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A B S T R A C T

Theory and methods to compute the wave field and hydrodynamic interaction in arrays of fixed or floating
structures have many applications, ranging from offshore platforms to wave energy parks. Analytical iter-
ative and non-iterative multiple scattering theory, and extensions thereof, are often used for this purpose.
However, the computational cost grows with the number of interacting bodies, and studies of large arrays of
independently moving bodies often require assumptions in terms of layout periodicity, expansion in different
length scales, or neglected degrees of freedom. In optimization studies of wave energy parks, many simulations
are usually required, implying that the existing methods are too slow. The current paper extends analytical
multiple scattering theory by dividing the floats in clusters, and computes the hydrodynamic interaction within
clusters exactly, but iteratively between clusters. The method constitutes a bridge between the iterative and
non-iterative multiple scattering methods, and enables a faster modelling of parks of many floating bodies, to
a retained accuracy. The proposed method is validated with numerical and analytical methods with excellent
agreement, to a drastically reduced computational cost.
1. Introduction

In many offshore applications, there is a need to understand the
hydrodynamic interaction between a large number of floating bod-
ies. The purpose can be to study wave run-up and trapped modes
within platform legs of a floating airport or bridge, or to study the
hydrodynamic forces and stability in an offshore wind farm, or the
dynamics of floating ice sheets. Theory as well as analytical and nu-
merical methods to compute the wave field within an array of fixed or
floating structures have been developed since the 70’s and extended to
various directions, such as (semi-)infinite arrays, arbitrary geometries,
and arrays in the presence of walls. When the structures are floating
and moving independently, the computational cost involved in solving
the wave field within the array becomes large, and grows with the
number of interacting bodies. An implication of this is that restrictions
or approximations often must be applied, such as a limited amount
of bodies, a certain array layout or length scale, or wide spacing ap-
proximations. This becomes an obstacle when the objective is to model
large realistic arrays of floating bodies, in particular repeatedly as in
an optimization study. The present paper develops a semi-analytical
method for computing the hydrodynamic interaction within an array
of floating structures with reduced computational cost but retained
accuracy, thus enabling simulations of more and larger parks.

In this paper the fluid is assumed incompressible, irrotational, and
inviscid, and the waves are assumed non-steep, such that the fluid is
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governed by linear potential flow theory. Incident waves will scatter
throughout the array and the floating bodies will radiate waves that
will again be scattered, and the total wave field within an array will be
a superposition of the incident, radiated, and scattered waves.

By applying multi-body diffraction theory for acoustics to ocean
waves, an iterative multiple scattering theory was developed by Ohkusu
(1974) to study offshore platforms. The theory was further developed
by Mavrakos and Koumoutsakos (1987) and Mavrakos (1991) to arrays
of fixed and floating axisymmetric wave energy converters (WECs),
respectively. This branch of analytical methods for solving the fluid–
structure interactions in arrays of floating bodies is an iterative multiple
scattering method, as the scattered waves within an array are added
iteratively until convergence is reached.

Another approach was proposed by Kagemoto and Yue (1986)
who used the method of Simon (1982) to develop an exact method
for solving all scattered waves in an array of axisymmetric bodies
simultaneously, without the need for iteration. The method was later
combined with the single-body diffraction solution of Garrett (1971)
by Yılmaz and Incecik (1998) to solve for an array of truncated vertical
cylinders. When the bodies are truncated, the infinite matrices in the
solution must be truncated, and the method is semi-exact. Siddorn and
Eatock Taylor (2008) further combined the theory with the single-
body radiation solution of Yeung (1981) to extend the method to the
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it
radiation problem in an array of independently oscillating, truncated
cylinders. This method is often denoted the direct-matrix method, from
the direct approach of solving the diffraction problem for the full array
simultaneously, or sometimes simply the non-iterative multiple scattering
method, which is how it will be referred to in the present paper.

Both the iterative and non-iterative multiple scattering methods
have been extended and applied to a wide range of problems. Peter and
Meylan (2004) extended the non-iterative multiple scattering method
to infinite depth and arbitrary body geometries and applied it to solve
the wave forcing of multiple ice floes. Child and Venugopal (2007)
coupled the method to motion of independently moving WECs and
energy extraction. Chatjigeorgiou and Mavrakos (2010) extended the
iterative multiple scattering problem to elliptic coordinates, and Renzi
et al. (2014) and Noad and Porter (2015) used different approaches
to develop analytical methods for flap-type WECs. Zeng and Tang
(2013) extended the theory to floats moving in six degrees of free-
dom, Göteman (2017) and Zheng et al. (2018) to floats of varying
sizes and topography, and Zheng et al. (2019) to the radiation problem
of multiple floats with arbitrary cross-section. Flavià et al. (2017)
applied multiple scattering to study and optimize arrays of WaveS-
tar devices. Tokić and Yue (2019b) extended the multiple scattering
method to periodic arrays of arbitrarily shaped WEC geometries, and
used it to further evaluate performance of large linear arrays with
randomized WEC positions (Tokić and Yue, 2021). Wave directionality
and omnidirectional waves were included and studied by Ji et al.
(2015) and Göteman et al. (2018). Konispoliatis and Mavrakos (2016)
solved the motion and pressure-dependent radiation problems around
an array of vertical axisymmetric oscillating water column devices,
and Zheng et al. (2019) studied an array of similar WECs installed along
a straight coast.

Recently, Konispoliatis et al. (2020) compared iterative and non-
iterative multiple scattering for an array of floating cylinders in front of
a breakwater, and found a good agreement between the two methods.

In addition to the analytical methods for wave–structure inter-
actions discussed above, many numerical methods have been devel-
oped, often based on boundary element methods (Li and Yu, 2012).
Both commercial and open-source software for solving the hydrody-
namic interaction in arrays of floating structures are available, such as
WAMIT (Lee, 1995), ANSYS AQWA (ANSYS, 2013), and NEMOH (Babar
and Delhommeau, 2015). The numerical and analytical methods have
also been merged, for instance by McNatt et al. (2015) who coupled
the solution for single bodies using WAMIT to an analytical method for
arrays.

Many authors have used the above described methods to compare
and optimize layouts of wave energy parks (Fitzgerald and Thomas,
2007; Babarit et al., 2010; Borgarino et al., 2012; Babarit, 2013;
Engström et al., 2013; Tokić and Yue, 2019a); in recent years often by
combining the methods with heuristic optimization algorithms (Child
and Venugopal, 2010; Giassi and Göteman, 2018; Fang et al., 2018;
Ferri, 2017; Faraggiana et al., 2019; Neshat et al., 2020) and advanced
objective functions (Teillant et al., 2012; Arbonès et al., 2016; Sharp
and DuPont, 2018; Yang et al., 2018; Giassi et al., 2020).

An optimization study requires a large number of simulations before
convergence to an optimum is reached, in particular when the objective
is to optimize the performance of a wave energy park, a complex
problem with a multi-modal and multi-dimensional solution space. The
problems of reducing computational cost and extending the methods to
larger parks have been addressed by different approaches. Murai et al.
(1999) and Kashiwagi (2000) applied multiple scattering to the analysis
of very large floating structures (VLFS), and Garnaud and Mei (2009)
developed a method using an approximation of multiple scales to study
the wave field in large and compact arrays of small buoys. To enable the
study of wave energy attenuation and directional spreading in arrays
of tens of thousands of compliant circular ice floes, Montiel et al.
(2016) extended a slab-clustering method for acoustic wave scattering
2

to ocean waves. De Chowdhury and Manasseh (2017) and Wolgamot
et al. (2017) used resonant modes, Göteman et al. (2015) an interaction
distance cut-off approach, Sarkar et al. (2016) a nearest neighbour
method, and Flavià and Clément (2017) used Haskind’s relation to
reduce computational cost. A surrogate model of the hydrodynamic
interaction and a principle of hierarchical interaction decomposition
was used by Zhang et al. (2020) to optimize the layout of a 5-body
array.

As discussed, there is a wealth of theory and methods developed for
solving the wave field within arrays of floating structures, and several
extensions have also been proposed to enable computations of large
arrays to a low cost. However, when the aim is to optimize large arrays
of floating bodies without any restraints on length scales or periodicity
for the array layout, none of the above methods is sufficient.

The current paper contributes to the goal of developing fast and
accurate analytical methods to arrays of floating bodies. It does so
by grouping the floats in clusters, but without requiring any specific
geometry of the cluster or park layouts. The hydrodynamic interaction
is solved exactly (within the limits of linear potential flow theory)
within clusters and iteratively between them. As such, the method also
serves as a bridge between the iterative and non-iterative multiple scat-
tering (direct matrix) methods, and contains both methods as limiting
cases. The novelty of the approach is thus twofold: theory is developed
and implemented to understand the hydrodynamic interaction within
large parks of wave energy converters, without constraints on the
array layout, and the method enables a transition between the two
standard approaches for multiple scattering. When compared with the
full multiple scattering method, the proposed method gives reduced
computational cost, with retained accuracy.

The applicability of the method is illustrated by an optimization
case of a wave energy park consisting of point-absorbing surface buoys
connected to linear generators installed at the seabed. The power
absorption of the individual WECs is solved in the time domain, and an
economic optimization study is carried out to find optimal performance
in terms of both power and costs, as functions of different park and
WEC configurations.

The rest of the paper is structured as follows. Based on the known
theory of non-iterative multiple scattering reviewed in Section 2.1,
the theory for the multiple cluster scattering method is derived in
Section 2.2. The application to wave energy parks is explained in
Section 2.3, and the numerical implementation is given in Section 2.4.
The results of the method are first validated with numerical benchmark
code in 3.1 and further evaluated in terms of accuracy and computa-
tional speed in 3.2. An optimization study of a wave energy park is
presented in Section 3.3 using the analytical method developed in the
paper. The method and the results are discussed in Section 4 together
with suggestions for future studies, and conclusions are presented in
Section 5.

2. Theory and numerical implementation

In this section, the theory for iterative multiple cluster scattering is
derived, using as starting point multiple scattering theory (also called
the direct matrix method). Section 2.1 is a review of existing knowl-
edge, whereas Sections 2.2–2.4 present original work; in Section 2.2,
the theory for multiple cluster scattering is derived, and applied to
wave energy parks modelling in Sections 2.3–2.4.

2.1. Multiple scattering

Here we review multiple scattering theory, which is the foundation
for the multiple cluster scattering theory defined in Section 2.2. As
mentioned in the introduction, multiple scattering theory was defined
first by Kagemoto and Yue (1986), combined with the single-body
diffraction solution by Yılmaz and Incecik (1998), and extended to

independent radiation by Siddorn and Eatock Taylor (2008). It has
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since been used in a large range of papers and applications, as discussed
earlier.

Consider a fluid domain and define a global Cartesian coordinate
system 𝒙 = (𝑥, 𝑦, 𝑧) with 𝑧 = 0 at the still free water surface and
𝑧 = −ℎ at the bottom, ℎ being the water depth. The fluid is assumed to
ave constant density 𝜌, and its viscosity and rotation are neglected, so
hat the fluid velocity can be written in terms of a potential, 𝒖 = ∇𝛷
atisfying the Laplace equation, ∇2𝛷 = 0. In addition, the waves are

assumed to be non-steep, so that the boundary constraints at the free
surface and all rigid boundaries can be linearized, i.e. linear potential
theory can be used to describe the fluid. For details, any standard
textbook on the subject can be consulted, such as Linton and McIver
(2001).

By Fourier transform, the fluid potential can be considered in the
frequency domain,

𝜙(𝒙, 𝜔) = ∫

∞

−∞
𝛷(𝒙, 𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 (1)

where 𝜔 is the angular frequency of the wave.
Consider a system consisting of 𝑁 truncated cylindrical floats with

adius 𝑅 and draft 𝑑. For each float 𝑖 in the park we define a local
ylindrical coordinate system (𝑟, 𝜃, 𝑧) with origin at the centre of the
uoy, with 𝑧 = 0 at the still water surface.

Due to the linearity of the problem, the fluid velocity potential in
he exterior fluid domain outside each float, defined by 𝑟 ≥ 𝑅, will be a
uperposition of incident propagating waves from 𝑥 = −∞, radiated
aves from the floats’ independent oscillations, and waves that are

cattered off the structures in the park, 𝜙(ext) = 𝜙0 + 𝜙𝑅 + 𝜙𝑆 .
An incident surface plane wave propagating along the 𝑥-axis can be

written in terms of the local coordinates (𝑟, 𝜃, 𝑧) as

𝜙0(𝑟, 𝜃, 𝑧) = −
𝑖𝑔𝐴
𝜔

cosh(𝑘(𝑧 + ℎ))
cosh(𝑘ℎ)

𝑒𝑖𝑘𝑥 (2)

=
∞
∑

𝑛=−∞
𝐴0𝑛𝑍0(𝑧)𝐽𝑛(𝑘𝑟)𝑒𝑖𝑛𝜃 (3)

where 𝐽𝑛(𝑘𝑅) are Bessel functions representing the incident propagat-
ing waves, and 𝑍0(𝑧) are vertical eigenfunctions defined as

𝑍𝑚 = 1
𝑁𝑚

cos(𝑘𝑚(𝑧 + ℎ)), 𝑁2
𝑚 = 1

2

(

1 +
sin(2𝑘𝑚ℎ)
2𝑘𝑚ℎ

)

, (4)

where 𝑘𝑚 are the wave numbers solving the dispersion relation 𝜔2 =
−𝑔𝑘𝑚 tan(𝑘𝑚ℎ) with 𝑘0 = −𝑖𝑘 corresponding to the dispersion relation
2 = 𝑔𝑘 tanh(𝑘ℎ).

A general outgoing wave potential in the exterior domain that
atisfies the Laplace equation and the linear boundary constraints can
e written in terms of vertical eigenfunctions 𝑍𝑚(𝑧) and horizontal
igenfunctions as

𝑖(ext) =
∞
∑

𝑛=−∞

[

𝑍0(𝑧)𝛼𝑖0𝑛
𝐻𝑛(𝑘𝑟)
𝐻𝑛(𝑘𝑅)

+
∞
∑

𝑚=1
𝑍𝑚(𝑧)𝛼𝑖𝑚𝑛

𝐾𝑛(𝑘𝑚𝑟)
𝐾𝑛(𝑘𝑚𝑅)

]

𝑒𝑖𝑛𝜃 ,

(5)

here the Hankel functions 𝐻𝑛(𝑘𝑟) correspond to propagating modes,
he modified Bessel functions 𝐾𝑛(𝑘𝑚𝑟) to evanescent modes, and 𝛼𝑖𝑚𝑛 are

unknown coefficients. In the interior domain 𝑟 < 𝑅, an ansatz for the
wave potential can be written as

𝜙𝑖(int) = 𝑉 𝑖

2𝐿2

(

(𝑧 + ℎ)2 − 𝑟2

2

)

+
∞
∑

𝑛=−∞

[

𝛾 𝑖0𝑛
( 𝑟
𝑅

)

|𝑛|

+2
∞
∑

𝑚=1
𝛾 𝑖𝑚𝑛 cos(𝜆𝑚(𝑧 + ℎ))

𝐼𝑛(𝜆𝑚𝑟)
𝐼𝑛(𝜆𝑚𝑅)

]

𝑒𝑖𝑛𝜃 ,

(6)

where 𝛾 𝑖𝑚𝑛 are unknown coefficients, 𝐼𝑛(𝜆𝑚𝑅) are modified Bessel func-
tions, 𝜆𝑚 = 𝑚𝜋∕𝐿, and the distance between the sea bed and the float

𝑖

3

bottom is 𝐿 = ℎ− 𝑑. The velocities 𝑉 correspond to the oscillations of
the floats and are zero in the scattering problem where the floats are
stationary.

Using Graf’s addition theorem for Bessel functions (Abramowitz and
Stegun, 1964), outgoing waves from floats 𝑗 ≠ 𝑖 can be written as
incident waves on other floats. With this redefinition, all incident and
outgoing waves to and from a float 𝑖 can be written in terms of the local
cylindrical coordinates of that float, Eq. (7) is given in Box I.

The matrices 𝑇 𝑖𝑗
𝑚𝑙𝑛 relate the outgoing and incoming waves between

floats and are defined as

𝑇 𝑖𝑗
0𝑙𝑛 =

1
𝐻𝑙(𝑘𝑅)

𝐻𝑙−𝑛(𝑘𝑅𝑖𝑗 )𝑒
𝑖𝜃𝑖𝑗 (𝑙−𝑛), (8)

𝑇 𝑖𝑗
𝑚𝑙𝑛 =

𝐼𝑛(𝑘𝑚𝑅)
𝐾𝑙(𝑘𝑚𝑅)

𝐾𝑙−𝑛(𝑘𝑚𝑅𝑖𝑗 )𝑒
𝑖𝜃𝑖𝑗 (𝑙−𝑛)(−1)𝑛, (9)

where 𝑅𝑖𝑗 and 𝜃𝑖𝑗 are the distance and the angle between the two floats,
respectively.

By requiring continuity for the potentials and their radial deriva-
tives over the domain boundaries, the unknown coefficients 𝛾 𝑖𝑚𝑛 of the
interior potentials in (6) can be written in terms of the exterior coeffi-
cients 𝛼𝑖𝑚𝑛 in (7). By truncating the infinite matrices in the potentials, a
finite system of equations are obtained from which the coefficients 𝛼𝑖𝑚𝑛
can be solved. They can be summarized into the diffraction equation,
[

DiffMatrix
]

[𝛼] = [𝑆] + [𝑅] . (10)

The terms on the right-hand side are known vectors corresponding to
the scattering problem (fixed floats and incident waves) and the radi-
ation problem (oscillating floats but no incident waves), respectively.
The diffraction matrix is a square matrix containing all the interaction
terms between the floats.

Once the unknown coefficients in the potentials have been found,
the hydrodynamic forces on all floats can be obtained by integration of
the dynamical fluid pressure along the wetted surface of the float,

𝐹 = ∬𝑆
𝑝𝑑𝑆 = −𝜌∬𝑆

𝜕𝛷
𝜕𝑡

𝑑𝑆, (11)

where the second relation holds due to linear potential flow theory. The
forces can then be used to solve the equations of motion for all bodies.
Often, the forces and equations are solved in the frequency domain.

In theory, the diffraction equation (10) can be readily solved by
inverting the diffraction matrix. In practice, however, this is a demand-
ing task. For a system of 𝑁 floats, the diffraction matrix is square of
the size 𝑁(𝛬𝑧 + 1)(𝛬𝜃 + 1), where 𝛬𝑧 and 𝛬𝜃 are the truncation cut-
off values of the infinite matrices of the vertical modes 𝑚 and angular
modes 𝑛 in (7), respectively. This means that the diffraction matrix
may contain millions of terms; for large parks even tens or hundreds of
millions. Solving such a large matrix equation, in particular repeatedly
as required by wave park optimization studies, is very computationally
costly. Several methods have been proposed to simplify the system,
for instance by only including interaction terms between floats that
are within a specified interaction distance cut-off as in Göteman et al.
(2015). In the next Section 2.2, another approach for solving the
equation efficiently will be proposed.

2.2. Multiple cluster scattering

Instead of solving the multiple scattering problem for the full park,
we will solve it with an iterative multiple cluster scattering theory,
which will be defined in this section. The method is illustrated in
Fig. 1. The idea is that the hydrodynamic interaction between floats
is solved within subgroups, called clusters, of the park in an iterative
process, where the outgoing waves from other clusters are taken as
incident waves in the next iteration. Hence for iteration 0, the clusters
are hydrodynamically isolated from each other, whereas for iterations
𝐼 > 0, hydrodynamic interaction between floats in different clusters
is computed to order 𝐼 . The term iteration does thus not refer to an
iteration in time; it is an iterative process in which corrections terms are
added successively to increasing order of the hydrodynamic interaction.
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𝜙𝑖(ext) =
∞
∑

𝑛=−∞

[

𝑍0(𝑧)𝛼𝑖0𝑛
𝐻𝑛(𝑘𝑟)
𝐻𝑛(𝑘𝑅)

+𝐽𝑛(𝑘𝑟)

(

𝐴𝑖
0𝑛 +

∑

𝑗≠𝑖

∞
∑

𝑙=−∞
𝑇 𝑖𝑗
𝑜𝑙𝑛𝛼

𝑗
𝑜𝑛

)

+
∞
∑

𝑚=1
𝑍𝑚(𝑧)

(

𝛼𝑖𝑚𝑛
𝐾𝑛(𝑘𝑚𝑟)
𝐾𝑛(𝑘𝑚𝑅)

+
𝐼𝑛(𝑘𝑚𝑟)
𝐼𝑛(𝑘𝑚𝑅)

∑

𝑗≠𝑖

∞
∑

𝑙=−∞
𝑇 𝑖𝑗
𝑚𝑙𝑛𝛼

𝑗
𝑚𝑛

)]

𝑒𝑖𝑛𝜃 . (7)

Box I.
Fig. 1. Illustration of the multiple cluster scattering method.
The number of iterations can be specified to obtain a desired accuracy,
which will be discussed in Section 3.2.

For clarity and since we want to obtain the hydrodynamic forces
arising due to the incident waves (excitation force) and due to radi-
ated waves (radiation force) separately, the scattering and radiation
problems will be solved separately.

Let the 𝑁 floats in the park be separated into 𝑛 subgroups, called
clusters, indexed by capital letters 𝐴,𝐵, 𝐶,… , and denote the number
of floats in a cluster 𝐴 as 𝑠𝐴.

2.2.1. Scattering problem
In the scattering problem, all floats are fixed and there are incident

waves, defined by the fluid velocity potential 𝜙0. In the exterior domain
around a float 𝑖 ∈ 𝐴, where 𝐴 is a cluster, the fluid velocity potential
is a superposition of the incident and scattered waves,

𝜙𝑖(ext) = 𝜙𝑖
0 + 𝜙𝑖

𝑆 +
∑

𝑗∈𝐴
𝑗≠𝑖

𝜙𝑗
𝑆
|

|

|𝑖
+

∑

𝐵≠𝐴

∑

𝑗∈𝐵
𝜙𝑗
𝑆
|

|

|𝑖
, (12)

where 𝐴,𝐵 are indices of two different clusters, and the notation 𝜙
𝑗
|

|

|𝑖
denotes an outgoing wave from float 𝑗, written as an incoming wave on
float 𝑖. Note that we separate between the waves that are scattered off
the floats in the same cluster 𝐴, and wave scattered off floats in other
clusters 𝐵 ≠ 𝐴.

In the interior domains 𝑟 < 𝑅 beneath floats, an ansatz for the
potential can be made on the form of the homogeneous part of (6);
the first term corresponding to the motion of floats vanishes since in
the scattering problem, all oscillating velocities are zero, 𝑉 𝑖 = 0.

As described above, by requiring continuity between the interior
and exterior domains for each float and truncating the infinite matrices
in the potentials, a linear system of equations is obtained from which
the unknown coefficients in the potentials can be solved. To highlight
the interactions between clusters, this diffraction equation (10) can be
expanded as

⎛

⎜

⎜

⎜

⎜

⎝

𝐃𝐴−𝐴 𝐃𝐴−𝐵 ⋯ 𝐃𝐴−𝑍

𝐃𝐵−𝐴 𝐃𝐵−𝐵 ⋯ 𝐃𝐵−𝑍

⋮ ⋮ ⋱ ⋮
𝐃𝑍−𝐴 𝐃𝑍−𝐵 ⋯ 𝐃𝑍−𝑍

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝛼𝐴

𝛼𝐵

⋮
𝛼𝑍

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

𝐒𝐴
𝐒𝐵
⋮
𝐒𝑍

⎞

⎟

⎟

⎟

⎟

⎠

(13)

where on the right-hand side only the vector corresponding to the
scattering problem is non-zero. In the diffraction matrix to the left,
each entry 𝐃𝐴−𝐵 is a submatrix corresponding to interactions between
clusters 𝐴 and 𝐵.

Assume now that all interactions between clusters is known from a
previous iteration. Then, to solve for the unknown coefficients 𝛼𝐴 of a
cluster 𝐴 requires solving only a smaller matrix equation,

𝐃𝐴−𝐴𝛼𝐴𝐼 = 𝐒𝐴 −
∑

𝐃𝐴−𝐵𝛼𝐵𝐼−1, (14)
4

𝐵≠𝐴
where the index 𝐼 represent iteration. The same holds true for all
clusters; i.e. the matrix equation in (13) separates into a smaller matrix
equation for each cluster. At each iteration 𝐼 , this system of matrix
equations is solved to obtain the unknown coefficients in all clusters
at the next iteration 𝐼 +1. The known coefficients for other clusters are
used as input in the next iteration, as illustrated in Fig. 1. At the first
iteration 𝐼 = 0, the contribution from other clusters is zero and only the
first term on the right-hand side of Eq. (14) is non-zero. The number of
iterations can be chosen arbitrarily until sufficient accuracy has been
reached. In Section 3.1 we will see that excellent accuracy is obtained
already at iteration 𝐼 = 1, i.e. when the interaction between clusters is
taken into account to the lowest order.

Once the unknown coefficients in the fluid potentials have been ob-
tained, the excitation force due to the incident waves can be computed
according to Eq. (11).

Note that this method is not simply a means of solving the matrix
Eq. (13) by an iterative procedure such as the Gauss–Seidel method,
as this would still require that the large diffraction matrix in (13) is
defined and filled by values. The iterative procedure is defined outside
of the diffraction problem, such that the resulting diffraction equations
per definition will remain small.

2.2.2. Radiation problem
For the radiation problem, there are no incident waves but all floats

are free to oscillate. The problem is similar to the scattering problem,
but slightly more complex as the hydrodynamic radiation force will
contain diagonal terms due to the body’s own oscillation, and non-
diagonal terms originating from radiated waves of other floats. Also the
radiated waves are scattered throughout the park, hence in the exterior
region the fluid velocity potential will be the superposition

𝜙𝑖(ext) = 𝜙𝑖
𝑅 + 𝜙𝑖

𝑆 +
∑

𝑗∈𝐴
𝑗≠𝑖

(

𝜙𝑗
𝑅 + 𝜙𝑗

𝑆

)

|

|

|𝑖
+

∑

𝐵≠𝐴

∑

𝑗∈𝐵

(

𝜙𝑗
𝑅 + 𝜙𝑗

𝑆

)

|

|

|𝑖
, (15)

where again 𝐴,𝐵 denote two different clusters and the float 𝑖 is situated
in cluster 𝐴. The potential in the interior region (6) will contain also the
first terms corresponding to the floats’ oscillations, and the coefficients
of the potentials depend implicitly on the oscillation velocities 𝑉 𝑖 ≠ 0.

Requiring continuity over the domain boundaries implies that the
analogous diffraction problem (10) will be obtained, this time with
the second term on the right-hand side non-zero, corresponding to
the radiation problem. In the same way as for the scattering problem,
assuming that the coefficients of other clusters are known from a
previous iteration, the diffraction equation from which the unknown
coefficients of the radiation problem can be solved is

𝐃𝐴−𝐴𝛼𝐴(𝐶)
𝐼 = 𝐑𝐴 −

∑

𝐃𝐴−𝐵𝛼𝐵(𝐶)
𝐼−1 , (16)
𝐵≠𝐴
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where index 𝐼 denotes iteration and 𝐑 are known vectors with an
mplicit velocity dependence from the floats’ oscillations. To distin-
uish the contributions to the radiation potential from a float’s own
scillations and from other floats’ oscillations (corresponding to the
iagonal and non-diagonal terms in the added mass and radiation
amping matrices), here the notation 𝛼𝐴(𝐶) was introduced, meaning
ontribution to the coefficients in cluster 𝐴 from floats in cluster 𝐶,
ncluding both scenarios 𝐶 = 𝐴 and 𝐶 ≠ 𝐴. At the first iteration 𝐼 = 0,
ll coefficients 𝛼0 are computed within the cluster, neglecting cluster
nteractions. For the next iterations, the contributions differ depending
n which cluster 𝐶 is,
𝐶 = 𝐴 ∶

𝐴(𝐶)
1 =

[

𝐃−1]𝐴
𝐴

⎛

⎜

⎜

⎜

⎝

𝐑𝐴 −
∑

𝐵≠𝐴
𝐃𝐴−𝐵 𝛼𝐵(𝐶)

0
⏟⏟⏟

=0

⎞

⎟

⎟

⎟

⎠

, (17)

≠ 𝐴 ∶

𝐴(𝐶)
1 =

[

𝐃−1]𝐴
𝐴

⎛

⎜

⎜

⎜

⎜

⎝

𝐑𝐴 −
∑

𝐵≠𝐴
𝐃𝐴−𝐵 𝛼𝐵(𝐶)

0
⏟⏟⏟

≠0 iff 𝐶=𝐵

⎞

⎟

⎟

⎟

⎟

⎠

. (18)

n other words, at the lowest order of cluster interactions, the radiated
aves from within the cluster 𝐴 have not yet been reflected off of other

lusters, but radiated waves from other clusters are incident directly
n cluster 𝐴. The next order of iteration will include contributions of
adiated waves that have been scattered within the park,

𝐴(𝐶)
2 =

[

𝐃−1]𝐴
𝐴

(

𝐑𝐴 −
∑

𝐵≠𝐴
𝐃𝐴−𝐵𝛼𝐵(𝐶)

1

)

, (19)

here the coefficients 𝛼𝐵(𝐶)
1 take the non-zero expressions shown in

17)–(18). Thus, in the radiation problem, the cluster interaction con-
ributions to the potentials will ‘‘lag one iteration behind’’, as compared
o the scattering problem of Section 2.2.1.

As for the scattering problem, once the unknown coefficients in
he fluid potentials have been obtained, the radiation force due to the
scillations of the floats can be computed according to Eq. (11).

To analyse the validity of the multiple cluster scattering model
eveloped in this section, the method will be compared to the full
ultiple scattering theory of Section 2.1, as well as to the numerical

enchmark model WAMIT (Lee, 1995). To distinguish more clearly
etween the models studied, the notation listed below is adapted.

park The analytical multiple scattering model as defined in Sec-
tion 2.1, based on the work of Kagemoto and Yue (1986)
using the numerical implementation of Göteman et al. (2015).
Hydrodynamic interaction is computed within the full park.

clust,𝐼 The analytical multiple cluster scattering model, as developed
in Section 2.2, to iteration 𝐼 . In other words, Aclust,0 computes
only hydrodynamic interaction within clusters, whereas Ac,1
includes interaction between clusters to the first order.

park The numerical benchmark model WAMIT, where hydrodynamic
interaction between all floats within the park is included.

clust The numerical benchmark model WAMIT, where hydrodynamic
interaction is included only between floats within the cluster.

clust,0 is expected to agree with Nclust, whereas for iterations 𝐼 → ∞,
he multiple cluster scattering method Aclust,𝐼 should give the same
5

esults as both Npark and full multiple scattering Apark. o
.3. Wave energy parks

The theory developed in the previous section is applicable to de-
ermining the linear fluid potential and hydrodynamic forces in arrays
f fixed or freely floating rigid bodies with a cylindrical cross-section.
s discussed in the introduction, these can be floating airports or other
LFS, or offshore wind or wave energy farms. Here, we will restrict to

he latter; with focus on parks of point-absorbing WECs connected to
irect-driven linear generators, as illustrated in Fig. 2.

Each WEC consists of a cylindrical surface buoy with radius 𝑅 and
ass 𝑚𝑏, connected by a stiff line to a generator installed on the seabed.
he buoy motion is restricted to heave. The generator consists of a
ranslator of mass 𝑚𝑡 moving vertically within a stator, where electricity
s generated in the stator windings due to the changing magnetic field.
he WEC model resembles the full-scale WEC developed at Uppsala
niversity, Sweden (Leijon et al., 2008). Due to the stiff line, we assume

hat the heave position 𝑧(𝑡) of the buoy and translator are equal, and
ther degrees of freedom are neglected. The power take-off of the gen-
rator is modelled as a linear damping, 𝐹PTO(𝑡) = −𝛤 �̇�(𝑡). The total force
cting on the buoy consists of hydrodynamic forces (excitation and
adiation force), which can be obtained as presented in the previous
ection, hydrostatic buoyancy force 𝐹stat(𝑡) = 𝜌𝑔𝜋𝑅2 (𝑑 − 𝑧(𝑡)), gravity
orce −(𝑚𝑏 + 𝑚𝑡)𝑔, and the generator damping force 𝐹PTO. The draft in
quilibrium is 𝑑 = (𝑚𝑏 + 𝑚𝑡)∕(𝜌𝜋𝑅2). The equation of motion for the
ystem is thus

𝑚𝑏 + 𝑚𝑡)�̈�(𝑡) = 𝐹exc(𝑡) + 𝐹rad(𝑡) − 𝛤 �̇�(𝑡) − 𝜌𝑔𝜋𝑅2𝑧(𝑡). (20)

The radiation force can further be separated into an added mass
erm 𝑚add, proportional to the acceleration of the buoy, and a radiation
amping term 𝐵, proportional to the velocity,

rad(𝑡) = −𝑚add(𝑡)�̈�(𝑡) − 𝐵(𝑡)�̇�(𝑡). (21)

The hydrodynamic forces and the equations of motion will be solved
n the frequency domain, where the time derivative is translated into

multiplication with the angular frequency as �̇�(𝑡) ↔ 𝑖𝜔𝑧(𝜔). From
olving the fluid potentials in the scattering problem as described in
he previous section, the excitation force will contain an explicit wave
mplitude dependence, 𝐹exc(𝜔) = 𝑓exc(𝜔)𝐴(𝜔). The analogue of Eq. (20)
n the frequency domain then becomes

−𝜔2(𝑚𝑏 + 𝑚𝑡 + 𝑚add(𝜔)) − 𝑖𝜔 (𝐵(𝜔) + 𝛤 ) + 𝜌𝑔𝜋𝑅2] 𝑧(𝜔)

= 𝑓exc(𝜔)𝐴(𝜔).
(22)

he equations of motion can thus be solved from 𝑧(𝜔) = 𝐻(𝜔)𝐴(𝜔),
here 𝐻(𝜔) is the transfer operator and 𝐴(𝜔) the incident wave ampli-

ude. After the motion 𝑧(𝜔) has been obtained in the frequency domain,
he time domain dynamics is readily available through inverse Fourier
ransform, 𝑧(𝑡) = 𝑧(𝜔).

A priori, the WECs in the park may have different buoy dimen-
ions, masses and generator dampings as shown explicitly by Göteman
2017), but here we restrict to identical WECs within each park, al-
hough different configurations for different parks are studied in the
ptimization in Section 3.3. Depending on the location in the park (and
n the location of all other WECs in the park), the hydrodynamic forces
ill differ for the different floats, with resulting different dynamics for
ach WECs. The equations of motion (22) are solved separately for each
EC and the heave response for each WEC 𝑧𝑖(𝑡) is obtained.
The absorbed power for the full park is the sum of the absorbed

ower for each WEC, obtained from the generator damping as

tot(𝑡) =
𝑁
∑

𝑖=1
𝛤
[

�̇�𝑖(𝑡)
]2 . (23)

n the simulations, the floats will be subjected to irregular waves, and
he absorbed power shown in the results is the average over one hour

f irregular waves.
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Fig. 2. Illustration of a wave energy park with wave energy converters placed in clusters.
2.4. Numerical implementation and configurations

The theory described in the previous section has been implemented
as MATLAB code. The truncation cut-off of the infinite matrices in
the fluid potentials in Eqs. (3)–(7) have been chosen as 𝛬𝜃 = 3 and
𝛬𝑧 = 30 for the angular and vertical modes, respectively. Angular
frequencies have been studied in the range 0 − 8 rad/s in frequency
steps of 0.01 rad/s, the water density is 𝜌 = 1025 kg/m3, and the
water depth is ℎ = 25 m. The input to the simulation is one hour of
irregular waves characterized by a significant wave height of 1.88 m
and energy period of 5.98 s. The waves were measured at an offshore
marine energy test site at Lysekil, the west coast of Sweden. Throughout
the paper, the radius, draft and PTO damping of the WECs is 𝑅 = 3
m, 𝑑 = 0.5 m and 𝛤 = 70 kN s/m, respectively. In Section 3.2.2
and in the optimization Section 3.3, different buoy radii 𝑅 = 1 − 5
m and generator damping values are investigated, as specified in those
sections. No active control is implemented and the WEC is operating
outside of resonance conditions; the heave resonance period for buoy
radius 𝑅 = 3 m is 2.7 s.

The diffraction problem has been solved by inverting the diffrac-
tion matrix using the object-oriented factorization algorithm of Davis
(2013). Single simulations for validation purposes have been carried
out on a standard desktop PC with four parallel IntelR XeonR 3.07 GHz
processors and 6 MB RAM. Repeated simulations for optimization stud-
ies have been carried out on the high performing computer cluster UPP-
MAX, using 20 parallel Intel Xeon E5 2630 v4 cores running at 2.2 GHz,
provided by the Swedish National Infrastructure for Computing (SNIC).

2.4.1. Clusters
To illustrate that the method does not require any specific park

layouts or length scales for the array, the coordinates of the WECs
have been chosen at random. In a realistic scenario for a wave energy
park, the clusters are installed with some distance between them to
allow for installation and repair vessels to travel within the park.
This geometrical constraint is not required from the theory, however:
clusters are simply defined as subsets and may be overlapping, as seen
in Fig. 3.
6

3. Results

The performance indicators of a new method are its accuracy and
computational cost as compared to a benchmark model. This will now
be evaluated in Sections 3.1–3.2. In Section 3.3 a case study of a
wave energy park optimization will serve as an illustration of the
applicability of the model.

3.1. Validation and convergence

The analytical multiple cluster scattering model Aclust,𝐼 will here
be compared to the analytical multiple scattering model Apark and to
the benchmark numerical software WAMIT, computed both for the full
park Npark and for the isolated cluster Nclust. Exact agreement between
the models would mean Aclust,0 = Nclust and Apark = Npark. For the
comparison, a park consisting of 13 WECs separated into 3 clusters is
used. The coordinates of the park are given in Table 1 and the layout
is shown in Fig. 3(a). This densely populated park has been chosen
for validation since the close proximity between the floats imply large
hydrodynamic interaction forces, which are to be evaluated.

In Fig. 4, the hydrodynamic forces (real and imaginary parts of
the excitation force and radiation force) computed with the different
methods are shown. The non-dimensional excitation and radiation
forces are obtained by dividing by the hydrostatic stiffness 𝜌𝑔𝜋𝑅2 and
by the displaced water volume mass 𝜌𝜋𝑅2𝑑, respectively,
𝑓exc(𝜔)
𝜌𝑔𝜋𝑅2

,
𝑚add(𝜔)
𝜌𝜋𝑅2𝑑

,
𝐵(𝜔)

𝜔𝜌𝜋𝑅2𝑑
. (24)

The non-dimensional forces are shown as functions of the dimensionless
wave number 𝑘𝑅.

As can be seen in the figure, the agreement between the analytical
and numerical methods is excellent. This is true both for the case where
hydrodynamic interaction is computed within the full park Apark and
when interactions are included only within clusters Aclust,0.

To quantify the deviation from the benchmark model, the normal-
ized root-mean-square error has been computed for the hydrodynamic
forces,

NRMSE =

√

|𝐹 (𝜔) − 𝐹 (𝜔)|2
/

|𝐹 (𝜔)| (25)
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Fig. 3. Examples of park layouts. The WECs are shown as filled circles with radius 𝑅 = 3 m, the centres of each cluster by crosses. The circumference of each cluster is illustrated
by a dotted line. There are no geometrical constraints on the park layout or cluster formations: The parks can be densely populated as in (a) or more sparsely populated as in
(b); the clusters can be separated by space as in (a–b) or overlapping as in (c–d). Parks (c) and (d) have 30 WECs at the same locations, but the WECs are separated in 2 and 10
clusters, respectively.
Table 1
Coordinates of the park in Fig. 3(a), used to validate the iterative multiple cluster scattering model to WAMIT and to full multiple scattering. Units in meters.

Cluster 1 Cluster 2 Cluster 3

x 16.14 27.40 8.35 8.43 59.54 52.25 60.52 46.73 24.04 23.86 19.35 27.44 8.31
y 24.94 24.65 24.58 10.81 15.13 22.39 23.99 11.76 44.07 63.18 55.66 55.95 60.67
where 𝐹 (𝜔) and 𝐹 (𝜔) are the hydrodynamic forces computed by the
analytical methods and by WAMIT, respectively. The mean is taken
over all the frequency steps up to 𝜔 = 4 rad/s (corresponding to 𝑘𝑅 =
4.9), since the results from WAMIT contain non-physical asymptotes for
high frequencies, as discussed further in Appendix.

The normalized RMSE for the excitation force, taken as an average
over all WECs in the park, is 2.1% for the full park model Apark,
nd 1.2% for the computations of one cluster Aclust,0. The correspond-
ng errors for the diagonal parts of the radiation force is 0.7% and
.6% for the park and cluster computations, respectively. For the full
adiation force including non-diagonal terms (i.e. added mass and
adiation damping of a WEC due to the oscillations of another WEC),
he normalized RMSE is 4.2% for the full park Apark and 1.8% for the
luster Aclust,0. The total absorbed power computed by the analytical
olution Apark differs only 0.034% from the one computed using the
ydrodynamic forces computed by WAMIT (including all frequencies).
n conclusion, the analytical methods produce very accurate results
7

(total power error < 0.1%) when compared to the numerical benchmark
software.

The analytical methods has now been compared to a numerical
benchmark model to excellent agreement, both for the full park Apark
(multiple scattering) and for an isolated cluster Aclust,0 (multiple cluster
scattering with iteration 𝐼 = 0). As the next step, we will analyse if
the multiple cluster scattering results Aclust,𝐼 converge to the multiple
scattering results Apark with increasing number of iterations 𝐼 , how
many iterations that are required for sufficient accuracy, and how they
affect the computational costs.

In Fig. 5, the non-dimensional excitation force (real part) and the
added mass are shown for WEC 1 the same park as in Fig. 4. In
addition to the full park and for an isolated cluster, results are shown
for iterations 1–4. As can be seen from the figure, the accuracy of the
hydrodynamic forces increases with increasing number of iterations,
which is the expected results as the hydrodynamic interaction between
clusters are included with more accuracy in each iteration. For the
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Fig. 4. Comparison of the hydrodynamic forces for WEC 1 in the park with coordinates given in Table 1 computed with the analytical methods (full park Apark and isolated cluster
Aclust,0) and with the benchmark software WAMIT. Left ((a),(c)) and right ((b),(d)) columns are real and imaginary parts of the non-dimensional excitation and radiation forces,
respectively. A zoom of a narrower frequency range is shown in each plot to clarify the differences between the methods.

Fig. 5. Real part of the non-dimensional excitation and radiation forces for iterations 𝐼 = 0−4 of the multiple cluster scattering method Aclust,𝐼 as compared to the full park Apark.
Iteration 0 corresponds to an isolated cluster.
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Table 2
Accuracy for the multiple cluster scattering Aclust,𝐼 results shown in terms of the
normalized RMSE (25), as compared to the full park Apark (multiple scattering). The
values are shown as average values for all the 13 floats in the park with coordinates
given in Table 1.

Iteration 𝐼 0 1 2 3 4

𝐹exc 0.311 0.096 0.039 0.016 0.007
𝐹rad 1.172 0.313 0.129 0.051 0.024
𝐹rad,diag 0.010 0.010 0.003 0.001 0.001

added mass in Fig. 5(b), iteration 1 (dashed line) gives the same result
as iteration 0 (solid blue line), i.e. isolated cluster. This is not the case
for the excitation force in Fig. 5(a), where the iteration 1 produces
very different results than iteration 0. This is to be expected, since
the interaction contributions for the radiation force ‘‘lag one iteration
behind’’, as was explained in Section 2.2.2.

For iteration 4, the computed forces agree very well with those
computed for the full park. The normalized RMSE (25) for the hydrody-
namic forces computed with increasing iterations is shown in Table 2.
The results for the full park Apark are used as the expected values 𝐹 (𝜔).
In addition to the error for all terms in the radiation force, the error
for the diagonal terms of the radiation force, i.e. the added mass and
radiation damping of a float due to its own oscillations, are shown.
As can be seen from the table, the error in the hydrodynamic forces
computed with the multiple cluster scattering method Aclust,𝐼 reduces
teadily with the number of iterations, as was also seen qualitatively
rom Fig. 5. The large error for 𝐹rad in iteration 0 is expected as the
nteractions between floats of different clusters are only taken into
ccount after iteration 1, hence the non-diagonal terms in the radiation
orce are zero in iteration 0.

As demonstrated, there is an excellent agreement both between the
nalytical multiple cluster scattering and the full multiple scattering
ethods, as well as with the numerical benchmark model WAMIT. The

omputational cost of computing the hydrodynamics for the park by
he multiple cluster scattering method Aclust,4 (up to iteration 4) is 14%
f the full multiple scattering method Apark, and only 0.78% of the
omputational cost required by WAMIT. The computational cost will
e affected by the choice of truncation cut-off in the analytical model
nd choice of panel size and other settings in the numerical model, but
t is clear that the analytical method is very computationally efficient.
he accuracy and computational savings will be further explored in the
ext section.

.2. Accuracy and computational savings

In the previous section, the analytical multiple cluster scattering
ethod Aclust,𝐼 was validated against a benchmark numerical model

Nclust and Npark), and seen to converge to the multiple scattering
heory Apark with increasing number of iterations. The validation was
arried out for a wave energy park with 13 WECs. Here, we will analyse
he method further for parks of different number of structures, different
ayouts and separation distances, and different number of clusters.

.2.1. Performance as function of number of clusters and WECs
In Fig. 6, the performance of the multiple cluster scattering theory

clust,𝐼 is shown as a function of increasing amount of WECs, clusters,
nd iterations 𝐼 , as compared to the full multiple scattering method
park. As expected from the previous section, the accuracy is high for

terations ≥1, with a resulting error of the total computed power below
.2% in all cases, as compared to the modelling of the full park using
raditional multiple scattering theory. If the cluster interactions are
eglected, the error in the total computed power is below 6%.

In Fig. 6(a–b), parks of 4 clusters with 2–7 WECs in each are studied.
he computational cost as compared to a full park reduces with the
umber of WECs, whereas the error increases. However, for iterations
9

1, the error is still below 0.2%. For iterations ≥4, the computational
costs exceeds 100% of the computational time of the full park model
for the smaller parks with 8–12 WECs. The same trend is seen when
parks consisting of 30 WECs separated into 2–10 clusters are studied in
Fig. 6(c–d). The computational cost ratio reduces drastically, whereas
the error increases slightly, but is small enough to be neglected at
iterations ≥1. The computational cost ratio exceeds 100% for the parks
divided into 2–4 clusters.

It can be concluded that sufficient accuracy is achieved at iteration
1, and that the computational cost is lower for the iterative multiple
cluster scattering as compared to the full multiple scattering method.
The cost savings are more apparent for large parks consisting of many
WECs and/or many clusters.

3.2.2. Performance as function of separation distance and float radius
In Fig. 7, the performance in terms of accuracy and computational

cost is shown for parks of 4 clusters with 3 WECs each. The positions
of the WECs within the clusters are chosen randomly, and the lines
are averages of three simulations with random coordinates, the indi-
vidual results shown with markers. In Fig. 7(a), the four clusters are
placed with the centres on a quadratic grid, with increasing separation
distance 100−500 m. Interestingly, the computational cost ratio as com-
pared to the cost for the full park increases with separation distance,
and is above 100% for iterations ≥2 at most separation distances. For
iterations ≤1, the cost is below 80% at all distances. The accuracy is
high in all cases; the error is below 2.5% also for iteration 0 neglecting
cluster interactions. The error is below 0.1% for iteration 1 and below
0.01% for iterations ≥2.

In Fig. 7(b), the locations of the floats and clusters are the same as
for the separation distance 100 m in (a), but the floats have different
radius 𝑅 = 1, 2, 3, 4, 5 m. It can be seen that the computational cost
compared to the full park is more or less constant independent of
radius, that the error as compared to the full park increases with radius,
and that the error for all iterations ≥1 are negligibly small.

3.3. Park optimization

As an example of an application of the multiple cluster scatter
theory, an optimization study of a wave energy park is carried out.
For this reason, simulations of 500 park configurations have been
carried out, for parks of 2 − 6 clusters consisting of 2 − 4 WECs in
each. The dimensions of the floats in each park are equal, but between
simulations, the radius of the floats is in the range 1 − 5 m. As larger
buoys need to be matched to a higher generator damping, the damping
values corresponding to radius 1, 2, 3, 4, and 5 m is 23, 90, 190,
320, and 490 kN s/m, respectively. These values correspond to optimal
dampings in the given sea state. The positions of the WECs are chosen
randomly within each cluster, to remove the dependency of the wave
period. As shown in the previous sections, an excellent accuracy is
obtained at iteration = 1, hence the computations are carried out to
this order.

In Fig. 8, the performance of the 500 park configurations is shown
in terms of total power for the park, as well as total power divided by
the total buoy volume. The reason for the latter performance indicator
is that larger WECs will cost more in terms of increased amount of steel,
concrete, magnets, etc. The buoy volume is by no means a reliable
measure for the WEC cost, but can act as a simple indicator (Babarit
et al., 2012). As can be seen in the figure, the total power of the park
increases with the number of WECs and the floats’ radii, as expected.
However, when considering the total power divided by the total buoy
volume, the configurations with the smallest buoys single out as the
optimal ones.

For a more realistic objective function, the costs can be estimated.
The costs for the system are based on the work by Giassi et al. (2020)
and Ericsson and Gregorson (2018). The costs for the WECs have
been defined as {8 847, 28 833, 55 045, 81 912, 103 209} EUR
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Fig. 6. Accuracy and computational cost of the multiple cluster theory as compared to multiple scattering for the full park, for arrays of size 4–30 WECs. (a–b) Parks consisting
of 8 − 28 WECs separated into 4 clusters. Accuracy and computational costs shown as function of number of iterations in (a) and number of WECs in (b). (c–d) Parks consisting
of 30 WECs separated into 2 − 10 clusters.
Table 3
Overview of the buoy dimensions and settings used in the park optimization.

Buoy radius Damping Average power Cost

1 m 23 kN s/m 2.7 kW 8847 EUR
2 m 90 kN s/m 8.8 kW 28 833 EUR
3 m 190 kN s/m 16.8 kW 55 045 EUR
4 m 320 kN s/m 25.0 kW 81 912 EUR
5 m 490 kN s/m 31.5 kW 103 209 EUR

corresponding to the five buoy radii 1–5 m. A summary of the buoy
configurations and related costs that are used in the optimization study
is shown in Table 3. The costs for the subsea cables within the park have
been defined to 46 EUR/m. For each cluster, one substation has been
placed in the centre, and the length of the cables from each WEC in the
cluster to the substation have been added. This cable length for each
cluster has been added to a cable length from each substation to the
centre of the full park, which then defines the total length of the cables
within the park. In addition, a cost for a single transmission cable from
the park to a grid connection point onshore has been defined as 72 500
EUR. The cost for the substations have been defined to be proportional
to their average power as 168 EUR/kW, where the average power of
the WECs are {2.7, 8.8, 16.8, 25, 31.5} kW, respectively for the five buoy
radii 1 − 5 m. Thus, a substation connected to 20 WECs of radius 4 m
would have cost of 20 ⋅ 25 ⋅ 168 = 84 000 EUR. The total capital cost
f the park has been defined as the cost for the WECs, the substations,
10

nd the cables within and outside the park.
The park area occupied by the park has been defined as the area of
the minimal rectangle enclosing all WECs in the park.

The desired performance of a wave energy park is that it produces
much electricity per ocean area, to low costs (and also other aspects,
like low power fluctuations). In Fig. 9, the ratio of the average park
power and the capital costs are shown as function of the park area, the
number of WECs, and the buoy radius. The optimal park should lie in
the upper left corner, indicated by an ellipse in the figure. It can be
seen that most parks in this area have a large radius of 𝑅 = 5 m, and
that they consists of roughly 4–15 WECs.

To identify the optimal number of WECs in the park, the same
information can be plotted as a function of number of WECs, as in
Fig. 10(a). From this representation, the optimal park can be identified
to consist of 10 WECs of the largest buoy radius 𝑅 = 5 m, separated into
3 clusters, as shown in Fig. 10(b). For this array, the costs for the 10
WECs amount to 1.03 MEUR which is 87% of the total costs. The costs
for the three substations amount to 5% of the total costs, the cables
within the park to 2%, and the transmission cable to shore to 6% of
the total costs.

4. Discussion

The method introduced in this paper serves as a bridge between the
iterative multiple scattering theory defined by Mavrakos and Koumout-
sakos (1987) and the non-iterative multiple scattering theory (direct
matrix method) defined by Kagemoto and Yue (1986), as illustrated in
Fig. 11. The method reduces to the former method when all WECs in
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Fig. 7. Accuracy and computational cost of the multiple cluster theory as compared
to multiple scattering for the full park, for arrays of 12 WECs separated into 4 clusters
with 3 WECs in each. For each configuration, three simulations have been carried out
(shown by markers), and the lines are drawn between the averages of these three
results, and serve as a guidance to interpret the results. (a) The distance between the
centre of the clusters vary between 100 − 500 m. (b) The radius of the floats vary
between 1 − 5 m.

a park are seen as individual clusters, such that the iteration is carried
out for individual bodies, and to the latter if the full park is seen as one
cluster, such that the hydrodynamic interaction is computed within the
full park without iteration. To analyse the performance of the devel-
oped method, it has been compared to the multiple scattering method
as numerically implemented in Göteman et al. (2015), which has an
option of defining an interaction distance cut-off to limit hydrodynamic
introduction to floats within a given distance. This option has not been
applied here, so full hydrodynamic interactions is computed within all
floats in the park model Apark.

To highlight that the method does not require specific park geome-
try or different scales for the array layout, the coordinates of the WECs
have been chosen randomly in all simulations. This also implies that
the results are not dependent on certain sea states; for different sea
states and in particular for different wave periods and incident wave
directions, different park layouts and separation distances between
WECs would be optimal. In realistic wave energy parks, the positions
of the WECs will never be exact; bathymetry, local infrastructure, and
deployment considerations will influence the array layout. Methods
relying on exact positions may lead to misleading predictions on the
park performance. In the approach proposed in this paper, this depen-
dency on exact array layout is removed by the randomization of the
WEC coordinates. It should be noted, that even if no length scales are
11
Fig. 8. Comparison of wave power park configurations with 4 − 24 number of WECs
with buoys of radius 1 − 5 m. Each marker shows the performance or a certain park
configuration with different number of WECs and different buoy radii. The performance
of the park is shown as (a) total power [kW], and (b) total power divided by the total
buoy volume [kW/m3].

required on the array layout with the developed method, the wave and
buoy motion are assumed to be non-steep, as the theory is developed
within the framework of linear potential flow theory.

In this work, the buoys were restricted to move in heave, whereas
in reality, the buoy can move in six degrees of freedom. Savin et al.
(2012) found from full-scale offshore experiments that the inclination
angle between the float and the generator at the seabed was less than
8%, showing that the surge and sway motion are small in relation to
the full system. However, for detailed studies on WEC dynamics, all six
degrees of freedom should be taken into account.

The theory and method developed in this work is based on the
assumptions of linear potential flow theory. The devices are operating
in irregular waves, and both wave amplitudes and device motions are
non-steep. Should, however, control methods be applied such that the
devices are operating at resonance, or should steep waves or wave
effects such as trapped modes or wave run-up be studied, nonlinear
effects must be considered. Nonlinear interactions have been found
to play a significant role in wave run-up (Molin et al., 2003, 2005;
Zhao et al., 2018) and trapped and near-trapped modes (Evans and
Porter, 1997; Malenica et al., 1999; Wolgamot et al., 2016), which can
be of relevance for wave energy parks. Michele et al. (2018) showed
that resonance and trapped modes resulting from nonlinear interactions
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Fig. 9. Ratio of average park power and total costs as function of total park area. Desired performance is maximal power to low costs and little ocean area. This area is indicated
by the yellow ellipse, where the boundaries should not be interpreted as rigid. The buoy radius and number of WECs in the park are shown by symbols (see legend) and colour
(see colour bar), respectively.
Fig. 10. (a) The ratio between the average total power and the number of WECs. The
optimal park configuration (indicated by an arrow) is shown in (b).

could lead to a significant increase in the energy production of an
array of surging WECs. The study was extended by Michele et al.
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(2019) to the case of curved gates. Kagemoto et al. (2014) showed
both experimentally and theoretically using second-order nonlinear
potential flow theory, that wave trapping can occur in an array of fixed
truncated cylinders subject to regular waves, but it was also concluded,
that the large free-surface displacement predicted by potential flow
theory can be reduced in real situations due to viscous dissipation.
Realistic conditions have also been reproduced in several wave tank
experiments of WEC arrays, some of which have been compared to
predictions from linear potential flow theory. Using validation with
wave tank experiments, Mercadé Ruiz et al. (2017) concluded that
linear potential flow theory was able to predict the wave amplitude and
power production (to a certain level of uncertainty) of an array of five
point-absorber WECs, both in monochromatic and panchromatic waves.
The largest deviations appeared at resonance conditions. Konispoliatis
and Mavrakos (2014) studied mean drift loads on arrays of freely
floating cylindrical OWC devices, and found a reasonable agreement
between the experimental and numerical results, which were based
on linear potential flow theory. In addition, Wolgamot et al. (2016)
studied an array of four heaving cylinders numerically, and found that
the second-order contribution to the absorbed power was small, despite
the fact that near-trapped modes were present. These results generate
confidence in the use of linear potential flow theory when studying
arrays of heaving point-absorbers in random, non-steep waves, at least
away from resonance conditions. In realistic situations as the one stud-
ied here, resonance is not expected to occur, due to the random layout
of the wave energy park, the irregular incident waves, and the absence
of an optimal time-domain control algorithm for the devices. However,
the extension of the presented method to higher-order interactions,
and the application thereof to large arrays (with arbitrary layout) in
irregular waves is yet to be done. This is an interesting direction for
future work. Related to this is the study of wave energy parks with
non-linear control, power take-off, and mooring dynamics. Progress has
been made to study and optimize small arrays or clusters in the time-
domain (Gao and Moan, 2009; Vicente et al., 2010; Forehand et al.,
2015; Garcia-Rosa et al., 2015; Kara, 2016; Wolgamot et al., 2017;
Mankle et al., 2019; Stansby and Moreno, 2020; Stansby et al., 2021),
but the large computational cost prohibits analysis of larger parks.
One potential direction could be to couple a cluster approach as the
one presented in this paper, to detailed non-linear time-domain models
within the clusters.

The next level of generalization would be to include viscosity. For
heaving point-absorbers in non-steep waves, viscous effects have been
found to give a negligible contribution to the power production (Bhin-
der et al., 2011; Zurkinden et al., 2014; Penalba et al., 2017), in
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Fig. 11. When defining each float to be a separate cluster, the method reduces to the iterative multiple cluster method (Mavrakos and Koumoutsakos, 1987), whereas the
non-iterative multiple scattering method (Kagemoto and Yue, 1986) is obtained in the limit where the whole park is defined as a cluster.
particular for buoys with a large diameter-to-draft ratio (Hu et al.,
2020; Zhou et al., 2020). This has served as a motivation for neglecting
viscosity in this work. However, to accurately capture the dynamics in
steeper waves and close to resonance, models able to capture viscosity,
turbulence and fully nonlinear effects should be used, which would
dramatically increase the computational costs involved. Even if the
first steps towards array studies using computational fluid dynamics
(CFD) methods have been taken (Devolder et al., 2018), park studies
as the ones carried out in this paper would be impossible to carry
out with such high fidelity models, also with access to the largest
high-performing computer clusters available.

Using linear potential flow theory, Porter (1995) and Kanoria et al.
(1999) demonstrated a singularity in the fluid velocity close to sharp
edges as a wave progresses over or beneath a rectangular step. Using
a multi-term Galerkin approximation method in terms of Gegenbauer
polynomials, they were able to obtain very accurate numerical ap-
proximations for the reflection and transmission coefficients. Li and
Liu (2019) used the same approach to study the singularity at the
sharp bottom edge of truncated cylinders. This singularity has not been
considered in the present paper. It would be an interesting scope for
future work to extend the study of Li and Liu (2019) to arrays of
truncated cylinders, and compare to results computed by a high-fidelity
modelling approach including viscosity and turbulence.

Two other assumptions used in the current paper is that the waves
are travelling from a single direction, and that all WECs in the park
have identical dimensions and generator settings. Extending the theory
to other incident wave directions, to omni-directional waves (travelling
in multiple directions simultaneously), or to WECs with different indi-
vidual dimensions and parameters could be done analogously to the
work in Göteman et al. (2018) and Göteman (2017), respectively.

The focus and novelty of the paper is the performance of the
multiple cluster scattering method, and not the actual performance
of the wave energy park. The park optimization study in Section 3.3
is not an extensive optimization search, but rather an example of an
application of the theory developed in the paper. The optimal configu-
ration is identified in this paper simply by comparing a large number
of park configurations which have been generated randomly. For a
rigorous optimization, an intelligent optimization algorithms should be
employed, as the solution space is too vast for a parameter sweep to
cover all possible solutions. The objective function chosen here is either
the power or the costs of the park. The costs are computed both as very
crude estimations based on the buoy size, and as more realistic values
based on the costs for WECs, substations and cables, based on the work
of by Giassi et al. (2020) and Ericsson and Gregorson (2018). It should
be noted however, that the values are only estimates, as wave energy
has not yet reached a technological maturity where commercial parks
are installed, and knowledge on real costs are often kept as company
secrets, if known at all. The aim of this paper is to develop a method of
solving the hydrodynamic interactions efficiently, and to illustrate the
method by applying it to a wave energy park optimization study. The
results in Section 3.3 should therefore be seen as an illustration of the
applicability of the method, and an indication of optimal wave energy
park configurations, but not as a rigorous economical assessment of
wave energy parks.

5. Conclusions

An analytical method of computing the hydrodynamic interaction
in large arrays of floating truncated cylinders has been proposed. The
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principle of the method is to divide the array into clusters; so that
the hydrodynamic interaction is computed exactly (within the limits
of linear potential flow theory) within the clusters, and iteratively
between clusters. The method contains both the iterative and non-
iterative multiple scattering (direct matrix) theories as limits (when
cluster size is defined as 1 and as the total number of bodies in the
park, respectively), and can act as a bridge between the two. There
is no geometrical constraint on the clusters; they are simply defined
as arbitrary subgroups. Albeit simple, the approach gives a drastically
reduced computational cost, to retained accuracy, as compared to the
numerical benchmark software WAMIT as well as with full multiple
scattering. Already at iteration 1 (where the interaction between clus-
ters is accounted for to lowest order), the error in the computed power
is below 0.2% as compared to full interaction between all floats in the
park. The computational cost savings are larger for large parks, as could
be expected.

The theory has been implemented in MATLAB and applied to an
optimization study of a wave energy park of point-absorbers. This
serves as a realistic application of the method, as parks of this kind
will typically contain many interacting devices and be deployed in
clusters due to infrastructure considerations. In the optimization, WECs
of different buoy radius (1–5 m) and generator damping (23–490
kN s/m) as well as different random coordinates in the park have
been considered. To investigate the dependency on different objective
functions, the different park configurations have been compared with
respect to both the total output power, the total output power divided
by the total buoy volume, the total park area, and to an economical
cost function including cost for the electrical subsystem. The number of
WECs in the park ranges from 4 to 30 WECs, divided into 2–6 clusters.
In the optimization, it is seen that the parks producing most electricity
per cost and park area usually contain around 10 WECs and that the
WECs have the largest buoy area 𝑅 = 5 m.
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Fig. 12. The radiation damping between buoy 1 in cluster 2 and buoy 5 of cluster 3
in the park with coordinates listed in Table 1. Non-physical asymptotes appear in the
WAMIT results at higher frequencies, e.g. 𝜔 = 4.54 rad/s.

Appendix. Non-physical asymptotes

When computing the normalized RMSE (25) in Section 3.1, the aver-
age was taken over the angular frequencies 0–4 rad/s, not including the
higher frequencies 4–8 rad/s. The reason for this is that non-physical
asymptotes appear at higher frequencies in the non-diagonal terms
of the radiation force computed by WAMIT, as illustrated in Fig. 12.
Computing the deviation between the methods including these non-
physical asymptotes would misleadingly shown large errors; namely a
normalized RMSE of 127% for the radiation force of the full park. How-
ever, since the non-diagonal terms are small in relation to the diagonal
terms, this deviation does not influence the results of the computed
dynamics and absorbed power of the WECs. The total absorbed power
computed by the analytical solution would still differ only by 0.034%
from the one computed using the hydrodynamic forces computed by
WAMIT. Hence, even if the non-physical asymptotes are included, the
conclusions are unchanged.
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