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A B S T R A C T   

The meshless Diffuse Approximate Method (DAM) is for the first time formulated and applied to simulate the 
compressible Newtonian flow of an ideal gas in an axisymmetric tube with varying cross-sections. The problem is 
structured by coupled partial differential equations for conservation of mass, momentum and energy, and the 
equation of state closure. These equations are solved in primitive variables and strong form. DAM is formulated 
on irregular node arrangement by using the second and third-order polynomial shape functions and Gaussian 
weights, leading to weighted least squares approximation on overlapping local subdomains. Pressure-velocity 
coupling is performed by the Pressure Implicit with Splitting of Operators (PISO) scheme. The solution of the 
represented novel application of DAM is verified by matching the meshless results with the fine-mesh finite- 
volume method results. The characteristics of meshless DAM for this kind of problem are systematically assessed 
by a detailed investigation of the varying node density, shape function order, Gaussian weight’s shape, and the 
number of nodes in a local subdomain. The sensitivity study of DAM parameters shows that for the tested 
problems, the most suitable values of the Gaussian weight function and the number of nodes in a local subdomain 
are 5.0 and 13, respectively. Third-order convergence rate with better results is observed while using third-order 
polynomial shape functions.   

1. Introduction 

In the past, the idea of numerically solving the Partial Differential 
Equations (PDEs) without using a mesh was considered nearly impos-
sible. However, in the past few decades, meshless methods that can solve 
PDEs by discretising the computational domain with irregularly 
distributed points without any predefined mesh connectivity between 
nodes began to grow. Nowadays, meshless methods represent a rapidly 
emerging numerical method class involving applications from different 
science and engineering fields [1–4]. The traditional numerical methods 
such as Finite Difference Method (FDM) [5], Finite Volume Method 
(FVM) [6], Finite Element Method (FEM) [7] and Boundary Domain 
Integral Method (BDIM) [8] are very well established for solving a large 
spectrum of problems. Despite the powerful features of these methods, 
the drawbacks include node alignment in coordinate axis direction in 
FDM, time-consuming generation of quality mesh in FVM, FEM and 
BDIM, and difficulties in dealing with large distortions and moving 
boundary problems. 

Meshless methods [9–13] have become a viable and effective alter-
native to these more popular, conventional numerical methods. The 
popularity of meshless methods results from the flexibility of describing 
the problem geometry, a similar formulation in two and 
three-dimensional problems, and straightforward higher-order 
discretisation. 

A pioneering meshless numerical algorithm for compressible flow 
was developed already in 1993 [14]. After this, several other meshless 
techniques were formulated and applied to compressible flow [15–17]. 
A meshless numerical scheme based on the blended RBF interpolation 
method and Advection Upwinded Splitting Method (AUSM) for the 
stabilisation of pressure-velocity coupling was presented to solve 
inviscid [18–20] and viscous compressible flow problems [21,22]. The 
present paper develops the meshless Diffuse Approximate Method 
(DAM) to solve the Newtonian, compressible flow in axisymmetric 
tubes. This method is the subject of the current investigation because of 
its proven robustness in the regular and irregular node arrangements 
[23,24] and a considerable wide spectrum of previous applications. 
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DAM was initially proposed in [25] and further developed mainly by the 
group of Prof. H. Sadat to solve various thermo-fluid and multiphysics 
problems [26–30]. The studies [16,31–33] named a similar method 
Finite Point Method (FPM) and show that the Weighted Least Squares 
(WLS) interpolation in combination with a simple point collocation 
approach is a promising numerical tool for solving external compressible 
flow problems such as the flow around an airfoil. These studies, how-
ever, do not provide a systematic study of the performance of FPM. The 
pressure-velocity coupling in these studies was based on ad hoc stabi-
lisation. The present work attempts a detailed sensitivity study of the 
elements on which the DAM is structured and elaborates a suitable 
pressure-velocity coupling algorithm. The presented numerical model 
can be applied to a broad spectrum of single-phase internal compressible 
flows. 

One of the first industrial applications of the DAM is presented in 
[34]. The authors have successfully simulated the heat transport in the 
direct chill casting of aluminium alloys and compared the results to the 
standard FVM solution. DAM was used to solve the time-dependant 
Burgers equation with a non-uniform computational node arrange-
ment in [35]. The method was formulated for geometrically complicated 
multiphysics problems, associated with a low-frequency electromag-
netic casting [24,36], macrosegregation benchmark problem [37,38], 
macrosegregation industrial problem [39] and lid-driven cavity problem 
with non-Newtonian fluid [40], to mention a few recent developments. 

The present research focuses on developing capabilities for the 
meshless simulation of the gas-focused micro-jets [41,42]. The authors 
aim to develop a meshless solver for compressible two-phase flow based 
on Phase-Field (PF) formulation and DAM. The combination of DAM and 
PF methods already enabled the handling of the 2D moving boundary 
Rayleigh-Taylor instability benchmark problem [43] and analysis of the 
axisymmetric drop formation at the nozzle orifice due to the effect of the 

co-flowing incompressible gas [44]. To realistically predict the perfor-
mance of the Gas Dynamic Virtual Nozzles (GDVN) and their ability of 
the virtual gas focusing, it is essential to use the compressible gas phase 
[41,45–48]. The present paper elaborates on the suitability of DAM for 
the simulation of internal compressible flow. In a preliminary study, the 
authors show that the DAM can cope with single-phase, Newtonian, 
isothermal, compressible flow in a simple axisymmetric geometry [49]. 
Another similar test was performed to solve the single-phase, Newto-
nian, non-isothermal, compressible flow in 2D Cartesian geometry [50]. 
The present work expands the above-mentioned axisymmetric numeri-
cal model for physically more complex, non-isothermal problems and 
assesses the formulation’s performance in detail. In GDVN’s, helium gas 
is typically used as the co-flowing focusing gas due to its high speed of 
sound, availability, inertness, and ease of handling compared to 
hydrogen. Therefore, we perform our simulations with this gas. 
Two-phase converging and Converging-Diverging (CD) shaped nozzles 
are extremely useful in microjet formation and improve the jet charac-
teristics such as the length, diameter and velocity [41]. Therefore, the 
present work tests the numerical model for the single-phase gas flow in 
GDVNs, considering the geometrical arrangement and process parame-
ters as used in [41,48]. Variation in the tube’s cross-section, by 
including a converging and a CD section, substantially influences the 
flow characteristics. The meshless results are compared with the clas-
sical fine-grid FVM simulations performed by the Open-source Field 
Operation and Manipulation (OpenFOAM®) code [51]. The study pro-
vides a strong foundation for subsequent DAM and PF method imple-
mentation for two-phase, compressible flow problems. 

The continuation of the paper is organised as follows: The mathe-
matical formulation of the compressible flow problem and test cases are 
presented in Section 2. Section 3 includes a description of DAM for 
single-phase compressible flow, node generation procedure, and 

Fig. 1. Schematic diagram of the (a) converging tube and (b) converging-diverging tube.  
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pressure correction algorithm PISO [52]. In Section 4, the results are 
discussed for two different geometric arrangements, free parameters of 
the method. Section 5 describes the use of higher order shape functions 
while Section 6 includes conclusions and further research. 

2. Problem formulation 

2.1. Governing equations 

The following Navier-Stokes equations govern the Newtonian, 
compressible flow 

∂ρ
∂t

+∇⋅(ρv) = 0, (1)  

∂(ρv)
∂t

+∇⋅(ρvv) = − ∇P +∇⋅τ, (2)  

∂(ρe)
∂t

+∇⋅(ρve) = − ∇⋅(Pv) + ∇⋅(τv) − ∇⋅q, (3)  

P = ρRT. (4)  

where v, ρ, P, R, T, and t stand for velocity, density, pressure, specific gas 
constant, temperature, and time, respectively. τ = μ{∇v+(∇v)T

} +

λ(∇⋅v)I is the viscous stress tensor, μ, λ = (− 2 /3) μ and I stand for the 
dynamic viscosity, bulk viscosity, and identity tensor, respectively. The 
total energy per unit mass e = cVT + 0.5|v|2 is the sum of internal and 
kinetic energy per unit mass, where cV denotes the mass-specific heat 
capacity at constant volume. Finally, q = − k∇T is the conduction heat 
flux with thermal conductivity k. The gravitational and other body 
forces are not included. 

2.2. Computational domain, boundary, and initial conditions 

We test the numerical approach on compressible microfluidics 
problems, stemming from the flow in axisymmetric tubes with varying 
cross-sections, as shown in Fig. 1. 

We thus conveniently solve the problem in an axisymmetric coor-
dinate system (r, z). The first tube under consideration (Fig. 1a) con-
verges midway in length. The nominal dimensions of the converging 
tube are the inlet radius R1 = 100μm, length of the tube Z1 = 400μm, and 
throat radius R2 = 50μμm. The throat lies at Z2 = 200μμm and length of 
the straight channel at the outlet is Z3 = 200μμm. The second tube 

(Fig. 1b) consists of a converging and a diverging section, followed by a 
straight channel at the outlet. The nominal dimensions of the CD tube 
are the inlet radius R1 = 100μμm, length of the tube Z1 = 500μμm, and 
throat radius R2 = 50 μm. The area of the tube is the smallest at the 
throat. The throat lies at Z2 = 200 μμm. After the throat, the tube starts 
to diverge until it reaches Z2 + Z3 = 400 μm after which a straight 
channel starts leading to the outlet. The diverging radius is initially kept 
at R3 = 0.75R1 and then geometrical variation will be included by 
changing the diverging radius to R3 = 1.25R1 and R3 = 1.75R1 as shown 
by the dotted lines in Fig. 1b. 

The tubes are filled with compressible helium gas with its material 
properties stated in Table 2.1. The flow is considered laminar. The 
following boundary conditions are valid for both geometries: at the 
inlet, Dirichlet boundary conditions for the radial (vr = 0m) and axial 

vz = 2vavg

(
1 − r

R1

)2
components of velocity, where vavg = 89.6ms-1, 

Neumann boundary conditions for pressure ∂P
∂n =

[
∇⋅τ − ∂(ρv)

∂t +∇⋅(ρvv)
]
⋅n 

and Neumann boundary conditions for temperature (∂T /∂n= 0 K m− 1)

are enforced. No-slip conditions for velocity and Neumann boundary 
conditions for pressure and temperature are applied at the tube walls. 
Dirichlet boundary conditions for pressure (P = 101325Pa) and Neu-
mann boundary conditions for velocity and temperature are imposed at 
the outlet. Neumann boundary conditions for the axial (∂vz /∂n= 0 s− 1)

and radial (vr ⋅ n = 0m2s− 1) velocity components and Neumann 
boundary conditions for pressure and temperature are applied at the 
symmetry line. The velocity of the fluid varies from zero at the walls to a 
maximum along the symmetry axis. Initially, the gas is at rest, the 
pressure is equal to the outlet pressure (101325 Pa), and the tempera-
ture is equal to 300K everywhere. 

3. Solution procedure 

3.1. Diffuse approximate method (DAM) 

DAM uses the WLS approach to determine a locally smooth and 
differentiable approximation of discrete data. The method is local since 
the shape functions are defined separately for each computational node 
and associated subdomain. The approximation of function f̂ l is defined 
as the dot product of the polynomial basis vector b(p, pl) and the vector 
of the approximation coefficients cl 

f̂ l(p) = b(p, pl)⋅cl =
∑M

m=1
bm(p,pl) cl,m, (5)  

where pl is the position vector of the central node of the subdomain l, pis 
the position vector of any arbitrary point located inside that subdomain, 
and M is the size of the polynomial basis vector. 

Fig. 2 represents the concept of overlapping subdomains with 
boundary and domain nodes for an arbitrary-shaped computational 
domain. The local neighbourhood of a node is created with a k-d tree 
algorithm [53]. 

This paper considers bases consisting of second and third-order 
monomials. For second and third-order bases, the bases function are 

b(pi, pl) =

⎡

⎣
1, (pri − prl),

(
pzi − pzl

)
, (pri − prl)

(
pzi − pzl

)
,

(pri − prl)
2
,
(
pzi − pzl

)2

⎤

⎦,M = 6, (6)  

and 

b(pi,pl) =

⎡

⎢
⎣

1, (pri − prl),
(
pzi − pzl

)
, (pri − prl)

(
pzi − pzl

)
,

(pri − prl)
2
,
(
pzi − pzl

)2
, (pri − prl)

2( pzi − pzl
)
,

(
pzi − pzl

)2
(pri − prl), (pri − prl)

3
,
(
pzi − pzl

)3

⎤

⎥
⎦,M = 10, (7)  

respectively. Further, partial derivatives are applied to the approxima-
tion functions as 

Table 2.1 
Material properties of the helium at 300 K and 1.0325 bar.  

Fluid ρ [kg 
m− 3] 

μ [Pas] k [W m− 1 

K− 1] 
cP[kJ 
kg− 1 

K− 1] 

cV[kJ 
kg− 1 K− 1] 

R [J 
kg− 1 

K− 1] 

Helium 0.164 1.9 ×
10− 5 

0.142 5.19 3.12 2077  

Fig. 2. Concept of overlapping subdomains.  
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L f̂ l(p) = L b(p, pl)⋅cl, (8)  

where L is presently a second-order linear differential operator at the 
most. To obtain the vector of the approximation coefficients cl the 
following cost function Jl is minimised by the WLS method. 

Jl =
∑Nloc

i=1
θ(pi, pl)[f (pi) − f̂ l(pi)]

2
, (9)  

where f(pi) is the value at a point pi, Nloc is the number of nodes in one 
local subdomain and θ is Gaussian weight function, defined as 

θ(pi,pl) = exp

(

− a0
‖ pi − pl ‖

2

h2
l

)

, (10)  

where a0 is the dimensionless shape parameter, which defines the width 
of the Gaussian weight and hl is the distance between the central node of 
the subdomain and its farthest neighbour in the same subdomain. 

3.2. Node spacing and arrangement 

The computational nodes are placed at the domain and on its 
boundary. After determining the desired geometry shape, the nodes are 
generated automatically by a node repel algorithm described in [54]. 
First, the domain geometry is parameterised by a boundary function. 
The first node is placed at the domain’s lower-left corner, while the 
subsequent boundary nodes are positioned counterclockwise according 
to the boundary shape. This is followed by placing the inner boundary 
nodes, which are the immediate neighbours of the boundary nodes. They 
are positioned in the opposite direction of the outward normal of the 
boundary nodes. The remaining inner points are randomly placed inside 
the domain using the node density function. Each node is assigned a 
random position prnd inside the domain. A random number (between 
0 and 1) Xrnd and node density ςrrnd 

are calculated for each node. The 
position is acceptable only if the random number satisfies the following 
condition Xrnd < ςrrnd

/ςmax, where ςmaxis the maximum node density 
value in the given geometry. Finally, an energy minimisation procedure 
is performed for these randomly positioned inner nodes. Each point is 
assigned a charge inversely proportional to the prescribed local point 
density, and the positions of the points are iteratively adjusted to 
minimise the electrostatic energy configuration. The variable node 
arrangement is generated by the accumulated effect of the two error 
functions and one Gaussian function shown in Fig. 3. The two error 
functions are defined as 

finlet = {(erf(− s /w0)+ 1) / 2}αuφinlet (11)  

and 

foutlet = {(erf(− s /w0)+ 1) / 2}αuφoutlet, (12)  

where s is the distance between the node and the centre point of the 
domain along the z axis, w0 is the width of the transition region and αu is 
the user-defined node density. φinlet and φoutlet are set to 1/12 and 1/7 in 
the present work. The Gaussian function is defined as 

fgauss =
{

exp(− s/w0)
2
(1.0 − (φinlet +φoutlet))

}
αu. (13) 

The node density at a certain position in the tube is obtained by 
combining Eqs. (11), (12) and (13) 

fDen = finlet + foutlet + fgauss. (14) 

The function described in Fig. 3 and the Eq. (14) generates the 
variable node arrangement shown in Fig. 4b. Both uniform and non- 
uniform node arrangements are illustrated in Fig. 4. In this node 
arrangement, seven and twelve times fewer computational nodes are 
used at the inlet and outlet, respectively, compared to the area near the 
throat. 

3.3. Pressure implicit with splitting of operators 

PISO [52] pressure correction algorithm is used to perform the 
coupling between pressure and velocity fields. The key feature of this 
algorithm is the division of the solution procedure into several steps, 
with each step decoupling the operations for pressure from those for the 
velocity. The split momentum equation for pressure and velocity is 
solved consecutively for pressure and velocity during each corrector 
step, and these corrections are incorporated to predict the velocity at the 

Fig. 3. Node density distribution functions.  

Fig. 4. Illustration of (a) constant and (b) variable node density. The number of 
nodes in the figure is 4526 for constant and 3588 for variable node density, 
respectively. The nodes are generated by using αu = 300 and w0 = 0.3. 
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predictor step of the next iteration. In the present work, the predictor 
step is followed by two momentum and one energy corrector steps 
during one iteration as follows: 

Momentum predictor step: The momentum Eq. (2) is discretised 
implicitly and solved as 
[

ρn + Δt
[

∇⋅(ρnvn) + (vnρn)⋅∇ −

[

∇⋅(μ∇) +
1
3
∇(μ∇⋅)

]]]

v∗ =

ρnvn − Δt∇Pn,

(15)  

where ρn, vn and Pn are the known density, velocity, and pressure at tn 

and Δt is the positive timestep duration. The superscript n represents the 
guess values while superscripts ∗, ∗∗ and ∗∗∗ show the first, second and 
third intermediate values of the current timestep iteration, respectively. 
In each equation of PISO step, the unknown variables are marked red. 
The solution of the Eq. (15) yields v* which is the first intermediate 
velocity of iteration tn + 1 = tn + Δt. This intermediate velocity does not 
satisfy the continuity Eq. (1). 

First momentum corrector step: The momentum Eq. (2) is written 
explicitly 

ρ∗v∗∗ − ρnvn

Δt
+∇⋅(ρnvnv∗) = − ∇P∗ +

[

∇⋅(μ∇v∗) +
1
3
∇(μ∇⋅v∗)

]

. (16) 

An incremental form of the equation is obtained by subtracting the 
Eq. (15) from the Eq. (16) 

ρ∗v∗∗ = Δt(∇Pn − ∇P∗) + ρnv∗, (17)  

which, after applying the divergence and rearranging, becomes 

∇2P∗ = ∇2Pn +
1

Δt
[∇⋅(ρnv∗) − ∇⋅(ρ∗v∗∗)]. (18) 

The continuity Eq. (1) can be discretised implicitly as 

∇⋅(ρ∗v∗∗) = −

(
ρ∗ − ρn

Δt

)

. (19) 

Substituting Eq. (19) in Eq. (18) yields 

∇2P∗ = ∇2Pn +
∇⋅(ρnv∗)

Δt
+
(ρ∗ − ρn)

(Δt)2 , (20)  

which after solving, gives the first intermediate pressure field P* of the 
iteration tn + 1. Unknown ρ* in the Eq. (20) is obtained from the equation 
of state (4) as ρ∗ = Pn /RTn where Tn is the guessed temperature field. 
The obtained pressure field P* is then incorporated into the Eq. (17) to 
give second intermediate velocity field at time tn + 1. 

Energy corrector step: The intermediate velocity, pressure and 
density fields obtained until now are used to solve the energy Eq. (3) 
implicitly to get a new energy field e* as 

[ρ∗ + Δt[∇⋅(ρ∗v∗∗) + (ρ∗v∗∗)⋅∇]]e∗ =
Δt[ − ∇⋅(P∗v∗∗) + ∇⋅(τnv∗∗) + ∇⋅(k∇Tn)] + ρnen,

(21)  

where the equation T∗ = (e∗ − 0.5|v∗∗|2) /cV is used to calculate the 
temperature from the total energy at time tn + 1. In the present case, we 
are using constant viscosity. However, Sutherland’s viscosity law [55] 
can be used to model the temperature-dependant gas viscosity. 

Second momentum corrector step: Following the same procedure 
described in the first momentum corrector step, the incremental form of 
the momentum equation is obtained for v*** as follows 

ρ∗∗v∗∗∗ = Δt

⎡

⎢
⎢
⎣

∇P∗ − ∇P∗∗ + ∇⋅(μ∇v∗∗) − ∇⋅(μ∇v∗)+

∇(μ∇⋅v∗∗)

3
−
∇(μ∇⋅v∗)

3
− ∇⋅(ρ∗v∗v∗∗) − ∇⋅(ρnvnv∗) + ρ∗v∗∗

⎤

⎥
⎥
⎦

(22) 

Unlike the first momentum corrector, the convective and diffusive 
fluxes of the implicit and explicit equations are not just cancelled out in 
the second corrector; instead, they are also written in their incremental 
form. 

Similar to first momentum corrector, applying divergence and 
incorporating the equation of continuity in the Eq. (22) results in 

∇2P∗∗ = ∇⋅

⎡

⎢
⎢
⎢
⎢
⎢
⎣

∇2P∗ + ∇⋅(μ∇(v∗∗ − v∗))+

1
3
∇(μ∇⋅(v∗∗ − v∗)) − ∇⋅(ρ∗v∗v∗∗)+

∇⋅(ρnvnv∗) +
(ρ∗v∗∗)

Δt

⎤

⎥
⎥
⎥
⎥
⎥
⎦

+
ρ∗∗− ρn

(Δt)2 (23) 

where ρ∗∗ = P∗ /RT∗ incorporates the newly calculated temperature 
field in the momentum corrector. 

P**, ρ**, T* and v*** represent the field values of the time level tn +

1. These values will serve as the initial values of the next time step from 
tn + 1 to tn + 2. Fig. 5 shows the workflow of PISO for solving 
compressible flow problems. 

3.4. Numerical implementation 

The code used in the present paper is based on the already estab-

Fig. 5. Flow chart of PISO algorithm.  
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lished meshless library written in modern object-orientated FORTRAN 
and compiled in Intel Fortran Composer Version 19. The numerical code 
is parallelised using OpenMP and six threads are used for each compu-
tation. The steady-state is supposed to be achieved when the condition 
‖Xn + 1 − Xn‖ < ‖Xn‖ × 10− 6 is true for each unknown field, where Xn =

1
N
∑N

j=1 ‖ Xn(pj)‖, X
n + 1 and Xn denote the unknown initial and final field 

of the timestep tn, N is the number of all nodes. A compressible Open-
FOAM® solver rhoPimpleFoam based on FVM discretisation is used for 
the reference solution. An axisymmetric wedge-shaped domain (based 
on OpenFOAM® requirement) is spatially discretised with uniformly 
distributed 50,000 non-overlapping hexa-dominant cells of the typical 
size of 1.0 μm. Boundary conditions at the inlet, outlet and walls are 
specified to match with the DAM simulations. A second-order vanLeer 
Total Variation Diminishing (TVD) scheme [56] is used to discretise the 
convective terms. The cell-face interpolation of the velocity field was 
carried out by using a second-order TVD scheme limitedLinearV [57]. 
The time integration was performed by the first-order implicit method. 
The pressure-velocity coupling was obtained by using the PISO algo-
rithm, where an adaptive time-stepping approach is used, ensuring the 
Courant number [58] Co = (|v|Δt) /Δx = 0.25, where Δx is the size of 
one cell. The details of numerical implementation and user instructions 
for OpenFOAM® are given in [57]. 

4. Results and discussion 

This section is divided into four subsections to explain the outcomes 
of this work. Firstly, the node density independence test demonstrates 
the node spacing convergence. Secondly, a sensitivity study is performed 
to obtain a range of suitable DAM parameters. Then, the most suitable 
node density and DAM parameters are used to carry out simulations with 
different inlet flow rates and different outlet to inlet ratios of the CD 
tube. Finally, the accuracy of the model was tested for a lesser number of 
nodes using higher-order shape functions. Except for one, all the results 
in this paper are calculated on non-uniform node arrangement. In each 
subsection, the meshless results are compared with the reference FVM 
solution. 

4.1. Space discretisation 

The node density independence study is conducted first. Based on the 
node spacing, three different node arrangements, i.e., coarse, medium, 
and fine, are investigated for each geometry. The coarse, medium and 
fine node arrangements of the converging tube example are named C1, 
C2 and C3, respectively, while for the CD tube, CD1, CD2, and CD3 are 
used, respectively. The total number of nodes for each node arrange-
ment, their respective time step sizes, number of iterations, and time per 
iteration are mentioned in Table 4.1. The shape parameter a0 and the 
number of nodes in a local subdomain Nloc for the space discretisation 
simulations are set to 5.0 and 13.0 respectively. The time step size is 
restricted by the Courant-Friedrichs-Lewy (CFL) and von Neumann 
stability conditions as 

Δt = min
(

h
|v|

,
0.25h2

D

)

, (24)  

where h is the node spacing and D is the diffusivity coefficient defined as 
D =

μ
ρ. 

The simulations were performed with coarse, medium, and fine node 
arrangements of both geometries and the results were compared with 
the FVM solution. The difference between the DAM and FVM solution at 
the symmetry line and steady-state is expressed as the relative error. The 
error has been calculated at 2000 points on the symmetry axis. For those 
2000 points, DAM and FVM values are extracted from Paraview. The 
maximum relative errors of all unknown variable fields obtained with all 
node arrangements are presented in Table 4.2. The relative error re-
duces when fine node arrangements are used. In Fig. 6, the relative error 
for each unknown field variable is plotted as a function of the node ar-
rangements, where Δε is represented as Δvz, ΔP, Δρ, and ΔTfor relative 
error in velocity, pressure, density and temperature, respectively. DAM 
solutions of the velocity, pressure, density, and temperature fields on 
fine node arrangements C3 and CD3 are compared with reference FVM 
solution in Fig. 6. The profiles of the unknown field variables are plotted 
along the symmetry axis. The meshless solution profiles of the unknown 
field variables obtained with fine node arrangements show an excellent 
match with the reference solution. The relative error plots show that the 
coarse node arrangements C1 and CD1 show slightly less accurate results 
than the medium and fine node arrangements for both geometries. 

The constant density node distribution with 54,312 nodes provides 
approximately the same maximum relative error in pressure, velocity, 
and temperature as the variable node distribution C1 with 41,085 nodes 
(see Table 4.2). Hence, the variable node arrangement has been used in 
the present paper to considerably reduce (~30 %) the computational 
time. 

The minimum node spacing h for each node arrangement is given in 
Table 4.1. h is the minimum Euclidean distance between each node and 
its closest neighbour in the subdomain. The results of the convergence 
study for all node arrangements of converging tube geometry are pre-
sented in Fig. 7 where the error ξ for each unknown field variables are 
plotted as a function of the node spacing h for each of the above- 
mentioned node arrangements. The error is calculated as follows 

Table 4.1 
The total number of the nodes, the time step size, the time per iteration, and the number of iterations to achieve a steady-state solution are displayed for the converging 
and CD tube geometries and the coarse, medium and fine node arrangements.  

Node arrangement C1 C2 C3 CD1 CD2 CD3 

Number of nodes 41,085 44,312 48,812 45,862 51,258 54,765 
Minimum node spacing h [m] 7.08 × 10− 7 6.64 × 10− 7 6.35 × 10− 7 7.72 × 10− 7 7.41 × 10− 7 7.0 × 10− 7 

Δt [s] 6 × 10− 6 6 × 10− 6 6 × 10− 6 7 × 10− 6 7 × 10− 6 7 × 10− 6 

Time [s] per iteration 1.52 1.95 3.17 1.67 1.91 2.91 
No. of iteration 3741 2450 1987 3571 2369 2192 
Time [s] to satisfy the convergence criteria mentioned in Section 3.4 5686.30 4777.50 6298.80  5963.60 4524.80 6378.70  

Table 4.2 
Maximum relative error of the unknown field variables for tested node 
arrangements.  

The maximum relative 
error for unknown 
field variable 

Node arrangements  

C1 C2 C3 CD1 CD2 CD3 

Velocity 2.1 ×
10− 3 

1.6 ×
10− 3 

1.3 ×
10− 3 

9.0 ×
10− 3 

8.0 ×
10− 3 

7.0 ×
10− 3 

Pressure 3.0 ×
10− 1 

2.4 ×
10− 1 

1.4 ×
10− 1 

4.0 ×
10− 3 

2.9 ×
10− 3 

7.0 ×
10− 4 

Density 5.0 ×
10− 4 

4.0 ×
10− 4 

3.0 ×
10− 4 

3.0 ×
10− 4 

1.0 ×
10− 4 

1.0 ×
10− 4 

Temperature 7.0 ×
10− 2 

5.0 ×
10− 2 

4.0 ×
10− 2 

6.0 ×
10− 3 

3.8 ×
10− 3 

2.7 ×
10− 3  
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ξ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫
(εDAM − εFVM)

2dΩ
∫

εFVM
2 dΩ

√

. (25) 

Fig. 6. Comparison of the relative error of all node arrangements for (a) velocity, (b) pressure, (c) density, and (d) temperature fields in the converging tube. 
Comparison of the relative error of all node arrangements for (e) velocity, (f) pressure, (g) density, and (h) temperature fields in the CD tube. Comparison of the 
results obtained with the fine node arrangements of both geometries with FVM solutions for the field variables (i) velocity, (j) pressure, (k) density, and (l) tem-
perature. The values are plotted along the symmetry axis. 

Fig. 7. The plot of the error of the unknown field variables as a function of the 
minimum node spacing for coarse, medium and fine node arrangements of the 
converging tube geometry. 

Fig. 8. Time to reach the steady state solution as a function of the total number 
of the nodes for converging and CD tube. 
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The DAM solution is interpolated to the position of the centres of the 
FVM. Then the integral of the square of the difference between DAM and 
FVM field values over the entire domain is calculated. This integral is 
then divided by the integral of the square of the field values of the FVM. 
The interpolation and integration procedures are performed by Para-
view. In addition to all the above-mentioned node arrangements, the 
convergence of the model for more dense node arrangements is also 

sought. 
Fig. 7 shows that the model is capable of achieving the second-order 

convergence for all the unknown fields, while Fig. 8 elaborates on the 
relation between the total number of nodes N for each node arrangement 
and the time to reach the steady-state solution. With an increase in the 
total number of nodes, the time to reach the steady-state solution 
increases. 

Fig. 9. DAM and FVM solutions of both tube examples along the symmetry line. (a) vzcomponent of velocity, (b) pressure and (c) temperature. Relative error of (d) 
velocity, (e) pressure, (f) density and (g) temperature fields in the converging tube. Relative error of (h) velocity, (i) pressure, (j) density and (k) temperature fields in 
the CD tube. 

Table 4.3 
The number of iterations and time per iteration for different values of free parameters and the number of nodes in a local subdomain.    

Converging tube   CD tube 

a0 Nloc No. of iterations Time per iteration [s] Total time [s] a0 Nloc No. of iterations Time per iteration [s] Total time [s] 

4.5 9 2692 1.52 4091.8 4.5 9 2619 1.58 4138.0 
13 2121 2.07 4390.5 13 2040 2.26 4610.4 
17 2033 3.37 6851.2 17 2097 3.68 7717.0 

5.0 9 2561 1.3 3329.9 5.0 9 2850 1.57 4474.5 
13 2450 1.95 4777.5 13 2369 1.91 4524.8 
17 2092 3.08 6443.4 17 2156 2.27 4894.1  

5.5 9 2635  1.47 3873.4 5.5 9 2365 1.76 4162.4 

13 – – – 13 – – — 
17 – – – 17 – – –  
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It can be concluded from the results presented in Fig. 6 to Fig. 8 and 
Table 4.2 that the medium and fine node arrangements show excellent 
agreement with the FVM solution. The computational time for the node 
arrangement C2 is 75 % shorter than the C3 and the computational time 
for CD2 is 76 % shorter than the CD3. This is because the C3 and CD3 
node arrangements have a higher number of computational nodes; 
hence they are computationally more demanding. C2 and CD2 node 
arrangements are chosen in the following numerical simulations, 
respectively. 

4.2. Varying the characteristics of DAM 

The stability of the solver depends on the choice of various param-
eters, such as the free parameter of the Gaussian weight function a0 and 
the number of nodes in a local subdomain Nloc. Keeping these parameters 
in a suitable range is necessary to run a simulation smoothly and achieve 
a better solution. This section aims to find a combination of a0 and Nloc 
suitable for the discussed geometries. 

The simulations are run for the converging tube with C2 node 
arrangement and for the CD tube with CD2 node arrangement. Three 
values of the free parameters of the Gaussian weight function a0 = 4.5, 
5.0, and5.5 are chosen. Each value of the free parameter is further 
imposed on three different numbers of nodes in a local subdomain: 
Nloc = 9, 13, 17. DAM solutions of the unknown field variables of both 
geometries obtained with all successful combinations of a0 and Nlocare 

Fig. 10. Plots of unknown field variables with different inlet flowrates are presented (a) velocity profiles, (b) pressure profiles, (c) density profiles, (d) temperature 
profiles. All the profiles are plotted along the symmetry line. 

Fig. 11. Comparison of axial velocity (vzcomponent of velocity) profiles along 
the cross-section of the CD tube near the inlet, throat, and outlet. 
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compared with the FVM solutions and presented in Fig. 9. Seven out of 
nine combinations successfully reached the steady state. The use of the 
highest shape parameter, i.e., a0 = 5.5, is not suitable when more than 9 
nodes in one local subdomain were used since it makes the method 
unstable, and the solution diverges quickly. The relative error of the 
solution depends on the choice of the width of the Gaussian weight 
function. 

The maximum relative error for both geometries is obtained for the 
combination a0 = 5.5, Nloc = 9, which is plotted in Fig. 9d to Fig. 9k. The 
maximum relative error for velocity is observed near the tube’s outlet, 
which is considered the most crucial part of the velocity solution due to 
the enforcement of the Neumann velocity boundary conditions there. 
Nevertheless, the numerical model behaves well, and the relative error 
between the classical FVM solution and the present novel solution is 
almost negligible all over the domain. 

Although the results are not sensitive to all the presented combina-
tions ofa0 and Nloc as there is a minimal difference in the obtained 
relative errors in comparison with the FVM solutions, the time to reach 
the steady-state solution with each case differs drastically. For all the 
attempted combinations of a0 and Nloc, the required number of iterations 
and time per iteration are presented in Table 4.3. It can be observed that 
the smaller the number of nodes in a local subdomain, the faster the 
steady state is achieved for all free parameter values. The combination of 
a0 = 5.0 and Nloc = 9 is computationally least expensive, which 

converges the solution of the converging tube geometry in ≈ 3300 s and 
of the CD tube in ≈ 4500 s. 

In contrast, the combination of a0 = 5.0 and Nloc = 17 is the slowest 
(≈ 6500 s) to reach the steady-state solution in a converging tube and a0 
= 4.5 and Nloc = 17 takes maximum time (≈ 7717 s) to converge for the 
CD tube geometry. 

The attempts to use the free parameters larger than 5.5 and smaller 
than 4.3 are unsuccessful since the solution diverges quickly. The study 
conducted in this section provides that the combination a0 = 5.0 and 
Nloc = 13 is the most suitable one to solve the compressible flow in 
varying area axisymmetric tubes since it provides the least relative error 
for both geometries with moderate time consumption. Therefore, sim-
ulations that follow will be performed by using this combination. 

4.3. Verification of the numerical solution for different inlet flowrates 

The numerical solution is further investigated by providing different 
flow rates at the inlet of the tubes, keeping the inlet Mach number (Ma) 
in the subsonic regime, i.e., Ma < 1. The inlet flow rate Qinlet is calculated 
as Qinlet = vmaxAinlet ρinlet where Ainet and ρinlet are the tube’s inlet area and 
inlet density of the fluid, respectively. For two values of velocity, i.e., 
vmax = 179.2ms− 1 and vmax = 204ms− 1, the inlet flow rate of the fluid 
varies from 55.30mg min-1 to 63.18mg min-1 respectively, keeping the 
inlet cross-sectional area constant. Ma= vmax /c is a dimensionless 

Fig. 12. Plots of unknown field variables with different inlet to outlet ratios are presented for (a) velocity profiles, (b) pressure profiles, (c) density profiles, and (d) 
temperature profiles. All the profiles are plotted along the symmetry line. 
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measure of compressibility of the fluid, which is the ratio of the local 
flow velocity vmax and the local speed of sound c. The local speed of 
sound is calculated as c =

̅̅̅̅̅̅̅̅̅
γRT

√
which is constant at the inlet for all the 

cases as the temperature at the inlet is always kept Tinlet = 300K while 
the values of other material properties are taken from Table 2.1. Hence, 
the inlet Ma for smaller and larger flowrate values is 0.17 and 0.20, 

respectively. Fig. 10 plots the DAM solutions of unknown field variables 
with different inlet flowrates and compares them with FVM solutions. 

Since the flow is subsonic at the inlet of both tubes, an increase in the 
area of the tube produces a decrease in velocity (see Fig. 10). The flow in 
the throat of the CD tube is subsonic (Ma ≈ 0.7) therefore, the flow 
downstream of the throat also decelerates and remains subsonic. Mass 
conservation in the compressible flow demands that change in the area 
affects both velocity and density. However, the density change is 
opposite to the velocity change to satisfy the continuity equation and 
conserve the mass flow ρAv at all tube sections. The pressure, temper-
ature, and density variations are in the same direction, i.e., decreasing 
when velocity increases and vice versa. The fluid density is a function of 
pressure and temperature according to the equation of state. Hence, the 
pressure, temperature and density all decrease in the converging section 
of the tubes and increase otherwise. The shape of the velocity profiles 
along the cross-section of the tube depends on the cross-sectional area of 
the tube. Fig. 11 shows how the axial velocity changes its shape w.r.t the 
cross-sectional area of the tube. The axial velocity profiles are plotted at 
a horizontal line along the inlet, throat, and outlet of the tube. It can be 
observed that the velocity profile becomes flat in the throat because a 
smaller cross-sectional area causes increased viscous effects. Still, the 
laminar mode of the flow remains stable. On the contrary, the velocity 
profiles become less flat at the inlet and the diverging outlet of the CD 
tube due to more minor viscous effects from the walls. 

4.4. Verification of the numerical solution for different outlet to inlet 
ratios of the CD tube 

The numerical solution was further investigated for a various outlet 
to inlet ratios of the CD tube. Until now, the outlet radius of the CD tube 
was 75 % of the inlet radius. In this section, the simulations are per-
formed with an outlet radius equal to 125 % and 175 % of the inlet 
radius, as shown by the dotted lines in Fig. 1. Fig. 12 shows the solutions 
of the unknown field variable profiles for different outlet radii and their 
comparison with the FVM solutions. To provide a deeper insight of the 

Fig. 13. Pressure, temperature, and velocity magnitude contours for CD tube.  

Table 5.1 
The converging and CD tube total number of nodes, time step size, time per 
iteration, and number of iterations to achieve a steady-state solution as a func-
tion of node arrangement.  

Node arrangement CD4 CD5 CD6 

Number of nodes 20,372 22,651 24,931 
Minimum node spacing h [m] 1.33 ×

10− 6 
1.40 ×
10− 6 

1.54 ×
10− 6 

Time step size [s] 6 × 10− 6 6 × 10− 6 6 × 10− 6 

Time per iteration [s] 1.90 2.09 2.44 
No. of iterations 1544 1349 1189 
Time [s] to satisfy the convergence criteria 

mentioned in section 3.4 
2934 2820 2901  

Table 5.2 
Maximum relative error of the unknown field variables for all node 
arrangements.  

The maximum relative error for unknown 
field variable 

Node arrangements 

CD4 CD5 CD6 

Velocity 2.5 ×
10− 6 

2.2 ×
10− 6 

1.9 ×
10− 6 

Pressure 2.4 ×
10− 4 

2.1 ×
10− 4 

1.8 ×
10− 4 

Density 7.0 ×
10− 4 

4.0 ×
10− 4 

3.8 ×
10− 4 

Temperature 2.4 ×
10− 5 

2.1 ×
10− 5 

1.9 ×
10− 5  
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flow behaviour and characteristics, the pressure, temperature, and ve-
locity magnitude contour are plotted for the whole domain of CD tube 
with outlet to inlet ratio 5:4. The contour are presented in Fig. 13. 

It is evident from Fig. 12 that there is not much difference in the flow 
behaviour. The velocity, pressure, temperature, and density of the fluid 
behave similarly as illustrated in Section 4.3. Increase in the diverging 
section radius results in more outlet velocity and more pressure, tem-
perature and density drop downstream the tube. The throat radius is 
always set to 50 % of the inlet radius of the tube. Interestingly, as the 
throat to outlet radius ratio increases, the pressure curve near the throat 
becomes flatter, and the outlet to throat pressure drop becomes smaller. 

5. Higher-order polynomial shape function in DAM 

As mentioned in the Section 3.1, second-order polynomial basis 
function are used for all the simulations which require a large number of 
total nodes present in the domain (see Table 4.1). Therefore, the authors 
decided to investigate the effect of using the higher-order polynomial 
shape function on the required total number of discretised nodes. It is 
important to state here that the higher-order polynomial shape functions 
require higher a0 and Nloc. Nloc depends on the size of the polynomial 
shape function M as Nloc = 2M + 1 where M = 10 for third-order basis 

and a0 = a0
′

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Nloc/Nloc
′

√

while a0
′and Nloc

′ are the values for second- 
order basis. Therefore, in this section a0 = 7.0 and Nloc = 21 are used 
with a third-order polynomial shape function. These DAM parameters 
are used to solve the Newtonian, compressible flow in a CD tube, 
demonstrated in Section 2.2 with an inlet flow rate Qinlet =

55.30mgmin− 1. Similar to Section 3.2, three different node arrange-
ments, named as CD4, CD5 and CD6 were investigated. CD4 has the 
highest node spacing and hence produces the coarser node arrangement 
while CD5 and CD6 produce the medium and fine node arrangements, 
respectively. For each node arrangement, the total number of nodes, 
node spacing, time step size and time to reach the steady-state solution 
are described in Table 5.1. It can be noted that the total number of nodes 
used for each geometry in this section is approximately half of what it 
was required for second-order polynomials (see Table 4.1). 

The solution of the node arrangement with the least number of 
nodes, i.e., CD4, completes its one iteration in the shortest time while it 
takes the highest number of iterations to reach the steady-state solution. 
Oppositely, one iteration of the node arrangement CD6 takes the highest 
time because of a larger number of nodes in it but the total number of 
iterations to reach the steady-state solution is less. The medium node 
arrangement CD5 is proved to be the most suitable one for this kind of 
problem as it reaches the steady-state solution faster with moderate 
relative error. The relative error for each unknown field variable in 
comparison with its FVM solution is described in Table 5.2. 

It can be observed from Table 5.2 that the relative error for each 

unknown field variable is decreasing with a decrease in node spacing. 
The solutions with all three node arrangements show very good agree-
ment with the FVM solutions and give negligible relative error. How-
ever, the authors investigated some additional, finer node arrangements 
to see the effect of decreasing node spacing on the relative error of the 
solutions. The convergence study for the CD tube geometry for second 
and third-order shape functions is presented in Fig. 14 where the error ξ 
is plotted as a function of the node spacings for all the above mentioned 
node arrangements. 

All node arrangements tend to achieve the second-order convergence 
for all unknown field variables. However, using the third-order basis 
polynomials, similar convergence is achieved on a smaller number of 
nodes as compared to the second-order basis polynomials. Therefore, it 
can be concluded that using the third-order basis, similar accuracy can 
be achieved with a smaller number of nodes. 

6. Conclusions 

A combination of DAM and PISO algorithm for solving the Newto-
nian, compressible flow has been developed and demonstrated for 
solving flow in axisymmetric tubes with varying cross-sections. The 
presented results agree very well with the reference fine-mesh FVM 
solutions. From the current systematic study, the following conclusions 
can be drawn  

1 DAM provides easy and efficient implementation of irregular node 
arrangements.  

2 The sensitivity study regarding the free parameter of the Gaussian 
weight and the number of nodes in the local subdomain proves the 
suitability of the method for a variety of a0 and Nloccombinations. 
Out of all the tested combinations a0 = 5.0 and Nloc = 13 is recom-
mended for future applications of similar problems since it provides 
the smallest relative error with reasonable computational time.  

3 In a tube with varying cross section, an increase in the area decreases 
the velocity and vice versa. The pressure, density and temperature 
variations are in the same direction as the change in the area.  

4 The geometric variation of the CD tube is included to prove the 
suitability of the presented numerical model for CD tubes with 
varying outlet to inlet ratios. An increase in the outlet radius results 
in higher pressure and temperature drop downstream of the tube.  

5 All of the cases included in this study are with the subsonic inlet. The 
area variation is kept so that the flow in the throat never reaches the 
sonic condition (Ma = 1) hence, no choked flow is observed. The 
choked flow in the throat can change the flow behaviour drastically, 
and a supersonic outlet is achieved with shocks appearing in the 
diverging section of the tube. This issue will be systematically 
assessed in future studies. 

Fig. 14. Plot of the logarithmic error of all unknown field variables as a function of the logarithm of the minimum node spacing for different node arrangements 
using a) second-order shape functions b) third-order shape functions. The number of nodes in a local subdomain for the first, second and third-order shape functions 
are 7, 13 and 21 respectively. 
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6 The study provides a strong foundation for combining the developed 
compressible flow solution with the PF formulated, two-phase flow 
problems as appear in GDVN problems [34,35]. 
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