
1. Introduction
Seismic monitoring of active volcanoes is a widely used geophysical technique to remotely detect and study 
eruptions. Seismic radiation from volcanic eruptions occurs across a wide frequency band, with higher frequency 
radiation arising from turbulence and particle-wall interactions within the conduit (Fee, Haney, et  al.,  2017), 
volcano-tectonic (VT) fracture events (Roman & Cashman,  2006), and other impulsive or short-duration 
processes. Eruptions often also feature very long period (VLP)—in frequency range between 0.01 and 0.50 Hz—
and ultra long period (ULP)—frequencies below 0.01 Hz—seismic signals that are simpler, usually involving just 
one or a few cycles of oscillatory motion on broadband seismometers when high-pass filtered above ∼0.01 Hz 
as is common in most studies. ULP and VLP motions are generally attributed to coherent processes associ-
ated with magma movement, pressure and shear traction changes, and inflation or deflation of dikes, sills, and 
other magma storage structures in the volcanic plumbing system (B. A. Chouet & Matoza, 2013; Kawakatsu & 
Yamamoto, 2015; McNutt & Roman, 2015). Unraveling seismic waveforms, and relating them to these eruptive 
processes, thereby provides insight into the fluid dynamics and internal structure of volcanoes.

Abstract Explosive volcanic eruptions radiate seismic waves as a consequence of pressure and shear 
traction changes within the conduit/chamber system. Kinematic source inversions utilize these waves to 
determine equivalent seismic force and moment tensor sources, but relation to eruptive processes is often 
ambiguous and nonunique. In this work, we provide an alternative, forward modeling approach to calculate 
moment tensor and force equivalents of a model of eruptive conduit flow and chamber depressurization. We 
explain the equivalence of two seismic force descriptions, the first in terms of traction changes on conduit/
chamber walls, and the second in terms of changes in magma momentum, weight, and momentum transfer 
to the atmosphere. Eruption onset is marked by a downward seismic force, associated with loss of restraining 
shear tractions from fragmentation. This is followed by a much larger upward seismic force from upward drag 
of ascending magma and reduction of magma weight remaining in the conduit/chamber system. The static 
force is upward, arising from weight reduction. We calculate synthetic seismograms to examine the expression 
of eruptive processes at different receiver distances. Filtering these synthetics to the frequency band typically 
resolved by broadband seismometers produces waveforms similar to very long period seismic events observed 
in strombolian and vulcanian eruptions. However, filtering heavily distorts waveforms, accentuating processes 
in early, unsteady parts of eruptions and eliminating information about longer (ultra long period time scale 
depressurization and weight changes that dominate unfiltered seismograms. Our workflow can be utilized to 
directly and quantitatively connect eruption models with seismic observations.

Plain Language Summary Volcanic eruptions radiate seismic waves that can be recorded by 
seismometers placed on and around a volcano. Analysis of seismic data enables one to study eruptions, in 
particular the processes occurring in the magma-filled conduit and chamber that feeds the eruption. One 
process of particular interest is fragmentation, in which magma containing a mixture of liquid melt and gas 
bubbles breaks apart in the conduit and erupts explosively from the vent. We perform computer simulations 
of explosive eruptions and then use the output of those simulations to predict seismic radiation. We examine 
the seismograms produced by this workflow to identify features that are diagnostic of process, such as 
fragmentation, that occur at different times in the eruption. These predictions will guide interpretation of 
seismic data from real eruptions.

COPPESS ET AL.

© 2022. The Authors.
This is an open access article under 
the terms of the Creative Commons 
Attribution License, which permits use, 
distribution and reproduction in any 
medium, provided the original work is 
properly cited.

Ultra and Very Long Period Seismic Signatures of Unsteady 
Eruptions Predicted From Conduit Flow Models
Katherine R. Coppess1  , Eric M. Dunham2,3  , and Martin Almquist4 

1Department of Physics, Stanford University, Stanford, CA, USA, 2Department of Geophysics, Stanford University, Stanford, 
CA, USA, 3Institute of Computational and Mathematical Engineering, Stanford University, Stanford, CA, USA, 4Department 
of Information Technology, Division of Scientific Computing, Uppsala University, Uppsala, Sweden

Key Points:
•  We provide expressions for the 

seismic force in eruptions that can be 
evaluated using outputs from unsteady 
conduit flow models

•  We generate and analyze seismograms 
from vulcanian eruption models to 
identify the seismic expression of 
fragmentation and other processes

•  Our modeling suggests that eruptive 
mass could be inferred by extending 
seismic inversions to periods of 
minutes to tens of minutes

Correspondence to:
K. R. Coppess,
kcoppess@stanford.edu

Citation:
Coppess, K. R., Dunham, E. M., & 
Almquist, M. (2022). Ultra and very 
long period seismic signatures of 
unsteady eruptions predicted from 
conduit flow models. Journal of 
Geophysical Research: Solid Earth, 
127, e2022JB024313. https://doi.
org/10.1029/2022JB024313

Received 1 MAR 2022
Accepted 6 JUN 2022

Author Contributions:
Conceptualization: Eric M. Dunham
Data curation: Katherine R. Coppess, 
Martin Almquist
Formal analysis: Katherine R. Coppess, 
Eric M. Dunham
Funding acquisition: Katherine R. 
Coppess, Eric M. Dunham
Investigation: Katherine R. Coppess, 
Eric M. Dunham, Martin Almquist
Methodology: Katherine R. Coppess, 
Eric M. Dunham, Martin Almquist
Project Administration: Eric M. 
Dunham
Resources: Eric M. Dunham
Software: Katherine R. Coppess, Martin 
Almquist
Supervision: Eric M. Dunham
Validation: Katherine R. Coppess
Visualization: Katherine R. Coppess

10.1029/2022JB024313
RESEARCH ARTICLE

1 of 37

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-9357-1341
https://orcid.org/0000-0003-0804-7746
https://orcid.org/0000-0002-8012-5860
https://doi.org/10.1029/2022JB024313
https://doi.org/10.1029/2022JB024313
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2022JB024313&domain=pdf&date_stamp=2022-06-17


Journal of Geophysical Research: Solid Earth

COPPESS ET AL.

10.1029/2022JB024313

2 of 37

Typical analysis of ULP and VLP seismograms is done using kinematic waveform inversion to determine an 
effective moment tensor and single force time history from which the eruptive source process is inferred (B. A. 
Chouet & Matoza, 2013; Kawakatsu & Yamamoto, 2015; McNutt & Roman, 2015). We note that moment rate 
or force rate histories are sometimes referred to as source time functions, but we avoid that terminology in this 
work due to its ambiguity when dealing with both moment and force sources. Typically these inversions are done 
on high-pass filtered seismograms in the VLP band, due to the challenge of accounting for tilt on the horizon-
tal components in the ULP band (Maeda et al., 2011; Soubestre et al., 2021). Kinematic inversions have been 
performed on many volcanoes. Studies of vulcanian eruptions often reveal inflation/deflation sources at depths 
of ∼1–2 km, as seen in Popocatépetl, Mexico (B. Chouet et al., 2005), Augustine, Alaska (Dawson et al., 2011), 
and Redoubt, Alaska (Haney et al., 2013), for example, Shallow sources have also been observed, such as at 
Asama, Japan (Maeda et al., 2019), which are commonly interpreted as inflation/deflation of cracks within the 
hydrothermal system. Sources in strombolian eruptions also span a range of depths, from ∼1 km at Yasur (Matoza 
et al., 2022) to just a few hundred meters at Stromboli. The source at Stromboli may involve both moment and 
forces (Ripepe et al., 2021) or just moment contributions from pre-eruptive pressurization and expansion of the 
cylindrical conduit followed by depressurization and contraction during eruption (Legrand & Perton, 2022). In 
many of these studies, there is often ambiguity regarding the presence of a force component in addition to a 
moment source. The 2004 eruption of Asama provides some of the most convincing evidence for a vertical force 
from vulcanian eruptions (Ohminato et al., 2006). Seismic studies have also been conducted for caldera collapse 
events, such as the recent 2018 eruption of Kilauea (Lai et al., 2021), and interpreted in terms of frictional slip on 
a ring fault bounding the unsteadily dropping caldera block and pressurization of an underlying magma chamber 
(Wang et al., 2022). Kinematic inversions have also provided insights into other volcanic events involving ring 
faulting and intrusions (Fontaine et al., 2019; Fukao et al., 2018; Sandanbata et al., 2021).

However, the interpretation of moment tensor and force sources can be nonunique and only ambiguously related 
to eruptive processes (Dawson et al., 2011). In addition, there are inconsistent explanations of the origin of the 
single force component, which has been variably attributed to changes in magma momentum (i.e., inertia) or 
tractions on the walls of the conduit and chamber system. Single force models have been utilized to describe 
seismic sources involving transient decoupling of a solid or fluid region from the rest of the Earth. Examples 
include landslides (Allstadt,  2013; Dahlen,  1993; Eissler & Kanamori,  1987; Hasegawa & Kanamori,  1987; 
Kanamori & Given, 1982), spalling from shallow explosions (Day & McLaughlin, 1991), iceberg calving events 
(Murray et al., 2015; Nettles & Ekström, 2010; Tsai et al., 2008), pyroclastic flows (De Angelis et al., 2007; 
Uhira & Takeo, 1994; Yamasato, 1997), and volcanic eruptions (Kanamori et al., 1984; Ripepe et al., 2021; Takeo 
et al., 1990; Uhira & Takeo, 1994). While the seismic representation theorem has been generalized in a manner 
that explains the origin of equivalent force and moment sources from fluid motions and other processes (Takei 
& Kumazawa, 1994, 1995), it has been challenging to connect that representation to commonly used volcanic 
source descriptions such as conduit flow models. An important advance toward this was provided by Brodsky 
et al. (1999), building on Kanamori and Given (1982), who derived an expression for the seismic force in terms 
of changes in the magma momentum, weight, and momentum transfer to the atmosphere in the context of the 
1980 eruption of Mount St. Helens. This was done using a global momentum balance applied to a control volume 
encompassing the conduit and chamber, which while correct limits the applicability to point source descriptions 
of an eruption.

Here we provide a theoretical derivation and workflow to calculate equivalent seismic moment and force histories 
from unsteady conduit flow and depressurizing chamber models, which can then be used to generate synthetic 
seismograms. The derivation is based on an extension of the work of Burridge et al. (1993) on seismic radiation 
from pressure changes in a fluid-filled borehole to account also for changes in shear traction when that fluid is 
viscous. We also account for radiation from a magma chamber connected to the base of the conduit. An important 
insight provided by our work is the equivalence of expressions for the single force in terms of either tractions 
on the walls of the conduit and chamber (the traction-based representation) or changes in magma momentum, 
weight, and momentum transfer to the atmosphere (the inertial representation).

Following the derivation, we apply the workflow to compute seismic radiation from vulcanian-type explosions 
idealized with a quasi-1D model of unsteady, two-phase conduit flow coupled to a lumped parameter magma 
chamber. We examine the relative contributions of force and moment sources from the conduit and chamber, 
exploring how processes like fragmentation are expressed in the seismic waveforms. This overall workflow opens 
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the possibility of performing seismic source inversions directly for the erup-
tive processes using conduit flow models, circumventing the need to first 
perform a kinematic source inversion.

2. Summary of Workflow
We begin by summarizing a key outcome of our study: a workflow to gener-
ate synthetic seismograms from an unsteady quasi-1D conduit flow model. 
Steady state conduit flow models have time-independent tractions on the 
solid and hence do not produce seismic radiation. We assume a vertical 
cylindrical conduit of radius R and cross-sectional area A = πR 2, venting to 
the atmosphere and connected to a magma chamber of nominal volume V0 
at the  base of the conduit (Figure 1). The conduit is centered on the z axis, 
with z = 0 being the vent, z = −L being the top of the chamber, and z positive 
upward. Elastic compliance of the walls is negligible in comparison to magma 
compressibility for this geometry (Costa et  al., 2007), so we assume rigid 
walls in the conduit flow model. As explained in Appendix B, this assump-
tion in the conduit flow model does not preclude radiation, which of course 
requires elasticity of the solid surrounding the conduit and deformation of 
the conduit walls. For other conduit geometries, such as a dike-like conduit, 
elastic compliance must be accounted for in the conduit flow model (Costa 
et al., 2007, 2009; Geshi et al., 2020). We model the magma chamber using 
a lumped parameter model that assumes spatially uniform pressure changes 
within the chamber, derived from the chamber mass balance with outflow 
from the chamber to conduit. Relevant details of the conduit and chamber 
models are provided in the next section. This workflow is generalized in 
Appendix B to conduits having depth-variable, noncircular cross-section.

1.  Solve the conduit flow and chamber depressurization model. This provides the changes in pressure Δp(z, t) 
and shear traction (i.e., wall shear stress) Δτ(z, t) in the conduit, as well as the change in chamber pressure 
Δpch(t).

2.  Use the source representation (see Appendix A) to convert the conduit pressure change into a moment tensor 
per unit depth,

𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖(𝑧𝑧𝑧 𝑧𝑧)

𝑑𝑑𝑧𝑧
=

𝐴𝐴Δ𝑝𝑝(𝑧𝑧𝑧 𝑧𝑧)

𝜇𝜇

[

(𝜆𝜆 + 2𝜇𝜇)𝛿𝛿𝑖𝑖𝑖𝑖 − 2𝜇𝜇𝛿𝛿𝑖𝑖𝑧𝑧𝛿𝛿𝑖𝑖𝑧𝑧
]

𝑧 (1)

where λ is the first Lamé parameter and μ is shear modulus; and the shear traction change into a force per unit 
depth,

𝑑𝑑𝑑𝑑𝑖𝑖(𝑧𝑧𝑧 𝑧𝑧)

𝑑𝑑𝑧𝑧
= 𝛿𝛿𝑖𝑖𝑧𝑧2𝜋𝜋𝜋𝜋Δ𝜏𝜏(𝑧𝑧𝑧 𝑧𝑧). (2)

Treating the chamber as a spherical point source, convert the chamber pressure change into a moment tensor 
source (Aki & Richards, 2002; Ichihara et al., 2016),

𝑀𝑀𝑐𝑐𝑐
𝑖𝑖𝑖𝑖 (𝑡𝑡) =

3𝑉𝑉0Δ𝑝𝑝𝑐𝑐𝑐(𝑡𝑡)

4

(

𝜆𝜆 + 2𝜇𝜇

𝜇𝜇

)

𝛿𝛿𝑖𝑖𝑖𝑖 . (3)

This expression can be replaced with moment tensors for nonspherical chambers (e.g., Segall, 2010). There is 
also a force contribution from momentum exchange between conduit and chamber and the change in chamber 
magma weight ΔMch(t)g:

𝐹𝐹 𝑐𝑐𝑐
𝑖𝑖 (𝑡𝑡) = [−𝐴𝐴Δ𝑝𝑝𝑐𝑐𝑐(𝑡𝑡) − Δ𝑀𝑀𝑐𝑐𝑐(𝑡𝑡)𝑔𝑔] 𝛿𝛿𝑖𝑖𝑖𝑖. (4)

 3.  Convolve the moment and force distributions with the Green's function Gij(x, x′, t) of the elastic wave equation 
to produce synthetic seismograms:

Figure 1. Schematic representation of conduit-chamber system: a vertical, 
cylindrical conduit of radius R and length L connected to chamber with 
initial volume V0. We define the surface enclosing V0 as the union of the 
conduit-chamber opening A and the magma-solid Earth interface S with 
surface normal vector 𝐴𝐴 𝐴𝐴𝐴 .
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where ∗ denotes time convolution, the Green's functions in the conduit integrand are evaluated on the z′ axis, 
and xch is the chamber centroid. Equivalent sources for the conduit are placed along the conduit axis, rather than 
along the walls of the conduit, based on the assumption that seismic wavelengths and source-receiver distance  are 
sufficiently large compared to the conduit radius (Aki & Richards, 2002). We also treat the chamber as a point 
source. When seismic wavelengths and the source-receiver distance are sufficiently long compared to the conduit 
length, then the point source approximation can be used for the conduit contribution, too, in which case Equa-
tion 5 becomes
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 (6)

where 𝐴𝐴 𝐴𝐴𝑐𝑐𝑐𝑐
𝑖𝑖𝑖𝑖
(𝑡𝑡) and 𝐴𝐴 𝐴𝐴 𝑐𝑐𝑐𝑐

𝑖𝑖
(𝑡𝑡) are obtained by integrating the conduit moment and force per unit depth over the length 

of the conduit. Strictly speaking, spatially variable force will provide a vertical vector dipole contribution to the 
conduit moment tensor. However, we anticipate this will be small in comparison to other contributions to the 
moment tensor, so we neglect it in this work. We also note that although we restrict attention in this study to 
translational contributions to seismograms, the method can be generalized to include corrections from tilt (Maeda 
et al., 2011) and to compute rotation and tilt synthetics as can be measured by rotational seismometers and tiltme-
ters (Cochard et al., 2006). We defer this to future work.

The above workflow is specific to cylindrical conduits of constant cross-sectional area; we provide more general 
expressions for conduits having depth-variable, noncircular cross-sectional area in Appendix B. Another impor-
tant generalization is to account for the finiteness of the chamber, rather than treating it as a point source. The 
point source approximation is appropriate for sufficiently long wavelengths and source-receiver separation as 
compared to the dimensions of the chamber (Aki & Richards, 2002). This condition is not met by all of the exam-
ples discussed in Section 5.2.

The remainder of our study is devoted to justifying the source representation, deriving expressions relating the 
seismic force to eruptive processes in the conduit and chamber, and then applying the workflow for several 
conduit flow example problems.

3. Equivalent Expressions for Seismic Force and Connection to Global Momentum 
Balance
Volcano seismology studies have variably attributed the seismic force component of the source representation 
to shear tractions on the conduit walls and to changes in the momentum of magma within the conduit. Here we 
explain the relation between these two conceptual interpretations. We also show that when the local momen-
tum balance is integrated over the conduit and chamber, we obtain the global momentum balance identified 
by Brodsky et al. (1999) in their study of the 1980 Mount St. Helens eruption. In addition we account for time 
variations of the magma momentum, which were neglected by Brodsky et al. (1999). Furthermore, we isolate 
contributions from the conduit and magma chamber, whereas Brodsky et al. (1999) combined them together into 
a single control volume.

3.1. Conduit Momentum Balance

While our workflow is applicable to any quasi-1D conduit flow model that provides pressure and shear traction 
changes on the conduit walls, we specialize the discussion and derivation to follow to models in which all phases 
and components are co-moving with a common pressure and particle velocity. The momentum balance is
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𝜌𝜌

(

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝜕𝜕

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕

)

= −
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
− 𝜌𝜌𝜌𝜌 −

2𝜏𝜏

𝑅𝑅
, (7)

where ρ is density, 𝐴𝐴 𝐴𝐴 is vertical particle velocity, p is pressure, τ is wall shear stress, and g is the gravitational 
acceleration. At this point we place no restrictions on the specific form of the equation of state and model for wall 
shear stress. The momentum balance is paired with the source-free continuity equation,

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+

𝜕𝜕(𝜕𝜕𝜌𝜌)

𝜕𝜕𝜕𝜕
= 0. (8)

Next we add 𝐴𝐴 𝐴𝐴𝐴𝐴 times Equation 8 to A times Equation 7 to obtain the momentum balance in conservation form:

𝐴𝐴
𝜕𝜕(𝜌𝜌𝜌𝜌)

𝜕𝜕𝜕𝜕
+ 𝐴𝐴

𝜕𝜕
(

𝑝𝑝 + 𝜌𝜌𝜌𝜌2
)

𝜕𝜕𝜕𝜕
= −𝐴𝐴𝜌𝜌𝐴𝐴 − 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋 (9)

Seismic radiation and static displacements arise from changes in pressure and shear traction about some initial 
state. For this initial state, we assume the magma is at rest with the initial pressure gradient balancing the weight 
of the magma and shear traction from a plug:

𝐴𝐴
𝜕𝜕𝜕𝜕0

𝜕𝜕𝜕𝜕
= −𝐴𝐴𝐴𝐴0𝑔𝑔 − 2𝜋𝜋𝜋𝜋𝜋𝜋0. (10)

The subscript 0 indicates values from the initial state. We subtract Equation 10 from Equation 9 to obtain the 
perturbation momentum balance:

𝐴𝐴
𝜕𝜕(𝜌𝜌𝜌𝜌)

𝜕𝜕𝜕𝜕
+ 𝐴𝐴

𝜕𝜕
(

Δ𝑝𝑝 + 𝜌𝜌𝜌𝜌2
)

𝜕𝜕𝜕𝜕
= −𝐴𝐴Δ𝜌𝜌𝜌𝜌 − 2𝜋𝜋𝜋𝜋Δ𝜏𝜏𝜏 (11)

where Δ = present state - initial state. Finally, we integrate Equation 11 along the length of the conduit to obtain 
the global momentum balance for the conduit:

�
��

[

�∫

0

−�
�� ��

]

=�
(

Δ� + ��2
)

|�=−� − �
(

Δ� + ��2
)

|�=0

−∫

0

−�
�Δ� � �� − ∫

0

−�
2��Δ� ��.

 (12)

This can be rewritten using a more compact notation:

�̇�𝑃𝑐𝑐𝑐𝑐 = 𝐹𝐹𝑐𝑐𝑐→ 𝑐𝑐𝑐𝑐 − 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 − Δ𝑀𝑀𝑐𝑐𝑐𝑐𝑔𝑔 − 𝐹𝐹𝑐𝑐𝑐𝑐, (13)

where Pco is the momentum of the conduit magma, the rate of momentum transfer from the chamber to the 
conduit is

��ℎ→ �� = �
(

Δ� + ��2
)

|�=−�, (14)

and the rate of momentum imparted to the atmosphere at the conduit vent is

����� = �
(

Δ� + ��2
)

|�=0. (15)

The third contribution to the change in conduit momentum arises from mass erupting out of the vent leading to a 
reduction in weight; the change in weight is ΔMcog, where

Δ𝑀𝑀𝑐𝑐𝑐𝑐 = ∫
0

−𝐿𝐿

𝐴𝐴Δ𝜌𝜌𝜌𝜌𝜌𝜌 = −𝐴𝐴∫
𝑡𝑡

0

(𝜌𝜌𝜌𝜌)|𝜌𝜌=0
𝜌𝜌=−𝐿𝐿

𝜌𝜌𝑡𝑡𝑑 (16)

with the latter expression following from the conduit mass balance. And finally, there is momentum exchange 
with the surrounding solid through the change in restraining forces (shear tractions) at the conduit walls. This 
includes frictional drag between the flowing magma and conduit walls and the loss of shear traction during 
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rupture of a plug. Using Newton's third law pairs, we define the change in force exerted by the magma on the 
solid Earth along the conduit walls as

𝐹𝐹𝑐𝑐𝑐𝑐 = ∫
0

−𝐿𝐿

2𝜋𝜋𝜋𝜋Δ𝜏𝜏 𝜏𝜏𝜏𝜏𝜏 (17)

which will be one contribution to the seismic force.

3.2. Chamber Momentum Balance

We treat the chamber vertical momentum balance in a similar manner, quantifying changes relative to an initial 
magmastatic reference state. In this derivation of the seismic force contribution from the chamber, it is essential 
to go beyond commonly used lumped parameter chamber models with spatially uniform pressure. We therefore 
consider nonlinear flow of compressible magma within a chamber of arbitrary shape, but, as for the conduit, 
restrict attention to models in which all phases and components have a common stress tensor and particle velocity. 
Let V(t) be the chamber volume in the current state. We assume that changes to the chamber volume are small 
compared to the initial volume, which allows us to linearize geometry changes around the initial (reference) 
state. The chamber volume in the reference state is V0; its surface is split into two parts (Figure 1). The first part, 
denoted by S and having unit outward normal 𝐴𝐴 𝐴𝐴𝐴 , is the interface between the chamber magma and the surrounding 
solid. The second part is the surface connecting the chamber and the conduit at z = −L, denoted as A and having 
unit outward normal in the +z direction. We assume that chamber magma starts from rest, with magma weight 
determining the initial pressure gradient:

𝜕𝜕𝜕𝜕0

𝜕𝜕𝜕𝜕
= −𝜌𝜌0𝑔𝑔𝑔 (18)

The vertical momentum balance during the eruption is

𝜌𝜌

(

𝜕𝜕𝜕𝜕𝑧𝑧

𝜕𝜕𝜕𝜕
+ 𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑧𝑧

𝜕𝜕𝜕𝜕𝑖𝑖

)

=
𝜕𝜕𝜕𝜕𝑖𝑖𝑧𝑧

𝜕𝜕𝜕𝜕𝑖𝑖

− 𝜌𝜌𝜌𝜌 (19)

where 𝐴𝐴 𝐴𝐴𝑖𝑖 is the particle velocity and the stress tensor σij includes both an isotropic pressure and deviatoric stresses 
associated with flow of the viscous magma. Then, we add to Equation 19 𝐴𝐴 𝐴𝐴𝑧𝑧 times the continuity equation with 
no internal mass sources,

��
��

+
�(���)
���

= 0, (20)

to obtain the momentum balance in conservation form:

�(���)
��

+
�(�����)

���
= ����

���
− ��. (21)

Next, subtract Equation 18 from Equation 21 and denote changes with respect to the reference state using the 
same Δ notation as for the conduit, for example, Δσij = σij + p0δij. Then integrate over V, using V0 when appro-
priate for our linearized deformation model, and apply the divergence theorem to obtain the global momentum 
balance of the chamber magma:

�
�� ∫�0

��� �3� = ∫(�+�)
(Δ��� − �����) ���2� − ∫�

Δ�� �3�

= ∫�
Δ������2� − �

(

Δ� + ��2
)

|�=−� − ∫�
Δ�� �3�. (22)

In going to the second expression, we have neglected advective momentum transfer through the chamber walls 
(ρvzvini = 0 on S) and utilized the interface conditions with the conduit on the surface A, namely,

∫
𝐴𝐴

𝜌𝜌𝜌𝜌𝑧𝑧𝑑𝑑
2𝑥𝑥 = 𝜌𝜌𝜌𝜌𝐴𝐴|𝑧𝑧=−𝐿𝐿 (23)
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and

∫�

(

Δ��� − ��2�
)

�2� = −�
(

Δ� + ��2
)

|�=−�, (24)

where ρ, v, and Δp appearing on the right side of the equations above are for the conduit magma. We denote the 
global momentum balance as

�̇�𝑃𝑐𝑐𝑐 = −𝐹𝐹𝑐𝑐𝑐 − 𝐹𝐹𝑐𝑐𝑐→ 𝑐𝑐𝑐𝑐 − Δ𝑀𝑀𝑐𝑐𝑐𝑔𝑔𝑔 (25)

In this expression, Pch is the total vertical momentum of magma within the chamber. The vertical component of 
the force exerted by the chamber magma on the surrounding solid is

𝐹𝐹𝑐𝑐𝑐 = −∫
𝑆𝑆

Δ𝜎𝜎𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖𝑑𝑑
2𝑥𝑥𝑥 (26)

which will be the second contribution to the seismic force. This includes contributions from spatially nonuniform 
pressure as well as shear tractions along the chamber walls. The rate of momentum transfer from the chamber 
to conduit, Fco → ch, is identical to the definition given earlier in the context of the conduit momentum balance, 
namely Equation 14. The change in chamber magma weight is ΔMchg, where

Δ𝑀𝑀𝑐𝑐𝑐 = ∫
𝑉𝑉

Δ𝜌𝜌𝜌𝜌3𝑥𝑥 = −∫
𝑡𝑡

0
∫
𝐴𝐴

𝜌𝜌𝜌𝜌𝑧𝑧𝜌𝜌
2𝑥𝑥𝜌𝜌𝑡𝑡 = −𝐴𝐴∫

𝑡𝑡

0

(𝜌𝜌𝜌𝜌)|𝑧𝑧=−𝐿𝐿𝜌𝜌𝑡𝑡𝑑 (27)

with the second expression following from the chamber mass balance and the third, involving ρ and 𝐴𝐴 𝐴𝐴 at the base 
of the conduit, resulting from the interface condition Equation 23.

3.3. Global Momentum Balance and Expressions for Seismic Force

We then add the global momentum balances for the conduit Equation 12 and chamber Equation 25 to obtain the 
global magma momentum balance for the conduit and chamber system:

�̇�𝑃 = −𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 − Δ𝑀𝑀𝑀𝑀 − 𝐹𝐹𝑠𝑠, (28)

where we have defined the rate of change of the magma momentum as 𝐴𝐴 �̇�𝑃 = �̇�𝑃𝑐𝑐𝑐𝑐 + �̇�𝑃𝑐𝑐𝑐 , the total change in magma 
weight as ΔMg = ΔMcog + ΔMchg, and the seismic force Fs = Fco + Fch. Note that magma momentum and 
magma  weight refer only to contributions from magma that remains within the subsurface conduit-chamber 
system, excluding magma that has been erupted; the erupted mass is −ΔM. We return to this point shortly when 
discussing the momentum balance of the atmosphere.

Seismic radiation within the solid Earth can only be generated through contact forces (i.e., ones acting along the 
interface between the magma and the surrounding solid), which we use to define the traction-based representation 
for the seismic force Fs:

𝐹𝐹𝑠𝑠 = 𝐹𝐹𝑐𝑐𝑐𝑐 + 𝐹𝐹𝑐𝑐𝑐. (29)

An alternative expression for Fs can be obtained by using the total magma momentum balance Equation 28:

𝐹𝐹𝑠𝑠 = −�̇�𝑃 − 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 − Δ𝑀𝑀𝑀𝑀𝑀 (30)

We refer to this as the inertial-based representation. Seismic forces are not solely caused by changes in magma 
momentum; they are also dependent on the conduit-atmosphere momentum exchange and the change in weight of 
the magma in the conduit and chamber. Equation 30 matches the expression for seismic force derived by Brodsky 
et al. (1999). They then neglected magma momentum changes 𝐴𝐴 �̇�𝑃  and weight changes − ΔMg and approximated 
Fvent as −ρv 2A. This yields Fs ≈ −ρv 2A, evaluated at the vent, which can also be written as 𝐴𝐴 𝐴𝐴𝑠𝑠 = −�̇�𝑀𝑀𝑀 where 

𝐴𝐴 �̇�𝑀 = 𝜌𝜌𝜌𝜌𝐴𝐴 is the eruptive mass rate. This expression was the basis of a workflow using seismic estimates of Fs to 
infer 𝐴𝐴 �̇�𝑀 and then plume height (Prejean & Brodsky, 2011). This approximation neglects the ΔpA term in Fvent, as 
well as changes in magma momentum and weight. Our example simulations to follow suggest that this approxi-
mation is not well justified, at least for the parameter space we have explored.
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3.4. Momentum Conservation of the Conduit-Chamber-Atmosphere-Solid Earth System

The momentum balance concepts applied to the conduit and chamber magma can be equally well applied to the 
atmosphere and solid Earth. Their global vertical momentum balances are

�̇�𝑃𝑎𝑎𝑎𝑎𝑎𝑎 = 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑎𝑎 + Δ𝑀𝑀𝑀𝑀 − 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (31)

and

�̇�𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝐹𝐹𝑠𝑠 + 𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , (32)

where the total vertical momentum of the atmosphere and solid Earth are Patm and Psolid, −ΔMg is the change 
in weight of the atmosphere (which is opposite in sign to the subsurface magma weight change due to mass 
conservation), and Fsurf is the change in force exerted by the atmosphere on the solid Earth surface. Momentum 
conservation of the entire system is obtained by summing Equations 28, 31, and 32 to show that

�̇�𝑃 + �̇�𝑃𝑎𝑎𝑎𝑎𝑎𝑎 + �̇�𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 0, (33)

as expected.

In many eruptions, the eruptive fluid rises within a buoyant plume and is then distributed horizontally over time 
scales that are much longer than are relevant for the seismic radiation problem. The addition of mass to the atmos-
phere and its increase of weight must be compensated for by a slight increase in atmospheric pressure, which 
acting on the solid Earth surface provides the force change Fsurf. The long time scale of this process, as well as the 
large horizontal length scales over which Fsurf acts, justifies neglecting Fsurf in comparison to Fs when calculating 
seismic radiation from eruptions. Exceptions to this may arise if the eruption column collapses into a pyroclastic 
flow and/or lahars, and in this case one must connect with the growing body of work studying seismic wave 
generation by these sources (e.g., Allstadt, 2013; De Angelis et al., 2007; Kumagai et al., 2009; Lai et al., 2018; 
Uhira & Takeo, 1994; Yamasato, 1997; Zobin et al., 2009).

3.5. Specialization to Lumped Parameter Chamber Model

Many volcano modeling studies, including the example models in this work, utilize lumped-parameter models of 
magma chambers within which changes to the stress tensor take the form of a spatially uniform change in cham-
ber pressure, pch (e.g., Segall, 2010). The chamber mass balance, combined with the magma equation of state and 
an elastic deformation model for the solid bounding the chamber, leads to an evolution equation for the change in 
chamber pressure. The linearized version of this model is

𝛽𝛽𝛽𝛽0

𝑑𝑑𝑑𝑑𝑐𝑐𝑐

𝑑𝑑𝑑𝑑
= −𝑄𝑄𝑄 (34)

where β is the combined chamber and magma compressibility and Q is the volumetric flow rate of magma from 
the chamber into the conduit. When coupling this model to the conduit model given by Equations 7 and 8, we 
use the conditions

𝑄𝑄(𝑡𝑡) = 𝐴𝐴𝐴𝐴(−𝐿𝐿𝐿 𝑡𝑡) and 𝑝𝑝𝑐𝑐𝑐(𝑡𝑡) = 𝑝𝑝(−𝐿𝐿𝐿 𝑡𝑡). (35)

The latter condition neglects viscous or turbulent pressure loss as magma enters the conduit as well as the nonlin-
ear advective momentum transport term 𝐴𝐴 𝐴𝐴𝐴𝐴2 that appeared in the more general coupling condition Equation 24.

This chamber model neglects contributions to the chamber momentum balance from magma momentum changes 
(i.e., 𝐴𝐴 �̇�𝑃𝑐𝑐𝑐 = 0 ), such that Equation 25 reduces to

0 = −𝐹𝐹𝑐𝑐𝑐 − 𝐹𝐹𝑐𝑐𝑐→ 𝑐𝑐𝑐𝑐 − Δ𝑀𝑀𝑐𝑐𝑐𝑔𝑔𝑔 (36)

Thus in the examples to follow, we calculate the chamber contribution to the seismic force as

𝐹𝐹𝑐𝑐𝑐 = −𝐹𝐹𝑐𝑐𝑐→ 𝑐𝑐𝑐𝑐 − Δ𝑀𝑀𝑐𝑐𝑐𝑔𝑔𝑔 (37)

with
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𝐹𝐹𝑐𝑐𝑐→ 𝑐𝑐𝑐𝑐 = 𝐴𝐴Δ𝑝𝑝|𝑧𝑧=−𝐿𝐿 = 𝐴𝐴Δ𝑝𝑝𝑐𝑐𝑐 (38)

and

Δ𝑀𝑀𝑐𝑐𝑐 = −𝐴𝐴∫
𝑡𝑡

0

𝜌𝜌𝜌𝜌|𝑧𝑧=−𝐿𝐿𝑑𝑑𝑡𝑡𝑑 (39)

4. Example Simulation
In this section, we apply the workflow stated in Section 2 to a representa-
tive simulation from an unsteady conduit flow model. We discuss the force 
and moment histories and then present synthetic seismograms at various 
distances using Green's functions for a homogeneous elastic half-space. We 
note that far more sophisticated conduit flow models exist, which account 
for processes thought to be relevant to certain eruption styles or magmas, but 
we choose to use a simple model to highlight how flow processes couple to 
seismic radiation. Likewise, connections to actual seismic observations will 
require Green's functions that account for the location-specific elastic struc-
ture around a volcano, rather than the idealized structure used here.

4.1. Conduit Flow Model

Here we describe the unsteady conduit flow model used in our examples and 
show a representative eruption history. This is step I in the workflow stated 
in Section 2.

We simulate conduit flow by simultaneously solving the governing equations for comoving, two-phase magma 
with a common pressure in a vertical, rigid-walled cylindrical conduit. The momentum and mass balances are 
given by Equations  7 and 8, respectively. Parameter choices and initial conditions are selected for idealized, 
short-duration vulcanian eruptions initiated by rupture of a plug that seals the conduit and allows for overpressure 
development beneath it.

The wall shear stress, τ, is written as the sum of the plug shear resistance, τplug, and drag from upward magma 
flow, τdrag. The drag transitions from laminar to turbulent upon fragmentation, which we idealize as

𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =
𝑓𝑓0𝜌𝜌𝜌𝜌

2

8
+

8𝜂𝜂𝜌𝜌

𝑅𝑅

1

1 + 𝑒𝑒𝑘𝑘(𝜙𝜙−𝜙𝜙0)
, (40)

where f0 is the Darcy-Weisbach friction factor for turbulent flow, η is magma viscosity, ϕ is gas volume fraction, 
and ϕ0 is the critical volume fraction for fragmentation. We have smoothed the fragmentation process, specif-
ically the transition from laminar to turbulent drag, using a logistic function in ϕ, centered around ϕ0 and with 
the parameter k determining the sharpness of the fragmentation transition (Figure 2). The plug resistance model 
is described later.

The top pressure boundary condition is atmospheric pressure, p(0, t) = patm = 10 5 Pa, when the exit velocity is 
subsonic; otherwise, the flow is choked. The conduit is connected at its base to the lumped parameter chamber 
model given by Equations 34 and 35.

The magma, a mixture of liquid melt and gas, obeys the mixture equation of state (Wilson & Head III, 1981)

1

𝜌𝜌
=

𝑛𝑛

𝜌𝜌𝑔𝑔
+

1 − 𝑛𝑛

𝜌𝜌𝑙𝑙
, 𝜌𝜌𝑔𝑔 =

𝑝𝑝

𝑅𝑅𝐺𝐺𝑇𝑇
, 𝜌𝜌𝑙𝑙 = 𝜌𝜌𝑙𝑙,0 (1 − 𝛽𝛽0 (𝑝𝑝 − 𝑝𝑝0)) (41)

where n is the mass fraction of exsolved gas, ρg is gas phase density determined by the ideal gas law, and ρl is 
liquid melt density, given by a linearized equation of state in which ρl,0, β0, and p0 are the reference liquid density, 
compressibility, and reference pressure, respectively.

Figure 2. Fragmentation transition function in Equation 40 that 
smoothly eliminates laminar drag as gas volume fraction increases above 
a fragmentation threshold (ϕ0, marked by the vertical dashed line). The 
parameter k determines the sharpness of the transition, with larger k creating a 
sharper transition.
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Gas exsolution is captured through a simple evolution equation for the gas mass fraction n (Woods, 1995):

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
+ 𝑣𝑣

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= −

𝜕𝜕 − 𝜕𝜕𝑒𝑒𝑒𝑒(𝑝𝑝)

𝜕𝜕𝑒𝑒𝑒𝑒
. (42)

The left side is the material derivative of n, and the right side is the gas exsolution rate. We determine this rate 
by comparing the current gas mass fraction to the pressure-dependent equilibrium value neq(p) and prescribing 
an exsolution timescale tex over which n approaches that value. The equilibrium gas mass fraction at a particular 
pressure is given by Henry's solubility law:

���(�) = max(�0 − ����, 0) (43)

where n0 is total volatile mass fraction, Sm is the solubility constant for a particular volatile species, and m is the 
empirically determined exponent for that volatile species.

As mentioned earlier, we account for resistive tractions from a plug, idealized as

����� = ���−(�−�����)
2∕(2�2

���� ), (44)

where τp is the maximum plug traction, zplug is the center of the plug, and Lplug determines its depth extent. The 
net force provided by the plug is

𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = ∫
0

−𝐿𝐿

2𝜋𝜋𝜋𝜋𝜋𝜋𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑑𝑑𝑑𝑑 = (2𝜋𝜋)
3∕2

𝜋𝜋𝐿𝐿𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝜋𝜋𝑝𝑝. (45)

The governing equations are solved, assuming v = 0 and n = neq(p), for the initial pressure (Figure 3) by inte-
grating downward from z = 0 where pressure equals atmospheric. The initial chamber pressure is set equal to 
the initial pressure at the bottom of the conduit. The eruption is initiated by smoothly reducing τplug to zero over 

rupture duration tdur at time of rupture trup using a logistic function, 𝐴𝐴

[

1 + 𝑒𝑒(𝑡𝑡−𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟)∕𝑡𝑡𝑑𝑑𝑟𝑟𝑟𝑟
]−1

 .

The governing equations are written in conservation form (with dependent variables ρ, ρn, and ρu) and spatially 
discretized using high-order summation by parts finite differences (Kreiss & Scherer, 1974). Boundary condi-
tions are enforced weakly using the simultaneous approximation term technique (Carpenter et  al.,  1994; 
Del Rey Fernández et al., 2014). Specifically, we follow the approach in Watson et al. (2019), which imposes 
boundary conditions on characteristic variables entering the domain from the boundary. The method can be 
proven to be energy stable for the frozen coefficient (linearized) problem. To increase robustness for the nonlinear 
problem, we add high-order artificial dissipation (Mattsson, 2017).

Figure 3. Initial pressure and shear traction along the conduit for an eruption initiated by plug rupture. (a) Overpressure has 
developed below the plug, reaching almost 20 MPa above magmastatic pressure at the chamber. Dark blue dot indicates initial 
magma chamber pressure, which is the same as the pressure at the bottom of the conduit. (b) Shear traction from the plug.
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Time stepping is done using an adaptive Runge–Kutta method. In all simu-
lations, we use a uniform grid spacing of 0.98  m, chosen to adequately 
resolve the (smoothed) fragmentation front without introducing artificial 
oscillations. The exception to this is our later study of intermittent frag-
mentation, in which we purposefully sharpen the fragmentation to produce 
discretization-dependent effects. The rationale for this is discussed later.

Table  1 lists parameter values for the example simulation in this section. 
The parameter values are similar to those chosen in many class conduit flow 
models (Wilson et al., 1980; Woods, 1995) and are reasonably representative 
of a moderately viscous magma (e.g., dacite). The gas content (n0 = 0.01) is 
at the lower end of possible values, which we purposefully selected so that 
there is no exsolved gas in the magma beneath the plug at the onset of the 
eruption. This allows us to use the equilibrium solubility model when setting 
the initial conditions for the simulation, thereby avoiding the need to account 
for effects of outgassing prior to the eruption.

The results are shown in Figure 4 for an eruption in a conduit with of length 
1 km and radius 30 m connected to a magma chamber with volume of 10 5 m 3. 
A spherical chamber of this volume has radius approximately equal to the 
conduit radius. Rupture of the plug reduces the restraining tractions, and 
the overpressure beneath the plug then accelerates the magma upward. This 
upward flow depressurizes the conduit, with the leading edge of the decom-
pression front traveling down the conduit at the sound speed in the magma. 
Magma exits the vent at the sound speed (choked flow) in the early parts of 
the eruption for a few hundred seconds, then slows to subsonic exit velocities. 
Once the decompression front reaches the chamber, the chamber begins  to 
depressurize as mass flows from the chamber into the conduit. The rate of 
chamber decompression depends on the storage capacity of the chamber, 
which is determined by the compressibility of the magma, the elastic compli-
ance of the chamber, and the chamber volume. As the magma decompresses, 
it becomes saturated with volatiles and gas exsolves from the melt, increasing 
the gas volume fraction. Once the gas volume fraction exceeds a threshold 
value, the magma fragments and friction between the magma and the wall 
is drastically reduced as it transitions into a turbulent, gas-continuous flow. 
Figure 4 shows high upward tractions on the conduit walls just below the 

fragmentation front, as magma still within the high-drag laminar flow regime is accelerated upward. There is also 
a region of downward shear traction change centered at 250 m depth that persists for the rest of the simulation; 
this is the region where the plug was located prior to rupture. The eruption ends gradually as depressurization of 
the conduit and chamber brings the system toward magmastatic balance.

4.2. Force and Moment Histories

Here we use the source representation to convert the eruption history to seismic force and moment. This is step II 
in the workflow stated in Section 2. The conduit contributions to force and moment for a finite source are propor-
tional to the shear traction and pressure change distributions shown in Figure 4. For the point source representa-
tion for the conduit contribution, moment and force distributions—converted from pressure and shear traction 
changes using Equations 1 and 2 respectively—are integrated along the length of the conduit to get point moment 
tensor and force histories. The chamber moment contribution is proportional to changes in chamber pressure 
Equation 3, while the chamber force contribution arises from conduit-chamber momentum exchange (including 
the change in conduit magma weight) and the change in chamber magma weight Equation 4. Point moment and 
force histories are shown in Figure 5.

Next we decompose and interpret the seismic force history shown in Figure 5, using both the traction-based and 
inertial-based representations, in Figure 6. We mark different transition points of the eruption event: (a) eruption 

Symbol Description Numerical value

g Gravitational acceleration 9.8 m/s 2

f0 Darcy-Weisbach friction factor 0.01

η Magma viscosity 10 6 Pa s

ϕ0 Critical gas volume fraction 0.8

tex Exsolution timescale 1 s

k Fragmentation transition sharpness 60

Sm Solubility constant 4 × 10 −6 Pa 1/2

n0 Total gas mass fraction 0.01

RG Specific gas constant 461 J/kgK

T Mixture temperature 900 K

β0 Liquid compressibility 10 −10 Pa −1

βch Chamber compressibility 2 × 10 −10 Pa −1

ρl,0 Liquid density 2600 kg/m 3

p0 Exsolution pressure 𝐴𝐴 𝐴𝐴2
0
 /𝐴𝐴 𝐴𝐴2

𝑚𝑚

τp Plug traction amplitude 3 × 10 7 Pa

Lplug Plug traction width 173 m

zplug Plug depth 250 m

tdur Rupture duration 1 s

trup Time of rupture 10 s

V0 Chamber volume 10 5 m 3

R Conduit radius 30 m

L Conduit length 1 km

ρr Rock density 2700 kg/m 3

cp P-wave speed 3.464 km/s

cs S-wave speed 2 km/s

Table 1 
Parameter Values Used in Example Simulation in Section 4
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Figure 4. Simulation results for eruption initiated by plug rupture with initial conditions shown in Figure 3. Rupture initiates 
upward acceleration of the magma and depressurization of the conduit and chamber. Dashed lines track the descent of the 
fragmentation front, also highlighted by the high upward drag from acceleration of magma just below the front. The persistent 
region of reduced shear traction around 250 m depth marks the plug location prior to rupture.
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initiation, (b) magma beginning to exit the conduit vent, (c) direction change of seismic force, and (d) eruption 
cessation (most clearly seen in Figure 5 because Figure 6 is focused on the early part of the eruption).

First, we discuss the traction-based representation of the seismic force, Fs. The eruption begins with rupture of 
the plug (transition 1) and seismic force contributions from the conduit (Fco). There is no contribution from the 
chamber (Fch), as significant flow has not yet begun at depth. Prior to rupture, the magma pushes upward on the 
surrounding solid, such that removal of the restraining shear tractions results in a net downward contribution to 
the seismic force on the solid Earth equal to −Fplug. However, this downward force is partially canceled by upward 
drag on the conduit walls as magma flows upward, such that the maximum force in this phase of the eruption, 
while downward, is much smaller in magnitude than Fplug. As the eruption progresses and magma begins to exit 
the vent (transition 2), already-moving melt continues to be accelerated and flow is initiated at greater depths, 
both of which increase upward drag on the conduit walls. Eventually, this upward drag overcomes the initial loss 
of restraining tractions from the plug, leading to Fco and thus Fs changing direction to become upward (transition 
3). The next phase of the eruption features substantial depressurization and loss of mass (and weight) from the 
conduit and chamber, such that Fch contributes an upward force to Fs. Note that the weight reduction within  the 
conduit appears through the −AΔpch term in Fch. As the ascent rate of magma in the conduit decreases, the upward 
drag decreases until it is no longer larger than − Fplug. Thus the conduit force becomes downward again, with 
Fco → −Fplug as the eruption wanes. In this phase of the eruption, the chamber contribution, Fch, dominates the 
conduit contribution, Fco, for the remainder of the eruption. At the end of the eruption, magma returns to rest 
and magmastatic balance is achieved (transition 4, corresponding to the long time limit shown in Figure 5). The 
seismic force is upward and is equal to minus the change in magma weight: Fs = −ΔMg. This can be understood 
from force equilibrium concepts as follows. The expression for Fch is given by Equation 37, in which the first 
term (minus the change in force at the base of the conduit supporting the overlying magma column, AΔpch) must 
equal the weight change of conduit magma minus the plug force: AΔpch = ΔMcog − Fplug, and the second term is 
minus the weight change of chamber magma, −ΔMchg. Thus, Fch = −ΔMg + Fplug, which is upward (less upward 
force required to support the magma, which means less downward force on the solid Earth). The conduit force 
contribution, in this equilibrium limit, is simply Fco = −Fplug because there is no drag. Thus, Fs = Fco + Fch = −
ΔMg, which is upward.

Figure 5. Point-source force and moment histories for the simulated eruption triggered by plug rupture. (a): For entire eruption. (b): The first 4 min (marked by 
black boxes in panel (a)). Depressurization of the conduit dominates the moment history all throughout the eruption. The force history illustrates a shift in dominance 
from the conduit force early in the eruption to chamber force for the duration of the eruption. Note that only the Mzz component of the moment tensor is plotted; other 
components' histories will be scaled by a ratio of elastic moduli.
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Figure 6. Seismic force history (positive up) and its decomposition into contributions for the traction-based (left column) and inertial-based (right column) 
representations for the eruption shown in Figure 4. Four transition points are marked: (1) eruption is initiated by plug rupture, (2) flow out of the conduit begins, (3) 
the seismic force switches direction from downward to upward, (4) the eruption stops when magmastatic balance is reached (see long time limit in Figure 5). For the 
traction-based representation, Fs = Fco + Fch, where Fco is the integrated shear traction change on the conduit walls and Fch = −Fch → co − ΔMchg, the sum of minus 
the rate of momentum transfer from the chamber to conduit (calculated as −AΔpch) and minus the chamber weight change. For the inertial-based representation, 

𝐴𝐴 𝐴𝐴𝑠𝑠 = −�̇�𝑃 − 𝐴𝐴𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 − Δ𝑀𝑀𝑀𝑀 , where 𝐴𝐴 �̇�𝑃  is the rate of change of subsurface magma momentum, Fvent is the rate of momentum transfer to the atmosphere, and ΔMg is the 
change in weight of the subsurface magma. Note that 𝐴𝐴 𝐴𝐴𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = �̇�𝑀𝑣𝑣 + 𝐴𝐴Δ𝑝𝑝 at the vent, where 𝐴𝐴 �̇�𝑀 = 𝜌𝜌𝜌𝜌𝐴𝐴 is the mass eruption rate. The commonly used approximation, 

𝐴𝐴 𝐴𝐴𝑠𝑠 ≈ −�̇�𝑀𝑀𝑀 , is not justified for this eruption. Figure 5 shows the force history for an additional 22 min, during which Fs continues to increase to its static value as the 
subsurface magma weight decreases.
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Next we discuss the seismic force history in the inertial-based representation. The magma initially starts from rest 
with zero momentum. Rupture of the plug (transition 1) removes restraining tractions, accelerating the conduit 
magma and increasing its upward momentum. Momentum conservation requires the transfer of downward 
momentum to the solid Earth, reflected in the downward Fs. Magma has not yet exited through the vent, so there 
is no momentum exchange with the atmosphere and no loss in weight. Once the accelerating magma reaches the 
vent (transition 2), upward momentum is transferred to the atmosphere and the rate of momentum increase within 
the conduit begins to slow, again corresponding to downward momentum imparted to the solid Earth. As mass is 
erupted through the vent, the weight of magma remaining in the subsurface conduit-chamber system decreases, 
providing an upward contribution to Fs. Eventually, the reduced weight overcomes the contribution from the 
changing magma momentum and momentum transfer rate to the atmosphere, and the imparted momentum to the 
solid Earth and therefore Fs change direction (transition 3). Upward momentum continues to be exchanged with 
the atmosphere over the remainder of the eruption, but at a rate that decreases as the eruption wanes. Likewise 
decreasing is the rate of change of conduit magma momentum. As these contributions to Fs diminish, the largest 
contribution during this period comes from the weight change of subsurface magma as mass is erupted into the 
atmosphere. At the end of the eruption (transition 4, corresponding to the long time limit shown in Figure 5), 
there is no longer any change in magma momentum and no momentum exchange with the atmosphere, as magma 
is now at rest. The final static value of the seismic force is the total weight of erupted magma, Fs = −ΔMg.

The moment tensor histories (Figure 5) capture the depressurization of the conduit and the chamber. For the 
particular set of parameters chosen for this simulation, the moment tensor contribution from the conduit domi-
nates over the chamber contribution because the conduit volume is greater than chamber volume by an order of 
magnitude; this balance will shift as chamber size increases relative to conduit size. This is explored later in our 
study through a parameter-space study varying the chamber volume.

Having discussed the relation between the eruptive history and the seismic force and moment tensor histories, we 
next turn to the expression of eruptive processes in seismograms. This adds an additional layer of complexity in 
the interpretation process, as contributions from the force and moment are superimposed to produce the overall 
seismogram.

4.3. Synthetic Seismograms

Here we produce synthetic seismograms from the force and moment histories of the previous section. This is 
step III in the workflow stated in Section 2. We do this for both the finite source and point source representa-
tions, discussing when the point source approximation is appropriate and highlighting the potential benefits of 
near-source receivers that can resolve finite source effects to better constrain the eruptive processes.

For simplicity, we use homogeneous half-space Green's functions for a solid having density 2700 kg/m 3, P-wave 
speed 3.464 km/s, and S-wave speed 2 km/s. Green's functions are numerically generated using the FK method 
and associated code (Zhu & Rivera, 2002). We treat the conduit and the chamber as two separate sources that are 
added together to get the final synthetic seismogram. The chamber is represented as a point source at a depth of 
1.028 km (the center of a spherical chamber of the given 10 5 m 3 volume) for both the point-source and extended 
source calculations. In the point-source representation, we calculate the conduit contribution by first integrating 
the moment Equation 1 and force Equation 2 contributions over the length of the conduit to get source histories 
for a single source at depth 500 m (the midpoint of the conduit). In the finite-source calculation, we first calculate 
the seismogram contribution from each point along the conduit by treating each simulation spatial grid point as 
a point source at that depth along the central axis of the conduit. For each simulation grid point, we get moment 
and force histories for that position in the conduit and convolve those with the Green's functions specific to that 
source depth. We then add up contributions from all grid points in the conduit. This allows us to account for the 
travel-time difference between different parts of the conduit, as well as the change in source-receiver orientation 
that leads to different radiation patterns at the receiver position. We encountered numerical inaccuracies in the 
Green's functions for sources close to the surface. To mitigate this issue, we used the Green's function for a source 
depth of 100 m for contributions in the uppermost 100 m of the conduit. Because this scale is much shorter than 
the wavelengths of seismic waves and static deformation, the error in this approximation is negligible.
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Figure 7 shows the synthetic seismograms for our example simulation at a receiver 3 km from the vent. The 
displacement seismograms from the force and moment contributions show similar features to the source histo-
ries shown in Figure 5. The vertical component is dominated by the force contribution throughout the eruption. 
Within the first minute after the eruption onset, the ground first moves downward and inward in response to the 
downward seismic force from the loss of restraining tractions on the conduit walls. Next it moves upward, in 
response to the upward drag of the accelerating magma at and below the fragmentation front. This is followed 
by downward motion again from the depressurization moment source. After the seismic force direction changes 
(transition 3), the chamber force, specifically the upward seismic force from the reduction in weight, dominates 
for the remainder of the eruption to cause upward and outward displacement. The radial seismograms are more 
complex. The small inward motion from the downward force is followed by a larger inward motion from the 
depressurization moment source. However, after ∼10 min, the displacement direction reverses to outward as 
the upward seismic force from the weight change increases, eventually counteracting the inward motion from 
the  depressurization moment source. The static displacements are dominated by the upward seismic force 
from  the weight change on the vertical component, whereas the radial component has equally important contri-
butions from depressurization (inward, moment) and the weight change (outward, force), with the weight change 
contribution being slightly larger.

Note that any difference between the finite- and point-source calculations arises in the conduit contribution, 
since we treat the chamber as a point source in both representations. Therefore in the final vertical waveform, 
there appears to be little difference between the two calculations because the chamber force dominates the verti-
cal signal for the majority of the eruption. In the radial signal, the waveform shape looks consistent between 
the two calculations—capturing the same shift in dominant contributions—but the timing of the transition is 
shifted, reflecting the overestimation of the displacement and particle velocity from the conduit moment in the 
point-source calculation.

Next we explore how the seismograms change with distance from the vent (Figures 8 and 9). The discussion 
to follow focuses first on displacements at times greater than approximately minute. We then return to the first 
minute of the eruption, where eruptive processes are most clearly identified in the velocity seismograms. Return-
ing to the longer time scales, the vertical displacements at all distances are upward, reflecting the weight change 
contribution to the seismic force. The depressurization moment source contributes at distances out to a few km, 
providing a downward displacement that reduces the upward displacement from the reduction in weight, but 
this moment contribution becomes negligible in comparison to the force contribution at greater distances. The 
radial displacements are more complex, with substantial changes in the waveform shape and even displacement 
direction as receiver distance increases. Again we focus on times later than the initial minute of eruption. At 1 km 
from the vent, the radial displacement is inward for all times, primarily reflecting depressurization of the conduit. 
As  the receiver distance increases, the force contribution from the reduction in weight becomes increasingly more 
important, particularly toward the end of the eruption. At sufficiently large receiver distances, the weight change 
force is the dominant contribution throughout the seismogram, including in the static upward displacement.

We also note that differences between the point- and finite-source seismograms are most pronounced for receivers 
close to the vent, as expected. The point-source calculation overestimates the velocity/displacements, especially 
later in time. This is because substantial depressurization in the later part of the eruption occurs at depths below 
the source depth used for the point-source calculation (see Figure 4) and thus farther from the receiver. However, 
we note that the general eruption features are captured in both point- and finite-source seismograms, so differ-
ences in interpretation using a point-source approximation would only be quantitative, rather than qualitative.

Eruptive processes in the first minute or two are most clearly expressed in the velocity seismograms (Figure 9). 
At all distances, we see an initial downward and inward velocity from the loss of restraining tractions when the 
plug ruptures. The shift to later arrival times of this feature with increasing receiver distance is a consequence 
of the increased wave travel time. The vertical velocity then switches to upward, reflecting the weight change 
force contribution. The radial velocity, initially inward from the plug rupture, switches to outward at more distant 
receivers from the weight change. At close distances, the response is a more complex superposition of inward 
velocity from depressurization and outward velocity from the weight change. This example demonstrates the 
importance of having receivers at different distances to constrain eruptive source processes.
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Figure 7. Synthetic displacement and velocity seismograms for a receiver located 3 km from the vent, calculated using force and moment histories plotted in Figure 5 
(point source) or their depth-dependent contributions (extended source). The full waveform combines all contributions from the conduit and chamber. Faint lines are 
the extended-source calculation, while dark lines are point-source. For the first minute after the eruption onset, the conduit force contributions dominate, creating 
radially inward and downward motions. Thereafter, the displacements evolve toward their static values, radially outward and upward. The force, specifically the weight 
change, produces outward and upward displacement, whereas the moment, from depressurization, is of opposite sign. These contributions are comparable on the radial 
component, with the force contribution being slightly larger in the static limit. The vertical component is dominated by the force.
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5. Interpreting Force History Through Parameter Exploration
We now use the new workflow to investigate how eruptive processes, which we alter by changing select model 
parameters, are reflected in the force and moment histories and also in the seismograms. In particular, we focus 
on the sharpness of the fragmentation transition and on the chamber volume. Each simulated eruption starts with 
the same initial pressure and stress conditions along the conduit and chamber and the same triggering event of 
the plug rupture.

5.1. Fragmentation Transition

Fragmentation is modeled through the drag term in the conduit momentum balance Equation 7, which is reduced 
as the volume fraction fragmentation condition is met. This smooth transition is given in Equation 40 and shown 
in Figure 2. Here we vary the parameter k, which sharpens the transition as it is increased.

Figure 10 shows that the fragmentation front descends through the conduit more quickly as the fragmentation 
transition is sharpened. Increasing the sharpness of the fragmentation transition means that the reduction in 
friction occurs over a smaller range of gas volume fractions. This means that there will be a smaller depth range 

Figure 8. Scaled synthetic displacement seismograms at four receiver distances: 1, 3, 10, and 30 km. Conduit and chamber contributions are combined. For each 
receiver distance, all of the contributing waveforms are scaled by the final point-source full-waveform static displacements noted in the tables at bottom of figure. 
Receiver positions closer to the conduit exhibit different dominant contributions to radial displacement, changing the waveform significantly. Beyond a certain distance, 
the waveform features have little dependence on receiver position.
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Figure 9. Scaled synthetic velocity seismograms calculated for four different receiver distances: 1, 3, 10, and 30 km. Conduit and chamber contributions are combined. 
For each receiver distance, all of the contributing waveforms are scaled by the magnitude of the maximum particle velocities in the point-source full-waveform noted in 
the tables at bottom of figure. Different receiver position can highlight different contributions through changes in waveform features.
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over which friction is being reduced, leading to a sharper stress gradient. Therefore, magma just below the frag-
mentation front will be accelerated more for higher values of k, as indicated by the higher shear stress on the 
conduit walls just below the fragmentation front and the greater erupted mass rate (Figure 10). Faster acceleration 
of the magma also leads to faster decompression and thus volatile exsolution, causing the magma to fragment 
sooner. This leads to the faster descent of the fragmentation front through the conduit, faster depressurization of 
the conduit and chamber, and a larger eruptive mass rate that more quickly reduces the weight of the subsurface 
magma.

The changes in the eruption described above are reflected in the force and moment histories and seismograms 
(Figure 11). Sharper fragmentation, which leads to more rapid descent of the fragmentation front and associated 
upward acceleration of magma, is expressed in the increased amplitude of the initial downward-upward-down-
ward motions in the first minute. The initial downward/inward motion is from the loss of restraining tractions as 
the plug ruptures, and the subsequent upward/outward motion is caused by upward drag from the accelerating 
magma just below fragmentation. The switch to downward motion comes from the depressurization moment 
contribution that temporarily overcomes the upward force contribution. The larger eruption rate from sharper 
fragmentation depressurizes the system and reduces the magma weight faster. These changes affect both the force 
and moment at later times, increasing the velocity amplitude on both components.

5.2. Chamber Volume

We compare simulated eruptions with three different chamber volumes: V0  =  10 5  m 3, 10 8  m 3, and 10 9  m 3 
(Figure 12). We note that conditions justifying the use of a point source model when calculating radiation from 
the chamber are not met for the larger chambers in this study, so an important extension to this work is to employ a 
finite source model instead. Larger chambers have larger storage capacity and hence smaller pressure changes for 
the same magma mass removed from them. All simulations have the same initial pressure and restraining shear 
tractions along the conduit and in the chamber; therefore, the initial eruption process is identical. However, the 
slower depressurization of larger chambers serves to maintain a greater pressure gradient and delays the return to 
magmastatic balance. This is evident in plots of the conduit and chamber pressure change. In addition, the frag-
mentation front descends more slowly for larger chambers because the higher pressures inhibit gas exsolution and 
expansion. The steeper pressure gradient also leads to more magma flow, both out of the vent (see erupted mass 
rate) and deeper in the conduit. The faster flow produces greater upward drag everywhere below the fragmenta-
tion front (see shear traction changes).

The force and moment histories and seismograms (Figure 13) capture the differences in eruption features. The 
chamber depressurization dominates the moment contributions as chamber volume becomes large compared to 
the conduit volume. Larger chambers also produce larger upward forces in the conduit from the upward drag of 
the ascending magma. While the conduit force ultimately becomes downward, with Fco → −Fplug as the eruption 
ends, the amplitude and duration of the upward conduit force phase increases with increasing chamber volume. 
That said, the upward force contribution from the weight change, which increases slightly as the chamber volume 
and eruption rate increase, is the dominant contribution to the net force.

Turning to the seismograms, we again see that the vertical force from plug rupture and upward drag in the conduit 
controls the seismic signal for the first minute after eruption onset. Then, when the chamber volume is larger 
than the conduit volume, the inward/downward motions from chamber depressurization dominate the seismo-
grams. The force contribution from the weight change becomes negligible in comparison to this depressurization 
moment source, except for the smallest chamber volume studied here (which is the same as in previous examples 
in our study). The final static displacement will be a balance between the outward/upward static displacement 
from the loss of erupted magma weight (force) and the inward/downward displacement from the depressurization 
of the large chambers (moment). Thus it may be challenging or impossible to determine the weight change force 
contribution except for eruptions with small chamber contributions.



Journal of Geophysical Research: Solid Earth

COPPESS ET AL.

10.1029/2022JB024313

21 of 37

Figure 10. Simulation results for different fragmentation transitions: increasing k increases the sharpness of the transition. 
Initial pressure/shear traction conditions and parameter values (except k) are the same as example simulation in Section 4. 
Sharper fragmentation produces faster decompression and greater acceleration of magma just below the fragmentation front.
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Figure 11. (top) Point-source force and moment histories and (bottom) velocity seismograms for different sharpness of fragmentation from eruption simulations shown 
in Figure 10. Sharper fragmentation increases the force-dominated contribution in the first minute of the seismograms and also produces larger amplitude upward/
outward motions from more rapid loss of weight at later times.
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Figure 12. Simulation results for different chamber volumes, V0. Initial conditions and parameter values (except V0) are the 
same as example simulation in Section 4. The larger storage capacity of high volume chambers slows the depressurization and 
return to magmastatic balance. In addition to extending the eruption duration, this slow depressurization maintains a larger 
upward pressure gradient and hence larger particle velocities and more drag below the fragmentation front.
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Figure 13. (top) Point-source force and moment histories and (bottom) velocity seismograms for different chamber volumes from eruption simulations shown in 
Figure 12. The eruption process is identical for the first minute or so. Later, the slower depressurization of the larger chambers leads to higher pressure gradients, faster 
flow, and higher upward drag that appears in the conduit force. The depressurization of the chamber dominates the moment histories as chamber volume becomes large 
compared with the conduit volume.
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6. Intermittent Fragmentation Descent
As we increase the fragmentation parameter k, the length scale over which fragmentation occurs shortens. When 
this length scale becomes smaller than the grid spacing along the conduit, fragmentation occurs in discrete bursts 
as the fragmentation front passes each grid point. This manifests as the intermittent descent of the fragmentation 
front through the conduit. While this effect is numerical, and dependent on the spatial discretization, we specu-
late that similar intermittency occurs in actual eruptions as a consequence of heterogeneity in magma strength, 
bubble distributions, and related small-scale processes controlling fragmentation. An ideal approach is therefore 
to directly incorporate these heterogeneities into the conduit flow model through some parameterization that 
includes a heterogeneity length scale, with spatial resolution chosen to resolve this length scale. In this way, simu-
lation results would be convergent with mesh refinement. That said, for the purpose of this study, we utilize our 
underresolved simulations with intermittent fragmentation descent to examine how this is expressed in the force 
and moment histories and seismograms. Simulation results are shown in Figure 14 for initial conditions shown in 
Figure 3 with k = 1,500 (though the specific value is irrelevant once it is sufficiently high).

As evident in Figure 15, intermittent fragmentation manifests as high frequency features in both the force and 
moment histories, though contributions to the seismogram are dominated by the force. As each point fragments, 
the restraining tractions at that point drop abruptly, creating an downward seismic force. Immediately after this, 
the parcel of newly fragmented magma is accelerated upwards, expanding the magma above fragmentation and 
creating a drop in pressure. The magma below fragmentation quickly accelerates, producing an upward force. 
Thus each fragmentation event is reflected by a downward impulse, with the initial downward phase being impul-
sive and the following recovery being more gradual. This is similar to the force history from plug rupture, except 
at a smaller scale.

7. Effects of Instrument Response
The synthetic seismograms presented in earlier sections feature a wide range of time scales, including contribu-
tions from the weight change and depressurization occurring over minutes to tens of minutes and even a static 
response. These may be challenging or impossible to observe, especially with short period instruments. Broad-
band seismometers can potentially go to much longer periods, if one corrects for instrument response. That said, 
the majority of volcano seismology studies of VLP events work with bandpassed seismograms. Here we examine 
how the seismograms change if we remove low frequencies. To simulate the effect of instrument response on the 
observed signal, we apply a 3rd order Butterworth high-pass filter with a cutoff frequency 0.01 Hz to the velocity 
seismograms shown in Figure 7. The results are shown in Figure 16.

As expected, high-pass filtering emphasizes the contribution from the early stages of the eruption, where the 
seismogram is controlled by changes in shear traction and pressure in the top portion of the conduit. The conduit 
force largely dominates the filtered signal, with the conduit depressurization moment contribution becoming 
comparable at the tail-end of the signal on the radial component. There is no longer any information constraining 
the change in weight or even the chamber depressurization, as those occur over much greater time scales. This 
simple example demonstrates the bias, or at least limited view of the eruption process, that might be introduced 
in volcano seismology studies when working with band-limited data.

8. Discussion
Our workflow to generate synthetic seismograms from conduit flow and chamber models offers many new oppor-
tunities for studying explosive volcanic eruptions. While the conduit flow model used in our example simulations 
is relatively simple, we believe it captures most of the fundamental eruptive processes that can be studied using 
seismic waves. Here we discuss the implications of our work and offer suggestions for future research directions.

8.1. Joint Inversions of Seismic, Acoustic, and Internal Gravity Waves Using Eruption Modeling

Foremost, our workflow opens the possibility of complementing kinematic inversions of seismic data for inde-
pendent force and moment histories with inversions that directly employ conduit flow models to self-consistently 
predict both force and moment histories. Similar efforts are being pursued using quasi-steady conduit flow 
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Figure 14. Simulation results exhibiting intermittent fragmentation descent from numerically underresolved sharp 
fragmentation (k = 1,500, though the specific value is irrelevant once it it sufficiently high). Initial conditions and parameter 
values (except k) are the same as example simulation in Section 4. As parcels of magma fragment, impulsive acceleration of 
the magma triggers advected acoustic waves that propagate up to the vent.
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Figure 15. (top) Point-source force and moment histories and (bottom) velocity seismograms for intermittent fragmentation descent from eruption simulations shown 
in Figure 14. Insets zoom in to show individual fragmentation events. The conduit force captures the impulse from parcels of melt fragmenting.
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models to connect with deformation data and other observations (K. Anderson & Segall,  2011,  2013; K. R. 
Anderson & Poland, 2016; Segall, 2013). More recently, seismic and geodetic data from the 2018 Kilauea caldera 
collapse events have been inverted using a dynamic source model of the caldera block dropping into an under-
lying reservoir, producing both a seismic force and moment tensor from which synthetic seismograms were 
constructed (Wang et al., 2022). In fact, their seismic source model can be viewed as a special case of ours. The 
down-dropping caldera block replaces the conduit magma in our model and is assumed to descend as a rigid 
body; changes in frictional tractions contribute to a vertical force (our Fch), along with the force transmitted 
through the chamber magma to the solid Earth (the −ΔpchA contribution to Fch). Because there is negligible mass 
loss, there is no change in weight or momentum transfer to the atmosphere. The seismic force is therefore most 
concisely written in the inertial-based representation as 𝐴𝐴 𝐴𝐴𝑠𝑠 = −�̇�𝑃  , showing that it must start and end at zero. 
Pressurization of the chamber provides a moment tensor source, exactly as in our model. One can envision using 
a Bayesian inversion of the sort used in the aforementioned studies to invert VLP seismic data from explosive 
eruptions for parameters characterizing restraining tractions from a plug, volatile content and viscosity of the 
magma, parameters controlling fragmentation, chamber depth and size, etc.

There is also an opportunity for self-consistent joint inversions of multiple data sets. For example, infrasound 
and visual observations have been used to determine the rate at which the eruptive jets and plumes displace 
the surrounding atmosphere (Fee, Izbekov, et  al.,  2017; A. Iezzi et  al.,  2019; Johnson & Miller,  2014; Kim 
et al., 2015). This acoustic monopole source contribution can then be used to infer the eruptive mass rate by 
correcting for entrainment and expansion from heating, which requires assumptions. It seems possible to reduce 
uncertainty in the eruptive mass rate by seeking consistency with the seismically constrained eruptive mass rate 
from our new workflow.

In addition, advances in infrasound instrumentation deployments and inversions are placing constraints on dipole 
and higher order multipole acoustic sources (A. Iezzi et al., 2019; A. M. Iezzi et al., 2022; Jolly et al., 2017), 
which may be related to the momentum imparted to the atmosphere by the eruption. This momentum transfer 

Figure 16. High-pass filtered synthetic velocity seismograms for receiver placed 3 km from conduit vent (shown in Figure 7). The filter applied is a 3rd order 
Butterworth high-pass filter with cutoff frequency 0.01 Hz. The dominant contribution in the filtered signal is now arising from the conduit force, rather than chamber 
force.
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is one contribution to the seismic force in the inertial-based representation (Fvent), and is therefore potentially 
constrainable from seismic waves using our modeling workflow.

In addition to infrasound (acoustic) waves, large volcanic eruptions also excite internal gravity waves in the 
atmosphere, which can be recorded on microbarometers, seismometers, and through changes in the total electron 
content of the ionosphere (Kanamori et al., 1994; Liu et al., 1982; Nakashima et al., 2016; Ripepe et al., 2010). 
These geophysical measurements can be inverted for mass and energy sources (Baines & Sacks, 2014; Ripepe 
et al., 2016). In addition, internal gravity waves will also be excited by a momentum source (Fvent), though this 
appears to have been neglected in previous work. All of these additional observational constraints could be inte-
grated into a joint inversion workflow in which the same source model is used to predict seismic, infrasound, and 
internal gravity waves, as well as visual observations of the jet and plume structure.

There is an opportunity to use simulations of the eruptive jet and atmospheric response (Cerminara et al., 2016; 
Koyaguchi et al., 2018; Ogden et al., 2008; Watson et al., 2021) as part of the forward modeling workflow to 
bypass assumptions and biases that may be introduced when using simple source models (e.g., point monopoles 
or dipoles; point mass, energy, and momentum sources) that are only indirectly linked to eruptive processes. 
To pursue this approach, we must develop coupled models of conduit flow and the response of a compressible 
atmosphere.

8.2. Band-Limited Seismograms Provide a Limited View of Eruptive Processes

Our work suggests that seismic data, from either short-period seismometers or broadband records high-pass 
filtered at 0.01 Hz, will be most useful in constraining shorter period, impulsive processes in eruptions. The 
filtered seismograms in Figure 16 are quite similar to those in some VLP studies, most notably of the 2004 Asama 
eruption for which inversions by Ohminato et al. (2006) identified a down-up-down vertical force of order 10 10 N 
over approximately 10 s. Their conceptual explanation of the force history is similar to what is revealed in the 
first minute of our simulations. However, our work also suggests some caution when performing inversions of 
band-limited data and using those inversions to infer the eruptive source process. A key question is whether the 
inferred force and moment history from inversions of band-passed data will be a filtered version of the actual 
force and moment history. This will depend on how the inversion is set up. For an unconstrained, linear least 
squares inversion with given Green's functions and source location, the inversion operator is linear with respect to 
model parameters Fi and Mij and commutes with a filtering operator. In this case, the inverted force and moment 
histories will be filtered versions of the actual ones. However, most inversions are nonlinear with respect to model 
parameters (e.g., source location or parameterized source time functions) and/or involve constraints that make 
the problem nonlinear. In this case, working with filtered data may lead to incorrect estimates of even the filtered 
force and moment histories.

Our models also predict seismic radiation at longer periods than can be resolved with short period seismom-
eters, thereby emphasizing the importance of using broadband instruments and extending their bandwidth to 
longer periods than are commonly used by correcting for instrument response. This may permit quantification 
of the time history of the weight change, expressed in the seismic force, and depressurization of the conduit and 
chamber, expressed in the moment tensor. Constraints on depressurization could be compared to independent 
inversions using geodetic data, though we remark that the displacement amplitude from these sources may be too 
small to be measured with GNSS or InSAR, unless the chamber is sufficiently large.

Furthermore, the synthetic seismograms in this study were limited to distances no longer than a few tens of km 
from the source, and it will be important to extend our analysis to regional and teleseismic distances. Large explo-
sive eruptions, like 1980 Mount St. Helens, 1991 Pinatubo, and the recent 2022 Hunga Tonga eruptions, generate 
seismic waves that can be recorded across Earth. We recommend that focus be placed at time scales of minutes 
to tens of minutes. Seismic waves at these ultra long periods are now widely used to characterize earthquake 
sources, for example, through W-phase moment tensor inversions (Duputel et al., 2012). Similar inversions, but 
including a force, ought to be possible for large volcanic eruptions. It is unclear if trade-offs between the vertical 
force component and an axisymmetric moment tensor source, both radiating axisymmetric waves and subject to 
destructive interference of direct waves and free surface reflections, would render the inversion nonunique. In that 
case, the preferable alternative is to replace inversions for independent force and moment with an actual eruption 
source model that self-consistently predicts force and moment, as articulated earlier.
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8.3. Appropriateness of Seismic Force  Thrust Approximation

Brodsky et  al.  (1999), building on Kanamori and Given  (1982), introduced the seismic force model Fs  ≈  −
ρv 2A, evaluated at the vent. Defining the eruptive mass rate 𝐴𝐴 �̇�𝑀 = 𝜌𝜌𝜌𝜌𝐴𝐴 , this can be written as 𝐴𝐴 𝐴𝐴𝑠𝑠 ≈ −�̇�𝑀𝑀𝑀 . This 
is often described as the thrust approximation, given its similarity to the thrust force provided by a jet engine. 
Prejean and Brodsky (2011) used this approximation to convert seismic inversions of Fs into estimates of 𝐴𝐴 �̇�𝑀 
for assumed values of the exit velocity v. The theory developed in Section 3 allows us to examine the validity 
of this approximation. We start with inertial-based representation of the seismic force given in Equation 30: 

𝐴𝐴 𝐴𝐴𝑠𝑠 = −�̇�𝑃 − 𝐴𝐴𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 − Δ𝑀𝑀𝑀𝑀 , where 𝐴𝐴 𝐴𝐴𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = �̇�𝑀𝑣𝑣 + Δ𝑝𝑝𝐴𝐴 at the vent. Brodsky et al. (1999) used a steady state erup-
tion model to argue that ΔpA should be proportional to 𝐴𝐴 �̇�𝑀𝑀𝑀 , with the proportionality constant depending on 
Mach number at the vent. Uncertainty in the Mach number led to a factor of 4 uncertainty in their estimates of 

𝐴𝐴 �̇�𝑀 . Our models for small vulcanian eruptions show a similar proportionality between ΔpA and 𝐴𝐴 �̇�𝑀𝑀𝑀 (Figure 6). 
However, we also find substantial contributions to Fs from the other terms in the representation, especially the 
weight change − ΔMg. It is unclear how filtering (i.e., working with band-limited seismic data) would alter the 
seismic expression of the weight change contribution, and how this might map into errors or biases in eruptive 
mass rate histories inferred using the 𝐴𝐴 𝐴𝐴𝑠𝑠 ≈ −�̇�𝑀𝑀𝑀 approximation. Furthermore, we are generally most interested 
in the eruptive mass history, 𝐴𝐴 Δ𝑀𝑀(𝑡𝑡) = ∫ �̇�𝑀𝑀𝑀𝑡𝑡 , rather than the mass rate history, which requires integration of 𝐴𝐴 �̇�𝑀 . 
One could approach this in a different manner by first performing inversions of ULP data, for which Fs ≈ −ΔMg, 
to determine ΔM(t). This could then be used as a constraint on inversions of shorter period data to more uniquely 
determine contributions from magma momentum changes, 𝐴𝐴 �̇�𝑃  , and the two contributions, ΔpA and 𝐴𝐴 �̇�𝑀𝑀𝑀 , to Fvent.

8.4. High Frequency Seismic Radiation

High frequency (>1 Hz) radiation from volcanic eruptions has a stochastic character and is often described as 
eruptive tremor (Fee, Haney, et al., 2017; McNutt & Nishimura, 2008). Here we discuss how our modeling work-
flow might be used to better understand the origins of eruptive tremor and high frequency radiation.

First, fragmentation might contribute to eruptive tremor. Our simulations of eruptions with intermittent descent 
of the fragmentation front show large, high frequency seismic events. Each event is triggered by the abrupt frag-
mentation of a parcel of magma, loss of restraining tractions, and generation of upward tractions as the magma 
just below the fragmentation front accelerates. In our simulation, the timing of the fragmentation events, and 
details of the magma response and its reflection in the seismograms, is controlled by the grid spacing and the 
average speed of the descending fragmentation front. Thus, the time interval between successive fragmentation 
events increases as the fragmentation front decelerates. In reality, intermittent fragmentation will be determined 
by whatever heterogeneity temporarily impedes the fragmentation process, and we do not expect this to occur in 
a quasi-periodic manner as in our simulation. However, if the spatial scales characterizing the relevant hetero-
geneity are independent of depth, then we do expect a shift toward lower frequencies as the fragmentation front 
slows its descent.

High frequency seismic radiation during eruptions is also generated above fragmentation by turbulent pressure 
fluctuations and particle-wall interactions (Fee, Haney, et al., 2017; McNutt & Nishimura, 2008). Like the frag-
mentation process itself, these add a stochastic component to the seismic radiation. One could approach this 
problem by using conduit flow models that directly capture turbulence and particle-wall interactions (Dufek 
et al., 2012). Alternatively, one could combine simpler, quasi-1D conduit flow models of the sort used in our 
study together with some parameterization relating the unresolved turbulence and particle-wall interactions to the 
modeled mean flow. Seismic source models for these processes have been used in studies of streams, rivers, and 
debris flows (Burtin et al., 2008; Gimbert et al., 2014; Hsu et al., 2011; Kean et al., 2015; Lai et al., 2018; Tsai 
et al., 2012). These models have recently been extended by (Gestrich et al., 2020) to volcanic conduit flow above 
the fragmentation depth and could be incorporated into the workflow we have introduced in this study.

It is presently unclear which processes provide the dominant control on eruptive tremor, but forward modeling 
efforts of the sort discussed above, combined with backprojection and related seismic array analyses to locate and 
track the source location of eruptive tremor, may be useful.
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9. Conclusion
In this study, we derived two equivalent representations of the seismic force from volcanic eruptions and intro-
duced a workflow for generating synthetic seismograms from models of unsteady magma flow in conduits and 
chambers. We applied the workflow to conduit flow models of small vulcanian eruptions. At periods of ∼100 s 
and less, seismic radiation reflects unsteady processes in the conduit, such as loss of restraining tractions during 
rupture of plugs and upward drag from rapidly ascending magma. At longer periods, radiation is dominated by 
changes in the weight of magma remaining in the subsurface conduit-chamber system (producing an upward 
seismic force) and depressurization of the conduit and chamber (reflected in a moment tensor source). This new 
workflow offers many exciting possibilities for inverting seismic data using conduit flow models as part of the 
forward modeling process, thereby complementing or even circumventing inversions for independent force and 
moment histories.

Appendix A: Derivation of Volcanic Source Representation
Conduit flow models capture the evolution of pressure and shear traction along the conduit throughout an erup-
tion. In this appendix, we derive expressions that convert pressure and shear traction changes to equivalent 
moment tensor and force sources for use in our seismic wave calculation. Our derivation closely follows Burridge 
et al. (1993), who studied seismic wave radiation from pressure changes in a borehole filled with inviscid fluid. 
Our derivation extends their work by accounting for shear tractions that manifest in a seismic force. For simplic-
ity, we restrict attention to a straight, cylindrical conduit of radius R and cross-sectional area A = πR 2 oriented 
along the z axis contained within an elastic medium.

The conduit radius is assumed small in comparison to the wavelengths of deformation and waves outside the 
conduit, their ratio denoted as ϵ. It is well known that when ϵ ≪ 1, fluid motions within the conduit are well 
described with quasi-1D models in which changes in pressure Δp and shear traction Δτ depend only on z and t. The 
elastic compliance of the walls appears in this solution through a local (at each z) 2D elastostatic response. This 
additional compliance is generally negligible in comparison to magma compressiblity for cylindrical conduits but 
may be important for dike-like conduits (e.g., Costa et al., 2007). This quasi-1D approximation forms the basis of 
most volcanic conduit flow models in the literature (e.g., Mastin, 2002; Melnik & Sparks, 2002; Wilson & Head 
III, 1981; Woods, 1995), including the one in our study, and we assume in the derivation to follow that Δp and 
Δτ are known from solving such a model.

Our objective is to determine the equivalent body force distribution fi that appears in the elastic wave equation, 
describing the response of an idealized model Earth in which the conduit is replaced with elastic material (Takei 
& Kumazawa, 1994):

𝜌𝜌
𝜕𝜕2𝑢𝑢𝑖𝑖

𝜕𝜕𝜕𝜕2
−

𝜕𝜕

𝜕𝜕𝜕𝜕𝑗𝑗

(

𝐶𝐶𝑖𝑖𝑗𝑗𝑖𝑖𝑖𝑖

𝜕𝜕𝑢𝑢𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

)

= 𝑓𝑓𝑖𝑖, (A1)

where ρ is the density of the elastic solid and Cijkl is the stiffness tensor. When ϵ ≪ 1, we anticipate that fi will be 
a singular distribution involving delta functions and their derivatives that localize the source to the z axis, namely

𝑓𝑓𝑖𝑖(𝐱𝐱, 𝑡𝑡) =
𝜕𝜕𝜕𝜕𝑖𝑖(𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧
𝛿𝛿(𝑥𝑥)𝛿𝛿(𝑦𝑦) −

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖(𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧

𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖

𝛿𝛿(𝑥𝑥)𝛿𝛿(𝑦𝑦), (A2)

where ∂Fi/∂z and ∂Mij/∂z are the force and seismic moment tensor per unit distance along the conduit. Thus ui 
must be regarded as a weak solution that is not differentiable at the z axis. An appropriate starting point is the 
weak form of Equation A1 given in Equation (4.2) of Burridge et al. (1993):

𝐼𝐼 = ∬
𝑉𝑉

𝜙𝜙𝑖𝑖𝑓𝑓𝑖𝑖𝑑𝑑𝑉𝑉 𝑑𝑑𝑑𝑑 (A3)

= ∬
𝑉𝑉

[

𝜌𝜌
𝜕𝜕2𝜙𝜙𝑘𝑘

𝜕𝜕𝜕𝜕2
−

𝜕𝜕

𝜕𝜕𝜕𝜕𝑙𝑙

(

𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

𝜕𝜕𝜙𝜙𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

)]

𝑢𝑢𝑘𝑘𝑑𝑑
3𝜕𝜕𝑑𝑑𝜕𝜕𝑥 (A4)
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where ϕi is a infinitely differentiable test function, the volume V includes the conduit region in which ui is defined 
to be zero, and the time integral is over all time. Inserting the anticipated body force distribution Equation A2 into 
Equation A3 and integrating by parts gives

𝐼𝐼 = ∬
(

𝜙𝜙𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕
+

𝜕𝜕𝜙𝜙𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

𝜕𝜕𝜕𝜕𝑖𝑖𝑗𝑗

𝜕𝜕𝜕𝜕

)

𝑑𝑑𝜕𝜕𝑑𝑑𝑑𝑑𝑑 (A5)

The goal of the derivation to follow is to identify ∂Fi/∂z and ∂Mij/∂z by manipulating Equation A4, together with 
interface conditions on the conduit walls and an asymptotic expansion for narrow conduits, into the form of 
Equation A5.

Burridge et al. (1993) use the divergence theorem, definition of ui as zero within the conduit, and vanishing of fi 
outside the conduit to rewrite Equation A4 as

𝐼𝐼 = ∬
Σ

(

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

𝐶𝐶𝑖𝑖𝑗𝑗𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 − 𝜕𝜕𝑖𝑖𝐶𝐶𝑖𝑖𝑗𝑗𝑖𝑖𝑖𝑖

𝜕𝜕𝑢𝑢𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

𝑛𝑛𝑗𝑗

)

𝑑𝑑2𝜕𝜕𝑑𝑑𝑥𝑥𝑥 (A6)

where Σ is the surface of the conduit and the unit normal ni to Σ points outward from the conduit into the solid. 
Thus far no approximations have been made. We Taylor expand Cijkl and ϕi in the two horizontal dimensions 
about z axis, keeping only leading order terms in ϵ, and utilize the interface traction condition, expressed to 
leading order as

𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

𝑛𝑛𝑖𝑖 = −Δ𝑝𝑝𝑛𝑛𝑖𝑖 − Δ𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖. (A7)

Defining ∂Σ as the perimeter of the conduit at fixed z and s as the arclength along ∂Σ, we obtain

𝐼𝐼 = ∭
𝜕𝜕Σ

{

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

[

𝐶𝐶𝑖𝑖𝑗𝑗𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 + 𝜕𝜕𝑗𝑗 (Δ𝑝𝑝𝑛𝑛𝑖𝑖 + Δ𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖)
]

+ 𝜕𝜕𝑖𝑖 (Δ𝑝𝑝𝑛𝑛𝑖𝑖 + Δ𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖)

}

𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑑 (A8)

where Cijkl, ϕi, ∂ϕi/∂xj are now evaluated on the z axis and are independent of s.

Burridge et al.  (1993) also show that boundary displacements ui along the walls of the conduit, as appear in 
Equation A8, and just outside it are described, to leading order in ϵ, by a locally 2D elastostatic response at fixed 
z, namely

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

= 0, 𝜕𝜕𝑖𝑖𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑖𝑖

, (A9)

where α = x, y, subject to the traction condition Equation A7. Next we specialize to an isotropic solid, such that

𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 = 𝜆𝜆𝜆𝜆𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 + 𝜇𝜇 (𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 + 𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖) , (A10)

and the 2D elastostatic problem decomposes into the familiar plane strain and antiplane shear problems with 
traction boundary conditions Equation A7. The plane strain problem produces radial displacement

𝑢𝑢𝑟𝑟 =
𝑅𝑅2Δ𝑝𝑝

2𝜇𝜇𝑟𝑟
 (A11)

and the antiplane shear problem produces vertical displacement

𝑢𝑢𝑧𝑧 =
Δ𝜏𝜏𝜏𝜏

𝜇𝜇
ln (𝜏𝜏∞∕𝑟𝑟) , (A12)

where r is the radial distance from z = 0 and the conduit wall is at r = R. For the plane strain problem, ur → 0 as 
r → ∞. However, for the antiplane shear problem, we set uz = 0 at r = R∞, where R∞ is assumed to be much larger 
than R. The choice of R∞ is irrelevant, as it drops out of the problem in the next step.

We utilize this asymptotic elastostatic solution to evaluate the following integrals that appear in Equation A8:

∫
𝜕𝜕Σ

𝑢𝑢𝑘𝑘𝑛𝑛𝑘𝑘𝑑𝑑𝑑𝑑 =
Δ𝑝𝑝𝑝𝑝

𝜇𝜇
, ∫

𝜕𝜕Σ

(𝑢𝑢𝑖𝑖𝑛𝑛𝑗𝑗 + 𝑢𝑢𝑗𝑗𝑛𝑛𝑖𝑖) 𝑑𝑑𝑑𝑑 =
Δ𝑝𝑝𝑝𝑝

𝜇𝜇
(𝛿𝛿𝑖𝑖𝑗𝑗 − 𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗𝑖𝑖) , (A13)
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∫
𝜕𝜕Σ

𝑥𝑥𝑗𝑗𝑛𝑛𝑖𝑖𝑑𝑑𝑑𝑑 = 𝐴𝐴 (𝛿𝛿𝑖𝑖𝑗𝑗 − 𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗𝑖𝑖) , ∫
𝜕𝜕Σ

𝑥𝑥𝑗𝑗𝛿𝛿𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 = 0. (A14)

It follows that

∫
𝜕𝜕Σ

[

𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 + 𝑥𝑥𝑖𝑖 (Δ𝑝𝑝𝑛𝑛𝑖𝑖 + Δ𝜏𝜏𝜏𝜏𝑖𝑖𝑖𝑖)
]

𝑑𝑑𝑑𝑑 =
Δ𝑝𝑝𝑝𝑝

𝜇𝜇

[

(𝜆𝜆 + 2𝜇𝜇)𝜏𝜏𝑖𝑖𝑖𝑖 − 2𝜇𝜇𝜏𝜏𝑖𝑖𝑖𝑖𝜏𝜏𝑖𝑖𝑖𝑖
]

 (A15)

and hence Equation A8 becomes

𝐼𝐼 = ∬
{

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕𝑗𝑗

Δ𝑝𝑝𝑝𝑝

𝜇𝜇

[

(𝜆𝜆 + 2𝜇𝜇)𝛿𝛿𝑖𝑖𝑗𝑗 − 2𝜇𝜇𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑗𝑗𝑖𝑖
]

+ 𝜕𝜕𝑖𝑖2𝜋𝜋𝜋𝜋Δ𝜏𝜏𝛿𝛿𝑖𝑖𝑖𝑖

}

𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑑 (A16)

Comparing to Equation A2, we identify

𝜕𝜕𝜕𝜕𝑖𝑖

𝜕𝜕𝜕𝜕
= 2𝜋𝜋𝜋𝜋Δ𝜏𝜏𝜏𝜏𝑖𝑖𝜕𝜕,

𝜕𝜕𝜕𝜕𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
=

Δ𝑝𝑝𝑝𝑝

𝜇𝜇

[

(𝜆𝜆 + 2𝜇𝜇)𝜏𝜏𝑖𝑖𝑖𝑖 − 2𝜇𝜇𝜏𝜏𝑖𝑖𝜕𝜕𝜏𝜏𝑖𝑖𝜕𝜕
]

. (A17)

Appendix B: Generalization to Conduits With Noncircular and Depth-Variable 
Cross-Section
Here we provide a generalization of our model and workflow to conduits having depth-variable, noncircular 
cross-section. We specifically focus on the case of an elliptical conduit with semi-axes R1 and R2 oriented along the 
x and y axes, respectively. The cross-sectional area is A = πR1R2. This model can therefore be applied to dike-like 
conduits and reduces to the circular cross-section case considered in the main text when R1 = R2. Because most of 
the results to follow are taken directly from Burridge et al. (1993), we state them without derivation.

Equation 1, which converts the pressure change into the moment tensor per unit depth along the conduit, gener-
alizes to

𝑑𝑑𝑑𝑑11(𝑧𝑧𝑧 𝑧𝑧)

𝑑𝑑𝑧𝑧
= 𝐴𝐴Δ𝑝𝑝(𝑧𝑧𝑧 𝑧𝑧)

𝜆𝜆 + 2𝜇𝜇

2𝜇𝜇(𝜆𝜆 + 𝜇𝜇)

𝜆𝜆𝜆𝜆2

1
+ (𝜆𝜆 + 2𝜇𝜇)𝜆𝜆2

2

𝜆𝜆1𝜆𝜆2

𝑧 (B1)

𝑑𝑑𝑑𝑑22(𝑧𝑧𝑧 𝑧𝑧)

𝑑𝑑𝑧𝑧
= 𝐴𝐴Δ𝑝𝑝(𝑧𝑧𝑧 𝑧𝑧)

𝜆𝜆 + 2𝜇𝜇

2𝜇𝜇(𝜆𝜆 + 𝜇𝜇)

(𝜆𝜆 + 2𝜇𝜇)𝑅𝑅2

1
+ 𝜆𝜆𝑅𝑅2

2

𝑅𝑅1𝑅𝑅2

𝑧 (B2)

𝑑𝑑𝑑𝑑33(𝑧𝑧𝑧 𝑧𝑧)

𝑑𝑑𝑧𝑧
= 𝐴𝐴Δ𝑝𝑝(𝑧𝑧𝑧 𝑧𝑧)

𝜆𝜆

𝜆𝜆 + 𝜇𝜇

(

−1 +
𝜆𝜆 + 2𝜇𝜇

2𝜇𝜇

𝑅𝑅2

1
+𝑅𝑅2

2

𝑅𝑅1𝑅𝑅2

)

𝑧 (B3)

with other components being zero. Equation 2, which provides the force per unit depth, generalizes to

𝑑𝑑𝑑𝑑𝑖𝑖(𝑧𝑧𝑧 𝑧𝑧)

𝑑𝑑𝑧𝑧
=

[

∫
𝜕𝜕Σ

Δ𝜏𝜏(𝑠𝑠𝑧 𝑧𝑧𝑧 𝑧𝑧)𝑑𝑑𝑠𝑠 + Δ𝑝𝑝(𝑧𝑧𝑧 𝑧𝑧)
𝑑𝑑𝑑𝑑

𝑑𝑑𝑧𝑧

]

𝛿𝛿𝑖𝑖𝑧𝑧𝑧 (B4)

where the first term on the right integrates the changes in shear traction over the perimeter of the conduit ∂Σ 
and the second term accounts for the contribution to vertical force from pressure acting on the depth-varying 
cross-section.

For the conduit flow equations, the drag term in the momentum balance Equation 7, 2τ/R, is replaced with A −1 
∫∂ΣΔτ(s, z, t)ds. For Poiseuille flow of constant viscosity magma, we have (Costa et al., 2007)

𝐴𝐴−1 ∫
𝜕𝜕Σ

Δ𝜏𝜏(𝑠𝑠𝑠 𝑠𝑠𝑠 𝑠𝑠)𝑑𝑑𝑠𝑠 = 4𝜂𝜂𝜂𝜂
𝑅𝑅2

1
+𝑅𝑅2

2

𝑅𝑅2

1
𝑅𝑅2

2

. (B5)

The mass balance Equation 8 is replaced by

𝜕𝜕(𝜌𝜌𝜌𝜌)

𝜕𝜕𝜕𝜕
+

𝜕𝜕(𝜌𝜌𝜌𝜌𝜌𝜌)

𝜕𝜕𝜕𝜕
= 0. (B6)
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The global momentum balance gains an additional term in the expression for conduit force Fco, consistent with 
Equation B4, such that Equation 17 is replaced with

𝐹𝐹𝑐𝑐𝑐𝑐 = ∫
0

−𝐿𝐿

(

∫
𝜕𝜕Σ

Δ𝜏𝜏𝜏𝜏𝜏𝜏 + Δ𝑝𝑝
𝜏𝜏𝑑𝑑

𝜏𝜏𝑑𝑑

)

𝜏𝜏𝑑𝑑𝑑 (B7)

The first term in the conduit mass balance Equation B6 can be written as

𝜕𝜕(𝜌𝜌𝜌𝜌)

𝜕𝜕𝜕𝜕
= 𝜌𝜌

𝜕𝜕𝜌𝜌

𝜕𝜕𝜕𝜕
+ 𝜌𝜌

𝜕𝜕𝜌𝜌

𝜕𝜕𝜕𝜕
, (B8)

reflecting contributions from magma compressibility and wall compliance, respectively. Introducing a magma 
equation of state that relates density to pressure, ρ = ρ(p), we define magma compressibility βm = ρ −1dρ/dp. With 
regard to the wall compliance term, Burridge et al. (1993) show that it is set by the same local (in depth) 2D 
plane strain elasticity problem that is solved when relating conduit pressure changes to seismic moment. For an 
elliptical cross-section, the compliance is (Burridge et al., 1993; Costa et al., 2007)

𝛽𝛽𝐴𝐴 =
1

𝐴𝐴

𝑑𝑑𝐴𝐴

𝑑𝑑𝑑𝑑
=

1

𝜆𝜆 + 𝜇𝜇

(

−1 +
𝜆𝜆 + 2𝜇𝜇

2𝜇𝜇

𝑅𝑅2

1
+𝑅𝑅2

2

𝑅𝑅1𝑅𝑅2

)

, (B9)

which reduces to βA = μ −1 for a circular cross-section. Thus we write Equation B8 as

𝜕𝜕(𝜌𝜌𝜌𝜌)

𝜕𝜕𝜕𝜕
= 𝜌𝜌𝜌𝜌 (𝛽𝛽𝑚𝑚 + 𝛽𝛽𝜌𝜌)

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
, (B10)

which permits us to compare the relative contributions from magma compressibility and wall compliance. When 
βA ≪ βm, we can neglect wall compliance when solving the conduit flow problem to determine the Δp and Δτ 
that are used in the source representation. This condition is well satisfied for all examples in our study once gas 
exsolves and certainly above fragmentation where the relevant compressibility is that of the gas. The most restric-
tive condition comes from the purely liquid magma below the exsolution depth, for which βm = β0 = 10 −10 Pa −1, 
which is comparable to βA = μ −1 = 0.93 × 10 −10 Pa −1 using values from Table 1. However, this deep region has 
quasi-steady flow, making both of these unsteady terms in the mass balance relatively unimportant to the conduit 
flow solution.

Data Availability Statement
The conduit flow code, analysis code, and example simulation data for this work are hosted at the following 
(respectively): https://bitbucket.org/martinalmquist/magmanonlinear.git, https://bitbucket.org/kcoppess/synthet-
ic-seismograms.git, and the Open Science Framework (https://doi.org/10.17605/OSF.IO/R6HJC).
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