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1. Summary in Swedish

Iterativa och adaptiva PDE-lösare för
parallelldatorer med gemensam
minnesorganisation

T

dig att du är en ingenjör som har till uppdrag att bygga en ny bro.
Av speciﬁkationen framgår hur lång den skall vara och vilken slags
traﬁk den skall kunna bära. Hur försäkrar du dig om att din konstruktion kommer att hålla? Ett sätt att undersöka brons hållfasthet är att först bygga
den i en dator. Vi bygger naturligtvis inte bron fysiskt utan vi konstruerar en
simulering av bron och miljön runt omkring den i ett datorprogram. Resultatet blir en virtuell bro som vi sedan kan testa på alla möjliga tänkbara sätt
utan att behöva riskera något i den verkliga världen. Samma teknik, d.v.s. datorsimulering, kan användas (och används) för att lösa andra problem som
t.ex krocktestning av bilar, ﬂygförmåga och bränsleförbrukning hos ﬂygplan,
medicinska egenskaper hos proteiner samt prissättning av optioner.
För att åstakomma en verklighetstrogen simulering behöver vi först en
matematisk modell av det som skall simuleras. Sådana modeller utvecklas
av t.ex. fysiker, biologer eller ekonomer och för att utföra datorsimuleringen
använder man sig i det ﬂesta fall av en s.k. numerisk metod som omvandlar
modellen till miljontals enklare operationer som lämpar sig väl för datorer.
Den numeriska lösningen, d.v.s. datorlösningen till våra modeller lagras i
datorns minne och är egentligen bara en approximation till den verkliga
lösningen. I den numeriska metoden kan man kontrollera felet man gör i
approximationen på olika sätt beroende på vilken nogrannhet som krävs.
Man kan tänka sig detta som en “verklighetsratt” som man kan vrida
på efter behov. Ju noggrannare simulering vi vill göra destå större och
svårare blir simuleringsproblemet. Mängden minne som behövs och antalet
beräkningsoperationer ökar ju noggrannare simulering vi vill genomföra.
Tyvärr så händer det ofta att de riktigt intressanta problemen blir gigantiskt
stora även om vi ställer verklighetsratten i det lägsta läget. För att lösa dessa
problem måste vi använda oss av s.k. paralleldatorer.
ÄNK

Parallelldatorer med en gemensam minnesorganisation
Den grundläggande idén med parallelldatorer är att vi kan öka beräkningskapaciteten genom att koppla ihop ﬂera enklare datorer och låta dem arbeta till1

sammans. Genom att låta ﬂera processorer dela på arbetet kan vi lösa problemet snabbare än med en enda processor. Vi kan också använda det sammanlagda minnet från alla ingående datorer vilket leder till att vi kan lösa
större problem. En viktig egenskap hos parallelldatorsystem är att systemet är
skalbart dvs att ett problem kan lösas p gånger snabbare om vi lägger till p
processorer.
Man brukar dela in parallelldatorer i två klasser: system med ett distribuerat
minne1 och system med ett gemensamt minne2 . I det distribuerade fallet bildar
en eller ﬂera processorer tillsammans med ett lokalt minne en s.k. nod. Flera
noder sätts sedan samman med ett nätverk till ett större system. I det gemensamma fallet kopplas alla processorerna till samma gemensamma minne. En
egenskap hos parallelldatorer är att data som används av ﬂera processorer
måste kommuniceras mellan processorerna. I det distribuerade fallet måste
data ﬂyttas eller kopieras mellan noderna till det lokala minnet för att processorerna skall kunna läsa eller skriva till varandras data. I det gemensamma
fallet räcker det med att läsa och skriva direkt till det gemensamma minnet.
Sådana system blir enklare att programmera än system med ett distribuerat
minne. Problemet är dock att de gemensamma minnet blir en kritisk resurs
vilket begränsar skalbarheten i systemet.
Ett sätt att öka prestanda och skalbarhet är att använda sig av s.k.
cacheminnen3 . Den senaste tiden har den snabba utvecklingen av processorer
lett till ett ökande gap mellan hastigheten på processorn och minnet. Detta
minnesgap resulterar i att processorn måste vänta på data. För att lösa detta
problem lägger man till ett litet, snabbt s.k. cacheminne mellan processorn
och primärminnet. Cacheminnen fungerar p.g.a. att de allra ﬂesta program
använder endast en liten del av sitt data intensivt. Denna princip kallas för
datalokalitet4 och är en vanlig egenskap hos datorprogram. För maximal
prestanda måste alltså våra program utformas så att det utnyttjar cacheminnet
på bästa möjliga sätt, dvs att programmet skall uppvisa en hög grad av
datalokalitet.
För att ytterligare öka skalbarheten så organiserar man systemet enligt en
distribuerad modell, men man lägger till ett system som transparent ﬂyttar
eller kopierar data mellan noderna. På detta sätt bibehåller man den attraktiva
programmeringsmodellen från system med gemensamt minne fast systemet
fysiskt är byggt enligt den distribuerade modellen för ökad skalbarhet. Sådana system kallas för distributed shared-memory systems5 (DSM). En konsekvens att det fysiskt distribuerade minnet är att åtkomsttiden för data blir
icke-uniform. Därför benämns DSM-system som parallelldatorsystem med
1 eng.

distributed-memory
shared-memory. Ofta kan man också se den svenska översättningen: delat minne.
3 eng. cache memory
4 eng. locality of reference
5 En svensk översättning av begreppet skulle kunna vara: parallelldatorsystem av gemensamtminnetyp med ett fysiskt distribuerat primärminne

2 eng.
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icke-uniform minnesorganisation6 . Icke-uniformiteten kommer sig av att om
vi inte hittar data i något cacheminne måste vi hämta data antingen från det
lokala primärminnet i samma nod eller göra en s.k. fjärråtkomst7 för att hämta
data från primärminnet i en annan nod via nätverket. Fjärråtkomster blir alltså
långsammare än åtkomster till det lokala minnet.
Denna skillnad i åtkomsttid resulterar i att det blir viktigt för prestanda hos
programmet att bestämma hur data skall distribueras över noderna. Program
som inte genererar stora mängder fjärråtkomster uppvisar en form av datalokalitet som vi kallar för geografisk lokalitet8 . DSM system framstår alltså
som en väg att gå för att kunna utföra stora och komplicerade datorsimuleringar. Vi måste dock hantera två problem om vi vill uppnå maximal prestanda: Ett, vi måste maximera datalokaliteten för att minska antalet åtkomster till primärminnet. Två, om vi behöver göra en åtkomst till primärminnet
så måste vi minimera antalet fjärråtkomster.
De senaste åren har processortillverkarna insett att den traditionella processorarkitekturen med en enda processor inte kommer att kunna göras snabbare i
framtiden. Istället har man valt att placera ﬂera processorer på samma chip s.k.
chip-multiprocessorer (CMP). Dessa system påminner starkt om de klassiska
parallelldatorsystemen men med en viktig skillnad. Eftersom processorerna
sitter nära varandra på samma chip kan de kommunicera betydligt snabbare
än tidigare parallelldatorer. Flera CMP processorer kan sättas samman och
bilda ett skalbart DSM system. För dessa system kvarstår dock problemen
med datalokalitet och geograﬁsk lokalitet för att uppnå maximal prestande.

Iterativa och adaptiva PDE-lösare
Vi ser alltså en trend att framtidens datorer kommer att i större utsträckning
än tidigare programmeras som en parallelldator med ett gemensamt
minne. Denna trend gäller speciellt för svåra simuleringsproblem där
programmeringsprocessen är extra komplicerad. I denna avhandling
utvecklar vi metodologi för programmering av numeriska lösare av
partiella differentialekvationer (PDE) för parallelldatorer med en gemensam
minnesorganisation. Sådana ekvationer används ﬂitigt i många viktiga
simuleringar och har studerats sedan datorns barndom. Vi studerar
s.k. iterativa och adaptiva PDE-lösare som används för realistiska
simuleringsproblem. För att uppnå maximal prestanda på moderna skalbara
system måste vi uppnå en hög grad av lokalitet, både datalokalitet och
geograﬁsk lokalitet. Detta åstakommer vi genom optimering och omskrivning
av både programkod och algoritmer. Vi söker efter omformuleringar som är
generella och utgör små ingrepp i programstrukturen.
6 eng.

non-uniform memory architectures (NUMA).
remote access
8 eng. geographical locality
7 eng.
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I uppsats I undersöker vi först och främst effekten av geograﬁsk lokalitet
för fyra olika PDE-lösare. Två av dem är enkla standardprogram och två är
mer realistiska simuleringsprogram. De två parallelldatorerna av DSM typ vi
använde kunde förbättra den geograﬁska lokaliteten genom att ﬂytta eller migrera data mellan noderna. Hos den ena datorn sköttes migreringen explicit av
programmeraren jämfört med den andra där datamigreringen sköttes automatisk genom ett transparent system som övervakade minnesåtkomstmönstren.
Vi utforkskar vilken av de två datamigreringsstrategierna som lyckas bäst med
att minska antalet fjärråtkomster och vilken inverkan de två strategierna har
på programstrukturen.
I uppsats II studerar vi den parallella effektiviteten för den explicita datamigreringsmekanismen för en iterativ PDE-lösare. Vi visar att skalbarheten kan
ökas med relativt enkla medel utan att totalprestanda sjunker. Uppsats III behandlar parallell effektivitet och datalokalitet för samma iterativa lösare. Vi
utvärderar olika typer av algoritmiska optimeringar och omformuleringar och
visar hur prestanda för lösaren kan ökas avsevärt med liten inverkan på programstrukturen.
I uppsats IV studerar vi hur den parallella effektiviteten påverkas av CMPprocessorer. Vår ide var att på framtida system av CMP-typ så kommer goda
lokalitetsegenskaper vara viktigare än hög parallell effektivitet. Vi studerar
en s.k. multigridlösare och visar att en formulering med sämre parallell effektivitet än standardformuleringen löser problemet fortare tack vare bättre
lokalitetsegenskaper.
Slutligen så studerar vi i uppsats V en typ av PDE-lösare där den numeriska
metoden anpassar sig dynamiskt efter simuleringsförloppet. Sådana, s.k adaptiva numerisk metoder är speciellt svåra att parallellisera p.g.a det dynamiska
minnesåtkomstmönstret. Datamigrering blir i detta fall nödvändigt eftersom
åtkomstmönstret förändras över iterationerna. Vi studerar ett modellproblem
och visar att datamigrering förbättrar graden av geograﬁska lokalitet utan att
försämra den parallella effektiviteten hos den adaptiva PDE-lösaren.

Slutsatser
• En hög grad av geograﬁsk lokalitet kan avsevärt förbättra prestanda hos
iterativa och adaptive PDE-lösare.
• Datamigrering är en effektiv teknik för att öka graden av geograﬁsk
lokalitet för dessa applikationer.
• Programomformuleringar som syftar till att öka graden av datalokalitet
kommer att ha en ännu större betydelse för prestanda på framtida system
av gemensamtminnetyp än idag.

4

2. Introduction

Computers are incredibly fast, accurate and stupid;
humans are incredibly slow, inaccurate and
brilliant; together they are powerful beyond
imagination
Albert Einstein

S

is used to study many important problems in
science and engineering ranging from global climate modeling and
crash simulations to protein folding and the pricing of stock options.
Instead of performing lab experiments or constructing prototypes, scientiﬁc
computing can be used to simulate the real world using a computer program.
This methodology is different from classic approaches of conducting science
and is being applied in an increasing number of disciplines. A necessary condition for a simulation approach to be efﬁcient is that the computer programs
are optimized for the target computer.
Realizing a simulation problem as a computer program requires a mathematical model of the problem studied. The model is transformed into an algorithm suited for computers using numerical methods. One fundamental feature
of numerical methods is that they compute an approximation to the true solution and the quality of the approximation is determined by the detail of the
numerical method. As a consequence, very challenging problems requiring
detailed models normally result in huge amounts of data that needs to be processed. This means that the usage of a computer simulation methodology is
often limited by the size and speed of the computer system used. In many
cases it is known how to realize an important simulation, but there is no computer system available that can complete the calculations within a reasonable
period of time. In these situations, performance separates what is infeasible
from what is feasible. Furthermore, it is not uncommon that numerical simulations only execute at a small percentage (5-20%) of the peak performance
of the system. This poor utilization of computer resources is not satisfactory
because we want our computing investments to pay off.
Both the feasability and the utilization problem can be attacked using various software and algorithmic optimizations. Optimizing the code can enable
very large simulations previously out of grasp or make it possible to increase
the throughput and efﬁciency of simulation codes already in use. If the factors
that determine performance are known it may also be possible to trade perCIENTIFIC COMPUTING
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formance for other important characteristics of software such as modularity,
readability, extensibility, ease of use and robustness.
In this thesis we explore and develop methodology for performance optimization of simulation code for a class of computer systems referred to as
shared-memory architectures. These architectures have the potential of combining high performance with ease of programming which simpliﬁes the solution of more challenging simulation problems. We study numerical methods for partial differential equations a.k.a. PDE which are used frequently in
simulations and we evaluate ways of implementing PDE solvers for a range
of shared-memory architectures. The PDE problems studied are iterative or
adaptive in nature and they exhibit data locality problems for shared memory architectures. This is especially true for non-uniform architectures and we
address these locality problems using algorithmic optimizations. We start by
providing some background to shared-memory architectures, programming
and the implementation of PDE solvers. Our aim is to provide the terminology and concepts needed for the presentation of our contributions presented
in Chapter 3, and Chapter 4. We conclude the thesis summary with an outlook
on the future in Chapter 5.

2.1

Shared Memory Architectures
A computer lets you make more mistakes faster
than any invention in human history - with the
possible exceptions of handguns and tequila
Unknown

Shared-memory architectures have been used extensively in commercial and
scientiﬁc domains. The key property of these systems is that the processors
all share the available resources such as memory and I/O capabilities. This
design allows for very ﬂexible resource sharing and adaptation to many different types of workloads. For scientiﬁc computing applications shared-memory
architectures need to be able to efﬁciently support a large processor count
without becoming too expensive. To achieve this, manufacturers of large-scale
shared-memory systems have relied on two major ideas: adding cache memories to hide memory latencies and distributing memory to cope with high
bandwidth demands.

2.1.1

Cache Memories

The speed of memory has not developed in pace with the memory bandwidth
demands of modern microprocessors. Large, fast memories are simply too
expensive or complex to build. It is more cost efﬁcient to create the illusion
of a fast memory by inserting a small but fast cache memory [45, 50] between
6

the large, slow main memory and the processor (CPU). A request for a word
can either hit or miss in the cache. On a miss the request is forwarded down to
the slower main memory. For cache memories to be efﬁcient, programs must
be able to keep their critical data in the cache memory to a high degree. We
call this principle locality of reference.
As an example, consider the situation
sketched in Figure 2.1. In this example, the
access time to the cache memory is 20 ns
and the access time to the main memory is
150 ns. Assume that 10% of our memory
references go to the cache memory, i.e.
that we have a cache hit ratio of 10%.
In this case our average access time is
0.1 × 20 + (1 − 0.1) × 150 = 137 ns. If we
somehow increase our cache hit ratio to
90%, our average access time reduces to
0.9 × 20 + (1 − 0.9) × 150 = 33 ns. The
point of this example is to show that, if the
application exhibits a high cache hit ratio,
we can build a less-expensive system with a
Figure 2.1: Example for illustrat- much lower average access time to memory
ing cache effects. The access time using caches.
to a cache memory (the “euro”
Every cache memory has a ﬁnite capacsign) at a cache hit is 20 ns and ity, and we need an efﬁcient mechanism to
the access time to main memory determine if data is in the cache or not. This
at a cache miss is 150 ns.
is described by the so-called cache organization. In efﬁcient cache organization, data is brought into the cache in larger
blocks (or lines), which means that every time we reference a data word we
store a whole block of data in the cache memory. As a consequence, access
patterns featuring unit strides are efﬁcient on systems with caches. Instead of
missing on the references to every word of the block, we generate only one
miss per block. All subsequent accesses to this block can be satisﬁed from the
cache memory.
One way to reduce the amount of cache misses is to use a larger cache
memory. Today, most of the chip area of microprocessors is used for cache
memories. However, large caches also increase the overhead for ﬁnding and
replacing data in the cache. As a result, modern computer designs use a hierarchy of cache memories of increasing size, referred to as the memory hierarchy. Building an efﬁcient memory hierarchy requires several difﬁcult design
trade-offs with respect to efﬁciency, design complexity, chip area, and power
requirements. Once this optimum is found, the responsibility of localizing the
memory accesses is delegated to software. By optimizing our programs we
can exploit a given cache organization better.

7

2.1.2

Multiprocessors

A traditional way to increase performance further is to connect several processors together using a network to form a multiprocessor. The processors
can then cooperate to ﬁnish a task faster than a single processor. Using a naive
model, if one processor can ﬁnish the task in T1 time, p processors can ﬁnish
the task in
Tp =

T1
p

(2.1)

time. This model is an example of so-called perfect scalability. Another way
of looking at scalability is to state that by increasing p we can solve a problem
p times as large as the original problem in the same amount of time. As we
will see in Section 2.2 such perfect scalability is very hard to achieve.
There are two main classes of multiprocessors: distributed-memory and
shared-memory architectures [28, 35, 46, 50]. In shared-memory architectures, all processors share a single global memory. Writes to this shared memory are visible to reads for all processors of the system. In distributed-memory
systems, each processor has its own local memory, which cannot be accessed
directly from another processor. Writes to this local memory are not visible
to reads from other processors. This distinction has profound implications on
how the two types of systems are programmed.
The advantage of distributing the memory is that we can improve memory bandwidth since the memory requests are distributed over several memory controllers. However, most parallel programs require communication. On
distributed-memory architectures, communication is often realized using a
message-passing programming model [28, 35, 46]. Messages are sent between
the processors to synchronize the local memories, thus allowing writes to be
visible. By explicitly controlling the messages we gain control over the interconnect network trafﬁc. However, this control comes with the drawback of
complex programming, which might reduce overall productivity.
For shared-memory multiprocessors, communication between the different
processors is handled in a more transparent way. A programmer can simply
read and write to the shared memory. However, because we need cache memories for bridging the CPU-memory gap we are faced with another problem.
Cache memories may hold local copies of data, and if some data is shared
between processors, this leads to a cache-coherency problem [28, 50]. To
solve this problem a cache-coherency protocol is implemented to maintain
coherency of shared data by invalidating or updating incoherent copies. At the
next request to an incoherent copy, the most recent data needs to be communicated to the requesting cache memory. The use of cache coherency protocols
leads to a situation where the amount of interconnect trafﬁc is again (like locality of reference) governed by the access patterns of the application, and by
controlling the access patterns we can improve performance of applications.
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2.1.3

Distributed Shared Memory Systems - DSMs

There exist shared-memory multiprocessors that have physically distributed
memory, but they can still be programmed as a shared-memory system. This
is achieved by adding a transparent communication layer that provides the
illusion of a single shared memory. Shared-memory architectures are usually
classiﬁed into two different categories based on this distinction.
Symmetric Multiprocessor (SMP) In these architectures, the access time to
the shared memory is uniform. Hence, they are classiﬁed as uniform
memory architectures (UMA). These architectures represent typical,
small-scale shared-memory architectures on the market today and they
usually exhibit processor counts of a few dozen.
Distributed Shared Memory Architectures (DSM) In these architectures,
the memory is physically distributed over a set of nodes. As a consequence, the access time to the logically shared memory is non-uniform.
Hence, these architectures are classiﬁed as non-uniform memory architectures (NUMA). DSMs are constructed to support the bandwidth demands of a larger amount of processors without incurring excessively
long access times. Cache-coherent DSMs are often referred to as ccNUMA systems.

The idea of DSMs is to combine the high bandwidths of distributed architecture with the shared-memory programming model. Ideally, such systems
represent a cost-efﬁcient way of building large-scale shared-memory systems.
By using standard building blocks for the individual nodes, a large-scale system can be built using some high performance interconnect at a lower cost
compared to a centralized SMP design [28, 50, 97].
In a DSM architecture, accesses that miss in the cache need to be retrieved
from the physical memory of some node. If the cache miss can be served by
memory from the same node, we call it a local access. Otherwise, the data
must be fetched from the memory of another node, and we call this type of
access a remote access. Because remote accesses need to travel through the
interconnect network, the access time for memory within a node is smaller
than the time required for a remote access. The difference is measured by the
NUMA ratio.
Remote access time
NUMA ratio =
.
(2.2)
Local access time
Typical NUMA ratios range from 2 to 10 depending on the system and network architecture. Apart from the previously discussed form of locality of
reference, DSM architectures add an additional form of locality. The geographical locality of data describes the amount of remote accesses issued to
the memory system, and an application in which most accesses are served by
local memory is said to exhibit a high degree of geographical locality.
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(a) Symmetric Multiprocessor

(b) Distributed Shared-Memory System

Figure 2.2: Illustrations of the two major types of shared-memory architectures. Figure 2.2(a) depicts a typical shared-memory architecture where every CPU have the
same uniform access time to the shared memory (UMA). Figure 2.2(b) depicts a distributed shared-memory architecture (DSM) in which the physical memories are distributed over a set of nodes. The CPUs will see different access times depending on
the node afﬁnity of the data. Hence, such architectures are classiﬁed as non-uniform
(NUMA).

Many applications exhibit large working sets, which lead to cache capacity
problems. To reduce the latency for the cache misses, several architectural improvements have been proposed. Data distribution via page placement is discussed in Section 2.2. Other techniques include Remote Access Caches (RAC)
[65, 106] and Cache-Only Memory Architectures (COMA) [48], Simple COMA
(S-COMA) [47, 49, 103], and Reactive NUMA (R-NUMA) [41, 65].

2.1.4

Chip Multiprocessors - CMPs

Recent developments in microprocessor architecture suggest that future
shared-memory systems will be hosted on a single chip [2, 91]. Chip
Multiprocessors (CMP) [7, 50, 61, 62, 63, 64, 79, 112] are constructed by
placing several microprocessors, so-called processor cores, on a single
chip and connecting them using an on-chip network. Each core can also be
capable of executing code from several programs simultaneously, a technique
called Simultaneous Multi-Threading (SMT) [39, 50, 58, 61, 62, 76].
Combining these two techniques will produce shared-memory architectures
with drastically different memory system characteristics because the cores can
communicate on-chip. Because processor cores are replicated on chip, new
design tradeoffs needs to be made. The percentage of chip area used for cache
memories will probably decrease, which will emphasize the importance of
locality even further. Whether these systems will be uniform or non-uniform
is not clear today. However, several CMP chips can be connected together
using interconnect hardware to form a large shared-memory architecture. Because each one of these chips host many CPUs, the chips will need very high
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bandwidth interconnects. Hence, it is likely that they will be built like a DSM
[7, 77].
CMP architectures will increase the general availability of shared-memory
systems. In just a few years, every new desktop computer will be able to execute two threads or more in parallel. Hence, we believe that there will be an
increased demand for parallel programs [109, 110]. In the light of these observations, the shared-memory programming model seems like an attractive
abstraction for producing future parallel programs.

2.2

Parallelization and Shared Memory Programming
There ain’t no such thing as a free lunch.
R. A. Heinlein

Parallelizing a sequential program and producing an efﬁcient implementation
is a non-trivial task. First, we must identify a set of independent tasks that
can be executed in parallel to solve a given problem. These tasks then need
to be assigned to threads, which are mapped to the processors. Our ultimate
goal is to reach the holy grail of parallel computing, or perfect parallelism,
which as stated in Equation 2.1. Unfortunately, we can only reach this level
of parallelism for a very small amount of applications. In all other cases, the
amount of parallelism will be limited by various forms of parallel overhead
[3].
It can be very hard to track down the reasons for parallel inefﬁciencies
because so many complex subsystems of the computer are interacting. This is
especially true in the shared-memory model in which many of the mechanisms
generating overhead are hidden from the explicit control of the programmer. In
the following sections we will give a brief overview of how to program in the
shared-memory model. We will also try to explain what the potential sources
of parallel overhead are, especially for non-uniform architectures. Finally, we
will discuss cross-cutting issues related to the operative system.

2.2.1

An Introduction to Shared Memory Programming

The fundamental abstraction in the shared-memory programming model is the
concept of a thread. Multiple threads share the address space of a program and
enable concurrent and parallel execution. Although the address space is kept
coherent, we often need to synchronize the threads to ensure the correctness of
the program. This is a characteristic feature of the shared-memory programming model [35, 46]. Unprotected accesses to the same shared data item will
cause a so-called race condition or data race.
The POSIX [25] standard provides a standardized interface for programming in the shared-memory model. In many cases, the POSIX standard often
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becomes too detailed and cumbersome to use. To make it easier for the programmer to handle the synchronization and creation of threads, a consortium
of vendors designed the OpenMP language extensions [31, 78, 92].
In OpenMP, a master thread executes until it encounters a parallel region.
At this point, several threads are created, and the work contained in the parallel region is divided onto the threads using so-called work-sharing directives.
This style of programming is often referred to as fork/join programming. In
OpenMP, the parallel regions are identiﬁed by inserting a directive or compiler pragma in the code. This method has the advantage that the code can
be incrementally parallelized by adding more and more directives. Also, the
directives can be ignored using compiler ﬂag, resulting in a serial program.
OpenMP was designed to increase portability and productivity compared to
previous directive-based languages and models [8, 93]. To achieve these goals
the language needs to be both easy to use and architecture-agnostic. Today,
OpenMP is the de facto standard for shared-memory programming. Examples
of other contemporary shared-memory languages include PARMACS (ANL)
macros [4], Universal Parallel C (UPC) [18, 40], Co-Array Fortan [89], Titanium [126], and Cilk [15].

2.2.2

Sources of Parallel Overhead

To produce an efﬁcient parallel implementation in the shared-memory model
we must control the three most important sources of parallel overhead: communication, artifactual communication, and synchronization. As a programmer we can accomplish this by targeting various forms of optimizations such
as maximizing data locality, minimizing the volume of data exchange, and
minimizing the frequency of interactions.
Communication
The classic source of parallel overhead is communication. In the
shared-memory model, communication is not explicitly handled by the
programmer. Instead, threads communicate by reading and writing to the
shared address space, illustrated in Figure 2.3. For communication to take
place, thread 1, T1 , must make sure that the write event occurs before the read
event of T2 ; in other words, a causal relation must exist between the two
memory events. This relation is enforced using synchronization. Figure 2.3 is
an example of a communication pattern referred to as true sharing, because
the value of variable a is used by both threads.
Like any other parallel computer system, the speed of communication is
limited by the characteristics of the interconnecting network, and if these limits are exceeded, the network will be congested. Another problem is that interconnect networks can be saturated if the communication occurs in bursts.
Of course, we cannot simply remove communication, because it is necessary
for producing correct results. However, we can overlap communication with
12

Figure 2.3: Illustration of communication in a shared-memory architecture. The
threads T1 and T2 communicate using the shared variable a and a synchronization
operation.

computations to hide the associated overhead by exploiting the memory consistency model, see Culler et al. [28].
Artifactual Communication
A problem related to communication is that many shared-memory systems
introduce artifactual communication due to the cache organization and coherency protocol. The shared address space is normally kept coherent at some
non-word size unit, typically at cache block granularity. If data is shared between two threads, this can lead to a communication pattern referred to as false
sharing. As an example of false sharing, consider the case in which one thread
writes to the ﬁrst word of a cache block. If a second thread writes to another
word in the same block, coherency must be enforced even though the threads
are not communicating. This will introduce unnecessary overhead from the
coherency protocol. To solve the false-sharing problem, special care has to be
taken when designing data structures.
Synchronization
A ﬁnal source of parallel overhead is attributed to the synchronization operations used to enforce causal relations. As an example, a barrier is used to
stall all threads until they have reached the same point in the program. Other
types of synchronization operations are reductions, used to broadcast data, and
mutual exclusion operations, needed to avoid data races.
Synchronization operations will generate communication overhead,
because they are normally implemented using memory operations. However,
the primary reason for synchronization overhead is associated with load
balance. Consider this barrier operation: if the computational work is
unevenly balanced, the most loaded thread will force all other threads to wait
at the barrier. By assigning an equal amount of computational work, the
barrier stall time will be reduced. Note that a perfect computational work
distribution may not result in a perfect load balance because of cache effects.
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Moreover, on non-uniform architectures, such cache effects are exaggerated
because the memory access time is also affected by the physical location of
data.

2.2.3

System Support for Increasing Geographical Locality

To achieve a high degree of geographical locality on DSM architectures, we
can either optimize our program code for a given architecture or we can design
systems that transparently optimize thread-data afﬁnity. There have been many
proposals of features to improve the geographical locality of applications, and
we present and discuss some of them below.
Thread Scheduling
When a new thread is created it gets scheduled onto one of the DSM nodes.
On a time-sharing OS, threads might also be moved (migrated) to some other
node to balance the workload. Moreover, on a DSM system it is normally
beneﬁcial to include the notion of afﬁnity in the scheduling algorithm. Afﬁnity
scheduling means that the thread should be scheduled to the same processor or
node on which it had been previously executing. Afﬁnity scheduling increases
the possibility of data reuse from caches and local memory [20, 27, 85, 117].
Page Placement Policies
As with thread scheduling, the OS also needs to decide how to distribute the
application working set over the nodes. This introduces the notion of page
placement policy. A memory page is the smallest unit of memory allocation
used by the OS. The most common page placement policy on contemporary
DSM systems is the first-touch policy [75], where pages are placed on the
node where a thread ﬁrst references the page, or where it generates a page
fault. Other policies include random placement, whereby pages are distributed
randomly in a uniform fashion, and round-robin, whereby pages are placed in
a modulo-n fashion. Skew-mapping and prime-mapping schemes are modiﬁcations of the round-robin policy [53]. The ﬁrst-touch policy has been shown
to work satisfactory for some numerical applications [75, 81, 82, 83, 84, 117].
First-touch also works well for single-threaded programs.
If the ﬁrst-touch strategy is used, afﬁnity scheduling becomes important.
If threads are moved from one node to another, the amount of remote accesses will increase, because data is physically allocated to memory in the
node where the thread ﬁrst touches it. The optimal schedule would be to keep
the thread in the node where it was ﬁrst scheduled. Some systems also include
ways of controlling the placement of pages [12, 43, 66], and in these systems
a programmer can explicitly distribute pages to better match the access pattern
of the application.
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Page Migration
In many cases, an application exhibits phases in which the memory access
pattern changes signiﬁcantly. For example, it is common that a single thread
initializes the data before more threads are created. On a system with ﬁrsttouch page placement policy, serial initialization will result in all data being
allocated to the node where the thread executes. In the parallel phase, threads
not scheduled to this node will generate a large amount of remote accesses.
This problem can sometimes be solved by initializing the data in parallel and
ensuring that threads are not moved. However, for more complex codes, it can
be very hard or even impossible to initialize data in parallel.
A way of adapting to changes in the access pattern is to try to automatically migrate pages to minimize the amount of remote accesses, or, in other
words to move the data to the threads. Such mechanisms can be constructed
in user-level mode, by explicit page placement calls [12, 20, 74, 82, 113] or
by augmenting the operative system with dynamic data-distribution features
[47, 66, 106, 117]. Page migration has shown to be efﬁcient in many scientiﬁc
applications [16, 27, 51, 65, 82, 87, 106, 117] and in commercial software
[47, 117, 123]. On the other hand, some researchers have reported that page
migration does not improve performance: see Chauhan et al. [22] and Jiang
and Singh [55, 56]. In this context it should be noted that if the working set
of the application is too small, most of the remote accesses will be satisﬁed
by local caches. The same application can exhibit very different characteristics depending on the problem size [52, 55, 56]. Many previous studies have
also been performed using simulated systems [19, 52, 65, 106, 117, 123], and
to make such studies feasible, the working sets need to be small. Otherwise,
simulation will take too long. Hence, the architectural parameters need to be
carefully scaled down to match the reduced working sets. Another problem
of conducting page migration studies is that some applications of common
benchmark suites have already been optimized for a speciﬁc page placement
policy such as ﬁrst-touch. As discussed earlier, the OS scheduler also needs
to be afﬁnity aware. There are examples of the native OS scheduler not being well tuned to the migration mechanism: see Corbalan et al. [26, 27], and
Nikolopoulos et al. [85].
Designing heuristics and algorithms for the migration engine is not an easy
task and it is dependent upon the architectural support. A migration engine
needs to detect candidate pages for migration. For this purpose, various metrics have been studied, such as page reference counters [66, 113], sampling
various forms of cache misses [47, 117], DTLB misses [74, 117], and/or combinations of the previous three. The sampling can be completely transparent
using hardware mechanisms or be introduced by some form of run-time proﬁling from instrumented code [74, 81].
Most migration schemes are based on some form of access statistics (counters), which means that a page is migrated if the number of remote accesses
rises above a given threshold. If this threshold is set too high, migration might
15

not be triggered at all, or be triggered too late. If the threshold is set too low,
pages could ping-pong between nodes incurring substantial overhead.
Once we have an efﬁcient detection mechanism, we also need to control
the overhead associated with moving pages between nodes. The two major
sources of overhead can be attributed to keeping TLBs coherent [111] and
performing the actual copying. Verghese et al. [117] found that TLB ﬂushing
and processor synchronization were the primary sources of overheads. The
SGI Origin systems include support for reducing this overhead [66]. Typically,
the algorithms for TLB consistency does not scale because a TLB shoot-down
operation is a global operation [65, 106].
Page migration can also be initiated from the application. Such an explicit
mechanism has the advantage of allowing the programmer to control when to
migrate and adapt to changes in the application. By enabling migration at an
early stage, the overhead can be fully amortized. This is especially important
in iterative codes [80, 82, 84, 86]. A recent method of implementing such an
explicit mechanism is to include a call or directive with an affinity-on-nexttouch semantic [12, 80, 87]. Using this system call, a programmer can redo a
placement using the ﬁrst-touch policy again. This mechanism can also be used
to build a transparent migration engine: see Tikir and Hollingsworth [113].
Many of the features described above have been implemented in existing
systems. The SGI Origin systems [66] were one of the ﬁrst systems of this
type on the market. It supports a ﬁrst-touch placement policy as well as a
dynamic page-migration mechanism. These systems also feature system calls
for performing explicit page placement. The HP AlphaServer GS Series [12,
43] supported mechanisms for explicit page placement as well as an afﬁnityon-next-touch call. The Sun WildFire [47, 50] prototype supports dynamic
page migration and S-COMA page replication engine, which has been proven
to work very well for many applications, [16, 47, 51, 87]. The Sun Fire series
of servers [21], used in our experiments, supports a choice of random or ﬁrsttouch placement policy and an afﬁnity-on-next-touch call [108].

2.3 Implementing PDE Solvers for Shared Memory
Architectures
The challenge is not to make easy programs easier.
The challenge is to make hard programs possible
William Gropp

Partial differential equations are used to model many important phenomena.
Most interesting PDEs cannot be solved using analytical methods. Instead,
numerical methods such as the ﬁnite-difference method (FDM) or the ﬁniteelement method (FEM) must be used to approximate the solution of the PDE
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using a ﬁnite set of points or a ﬁnite set of basis functions, a process referred
to as discretization. A mesh or grid is used to represent the discrete entities
from discretization, and the resolution of the grid determines both the accuracy of the approximation and the amount of memory needed to store the
solution. Accuracy can also be improved by the approximation properties of
the numerical method itself using so-called high-order methods. The choice
of numerical method depends on many things: the type of PDE, the boundary
conditions, and the geometry of the problem. From an implementation point
of view, the choice of mesh has the most profound implication on the potential
performance of the simulation code.

(a) Cartesian Grid

(b) Curvilinear Grid

(c) Unstructured Grid

Figure 2.4: Examples of different grid types used in the discretization of PDE problems. In the ﬁgures, the space surrounding an airplane wing-proﬁle is discretized.

There are two basic types of grids. Cartesian grids, often connected to
FDM, can be described as a set of starting points and step lengths. As an
example, a discretization of the closed interval [a, b] can be generated at a
resolution of N points by the function xi = a + ih where i = 0 . . . N − 1, and
b−a
h = N−1
. In this formulation cartesian grids can only describe rectangular geometries, see Figure 2.4(a)1. However, by applying a coordinate transformation, cartesian grids can be generalized to curvilinear grids see Figure 2.4(b).
Such grids can be used to cover more general shaped but still regular domains.
The combination of several overlapping grids to form a composite grid using
interpolation can also be used to handle more complex geometries [95]. Unstructured grids, used primarily for FEM, can be described as a subdivision of
a given geometry using simple geometric shapes such as triangles or quadrilaterals, see Figure 2.4(c). Such grids can be made to conform to almost any
geometry which is a major advantage compared to the cartesian approach.
Cartesian grids on the other hand, are easily mapped to a computer memory
using array data types. For unstructured grids, all points and edges need to be
stored into a data structure for lookup as the grids are traversed. The mapping
to a linear memory structure is more complex compared to the cartesian case.

1 Figures

2.4(a),2.4(b) and 2.4(c) are reprinted from Pärt-Enander [95] with kind permission
from the author.
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2.3.1

Iterative and Adaptive PDE solvers

Most numerical methods are iterative in nature. For time-dependent PDE
problems, the iterations correspond to stepping through time in discrete
quanta. Other PDE problems are iterated until some steady-state is reached.
Many numerical methods also include additional iterative schemes for each
time step or steady-state iteration. This is especially true for more challenging
simulation problems that are non-linear or that exhibit phenomena at different
time or space scales. This layered approach creates a setting where there are
several nested iterative algorithms present. The iterations can be static in the
sense that the access patterns does not change over the iterations. In this case
the same grid or set of grids is used during the whole simulation. In adaptive
methods, the access patterns are more dynamic. Such methods modify the
grid frequently to resolve phenomena in the simulation as they evolve or as
they are identiﬁed.
When optimizing iterative algorithms, we need to reduce the total amount
of iterations to accelerate convergence, and also minimize the time needed to
perform an individual iteration. In this thesis we are concerned primarily with
the second type of optimization, and such optimizations have been studied
extensively for many computer systems. However, for non-uniform sharedmemory systems, most of the previous work has been performed using simpler benchmarking codes. We are interested in optimizing more realistic problems with more complex program structures and/or large datasets exhibiting
more dynamic, and irregular access patterns. In realistic settings many practical considerations must be taken into account when optimizing code, and
optimizations developed for simpler codes may not be applicable, or they can
be hard to implement. Our results are based on three PDE codes which we believe represent realistic solvers used for large scale simulations. We begin by
discussing the GEMS application which is studied in Paper I-III. We then continue to the TBGS application (Paper IV), and end with the SAMR application
(Paper V).

2.3.2

GEMS - An Industrial CEM Solver

GEMS is an abbreviation for General Electro-Magnetic Solver, which was
derived as a result of a three year Swedish development project funded by
an extensive research program in academia and industry. The main objective of the GEMS project was to develop a state-of-the-art software suite for
solving the Maxwell equations. For time-dependent problems, GEMS uses
a hybrid of Finite-Differences, and Finite-Volumes or Finite-Elements methods for solving the equations. In a typical problem an object, such as an antenna, is placed in a domain. The program then solves the equations for an
incoming wave to study the radiation or scattering of the wave. In the hybrid
scheme, the space close to the object is discretized using a Finite-Element or
Finite-Volume method and the surrounding space is discretized using a Finite18

Figure 2.5: Trainer ﬁghting jet. Surface plot of the unstructured computational grid
used for the FEM discretization in GEMS

Difference method. This approach has been shown to be efﬁcient because we
can exploit the good characteristics of the different methods, see Edelvik [38]
and references therein.
In papers I-III we study the Finite-Element part of GEMS. This solver consists of two parts. First, the Maxwell equations are discretized using FEM and
a system of equations is assembled. Second, the linear system of equations
is solved for each time step using an iterative method [6, 102]. Throughout
this thesis we use data from a discretization of a ﬁghter-jet geometry, see Figure 2.5. This geometry results in a very sparse linear system with 1794058
unknowns and 29870237 non-zero elements and the system is solved using
our implementation of the conjugate gradient (CG) method [6, 116].
The performance of the CG algorithm is, in the sparse case, dominated
mainly by two things: the convergence rate, how many iterations are performed, and the efﬁciency of implementation of the sparse matrix-vector product (SpMxV). Accelerating the convergence using preconditioning [6, 116] is
problem-dependent out of scope of this thesis. Furthermore, for our data set,
no preconditioning was necessary because the convergence rate was already
sufﬁciently high.
Optimization of the SpMxV has been studied by several authors [17, 37,
90, 96, 101, 114, 118]. The efﬁciency of these optimizations depends on the
distribution of the non-zero elements and the data structure used to store the
iteration matrix. In the FEM case, the sparsity structure is determined by the
type and numbering of the grid elements and also on the geometry of the problem. The number of non-zero elements in each row or column is bound by how
many elements that geometrically couple in physical space. Figure 2.6 shows
the non-zero structure of the iteration matrix used in our GEMS experiments.
In the sparse matrix-vector product (SpMxV) the scalar product of each row
with a dense right-hand side (RHS) is formed. It is clear from Figure 2.6 that
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Figure 2.6: Non-zeros structure of the resulting iteration matrix for the surface grid
of the Trainer ﬁghter jet.

the access pattern of the RHS vector will exhibit a low degree of locality due to
the irregular structure of the matrix. In papers I-III we study how to optimize
the CG algorithm for both uniform and non-uniform shared-memory architectures. The structure of the CG algorithm is similar to other so called Krylov
subspace methods [6, 116] and we believe that our results can be extended to
this larger class of methods.

2.3.3

TGBS - A Cache Optimized Multigrid Solver

In Paper IV we study a multigrid solver [23, 115, 122]. Multigrid algorithms
are used frequently to solve many important problems. The classic application is to solve elliptic PDE:s but multigrid methods have also been used to
solve convection-diffusion problems, and for solving more complex PDE like
the incompressible Navier-Stokes equations. In Paper IV we study a standard
elliptic problem, the Poisson equation in 3D.
Multigrid methods are used to accelerate convergence of some iterative
solvers and this acceleration is achieved by using a set of grids where the
solution is interpolated between the grids and high frequency errors are suppressed using a smoother. Multigrid methods are characterized by an inner
loop where the number of grid points used increase and decrease in a predeﬁned way. A multigrid method involve three different components: a prolongation and a restriction operator to handle the movement of between the
grids and a smoother operator to suppress the high frequency errors. The convergence rate of the method is governed by the numerical properties of these
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operators, see Trottenberg et al. [115], Wesseling [122]. One way of improving the convergence rate can be to apply the smoother several times on each
grid level. In Paper IV we study ways of reducing the cost of applying the
smoother. If the smoother is cheap to apply we can invoke it multiple times
to increase convergence. The methodology we develop can be used for any
structured grid multigrid problem.

2.3.4

SAMR - Structured Adaptive Mesh Reﬁnement

In Paper V we study a structured adaptive mesh reﬁnement (SAMR) [9, 10,
11] scheme. In SAMR methods the structured mesh is composed out of a collection of grid patches or blocks to support ﬁne discretizations only where it is
needed. The main idea is to try to resolve only the critical areas of the domain
instead of using a uniform ﬁne grid. These techniques have been used successfully to solve difﬁcult problems, see Dongarra et al. [35]. A fundamental
difference compared to a uniform grid approach is that the mesh will change
dynamically as the simulation progresses. The non-static grid introduces new
difﬁculties to the implementations because we need to maintain load balance.
We can no longer use a static domain-based strategy to decompose the problem because the distribution of computational work will not be constant.
The patches or blocks are assigned to each thread to form a composite grid
structure. This procedure is referred to as a partitioning of the grid. Load balance is achieved if the different partitions of the composite grids have approximately the same size. This load balancing strategy assumes that the computational work is proportional to the number of grid points that is assigned to
each partition. For SAMR methods to be efﬁcient the overhead associated with
partitioning and applying the numerical method on composite grids need to be
kept small [5, 14, 32, 33, 36, 73, 94, 98, 100, 104, 120, 124]. Furthermore, the
composite grid can be seen as a union of several small PDE problems2 . The
boundary values need to be interpolated from neighboring grids. Numerically,
special care has to be taken to not destroy order of accuracy and stability in
the interpolation process.
On non-uniform architectures we have to take data distribution into account.
In the message-passing model we must explicitly distribute patches according
to the current partitioning over the processors. Several studies have been made
to develop partitioning methods that try to minimize patch movement between
nodes [35, 120]. On DSM systems we are faced with a similar problem. Here,
all patches can be accessed but to ensure a high degree of geographical locality the physical allocation of patches must match the partitioning. To solve
this problem dynamic data migration (or replication) must be used. Without
migration, data will be allocated according to the page placement policy of
the system. This is studied in Paper V.
2 The

actual boundary conditions of the original problem need to be applied for patches that
touch the physical boundary
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3. Contributions

I

we list our contributions to the solution of the PDE
problems described in Section 2.3. The chapter is divided into three sections corresponding to the three solvers studied. For each section we ﬁrst
comment on our implementation and then present summaries of the material
presented in papers I-V.
N THIS CHAPTER

3.1

GEMS

We parallelize the conjugate gradient algorithm, described in, Algorithm 1,
using OpenMP by adding work-sharing directives to the loops that implement
the compute intensive operations. We include the entire main iteration into a
single parallel region to reduce the overhead of entering and leaving parallel regions. In the CG algorithm, there are several global barriers and reductions per iteration. The BLAS level-1 operations [13] are easily parallelized
and load balanced using OpenMP work-share directives. However, for the SpMxV operation, it is clear from Figure 2.6 that the access pattern will exhibit
very little spatial locality due to the structure of the matrix. A straight-forward
OpenMP implementation of the SpMxV would add a work-share directive to a
loop over the rows or columns. If a static loop scheduler is used this will lead
to load balance problems because the non-zeros are non-evenly distributed.
This load imbalance, can be mitigated using a dynamic loop scheduler. However, because the inner-loops are small and change in extent, dynamic scheduling might result in signiﬁcant overhead.
The degree of geographical locality will be low because in the code the
initialization of the matrix is performed sequentially. The matrix is the result
of an assembly process where the unstructured grid is traversed to construct the
matrix. On a DSM system with a ﬁrst-touch page placement policy we could
try to initialize the matrix in parallel to match the access pattern of the SpMxV.
However, since most sparse matrix formats use indirect addressing we need
the matrix in memory before any partitioning analysis can be performed which
results in a chicken-and-egg problem.

3.1.1

Paper I

In Paper I we investigate the importance of geographical locality for a small
set of scientiﬁc applications. These are the CG and MG applications from the
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Algorithm 1 Method of Conjugate Gradients
Given an initial guess x0 , compute r0 = b − Ax0 and set p0 = r0 .
For k = 0, 1, . . .
(1)
Compute and Store Apk
(2)
Compute < pk , Apk >
(3)
< rk , rk >
Dk =
< pk , Apk >
(4)
(5)
(6)
(7)

xk+1 = xk + Dk pk
Compute rk+1 = rk − Dk Apk
Compute < rk+1 , rk+1 >

Ek =
(8)

< rk+1 , rk+1 >
< rk , rk >

Compute pk+1 = rk+1 + Ek pk

NAS NPB suite [57], the GEMS solver and a realistic CFD solver [54]. We
evaluate the use of parallel initialization, afﬁnity-on-next-touch and dynamic
page migration to overcome the problem of serial initialization on system using a ﬁrst-touch page placement policy. In the case of the CG algorithm, an
optimal parallel initialization is very hard to achieve due to the indirect addressing of the sparse matrix data structure. In this case, we show that afﬁnityon-next-touch on the SF15K and a the dynamic page migration engine of the
Sun WildFire manages to increase the amount of geographical locality significantly. We also ﬁnd that the effect of page migration differs somewhat when
comparing codes from benchmarks and real applications. A possible reason
for this is that the access patterns of real applications are more sparse and/or
unstructured. Benchmark codes are also often evaluated using smaller data
sets which reduce the effect of geographical locality because a more efﬁcient
use of cache memories can hide the remote latency.
Data distribution for the two NPB benchmarks [57] have been studied by
several authors, see Bull and Johnson [16] (Sun Wildﬁre) and Nikolopoulos
et al. [82] (SGI Origin 2000). To our knowledge Paper I is the ﬁrst study of
the NPB applications and the afﬁnity-on-next-touch implementation on the
Sun Fire series of systems. We also compare the performance of the NPB
benchmarks to more realistic PDE solvers.

3.1.2

Paper II

In Paper II we investigate the scalability of the afﬁnity-on-next-touch primitive. We show that the Solaris implementation is not very scalable because of
overhead associated with keeping TLBs coherent. By using large pages and
an afﬁnity-on-next-touch directive, we manage to improve the performance of
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the CG solver with up to 160% compared to the original solver, where all data
was allocated onto a single node by the ﬁrst-touch page placement policy. For
the GEMS application the larger page size did not effect the performance in a
negative way. To our knowledge Paper II is the ﬁrst study of the combination
of larger page sizes and page migration.

3.1.3

Paper III

In Paper III we evaluate different algorithmic optimizations to increase the
performance of the GEMS solver. Most of the optimizations are well known
but they have, in most cases, only been evaluated in a message passing environment. The algorithmic optimizations studied are: graph partitioning [35,
59, 120], S-Step formulation of the algorithm [6, 24, 34] and bandwidth minimization [30, 44]. Apart from the algorithmic optimizations we also improved
the OpenMP implementation and managed to reduce the number of global
barriers from seven to three per iteration. To evaluate the efﬁciency of our implementation and the effect of the algorithmic optimizations, we execute the
code on both a uniform (an E10K) and a non-uniform shared-memory architecture (a SF15K) using upto 28 threads.
On both the uniform and non-uniform architectures, bandwidth minimization exhibited the best performance. Apart from exhibiting good load balance
the smaller bandwidth of the matrix increased the amount of data locality.
Also, the number of remote accesses is reduced compared to the original
algorithm. Combining bandwidth minimization with graph partitioning and
the S-step formulation does not increase the performance compared to using
bandwidth minimization only. The positive effect of bandwidth minimization
has also been observed by Oliker et al. [90] using a SGI Origin 2000 system.
However, in their study they used a smaller and more synthetic data set.
In Paper III we also compare the scalability of the CG solver on a uniform
architecture to the scalability on a non-uniform architecture using the optimizations developed in Paper II. Our results show that scalability was much
better on the uniform architecture compared to the non-uniform. Possible reasons for the difference in scalability are that in the non-uniform case, communication is more expensive because some of cache misses are served by
remote nodes. Another possible reason can be attributed to NUMA-effects in
the implementations of the synchronization primitives in the OpenMP runtime
system, see Fredrickson et al. [42].

3.2

TBGS

In Paper IV we study how to improve locality for Gauss-Seidel and
Successive-Over-Relaxation (SOR) [128] type smoothers for multigrid
methods. The traditional way of parallelizing such smoothers is to introduce
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multi-color orderings [1, 102, 115, 122]. Such orderings decouple the data
dependencies of the smoother to make it data parallel. However, multi-color
orderings reduce data locality [105, 121]. The decoupling results in that the
grid needs to be swept several times. At each sweep, only a part of the data is
touched, leading to unused data that occupy cache space. Naturally ordered
smoothers only sweep the grid once, resulting in a higher degree of locality.
A natural ordering has the drawback that it potentially introduces more parallel overhead than the multi-color case. When parallelizing natural ordered
Gauss-Seidel smoothers we can use either a hyperplane or a pipelined approach [57, 60, 125, 127]. In 2D or 3D, hyperplane algorithms exhibit moderate speedup due to load imbalance problems. Pipelined algorithms have some
scalability problems due to the need of ﬁne-grained synchronization. To be efﬁcient, the pipelining technique require very fast communication between the
processors. Therefore, this technique is inappropriate for most contemporary
message-passing and shared-memory systems.

3.2.1

Paper IV

In Paper IV we show how to combine a temporal blocking technique with
a pipeline parallelization strategy. Our experimental results show that the increased degree of temporal locality allow us to apply the smoother more than
once at a very low additional cost. By applying the smoother multiple times
we improve the convergence of the multigrid method used. This is true even
though the natural order exhibits a lower asymptotic convergence rate than the
multi-color ordering. Our temporally blocked smoother executes up to 3 times
faster compared to a multi-color implementation.
The pipeline parallelization technique introduces more parallel overhead
than the standard multi-color technique. Our results show that on a DSM system, a SunFire 15000, the parallel efﬁciency drops signiﬁcantly when more
threads are added. A common belief is that emerging CMP/SMT architectures
can tolerate more communication overhead than traditional shared-memory
systems due to the possibility of communication using an on-chip cache. To
study this we evaluated an integer version of the Gauss-Seidel smoother on a
32-thread based UltraSPARC-T1 system and the original ﬂoating-point version on a simulated 32-way CMP. On the UltraSPARC-T1 our results show
that when more than one thread is scheduled on each core, our locality optimized algorithm exhibited chip-resource allocation problems. Adding one
SMT thread did not improve performance as much as adding another core.
This result was veriﬁed on the simulated 32-core system where the pipelined
version scales as good as the multi-color implementation. This indeed indicates that emerging multi-core architectures are more communication-tolerant
than traditional DSM designs. This fact opens up possibilities for alternative
parallel algorithms. In our multigrid example, we increased locality at the cost
of more communication.
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3.3

SAMR

In Paper V we show that the ﬁrst-touch page placement policy leads to a large
amount of remote accesses for the SAMR solver. To remedy this, we introduce
dynamic data migration using a afﬁnity-on-next touch call. Because we want
to minimize data movement we use algorithms designed for message-passing
models to reduce the overhead of data migration.

3.3.1

Paper V

In Paper V we evaluate the efﬁciency of a afﬁnity-on-next-touch directive used
to increase the amount of geographical locality for the SAMR application.
The SAMR algorithm uses a ﬁxed number of grid blocks, see Lötstedt et al.
[71], Steensland et al. [107]. Various algorithmic optimizations are used to
minimize data movement between partitions. For example, the Jostle diffusion partitioner by Walshaw et al. [120] is used to minimize the intra-partition
movement of grid blocks. We also develop a book-keeping strategy to only
trigger migration for the grid blocks that are assigned to new nodes from the
partitioner. For maximum thread-data afﬁnity we align all data to page boundaries and we explicitly touch pages to bind them to the correct node using
the afﬁnity-on-next-touch directive. We believe that the same techniques can
be used to increase geographical locality for more sophisticated SAMR algorithms where the amount of blocks can change dynamically [10, 11]. Our
results show that we can reduce the amount of remote accesses signiﬁcantly
using page migration. The overhead introduced by page migration is small,
and the ﬁnal reduction in execution time is 40%.
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4. Summary of Contributions

• We show that geographical locality has a signiﬁcant effect on the performance of shared-memory implementations of iterative and adaptive PDE
solvers, even for systems with small NUMA ratios.
• We show that a directive with an afﬁnity-on-next-touch semantic is an efﬁcient way of increasing the degree of geographical locality for both iterative
and adaptive PDE solvers.
• We show that, for applications where the granularity of sharing is large,
large pages can be used to reduce the overhead of page migration.
• We show that, for shared-memory implementations of iterative solvers of
conjugate gradient type, bandwidth minimization of the iteration matrix
can result in both a high degree of data locality and a good load balance.
• We show that we can increase the performance of multigrid smoothers
for emerging shared-memory architectures by combining natural ordering,
temporal cache blocking and a pipeline parallelization strategy.
• We show that CMP architectures exhibiting shared on-chip caches have the
potential of being able to tolerate more communication overhead compared
to contemporary many single-core multiprocessor architectures.
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5. Conclusions

The big problems should have been solved when
they were small
Unknown

I

we evaluate and improve the performance of a set of realistic PDE solvers for shared-memory architectures. We hope that our
contributions can serve as guidelines or as a set of best practices for implementations of iterative and adaptive PDE solvers. Our overall conclusions
are that locality in various forms, is important, and will become more and
more important to achieve maximal performance on future shared-memory
systems. Based on our results we identify two major topics that need to be
considered for future shared-memory systems:
N THIS THESIS

• Emerging CMP architectures will feature a smaller total amount of cache
memory as a larger percentage of the chip area is used to host multiple
cores. In a traditional non-CMP system the total amount of cache memory
grows as we increase the number of threads because each CPU has a private hierarchy of caches. On a typical CMP, parts of the memory hierarchy
will be shared which result in that the total amount of cache memory is
constant. We also anticipate that the CPU-memory gap will increase as the
technology advances further. Both of these developments will fuel the need
for locality optimizations further.
• The bandwidth demand of processors is increasing steadily. This is especially true for CMP architectures where multiple threads have to be fed
by the memory system. To build scalable architectures the processors will
probably have to be distributed over nodes forming non-uniform architectures. Hence, we need mechanisms to control data distribution for maximal
performance.

A consequence of these developments is that the importance of locality
cannot be underestimated. As an example, the methodology we develop in
Paper IV show that perfect scalability may not be the only target for algorithm development for emerging shared-memory systems. Data locality has a
much more prominent effect on performance. We also believe that the need for
data locality might require re-evaluation of many important algorithms such as
matrix factorizations and fast transforms. However, the optimization of such
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algorithms for future shared-memory architectures is still an open research
issue.

5.1

Outlook

We have reached a point where we need to incorporate modern software
development techniques to cope with the increased size and complexity of
the implementations of scientiﬁc software. By hiding complexity, scientists
from application ﬁelds can be more productive. This is especially true
for more challenging applications. Furthermore, with the introduction of
chip-multiprocessing we believe that parallel programming will be absolute
necessary for achieving high performance not only for applications in the
traditional HPC domain. Both of these two developments suggest that the
shared-memory model will become more widespread simply because it is
easy to use. Hence, we need efﬁcient, easy to use and portable tools for
handling data distribution and for optimizing locality.
Distributed shared-memory architectures were designed to meet three
design goals: scalability, ease of use and low cost. However, most of the large
scale systems used today can not be programmed in the shared-memory
model. Developers are still using message passing to reach the highest
possible performance. One fundamental problem with the DSM model is the
problem of artifactual communication and data distribution. Whether these
problems can be solved still remains an open research issue. One interesting
idea is to implement the coherence protocols in software. These so-called
software distributed shared-memory systems (SW-DSM) [70, 97] can be
used to implement the shared-memory model on a clustered architecture.
However, SW-DSMs have not yet reached the same maturity and level of
performance as their hardware counterparts.
In papers I,II and V we study a directive with an afﬁnity-on-next-touch
semantic. Such a directive is architecture-agnostic which leaves a programming model such as OpenMP virtually untouched1 . We show that this type of
directive can solve many data distribution problems and we believe that for
large-scale applications we some mechanism to control data distribution. In
this setting an afﬁnity-on-touch directive looks quite promising. In our experiments we disabled the OS scheduler by binding threads to CPU:s. In a realistic production environment where the system can be over-prescribed we need
afﬁnity aware scheduling in combination with data distribution. An afﬁnityon-touch directive could serve as a hint to improve thread-data afﬁnity.
Some of the data distribution experiments in the papers are performed at a
small scale to be able to compare with a corresponding UMA system. When
more threads and nodes are used we ﬁnd that the overhead for page migra1 For

uniform architectures such a directive would be rendered as NULL which may not be the
most esthetic solution
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tion becomes more of an issue. This overhead has also been identiﬁed as a
signiﬁcant bottleneck by other researchers [56, 65, 66, 117]. We need to ﬁnd
new ways of scaling page migration to support larger systems. As an example,
consider the case of shared TLBs for SMT processors. If one thread needs to
shoot-down a TLB entry, other threads may have to wait [29, 72, 99]. Various
algorithmic optimizations could also be developed to minimize the amount of
migration. For some applications, where the granularity of sharing allows it,
larger pages could help reducing this type of overhead.
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