
Electronic Structure

PAPER • OPEN ACCESS

Finite-field coupling via learning the charge
response kernel
To cite this article: Yunqi Shao et al 2022 Electron. Struct. 4 014012

 

View the article online for updates and enhancements.

You may also like
The physical significance of imaginary
phonon modes in crystals
Ioanna Pallikara, Prakriti Kayastha,
Jonathan M Skelton et al.

-

Tribology at the atomic scale with density
functional theory
Hande Ustunel and Daniele Toffoli

-

Global perspectives of the bulk electronic
structure of URu2Si2 from angle-resolved
photoemission
J D Denlinger, J-S Kang, L Dudy et al.

-

This content was downloaded from IP address 78.68.205.142 on 11/08/2022 at 09:00

https://doi.org/10.1088/2516-1075/ac59ca
/article/10.1088/2516-1075/ac78b3
/article/10.1088/2516-1075/ac78b3
/article/10.1088/2516-1075/ac7188
/article/10.1088/2516-1075/ac7188
/article/10.1088/2516-1075/ac4315
/article/10.1088/2516-1075/ac4315
/article/10.1088/2516-1075/ac4315
/article/10.1088/2516-1075/ac4315
/article/10.1088/2516-1075/ac4315
/article/10.1088/2516-1075/ac4315


Electron. Struct. 4 (2022) 014012 https://doi.org/10.1088/2516-1075/ac59ca

OPEN ACCESS

RECEIVED

15 December 2021

REVISED

1 February 2022

ACCEPTED FOR PUBLICATION

1 March 2022

PUBLISHED

18 March 2022

Original content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the
title of the work, journal
citation and DOI.

PAPER

Finite-field coupling via learning the charge response kernel
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Abstract
Response of the electronic density at the electrode–electrolyte interface to the external field
(potential) is fundamental in electrochemistry. In density-functional theory, this is captured by the
so-called charge response kernel (CRK). Projecting the CRK to its atom-condensed form is an
essential step for obtaining the response charge of atoms. In this work, the atom-condensed CRK is
learnt from the molecular polarizability using machine learning (ML) models and subsequently
used for the response-charge prediction under an external field (potential). As the machine-learnt
CRK shows a physical scaling of polarizability over the molecular size and does not (necessarily)
require the matrix-inversion operation in practice, this opens up a viable and efficient route for
introducing finite-field coupling in the atomistic simulation of electrochemical systems powered by
ML models.

1. Introduction

Electrode–electrolyte interfaces involve a structural transition between an electronic conductor and an ionic
conductor [1]. The dielectric mismatch between these two phases causes an intrinsic electric field at the inter-
face [2]. Moreover, during the operation, an external bias will be applied and this leads to an additional electric
field due to the electric double layer, which then modulates the reactivity at the electrochemical interface [3].
Therefore, capturing the electronic polarization and the charge transfer between the electrode and the elec-
trolyte, as well as their responses to the external bias is crucial to the atomistic modelling of electrochemical
interfaces.

Density functional theory based molecular dynamics (DFTMD) [4, 5], in principle, can provide a real-
istic representation of such interfaces where electronic, structural and dynamical properties are treated on
an equal footing [6–11]. However, its power is limited in practice because of the accessible time and length
scales, usually to hundreds of atoms and tens of picoseconds. Despite that there is recent progress on the
development of implicit solvation models for modelling electrochemical interfaces [12–16], finite-temperature
simulations and electrode dynamics are still out of reach. Therefore, a paradigm shift in multi-scale modelling
of electrochemical interfaces is clearly needed.

The marriage of machine learning (ML) and DFTMD leads to recent advances in machine-learning poten-
tials [17–20], which have begun to revolutionize the field of materials modelling [21]. Successful applications
have been carried out for studying the morphology evolution of electrode materials [22, 23], the Green–Kubo
conductivity of liquid electrolytes [24, 25] and the proton/water dynamics at oxide–water interfaces [26–28].
Nevertheless, the local descriptors used in these works depend only on the atom type and the atomic coordi-
nates. The information of the electron density, needed for modelling the electrochemical interface, is not yet
there in these popular representations [29].

As the proxy of electron density, environment-dependent atomic charge and dipole have been the target
for ML predictions for both isolated molecules [30–34] and periodic systems [35, 36]. The same applies to the
polarizability, where a number of ML models have emerged [37, 38]. Moreover, atomic charge, which contains
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the non-local information, can be used as a descriptor for constructing ML potentials, as proposed recently
[39, 40]. However, when it comes to the modelling of electrochemical systems, what is needed is not only a
charge model depending on the local environment but also a response charge model sensitive to the external
bias. Despite recent attempts to couple the molecular dipole to the external field [41, 42], the crucial link
between charge and polarizability is missing in the current formulations of ML models.

This calls for the description of the response function [43], which has been seen as a cornerstone in con-
ceptual DFT [44–48]. Earlier attempts before the establishment of conceptual DFT came under the umbrella
of the so-called electronegativity equilibration method (EEM) [49, 50] and the charge equilibration method
(QEq) [51]. Unfortunately, these charge models suffer from superlinear scaling of the polarizability for linear
alkanes [52] and the incorrect dissociation limit [53], which stimulated a number of new developments to
remedy these problems [54–57]. When it comes to the response charge, the chemical potential equalization
(CPE) [58] and the atom-condensed Kohn–Sham DFT approximated to second order (ACKS2) [59] stand out
due to a closer connection to conceptual DFT and a firmer foundation in the linear response theory. Never-
theless, the mathematical forms of bond hardness and atom hardness used in these methods are difficult to
come by in practice, which motivates us to tackle this issue with the emerging ML technique for modelling
molecules and materials, e.g. graph convolution neural network (GCNN) [60–62].

In this work, we first provide a unified view of CPE and ACKS2 using the charge response kernel (CRK),
i.e. χ(r, r′). This is achieved by exploring Dyson’s equation and dielectric functions [63, 64], which are better
known in the solid-state physics community. Further, this allows us to develop the GCNN framework PiNet-χ
to learn the atom-condensed CRK by regressing molecular polarizability. The physical soundness of this pro-
cedure is tested by comparing the response charge and the machine-learning inferred atom-condensed CRK
to the reference values. In particular, the PiNet-χ models show a physical scaling behaviour of the polarizabil-
ity for both non-conjugated and conjugated systems, and does not (necessarily) require the matrix-inversion
operation for generating the response charge. Thus, this provides a generic and efficient approach to introduce
finite-field coupling in atomistic simulations powered by ML models.

In the following, we will first introduce the CRK, the reformulation of the CPE and ACKS2 methods in
terms of the CRK and the advantages of using the CRK to describe molecular polarizability. Then, its machine-
learning realizations with different flavours in the PiNet-χ framework are introduced. After introducing details
of the dataset, model trainings and reference calculations, we show how different PiNet-χ models perform
regarding molecular polarizability, size scaling as well as in examples of response charge and atom-condensed
CRK. Finally, we conclude by providing a perspective on extending PiNet-χ for describing charge transfer in
condensed phase and extended systems.

2. Theory and methods

2.1. Charge response kernel
In the density-functional theory (DFT) of atoms and molecules [45], the response function of charge den-
sity ρ(r) to the external potential ν(r′) for a system of N0 electrons is given by Berkowitz and Parr’s classic
work [65]:

χ(r, r′) =

[
δρ(r)

δν(r′)

]
N0

= −s(r, r′) +
s(r′)s(r)

S
. (1)

χ(r, r′) is also called the CRK in the literature [66]. Apart from the obvious fact that χ(r, r′) = χ(r′, r), which
means:

χ = χ�. (2)

χ(r, r′) satisfies the following sum rule
∫
χ(r, r′)dr′ = 0, which can be rewritten in matrix form as:

1�χ = 0. (3)

On the rhs of equation (1), s(r, r′) is the softness kernel, which is defined as:

s(r, r′) = − δρ(r)

δu(r′)
, (4)

where the modified potential u(r) = ν(r) − μ and μ is the chemical potential of the system.
A related quantity, i.e. the hardness kernel η(r, r′), is defined as:

η(r, r′) = −δu(r′)

δρ(r)
. (5)
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This means that the softness kernel and the hardness kernel are inverses of each other, i.e.

s = η−1. (6)

Then, the local softness s(r) is defined as:

s(r) =

∫
s(r, r′)dr′ = 1�s = 1�η−1 (7)

and the global softness S is defined as:

S =

∫
s(r)dr = 1�s1 = 1�η−11. (8)

Now putting equations (6)–(8) into equation (1), we get the expression of CRK in matrix form:

χ = −η−1 +
η−11 ⊗ 1�η−1

1�η−11
. (9)

The expression above is a key relation in the conceptual DFT, which will naturally reappear in the CPE
method [58] as also derived from the conceptual DFT. It is worth noting that because of the derivative discon-
tinuity of the energy [67], the interpretation of the hardness kernel would need a finite-temperature perspective
[68]. However, no such difficulty is posed for the CRK χ or the softness kernel s.

In addition, it is worth noting that the global softness S (therefore the hardness matrix η) is directly linked
to the fundamental gap Eg of the system (as the difference between the ionization potential I and the electron
affinity A) [69] via the finite-difference approximation, i.e.

Eg = I − A ≈ S−1 =
1

1�η−11
. (10)

2.2. Charge response kernel and dielectric functions
In solid state physics [63], CRK plays an equally important role. The idea is to introduce the screened potential
δϕ(r), which is the overall potential change induced by the external potential δν(r) via the potential kernel
ν(r − r′), as

δϕ(r) = δν(r) +

∫
dr′

∫
dr′′ ν(r − r′)χ(r′, r′′)δν(r′′). (11)

Then, this leads to the definition of a dielectric function ε(r, r′) by:

δϕ(r) =

∫
dr′ ε−1(r, r′)δν(r′), (12)

where ε(r, r′) is expressed as:

ε−1(r, r′) = δ(r − r′) +

∫
dr′′ ν(r − r′′)χ(r′, r′′). (13)

Also, one can introduce the so-called irreducible response function χ0(r, r′) as

χ0(r, r′) =
δρ(r)

δϕ(r′)
. (14)

The connection between χ0 and χ is [63]:

χ(r, r′) =

∫
dr′′ χ0(r, r′′)ε−1(r′′, r′). (15)

Now writing the above formula in matrix form, one has:

χ = χ0ε
−1. (16)

Accordingly, equation (13) can be rewritten as:

ε−1 = I + Vχ. (17)

Substituting equation (17) into equation (16), we got:

χ =
[

I − χ0V
]−1

χ0. (18)

3
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Applying the push-through identity (I + UL)−1U = U(I + LU)−1 to equation (18), one gets:

χ = χ0

[
I − Vχ0

]−1
. (19)

This is so-called Dyson’s equation, which is widely used to compute photo-emission spectra (GW calcula-
tions [70]) and adsorption spectra as well as to include the long-range correlation effects (e.g. RPA correlation
energies [71]).

As the consequence of equation (19), the dielectric matrix ε can be expressed as:

ε = I − Vχ0. (20)

2.3. Charge response kernel and chemical potential equalization
The CRK and the CPE method are closely related, as mentioned at the beginning and outlined in this section.
The starting point is the Euler–Lagrange equation for the ground-state system under the perturbation of an
external potential δν(r) [58]: ∫

η(r, r′)δρ(r′)dr′ + δν(r) = μ− μ0, (21)

where δρ(r) is the density response to the external potential δν(r), μ is the chemical potential of the perturbed
system, and μ0 is the chemical potential of the unperturbed system. This expression comes from the expansion
of the energy up to the second order of δρ(r) and δν(r) [72].

In the work of York and Yang [58], equation (21) was transformed into an algebraic equation, which is the
core of the CPE method and reminiscent of the EEM from Mortier et al [49, 50] and the QEq of Rappé and
Goddard [51].

In CPE, the electronic energy of the system is given by:

U(c) = U0 + 〈ρ0|δν〉+ μ01�c +Δν�c +
1

2
c�ηc, (22)

where U0 is the electronic energy of the unperturbed system and the coefficient c comes from the expansion
of the density response δρ(r) (with respect to the ground-state density ρ0(r)) in basis functions φi as:

δρ(r) =
∑

i

ciφi(r) (23)

and one commonly used type of basis functions is the s-type Gaussian function

φi(r) =

(
ζi

π

)3/2

exp−ζi|r−Ri|2 . (24)

Applying the variational principle, the coefficient c can be found by solving the following set of equations
for a system of N0 number of electrons:

∂

∂c

{
U(c) − μ1�c

}
= 0 (25)

with the charge conservation constraint 1�c = 0.
The solution of equation (25) is:

c = −
(
η−1 − η−11 ⊗ 1�η−1

1�η−11

)
Δν. (26)

Comparing it to equation (9), one can immediately see that the solution of the CPE method can be simply
rewritten as the product of the atom-condensed CRK and the external potential Δν:

c = χΔν. (27)

In the CPE method,Δν is a perturbation in the external potential evaluated with the chosen basis function,
which naturally leads to the definition of χ and the response charge c. Despite of the mathematical simi-
larity [73], Δν is conceptually different from the atomic electronegativity b used in obtaining the atomic
charge q0 [74].
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2.4. Charge response kernel and ACKS2
Atom-condensed Kohn–Sham DFT ACKS2 [59] is a recently developed method which attempted to better
approximate the hardness matrix η by separating the contribution of the Kohn–Sham kinetic energy Ts from
the rest terms:

η(r, r′) = ν(r, r′) +
δ2Ts

δρ(r)δρ(r′)
, (28)

where the potential kernel ν(r, r′) in the Kohn–Sham DFT contains contributions from the Hartree potential
νH and the exchange-correlation potential νxc as

ν(r, r′) =
δνH(r)

δρ(r′)
+

δνxc(r)

δρ(r′)
. (29)

This is achieved by taking the EEM ansatz for constructing ηe (see section 3.2) and introducing the non-
interacting linear response kernel χs, i.e.

χs(r, r′) =

[
δρ(r)

δνKS(r′)

]
N0

, (30)

where νKS is the Kohn–Sham effective potential.
In the original representation of ACKS2, the kinetic energy contribution is accessed by formulating it as a

constrained optimization problem and solving it with the Lagrange multiplier method in the form of block
matrix: ⎡

⎢⎢⎣
ηe −1 −I 0
−1� 0 0 0
−I 0 χs −1
0 0 −1� 0

⎤
⎥⎥⎦
⎡
⎢⎢⎣

c
μ
ϕ

λu

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
−Δν

0
0
0

⎤
⎥⎥⎦ , (31)

where ϕ is the auxiliary Kohn–Sham potential and λu is the corresponding Lagrangian multiplier.
The non-interacting linear response kernel χs in the Kohn–Sham theory [75] is defined exactly in the same

way as the irreducible response function χ0 introduced in equation (14) and ηe represents the remaining part
of the hardness kernel by excluding the contribution from the kinetic energy (equation (28)). Thus, as shown
in the proof in the appendix A, one can construct the CRK in ACKS2 via Dyson’s equation (equation (19))
by identifying χs ↔ χ0 and ηe ↔ V. Subsequently, the solution of equation (31) in ACKS2 can be readily
obtained by inserting the expression of χ as follows into equation (27):

χ = χs

[
I − ηeχs

]−1
. (32)

2.5. Charge response kernel and molecular polarizability
The importance of the CRK χ lies in the fact that it is not only connected to CPE and ACKS2 methods but
also linked to the molecular polarizability, as discussed in this section.

The negative ofχ is equal to the charge susceptibility a(r, r′) as shown by Stone [76], and the corresponding
molecular polarizability component αab can be expressed in terms of CRK as

αab =

∫∫
dr dr′raa(r, r′)r′b. (33)

In matrix form, the above expression for the atom-condensed χ (expressed in terms of s-type Gaussian
function, i.e. equation (23)) can be written as

α = R�aR = −R�χR. (34)

The above representation of molecular polarizability has the characteristic of being rotational covariant,
translational invariant and permutational invariant, in which χ itself is a scalar function. Its rotational covari-
ance comes out by construction. The translational and permutational invariance of equation (34) will be
elaborated in the following.

Any translation of the system can be written as

T = 1 ⊗ [d1, d2, d3], (35)

where di is the translational distance. Therefore, because of the sum rule presented in equation (3), one can
show that

[R + T]�χ[R + T] = R�χR (36)

5
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thus the polarizability expressed in equation (34) is translationally invariant.
A permutation of the atoms of the system can be represented as an N × N permutation matrix P. This

results in
(PR)�(PχP�)PR = R�P�PχP�PR = R�χR, (37)

where we have used the fact that P�P = I for any permutation matrix. This means that the polarizability
expressed in equation (34) is also permutational invariant.

2.6. Finite-field (potential) coupling via charge response kernel
The finite-field (potential) coupling can be introduced straightforwardly once the CRK of the system is known.

Under an external field E0, the CPE equation can be expanded as

U(c, E0) = U0 + 〈ρ0|δν〉+ μ01�c +Δν�c +
1

2
c�ηc − E�

0 R�(c + q0). (38)

Here R�(c + q0) provides the dipole moment in the system for the usage of the s-type Gaussian function as
basis function (equation (23)), and q0 is the atomic charge of the unperturbed system.

Similarly to the previous case, applying the variational principle leads to the following set of equations for
a system of N0 number of electrons:

∂

∂c

{
U(c, E0) − μ1�c

}
= 0 (39)

with the charge conservation constraint 1�c = 0.
The solution of equation (39) gives the response charge:

c = −
(
η−1 − η−11 ⊗ 1�η−1

1�η−11

)
(Δν − RE0) . (40)

Therefore, the response charge under the external field E0 can be expressed again in terms of the CRK.

c = χ (Δν − RE0) . (41)

The case of finite potential Ψ coupling can be implemented in a similar fashion, where the coupling term
in equation (38) is Ψ�(c + q0) instead.

3. Learning the charge response kernel

The CRK can be learned using local descriptors to reproduce the molecular polarizability via equation (34).
The requirement for constructing the atom-condensed CRK is two-fold (i) the symmetric property χ = χ�;
(ii) the sum rule 1�χ = 0.

As illustrated in figure 1, different strategies can be used to approximate χ utilizing ML predictions. With-
out loss of generality, we present here three types of models, namely the Local-, EtaInv- and ACKS2-type
models, by showing how χ is constructed from ML predictions in the form of atomic properties Pi and pair-
wise interactions Iij in PiNet. To put this comparison into perspective, we also introduce here a baseline model
(the EEM-type model). Before that, we will first briefly introduce the architecture of PiNet.

3.1. PiNet-χ framework
Training and prediction of the CRK was performed with PiNet, a GCNN implemented in the open source
atomic neural network Python library PiNN [62]. In PiNet, the atomic properties Pi form the nodes and the
pairwise interactions Iij form the weighted edges of the graph, both being iteratively updated as latent variables.
In the original version of PiNet, outputs are generated as atomic predictionsPi. Here, we used PiNet to generate
both types of predictions Pi and their pairwise interactions Iij to construct the matrix elements in ηe, η−1, χi

or χs (see figure 1 and section 2 for theory and methods).
The architecture of PiNet can be described as an iteration over graph convolution blocks, which consist

of three neural networks and an interaction pooling operation (see algorithm 1). This allows the network to
generate descriptors automatically without any hand-crafting [62]. The iterative graph convolution means that
atomic and interaction properties are gathered from atoms within a distance nGC · rc, where nGC is the number
of graph convolution iterations and rc is the neighbour cut-off radius.

PiNet takes a one-hot encoding of the atoms P0
i and nb Gaussian basis functions eij as input. In each graph

convolution block, the NNPI (property to interaction) network takes vectors Pi, Pj as input, and outputs a
weight matrix Wij for each basis function eij; the NNII (interaction to interaction) network then forms the

6
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Figure 1. Schematic illustration of the PiNet-χ framework for predicting response properties. Different types of models (EEM,
EtaInv, Local and ACKS2) rooted in conceptual DFT are taken to describe the atom-condensed CRK χ from the ML predictions
of atomic properties P and pairwise interactions I using the neural network architecture PiNet. χ is a central quantity to generate
response properties, such as molecular polarizability α and response charges c.

Algorithm 1. PiNet iterative graph convolution,
where NN stands for feed-forward neural networks; IP
stands for the interaction pooling operation; Pt

i , P̃t
i , It

ij

and Wt
ij , are the atomistic property, the intermediate

atomistic property, the pairwise interaction and the
weight matrix at each iteration; Pi and Iij are the final,
scalar property and interaction predictions.

1 Input: nGC —number of GC-blocks
2 P0

i —atomic one-hot encoding
3 eij —vector of basis functions for interactionsi, j
4 PiNet(nGC, P0

i , eij)
5 for t = 1 to nGC

6 Wt
ij = NNPI(Pt−1

i , Pt−1
j )

7 It
ij = NNII(Wt

ijeij)

8 P̃t
i = IP

(∑
jI

t
ij, Pt−1

i

)

9 Pt
i = NNPP(P̃t

i )
10 Pi =

∑
t NNPP

out(P̃t
i )

11 Iij = eij ·
∑

t NNPI
out(P̃t

i , P̃t
j )

12 return Pi, Iij

interaction vector Iij from the weighted basis functions Wijeij. The interactions Iij are summed into the inter-
mediate property vector P̃i through an IP (interaction pooling) operation akin to the skip connection in ResNet
[77]. P̃i is used to update the Pi vector through the NNPP (property to property) network, and to generate the
outputs Pi and Iij through the output networks NNPP

out and NNPI
out.

3.2. EEM-type model
In the conventional EEM approximation of η by ηe, the hardness matrix includes an on-site atomic hardness
parameter and the Coulomb kernel due to electrostatic interactions. In our implementation, we introduce a
set of environment-dependent on-site parameters Pi as follows

(ηe)ii = Pi +

√
2ζi

π

(ηe)ij =
erf

(
Rij

√
ζiζj

ζi+ζj

)
Rij

for i 
= j, (42)

where Pi are the atomic predictions from PiNet, depending on the local chemical environment (see table S1
(https://stacks.iop.org/EST/4/014012/mmedia) in the ESI). The parameters ζ i are optimized during training
(see table S2 in the ESI).

3.3. Local-type model
Our local-type model is related to the idea of predicting the polarizability tensor through atomic contributions
αi [37, 38]. In our implementation, we construct αi from bond vectors using their tensor product to ensure

7
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the translational and rotational invariance of the prediction:

α =
∑

i

αi =
∑

i

⎛
⎝∑

j

Iij · rij

⎞
⎠

�

⊗

⎛
⎝∑

j

Iij · rij

⎞
⎠ , (43)

where Iij is a pairwise scalar prediction between atoms i and j from the neural network. Here we show that an
atom-centered χi can be obtained by rearranging equation (43) in a matrix form:

αi =
(
I
�
i ΔiR

)� ⊗
(
I
�
i ΔiR

)
= R� (

Δ�
i IiI

�
i Δi

)
R = −R�χiR (44)

χi = −Δ�
i IiI

�
i Δi, (45)

where Δi = I − 1 ⊗ e�i can be intuitively understood as an operator converting atomic coordinates to bond
vectors starting from i with ei being the ith standard unit vector, and Ii is the vector of size N denoting the
interaction predictions centering on the atom i. It is easy to verify that χi and χ fulfil equations (2) and (3).

3.4. EtaInv-type model
In our EtaInv-type model, the aim is to construct χ by predicting directly the softness matrix η−1. This model
has the advantage that no matrix inversion operation is involved.

To ensure the positive definiteness of η−1, we introduce the following form

η−1 = B�B + cI, (46)

where B is the predicted matrix

Bii = Pi

Bij = Iij for i 
= j
(47)

and c > 0 is a small constant. The positive definiteness of this form is made clear from noting that the
eigenvalues λ are defined by

(B�B + cI)v = λv (48)

and from the relation
v�B�Bv = (λ− c)v�v, (49)

all eigenvalues fulfil λ � c. A rank-1 update to η−1 then gives the χ matrix following equation (9).

3.5. ACKS2-type model
As we have shown in equation (32), χ in ACKS2 model can be written in terms of χs and ηe. Therefore, the
ML task is to predict χs and ηe.

In our implementation, we construct χs as a local and trainable matrix, by taking a symmetrized pairwise
prediction I (a sparse matrix with dimension N × N) and adjust the diagonal terms to enforce the sum rule:

χs = |I|+ |I|� − diag
(
|I|1 + |I|�1

)
. (50)

The ηe matrix in the ACKS2 is constructed from the atomic prediction P as in the EEM formalism
(equation (42)), where ζ are again trainable parameters.

When setting ηe = 0, this leads to χ = χs. Therefore, equation (50) also provides a means for directly
constructing χ.

4. Dataset, model training and reference calculations

4.1. Description of dataset
In this work, the training of PiNet-χ models were performed using the polarizability tensors from the QM7b
dataset, which consists of 7211 organic molecules [78]. The dipole polarizabilities computed using the B3LYP
functional [79] and the d-Aug-cc-pVDZ basis set [80] were used here. Note that this dataset contains also
HOMO–LUMO orbital energies, which will be used in the results and discussion section.

To obtain the thickness-resolved root mean square error (RMSE), we define the molecular thickness using
the singular value decomposition of R�R.

(
R�R

)
= vΣv� = v

⎡
⎣σ2

x 0 0
0 σ2

y 0
0 0 σ2

z

⎤
⎦ v�,

8
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Table 1. Specifications used to train PiNet-χ
models. Here the layer architectures are denoted by
the number of nodes for the hidden layers and the
output layer. The parameters rc, nGC, nb and γ
indicate the cut-off radius, the number of
graph-convolution blocks, the number of radial
basis functions for each (i, j) tuple and the basis
function Gaussian width respectively.

Layer Architecture Parameter Value

PI [32 × nb] rc 4.5 Å
II [32, 32, 32, 32] nGC 5
PP [32, 32, 32, 32] nb 20
PIout [32, 1 × nb] γ 3 Å−2

PPout [32, 1]

where v−1 = v�. With this, v can be regarded as a rotation matrix which yields the covariance of positions as a
diagonal matrix. For planar molecules, σ2

z = 0. Thus, σ2
z yields a measure of thickness for the other molecules.

4.2. Loss function and error metrics
All four types of CRK model (EEM, Local, EtaInv, and ACKS2) provide the polarizability predictions, with
which the RMSE of polarizability per atom may be defined through the Frobenius norm of the error:

RMSE =

√
1

N

∑
i

||αdata
i − α

pred
i ||2F/n2

i . (51)

In the present work, this per atom RMSE was used as the loss function. Further, the RMSE can be separated
to the contributions of isotropic polarizability and anisotropic one [37]:

RMSEiso =
√

RMSE2 − RMSE2
aniso. (52)

4.3. Hyperparameters
The network architecture used in PiNet-χ is listed in table 1, which specifies the number of nodes in the hidden
layers and the output layer, the cut-off radius, the number of graph-convolution blocks, the number of radial
basis functions and the corresponding Gaussian width.

4.4. Model training
Model training was performed with 80% of the QM7 data set, leaving 20% as a validation set. Ten instances of
each model type were trained, each with different random seeds to determine the data set split. The TensorFlow
[81] implementation of the Adam optimizer [82] was used for 5 × 105 gradient descent steps with a mini-batch
size of 30. The initial learning rate was set to 3 × 10−4 and an exponential decay schedule was used to decrease
the learning rate by a factor of 0.994 every 104 steps. To avoid exploding gradient problems [83], gradient
norm clipping was applied.

4.5. Reference calculations for the response charge
The reference calculations for the example molecules (propylene carbonate, acetonitrile, methanol and
DMSO) were carried out using the same settings as the QM7b dataset and with the Gaussian09 software [84].
The Merz–Singh–Kollman (MSK) charges [85, 86] were computed for a set of different electric field strengths
applied in the z-direction. For all these calculations, the dipole moment and the electron density were saved as
well. The response charge and charge density were obtained by subtracting those obtained at a field strength
of zero.

Computations for the graphene flake were done in a similar fashion, although using the cc-pVDZ basis set
because of the system size [80]. First, the electronic structure of the graphene flake were computed without any
external perturbation. Then another calculation was done with the addition of a point charge of +1e added
2.5 Å above the centre of the graphene flake. In addition to the MSK charge, the Mulliken [87] and Hirshfeld
[88] charges were also recorded.

9
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Figure 2. Thickness-resolved RMSE of PiNet-χ models for predicting molecular polarizability α, trained on (a) the entire QM7b
dataset and (b) filtered training sets with non-planar molecules. The thickness distributions of the entire QM7b dataset and
molecules with σ2

z > 4 Å2 are shown in the upper panels. The validation RMSE are plotted against the thickness threshold in the
lower panels, where molecules with thickness below the given threshold are excluded.

Table 2. Errors metrics of PiNet-χ models for polarizability
tensor α predictions in the QM7b dataset. All models were
trained on 80% of the entire QM7b dataset, while the model
evaluation was done on the remaining data filtered by
excluding molecules with a thickness σ2

z smaller than 4 Å2 (see
section 4.1 for details regarding the definition of thickness σ2

z ).
Results of each model were averaged over 10 training instances.
Errors are presented as RMSE (a.u.) for the full tensor as well
as its isotropic and anisotropic parts. These values are all given
on the ‘per atom’ basis.

Model RMSE RMSEiso RMSEaniso

EEM 0.4 (1) 0.3 (1) 0.33 (8)
Local 0.15 (2) 0.10 (3) 0.12 (1)
EtaInv 0.12 (1) 0.07 (2) 0.102 (6)
ACKS2 0.11 (1) 0.07 (1) 0.086 (6)

5. Results and discussion

5.1. Prediction of molecular polarizability
Since χ in this work is constructed by reproducing molecular polarizability, it is mandatory to see how well
PiNet-χ predicts α. However, there is one issue which needs to be taken care of before showing these results.

In our scheme, the molecular polarizability α is computed from χ using equation (34). In spite of desired
features of χ, such as translational, rotational and permutational invariance, this also means that any planar
molecular described using only s-type basis function for the response-charge density would lead to zero com-
ponent in α (because of the condition imposed by equation (3)). Therefore, it is necessary to show how the
model accuracy changes with respect to the thickness of the molecule. Here the thickness is defined as the sin-
gle value component σ2

z generated from the singular value decomposition of the positional co-variance matrix
of each molecule (see details in section 4.1). For a single planary molecule, e.g. benzene, σ2

z is strictly zero.
However, two parallel-displaced benzene rings would have a non-zero value of σ2

z . That is the reason why we
call σ2

z ‘thickness’ instead of ‘planarity’ in this context.
Results of the thickness-resolved RMSE for predicting α in QM7b dataset are then shown in figure 2(a),

where all numbers are ‘per atom’ values. As expected, the performance of the PiNet-χmodels gets significantly
better for molecules having a thickness larger than 4 Å2. The corresponding error metrics of all types of PiNet-χ
models at σ2

z of 4 Å2 are listed in table 2 and parity plots are provided in figure S1 in the ESI.
From both figure 2(a) and table 2, it is clear that Local-type, EtaInv-type and ACKS2-type models perform

significantly better for predicting the polarizability, compared to the EEM-type model. Among these three, the
ACKS2-type model shows the best accuracy for both isotropic and anisotropic components of the polarizability
tensor, with an RMSE below 0.1 a.u. per atom. To put this number into perspective, it is worthwhile noting

10
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Figure 3. Correlation between the isotropic polarizability and the energy gap for the QM7b dataset. (a) αiso versus
1/E2

HOMO−LUMO; (b)–(d): αiso versus 1/E2
g using equation (10) for EEM, EtaInv and ACKS2 types of models. In the case of EEM

and ACKS2, η is substituted with ηe.

that the RMSE error of isotropic polarizability for small molecules of 2 to 13 atoms using hybrid functionals
with respect to experimental values is about 2 a.u. [89].

Then, we also tested whether filtering out planar molecules in the training set would help to improve
the model accuracy or not. For this purpose, molecules in the training set with thickness σ2

c smaller than
4 Å2 were excluded. The corresponding result is shown in figure 2(b). As one can see, filtering out planar
molecules in the training set does slightly improve the model prediction and lower the corresponding RMSE.
However, the general trends among different PiNet-χ models remain the same. Therefore, all results shown
in the following sections were based on PiNet-χ models trained with the entire QM7b dataset without any
filtering.

To see how PiNet-χ models perform outside the QM7b distribution, we also used a subset of the
Bosque–Sales (BS) dataset (see figure S2 for the details), which contains 242 solvent molecules (including
elements of C, H, O, N, S, and Cl) and experimental data of the isotropic polarizability [90]. Since this sub-
set of the BS dataset has no overlap with QM7b used for training PiNet-χ models, it provides a glimpse of
the model performance in real-application scenario. The results of this comparison for EEM, Local, EtaInv
and ACKS2 models are shown in figure S2 in the ESI. For small molecules with the number of atoms Na

smaller than 7, all PiNet-χmodels underestimate the polarizability. This may not come as a surprise, since only
8 molecules in QM7b have Na smaller than or equal to 6. For large molecules with Na > 28, both EEM and
EtaInv types of models overestimate αiso significantly. This is in contrast with the Local-type model, which
underestimates αiso. As shown in figure S1, molecules with large prediction errors are mostly the ones which
are planar, multiple sulphur containing, and multiple chlorine containing. Nevertheless, the ACKS2-type of
model shows a good overall performance with the root mean square relative error (RMSRE) of about 6%
(see table S3 in the ESI), which is at the same level as the B3LYP predictions with respect to the experimental
reference [91].

Finally, we also checked the relation between the molecular polarizability and the energy gap. Inspired
by the Penn model [92], the isotropic polarizability αiso versus 1/E2

g is plotted in figure 3. As shown in
figure 3(a), the HOMO–LUMO gap EHOMO–LUMO and αiso in the QM7b dataset are not really correlated.
On the other hand, when approximating η with ηe in EEM and ACKS2, and applying equation (10),
clear correlations do present. This agrees with the fact that equation (10) is an approximation to the fun-
damental gap Eg rather than to the HOMO–LUMO gap. Indeed, in the case of EtaInv-type model, the
direct application of equation (10) predicts a much larger Eg as compared to the EHOMO–LUMO labels in the
QM7b dataset.

5.2. Size scaling of molecular polarizability
A well-known issue of traditional EEM and QEq types of models is the superlinear scaling of polarizability
[52]. This limitation is related to the difficulty of finding a satisfactory semi-local approximation to η. Thus,
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Figure 4. Scaling of the isotropic polarizability αiso predicted from PiNet-χ models with respect to number of carbons nC in
different hydrocarbon series: (a) linear alkanes; (b) linear alkenes; (c) acenes; and (d) fullerenes. Experimental values are taken
from reference [93]. DFT labels at B3LYP level of theory are taken from reference [37] for alkane, alkene and acene molecules, and
from reference [94] for fullerenes. Test molecules geometries are generated with the RDKit library [95] for linear alkanes, and
taken from the QM7b dataset for linear alkenes and acenes, and from Yoshida’s fullerene structure library for fullerenes [96].

Figure 5. The response charge in propylene carbonate induced by an electric field in the z direction of 0.002 a.u., as predicted by
different PiNet-χ models: (a) EEM; (b) Local; (c) EtaInv; (d) ACKS2. The response charge calculated the from MSK scheme and
the corresponding DFT response density are shown in (e) and (f). The isosurfaces shown in (h) are Δρ = −250 × 10−6 a.u.
(orange) and Δρ = 250 × 10−6 a.u. (blue) respectively.

it is of great interest to see how PiNet-χ models perform in this long-standing challenge, when the kernel is
machine-learnt rather than handcrafted. For this purpose, we have taken linear alkanes, linear alkenes, acenes
and fullerenes as four examples. Results are shown in figure 4, where a number of interesting observations can
be made.

For structures already contained in the training set (open circle in the figure 4), the differences in per-
formance among different models are negligibly small. The EEM-type model, which is usually thought to be
incapable of producing the linear scaling of polarizability for linear alkanes, can perform equally well within
the training set for nc < 7 and even extrapolate to nc = 9 (figure 4(a)).
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Figure 6. The response charge induced in 54C graphene flake due to the influence of a point charge of +1e located at 2.5 Å above
the basal plane, as predicted by different PiNet-χ models: (a) EEM; (b) Local; (c) EtaInv; (d) ACKS2. Response charge calculated
using the MSK method, the Mulliken and the Hirshfeld population analyses, and the DFT response-charge density are shown in
(e) to (h). The isosurfaces shown in (h) are Δρ = −500 × 10−6 a.u. (orange) and Δρ = 2500 × 10−6 a.u. (blue) respectively.

For structures outside the training set, the situation is divided. Because of its conductor-like behaviour,
EEM-type performs very well for conjugated systems (linear alkenes, acenes, fullerenes) but badly for long-
chain linear alkanes. On the other hand, ACKS2-type model shows the persistent linear scaling of polarizability
for alkane systems but performs less well in conjugated systems apart from the case of fullerenes. EtaInv-type
model demonstrates a mixture behaviours between EEM and ACKS2 in general, however, a large variance in
the prediction is seen for fullerenes. These observations are also consistent with the prediction results for large
molecules in the BS dataset, as stated in the previous section.

In all these models (EEM-type, EtaInv-type and ACKS2-type) mentioned above, the long-range interac-
tions are included in one way or another. In the case of EEM- and ACKS2-type of models, the long-range
electrostatics is included in the construction of ηe (equation (42)). For the EtaInv-type model, the softness
kernel η−1 was constructed using the local descriptor, but the resulting χ through equation (9) leads the cor-
rect superlinear scaling for conjugated systems. This agrees with a recent finding showing that it is η−1 rather
than χ that follows the nearsightedness principle of Kohn [97]. In contrast, the local-type model, which pos-
tulates χ as a summation of atomic χi (equation (43)), can only scale linearly with the number of carbon
atoms for long-chain molecules. Nevertheless, it is worth noting that the ACKS2-type model, which combines
the local description through χs and the non-local description through ηe, is capable for describing both
non-conjugate and conjugate systems as shown here.

5.3. Examples of response charge
As illustrated in figure 1, χ is not only connected to the polarizability but also linked to the response charge.
Here we take two examples to demonstrate, which are not included in the QM7 dataset used to train the models.

In figure 5, the response charges at field strength 0.002 a.u. for propylene carbonate, predicted by different
PiNet-χmodels, are compared to the corresponding DFT response-charge density. Moreover, we also compare
our results to the one calculated using the MSK method, because the electrostatic potential based atomic charge
is a popular choice in constructing classical force field of organic molecules [98] and the MSK response charge
reproduces reasonably well the induced dipole (therefore the polarizability), as shown in figure S3 in the ESI.

Response charges predicted from Local, EtaInv and ACKS2 types of models look quite similar to each other,
in contrast to that predicted using the EEM-type model. Nevertheless, all these models predict that the bottom
hydrogen atom of the methyl group has a negative response charge. This is in agreement with what the DFT
response-charge density shows.

When comparing response charges predicted from PiNet-χ models to that calculated using the MSK
scheme, the carbon atoms in the carbonyl group carries a stronger negative response charge in the MSK scheme
than those in PiNet-χ models. This may be due to the fact that response charge in PiNet-χ is described by the
s-type basis only. A similar situation happens to the cyano group in the acetonitrile (see figure S4 in the ESI).
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Figure 7. CRKs (in a.u.) for methanol and DMSO as inferred from different PiNet-χ models in comparison with that computed
from coupled perturbed Kohn–Sham DFT with charge regulation (Ishida–Morita) in reference [99].

In the meanwhile, we also notice that the carbon connected to the methyl group bears a more positive response
charge in the MSK scheme than those in PiNet-χ models. However, inspecting the DFT response-charge
density (figure 5), the predictions made by PiNet-χ model look closer to the reference.

Given that the PiNet-χ models can demonstrate a physical scaling behaviour for conjugated hydrocarbons
and fullerene as seen in figure 4, and our aim is to model the electrode–electrolyte interface under external
bias, it would be of interest to see how well the PiNet-χ models can do for graphene-like systems. Therefore,
the second example we show here is the response charge of a graphene flake in response to a point charge
of +1e. As seen in figure 6, the predicted response charge seems more localized in the Local-type and the
ACKS2-type models, in comparison to those predicted from EEM and EtaInv types of models. This is in accord
with the scaling plot for linear alkenes and acenes showed in figure 4. Similar results are found in the Mulliken
and Hirshfeld population analyses of the response charge, which also agree with the response-charge density
from DFT. The only exception is found to be the response charge calculated from the MSK method, where the
delocalized nature of the electron density in this case seems to confuse the method.
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5.4. Examples of charge response kernel
As PiNet-χ models show the capability for predicting molecular polarizability tensor α and response charge c,
one would be curious to know how physical the inferred χmatrix from ML would be. Indeed, atom-condensed
CRKs have been reported in literature for showcase molecules via different means, such as coupled perturbed
Kohn–Sham DFT with charge regulation [99] and the Becke population with external perturbation [75]. By
comparing to these reference cases, this provides us a way to see what PiNet-χ really ‘learned’.

Examples of inferred CRKs by PiNet-χ models for methanol and dimethyl sulfoxide (DMSO) molecules
are shown in figure 7, in comparison with those obtained by Ishida and Morita [99]. In the case of methanol,
Local, EtaInv and ACKS2 types of models successfully capture the feature of the sub-matrix for the hydroxyl
group as well as the positive matrix elements for C–H bonds. Nevertheless, the actual values in the Local-type
model are much larger. This is also reflected by a larger induced dipole and polarizability predicted by the
Local-type model, as compared to EtaInv and ACKS2 types of models (see figures S3 and S5 in the ESI). In the
case of EEM, the matrix element in the corresponding CRK is much smaller, which leads to smaller induced
dipole and polarizability shown in figures S3 and S5 in the ESI. For DMSO, despite that the sulfinyl group was
not included in the QM7b dataset used to train Pinet-χ models, the inferred CRKs for this extrapolation case
by EtaInv and ACKS2 types of models resemble closely that obtained by Ishida and Morita. Nevertheless, the
resulting induced dipole and polarizability of DMSO is less well reproduced by PiNet-χ models, especially for
the Local-type model (see figures S3 and S5 in the ESI).

In addition, we have also compared examples of CRKs for six smaller molecules, such as CO and H2O. It
is worth noting that these smaller molecules are not included in QM7b dataset and QM7b dataset contains
only 8 molecules with the number of atoms smaller than or equal to 6. As shown in figure S6 in the ESI, EEM
performs poorly for inferring the physical pattern of CRKs, and erroneous cases, e.g. NH3 are also found for
Local and EtaInv types of models. However, CRKs obtained by ACKS2-type model show a robust feature for
all six small molecules, compared to those calculated by Sablon et al [75].

6. Conclusion and outlook

In this work, we have bridged atomistic ML and conceptual DFT in order to predict response properties such as
molecular polarizability and response charge. This is achieved by providing a unified view of CPE and ACKS2
methods in terms of the CRK, and by exploring the GCNN architecture PiNet.

We show that by introducing environment-dependent parameters in the EEM approximation of the hard-
ness η, the superlinear scaling of molecular polarizability in linear alkanes, that plagues the EEM type of
models, can be remedied in a data-driven fashion. Nevertheless, the extrapolation outside the training set in
the EEM-type model is still rather limited. On the other hand, the ACKS2-type model shows a physical scaling
and a good out-of-distribution extrapolation of molecular polarizability for both linear alkanes and conjugated
systems. The corresponding response charges and CRKs are also consistent with the reference calculations and
the literature examples.

One advantage of the CRK formalism for describing response properties lies in the fact that the CRK
is translationally, permutationally and rotationally invariant. This makes it a suitable object for applying
(scalar) local descriptors. However, as shown in this work, the Local-type model, which decomposes the atom-
condensed CRK as a sum of atomic contributions, fails to scale properly with the system size for the conjugated
systems. On the other hand, the nearsightedness principle can be explored to describe the softness kernel in
the EtaInv-type model and χs in the ACKS2-type model.

The other advantage of the CRK formalism is that it provides the link between the molecular polarizability
and the response charge, therefore, the coupling of external field and potential can be introduced naturally.
Direct construction of χ can be performed without matrix inversion in the EtaInv-type model and other
model formulations (for example the ACKS2-type model with ηe = 0, see figures S7 and S8 in the ESI). This
means that the CRK-based ML models can be readily and efficiently integrated into the constant potential MD
simulations [100] and the fourth-generation high-dimensional neural network potential (4G-HDNNP) [101]
for obtaining the response charge.

These advantages of incorporating χ to describe response properties in ML models can be further explored
to handle charge transfer and condensed phase systems. In the original formulation of ACKS2, the application
is restricted to the case where the total response charge is zero, i.e. 1�c = 0, because of the constraint used
to generate the auxiliary Kohn–Sham potential. As showed in the appendix B of this work, this restriction
can be lifted by reformulating ACKS2 using Dyson’s equation and introducing the dielectric function to the
Fukui function. The solution of response charge for the charged system (1�c = cT) is given in equation (B.13).
This extension would allow PiNet-χ models to study charge transfer under external bias, which is important
in electrochemical processes. Despite that the examples demonstrated in this work are isolated molecules, the
extension of the PiNet-χ framework to periodic systems is straightforward (for example, see figure S9 in the
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ESI). For condensed phase systems, the inclusion of dipole–dipole coupling via the dipolar tensor would be
necessary [102], and the data-driven approach can be again used to speed up these calculations.

To further improve the model accuracy, the aspects of both descriptor and data should be taken into
account. For example, the inclusion of p-type basis functions to expand the response electron density will
enable the description of out-of-plane polarizability. Moreover, one could attempt to train CRKs using the
response charge, the fundamental band gap Eg or directly the physics-derived CRK, in addition to the molecu-
lar polarizability. Apart from that, extending the finite-field based DFTMD for treating metallic electrode and
obtaining new (also larger) datasets beyond QM7 used here would provide the necessary labels to generalize
PiNet-χ models to other types of materials.

Overall, the reformulation of ACKS2 using the CRK and the development of PiNet-χ framework open up
a viable route for introducing finite-field coupling in atomistic simulation of electrochemical systems with ML
models. We expect more follow-ups to come out in the near future.
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Appendix A. χ in the ACKS2 formalism

The ACKS2 system of equations can be expressed as:

ηec − 1μ−ϕ = −Δν (A.1)

1�c = 0 (A.2)

χsϕ− c − 1λu = 0 (A.3)

1�ϕ = 0 . (A.4)

From equations (A.2) and (A.3) we have

1�χsϕ− 1�1λu = 1�c = 0. (A.5)

Since 1�χs = 0, λu must be zero. This means equation (A.3) becomes

c = χsϕ. (A.6)

Multiplying equation (A.1) by χs gives

χsηec − χsϕ = −χsΔν. (A.7)

Now we can insert equation (A.6) into the equation above and solve for c. This leads to the following set of
equations:

χsηec − c = (χsηe − I)c = −χsΔν (A.8)

c = (I − χsηe)−1χsΔν (A.9)

c = ε−�χsΔν. (A.10)
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Applying the push-through identity to equation (A.9) and combining it with equation (27), one gets χ =
χs(I − ηeχs)

−1. Thus, we recover Dyson’s equation, i.e. equation (19), if ηe is taken as V and χs is taken
as χ0.

Combining equations (A.6), (A.10) and (A.1), we get

ϕ = ε−1Δν − 1μ. (A.11)

Comparing this to equation (12), one notices thatϕ in ACKS2 is indeed the auxiliary Kohn–Sham potential
rather than the Kohn–Sham potential νKS itself.

Appendix B. Extension to the charged system

Given the Berkowitz–Parr expression ofχ in terms ofη−1 (equation (9)), Dyson’s equation ofχ in terms ofχ0

and V (equation (19)), and the mapping χs ↔ χ0 and ηe ↔ V found here, it would be desirable to establish
the connection between χs, ηe and η. The procedure to achieve that is to look into the systems where the total
response charge is no longer zero.

We start by using the set of ACKS2 equations naively to a perturbation of the total charge system, i.e.
replacing equation (A.2) with:

1�c = cT. (B.1)

Following the same procedure in appendix A, we have:

λu = − cT

1�1
(B.2)

c = χΔν + cT
ε−�1

1�1
. (B.3)

Similarly, we can apply the condition equation (B.1) to the CPE equation (39). This leads to the following
solution:

c = χΔν + cT
η−11

1�η−11
. (B.4)

Comparing equations (B.3) and (B.4), one may attempt to equate the second term of the first equation
with that of the second equation. However, this is unjustified. The second term of equation (B.3) reflects the
constraint on the auxiliary Kohn–Sham potential from equation (A.4), which is a convenient choice in ACKS2
rather than a universal solution.

In order to extend ACKS2 to the charged systems, we borrow the idea from the solid-state physics
community, which is to introduce the screening through the dielectric function.

Recall that CRK for the interacting system and the non-interacting system are:

χ(r, r′) =

[
δρ(r)

δν(r′)

]
N0

(B.5)

χs(r, r′) =

[
δρ(r)

δνKS(r′)

]
N0

. (B.6)

Accordingly, one could define the Fukui function for the interacting system and the non-interacting
system as:

f (r) =

[
δμ

δν(r)

]
N0

(B.7)

fs(r) =

[
δμ

δνKS(r)

]
N0

. (B.8)

Equations (B.5) and (B.6) are connected by equation (16). Taking the transpose of equation (16), one gets:

χ = ε−�χs. (B.9)

This means that f(r) and fs(r) is related through the dielectric function as well:

f = ε−�fs. (B.10)

It is know that the Fukui function can be expressed in terms of the hardness kernel in the following
manner [65]:
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f =
η−11

1�η−11
. (B.11)

Combining equations (B.10) and (B.11), one obtains the following expression:

η−11

1�η−11
=

ε−�η−1
s 1

1�η−1
s 1

. (B.12)

Substituting the above relation into equation (B.4) means that the solution for the response charge in the
charged systems in terms of χs and ηe should be:

c = χΔν + cT
ε−�η−1

s 1

1�η−1
s 1

, (B.13)

where ε depends only on χs and ηe, and the ηs and χs are connected via:

χs = −η−1
s +

η−1
s 1 ⊗ 1�η−1

s

1�η−1
s 1

(B.14)

which is a reminiscent of equation (9).
Finally, it is worthwhile to note that

η = ηe + ηs (B.15)

with ηs defined as:

ηs(r, r′) =
δ2Ts

δρ(r)δρ(r′)
. (B.16)

The above equation is a natural consequence by viewing the Kohn–Sham potential νKS in the non-interacting
system as the external potential, which should be taken out when defining the hardness kernel.
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[55] Nistor R A, Polihronov J G, Müser M H and Mosey N J 2006 J. Chem. Phys. 125 094108
[56] Chen J, Hundertmark D and Martı́nez T J 2008 J. Chem. Phys. 129 214113
[57] Poier P P and Jensen F 2019 J. Chem. Theory Comput. 15 3093–107
[58] York D M and Yang W 1996 J. Chem. Phys. 104 159–72
[59] Verstraelen T, Ayers P W, Van Speybroeck V and Waroquier M 2013 J. Chem. Phys. 138 074108
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