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In this thesis regimes of quantum degeneracy of electrons and holes in semiconductor quantum
wells in a strong magnetic field are studied theoretically. The coherent pairing of electrons and
holes results in the formation of Bose-Einstein condensate of magnetic excitons in a single-
particle state with wave vector K. We show that correlation effects due to coherent excitations
drastically change the properties of excitonic gas, making possible the formation of a novel
metastable state of dielectric liquid phase with positive compressibility consisting of condensed
magnetoexcitons with finite momentum. On the other hand, virtual transitions to excited Landau
levels cause a repulsive interaction between excitons with zero momentum, and the ground state
of the system in this case is a Bose condensed gas of weakly repulsive excitons. We introduce
explicitly the damping rate of the exciton level and show that three different phases can be
realized in a single quantum well depending on the exciton density: excitonic dielectric liquid
surrounded by weakly interacting gas of condensed excitons versus metallic electron-hole li-
quid. In the double quantum well system the phase transition from the excitonic dielectric liquid
phase to the crystalline state of electrons and holes is predicted with the increase of the interwell
separation and damping rate.

We used a framework of Green’s function to investigate the collective elementary excita-
tions of the system in the presence of Bose-Einstein condensate, introducing "anomalous" two-
particle Green’s functions and symmetry breaking terms into the Hamiltonian. The analytical
solution of secular equation was obtained in the Hartree-Fock approximation and energy spectra
were calculated. The Coulomb interactions in the system results in a multiple-branch structure
of the collective excitations energy spectrum. Systematic classification of the branches is pro-
posed, and the condition of the stability of the condensed excitonic phase is discussed.
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To Katya

"To those who do not know mathematics it is difficult to get across a real
feeling as to the beauty, the deepest beauty, of nature ... If you want to learn
about nature, to appreciate nature, it is necessary to understand the language
that she speaks in."

Richard Feynman
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V. Boţan, S. A. Moskalenko, M. A. Liberman, D. W. Snoke and
B. Johansson,
Physica B 346-347C, 460 (2004).

III Influence of Coulomb scattering of electrons and holes
between Landau levels on energy spectrum and collective
properties of two-dimensional magnetoexcitons
S. A. Moskalenko, M. A. Liberman, P. I. Khadzhi, E. V.
Dumanov, I. V. Podlesny,and V. Boţan,
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1. Introduction

The ions in a perfect three-dimensional (3D) bulk crystal are arranged in a
regular periodic array and thus the electronic structure can be considered as
an electron in the presence of a potential with the periodicity of the underlying
Bravais lattice. This leads to a description of the electron energy levels as a set
of continuous functions, which are product of a free wave and a part having
the periodicity of the reciprocal lattice. For semiconductors, this results in the
existence of an energy band-gap between the valence and conduction bands.
The linear absorption spectrum of an intrinsic direct-gap semiconductor in its
ground state shows excitonic resonances energetically below the fundamental
band-gap energy. These resonances in the linear optical polarization are a con-
sequence of the attractive Coulomb interaction between a conduction-band
electron and a valence-band hole. An exciton, a fundamental quantum of ex-
citation in solids, is a positively-charged hole, which is nothing more than an
unfilled electronic state, and a negatively-charged electron bound together by
Coulomb attraction. Excitons are roughly classified into two types: "Frenkel"
excitons with a stronger Coulomb attraction [1] and "Wannier" excitons with
a weaker Coulomb attraction [2]. Frenkel excitons are most commonly found
in molecular crystals, polymers, and biological molecules. Wannier excitons,
found in most semiconductors, are the main subject of this thesis. Mathem-
atically, the eigenvalue problem of an exciton in the Wannier limit, where
the mean electron-hole separation is much larger than the average distance
between atoms of the media, is identical to that of the hydrogen atom, such
that all relevant properties are well known. The Hamiltonian of the Wannier
exciton (hereafter called the exciton) then is given in the effective-mass ap-
proximation:

H = − h̄2

2me
Ð2

e −
h̄2

2mh
Ð2

h −
e2

e|re − rh| , (1.1)

where me and mh are the electron and hole effective masses (here we assume
isotropic nondegenerate bands). The equation contains in that order the elec-
tron and hole kinetic energy and the Coulomb interaction between electron
and hole. To this extent, the entire effect of the underlying lattice is repres-
ented by two parameters, m = memh/(me + mh) and e , the exciton reduced
mass and the relative dielectric permittivity of the solid, respectively. The ex-
citon wave function consists of an envelope function which is modulated on
an atomic scale by the periodic part of Bloch’s functions of electron and hole.
This envelope function describes electron-hole (e-h) relative motion on a scale
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large compared to the interatomic distances. The Coulomb interaction applies
to the envelope part of the wavefunction, so that the relative and center-of-
mass (c.m.) motion can be separated:

H = − h̄2

2M
Ð2

cm − h̄2

2m
Ð2

r −
e2

er
. (1.2)

Here M = me + mh is exciton mass. One can recognize a textbook case of
Shrödinger equation for Rydberg atom with a Rydberg energy Ry = e2/(2eaex)
and exciton Bohr radius aex = h̄2e/(e2m). This yields the bulk values Ry =
4.2 meV and aex = 13 nm in GaAs and Ry = 10.2 meV and aex = 6.5 nm in
CdTe. The large extension of the excitons in semiconductor crystals is related
to the predominately covalent nature of the binding of the atoms that results
rather small band gaps and, hence, in an efficient screening of the Coulomb
interaction. Excitons of the Wannier type can carry momentum and have thus a
dispersion. This momentum corresponds to the usual c.m. momentum known
from classical mechanics. In the ideal case of a semiconductor with simple
parabolic bands, the exciton dispersion is easily calculated using the well-
known c.m. transformation, which reveals the complete separation of relative
and c.m. motion. In real semiconductors, however, which are characterized
by degenerate valence-band maxima, the complete decoupling of relative and
translational motion of the electron-hole pair is not possible. As a composite
particle consisting of particle and antiparticle, an exciton has a finite lifetime
governed by the recombination process. In its turn recombination rate depends
on the symmetry, distribution of excitonic states, oscillator strength and in
general is proportional to the square of the exciton envelope function f 2(0) =
1/(pa3

ex), implying that smaller excitons tend to decay faster. The lifetime of
excitons can range from picoseconds to milliseconds.

Under weak photoexcitation, the system can be described by the interact-
ing exciton model [3] because the mean distance between excitons is much
larger than the exciton Bohr radius. In the dilute limit naex � 1, where n is ex-
citon density, excitons are weakly interacting Bose particles and are expected
to undergo Bose-Einstein condensation (BEC) [4, 5]. The system undergoes
the exciton BEC at sufficiently low temperatures, and the density of exciton
with zero momentum is the order parameter of the macroscopic quantum state.
Two essential requirements for BEC of excitons are that excitons must have
a lifetime which is longer than the exciton thermalization time, and that the
excitons have overall repulsive interactions, so that a fermionic electron-hole
liquid (EHL) [6] state does not occur. When the photoexcitation is sufficiently
strong, the bound e-h pairs can no longer be regarded as pure Bosons because
the state-filling and the exchange effects, originated from the Fermionic nature
of electrons and holes, take essential part in the problem. In the high-density
limit, the e-h pairs behave like Cooper pairs in the Bardeen-Cooper-Schrieffer
(BCS) theory of superconductivity, and the BCS-like energy gap at the Fermi
level is the order parameter of the macroscopic quantum state. Contrary to
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the BCS superconductor state, the pairing in the excitonic state is due to e-
h Coulomb interaction, the pairs are neutral and the state is insulating (also
called excitonic insulator). The nature of the exciton condensation is different
in these two limits. In the case of BEC of excitons in the low-density limit,
excitons exist well above the critical temperature, the number of excitons is
fixed and does not change at the critical temperature, and the critical temper-
ature for exciton condensation is determined by the statistical distribution in
momentum space of weakly interacting excitons. In the excitonic BEC the
macroscopic quantum state is governed by the center-of-mass motion of ex-
citons and the order parameter is the density of the condensed excitons. In
contrast, in the case of BCS-like condensation of excitons in the high-density
limit, excitons are formed at the critical temperature and the relative motion
of e-h pairs determines the macroscopic quantum coherence. Our discussion
will be focused mainly on the former case.

Despite of the relatively high critical temperatures required for the BEC of
excitons as compared to the atoms (∼ 106 times higher), it is experimentally
challenging to achieve this temperature for a gas of excitons on a timescale
much shorter than exciton lifetime. A promising candidates for experimental
realization of such a system are semiconductor quantum wells (QWs) [7],
which have a number of advantages compared to the bulk systems. The spa-
tial confinement has a large influence on the single-particle level. Due to the
break down of the bulk translational symmetry along one QW dimensions
the bulk bands split in separate so called subbands, each of them showing
individual dispersion features that depend strongly on the geometry and ma-
terial composition of the heterostructure. The reduction of the translational
symmetry lifts the degeneracy of the heavy- and light-hole bulk valence band
at the center of the Brillouin zone; the resulting subband states are of pure
heavy- or light-hole character at the G-point in QW. Such a two-dimensional
(2D) crystal can be realized using modern epitaxial techniques by growing,
for example, a thin GaAs film between two films of the larger band-gap semi-
conductor AlxGa1−xAs. The finite conduction and valence-band offsets of the
two semiconductors produce potential barriers for the electrons in the con-
duction band and holes in the valence band. The energy separation between
the lowest level in a QW and the first excited one is much larger than the
Coulomb interaction and at a low enough temperature particles are confined
to the lowest quantization level. A distortion of the wave functions caused by
an admixture with the next level, due to the Coulomb interactions between
particles, can be neglected. In such a case, the z dependence (z is the coordin-
ate in the growth direction) of the electron and hole wave functions can be
factorized out so their dynamics is essentially 2D. The confinement of the
carriers along one spatial direction into regions comparable or smaller than
the bulk exciton size enhances the effect of the e-h Coulomb interaction. This
results in larger binding energies and oscillator strengths. As a consequence,
excitons are observed in these structures even at room temperature. The ad-
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vances in fabrication techniques enables creation of 2D samples, in which
scattering due to imperfections is highly suppressed to levels below those of
intrinsic mechanisms (phonons) even at the lowest temperatures. As the ex-
citons are confined in 2D, momentum conservation perpendicular to the plane
of the well is relaxed; this allows excitons to couple to a continuum of bulk
LA phonon modes, increasing the thermalization rate, which is several orders
of magnitude larger in QWs compared to the bulk systems[8], what is in favor
of an effective development of the collective ground state of excitons.

More recently, experimental efforts have focused on coupled quantum well
(CQW) systems. A coupled quantum wells system consists of two different,
adjacent planes with electrons in one layer and holes in the other. Applied
electric field keep both kinds of carriers in separate two-dimensional planes.
This arrangement reduces the overlap of the wavefunctions of the electron and
the hole and thus increases the lifetime of excitons. Excitons created from an
electron and a hole in different quantum wells are called spatially "indirect"
excitons, in contrast to direct excitons comprised of an electron and a hole in
the same well. The system of indirect excitons in coupled quantum wells is in
many ways an optimal system for observing BEC of excitons. First, the spa-
tial separation of the electron and hole implies that the indirect excitons will
have long radiative lifetime up to 10 microseconds, since the recombination
rate is proportional to the wavefunction overlap of the electron and hole in
an exciton. Second, the spatial separation of the electron and hole implies that
the indirect excitons will have overall repulsive interaction, as aligned dipoles.
Their mutual repulsive dipole interaction further stabilizes the exciton system
at low temperature and screens in-plane disorder more effectively. Such sys-
tems have a further advantage: as discussed by Lozovik and Yudson [9, 10]
the interband transitions that break phase symmetry are smaller in spatially
separated electron-hole systems. Because electrons and holes are in separate
layers, such interband transitions involve tunneling between the layers. All
these features make indirect excitons in CQWs a promising system to search
for quantum collective effects.

1.0.1 Magnetic field effect
From the discussion above we have seen that in a semiconductor QW the
presence of a finite well potential restricts the movement of the charges in the
z direction, i.e. the growth direction of the QW, but leaves them free to move
in the x−y plane. The energy spectrum for charges confined in a QW is given
by

E = (2me)−1(2p h̄/L)2(n2
x +n2

y), (1.3)

with nx and ny as integer quantum numbers and L being the linear dimen-
sion of the system. In the limit of L → ¤ they form a continuum; the typical
spacing between levels vanishes. We now focus on the quantum mechanical
properties of charges in a QW when applying a magnetic field perpendicular
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to the plane of the QW. In particular, the presence of a magnetic field causes a
second magnetic confinement of the charges and can be described as follows.
We restrict ourselves to electrons in the conduction-band QW, but a similar
approach can be used for holes in the valence-band QW.

Classically, the response of electrons to a magnetic field is for them to move
in circular orbits with an cyclotron frequency wc = eH/mec. The classical
Hamiltonian of charged particle in the electromagnetic field is

H =
1

2me
(p− e

c
A)2 + eV, (1.4)

where p is particle momentum, A and V – vector and scalar potentials of
the electromagnetic field. In quantum mechanical description of a spinless
particles the construction of the corresponding Hamiltonian is straightforward.
However, if the particle possesses a spin, than an additional term correspond-
ing to the interaction of particle magnetic moment m̂ = (m/s)ŝ and external
magnetic field will appear [11]:

Ĥ =
1

2me
(p̂− e

c
A)2 − m̂ ·H+ eV. (1.5)

Since the vector potential is determined only up to an arbitrary gauge
transformation, which will be also present in the solution of Shrödinger
equation. However, any physical quantity depends on the square of the
wavefunction, and thus is independent of the choice of gauge transformations.
Exploiting this fact we can define vector potential in the Landau gauge
A = (−yH,0,0), so that the corresponding Shrödinger equation will not
contain x coordinate explicitly. The wavefunction is therefore essentially
a plane wave y(x,y) = exp(ipx)f(y) in x-direction, i.e. translationally
invariant, which makes it particularly suitable for the study of translationally
invariant systems. The Shrödinger equation for wavefunction in the Landau
gauge then reads[

1
2me

(−ih̄
µ
µx

+
eH
c

y)2 − h̄2

2me

µ 2

µy2 −
m
s

ŝzH

]
y = EY. (1.6)

The operator ŝz commutes with Hamiltonian and therefore its eigenvalue s
is conserved. Then the spin dependence of the wavefunction is factorized out
and can be ignored in further considerations. The remaining task is to write
down equation for the y component of the wavefunction, which is nothing
else than the equation for harmonic oscillator with frequency wc [11]. Thus
the envelope Bloch function of the electron in a magnetic field

ye
n,p(x,y) =

1√
Ll
√
p

exp(ipx)exp[−(y− pl2)2

2l2 ]Hn

(
y− pl2

l

)
, (1.7)

is exponentially localized along y-axis with localization length of the order of
l, where l =

√
h̄c/eH is the magnetic length. The electronic states are char-

acterized by the principal quantum number n and momentum p in x direction.
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The center of states falls in the range 0 < pl2 < Ly, so that the number of
discrete states is N = LxDp/2p = S/2pl2, where S = LxLy and 2pl2 is the
area of the quantum cyclotron orbit with the radius l

√
2. The eigenvalues of

Eq.(1.6), but neglecting the spin, are given by discrete energy levels of the
one-dimensional harmonic oscillator

E = h̄wc(n+
1
2
), (1.8)

which are commonly referred to as Landau levels (LLs). These states have a
finite spacing determined by the frequency wc. When including the spin, each
Landau level splits by the Zeeman interaction resulting in a doubling of the
number of LLs. The hole functions yh

n,q(x,y) can be obtained from the above
expressions changing exp(ipx) by exp(iqx) and (y− pl2) by (y + ql2). Since
a hole has an opposite sign of electric charge compared to an electron, when
moving in x direction it is shifted by the Lorentz force in opposite direction of
the y-axis. The energies of electron and hole accounted from the correspond-
ing n = 0 lowest LLs energies are simply neh̄wce and nhh̄wch, respectively.
Hereafter we use a subscript notation to distinguish electrons and holes, un-
less otherwise stated.

Since the number of eigenstates remains constant as the field is increased,
it follows that the levels must become degenerate. For large magnetic fields
this degeneracy becomes macroscopic. The filling factor, v2, which is use-
ful to describe a two-dimensional system of any electron concentration and
magnetic field, is defined as the ratio between the actual number of elec-
trons in the sample, Ne, and the number of states per Landau level, N, i.e.
v2 = Ne/N = 2pl2ne, where ne = Ne/S is the electronic density. The points
where v2 is an integer satisfy the condition that exactly v2 Landau levels are
filled. For example, v2 = 2 corresponds with a complete occupation of the
two spin components of the lowest Landau level (LLL). It is clear that the
applied magnetic field will polarize the electron spins in the ground state. In
the GaAs−AlGaAs heterostructures used to make 2D electron systems, the
Zeeman splitting of single particle levels with opposite spins is considerably
smaller than the splitting of the Landau levels. Therefore we expect the lowest
many-body excited states to be formed from the ground state by flipping the
spin of one or more particle, promoting it to the first excited level. This pro-
cess will have an energy cost associated with the Zeeman field. However, this
single electron picture is too simplistic. The Coulomb interaction, neglected
so far, strongly affects these excited states. The spin physics are affected by
the Coulomb interaction via the phenomenon of exchange. This effect is well
known from Hund’s rule in atomic physics: occupation of degenerate levels
occurs in such a way as to maximize the total spin. The result is that spin
gradients are penalized by the Coulomb energy and the ground state would be
completely spin polarized even in the absence of the Zeeman field.
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1.1 Magnetic Excitons
The problem of two interacting particles in a magnetic field can be solved
analytically only in two limits: in the limit of weak magnetic field or otherwise
in the limit of strong magnetic field, when the Coulomb interactions can be
considered as a perturbation. The later case was considered by Gorkov and
Dzyaloshinsky [12] for the bulk system, and by Lerner and Lozovik [13] for
2D system. Below we will summarize this results and discuss the properties
of the system under consideration.

The condition of the strong magnetic field is fulfilled in the regime where
the spacing between two adjacent LLs is greater than the 2D Rydberg energy,
i.e.

h̄wce ≈ h̄wch >
2me4

h̄2e2
.

The critical field is therefore estimated to be of the order of few tesla for
typical semiconductor materials, which easily achieved in the laboratory con-
ditions. Although exciton in solid-state physics is similar to hydrogen atom,
their characteristic physical properties scale in such a way that standard (high)
magnetic fields on excitons are equivalent with hydrogen immersed in mega-
tesla fields. Such fields are found on collapsed stars such as neutron stars.

Let us first discuss the properties of exciton in a single QW under perpen-
dicular magnetic field. Obviously, as an exciton is comprised of an electron
and a hole, its wavefunction can be written as a superposition of the electron
wavefunction of Eq.(1.7) and the corresponding hole wavefunction:

Yex(xe,ye;xh,yh) =ä
p,q
ä

ne,nh

Cne,nh(p,q)ye
ne,p(xe,ye)yh

nh,q(xh,yh). (1.9)

One can easily prove that exciton wavefunction constructed above is the ei-
genfunction of the Hamiltonian [12]

Ĥex =
1

2me
(−ih̄Ðe +

e
c
A)2 +

1
2mh

(−ih̄Ðh − e
c
A)2 − e2

er
. (1.10)

For the sake of simplicity, we assume equal effective masses for electrons and
holes me = mh = mex/2 and consequently equal cyclotron energies h̄wce =
h̄wch ≡ h̄wc. Introducing the c.m. and relative coordinates and wave vectors
X = (xe +xh)/2, Y = (ye +yh)/2, Kx = p+q and x = xe−xh, y = ye−yh, kx =
(p−q)/2 correspondingly, and substituting the expansion coefficient with the

C0,0(p,q,) = dp+q,Kx

√
2pl2/S exp[iKykxl

2]

the exciton wavefunction in the LLL reads

Yex(X ,Y ;x,y) =
exp(iKxX)√

L

exp(iKyY )√
L

exp{ ixY
l2 }

×exp

[
−(x+Kyl2)2

4l2 − (y−Kxl2)2

4l2

]
. (1.11)
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The last term in Eq.(1.11) demonstrates that exciton with nonzero momentum
acquires a "motional" dipole moment perpendicular to the exciton wave vector
K. Indeed, in the magnetic field two oppositely charged particles traveling
with a finite c.m. momentum will experience a Lorentz force pushing them
apart, which is exactly canceled by the Coulomb force, so that the mean in-
plane separation between the electron and hole is proportional to the exciton
wave vector Kl2. The wave vector K is an eigenvalue of the generalized c.m.
momentum operator in a magnetic field

K̂ = (−ih̄Ðe +
e
c
A)+(−ih̄Ðh − e

c
A)+

e
c
r×H, (1.12)

which commutes with the Hamiltonian (1.10), i.e. is conserved quantity.
Hence, exciton momentum is a good quantum number and will be used for
labeling e-h states.

The derivation of magnetic exciton dispersion in a single and double QWs
was done in a number of papers [13, 14, 15, 16, 17]. Technically, the problem
of derivation of the exciton energy spectrum was reduced to the calculation
of the first order corrections to the unperturbed spectrum Eq.(1.8). In the fol-
lowing we discuss the properties of the excitonic spectra rather than repeat the
derivation, which is given in the original papers.

Consider an ideal 2D layer with electrons and holes in their LLs with the la-
bels n and m. The perpendicular magnetic field is assumed to be strong enough
that all particle states are completely spin-polarized and spin degree of free-
dom will be neglected throughout the thesis. Then the exciton dispersion for
the first 2 LLs with quantum numbers n,m = 0,1 is given by the following
expressions:

E(0,0)
x (K) = −Il exp[−K2l2

4
]I0

(
K2l2

4

)
, (1.13a)

E(1,1)
x (K) = −Il exp[−K2l2

2
] (1.13b)

×
[

1F1

(
1
2
,1;

K2l2

2

)
− 1F1

(
−1

2
,1;

K2l2

2

)
+

3
4 1F1

(
−3

2
,1;

K2l2

2

)]
,

E(1,0)
x (K) = E(0,1)

x (K) = −Il exp[−K2l2

2
] (1.13c)

×
[

1F1

(
1
2
,1;

K2l2

2

)
− 1

2 1F1

(
−1

2
,1;

K2l2

2

)]
.

Here 1F1(a,g,z) is a degenerate hypergeometric function, I0(z) is modified
Bessel function, and Il =

√
p/2e2/el is exciton binding energy. The dis-

persion curves for the ground state and five excited states of exciton with
quantum numbers n,m = 0,1,2 are shown in Fig. 1.1. As one can see from
Fig. 1.1, the dispersion laws are nonmonotonic for all excited states, as it
was shown first in Ref.[13] and later recovered in Ref.[17]. The former au-
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Figure 1.1: Exciton dispersion in units of binding energy Il in the ground state and
five excited states for quantum numbers n,m = 0,1,2.
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thors argued from the electrostatic analogy that there are min(n,m)+ 1 min-
ima in the dispersion spectra. There is a maximum at K = 0 and a noncentral
"roton" minimum [17] appears in dispersion curves for n �= m. It should be
also pointed out, that in case of equal effective masses of electrons and holes,
only the ground state n = m = 0 remains nondegenerate. All excited states
are (2min(n,m)+ |n−m|+ 1)-fold degenerate, but Coulomb interaction lifts
the degeneracy at K �= 0 and dispersion curves split into multiple branches
with different effective masses [13]. Note also the binding energy and effect-
ive mass Ml = 2h̄2/l2Il of an exciton becomes independent of the masses of
its constituent electron and hole, so that the exciton has universal properties
and is known as a "magnetoexciton" (MX) in QWs. Fig. 1.2 illustrates the MX
velocity, vg = µEx/µP, which is a nonmonotonic function of momentum and
has a maximum at Pl/h̄ ≈ 1.

Figure 1.2: Exciton velocity in units of Il l/h̄ versus dimensionless wavevector Kl for
the ground state with quantum numbers n = m = 0.

Now suppose that two isolated 2D layers each containing only one type of
the carriers have equal numbers of electrons and holes. The resulting system
is charge neutral. These two layers will be used to construct a bilayer sys-
tem, as follows: they are placed perpendicular to the external magnetic field
and parallel to one another, separated by an insulating barrier. If the barrier
is thick the system remains consisting of almost independent layers. How-
ever, if the barrier is very thin and tunneling between the two layers is very
weak, the system behaves quite differently as just the sum of its constituents
– interlayer correlations start to play dominant role. In fact, the relevant para-
meter controlling the transition to the correlated state is the ratio of the barrier
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thickness to the magnetic length d/l. If tunneling between the two layers is
not the dominant interaction between them, then the logical alternative is that
the Coulomb attraction between the electrons and holes must be driving the
transition from two-component plasmas to insulating phase. When the sep-
aration between the layers becomes comparable to the magnetic length then
the strength of the interlayer Coulomb interactions has become comparable to
the intralayer ones, and indirect MXs could be formed. As it was shown in
Ref.[17], MX dispersion is governed by the ratio d/l:

Ex(K) = e2/e
¤∫

0

exp[−Q2l2/2−Qd]J0(QKl2)dQ, (1.14)

which for K = 0 MXs becomes

Ex(0) = −Il exp[d2/2l2]er f c(d/
√

2l).

Indirect MX dispersion is shown in Fig. 1.3 for different values of parameter
d/l. According to Fig. 1.3, the dispersion laws of indirect MXs evolve from

Figure 1.3: Indirect exciton dispersion in units of binding energy Il for different values
of interwell separation d.

the quadratic at small momenta and interlayer separation to the Landau level-
like dispersion for large d > l.

Thus, the magnetic field effect on the single MX states can be summarized
from the above considerations as follows: (i) the MX binding energy and ef-
fective mass are independent of the electron and hole effective masses and
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are determined by the magnetic field only; (ii) both the binding energy and
effective mass of MX increase with the field as

√
H (the effective mass of

indirect MX increases also with the increase of interwell separation d); (iii)
for magnetoexciton with K = 0 the magnetic length l plays the role of the
Bohr radius; (iv) MXs with momentum P carry an electric dipole in the dir-
ection perpendicular to P whose magnitude, 〈reh〉= ẑ×Pl2/h̄, is proportional
to P. This expression makes explicit the coupling between the c.m. motion
and the internal structure. When Pl/h̄ 
 1, the separation between the elec-
tron and hole extends to infinity and the MX energy evolves to the transition
energy between the free electron and hole LLs. In contrast to the e-h sys-
tem at a zero magnetic field (hydrogen problem) all the e-h pairs are bound
states and there is no scattering state. The only free exciton states that can
recombine radiatively are those with momentum near P0 ≈ 0, the intersec-
tion between the dispersion surface Ex(P) and the photon cone Eph = Pc/

√
e .

In GaAs structures the radiative zone corresponds to small c.m. wavevector
K ≈ K0 ≈ Eg

√
e/h̄c = 2.7× 105 cm−1. We note also that the predicted large

enhancement of the effective mass of the indirect exciton in magnetic fields is
a single-exciton effect contrary to the well known renormalization effects in
neutral and charged e-h plasmas [18]. The effect of the magnetic field on the
collective MX states will be discussed in the next chapter.
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2. Bose-Einstein Condensation of
magnetic excitons

Bose-Einstein condensate is a state of matter formed when a macroscopic
population of bosons occupy the same quantum state. The classic example of
Bose condensation is liquid 4He, which becomes a Bose condensate at about
2 K. It is the formation of a Bose condensate in this liquid which is respons-
ible for its celebrated superfluidity property. A less obvious example is the
superconducting transition in conventional superconductors. Once again, the
superflow property in these materials is the result of Bose condensation. For
many years these two examples, along with 3He, have provided the only real-
izations of Bose condensates. In the last ten years a new class of examples has
been added to this short list by the realization of Bose condensation in atomic
vapours. In semiconductors, the grand challenge is still to obtain conclusive
evidence of this phase transitions for excitons, and to understand and formu-
late the underlying physics appropriate for them. Before presenting our effort
along this direction in excitonic systems, we first review in this chapter the
basic concepts of excitonic BEC in a very strong magnetic field. For rigor-
ous and comprehensive discussions of BEC theories, many excellent review
papers and books are available [19, 20].

The notion of macroscopic occupation of a quantum state dates back to
1924–1925, when Albert Einstein extended the statistical arguments presented
by Satyendranath Bose [21] to systems with a conserved number of particles
[22, 23]. Einstein soon recognized that an ideal gas of atoms obeying the
resulting statistical distribution would condense into the ground state of the
system at low enough temperatures. According to Einstein, a phase trans-
ition would occur at a critical temperature Tc, below which a macroscopic
number of atoms occupies the quantum state having the lowest energy. This
phenomenon, subsequently termed Bose-Einstein condensation (BEC), is a
unique, purely quantum-statistical phase transition in the sense that it occurs
in principle even in noninteracting systems of bosonic particles.

It is customary to introduce BEC by considering non-interacting bosons in
three dimensions. For an ideal Bose gas at a certain temperature T, nK , the
occupation number of the state with wave vector K, is given by the Bose-
Einstein statistics [21, 22]

nK = n(E) =
1

exp[(E −m)/kBT ]−1
, and ä

K

nK = N, (2.1)
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where E = h̄2K2/2m is the kinetic energy of a boson, m is an effective mass,
m is the chemical potential and N is the number of bosons. In the thermody-
namical limit the particle density is given by the limit

n = lim
V→¤

N
V

=
1

(2p)3

∫
dK

exp[(EK −m)/kBT ]−1
. (2.2)

It can be noticed that the integral (2.2) cannot account for all the particles in
a system at all T and n, since m must have an upper bound of zero for the
distribution function to be defined at all energies. At a given temperature the
density of particles which corresponds to m = 0 is a critical density which
can not be exceeded within the equation (2.2). This implies that for densit-
ies higher that this critical density the summation in equation (2.1) can not
be simply replaced by an integral and the only way to accommodate all the
particles in the system is by placing the macroscopic number of bosons into a
single state

n = n(K = 0)+n(K �= 0) = n0 +nc,

where the critical density is determined by the integral

nc =
g

(2p)3

¤∫
0

4pK2dK
exp[EK/kBT ]−1

= 2.612g

(
mkBT

2p h̄2

)3/2

,

g is the spin degeneracy. The inverse relation will determine the critical tem-
perature Tc at a given density:

kBT 3D
c =

2p h̄2

m

(
n

2.612g

)2/3

.

In 2D, in the thermodynamic limit, the critical density defined above diverges
when m→ 0. It was rigorously proven that in 2D with a constant energy dens-
ity of state, long wavelength thermal fluctuation of the phase destroys a long
range order, and BEC is absent at any temperature T > 0. BEC does exist at
T = 0 where there is only quantum phase fluctuations. However, a phase trans-
ition to a power-law correlated state is possible in 2D as described by Kosterl-
itz and Thouless [24]. The Kosterlitz-Thouless (KT) transition involves the
unbinding of vortex-antivortex pairs. By mapping the dilute Bose gas to a gas
of interacting vortices [25], it is possible to describe this transition for a 2D
Bose gas [26]. The critical temperature of the KT transition:

kBTKT = ns
p h̄2

2m2 ,

where ns is the superfluid density. Above TKT , vortices are thermally excited
and produce friction, as a result, ns and the number of vortices are exponen-
tially small. Below TKT , single vortices are energetically costly, hence they
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bind to form pairs and cluster, with a total binding number equal to zero,
allowing percolation of condensate droplets in which a phase coherent path
exists between two distant points.

So far, the theory is based on a non-interacting Bose gas, it predicts a BEC
transition when a macroscopic number of particles condense into the ground
state. The condensate can be described by a single-particle wavefunction, and
is coherent over macroscopic distances. However, it is not clear if the predicted
BEC corresponds to physical reality. For example, there is no physical mech-
anism to prevent condensate fragmentation into nearly-degenerate states, or
to establish correlations among the condensed particles. The non-interacting
bosonic system has a condensate that is unstable to collapse at a single point;
further the ground state of these systems are not superfluids. The effect of
interactions is that many-body wavefunctions can no longer be described in
terms of occupation of single particle modes. Even arbitrarily weak interac-
tions can create a macroscopic energy difference between different macro-
scopically occupied eigenstates, whose energies would be very close to the
ground state in the absence of interactions. Interactions thus favour the occu-
pation of the single lowest energy eigenstate only. In this case, the definition
of a condensate must be extended from macroscopic occupation of a single
mode: the simplest generalization of this definition is in terms of the single
particle density matrix:

r(r,r′) = 〈y†(r)y(r′)〉, (2.3)

where y(r) is a bosonic operator in the position representation. A sufficient
condition for the existence of a condensate is that the largest eigenvalue of
the single particle density matrix must be proportional to the system size [27].
Bose condensation is associated with long-ranged ordering. In the simple pic-
ture of non-interacting single-particle modes, this arises because the macro-
scopically ordered mode that represents the condensate involves degrees of
freedom that are widely separated in space. It is a collective mode of the sys-
tem. It can be shown that the condition for Bose condensation in terms of
the largest eigenvalue of the density matrix may be expressed in terms of off-
diagonal long-ranged order in the density matrix [27]:

lim
|r−r′|→¤

r(r,r′) =Y∗(r)Y(r′), (2.4)

where Y(r) as the wavefunction of the condensed particles: its norm is the
number of particles in the condensate. For a spatially uniform condensate,
Y(r) is independent of position; as usual for a wavefunction, it is only determ-
ined up to an overall phase. The system has a U(1) symmetry associated with
this free phase, which is spontaneously broken when the system condenses.

A Bose condensate is represented by a single coherent state,
|Ycoh〉 = exp[ly†]|0〉, where l =

√
N exp(iq) is the expectation value 〈y〉,

which is the order parameter of the condensate and |0〉 is the vacuum state
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(we adopted the Dirac notation for quantum states). The interaction mixes
the single particle states and thus the total energy of the system can be
lowered with respect to the energy in a number state by taking into account
the interference terms between different single-particle eigenstates within the
coherent state wavefunction. Coherent state has a fixed phase but allows for
the fluctuation of the condensate population. It is clear that the choice of the
phase of |Ycoh〉 is the breaking of the U(1) symmetry associated with the
formation of the condensate. The number of particles in the condensate is not
exactly defined, but its uncertainty is much smaller than its expectation. Only
the average particle number in the condensate is well defined and equal to l .

Summarizing the above discussion, we can enumerate three essential prop-
erties of real Bose condensates: (1) a macroscopic occupation of one of the
single-particle eigenstates, (2) macroscopic phase coherence, and (3) broken
gauge symmetry. The first property marks Bose condensation as a separate
state of matter, since in the familiar states of matter the occupation of any
single-particle eigenstate is negligible compared with the total number of
particles. In an extended, homogeneous system, macroscopic occupation of
a single-particle eigenstate implies that there are long range correlations in
the phase of the boson field y(r). This is the second property of phase coher-
ence, meaning that the wavefunction of the macroscopically occupied state
remains coherent over long distances. It is implied by the third property of
broken gauge symmetry, which means that the local phase of the macroscop-
ically occupied wavefunction acquires a well-defined value. In the absence of
symmetry breaking, the number of particles in the macroscopically occupied
eigenstate would suffice as an order parameter for Bose condensation. Broken
gauge symmetry adds another component to this order parameter, which is
the local phase of the macroscopically occupied eigenstate. The overall order
parameter of the condensate is then the expectation value of the annihilation
operator 〈y(r)〉 (see below).

2.1 Condensation of excitons
Exciton BEC was first proposed in 1962 by Moskalenko [28] and Blatt et al.
[29]. A most well-known experimental system is the ortho-excitons in bulk
Cu2O. This system was considered to have shown the most convincing evid-
ence of BEC [30]. However, it was found out later that the Auger recombin-
ation of excitons prevented the system from reaching the critical density of
BEC [31]. Further, a few macroscopic phenomena observed in quantum-well
exciton systems were again proposed to be related to BEC [32, 33]. Yet more
careful analysis later concluded otherwise. Recently compelling evidence of
exciton condensation has been discovered in systems with two parallel layers
of conduction band electrons in large magnetic fields applied perpendicular
to the electron layers [34, 35]. At the right combination of magnetic field
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strength, electron density and layer separation, a new, uniquely bilayer, many-
body quantum ground state exists that can be described alternately as an it-
inerant pseudospin ferromagnet or as a BEC of interlayer excitons. Transport
measurements allow for the direct detection of the BEC of excitons by their
ability to flow with vanishing resistance and vanishing influence from the large
external magnetic field. Excitonic BEC has been pursued experimentally for
more than 40 years, but the first detection of the elusive state was made where
it has been least expected. In what follows, the excitonic system in the pres-
ence of strong magnetic field deserves a special attention.

Bosons on an atomic energy scale, apart from photons, are always com-
posite, build up from an even number of fermions. For example, 4He atoms,
which contain two protons, two neutrons, and two electrons, condense and
form a superfluid at just a few degrees above absolute zero. In superconduct-
ors electrons form pairs at low temperatures. These "Cooper pairs" are again
composite bosons. In this case, the formation of pairs and their collective Bose
condensation usually occur at the same low temperature; the transition tem-
perature is controlled by the underlying fermionic physics not purely by bo-
sonic quantum mechanics. Correspondingly, the average separation between
electrons in a given Cooper pair usually greatly exceeds the mean distance
between pairs, in sharp contrast to the essentially point-like bosons present in
liquid helium or the atomic vapor BECs. In the case of electronic excitations,
such as for example excitons in semiconductors, due to their large radii and
the possibilities of creating them by external excitations, the high densities can
be easily realised and the underlying fermionic nature can play an important
role.

The major nonlinearities arising with increasing density are screening and
the saturation of the underlying fermionic states, the so called "phase-space
filling" effect. At low densities, when the exciton radius is small compared
with the distance between excitons, the condensate would resemble a BEC of
point-like bosons, while in the opposite limit, where excitons overlap and the
fermionic states saturate, the system would form a BCS-like coherent pair-
state, called an excitonic insulator in semiconductor physics. In other words
we have a transition from a real-space pairing of tightly bound excitons to a
momentum-space pairing of weakly correlated and overlapping electron-hole
pairs.

By analogy to superconductivity Keldysh, Kozlov and Kopaev developed a
theory [4, 5] which smoothly connects these two regimes of densities. MXs
are treated not as structureless bosons but as electrons and holes interacting
via the attractive Coulomb potential. Introducing a†

p, and b†
p, as electron and

hole creation operators in the LLL, the creation operator for a MX then is
given by [36]

X†
K =

1√
N
ä
t

exp[−iKytl
2]a†

Kx/2+tb
†
Kx/2−t , (2.5)
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which yields the MX state

|Yex(K)〉 = X†
K|0〉, (2.6)

with energy (1.13a). Then we consider a wavefunction of excitonic condensate
to be a coherent state of the following form [37]

|Yg(K)〉 = D(
√

Nex) |0〉 , (2.7)

where D(
√

Nex) is unitary operator

D(
√

Nex) = exp[
√

Nex(X†
K −XK)]. (2.8)

Expanding the exponential in the equation (2.7) and taking into account the
exclusion principle for fermionic operators b† and a, the condensate wave-
functions would have the form of BCS-function:

|Yg(K)〉 =Ô
t

(u+ vexp[−iKytl
2]a†

Kx/2+tb
†
Kx/2−t) |0〉 , (2.9)

where the coefficients u and v are independent of the wave vector K due to
the lack of kinetic energy of the particles in the LLL, which is completely
quenched by the magnetic field:

u = cos
√

2pl2nex, v = sin
√

2pl2nex, u2 + v2 = 1. (2.10)

This wavefunction provides a smooth transition between Bose-condensed
MXs at low densities and BCS-like collective state of electron and holes
(excitonic insulator) at high densities; at very high densities it approaches an
uncondensed e-h plasma. As discussed by Noziéres et al. [38], the energy
is less than that of the number states (X†

K)N |0〉. The physical origin of this
reduction in energy is the contribution from interaction terms. Such terms
only give an expectation if the wavefunction is a coherent sum of states with
different numbers of particles in the condensate.

Below we briefly recall the results initially derived by Dzyubenko et al.
[37] and recovered in the paper I. The Hamiltonian of the system including
the two-body interactions in the second quantization representation is given
by

H =
1
2äQ

1

ä
i, j=0

Wi j(Q)(r̂i(Q)r̂ j(−Q)−di, jN̂i)−mN̂, (2.11)

where 0 stands for electron and 1 for hole; m is the chemical potential of elec-
trons and holes (we assume equal numbers of electrons and holes, N = N0 =
N1 and equal chemical potentials m0 = m1 = m/2); Wii(Q) = VQ exp[−Q2l2/2]
and Wi�= j(Q) = −VQ exp[−Q2l2/2]. Here VQ is the 2D Fourier transform of
the intralayer Coulomb interaction,

VQ =
2pe2

e0S|Q| . (2.12)

26



The particle density operators are given by

r̂0(Q) =ä
t

eiQytl2
a†

t+Qx/2at−Qx/2;

r̂1(Q) =ä
t

e−iQytl2
b†

t+Qx/2bt−Qx/2, (2.13)

where operator N̂ j = r̂ j(0) is the particle number operator. One can easily
show that MX wavefunction (2.6) is the eigenfunction of the Hamiltonian
(2.11) without the last term [36]. Applying the unitary transformation (2.8) to
the Hamiltonian (2.11) we introduce the renormalization of the ground state
energy of the system:

H̃ |Yg(K)〉 = DH D†D |0〉 = DH |0〉 = 0,

i.e. the condensate wavefunction becomes the ground state for the transformed
Hamiltonian. In the presence of the condensate, the normal modes change,
becoming the Bogoliubov quasiparticle modes. The quasiparticle operators
can be written in terms of the particle creation and annihilation operators with
the help of Bogoliubov’s transformation:

DapD
† = ap = uap − v(p− Kx

2
)b†

Kx−p,

DbpD
† = bp = ubp + v(

Kx

2
− p)a†

Kx−p, (2.14)

with v(t) = vexp[−iKytl2]. As well as having a different dispersion, this new
quasiparticle spectrum has a different ground state. The quasiparticle vacuum
is not the particle vacuum. Thus, the new ground state has a population of
non-zero momentum modes, and is exactly the state given by (2.9).

The restriction of the LLL implies the following equalities (see paper I for
details)

Nex = v2N; nex =
v2

2pl2 ,

where v2 is the filling factor of the LLL. The last line immediately brings us
to the relations u = cosv and v = sinv, which can be satisfied only in the limit
v < 1. The theory developed so far and its application below has to be treated
with the restriction v < 1. To avoid this constraint it is necessary to generalize
the structure of the exciton creation operator (2.5) including in its composition
the creation operators of electrons and holes at least in a few number of ELLs.
This improvement will be discussed below in Chapter 3.

The Hamiltonian of Eq.(2.11) after the unitary transformation (2.8) will
contain operators a†

p,ap,b †
p ,bp in arbitrary ordering. Their normal ordering

will generate a constant U playing the role of the ground state energy in the
Hartree-Fock-Bogoliubov approximation (HFBA), a quadratic term H2 and a
quartic term H ′. First, we notice the terms entering H ′ contain only normal
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ordered operators a†
p,ap,b †

p ,bp instead of a†
p,ap,b†

p,bp. The average value of
H ′ on the ground state wave function (2.9) vanishes even for the term propor-
tional to u4. Its contribution is non-zero only in higher orders of the perturba-
tion theory. The term H2 contains diagonal quadratic terms as well as the terms
describing the creation and annihilation of the new e-h pairs of quasi-particles
from the new vacuum state |Yg(K)〉:

H2 =ä
p

E(K,v2,m)(a†
pap +b †

pbp)

− (2v2Il + Iex(K)(u2 − v2)−m)

×ä
p

[
uv(

Kx

2
− p))bKx−pap +uv(p− Kx

2
)a†

pb
†
Kx−p

]
, (2.15)

where

E(K,v2,m) = 2u2v2Iex(K)+ Il(v4 −u2v2)− m
2

(u2 − v2).

The second term in H2 is an unconventional term unique to a BEC state, it
violates the particle number conservation! Physically it corresponds to the
excitation/absorbtion of a pair of particles with c.m. wavevector K from/by the
condensate. Such terms in the Hamiltonian and the corresponding diagrams
are called dangerous ones and make the new vacuum state unstable. To avoid
this instability, we put the factor in front of the second some equal to zero. This
allows us to determine the chemical potential of the system in the HFBA:

mHFB = Ex(K)−2v2(Il − Iex(K)) = −Iex(K)−2v2(Il − Iex(K)). (2.16)

Here we introduced the ionization potential of MX Ex(K) = −Iex(K). This
result can be alternately found from the ground state energy of the condensed
MXs is an expectation value of the transformed Hamiltonian:

Eg(K) = −Nv2Iex(K)−Nv4(Il − Iex(K)), (2.17)

what implies the chemical potential in the HFA:

mHFB = dEg(K)/dNex = −Iex(K)−2v2(Il − Iex(K)). (2.18)

In this approximation the energy of single-particle elementary excitations
E(K,v2,m) is equal to one half of the ionization potential of the condensed
excitons. The cost of energy for exciting one e-h pair of quasiparticles from
the vacuum (i.e. renormalized condensed state) is Iex(K), which is equivalent
to unbinding of one exciton with wave vector K. The excitation spectrum has
no dispersion, what reflects the lack of kinetic energy of electrons and holes
in the LLL.

Thus far we derived the ground state energy and chemical potential of the
condensed excitonic state. What information can we deduce from these quant-
ities having in mind that they are still on a mean-field level? Let first examine
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the case of zero-momentum condensate. Both the expectation energy (2.17)
and the chemical potential (2.18) are independent of the LL filling factor (and
hence of the density) for K = 0. The system behaves like an ideal Bose gas
with all relevant thermodynamic properties. Amazingly, due to the symmetry
of excitonic system in a strong magnetic field, it was possible to find an ex-
act solution for the ground state of the system even beyond mean field theory,
which proved to be a BEC of non-interacting excitons at any density [39]. The
origin of the possibility of exact solution in the many-body problem is the
symmetry under the continuous rotations in the isospin space of two compon-
ents, which is inherent in 2D electron-hole (e-h) system in a strong magnetic
field with high degeneracy of free-particle spectra[40]. In the highly degen-
erated LLL limit, when virtual transitions between different LLs can be neg-
lected, the ground state of the system is a single exciton state with zero mo-
mentum. The ground state is completely isolated from all other states, since
all corrections due to excited exciton states with finite momentum cancel each
other exactly[41]. The K = 0 MX is made of electron and hole on the top of
one another and hence is a perfect neutral object. However, these arguments
fail if one allows for either excitations due to virtual transitions between LLs
or exciton states with finite momentum. The later is especially important when
the BEC is in the single-exciton state with finite momentum. In this case, ex-
citons posses a dipole moment perpendicular to the momentum and interac-
tions give rise to instability of the system in the mean-field approximation. It
can be seen from the Eq. (2.16), that chemical potential is a decreasing func-
tion of n and has a global minimum at n = 1, i.e. completely filled LLL. The
attractive interactions between MXs in a gas of particles drive an instability to-
wards "clumping up". A phase transition to a more stable phase is expected, as
we will see in the following chapters. But before we proceed to the discussion
of some improvements to this idealized model, we briefly recall an alternative
approach to the BEC based on the Bogoliubov’s theory of quasiaverages.

2.1.1 Spontaneous Symmetry Breaking
It has become conventional to re-interpret the order parameter for BEC as
the average of the field operator itself, rather than as an eigenfunction of the
single-particle density matrix. In this case BEC is defined as the existence of
a non-zero expectation value of 〈ŷ(r)〉. The existence of a non-zero average
of the field operator requires the system to have a well-defined phase. The
Hamiltonian is invariant under global phase transformations, however, so this
definition of BEC corresponds to spontaneous symmetry breaking.

The broken symmetry approach is based on the observation, due to
Bogoliubov [42], that a macroscopic occupation of a single mode implies
that the commutator [a0,a

†
0] is negligible compared with the characteristic

size of terms involving a0. The Hamiltonian is therefore approximated by
replacing the operator a0 by the number

√
N0, where N0 is the condensate
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population. This would be correct if the condensate was a coherent state with
a mean population of N0, and so it is argued that this approach breaks the
U(1) gauge symmetry of the Hamiltonian and assigns a definite phase to
the condensate. However, this must at least ensure that the mean number of
particles is constant in the broken symmetry approach. This is achieved by
arguing that the thermodynamics of the system should be described using
the grand canonical ensemble, since this is the ensemble appropriate to a
system with variable particle number. This means that Ĥ − mN̂ should be
diagonalized rather than simply Ĥ, the chemical potential m of the system
being chosen (as a function of temperature) so that the mean number of
particles is constant. In treating the many-body Hamiltonian of a weakly
interacting Bose system, the following approximation was applied to expand
the Hamiltonian to second order in the bosonic operators ap and a†

p (p �= 0) of
the excited states. The advantage of this approach is that it leads to a quadratic
Hamiltonian which can be diagonalized exactly, allowing a non-perturbative
treatment of the effect of interactions. In these treatment, the Hamiltonian
with a U(1) symmetry breaking term n

√
V (la0 + l ∗a†

0) was diagonalized
with the help of canonical transformation over the amplitudes a0 and a†

0 .
This term introduce the parameter n into the quadratic Hamiltonian, which
is proportional to the chemical potential m of the system. Note, however,
chemical potential corresponds to the energy required to add a particle to the
system (with the entropy and volume fixed), while n is the energy required to
add a particle to the condensate. The two are only the same if all the particles
are in the condensate. As a result, the thermal or ground state average 〈a0〉 is
nonvanishing, and one speaks about a spontaneous breakdown of the gauge
symmetry if the "quasiaverage"

lim
V→¤

〈a0〉/
√

V �= 0.

We shall follow these ideas in our consideration, but with corrections due to
composite structure of the MX’s operator (2.5).

Starting from the grand-canonical Hamiltonian (2.11) we introduce the
symmetry breaking terms by applying the unitary transformation (2.8) and
expanding into the series:

H̃ = DH D† = H +[Ŝ,H ]+
1
2
[Ŝ, [Ŝ,H ]]+ . . .

= H +H ′, (2.19)

where Ŝ =
√

Nex

(
exp[if ]X†

K − exp[−if ]XK

)
is proportional to v. All zeroth

order and linear in
√

Nex will enter into the transformed Hamiltonian H with
the exception of one term proportional to Nex, which arises due to underlying
fermionic nature of the particles constituting excitons, while the rest terms
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comprise H ′. Thus, we can write the Hamiltonian Ĥ in the following form:

Ĥ = H +n
√

Nex

(
eifX†

K − e−ifXK

)
+Nex(E(K)− m̄)

[
1− N̂e + N̂h

N

]
,

(2.20)
where n = (E(K)− m̄)v. Here we introduced the shifted extion dispersion
E(K) = Il +Ex(K) and chemical potential m̄ = Il +m . Note, that term in square
brackets is nothing but the commutator [X0,X

†
0 ], which reflects the deviation of

the MX creation and annihilation operators from the true Bose statistics. The
choice of parameter n is in accordance with Bogoliubov’s idea and ensures
the finite value of ratio n and E(K)− m̄ , when they tends to zero, i.e. the
quasiaverage will remain finite and proportional to v =

√
Nex.

We should emphasize both descriptions of BEC in terms of u− v canonical
transformation and in the spontaneous symmetry breaking are equivalent and
will produce essentially the same physical results. The choice between them
is the matter of convenience and the difference will be only seen in simplific-
ations in calculations of some physical properties. For example, in calculating
expectation values on the ground state and some excited states the simplest
way is to deal with quasiparticles operators emerging from the Bogoliubov’s
canonical transformation, while the collective properties are best described
in the scope of spontaneous symmetry breaking, as we shall see in the next
chapters.
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3. Effect of Excited Landau levels

In this chapter we study the role of inter-LL Coulomb scattering processes on
the single exciton and collective excitonic states. We assume that the magnetic
field is high enough to let the LL-mixing interactions to be treated as a per-
turbation to the interactions within the LLL. For an individual MX comprised
of an electron from the conduction band and a hole from the valence band
in their LLLs and we show that inter-LL interactions in the second order of
perturbation theory result in the increase of binding energy of the lowest MX
state. The internal MX transitions associated with LL-mixing due to e-h Cou-
lomb interaction processes, when two particles can scatter simultaneously to
excited LLs (ELLs), in general, with different indices n and m, giving rise to
the number of new lines in the MX absorption spectra [43]. However, trans-
itions with |n−m| > 1 were found to be weak , of order ∼ (l/aB)2, and the
energy of all transitions decreases with the increase of momentum K. In the
excited states the interactions between MXs are dominated by the many-body
effects, such as shakeup processes, magnetoplasmon excitations and inter-LL
Auger transitions.

Virtual transitions to higher LLs, which promote particles first from the
LLL to the ELL, and then revert to the LLL, provide another possible mech-
anism that can alter interactions in the system. A well known example of the
enhancement of exchange component of the Coulomb interaction in a strong
magnetic field can be even amplified by the virtual transitions. The simple
mechanism of the exchange enhancement is the energy decrease of any oc-
cupied state by a negative amount corresponding to the exchange compon-
ent. The exchange interaction behaves like an attractive short-range potential
within distances of the order of the magnetic length l and leads to the increase
of the binding energy of MXs. However, in the Coulomb interaction processes
two particles (which can be of different species) can scatter simultaneously to
ELLs, in general, with different indices n and m and then can recombine to the
initial state, producing some polarization in the system. We derive matrix ele-
ments of this indirect interaction in the second order of the perturbation theory,
taking into account all excited LLs (i.e. with quantum numbers n ≥ 1). Unlike
the Coulomb interaction, the direct component of this indirect interaction is
not canceled out and being negative produces a supplementary attraction in
the system. The exchange component of indirect interaction is positive, but
was found to be smaller in magnitude than the direct one, so that the net ef-
fect of this interaction is attractive. The presence of the attractive interaction

33



between all types of the particles lowers the ground state energy of the metal-
lic e-h liquid (EHL) – a competing phase, which is a real space condensate of
e-h pairs. Below we discuss these effects and quantitatively compare the the
ground state energies of the excitonic phase and metallic EHL.

3.1 Coulomb scattering and virtual transitions between
Landau levels
Quantum transitions associated with Coulomb interactions are allowed
between the levels with the same spin (in systems without spin-orbital
coupling). Schematically such processes are shown in Fig.3.1, where the first
and the last diagrams describes transitions of particle between LLs. Since we
are concerned only in the LLLs, which can accommodate all particles at zero
temperature and high magnetic field, we consider virtual transitions, where
a particle is first promoted from the LLL to the ELL, and then reverted to
the LLL. We restrict ourselves with the simultaneous virtual transitions of
two particles, but allowing them to be excited in different LLs. Such virtual
transitions correspond to matrix elements Fi− j(p,0;q,0; p − s,n;q + s,m)
and Fe−h(p,n;q,m; p− s,0;q + s,0) with i, j = e,h, where Coulomb matrix
elements of single-particle states (1.7) are defined as follows:

Fi− j(p,n;q,m; p− s,n′;q+ s,m′) =∫∫
dr1dr2y i

n,p
∗(r1)y j

m,q
∗(r2)

e2

e0 |r1 −r2|y
i
n′,p−s(r1)y j

m′,q+s(r2). (3.1)

Figure 3.1: Diagrams describing Coulomb interactions of two particles. a) Coulomb
scattering with transition to FELL; b) Interaction between particles on different LLs;
c) Coulomb scattering with transition to LLL.

We start with rewriting the Hamiltonian Eq.(2.11) following the notation of
the paper II:

H = H0 +HLLL
Coul +HELL

Coul, (3.2)
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where H0 and HLLL
Coul are given by

H0 =
¤

ä
n=1
ä
p

nh̄wcec
†
npcnp +

¤

ä
n=1
ä
p

nh̄wchd†
npdnp;

HLLL
Coul =

1
2 äp,q,s

Fe−e(p,0;q,0; p− s,0;q+ s,0)a†
pa†

qaq+sap−s

+
1
2 äp,q,s

Fh−h(p,0;q,0; p− s,0;q+ s,0)b†
pb†

qbq+sbp−s (3.3)

− ä
p,q,s

Fe−h(p,0;q,0; p− s,0;q+ s,0)a†
pb†

qbq+sap−s.

Here we introduced operators c†
np,cnp and d†

np,dnp to distinguish electron and
hole creation and annihilation operators in ELLs from a†

p,ap and b†
p,bp in the

LLLs. In these operators the Hamiltonian HELL
Coul takes the form

HELL
Coul =

1
2 äp,q,s
ä
n,m

Fe−e(p,n;q,m; p− s,0;q+ s,0)c†
npc†

mqaq+sap−s

+
1
2 äp,q,s
ä
n,m

Fe−e(p,0;q,0; p− s,n;q+ s,m)a†
pa†

qcm,q+scn,p−s

+
1
2 äp,q,s
ä
n,m

Fh−h(p,n;q,m; p− s,0;q+ s,0)d†
npd†

mqbq+sbp−s

+
1
2 äp,q,s
ä
n,m

Fh−h(p,0;q,0; p− s,n;q+ s,m)b†
pb†

qdm,q+sdn,p−s (3.4)

− ä
p,q,s
ä
n,m

Fe−h(p,n;q,m; p− s,0;q+ s,0)c†
npd†

mqbq+sap−s

− ä
p,q,s
ä
n,m

Fe−h(p,0;q,0; p− s,n;q+ s,m)a†
pb†

qdm,q+scn,p−s.

One can proof, that the Hamiltonian Eq.(3.4) is Hermitian due to the symmetry
of matrix elements

Fe−e(p,0;q,0; p− s,n;q+ s,m) = F∗
e−e(p− s,n;q+ s,m; p,0;q,0).

We develop a perturbation theory considering HELL
Coul as a first order infinites-

imal and excluding it from the Hamiltonian Eq.(3.2) by applying a unitary
transformation [44]

Û = exp(iŜ), (3.5)

where Ŝ = Ŝ†. The transformation of the Hamiltonian Eq.(3.2) can be written
in terms of series expansion

e−iSĤeiS = H0 +HLLL
Coul +HELL

Coul + i [H0,S]
+i

[
HLLL

Coul ,S
]
+ i

[
HELL

Coul,S
]− 1

2! [[H0,S] ,S]+ . . . (3.6)
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The operator Ŝ can be found from the condition imposed on the transformed
Hamiltonian Eq.(3.6) to exclude the residual direct effect of ELLs, i.e.

i
[
Ĥ0, Ŝ

]
+HELL

Coul = 0 (3.7)

Averaging the transformed Hamiltonian Eq.(3.6) on the ground state of elec-
trons and holes in ELLs |0〉ELL we obtain an effective Hamiltonian [44]

He f f = ELL 〈0|e−iSĤeiS |0〉ELL
∼= HLLL

Coul +
i
2 ELL 〈0|

[
HELL

Coul, Ŝ
] |0〉ELL, (3.8)

with the supplementary interaction term

i
2 ELL 〈0|

[
HELL

Coul , Ŝ
] |0〉ELL = −1

2 äp,q,z
fe−e(p,q,z)a†

pa†
qaq+zap−z

−1
2 äp,q,z

fh−h(p,q,z)b†
pb†

qbq+zbp−z − ä
p,q,z
fe−h(p,q,z)a†

pb†
qbq+zap−z. (3.9)

Matrix elements fi− j(p,q,z), i, j = e,h, cannot be written in a closed form.
The explicit expression for indirect interactions matrix elements can be found
in paper III. Notice, however, that due to the minus sign this supplementary
interaction between the particles in the LLL is attractive.

Further we will concentrate on the particular case of electrons and holes
bound to excitons with a conserved wave vector Kx = p + q. In this case the
influence of indirect interaction between electrons and holes on excitons is
expressed by the sum

D(K) = ä
z
fe−h(p,kx − p,z)e−iKyzl2

= I2
l exp(−K2l2)

p ä
n,m

(Kl)2|n−m|

n!m!2|n−m|(nh̄wce+mh̄wch)

×
[
G
(

m+n+|n−m|+1
2

)
G(|n−m|+1) 1F1

( |n−m|+1−(n+m)
2 ; |n−m|+1; (Kl)2

2

)]2

, (3.10)

and for virtual transitions of an electron and a hole to LLs with the same index
n = m it reduces to

D′(K) =
I2
l exp(−K2l2)
p(h̄wce + h̄wch)

ä
n≥1

[
G

(
n+ 1

2

)]2

(n!)2n

[
1F1

(
−n+

1
2

;1;
(Kl)2

2

)]2

(3.11)
At the point K = 0 the hypergeometric function is simply 1F1

(−n+ 1
2 ;1;0

)
=

1, what leads to the following equality

D(0) = D′(0) =
4I2

l

p(h̄wce + h̄wch)
(p ln2−2G) , (3.12)

where G is Catalan’s constant (� 0.915966). Note that at K = 0 the contribu-
tion of virtual transitions with n �= m vanishes and only transitions with the
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same index n contribute to the indirect interaction between electron and hole.
But for finite values of K one has to account for virtual transitions with n �= m.

In addition, we calculate the sum of the diagonal matrix elements of indirect
e-h interaction for the case of wce = wch = wc as follows

Ae−h = A =
I2
l

p h̄wc
ä
n�1
ä

m�1

(n+m−1)!
2n+mn!m!(n+m)

=
I2
l

p h̄wc
S, (3.13)

where S is given in the Appendix A. Besides the indirect coupling of e-h pairs
we consider indirect e-e and h-h interactions expressed by the matrix elements
fe−e and fh−h. It can be seen that the sum of diagonal matrix elements de-
termines the Hartree contribution of the indirect interaction and is equal to A
obtained for e-h indirect interaction. The sum of the nondiagonal matrix ele-
ments fi−i(p, p−z,z) will determine the exchange contribution of the indirect
supplementary interaction as follows

Bi−i =
2I2

l

p h̄wc
ä
n,m

A(n+m),(n+m)
n+m

2n+mn!m!(n+m)
=

2I2
l

p h̄wc
T. (3.14)

Its evaluation is given in the Appendix A.

3.2 Effect of excited Landau levels on the ground state
of the system
The role of ELLs for the carriers residing in the LLLs can be described as
follows. The main contribution to the overall effect of Coulomb correlations
between the particles comes from intra-LL interactions and correlations due
to coupling via virtual excitations to ELLs, expressed in indirect interaction
terms (3.9). The average values of the Coulomb interactions in the HF approx-
imation give rise to direct-pairing or Hartree terms and to exchange-pairing or
Fock terms. The direct-pairing terms of the e-e, h-h and e-h Coulomb inter-
actions cancel each other due the condition of electro-neutrality of the e-h
system, whereas the Coulomb exchange e-e and h-h interactions are negative.
They give rise to the attraction in the system and facilitate the creation of Cou-
lomb correlated e-h plasma and e-h liquid. The supplementary attraction in the
system increases the binding energy of MXs and at the same time lowers the
energy per one pair in the composition of EHL. On the contrary, the exchange
pairing terms of the supplementary interaction are positive, giving rise to the
repulsion in the e-h system. They act in the favour of the BEC of MXs tending
to stabilize the condensate formation.
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Applying the canonical transformation (2.8) on the Hamiltonian (3.8) we
obtain the quadratic Hamiltonian H2 as follows

H2 =ä
p

[
E(K,v2,m)+(B−2A)v2(1−2v2)+2v2(1− v2)D(K)

]

×(a†
pap +b †

pbp)+ä
p

[
uv(

Kx

2
− p)bKx−pap +uv(p− Kx

2
)a†

pb
†
Kx−p

]
(3.15)

×{−2v2Il − Iex(K)(1−2v2)−m+2v2(B−2A+D(K))−D(K)
}

.

With the same arguments as before, we can require the last term in brack-
ets to be zero to ensure the quasiparticles conservation, what will define the
chemical potential of the system in the HFBA:

mHFB = −Ĩex(K)+2v2(B−2A+D(k)−E(K)). (3.16)

Here we introduced the renormalized ionization potential of MX Ĩex(K) =
Iex(k) +D(K) containing the correction due to influence of all ELLs, which
is presented in Fig. 3.2. Comparing the Eqs. (2.16) and (3.16) one can no-

Figure 3.2: Renormalized ionization potential in units of binding energy Il versus
dimensionless wavevector Kl. Solid line: Il/h̄wc = 1; dashed line: Il/h̄wc = 0.5. Inset:
Exciton dispersion shifted by the binding energy E(k) = −Iex(K)+ Il in units of Il .

tice that the whole effect of all ELLs on the chemical potential of the system
is expressed by three terms. The coefficient −2A reflects the influence of the
e-e, h-h and e-h supplementary attractions averaged with the direct pairing
(Hartree term) of electron and hole operators calculated in the HFBA. The
term B is completely due to e-e and h-h supplementary indirect interactions
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and appears after the exchange pairing of the electron and hole operators.
Their sum (B − 2A) is negative, what means that the attractive interaction
will supplement the intra-LL Coulomb interactions in e-h system. The term
2v2D(K) is emergent only due to e-h interaction and u-v transformation and is
called Bogoliubov’s self-energy term [45]. D(K) is a rapidly decreasing posit-
ive function of K and can compensate the indirect attraction only in the small
range of wavevectors Kl � 0.5. This, however, is enough to stabilize the BEC
phase in this range of wavevector K. But whether it is the ground state of the
system or not we can judge by comparing the energies of different phases.
With this intention in mind, we consider the EHL formation in HFA. We start
with an effective Hamiltonian (3.8), but without chemical potentials me and
mh, and calculate the ground state energy EEHL of EHL at T = 0 with the
average values of electrons and holes numbers on the LLLs are equal to〈

a†
pap

〉
=

〈
b†

pbp
〉

= v2 (3.17)

Applying the Wick theorem, we obtained the ground state energy

EEHL = −Ne−h
[
v2Il + v2(2A−B)

]
, Ne−h = Nv2, (3.18)

and the energy per one e-h pair eEHL of EHL in units of Il

eEHL

Il
= −v2

(
1+

2Il
p h̄wc

(S−T )
)

(3.19)

From the last equation we can see that the minimal value is achieved at filling
factor v2 = 1, which determines the energy per pair inside e-h droplet (EHD)
of maximal local density

eEHD = −Il(1+0.168r); r =
Il

h̄wc
. (3.20)

Chemical potential of BEC phase of MXs and energy per e-h pair of the EHD
phase are plotted in Fig. 3.3. One can see that chemical potential has positive
slope only for the small values of wavevector Kl < 1, what corresponds to the
overall repulsion in the condensed gas of MXs, while for Kl > 1 the slope is
negative, reflecting the attractive interaction and instability of the BEC phase.
At the same time the energy per e-h pair in EHD is very close to the values of
condensed excitonic gas with small momentum. This suggests the conclusion
that the homogeneous system splits into 2 phases: droplet phase of unbound
e-h pairs with maximal local density is surrounded by the condensed gas of
weakly repulsing excitons, as it was argued in paper III. One should remem-
ber, however, that Hartree-Fock theory gives exact results only for the K = 0
condensate. In the next chapter we discuss how the correlation corrections to
this result will change the picture.
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Figure 3.3: Chemical potential in units of binding energy Il versus filling factor v2 for
the value of the ratio r = 1/2. Solid line: energy per e-h pair in EHD phase; dashed
line: chemical potential of condensed excitons with K = 0; dotted line: the same, but
for Kl = 0.5; dash-dotted line: the same, but for Kl = 1; dash-dot-dot line: the same,
but for Kl = 3.6.
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4. Screening effects and Correlation
energy

As we have seen from previous chapter, the HFBA model predicts a blue shift
of the exciton level, i.e. an increase of the ground state energy due to the re-
pulsive interactions, which has not been confirmed experimentally. It turns
out that at elevated densities of the carriers, the screening effects become im-
portant and correlation corrections to the ground state energy and chemical
potential cancel the blue shift. Nozières and Comte [46] constructed a theory,
called generalized random-phase approximation (GRPA), which was capable
to account for screening effects and correlation energy in both limits of dense
exciton gas, when it reduces to standard RPA for two-component plasma, and
in dilute limit, when it describes the van der Waals interactions between ex-
citons. It is gratifying that the same approximation, which is known to be exact
in the limit of high densities, also yields a reasonable results in the dilute limit.
In the later case it represents an approximation to the van der Waals interac-
tion. This approximation describes the virtual polarization of two MXs due
to Coulomb interaction. The GRPA is useful also in the intermediate regime
providing an interpolation scheme between these two limits. Below we apply
the GRPA method to the studies of screening and correlation effects in the
excitonic system.

4.1 Coherent excitations and polarizability
Consider an excited state out of the condensate, in which the e-h pair extracted
from the condensate has a total momentum Q. This excitation can be described
as following state: ∣∣∣∣Ye(q± Qx

2
)
〉

= a+
q+ Qx

2
aq−Qx

2
|Yg(k)〉 , (4.1)

where |Yg(k)〉 is a condensed ground state of the system (2.7). As it was
shown by Anderson [47], such excitations do not break the phase coherence
of the BCS-state. In paper I we showed that the expectation value of the quad-
ratic Hamiltonian (2.16) on the wavefunctions (4.1) after Bogoliubov’s u− v
transformation is equal exactly to the MX ionization potential Iex(K). It does
not depend on the excitation momentum Q, i.e. has no dispersion. The energy
cost to excite one e-h pair from the condensate is equivalent to the unbinding
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of the MX state. The detailed normalization and completeness characteristics
of these excited states are given in the paper I.

The polarization induced in the system due to excitations to coherent states
(4.1) can be calculated in the approximation of weak response using Kubo
formalism [20]. The polarizability of the system in the approximation of a
weak response to the external longitudinal perturbation is given by

4paHF
0 (Q,w) = −4u2v2WQN sin2

(
KyQx −KxQy

2
l2

)
[S(w,K)− iG(w,K)],

(4.2)
where WQ = Wii(Q). In the ideal case the functions S(w,k) and G(w,k) read
as follows

S(w,K) =
P f

h̄w− Iex(K)
− P f

h̄w+ Iex(K)
;

G(w,K) = pd (h̄w− Iex(K))−pd (h̄w+ Iex(K)). (4.3)

The sine term in the expression (4.2) determines the coherence factor, which
is inherent to the BCS ground state. The polarizability vanishes when K → 0,
what ensures a finite dielectric constant at long wavelength. According to Noz-
ières and Comte [46], physically that feature is a consequence of e-h binding,
which precludes free-carrier Debye screening. The real part of the polarizab-

0 1 2 3 4

0.0000

0.0005

0.0010

0.0015

P
o

la
ri

za
b

il
it

y
 (

ar
b

. 
u

n
it

s)

Dimensionless wave vector Ql

Figure 4.1: Real part of the polarizability versus dimensionless wave vector. Solid
curve: polarizability of condensed MXs at Kl = 4.6. Dashed curve: polarizability of
noncondensed MXs.

ility for the condensed and noncondensed MXs is shown in Fig.4.1 versus the
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dimensionless vector Q̃ ≡ Ql. The polarizability has a resonance frequency
equal to the ionization potential Iex(K). One can see that polarizability is es-
sentially different for the condensed and noncondensed excitons. The polar-
izability of the condensed excitons is oscillating function of Q, and this fact
opens up the possibility for an experimentally observable signature of the ap-
pearance of Bose-Einstein condensation.

To avoid singularity in the expression (4.3) we introduce phenomenologic-
ally the damping rate g of the exciton level, following the considerations of
paper III. Then expression (4.3) takes the form:

S(w,K) =
h̄w− Iex(K)

(h̄w− Iex(K))2 + g2 −
h̄w+ Iex(K)

(h̄w+ Iex(K))2 + g2 ;

G(w,K) =
g

(h̄w− Iex(K))2 + g2 −
g

(h̄w+ Iex(K))2 + g2 . (4.4)

Though the damping mechanism involves MX scattering processes and de-
pends essentially on the MXs wave vector K, we will neglect this dependence
for a moment, so that phenomenologically introduced damping rate g plays
the role of the external parameter in our consideration. The natural treatment
of the damping rate will be discussed in the next chapter.

The relation between polarizability and dielectric permittivity could be es-
tablished in different approximations (see e.g. paper I for details). Below we
provide only the final results for two different approximations: HFA and RPA

1
eHF(Q,w)

= 1−4paHF
0 (Q,w);

eRPA(Q,w) = 1+4paHF
0 (Q,w). (4.5)

The necessity of different approximations to the dielectric permittivity will
become clear below, when considering GRPA for the ground state energy.

4.2 Correlation energy
Following the notations of paper II, the ground state energy of the interacting
system can be expressed in the form

Eg = −Nexä
Q

WQ −ä
Q

p
2arctan(Iex(K)/g)

¤∫
0

h̄dw
2p

e2∫
0

dl
l

Im

(
1

e(Q,w,l )

)
.

(4.6)
Here the integration over fictitious charge l appears according to the Pauli-
Feynman theorem [48]. The idea due to Nozières and Comte [46] was to use
the RPA approximation for dielectric permittivity (4.5). This substitution al-
lows us to separate the HF and correlation contributions to the ground state
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energy:

E0 = −Nexä
Q

WQ +ä
Q

p
2arctan(Iex(K)/g)

¤∫
0

h̄dw
2p

4paHF
0,2 (Q,w)

−2ä
Q

p
2arctan(Iex(K)/g)

¤∫
0

h̄dw
2p

4paHF
0,2 (Q,w)4paHF

0,1 (Q,w). (4.7)

Here 4paHF
0,1 (Q,w) and 4paHF

0,2 (Q,w) are real and imaginary parts of the
polarizability (4.2), respectively. The first two terms in the expression (4.7)
corresponds to HFA (2.17), whereas the last term determines the correlation
energy. In many-particle physics the term correlation energy refers to ground
state energy contributions beyond the HF level. The correlation energy is neg-
ative due to the screening effects and therefore lowers the energy of the in-
teracting system. However, this reduction is not monotonic and the local min-
imum of the correlation energy depends on the value of the filling factor v2.
After straightforward calculation we obtain correlation energy in the follow-
ing form

Ecorr

Nex
= −(1− v2)2v2 I2

l

pIex(K)
F(K)T (K,g), (4.8)

where

F(K) = 3+ exp[−K2l2

2
]I0(

K2l2

2
)−4exp[−K2l2

8
]I0(

K2l2

8
);

T (K,g) = 1− Iex(K)g
(I2

ex(K)+ g2)arctan[Iex(K)/g]
.

The corresponding correction to the chemical potential is mcorr = dEcorr/dNex

and the total value of the chemical potential is

m = mHFA +mcorr = −Ĩex(K)+2v2(B−2A+D(k)−E(K))

− 2
p

I2
l

Iex(K)F(K)T (K,g)v2(1− v2)(1−2v2). (4.9)

The dependence of the correlation energy and of the corresponding part of
the chemical potential mcorr on the wave vector K is governed by three factors.
The first one is the coherence factor, which vanishes when K tends to zero. The
second factor is the denominator Iex(K), which tends to zero with the increase
of momentum K. The third factor is T (k,g) ≈ (Iex(K)/g)3, which is particu-
larly important in the range of large K, where it decreases much faster than the
denominator, when Iex(K) is less than g . The chemical potential as function of
the filling factor v2 is shown in Fig. 4.2 for the case of sufficiently large wave
vector k and small damping rates. For large K, it becomes a nonmonotonous
function of filling factor v2 with a well-pronounced local minimum. The first
local minimum appears for Kl = 2.8 and g = 0.05Il . This minimum becomes
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Figure 4.2: Chemical potential of condensed MXs in units of binding energy Il at
Kl = 4.6 versus filling factor v2. Solid line: the total value with corrections due to
correlation energy and damping rate g = 0.05Il ; dashed line: the same, but damping
rate is g = 0.08Il ; dotted line: at g = 0.12Il .

deeper and more pronounced with the increase of the dipole moment Kl2,
due to the increase of the coherence factor and the decrease of the ionization
potential Iex(K), up to the moment when the ionization potential is approxim-
ately equal to the damping rate. Further increase of the absolute value of the
chemical potential is suppressed by the factor T (K,g), which reflects the fact
that damping prevails in the system. At larger values of the damping factor,
g > 0.1Il , the minimum does not appear for any Kl. The relative minimum of
the chemical potential implies the formation of a metastable dielectric liquid
phase with positive compressibility in this range of the filling factor v2. This
state is more stable than the electron-hole metallic liquid state. For sufficiently
low damping rates g < 0.04Il this state becomes more stable than the Bose-
Einstein condensed gas of MXs with K = 0. The minimum of the chemical
potential of MXs with Kl = 4.6 is lower than that one with K = 0 at the value
of filling factor v2 = 0.28. The mean distance between MXs for the dielectric
liquid drop

√
2pl/vm is of the same order as the absolute value of the dipole

moment Kl2 at Kl = 4.6 and v2
m = 0.28. At the same time the drop formation

being a slowly inhomogeneous in space distribution of excitons will give rise
to a small uncertainty of the condensate wave vector K depending on the drop
parameters. For 0.05Il ≤ g ≤ 0.1Il and v2 < v2

m the uniform excitonic liquid
will split into the droplets surrounded by the gas of condensed excitons with
zero momentum, as we demonstrated in paper V. In the next section we will
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see, that excitonic dielectric liquid phase may coexist also with crystalline
phase of electrons and holes.

4.3 Double Quantum Well
We consider a spatially separated 2D e-h system, when electrons and holes are
confined into different layers with the distance d between them. All the res-
ults obtained in previous sections one can directly apply to the DQW system,
provided that MX dispersion in this case is given by the expression (1.14). The
indirect MXs possess dipole moments, and therefore the ground state will be
the dipole-interacting system of excitons. The total value of the chemical po-
tential is given by the Eq.(4.9), but with

F(K) =
√
p(exp[d2/l2]erfc(d/l)+2) (4.10)

−2

¤∫
0

dQl exp(−Q2l2 −Qd)[4J0(KQl2)− e−QdJ0(2KQl2)].

As one can see the chemical potential and consequently the formation of the
dielectric liquid phase of the condensed MXs with finite momentum depends
on the interlayer separation d, which is experimentally controlled parameter.
The e-h bilayers are expected to exhibit a uniform BEC of excitons - dipolar
dielectric liquid - when the distance between the two layers d is much smaller
than the typical interparticle distance. From other hand, there is additional
"degree of freedom" in the system - the filling factor of the LLL. We have
already seen that for high filling of the LLL, system will exhibit transition to
the metallic EHL phase. Combining these two parameters, i.e. the interlayer
distance d and filling factor v2 of the LLL one can expect even more rich
phase diagram than in a single QW system. In paper IV we discuss some
other possible phases in DQW, which is governed by these two parameters.

It was recognized that if the layer separation is much larger than the aver-
age intralayer distance between neighboring particles, then two independent
charge-density waves (CDW) states with broken translation symmetry will
give the lowest energy of the system, depending on the filling factor of the
LLL. Following D. Yoshioka et al. [49], we assume the same density pattern
for electrons and holes and introduce the order parameter D(Q) of the double
CDW, depending only on the modulus of the wave vector Q:

D(Q) =
1
N

< r̂i(Q) >, i = 0;1, (4.11)
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where Q is the wave vector of the reciprocal lattice of the CDW, and D(0) = v2.
Then the Hamiltonian (2.11) in the HFA is decoupled to:

Ĥ =ä
Q

1

ä
i=0

UCDW (Q)D(−Q)ri(Q)−Nä
Q

UCDW (Q)|D(Q)|2 − (Il +m)N̂.

(4.12)
Here

UCDW (Q) = NWQ(1− exp[−Qd])− Il exp[−Q2l2/4]I0(Q2l2/4)

is Hartree-Fock potential. The reciprocal lattice vectors are
Q = {(i+ j

2)Q0,
√

3
2 jQ0} for a triangular lattice; Q = {iQ0, jQ0} for a square

lattice, and Q0 is a fundamental periodicity of a reciprocal lattice. It was
argued in [49] that the periodicity of the CDW coincides with the periodicity
of the Wigner lattice of the same density and symmetry and the CDW state
is nothing, but the Wigner crystal [50] of electrons (holes) with overlapping
wave functions. Therefore, we choose for an approximation for the CDW
order parameter (4.11) the order parameter of the Wigner crystal, given by

DW (Q) = v2 exp(−Q2l2

4
). (4.13)

Then the expectation value of the Hamiltonian (4.12) gives us the ground state
energy in the HFA

ECDW (Q0) = Nä
Q

UCDW (Q)|DW (Q)|2. (4.14)

One fixes the lattice period and provides the lowest energy by the commen-
surability relations [49], which implies the following condition:

Q2
0l2 =

4p√
3

v2, for a triangular lattice,

Q2
0l2 = 2pv2, for a square lattice. (4.15)

The ground state energy of CDW with two leading harmonics as a function
of layer separation d is presented in Fig. 4.3. One can see that the triangular
CDW state has lower energy, than the square CDW state, since it minimizes
the potential energy of the crystal. However, both CDW states are above the
Bose condensed states of MXs with K = 0 and K = 2Q0, if the correlation
energy is taken into account. This means that excitonic state is preferable for
the system in this range of the layer separation d and given value of damping
rate g = 0.15Il .

We suggest that the system undergoes a phase transition excitonic dielec-
tric liquid – crystalline state of electrons and holes with the increase of the
interlayer separation d and the damping rate g . Since this is a transition from
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a uniform state to crystalline state, it is likely to be the first-order phase trans-
ition. We have found the at d ≥ 2l and g ≥ 0.2Il the ground state of the system
is crystalline, i.e. a CDW of electrons in one layer and holes in another one
or a double charge-density wave, while at d ≤ l and g ≤ 0.1Il the ground state
of the system is an excitonic liquid at small values of filling factor v2 of the
lowest Landau level or a electron-hole droplet at v2 = 1. At the range of para-
meters v2 ≈ 0.3, l < d < 2l and 0.1Il < g < 0.2Il , where the mean distance√

2pl/v between excitons in the drop is of the order of the layer separation,
the condensed phase of MXs may coexist with the excitonic-density wave, as
it was suggested in [51]. We point out that both phases – excitonic condensate
and Wigner crystal – having two broken-symmetry states will have a ground
state with phase-coherence between the two layers and a broken translation
symmetry, which can be viewed as a Wigner supersolid phase. As we have
seen from Fig. 4.3, the energy of the double CDW is always above the en-
ergy of excitonic phase at these values of parameters. Though our conclusion
about the lowest energy of the system is made by comparison with the energy
of the double CDW in the HF approximation, the second order corrections
and correlation corrections contribute only few percents of this energy, as it
was shown in [52, 53]. We also compared the ground state energy of the ex-
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Figure 4.3: Energy per particle in units of e2/e0l versus layer separation d in units
of the magnetic length. 1: Energy of the triangular charge-density wave state at filling
factor v2 = 1/3; 2: the same, but for the case of the square reciprocal lattice of CDW;
3: total energy per exciton in the condensed phase at K = 2Q0 and damping rate g =
0.15Il , v2 = 1/3; 4: the same, but for the case of g = 0.20Il ; 5: total energy per exciton
in the condensed phase at K = 0 and damping rate g = 0.15Il , v2 = 1/3;6: energy per
exciton in the HFA at K = 0; 7: energy per exciton in the HFA at k = 2Q0.
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citonic dielectric liquid state with the energy of the incompressible Laughlin
liquid state of electrons and holes calculated in [54] at v2 = 1/3. We have not
taken into consideration the dependence of the Laughlin state on the layer sep-
aration d, restricting only to the region of d, where two independent electron
and hole Laughlin states exist in each layer, neglecting interlayer correlations
and tunneling. We found that the energy of the excitonic dielectric liquid was
lower than the Laughlin energy for the chosen values of damping rate and
filling factor. We interpret the ground state in this region of parameters to
be supersolid crystal consisting of Bose condensed MXs. In the next chapter
we will investigate the collective excitations of the excitonic dielectric liquid
phase and its instability.
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5. Collective excitations

In previous chapters we found excitation spectra of single particle and single
pair elementary excitations. The energy cost for excitation of one quasiparticle
from the condensate is equal to the half of MX energy, i.e. the excitation of
one e-h pair of new quasiparticles will require the break of bound MX state.
There are also another type of excitations in the system – collective elementary
excitations, which in the dilute limit correspond to the motion of single MX
as a whole, without bond breaking. This kind of excitations changes only the
total momentum and the kinetic energy of the translational motion of MX.

Apart from excitonic system, the collective mode properties of the ground
state of 2D electron liquid within the fractional quantum Hall effect (FQHE)
research activity has been the subject of persistent interest in the literature
[55, 56, 57]. A pioneering paper on this subject [55] is based on some ideas
already introduced by Feynman [58] in the theory of superfluidity. The neutral
low-energy excitations of the incompressible electron liquid have a nonzero
gap for all wave vectors q, with a minimum value at q ∼ 1/l. These excit-
ations are well described by the single-mode approximation, and are called
magnetorotons (MRs) by analogy with roton excitations of superfluid helium.
The general conclusion of this work indicated the stability of the considered
ground state due to the appearance of a gap in the spectrum of the lowest
energy collective excitation, that are due to excitonic binding terms of the
Coulomb interactions in the neutral pairs of anyons. The polaron effect for
MXs interacting with MRs under the conditions of FQHE state was predicted
in [59].

In this chapter we discuss the collective excitations of electron-hole system
in a systematic manner using a Green’s function formalism. To describe col-
lective modes of the system we employ a method proposed by Anderson in the
theory of superconductivity [60]. It was argued the existence of longitudinal
collective modes in superconductors which resembles a bound pair of elec-
trons with nonzero momentum and linear dispersion. Using RPA he derived a
set of coupled equations by linearization of the equations of motion for oper-
ators (2.13) as well as for a superconductor analog of the quantity (2.5). The
dispersion relation can be found then straightforwardly as factor of the aver-
ages of these quantities. We generalize this ansatz to the system of condensed
MXs with nonzero momentum introducing "anomalous" two-particle Green’s
functions emergent in the presence of BEC of MXs, and derive a Dyson-type
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equation from the coupled Heisenberg motion equations. Below we discuss
the realization of this method and the results obtained.

5.1 Heisenberg equations of motion
To derive the collective excitation spectrum of the Bose-Einstein condensed
MXs we start with the Heisenberg equations of motion for exciton (2.5) and
plasmon (2.13) operators:

dX†(P)
dt

= [X†(P), Ĥ],
dX(P)

dt
= [X(P), Ĥ],

dr(P)
dt

= [r(P), Ĥ],
dD(P)

dt
= [D(P), Ĥ], (5.1)

where we introduced the sum of partial charge-density fluctuation operators
r(P) = r̂0(P)− r̂1(P), and D(Q) = r̂0(P)− r̂1(P), which will be referred
to as out-of-phase and in-phase plasmons, respectively. The existence of the
BEC phase is reflected in the symmetry breaking terms of the Hamiltonian
(2.20). The explicit form of these motion equations is given in the paper VI.
Here we will not repeat the rigorous derivation, instead we will concentrate
on its meaning.

An important property comes out from the fact, that the above operators in
general do not commute with each other [59] and with Hamiltonian (2.11).
The commutation relations between operators from the first and second rows
of Eq.(5.1) establish MX-plasmon coupling in the system. The direct linear-
ization of the system (5.1) as proposed by Anderson, is by no means obvious
in this case. The solution can be found by resorting to the Green’s function
technique. The two-particle retarded Green’s function

〈〈Â(t); B̂(0)〉〉 = −iQ(t)〈[Â(t), B̂(0)
]〉

is introduced into the set of motion equations (5.1). At first glance, the situ-
ation is not improved much due to appearance of nonlinear terms on the
right hand sides of these equations. Since in these equations the two-particle
Green’s functions are coupled to four-particle Green’s functions, which in
turn couple to six-particle Green’s functions etc., we need to truncate at this
stage an infinite hierarchy of equations in order to get a closed set of coupled
equations for Green’s functions. It turned out that the decoupling of the six-
particles Green’s function will give contributions proportional to the two-
particle Green’s function. Another important simplification is decoupling of
elementary excitations with different wave-vectors. So the initial problem was
reduced to the Dyson-type equation in a matrix form. The poles of their self-
energy parts will determine the dispersion relation of the system. As a result
we obtain a secular equation in matrix form, which can be solved in different
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approximations. By keeping the terms only linear and quadratic in interac-
tions and up to the first order in v2, we make an approximation equivalent to
the HF theory. The parameter n = (E(K)− Il − m)v is evaluated by solving
equation of motion for the macroscopically large amplitude of coherent mag-
netoexcitons (X(K)), neglecting the influence of noncoherent quasiparticles.
The secular equation is factorized further into the linear and cubic equations
for energy with analytical solutions, which will be discussed below.

5.1.1 Hartree-Fock solution
The results in HF approximation is presented in Fig.5.1. Fig.5.1(a) presents a
well-known result [15] for collective modes of K = 0 condensate - the ideal
Bose gas of MXs. The upper branch (solid curve) is simply given by a single
MX dispersion, and the lower branch (dashed curve) is the mirror-image ex-
citon dispersion. Fig.5.1(b) shows the collective modes for the value of con-
densate wave-vector Kl = 3.6, when the liquid phase is formed, versus parallel
wave-vector q � K of fluctuations. There is a gap D = 2v2E(K)

√
1+4v4 in

the exciton dispersion associated with the upper branch (dash-dotted line) and
−D in the lowest branch (dotted curve) of quasi-energy, which emerges only
in the presence of condensate and is quite similar to the quasi-energy concept
in photon laser field. The solid curve is out-of-phase plasmon mode with dis-
persion reproducing a single magnetoexciton dispersion E(K). The in-phase
plasmon mode (dashed curve) has negative dispersion and exhibits a deep
MR minimum in the vicinity of q ≈ K. The dispersion will be gapped with
wq � Dr +(q−K)2/2mr, where Dr is the energy gap at the MR minimum and
mr is the effective MR mass. Fig.5.1(c) and (d) show collective modes dis-
persion for mutually perpendicular and anti-parallel orientation of q and K,
respectively. One can note strong suppression of the in-phase plasmon mode
by the dielectric liquid. However, the out-of-phase plasmon mode remains un-
changed for any orientation of wave-vector q.

In conclusion, we calculated the dispersion of charge-neutral collective ex-
citations of the condensed excitonic dielectric liquid state. We found the ab-
sence of zero-gap branches (with respect to the ground state energy) in the
low-lying single-pair and collective excitations of the condensed MXs. The
lowest branch of collective modes is the in-phase plasmon branch, which ex-
hibits a strong MR behavior in contrast to earlier predictions of acoustic dis-
persion in a two-component plasma. The explanation of the predicted behavior
due to Feynman [58] is that roton minimum is a consequence of the Bose-
Einstein statistics and is a ring-vortex like excitation. An alternative point of
view is that roton excitation represents the memory of the system about a
preferred wavevector for the density modulations of a solid [61] and that the
softening of the MR gap signifies the onset of the liquid-to-solid transition.
We have found that with the increase of condensate momentum K the Dr is
suppressed and it induces an instability of a uniform excitonic state. The cal-
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culation of the energy spectra beyond the HF approximation can provide a
more detailed information on this softening by means of damping rate de-
pendence on the condensate wavevector K. However, this question is out of
scope of the present studies.
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Figure 5.1: Dispersion spectra of the collective modes of magnetoexcitons condensed
into the state with: a) K = 0; b) Kl = 3.6 and K � q; c) the same, but for the case
K ⊥ q; d) the same, but for the case K ↑↓ q. The dotted curve represents quasi-energy;
dashed curve is the in-phase plasmon mode; solid curve is the out-of-phase plasmon
mode and dash-dotted curve is excitonic mode. The straight line is chemical potential
of the system.
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6. Concluding Summary

We have studied theoretically Bose-Einstein condensation of QWs MXs in
idealized model. Using microscopic description similar to the BCS theory of
superconductivity, we have shown that under certain conditions in a single
QW a gas of condensed MXs with zero momentum can coexist with e-h
droplets of metallic liquid phase due to influence of excited Landau levels
on the interactions in quantum many-body system. We predicted that MXs
with sufficiently large momentum can form a novel dielectric liquid phase
with positive compressibility. The calculated dispersion of collective modes
shows a MR behavior, with a pronounced softening for very large momenta,
what is a precursor of the instability of condensed liquid phase. The forma-
tion of a liquid excitonic phase can be observed according to the shift of the
photoluminescence PL line or an abrupt change in the exciton diffusion coeffi-
cient. The appearance of a liquid phase is characterized also by the appearance
of excitonic liquid drops, which can be observed experimentally from the gi-
ant photoluminescence fluctuations, corresponding to the motion of the drops
with finite momentum, in local observation of PL with the aid of either an
opaque mask with microholes or an optical fiber. Recent advances in exper-
imental techniques allows to detect signatures of the collective modes from
inelastic light scattering [56, 57].

For a bilayer system we predict a coexistence of the liquid excitonic phase
and Wigner solid of electrons and holes in different layers. This coexistence
might emerge in a form of supersolid phase with phase coherence between
two layers and broken translation symmetry along the layers. Observation of
a Wigner supersolid, with two nonzero order parameters, will require sep-
arate measurements of phase coherence and crystalline order. The uniform
excitonic liquid phase is characterized by dissipationless counterflow cur-
rents proportional to the in-plane magnetic field and an enhanced interlayer
tunneling conductance [34]. When the system becomes supersolid, since the
excitons are localized, interlayer tunneling conductance will be suppressed
compared to its value in the superfluid phase. Additionally, since the exciton
recombination is restricted to lattice sites, Fourier transform of spatially re-
solved PL spectra will reflect the crystalline structure. It is also possible to
observe excitonic drops from the large current fluctuations along the layers
in a system of two quantum wells. The interlevel resistance to the dragging
of electrons and holes can also be a sensitive indicator of a transition to the
superfluid and other phases of the e-h system.
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Since the critical temperature for BEC in two dimensions is T = 0, we have
focused on quantum phase transitions between possible ground states of this
system in the absence of disorder; thus, our discussion is applicable at very
low temperatures and to ideally pure systems. Experimental observation of
the proposed supersolid phase will necessitate considerations of disorder and
temperature, which are beyond the scope of this studies. We believe that at
finite temperatures and in the presence of finite disorder, our proposed Wigner
supersolid is likely to be a crossover phase with the strict supersolid exist-
ing only at T = 0 in relatively clean samples. More theoretical work will be
needed to address this question. Although the experimental observation of our
proposed Wigner supersolid may be difficult, we believe that its existence in
electron-hole bilayers follows from general principles and is therefore a robust
conclusion.
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7. Sammanfattning

Sökandet efter Bose-Einstein kondensat har länge varit en nyckelfråga inom
den kondenserade materiens fysik. Efter att i ett stort antal år ha varit ett
fenomen med endast en experimentell verifikation, har den remarkable kvant-
mekaniska effekten Bose-Einstein kondensering (BEK) nu realiserats i ett
stort antal system i form av spontan faskoherens. Det första att observeras
men som gäckar en fullständig förklaring är supraledning. Ett annat tidigt ex-
empel på faskoherens är supraflytande helium. Nyligen har BEK av atomära
gaser gett en möjlighet att studera källor för koherenta materievåger, d.v.s.
atomlasrar. Detta är ett snabbt växande forskningsfält som har fått bidrag från
flera olika discipliner, bl.a. atom- och molekylfysik, optik, statistisk mekanik
och kondenserad materiens fysik. En stor del av det enorma intresset för
BEK kan spåras till förväntningarna att den kan kasta ljus på några funda-
ment inom kvantmekaniken, supraledning, supraflytning, växelverkan mellan
atomer, laserfysik och icke-linjär optik, d.v.s. några av de viktigaste forskning-
sområdena inom modern fysik.

De remarkabla egenskaperna hos supravätskor och supraledare är intimt
förknippade med att de starkt växelverkande partiklarna bildar en bosonisk
kondensat av kompositpartiklar, svar och en bestående av ett jämt antal fer-
mioner. I kraftigt exciterade halvledare kallas dessa kompositpartiklar ex-
citoner, ett bundet tillstånd mellan en elektron och ett hål. Dessa elektron-
hålpar (e-h) kan ses som halvledarens analogi till väteatomen, men med en
massa i samma storleksordning som för en fri elektron. Eftersom BEK tem-
peraturen är omvänt proportionell med massan, förmodas det att kondenserin-
gen av en excitongas kan ske vid temperaturer storleksordningar högre än de
som observerats vid atomär kondensering. Excitonkondensater kan sönder-
falla i fria fotoner, vilket skulle möjliggöra produktion och studier av ko-
herent ljus. Men denna BEK av excitoner har ännu inte verifierats experi-
mentellt. Realiseringen av excitonisk BEK i halvledare skulle öppna för nya
möjligheter att manipulera makroskopisk kvantkoherens, eftersom den väl ut-
byggda halvledarteknologin med dess stora flexibilitet att ändra de ingående
parametrarna.

Denna avhandling studerar BEK av excitoner i kvantbrunnar (KB) och
i stora magnetfält. Arbetet är upplagt som följer. I kapitel ett beskrivs de
experimentella förutsättningarna för lågdimensionella system, speciellt
tvådimensionella, dessutom introduceras den kvantmekanik som behövs för
att beskriva partiklar i kvantbrunnar. Vi går dessutom igenom grunderna
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för teorin bakom tvådimensionella laddningar i externt magnetfält och
diskuterar därefter magnetiska excitoner i starka magnetfält. I kapitel två går
vi igenom makroskopiska kvantfenomen och spontan faskoherens. Dessa
begrepp diskuteras genom att studera Bardeen-Schrieffer-Cooper-teorin
(BCS) och demonstrerar hur spontana symmetribrott kan introduceras i
BCS genom Bogoliubovs kvasimedelvärdsmetod. Vi visar att BEK av
magnetiska excitoner är instabil på grund av växelverkan mellan excitoner
med finita rörelsemängder. Växelverkan på grund av Landaunivåmixning
och effekter av interna excitonövergångar studeras i kapitel tre. Detta
leder till observationen att virtuella kvantövergångar av två växelverkande
partiklar från lägsta Landaunivån till en exciterad nivå och tillbaka, ger
det dominerande bidraget till den indirekta växelverkan i systemet. I andra
ordningens störningsteori dessa virtuella övergångar leder till en indirekt
attraktiv kraft, som leder till en förstärkning av excitonens elektrostatiska
bindningsenergi. Det visar sig dock att denna indirekta växelverkan dessutom
leder till en repulsiv Bogoliubov-självenergi, som stabiliserar en kondensat
av excitoner med små rörelsemängder. Samtidigt favoriserar denna indirekta
attraktion skapelser av realrumskondensat, metalliska e-h vätskor där
Coulombväxelverkan är kraftigt skärmad. Denna formation är det störta
hindret för BEK av de magnetiska excitonerna. I kapitel fyra utvecklar vi en
teori som tar hänsyn till effekterna från skärmning, korrelation, polarisering
och koherenta excitationer. Vi visar att en BEK hos magnetoexcitoner med
finit rörelsemängd transformeras till en metastabilt tillstånd bestående av
en dielektrisk vätskefas med positiv kompressibilitet. Detta tillstånd kan
koexistera med en gas av kondenserade excitoner utan rörelsemängd i
fallet med en enkel KB-struktur eller med en dubbel laddningstäthetsvåg
av elektroner och hål i kopplade KB. Denna dielektriska vätska är
energetiskt mer stabil än den metalliska e-h vätskan i båda dessa fall. För att
åstadkomma mer realistisk villkor introducerar vi en dämpningshastighet för
excitontillstånden och letar efter parameterintervall där excitonfasen bildar
grundtillståndet. De kollektiva excitationerna hos detta nya tillstånd studeras
vidare i kapitel fem. Anmärkningsvärt är att de kollektiva fluktuationerna
på grund av e-h pars förflyttningar uppvisar en karaktäristisk magnetoroton
signatur, på liknande sätt som en annan kvantvätska – den som ger upphov
till den kvantiserade Halleffekten. Vi hittar inga gaplösa moder, varken
hos excitationer bestående av individuella par eller kollektiva excitationer
av de kondenserade magnetoexcitonerna. Den lägst liggande kollektiva
moden består av plasmoner i fas som uppvisar ett starkt magnetorotoneffekt
till skillnad mot tidigare förutsägelser för den akustiska moden hos
en tvåkomponent plasma. Från detta excitationsspektrum kan många
experimentellt verifierbara signaturer som skulle påvisa existensen av ett
kondensat. Detta spektrum är direkt relaterat till experimentella luminiscens-
och absorptionsspektra.
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A. Appendix

We start with the evaluation of coefficient S, which is defined through the
infinite sums

S =
¤

ä
n=1

¤

ä
m=1

(m+n−1)!
m!n!(m+n)2m+n . (A.1)

The summation over first index m can be done with the help of hypergeometric
series

¤

ä
n=1

2−n−1
3F2

(
1,n+1,n+1;2,n+2; 1

2

)
n+1

,

which after careful simplification of summands leads to the following sum

−
¤

ä
n=1

1
2n

(
y

(
n
2

)−y (
n+1

2

))
+2−n

n2 . (A.2)

Here y(z) = G′(z)/G(z) is polygamma function. The last summand can be
evaluated immediately as follows

¤

ä
n=1

2−n

n2 =
1

12

(
p2 −6ln2(2)

)
. (A.3)

The sum of polygamma functions[62] converges due to the difference in the
numerator and can be evaluated as

−
¤

ä
n=1

y
(

n
2

)−y (
n+1

2

)
2n

= 1.06269 (A.4)

Combining Eqs.(A.3) and (A.4) the sum of Eq.(A.1) is simply given by

S =
1
12

(
6ln2(2)−p2)+1.06269 (A.5)

A close similarity of the coefficient T expressed through the infinite sums

T =
¤

ä
n=1

¤

ä
m=1

A(n+m),(n+m)
n+m

m!n!(m+n)2m+n (A.6)

will help to employ hypergeometric representation. Note, however, that coef-
ficient of the summand is quite complicated

A(n+m),(n+m)
n+m =

2m+nG
(
m+n+ 1

2

)
√
p

p/2∫
0

(
sin2(y)

)n+m

(
1+ sin2(y)

)n+m+1/2
dy (A.7)
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but we will use a trick by changing the order of summation and integration.
Introducing a variable x = sin2(y) the summation over m can be done as fol-
lows:

¤
ä

n=1

¤
ä

m=1

G(m+n+ 1
2)xm+n

((m+n)G(m+1)G(n+1))(x+1)m+n+ 1
2

=

¤
ä

n=1

x( x
x+1)

nG(n+ 3
2)3F2(1,n+1, 1

2 (2n+3);2,n+2; x
x+1)

(n+1)(x+1)3/2G(n+1) =

−
¤
ä

n=1

(n+1)
(
−2xn

√
x+1+2( x

x+1)
n
+(2n+1)B x

x+1
[n+1,−n− 1

2 ]
)
G(n+ 3

2)
n(2n+1)

√
x+1G(n+2)

, (A.8)

where Bz(a,b) is incomplete Beta function. The straightforward evaluation of
the first two terms in the summand leads to the following equalities

¤

ä
n=1

(n+1)2
(

x
x+1

)nG
(
n+ 3

2

)
n(2n+1)

√
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√
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(A.9)

and
¤

ä
n=1

(n+1)(2xn)G
(
n+ 3

2
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n(2n+1)G(n+2)

= 1
2

√
px 3F2

(
1,1, 3

2 ;2,2;x
)

= −2
√
p ln

[
1
2

(√
1− x+1

)]
(A.10)

The last term in the sum Eq.(A.8) can be found owing to the integral repres-
entation of incomplete Beta function[62]

B x
x+1

(
n+1,−n− 1

2

)
=

x/x+1∫
0

x n(1−x )−n− 3
2 dx

and changing again the order of summation and integration
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For |x| ≤ 1 the integration can be done analytically

x
x+1∫
0

√
p


ln(2)−ln

(√
2+ 1
x−1 +1

)
+ 1√

2+ 1
x−1

−1




(1−x )3/2 dx

=
√
p

(−2
√

x+1ln
[

1
2

(√
1− x+1

)]
+ ln

[
2
(x+1−√

x+1)(
√

1−x+
√

x+1)
(x+1+

√
x+1)(

√
x+1−√

1−x)

])
. (A.12)
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The Eq.(A.12) is supplemented by the factor 1/
√

x+1 and combining the
terms of Eqs.(A.9) and (A.10) into the integral over y , which can be substi-
tuted by t = tan

(y
2

)
and x = 4t2/

(
t2 +1

)2
; dy = 2dt/(t2 +1) we obtain

T =
1∫
0

2dt√
t4+6t2+1

(
2ln

[
1
2

(
t2+1√

t4+6t2+1
+1

)]
(A.13)

− ln
[

1
2

(
t4 − t2

√
t4 +6t2 +1+6t2 −3

√
t4 +6t2 +1+5

)])
.

This is approximately equal to 0.2161
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