peak becomes weaker as the DOS at the Fermi level is reduced, as shown in
the other graphs in Figure (3.1). The XA-spectra for the model systems have
essentially the same shape as the DOS with a core hole present but modified
by a singularity peak at the Fermi level in the case where the system has a large
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Figure 3.1: Single band model calculations of the XA-spectra, the dash dotted line is
the DOS, the thin full line is the DOS in the presence of a core hole. The thick full
line is the XA-spectra calculated using Eq. (3.5). For all models the Fermi level is set
to 0 and the core hole Coulomb attraction 〈φRc |Vh|φRc〉 = −0.6.

DOS at the Fermi level. The rapidly oscillating feature in the upper left figure
is due to problems in the numerical representation of the threshold singularity.

3.3 The core hole
In order to properly simulate the dynamics of the excitation process it is im-
portant to know how the core hole created in the XA process effects the va-
lence electrons. The influence of the core hole on the valence electrons is given
by the core hole potential, see Eq. (3.4). The initial- and final-state Green
functions are connected by the core hole potential through the Slater-Koster
equation

GR(ω) = gR(ω)+ gR(ω)VhGR(ω). (3.7)



26
CHAPTER 3. X-RAY ABSORPTION SPECTROSCOPY FROM FIRST

PRINCIPLES

The corresponding equation for the locally projected quantities reads

〈φmrc1 |GR(ω)|φnrc2〉 (3.8)

= 〈φmrc1 |gR(ω)|φnrc2〉+ 〈φmrc1 |gR(ω)VhGR(ω)|φnrc2〉
= gR

mrc1nrc2
(ω)+ 〈φmrc1 |gR(ω)( ∑

i,rc3 , j,rc4

|φirc3〉〈φirc3 |Vh|φ jrc4〉〈φ jrc4 |

− ∑
i,rc3, j,rc4

|φirc3〉〈φirc3 |Vh|φ jrc4〉〈φ jrc4 |+Vh)G
R(ω)|φnrc2〉

= gR
mrc1nrc2

(ω)+ (gR(ω)VGR(ω))mrc1nrc2

+ 〈φmrc1 |gR(ω)(Vh − ∑
i,rc3, jrc4

|φirc3〉Virc3 jrc4〈φ jrc4 |)GR(ω)|φnrc2〉

where rc are the site indexes of the atoms in the vicinity of the core excited
atom and m,n are band indexes. Eq. (3.7) can also be written as

GR(ω) = gR(ω)(1−VhgR(ω))−1. (3.9)

For the locally projected quantities gR
MN , GR

MN and VR
MN the above equation

can be expressed using the upper case multiindexes M = {m,rc}.

GR(ω) = gR(ω)(1− (V + Ṽ(ω))gR(ω))−1 (3.10)

Ṽ(ω) = (gR(ω))−1W̃(ω)(GR(ω))−1

W̃MN(ω) = 〈φM |gR(ω)(Vh −∑
IJ

|φI〉VIJ〈φJ |)GR(ω)|φN〉.

For a complete set of local orbitals, including all bands and all atomic sites
the reminder Ṽ = 0. In a numerical calculation of the XA-spectra based on the
Grebennikov scheme the set of local orbitals must be as small as possible, but
sufficiently large so that Ṽ can be neglected.

For systems where the core hole potential is restricted to only the core ex-
cited atom the multiindex of the matrices gR

MN , GR
MN and VR

MN can be reduced
to only a band index.

The core-hole potential can be calculated using the expression

V = (gR(ω))−1 − (GR(ω))−1

= ∑
k,l

|φ ′
lk〉〈φ ′

lk|(ω − ε ′
lk −µ + iδ )

− ∑
k,l

|φlk〉〈φlk|(ω − εlk −µ + iδ )

= ∑
k,l

|φlk〉〈φlk|εlk −∑
k,l

|φ ′
lk〉〈φ ′

lk|ε ′
lk (3.11)

where |φ ′
lk〉,ε ′

lk and |φlk〉,εlk are eigenstates and eigen energies of the initial-
state Hamiltonian, ĥ, and the final-state Hamiltonian, ĥ+V̂h, respectively. The
eigenstates and eigen energies can be obtained from a first principles band
theory calculation of a super cell with and without a core hole. The size of
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the super cell with a core hole must be large enough so that different sites
with a core hole do not interact. The expression for the core-hole potential,
Vh, projected on local orbital reads

VMN = ∑
k,l

〈φM |ψlk〉〈ψlk|φN〉εlk −∑
k,l

〈φM |ψ ′
lk〉〈ψ ′

lk|φN〉ε ′
lk, (3.12)

where the projections on local orbitals φN = φnrc
can be calculated using the

spherical harmonics Yn centred at site rc and where n = {ml} are the angular
momentum quantum numbers. Since the projections usually are done inside
spheres with no well defined radius it is important that the projections are
properly normalised.

The locally projected Green functions can also be obtained from the first
principles calculation. The final state Green function is given by

GR
MN(ε) = ∑

k,l

〈φM |ψlk〉〈ψlk|φN〉
ε − εlk −µ + iδ

. (3.13)

where N = {nrc} and rc is a site in the vicinity of the core excited atom. The
initial state Green function can be obtained from the corresponding equation
where the projections are obtained from a calculation without a core excited
atom.

3.4 Numerical implementation
In a numerical implementation of the Grebennikov scheme the Green func-
tions are considered as a function of a discrete energy variable ε ∈ {εmin −
α∆ε |α = 0,1, ...N}. Such a Green function can be represented by a block vec-
tor where each element GR

α = GR(εmin −α∆ε) is a matrix with the orbital and
site indexes M,N. The mesh of the energy points {εmin −α∆ε |α = 0,1, ...N}
must cover the valence band and the broadening of the energy levels, δ , should
be larger than the distance between points on the energy mesh, ∆ε . If the set
of local orbitals is large enough to represent the core hole potential then the
following identity holds gR

α = GR
α(1 + VGR

α)−1, which is the inverse of Eq.
(3.10) assuming that Ṽ = 0. A check of this identity constitutes a crucial test
to see if the set of local orbitals is properly chosen.

The function I(ε , t) in Eq. (3.6) can also be represented as a block vector
where each element Iα(t) is a matrix and

Iα(t) = 1+ V∑
β

∆ε

π

ei((α−β)∆ε)t −1
(α −β )∆ε

ImGR
β . (3.14)

The sampling theorem states that in order to sample a function the sampling
frequency must be twice the maximal frequency of the function. Since the
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sampling is made in the energy variable the sampling theorem puts a restric-
tion on the maximum value of t that can be represented using a discrete energy
mesh, that is, tmax = π/∆ε .

If we represent ϕ̃(ε , t) by a block vector ϕα(t) = ϕ̃(εmin −α∆ε , t) then Eq.
(3.6) takes the form

ϕ(t) = A+ B(t)ϕ(t). (3.15)

In the above equation B is a super matrix where the elements Bαβ are matrices
given by the expression

Bαβ (t) =

V
∆ε

π
Im(gR

β )
I∗β (t)− ei(α−β)∆εI∗α(t)

(β −α)∆ε
θ(εmin + β∆ε −µ)

θ(x) =

{
0, x < 0

1, x ≥ 0
(3.16)

The elements of the block vector A in Eq. (3.15) are unit matrices. We can
now solve Eq. (3.15) for ϕ(t):

ϕ(t) = (1−B(ω))−1A. (3.17)

In order to calculate numerically the integrals in Eqs. (3.5) and (2.21) the
argument of ϕα(t), i.e. t, must also be discredited. The time mesh t ∈ {γ∆t|γ =
0,1, ....M} is chosen by the following considerations. If the integral

∫
dε
π e−itε

in Eq. (3.5) is represented by a discrete Fourier transform over the energy in-
terval εmin − (εmin +N∆ε), then the integral

∫
dteitω in Eq. (3.5) is represented

by a discrete inverse Fourier transform. This implies that the distance between
points in the time mesh is related to the distance between points in the energy
mesh by the expression ∆t = 2π/((N + 1)∆ε).

The XAS intensity function can now be calculated numerically using a dis-
crete version of Eq. (3.5).

I(ω) ∼ Re ∑
γ ,0≤γ≤tmax/∆t

∆t ∑
α

θ(εmin + α∆ε −µ)
∆ε

π
eit(ω−α∆ε+εc)+∆(−γ∆t)

× ∑
i j

ti(ImgR
α ϕα(γ∆t))i jt

∗
j . (3.18)

The first sum in the above expression is a sum over the time mesh. This sum
is truncated at tmax since higher values of t cannot be represented within the
resolution of the energy mesh. The function ∆(−γ∆t) in Eq(3.18) is calculated
numerically using the expression

∆(−γ∆t) = iTrV ∑
η ,0≤η≤γ

∆t ∑
α

θ(µ − εmin −α∆ε)
∆ε

π
Im(gR

α)ϕα(η∆t).

(3.19)
The truncation tmax in Eq. (3.18) can sometimes cause problems in represent-
ing sharp features in the XA spectra see Fig. (3.1).
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4. Spin transfer torque from first
principles

The change in the magnetisation due to a net spin flux into some region of
space is called the spin transfer torque (STT). The STT can be calculated
using the spin current density tensor, see section (2.2). In this chapter we show
how the spin current density tensor can be calculated within the independent
particle approximation using the KS wave functions, see Eq. (1.18).

4.1 Spin transfer torque on an atomic scale
When the magnetisation of a material varies on the atomic scale it makes
sense to consider the STT on the individual atoms. The STT on an atom is
given by the spin flux through a sphere surrounding the atom. The spin flux
into an atomic sphere can be calculated by the KS wave functions. The APW
expansion of the wave function is at the surface of the augmentation spheres
given by a sum of plane waves,

ψnk(r) = ∑
G

(
ank,Gei(G+k−q/2)r

bnk,Gei(G+k+q/2)r

)
(4.1)

where G are the reciprocal lattice vectors and the plane wave coefficients a and
b are obtained from the first principles calculation. The spin flux into a sphere
S with radius R centred at an atom at site rn is for the ψnk wave function given
by the expression

∫
S

Qnk ·dSS =
h̄R2

m
Re ∑

G,G′
−i4π

×
[

s↑↑ a∗nk,Gank,G′e−i(G−G′)rn j1(|G−G′|R)(G′ + k−q/2)·( ̂G−G′)

+ s↑↓ a∗nk,Gbnk,G′e−i(G−G′−q)rn j1(|G−G′ −q|R)

× (G′ + k + q/2)·( ̂G−G′ −q)

+ s↓↑ b∗nk,Gank,G′e−i(G−G′+q)rn j1(|G−G′+ q|R) (4.2)

× (G′ + k−q/2)·( ̂G−G′+ q)

+ s↓↓ b∗nk,Gbnk,G′e−i(G−G′)rn j1(|G−G′|R)(G′ + k + q/2)·( ̂G−G′)
]
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where m is the electron mass and j1 is the first spherical Bessel function. If
the equation for the spin flux through the augmentation spheres is combined
with Eq. (2.33) one obtains a linear relation between the STT and the external
electric field.

∂J

∂ t
= τ ∑

n

AnE. (4.3)

A similar expression can be obtained for the resistivity, relating the average
current density with an external field by combining Eq. (2.31) and Eq. (2.22)

〈j〉 = τ ∑
n

BnE (4.4)

=
−1

(2π)3

τe

h̄2 ∑
n

∫
FS

∇kεnk (∇kεnk ·E)
dSnk

|∇kεnk| .

Combining these two equations gives a linear relation between the torque and
the current density where the unknown electron relaxation time τ has been
cancelled,

∂J

∂ t
= (∑

n

An)(∑
m

Bm)−1〈j〉 = C〈j〉. (4.5)

C is called the torque current tensor.



31

5. The electronic structure of
La0.7Sr0.3MnO3

Independent particle models are known to work in systems where correlation
effects are small. This is not the case for transition metal oxides where the d-
electrons of the transition metals are strongly correlated [9]. For the transition
metal oxide La0.7Sr0.3MnO3 (LSMO), see Fig. (5.1), is it not clear whether
this is the case or not. But the success of LSDA in reproducing the ground
state properties such as magnetic moments and conductivity indicate that cor-
relation effects can not be too large. In order to make a robust assessment

Figure 5.1: Atomic and orbital structure of LSMO. In the lower part of the figure are
shown the three fold degenerate t2g orbitals dxy, dyz and dzx. The double degenerate
eg orbitals dz2 and dx2−y2 , that are overlapping with the O p orbitals, are shown in the
upper part of the figure.

of the electronic structure of LSMO, and the effect of electron correlations,
theoretical calculations of the XA spectra are compared to XA measurements
of the Mn L-edge and the O K-edge. The theoretical calculations are done us-
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ing the LSDA and atomic multiplet theory. The results have been published in
Paper I.

5.1 Two theoretical models of La0.7Sr0.3MnO3

Figure 5.2: Transition energies and oscillator strengths for Mn3+ and Mn4+ ions in a
cubic crystal field.

For the independent particle approximation the electronic structure of LSMO
is modelled using non-interacting quasi particles obtained from the local spin
density approximation, see Eq. (1.18). First principles calculations of the elec-
tronic structure were done using the VASP PAW code implementation of the
LSDA [17, 18]. The VASP code can generate the site and symmetry resolved
DOS by projecting the KS wave functions onto spherical harmonics inside
spheres surrounding the atoms.

An alternative to the independent particle approach is to neglect the inter
atomic electron hopping and consider the crystal as a collection of indepen-
dent ions. In this model the Mn ions have two charge states 3+ and 4+, since
the Mn atoms transfer some of their electrons to the O atoms. An Hartree
Fock (HF) calculation was performed for the Mn3+ and Mn4+ ions. The only
effect of the surrounding crystal in the HF calculation was to cause a splitting
between the dxy,dyz,dxz and the dx2−y2 ,dz2 states through a crystal field. The
strength of the crystal field was obtained from the LSDA calculation using the
single electron energies of the states with the t2g and eg symmetry, see Fig.
(5.1). The result of the HF calculation was further improved by diagonalising
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Figure 5.3: Experimental and theoretical Mn LIII -edge XA-spectra of LSMO. The
theoretical curves were calculated using the LSDA and atomic multiplet theory see
section (5.2.1).

the single ion Hamiltonian including the crystal field in a sub space of several
Slater determinants with different orbital configurations in order to get a good
description of the ground state and some of the excited states.

5.2 Experimental and theoretical results for
La0.7Sr0.3MnO3

In this section the calculated XA spectra are compared to the experimental
spectra of the Mn LIII-edge and O K-edge.

5.2.1 Mn LIII-edge
In Figure (5.3) the XA spectra of the Mn LIII-edge is shown. The Mn LIII spec-
tra is obtained by tuning the X-ray photon energy to excite a p-core electron.
Also shown in Figure (5.3) are the two theoretical spectra calculated using the
LSDA and atomic HF theory. The LSDA spectrum is obtained in the spirit
of the independent electron approximation from the initial state Mn 3d states
above the Fermi level, see section (2.1.2). The Mn-d DOS is convoluted with
a Gaussian for a better comparison with the experiment.

The atomic spectra is an average of the Mn3+ and the Mn4+ spectra calcu-
lated using Eq. (2.8) where the energies and oscillator strengths were obtained
from the HF calculation ,see Figure (5.2). The atomic spectra was also convo-
luted with a Gaussian. From Figure (5.3) we conclude that the Mn LIII XA-
spectra can not be reproduced by calculations based on itinerant independent
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Figure 5.4: Experimental and theoretical O K-edge XA-spectra of La1−xSrxMnO3(x =
0.9,0.4,0.0). The experimental data (thick solid line) were redrawn from the data
presented in Ref.[19]. The theoretical data are the O-2p projected DOS obtained from
an LSDA calculation of La0.7Sr0.3MnO3 (thick dotted line). For comparison we also
show the projection of the DOS on the Mn 3d (dashed-dotted line), Sr4d/La5d (dashed
line) and Mn sp (dotted line) orbitals. The O-2p DOS projections are calculated for
atoms close to a Sr site for the upper curves. For the lower curves the projections are
calculated for atoms close to a La site and for the middle curves the projections are a
sum over all sites.

or weakly interacting electrons. On the other hand the atomic theory where
the Mn-d electrons are not allowed to hop between the Mn sites seem to re-
produce the width and the position of all the spectral features. A completely
different conclusion will somewhat surprisingly be obtained when we analyse
the XA-spectra of the O atom.

5.2.2 O K-edge
Information can be obtained about the local electronic structure at the O site if
the photon energy in an XA measurement of LSMO is tuned so that an electron
hole is created in the O s-core states. The threshold of such an excitation is
denoted as the O K-edge. The O K-edge spectra for La1−xSrxMnO3 taken from
Ref [19] is shown in Figure (5.4). On top of the XA-spectra we show the initial
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state density of O-p states above the Fermi level, convoluted with a Gaussian.
The density of O-p states was obtained from the LSDA calculation. As seen
in Figure (5.4) the experimental spectra have three main peaks situated at the
threshold, 7-8 eV above the threshold and 14-15 eV above the threshold. Our
theoretical spectra reproduce these three peaks and show that they originate
from hybridisation between the O-p and the Mn-d states, Sr/La-d states and
Mn-sp states, respectively. From Figure (5.4) we conclude that the O K-edge
spectra can be reproduced by a calculation based on itinerant and independent
or weakly interacting electrons, and that the peak near the threshold is due to
hybridization between O-2p and itinerant Mn-3d states.

5.3 Conclusions
The conclusions of section 5.2.1 and section 5.2.2 can at a first glance seem
contradictory since the Mn LIII-edge spectra cannot be described within an
independent electron model but the O K-edge spectra can. Since the O-p elec-
trons of LSMO are known to be delocalised and form a broad energy band of
states one can expect that those states will not be severely altered by the pres-
ence of a hole in the O core. From the O K-edge spectra we conclude that the
LSDA does reproduce the ground state of LSMO and that in this ground state
the Mn-d states do hybridise with the O-p states and seem to be well described
as itinerant, as indicated by the peak just above threshold in Figure (5.4). We
speculate that the reason for not being able to reproduce the Mn LIII-edge by
an independent electron model is that the presence of a core hole in the Mn
2p shell severely alters the local electronic structure, since the Mn-d states
are more localised compared to the O-p states and form a narrow band. The
presence of a hole in the Mn core will alter the structure of the Mn-d states
such that a more atomic-like, structure is obtained where correlation effects
become more pronounced and the independent particle approximation is no
longer valid. But since in the XA process the Mn-d electrons become more
atomic like the XA spectra can be obtained from an atomic HF calculation
where electron-electron and core hole electron interaction is explicitly taken
into account. The reason that the conclusions of section 5.2.1 and 5.2.2 are
seemingly contradictory is that LSMO is a system that shows both initial and
final state effects depending on which edge is probed.





37

6. Ab initio calculations of X-ray
absorption and hydrogen storage

Quite often the XA spectrum is interpreted in terms of either the initial-state
density of states (without core hole) or the final-state density of states (with
core hole). The first approach assumes that the interaction of the X-ray pho-
ton with the electronic subsystem is very fast in comparison with any typical
processes in the latter (such as the electron hopping). The second approach
assumes that the photon-electron interaction is adiabatic so that the system
transfers from an “old” ground state into the new one. The MND theory con-
siders the creation of the core hole as an instant process but takes into account
the real dynamics of the response of the electronic subsystem. In this chapter
we exemplify our theoretical development combining the multiband generali-
sation of the MND theory (see section (2.1.3) and Paper II), and first principles
calculations of realistic systems with three materials, graphite, C60, and single
wall carbon nanotubes (SWCNT). Further details can be found in Paper III.
We also show in this chapter how the XA spectrum of SWCNT are modified
by structural deformation due to hydrogen absorption.

6.1 The structure of graphite, C60 and carbon nanotubes
The atomic structure of graphite, C60 and SWCNT shown in Figure (6.1) have
many similarities. The structure of graphite is basically a pile of two dimen-

Figure 6.1: Three different forms of carbon. From left to right, the structure of
graphite, SWCNT and a C60 molecule are shown

sional sheets of graphene, a single-wall carbon nanotube can be considered
as a rolled up sheet of graphene, and a C60 buckey ball is a graphene sheet
wrapped to a spherical molecule. The electronic structure of graphene-like
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carbon structures are determined by the C valence s and p electrons. The va-
lence px, py and s orbitals hybridise and form sp2 orbitals that bind the C
atoms covalently to each other, see Fig. (6.2) The remaining non-bonding

Figure 6.2: Orbital configuration of graphene like carbon structures. The orbitals in
the atomic plane are the sp2 orbitals. The orbital perpendicular to the atomic plane is
the pz orbital.

pz orbital is oriented perpendicular to the plane of the covalent bonds. For the
C60 molecule the pz orbitals hybridise and group into irreducible representa-
tions of the icosahedral symmetry group [20]. The finite size of a SWCNT
causes the tube to either become a semi conductor or a metal depending on
the chirality, which is the rolling direction and diameter of the tube [20].

6.2 The initial state, the final state and the core hole
In Figure (6.3) the XA spectrum of the C K-edge is compared to the theoretical
calculations of the initial and final state. The initial-state spectrum that is
similar to the p DOS above the Fermi level is given by

I(ω) ∼ ∑
i j

〈ψc|p|ψiRc
〉ImgR

i j〈ψc|p|ψ jRc
〉∗, (6.1)

where 〈ψc|p|ψiRc
〉 are the transition matrix elements and the gR is the local

projection of the initial state Green function. The final state spectrum is cal-
culated using the corresponding equation with the local projection of the final
state Green function GR. The local projections of the Green functions are ob-
tained from the local projections of the wave functions calculated from first
principles, see section (3.3).

The first principles calculations of graphite, C60 and the carbon nanotubes
were performed using the VASP code [17, 18] within the projector augmented
wave (PAW) [24] method. Calculations were made for two types of SWCNTs
with a diameter of ∼ 12Å, one predicted to be metallic and one predicted to
be a narrow band semiconductor[20]. In order to simulate a system with a
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Figure 6.3: Theoretical and experimental XA spectra of graphite are displayed in (a).
The experimental data [21] are shown by diamonds. The solid line is the final-state
spectrum. The dash-dotted line is the spectrum obtained from projections made on
a site without a core hole (named initial state B). The dashed line is the spectrum
obtained using the inverse of Eq. (3.10) with Ṽ = 0 (named initial state A). The the-
oretical and experimental XA spectra of C60 are shown in (b). The circles are the
experimental spectrum [22]. The dashed line is the spectrum obtained using the in-
verse of Eq. (3.10) with Ṽ = 0. The full line is the spectrum obtained from projections
made on a site with a core hole. The theoretical and experimental XA spectra of the
SWCNTs are shown in (c). The circles are the experimental spectrum [23]. The full
and dash-dotted lines are the spectra obtained from projections made on a site with a
core hole for the semi conducting and metallic tube, respectively. The dashed and the
dotted lines are the spectra obtained using the inverse of Eq. (3.10) with Ṽ = 0 for the
semi conducting and metallic tube, respectively. For further details see Paper III.
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1s core hole we adopted the Z+1 approximation for one atom in our super
cells. The local projections were obtained from projections of the KS wave
functions onto spherical harmonics inside spheres surrounding the atoms. The
local projections of the Green functions and the core hole potential gR,GR,V
that are used to calculate the XA spectra are 4×4, matrices because the pro-
jections are made on to s, px, py, pz orbitals.

Since graphite is a semi-metallic material the core hole potential is assumed
be well represented using only the s and p orbitals of the core excited atom.
The validity of this assumption can be motivated using the following consid-
erations of the initial state Green function. There are two ways to calculate
the locally projected initial state Green function. The first is to use Eq. (3.13)
with the projections made on a site without the core hole, and the second is
to use the final state Green function and the inverse of Eq. (3.10) with Ṽ = 0.
The two methods give identical results only for an exact representation of the
core hole potential. In Fig. (6.4) and Fig. (6.3a) a comparison of the initial
C-p DOS or initial state spectra for graphite, C60 and SWCNTs is shown.
The difference between these two results of the initial state spectrum is small,
which justifies our assumption that the basis set is sufficiently large to neglect
Ṽ, see section (3.3) . In comparison with the experimental spectrum the com-
putational initial- and final-state results, Ii(ω) and I f (ω), respectively, do not
reproduce the shape and the intensity of the experimental spectrum, although
we note that the final state spectra have roughly the correct peak positions.
This observation is consistent for both graphite, C60 and the SWCNTs.

6.3 X-ray absorption including dynamical core hole
screening
In this section the theoretical calculations of the XA spectra of graphite, C60

and the SWCNTs are presented. The calculations are performed using the
computational procedure based on MND theory as described in chapter (3).

6.3.1 X-ray absorption spectrum of graphite
The XA spectrum of graphite can be interpreted as a π∗ contribution from pz

orbitals and a σ ∗ contribution from sp2 hybrid orbitals [25, 26], both of them
having mostly excitonic character [21]. The XA spectrum for graphite calcu-
lated using MND theory is displayed in Fig. (6.5) and it is clearly seen that
the positions of the π∗ and σ ∗

1 peaks are reproduced very well by the theory.
Of practical importance is the fact that the relative intensities of the π∗ and
σ ∗

1 peaks are drastically improved compared to the final-state spectrum, see
Fig. (6.3). In Fig. (6.5) the theoretical curves are broadened with a Gaussian
of width 0.5 eV, to make the comparison with the experimental data more
appropriate.
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Figure 6.4: Initial state spectra of C60, metallic SWCNT and semi conducting SWCNT
are shown in upper, middle and lover panel, respectively. Both occupied and unoccu-
pied states are shown and the Fermi level is at zero energy. The dashed lines are spectra
obtained using the inverse of Eq. (3.10) with Ṽ = 0. The full lines are spectra obtained
from projections made on a site without a core hole, for further details see the text.

6.3.2 X-ray absorption spectrum of C60

The peaks in the XA-spectrum of C60 can be labelled after the irreducible rep-
resentations of the icosahedral symmetry group. The first two observed peaks
above the threshold are characterised as excitations to orbitals with t1u and t1g

symmetry, the third peak corresponds to transitions to the nearly degenerate
orbitals with t2u and hg symmetry[22]. Fig. (6.6) displays the spectrum for C60

calculated using MND theory and it is clearly seen that the positions of the t1u,
t1g and t2h + hg peaks are reproduced very well by the theory. A comparison
between the MND theory and the final-state approximation, Fig. (6.3), shows
as the main difference that the relative intensities are better described with
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Figure 6.5: Theoretical and experimental XA spectra of graphite. The theoretical re-
sults were calculated by Eq. (3.18).

the MND theory. It is particularly the relative intensity between the t1u and t1g

peaks that with the MND theory is drastically improved compared to the final-
state calculations. Also the intensity of the conspicuous peak 4 eV above the
threshold has the correct intensity only if dynamical effects are considered.

6.3.3 X-ray absorption spectrum of carbon nanotubes
Fig. (6.7) displays a comparison of the experimental and theoretical XA-
spectra of the SWCNTs. The experimental spectrum of the SWCNT sample
is very similar to the experimental spectrum of graphite, the main difference
is the relative intensity of the π∗ and σ ∗ peaks. The difference between the
experimental spectra in Fig. (6.7) and Fig. (6.6) is only due to the fact that
the polarisation of the X-ray light relative to the atomic planes is different for
the two cases. In the case of graphite the experimental spectrum was mea-
sured for X-rays polarised in such a way that the electric field E is parallel to
the plane of incidence and the X-rays are incident at the angle of 45◦ to the
graphite planes [21]. For this configuration the transition matrix elements can
be evaluated to be 〈ψc|p|ψnRc

〉 ∼ 0,1,2,
√

2 for n = s, px, py, pz. The experi-
mental spectrum of the SWCNTs were from a sample with randomly aligned
nanotubes[23] and thus 〈ψc|p|ψnRc

〉 are all equal (except for 〈ψc|p|ψsRc
〉 = 0)

From Fig. (6.7) it is clear that the position of the π∗ peak in the XA spec-
trum of a single SWCNT is strongly dependent on the chirality. The MND
spectrum of the metallic nanotube has a peak at the threshold whereas the
semi conducting nanotube has a peak 1 eV above the threshold. The experi-
mental spectrum in Fig. (6.7) is obtained using a sample where the chirality



6.4. HYDROGEN ABSORPTION IN CARBON NANOTUBES 43

-1 0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Energy(eV)

In
te

ns
ity

(a
rb

 u
ni

ts
)

Spectrum theor
Experimentt

1u

t
1g

t
2u

+h
g

Figure 6.6: Theoretical and experimental XA spectra of C60. The theoretical results
were calculated by Eq. (3.18).

is not well defined since the manufacturing and purification process of large
amounts of SWCNTs having exactly the same chirality has been difficult to re-
alise. The XA measurements on SWCNTs where done on a sample of mixed
chirality, however the distribution of the diameters of the nanotubes in the
sample is strongly peaked at 12Å [27, 23] and that is the diameter used in our
calculations. Neither the theoretical spectra of the semi conducting or metallic
nanotubes would alone be able to reproduce both the shape and the position of
the π∗ and σ ∗ peaks of the experimental spectrum. However, a superposition
of the two theoretical spectra, as shown in Fig. (6.7) agrees rather well with
the experiment. We speculate that the peaks at 4, 9 and 10 eV, that are only
present in the theoretical spectrum would disappear if more SWCNTs with
different chirality and a distribution of diameters close to 12Å (the experi-
mental situation) were included in the theoretical calculation of the spectrum.

6.4 Hydrogen absorption in carbon nanotubes
In the previous section we argued that if a sample of SWCNTs has mixed chi-
rality then the XA-spectrum of the sample becomes almost identical with the
graphene XA-spectrum since the finite size effects will disappear in the aver-
aging over different chiralities. The XA-spectrum for a sample of SWCNTs
with mixed chirality can therefore be calculated, as done in Paper IV, using a
single graphene layer. The hydrogenation of the SWCNTs was modelled by
adding H atoms to the graphene layer. The first principles calculations of the
projections used to construct the Green function were performed using the
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Figure 6.7: Theoretical and experimental XA spectra of SWCNTs. The circles are
the experimental spectrum[23]. The dashed and the dash-dotted lines are the spectra
calculated using Eq. (3.18) for the metallic and the semi conducting nanotube respec-
tively. The solid line is the mean of the dashed and the dash-dotted lines broadened
with a Gaussian of with 0.5 eV.

VASP code [17, 18]. The structure of the H bonded carbon atom was calcu-
lated by considering a super cell with 72 C atoms in the graphene structure
and one hydrogen. The atomic positions were relaxed using the conjugated
gradient algorithm until the difference in total energy between two iterations
was less than 10−4 eV. The main result of the relaxation was that the position
of the H bonded C atoms was pulled out of the graphene plane towards the H
atom with a distance corresponding to 37% of the the C-C bond distance.

6.5 X-ray absorption spectrum of hydrogenated carbon
nanotubes
In an experimental study by A. Nikitin et.al [1] it was suggested that the
SWCNT could accommodate some 60 % H. This means that not every C
atom in the SWCNT has an H atom attached to it. Since XAS only probe
the electronic structure of the core-excited atom one can expect that the XA-
spectrum of the H loaded SWCNT can be simulated by a weighted sum of
a SWCNT without H and a SWCNT with 100 % H. This approach has been
adopted here and the XA spectum has been calculated for these two systems.
An XA-spectrum for 100% hydrogenation can be obtained if the local projec-
tions of the Green functions and the core hole potential is done at a H bonded
C atom. The results of this calculation are shown in Fig. (6.8) (and in Paper
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Figure 6.8: Theoretical XA-spectra of SWCNT with (dashed line) and without H
(solid line). The experimental spectrum for the clean SWCNT sample (thin solid
line)[1] is also shown.

IV), where also the experimental spectrum from Ref. [1] is included. It can be
seen in Fig. (6.8) that the peak which corresponds to excitations to π∗ states, is
completely absent for the hydrogen loaded system. Most of the other spectral
features are similar for the two systems, in particular the conspicuous peak at
292 eV which corresponds to excitations to σ ∗ states.

The reason for the disappearance of the π∗ peak when H atoms are bonded
to the C atoms is that H binds strongly to a C atom in the SWCNT. This
disrupts the traditional bonding of C atoms in SWCNTs with sp2 hybrids that
generate strong covalent bonds between the atoms in the plane. Instead an sp3

component to the bonding develops with the result that one of the C atoms
of the SWCNT layer is pulled out of the plane to come closer to the H atom.
This is shown in Fig. (6.9), where the geometry of our structural optimisation
is shown. In Fig. (6.10) a comparison is made of the density of states (DOS)
for graphene and the local DOS for the H bonded C atom. The comparison
shows that the π∗ and π peaks in the graphene DOS are dramatically reduced
for the H bonded atom. Moreover a sp3 hybrid orbital of C-p and H-s shows
up as a peak at -8 eV in the DOS for the H bonded C atom. The XA spectrum
for a SWCNT with partial occupance of hydrogen is simulated by a weighted
sum of the two theoretical spectra in Fig. (6.8). The result is shown in Fig.
(6.11), where we compare the theoretical spectrum assuming that 40 % of all
C atoms have a H atom bonded to them with the experimental spectrum of the
H loaded SWCNTs.
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Figure 6.9: Calculated geometry of the H and C atom in close vicinity to each other in
a SWCNT. Gray balls represent C atoms that essentially have not modified their bond
distances compared to a SWCNT without H, whereas the dark grey atom is a C atom
close to the H atom (light grey atom) which moves out of plane due to the occurrence
of an sp3 component to the chemical bond induced by H.

6.6 Conclusions
It has been shown that first principles electronic structure calculations can
be combined with multi-band MND theory to a computational scheme that in-
cludes the dynamical response of the valence electrons to the creation of a core
hole in the XA process. Our method has been compared with the commonly
used final-state approximation and, in agreement with the final-state rule[13],
it was found that the peak positions of the spectra but not the spectral weights
are given by the final-state density of states. However, we note that it is indeed
the relative intensities between features with different symmetry (e.g. the π∗

and σ ∗ states of graphite and t1u and t1g states of C60) that become drastically
improved with the present method. We expect that it is for systems that in this
sense are similar to graphite and C60, with several spectroscopic features with
different symmetry, where the present approach will be especially useful.

Furthermore it has been shown that the change in the intensity of the π∗

peak upon hydrogenation of a SWCNT is due to that the chemical bonding of
the H bonded C atom changes from a sp2 to a sp3 configuration.
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Figure 6.10: The upper curves are the DOS of C. The lower curves are local DOS for
an H bonded C atom

Figure 6.11: Calculated XA spectrum of H loaded SWCNT (thick line) compared
to experimental data (thin line). In the upper graph the theoretical curve has been
calculated with 60 % H and in the lower graph it has been calculated with 40 % H.
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7. Yb under pressure

The electrons in a crystal are often characterised as either localised or itiner-
ant. Itinerant electrons can be represented using single particle wave functions
that are spread over the entire crystal, for example the valence electrons in a
metal are itinerant. The core electrons that are closely bond to an atomic nu-
clei are strongly localised and can be represented using single electron wave
functions similar to the wave functions of the electrons in an atom in vacuum.
For some materials the division into itinerant valence electrons and localised
core electrons is more complex where the number of itinerant and localised
electrons fluctuate, in a so-called mixed valence state. For example, as shown
by M. Colarieti-Tosti et. al the number of valence electrons per atom in Yb
seem to gradually change from 2 to 3 as pressure is applied [28]. In Ref [28]
the valency was calculated for different pressures and volumes from first prin-
ciples. In this chapter and in Paper V the change of the valency is established
by comparing the XA spectra of Yb at different pressures with first principles
calculations of the corresponding spectra.

7.1 First principles calculations of the X-ray absorption
spectra
The change in valency of Yb is equivalent to the change in the number of
electrons residing in the localised 4 f core states. A system with a non-integer
number of valence electrons per atom can be modelled by an alloy of Yb atoms
having 14 electrons in atomic-like 4 f orbitals and Yb atoms with 13 electrons
in atomic-like 4 f orbitals. For Yb the electronic structure of the alloy was
calculated from first principles using a super cell of Yb f 14 atoms and Yb f 13

atoms where the average number of valence electrons coincides with the non
integer valency calculated by Colarieti-Tosti et. al [28].

The XA-spectrum of Yb at different pressures was calculated using the
method described in chapter 3. The input for the calculations are the local
projections of the independent particle states of the valence electrons ob-
tained from the first principles calculation. The electronic structure calcula-
tions where done for the experimentally observed structures, volumes and
valencies of Yb at 20 GPa, 10 GPa and 0 GPa using the PAW VASP code
[17, 18]. For the calculation of Yb at 20 GPA a super cell with 7 Yb f 14 atoms
and 9 Yb f 13 atoms was used. In the calculation of Yb at 10 GPa a cell with
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Figure 7.1: Comparison of experimental (dotted lines) and calculated (thick lines)
PFY-XAS spectra of metallic Yb at selected pressures. Light and dark shaded curves
represent the unbroadened calculated Yb f 14 and Yb f 13 XAS spectrum respectively.

10 Yb f 14 atoms and 6 Yb f 13 atoms was used. The atoms in the 10 GPa and
the 20 GPa calculation were arranged in the bcc structure. The calculation of
Yb at 0 GPa was done using a cell with 32 Yb 4 f 14 atoms in an fcc struc-
ture. The volumes of the cells were taken from Ref [28]. In order to simulate
a core excited atom we adopted the Z+1 approximation. The local projection
of the Kohn-Sham wave function can be done both for a Yb f 13 and a Yb f 14

atom. From the two different projections two XA-spectra were calculated,
corresponding to excitations of a p core electron at an atom with f 14 and f 13

core electrons, respectively. The two XA-spectra have a relative energy offset
since the excitation energy of the 2p core electron differs between atoms with
a different number of f electrons. Paper V shows how the energy offset was
obtained from the relative core binding energy. The Yb f 14 and Yb f 13 spec-
tra where weighted according to the valency and summed to give a spectrum
representative for the alloy. The theoretical XA-spectra are compared to the
experimental spectra for the corresponding pressure in Fig. (7.1). As seen
in Figure (7.1) the width and position of all the spectra features of the calcu-
lated XA spectral are in good agreement with the experiment. The theoretical



7.1. FIRST PRINCIPLES CALCULATIONS OF THE X-RAY
ABSORPTION SPECTRA 51

and experimental curves deviate from each other at higher energies. This dis-
agreement can be explained by the fact that experimental spectra include a
background signal that cause a non-vanishing intensity even at energies well
above the high energy end of the Yb-d band. When the background signal
is subtracted the agreement between the experimental and theoretical spectra
would be almost perfect for all energies. From Fig. (7.1) we conclude that the
change in valency of Yb as pressure is applied is caused by the promotion of a
4 f core electron to the valence band. The avserage number of f core electrons
calculated by M. Colarieti-Tosti et. al [28] is in good agreement with experi-
mental observations based on XAS, and MND theory reproduces all the finer
details of the measured spectra. Further details are found in Paper V.
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8. X-ray absorption spectroscopy and
the structure of water

The XA-spectra of different structures of water has been found to depend on
the local coordination of the water molecules [2]. For example, as shown in
Fig. (2), the XA-spectra of the ice surface has a pre-peak that is absent for
bulk ice. The differences in structure between surface and bulk ice is that the
coordination of the water molecules on the surface is reduced. It was shown by
Wernet et. al.[2] that the size of the pre-peak in theoretical calculations of the
XA-spectra of liquid water also is sensitive to the local coordination. Both for
liquid water and ice are the water molecules bonded to each other by hydrogen
bonds. The difference between this two cases is that the bond lengths and
angles are more randomly distributed in the liquid. As shown in Fig. (8.1)
the structure of ice is well ordered, in contrast to that of liquid water. The
structure of liquid water is not well known but some candidate structures can
be obtained from molecular dynamics (MD) simulations. In Ref. [2] the XA-
spectrum was calculated using the transition potential approach [29, 30] for
different candidate structures and the result was compared to the experimental
spectrum of liquid water.

8.1 Calculations of the water X-ray absorption
spectrum
In chapter 6 we showed that the relative intensity of the peaks in a theoretical
XA-spectra is modified by dynamical effects. In this chapter and in Paper VI
theoretical calculations of the water XA-spectrum, including dynamical ef-
fects, are presented. The calculations were done for six different water struc-
tures, the water molecule, hexagonal ice and four different candidate struc-
tures of liquid water obtained from MD simulations [2]. In Fig. (8.2) the static
final state spectra of one of the liquid water geometries is compared to a dy-
namical calculation and in agreement with the previous studies of different
carbon structures one can see that the position of the peaks does not change
but the relative intensity does. In figure (8.3) the MND calculations of the XA
spectra of all six structures of water are shown. The four liquid water struc-
tures, that in figure (8.3) are denoted D1A1a, D1A1b, D2A2a and D2A2b
differ by having different geometries of the hydrogen bonds. In table (8.1)
the bond lengths and bond angles of the donating hydrogen bonds, (see Fig.
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Figure 8.1: Atomic structure of hexagonal ice (lower figure) and liquid water (upper
figure). The local coordination of liquid water is characterised by the hydrogen bonds,
light grey rods. A water molecule has four hydrogen bonds, one donating bond at
each H atom and two accepting bonds at the O atom. The donating hydrogen bonds
are characterised by the O-O distance denoted d and the H-O-O angle denoted θ .
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Figure 8.2: Comparison of final state and MND spectra. The spectra were calculated
using the D2A2b liquid water structure, see table (8.1)

Table 8.1: Bond lengths and bond angles of the donating hydrogen bonds, see figure

(8.1) of the liquid water structures denoted D1A1a, D1A1b, D2A2a and D2A2b in

figure (8.3).

D1A1a D1A1b D2A2a D2A2b

Bond lengths 1 (Å) 3.322 3.237 3.035 2.725

Bond lengths 2 (Å) 2.813 2.726 2.813 2.778

Bond angle 1 (◦) 5.50 32.69 23.88 3.19

Bond angle 2 (◦) 13.12 7.86 12.70 10.54

(8.1)), are given for the four different structures of liquid water. For the two
upper most curves in Fig. (8.3), denoted D1A1a and D1A1b, the XA spectrum
is calculated using H2O molecules in liquid water with asymmetric donating
hydrogen bonds. As seen in Fig. (8.3) their spectra differ from the other two
liquid water spectra, denoted D2A2a and D2D2b, by having a stronger pre-
peak structure. An full discussion of the X-ray absorption of water and ice is
found in Paper VI.
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Figure 8.3: Theoretical calculations of the XA spectra of different structures of water.
The four upper curves are calculated using liquid water structures obtained from MD
simulations. The second lowest curve is calculated using the hexagonal ice structure.
The lowest curve is the XA spectra of a H2O molecule.

8.2 Mahan-Nozières-De Dominicis theory for a
molecular system
Water is in many aspects different from the other systems that in this thesis
have been treated using MND theory. Water is a molecular solid or liquid
in contrast to the graphite structures that have been studied, since they are
solids or macro molecules. Also, the influence of the core hole on the va-
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(a) (b)

Figure 8.4: The projection onto H2O molecular orbitals of the lowest unoccupied or-
bital for two liquid water structures . The right side orbital is obtained from the same
structure that gave the XA spectra denoted D2A2a in Fig. (8.3). The left side orbital
is obtained from the same structure that gave the spectra denoted D1A1b in Fig. (8.3).

lence electron density is different. For the graphite structures the core hole
is well screened and can be represented using the atomic orbitals of the core
excited atom. A core hole in the O1s shell of a water molecule is not as well
screened and will strongly perturb the electronic structure of the two H atoms
in the molecule. The core hole potential of water is therefore represented using
the H2O molecular orbitals instead of atomic orbitals, see figure (8.4). Also
the initial and final state Green functions gR and GR were projected onto the
molecular orbitals. The first principles calculations of the projections of the
KS wave functions were performed using the VASP code [17, 18] within the
projector augmented wave (PAW) [24] method. For the liquid water structures
a super cell with 64 H2O molecules in a periodic structure that was obtained
from a MD simulation was used. The hexagonal ice structure was used with
a super cell of 32 H2O molecules for the ice calculation. In order to simu-
late a system with a 1s core hole we adopted the Z+1 approximation for the
excited atom of our super cells. The plane-wave components of the eigen-
states were projected onto spherical harmonics inside the spheres around the
atoms in order to obtain the atomic projections. The projections of the wave
functions generated by VASP onto molecular orbitals were done as follows.
The wave functions where first projected onto atomic O-2s, O-2px, O-2py,
O-2pz and H-s orbitals. From the calculation of the H2O molecule the four
highest occupied and the two lowest unoccupied molecular orbitals denoted
1a1, 1b2, 2a1, 1b1, 2b2 and 3a1, were obtained. The projections of the molec-
ular orbitals ψn (shown in Fig. (8.4)) onto the atomic orbitals φm defines a
projection matrix Amn = 〈φm|ψn〉, φ = {O-2s,O-2px,O-2py,O-2pz,H1-s,H2-s},
ψ = {1a1,1b2,2a1,1b1,2b2,3a1}. From the inverse of the projection matrix
were the projections of the O-2s, O-2p, H1-s and H2-s orbitals onto the molec-
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Figure 8.5: Initial state O-px and O-py DOS for the D1A1b structure of liquid water.
The thin curves are calculated using the inverse of Eq. (3.10) with a molecular orbital
representation of the core hole potential. The thick lines are the DOS obtained from
an initial state calculation.

ular orbitals are calculated. The exact size of the error due to an approximate
representation of the core hole potential is difficult to estimate, but a justi-
fication for the representation can be obtained by comparing the initial state
density of stated as discussed in section (6.2). In figure (8.5) the initial state
DOS calculated using the molecular orbital representation of the core hole is
compared to the initial state DOS obtained from the initial state calculation
and the two calculations are found to give quite similar results.

8.3 Conclusion
The MND theory was originally developed for reproducing edge singulari-
ties seen in the XA spectra of free electron-like metals also produce a small
but significant modification of the final state XA-spectra of liquid water. The
dynamical effects incorporated in MND theory change the relative intensity
of the pre-peak of the water XA spectra compared to static calculations. The
changes of the pre-peak intensity is significant for the predictions of the local
coordination of liquid water.
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9. Current driven magnetisation
dynamics in rare earth metals

In this chapter and in Paper VII the STT in materials with a helical spin density
wave (SDW) is investigated. A helical spin density wave can mathematically
be described as a spin spiral (SS), see section (1.4). In a SS the direction of
the magnetisation rotates as one moves along the SS wave vector q. Without
loss of generality we consider the magnetisation rotation axis to be parallel to
the SS wave vector, q ‖ ẑ and will refer to it as the spin spiral axis.

9.1 Free electron model of a spin spiral
A simple one dimensional model system of a spin spiral system is to consider
independent particles in a uniform charge background with a helical magneti-
sation of constant magnitude M(r) = M. The single particle Shrödinger or KS
equation for such a system takes the form

(
− h̄2

2me

∂ 2

∂ z2 + h̄µBIM(sin(θ)(cos(qz)σx + sin(qz)σy)+ cos(θ)σz − ε
)

ψ = 0

(9.1)
where I is the Stoner exchange. The single particle eigen functions for the
above equation are

ψk =

(
ψnk(z,↑)
ψnk(z,↓)

)
= eikr

(
cos(θk/2)e−iqz/2

sin(θk/2)eiqz/2

)
. (9.2)

For simplicity a planar spin spiral is considered where the spiral cone angle
θ = π/2, which implies that the wave function cone angle θk = π − θ−k, see
Fig. (9.1). The Fermi wave vector kF is set such that the Fermi energy εkF

is in
the spin hybridization gap. The band structure of the system is shown in Fig.
(9.1). When an external electric field E is applied to the system the current
density can be calculated using the one dimensional version of Eq. (2.31)

j(z) =
τe2

2πme

Re
(

ψ∗
kF

(z)i
∂

∂ z
ψkF

(z)−ψ∗
−kF

(z)i
∂

∂ z
ψ−kF

(z)
)

E (9.3)

= − τe2

πme

kF E. (9.4)
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Figure 9.1: Band structure of a one dimensional model system with a uniform helical
spin density wave. The spin direction of the single electron wave functions ψk rotates
around the z-axis. The spin rotation traces out a cone with cone angle θk. Sp is the pro-
jection of the spin onto the local magnetisation direction, i.e. Sp is the spin component
in the x-y plane. The Fermi surface is in the middle of the band gap at kz = 0

The spin current density tensor can be calculated using the corresponding ver-
sion of Eq. (2.29)

Q(z) =
τeh̄

4πme

Re
(

ψ∗
kF

(z)i
∂

∂ z
σψkF

(z)−ψ∗
−kF

(z)i
∂

∂ z
σψ−kF

(z)
)

E

Qzx(z) = − τeh̄

4πme

cos(θk)cos(qz)kF E (9.5)

Qzy(z) = − τeh̄

4πme

cos(θk)sin(qz)kF E (9.6)

Qzz(z) = − τeh̄

2πme

cos(θk)kF E. (9.7)

The spin flux into an infinitesimal region surrounding point z is given by

∂Jn

∂ t
=

∂Qzn

∂ z
(9.8)

and the torque current tensor C, see chapter (4), is for the one dimensional
system given by

C ≡ ∂Jn

∂ t
/ j(z) =

 − h̄
4e

cos(θk)sin(qz)q
h̄
4e

cos(θk)cos(qz)q

0

 ∼ qcos(θk) (9.9)

From the above equation it can be concluded that when a current flows along
the axis of the SS it induces a torque that causes the spin spiral to rotate.
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Moreover the angular velocity of the rotation is determined by the cone angle
θk of the states at the Fermi surface.

9.2 Spin transfer torque in rare earth metals
The equation for the torque current tensor C will now be evaluated for a real
SS system, the helical SDW in the rare earth (RE) metal Er by combining
first principles calculations and semi classical linear response theory as ex-
plained in chapter (4). For simplicity a planar SS will be considered although
the formalism is valid also for conical SS. The torque current matrix C was
evaluated for an Er atom situated at a site with magnetisation direction [100 ]
and SS wave vector q = (0.4π/c)ẑ, where c is the height of the Er unit cell.

C =
h̄

e

 0.0 0.0 0.0

0.0 0.0 −0.5

0.0 0.0 0.0

 [Å
2
].

From the structure of the C matrix we conclude that the torque induced by a
current along the spiral axis causes the SS to translate along the axis, which
is equivalent to a rigid rotation of the spiral. By analysing the quantities in
Eq. (4.5) one finds that the main contribution to the C matrix comes from
the the band whose FS is shown in Fig. (9.2). This surface is the remains
of the FS which has the nesting features that drive some of the RE solids
to have a helical SDW [31], see Fig. (9.3), and section (2.3). The large

Figure 9.2: The Fermi surface of Er that contributes the most to electron transport
along the SS axis. The spiral axis is along the z direction.
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Figure 9.3: Cross section of the paramagnetic Fermi surface of RE metals. [31] The
plane in reciprocal space is defined in Fig. (9.2). The arrow indicates the nesting vector
of the paramagnetic FS that causes some of the RE metals to have a helical spin density
wave.

contribution from this surface is due to that the surface has a large area which
is perpendicular to the spiral axis that contributes to the electron transport
along the axis.

An estimate of the STT induced by the electronic states on this FS can be
obtained from the following considerations. As the conduction electrons flow
along the spiral axis the component of their spins that are perpendicular to the
SS axis denoted Sp in Fig. (9.1) will be precessing around the SS axis, see Eq.
(9.2). For planar SS the spin component perpendicular to the SS axis is parallel
to the local magnetisation direction and the size of the parallel component Sp

can in general be estimated by the expression

Sp(k) =

〈
M̂(r) · sk(r)

|sk(r)|

〉
, (9.10)

with

sk(r) = ψ†
k(r)sψk(r),

(9.11)

where M̂(r) is the local magnetisation direction and 〈...〉 means space aver-
age. Sp is a measure of the local spin polarisation and the value of Sp for the
states at the FS in Fig. (9.2) is shown in Fig. (9.4). In Fig. (9.4) the local spin
polarisation Sp is calculated using the interstitial region between the atoms,
i.e. the space average in Eq. (9.10) is not done over the whole unit cell. From
Fig. (9.4) we estimate that the spin of the electron states at the FS on average
are tilted 30◦ from the spiral axis in the opposite direction of the local mag-
netisation, since the average spin polarisation Sp for these states is −0.5. The
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Figure 9.4: Projection of the Fermi surface of Fig. (9.2) on the x-y plane. The spin
polarisation parallel with the local magnetisation direction Sp is given by the colour
code, 1 means that the spin polarisation is parallel with the local magnetisation direc-
tion, for details see text.

current carried by an electronic state transfers spin upon passing an atomic
layer perpendicular to the SS axis. This is since its parallel spin component
Sp will rotate with qc [rad] for each layer the current passes. For states on the
FS a spin of (h̄/2)cSpq [Js] will be transferred per layer. A current of 1[A/m2]
along the spiral axis induces a STT of (h̄/2)2cSpqA/e [J] per unit cell, where
e is the electron charge and A = a2

√
3/2 is the area of the Er unit cell. This es-

timate of the STT is similar to the expression for STT in the model system and
gives four times the value obtained from the C matrix but catches the order of
the effect. In Paper VII we suggest an experimental setup where the STT in SS
systems can be measured. The setup in Paper VII can be built from a variety
of RE metals and such a setup might be utilised in technical applications as an
oscillator with a tunable frequency.
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10. Summary and outlook

A theory of X-ray absorption that enable interpretation of XA spectra in terms
of electronic properties is of interest for both technological applications and
fundamental science. The implementation of dynamical core hole screening in
first principles calculations of XA spectra has been found to provide us with
such a theory. The first principles calculations of XA spectra show a good
agreement with experiments both regarding the intensity and position of the
peaks. A bottle-neck in the calculations is the representation of the potential of
the core hole created in the XA process and an implementation of the theory
that includes the long range influence of the core hole potential can give an
even better description of the XA process. Our method has in combination
with XA measurements the potential to determine the structure and chemical
bonding of complex systems such as hydrogen storage materials and possibly
bio molecules, with applications in the field of sustainable energy production
and distribution.

A method has been developed to calculate the current induced spin transfer
torque in a system with non collinear magnetisation from first principles. The
method can be a useful tool in the search for materials with applications in the
field of spintronics.
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11. Sammanfattning på svenska

11.1 Elektronen både som kraftkälla och
informationsbärare
Globaliseringen har medfört att flertalet länder lyckats lyfta sig själva ur fat-
tigdom med sjunkande barnadödlighet och förbättrad levnadsstandard som
följd. Priset har varit ett ökat oljeberoende och större påfrestning på jordens
redan sinande oljekällor. Ett alternativ till fossil olja som energibärare är vät-
gas, men fortfarande krävs mycket forskning och utveckling för att storskaligt
kunna producera, lagra och distribuera vätgas. Ett möjligt sätt att lagra vät-
gas är att binda vätet till kolnanotuber. På koltubernas väggar finns bind-
nings möjligheter i form av p-elektronorbitaler som sticker ut vinkelrätt mot
koltubens yta, se framsidan på denna avhandling. Koltubernas förmåga att
binda väte kan beräknas utifrån de naturlagar som beskriver egenskaperna
hos elektronerna i koltuberna. Sådana uträkningar har de senaste åren blivit
möjliga att genomföra med hjälp av datorer med hög beräknings kapacitet.
Resultatet av simuleringar av elektronerna i koltuberna har i samverkan med
röntgenabsorptionsmätningar visat att minst 40% av kolatomerna i en nan-
otub kan binda en väteatom. Figur (11.1) visar kolnanotubernas förmåga att
absorbera röntgenljus av olika våglängder. Den heldragna kurvan i Figur
(11.1) visar absorptions förmågan som funktion av röntgenljusets energi för
rena koltuber, den streckade kurvan visar röntgenabsorptionsförmågan som
funktion av ljusets våglängd för koltuber som bundit väte. När en röntgen ljus-
partikel absorberas av en atom så slås en av de elektroner som befinner sig i en
orbital nära bundna till atomkärnan ut. För att atomen skall kunna absorbera
en ljuspartikel måste den exciterade elektronen hitta en ledig orbital, med rönt-
genabsorption mäter man tillgången av lediga orbitaler. Skillnaden mellan de
två kurvorna i Figur (11.1) visar att mängden lediga orbitaler i närheten av ko-
latomen minskar om kolatomen har en väteatom bunden till sig. För att kunna
bestämma mängden väte som lagrats i koltuberna utifrån en röntgenabsorp-
tionsmätning måste man kunna simulera röntgenabsorptionsprocessen på ett
realistiskt sätt. Den av fotoner exciterade elektronen lämnar efter sig ett hål
i elektronmolnet kring atomkärnan som den lämnat. Förändringen i elektron-
molnet påverkar de omgivande elektronorbitalernas utseende och måste tas
hänsyn till när man tolkar röntgenabsorptionsmätningar.

Jämfört med bensin har koltuber med 40% väte en tiondel av energitätheten.
En fördel med att använda vätgas som energibärare är att slutprodukten vid
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Figure 11.1: Koltubers förmåga att absorbera röntgenljus som funktion av ljuspartick-
larnas energi. Den heldragna kurvan visar absorptions förmågan som funktion av rönt-
genljusets energi för rena koltuber, den streckade kurvan visar röntgenabsorptionsför-
mågan som funktion av ljusets våglängd för koltuber som bundit väte.

förbränning endast blir vatten. Från vattnet kan vätgasen sedan utvinnas igen
och kretsloppet slutas, men här kvarstår mycket forskning att utföra.

Med datorsimuleringar kan man beräkna elektronernas egenskaper hos i
stort sett alla material. Från simuleringar kan man förutspå egenskaper som
är svåra att mäta som exempel strukturen hos flytande vatten. Vattens struktur
bestäms också av elektronernas bindningsförmåga, men elektronerna bestäm-
mer fler egenskaper hos material än hur atomerna är bundna till varandra.
Elektronernas egenskaper bestämmer även om ett material är magnetiskt och
ett materials förmåga att leda elektrisk ström. Magnetism hos ett material upp-
står på grund av att elektronerna i materialet är små magneter. Om ett material
är magnetiskt så pekar elektronernas magnetisering i samma riktning.

Med hjälp av datorsimuleringar kan man visa att magnetismen i kristaller
av erbium kan styras mycket exakt med hjälp av elektriska strömmar även för
mycket små magneter, se Figur (11.2). Förmågan att manipulera magnetis-
men i partiklar med nanometer storlek är av stor betydelse för information-
slagring i magnetiska hårddiskar. Datorsimuleringar har också visat på möj-
ligheten att genom att blanda erbium med andra så kallade sällsynta jordarts
metaller designa komponenter som kan lagra information snabbare och tätare
än dagens informations lagrings medier.



11.1. ELEKTRONEN BÅDE SOM KRAFTKÄLLA OCH
INFORMATIONSBÄRARE 69

Figure 11.2: I bilden visas ett matereal med tre lager A, B, och C. Magnetiserings
riktningen hos lager B som visas med en svart pil i z-riktningen, kan styras med en
ström vinkelrät mot lagren, strömmen visas med en svart pil i x-riktningen. Magnetis-
eringen hos elektronerna i strömmen visas i bilden med grå pilar. Om magnetiserin-
gen hos elektronerna som kommer in i lager B från lager A pekar åt ett annat håll
än magnetiseringen hos elektronerna som lämnar lager B genom lager C, så kommer
magnetiserings riktningen hos lager B att ändras. Ändringen av magnetiseringen visas
med en grå pil i y-riktningen.
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A. Appendix: Green functions

Many processes in a quantum mechanical system can be described using the
probability of finding an electron in state i at time t if an electron was added to
the system in state j at t = 0. This process is usually represented by so called
Green functions. Let us introduce two kinds of Green functions, the causal
Green function

G
cic

†
j
(t) = −iθ(t)〈0|ci(t)c

†
j |0〉+ iθ(−t)〈0|c†

j (0)ci(t)|0〉 (A.1)

and the retarded Green function

GR

cic
†
j

(t) = −iθ(t)〈0|ci(t)c
†
j + c

†
j(0)ci(t)|0〉, (A.2)

where θ(t) is the step function i.e θ(t) = 1 if t ≥ 0 and θ(t) = 0 if t < 0. The
time domain Fourier transform of the causal and retarded Green functions is
given by

G
(R)

cic
†
j

(ω) =
∫ ∞

−∞
dteiωtG

(R)

cic
†
j

(t)e±δ t (A.3)

where e±δ t is introduced to ensure convergence of the integral. For indepen-
dent particles the Fourier transformed retarded Green function is given by,

GR

cic
†
j

(ω) = ∑
k

〈φi|ψk〉〈ψk|φ j〉
ω − εk −µ + iδ

. (A.4)

and the causal Green function is given by

G
cic

†
j
(ω) = ∑

k

θ(ω)
〈φi|ψk〉〈ψk|φ j〉
ω − εk −µ + iδ

+ θ(−ω)
〈φi|ψk〉〈ψk|φ j〉
ω − εk −µ − iδ

. (A.5)

The independent particle energies and wave functions εk and ψk can be ob-
tained from the KS equation (1.14). The independent particles retarded Green
function is often represented as an operator

GR =
1

ω −µ − ĥ+ iδ
, (A.6)

where ĥ is the single particle Hamiltonian , ĥ = ∑n |ψk〉εk〈ψk|. The imaginary
part of the diagonal elements of the retarded Green function corresponds to
the density of states (DOS).

DOSi(ω) = − 1
π

ImGR

cic
†
i

= ∑
n

|〈φi|ψn〉|2δ (εn −ω). (A.7)
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The diagonal elements of the retarded Green function can be obtained from
the density of states by the expression

GR
j j(ω) =

∫ ∞

−∞
dω ′ DOSj(ω

′)
ω −ω ′ −µ + iδ

. (A.8)
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