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both for the gauge field and the BRST ghosts, and the duality is manifest in the Feynman
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duality. This gives a new formulation of an N = 4 CS-matter theory, with fields of unusual
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1 Introduction

Non-abelian gauge theories have provided a rich source of remarkable physical and mathemat-
ical insights. One revelation that emerged relatively recently is the Bern-Carrasco-Johansson
(BCJ) duality between color and kinematics [1–3]. The duality states that quantum scatter-
ing amplitudes in many of our most cherished gauge theories may be organized through
cubic diagrams that exhibit two dual structures: color factors and kinematic numerators
that obey the same Lie-algebraic relations. The color factors inherit their relations from
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the underlying Jacobi identity and Lie algebra of the gauge group, whereas the algebraic
origin of the kinematic relations is still shrouded in mystery.

For gauge theories with adjoint massless fields, the existence of color-kinematics duality
at tree level is equivalent to the existence of BCJ amplitude relations [1, 4–7]. The
color-kinematics duality and the BCJ relations were first formulated for tree-level pure
Yang-Mills theory [1] and later the duality was generalized to loop-level amplitudes [2],
including supersymmetry. The first complete derivations of the tree-level BCJ relations
came from string theory [4, 5] and on-shell recursion [6] which implied the extension to
many supersymmetric purely-adjoint theories. Later work discovered that many different
types of gauge theories exhibit the same duality [8–18], including theories with fundamental
matter [19–21], as well as scalar effective field theories [22–30] without gauge fields. Further
non-trivial calculations at loop level established the duality more firmly [2, 31–51], and
later included extensions to loop-level form factors [52–58]. Recently the color-kinematics
duality has been extended to curved-space amplitudes and correlators [59–72].

A central corollary to the color-kinematics duality is the double-copy construction:
once numerators obeying the duality are found, they can be used to replace color factors in
gauge theory amplitudes, thus obtaining gravity amplitudes [1, 2]. For tree-level amplitudes
in purely-adjoint gauge theories, the application of the double copy is equivalent to the field-
theory limit of the Kawai-Lewellen-Tye (KLT) relations [73] between open and closed string
amplitudes. The double-copy applies to a large web of gravitational theories [2, 40, 74–93],
including string theory [94–100] and ambi-twistor string constructions [101–106]. The double
copy has been extended to classical solutions in general relativity, such as Schwarzschild and
Kerr black holes [107–132] and calculations relevant to gravitational-wave physics [133–143].

The topic of duality-satisfying numerators and BCJ amplitude relations in massless
gauge theories has by now a vast literature. Amplitude relations have been studied from
many complementary perspectives, such as string theory, scattering equations and positive
geometry [4, 5, 144–146]. By now there exist many direct methods for the construction of
BCJ numerators [51, 147–160]. However, to gain a complete understanding of this topic,
direct exploration of the structure of the underlying kinematic algebra is necessary.

The first construction of a kinematic algebra was formulated for self-dual Yang-Mills
theory by Monteiro and O’Connell [161]. They showed that the Feynman rules of the theory
can be obtained from nested commutators of generators of area-preserving diffeomorphisms.
While self-dual Yang-Mills theory has vanishing tree amplitudes the one-loop amplitudes
are non-zero [162]; their color-kinematics properties were explored in ref. [33]. The second
kinematic algebra to be constructed is by Cheung and Shen [23], who realized a cubic
Lagrangian for the SU(Nc) non-linear sigma model (NLSM), with Feynman rules obeying
color-kinematics duality at tree and one-loop level. In refs. [163, 164] a kinematic algebra
was formulated for Yang-Mills theory up to the next-to-MHV level, where the maximally-
helicity-violating (MHV) sector was observed to be unique for local BCJ numerators, and
secretly given by the Cheung and Shen Lagrangian [23]. Interestingly, the same color-
kinematics-satisfying Lagrangian was later used in a different context to give a non-abelian
generalization of the Navier-Stokes equations [165, 166]. In the past few months, two new
results have made significant progress in elucidating the kinematical algebra of Yang Mills

– 2 –



J
H
E
P
0
8
(
2
0
2
2
)
0
3
5

theory. In ref. [158] a covariant version of color-kinematics duality was proposed and it
enabled double-copy manipulations at the Lagrangian level and gave explicit all-multiplicity
BCJ numerators. In ref. [160] a kinematical Hopf algebra was introduced that had formal
generators that mapped to explicit BCJ numerators, both in pure Yang-Mills theory and
when coupling heavy-mass particles to Yang-Mills theory.

Other approaches towards elucidating the underlying structure of color-kinematics
duality include explicit brute-force constructions of Yang-Mills Lagrangians with manifest
color-kinematics duality up sixth order in the fields [74, 167]. See also refs. [168, 169]
on Lagrangian double copies up to cubic order. Alternatively, there are approaches that
construct Berends-Giele currents in so-called “BCJ gauge” [170, 171], as well as other
advanced mathematical explorations using recursive structures, homotopy algebras and
diffeomorphism symmetry [172–184].

In this paper we explore the algebraic origins of the color-kinematics duality by studying
a simpler gauge theory, namely 3D Chern-Simons theory. In particular, here we uncover that
pure Chern-Simons theory admits an off-shell formulation of color-kinematics duality, and
that an explicit kinematic algebra can be written down in terms of generators and structure
constants of a volume-preserving diffeomorphism algebra. Furthermore, we extend the web
of double-copy theories to include several Chern-Simons-matter theories that have not been
previously considered in the context of color-kinematics duality. Our results rely on using
the vanilla formulation [1] of color-kinematics duality and double copy, that expands the
adjoint-representation amplitude in cubic massless diagrams. Thus our work is orthogonal
to previous more exotic color-kinematics constructions in 3D.

Almost a decade ago it was shown [8, 9, 185] that maximally supersymmetric Chern-
Simons theory, N = 8 Bagger-Lambert-Gustavsson (BLG) theory [186, 187], admits a 3-Lie
algebra double copy (with quartic graphs), yielding maximally supersymmetric N = 16
supergravity in 3D. The BLG theory is related to the N = 6 Aharony-Bergman-Jafferis-
Maldacena (ABJM) theory [188] for the case of gauge group SO(4) ∼ SU(2) × SU(2).
Both BLG and ABJM theories give partial amplitudes that obey the exotic 3-Lie algebra
color-kinematics duality up to six points, and starting at eight points only the BLG theory
gives amplitudes that double copy to N = 16 supergravity [9]. Much more recently, there
has been renewed interest in the double copy applied to 3D massive theories. A new massive
double copy has been applied to topologically massive 3D Yang-Mills theory [189–195],
which includes a Chern-Simons term in the Lagrangian. In the current paper, we will not
directly make use of these quite different constructions, but instead follow the standard
formulation [1].

It is generally accepted that realizing N ≥ 4 supersymmetry in Chern-Simons theories
requires that the matter transform in a bi-fundamental representation. In our approach, we
construct purely-adjoint Chern-Simons-matter theories from imposing that their partial
amplitudes obey the BCJ amplitude relations. By including the maximal number of scalars
and fermions, we land on a unique theory that exhibits N = 4 supersymmetry, at the minor
cost of having anticommuting scalars and commuting fermions. While this could potentially
be tied to some issue with these theories, it is of little consequence to our construction, since
the double copy of two such states produce matter with correct statistics. In particular, we
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obtain maximally supersymmetric N = 8 Dirac-Born-Infeld theory from the double copy of
two N = 4 Chern-Simons-matter theories.

This paper is organized as follows: in section 2, we introduce Chern-Simons theory
and the color-kinematics duality. In sections 3 and 4, we discuss off-shell color-kinematics
duality for pure Chern-Simons theory, and show that it holds for both the physical fields
and the ghost sectors, and we identify an underlying kinematic algebra. In section 5, we
consider off-shell double copies with Chern-Simons theory. In section 6, we study Chern-
Simons-matter theories, and show that they can be made to obey the BCJ relations and
that the maximally supersymmetric double copy is an interesting theory.

2 Preliminaries

We begin with a brief review to introduce the needed background and to set the notation.

2.1 Chern-Simons theory

The 3D Chern-Simons action can be written as

S = k

4π

∫
Tr
(
A ∧ dA+ 2i

3 A ∧A ∧A
)
, (2.1)

where k is the Chern-Simons level, and the gauge field A is a Lie-algebra valued one-form,
A = T aAaµdx

µ. Solutions to the corresponding field equation are flat connections, F = 0,
where F is the field strength two-form, F = dA+ iA ∧ A. Without loss of generality, we
take the gauge group to be SU(Nc), with generators and structure constants normalized
such that Tr(T aT b) = 1

2δ
ab and [T a, T b] = ifabcT c.

The Chern-Simons action is invariant under infinitesimal gauge transformations δAµ =
Dµα = ∂µα + i[Aµ, α] and must be gauge-fixed in order for the kinetic term to have an
inverse. Introducing the Faddeev-Popov ghosts c, c̄, and the gauge-fixing functional (for
the family of Rξ gauges)

Sgf = k

2π

∫
d3xTr

(
− 1

2ξ ∂ ·A∂ ·A− c̄�c− ic̄ ∂µ [Aµ, c]
)
, (2.2)

the kinetic term of the combined action S + Sgf can now be inverted. It is easiest to work
in the ξ → 0 limit, giving the Chern-Simons propagator in Lorenz gauge (∂ ·A = 0),

Gµν(x) =
∫

d3p

(2π)3
εµνρpρ
p2+i0 e

ip·x . (2.3)

For the purpose of considering amplitudes, it is appropriate to study linearized solutions
satisfying the Lorenz gauge condition. The linearized equation of motion

dA = 0 , (2.4)

has the solution
Aaµ = pµe

ip·xCa , with p2 = 0 , (2.5)

where Ca is a color wavefunction.
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The solution (2.5) is simply a linearized gauge transformation, as expected since pure
Chern-Simons theory has no local degrees of freedom. If one were to compute an amplitude
with such external on-shell states, the result would vanish since the amplitude is gauge
invariant. In order to study non-vanishing amplitudes, one has to consider matter particles
for all the asymptotic states, i.e. Chern-Simons-matter theories. That said, pure Chern-
Simons theory still has non-trivial correlation functions in terms of the off-shell gauge
field, and more importantly the Wilson loops of the theory compute topological knot
invariants [196]. The perturbative Feynman-diagram expansion can be readily used for the
Wilson loop calculations [197, 198] (for a review see [199]). We will not consider Wilson
loops in this paper, instead we will focus on the amplitudes approach, and the corresponding
off-shell correlation functions.

2.2 Color-kinematics duality

Amplitudes in a generic gauge theory can be organized as sums over cubic graphs [1, 2], at
tree level the n-point formula is

An = gn−2∑
i

nici
Di

, (2.6)

where ni is the kinematic numerator of the i’th graph. The numerators capture the
dependence on local kinematic data, such as momenta, polarizations and possibly flavor.
For a purely-adjoint and massless theory, the color factors ci are products of the gauge group
structure constants, re-scaled as f̃abc = i

√
2fabc, and the denominators Di are products

squared internal momenta
∏
p2. For Chern-Simons theory the gauge coupling constant

is g =
√

4π/k.
Due to the Jacobi identity of the gauge-group Lie algebra, one can find triplets of color

factors whose sum vanishes

f̃abxf̃xcd + cyclic(a, b, c) = 0 ⇒ ci + cj + ck = 0 . (2.7)

The central statement of the color-kinematics duality is that one can re-organize the
amplitude (2.6) such that for each such color identity, the corresponding triplet of numerators
vanishes [1, 2],

ci + cj + ck = 0 ⇒ ni + nj + nk = 0 . (2.8)

Armed with such numerators, it is possible to recycle them and obtain new amplitudes
for some “double-copy” theory, that is automatically invariant under linearized diffeomor-
phisms [7]. With two independent sets of such numerators, the tree-level double copy is
defined as [1, 2],

Mn =
(
κ

2

)n−2∑
i

niñi
Di

, (2.9)

where κ is the coupling constant in the resulting theory. If there are dynamical spin-1
gauge fields contained within each numerator, then the double copy gives a gravitational
theory with a dynamical spin-2 field. Anticipating the Chern-Simons construction, we note
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that the double copy may not be readily identifiable with a gravitational theory when the
on-shell spin-2 states are absent.

The possible existence of duality-satisfying numerators can be indirectly checked by
so-called BCJ amplitude relations between color-ordered amplitudes [1], given that the
external states are on-shell, adjoint and massless.1 Color-ordered (or partial) amplitudes
are the kinematic coefficients that multiply the independent color trace-factors in the full
amplitude (see e.g. review [200]),

An = gn−2 ∑
σ∈Sn−1

Tr
(
T̃ a1 T̃ aσ(2) · · · T̃ aσ(n)

)
An (1, σ(2), . . . , σ(n)) , (2.10)

where through f̃abc = Tr([T̃ a, T̃ b]T̃ c) the generators T̃ a =
√

2T a appeared.
The BCJ relations are linear relations between these partial amplitudes, with rational

coefficients depending on the Mandelstam variables sij = (pi + pj)2. For example, the
simplest of these relations at four points takes the form

A4(1, 2, 4, 3) = s14
s24

A4(1, 2, 3, 4) , (2.11)

and a simple family of n-point BCJ relations can be written as [1]

n−2∑
i=1

(pn · p1···i)An(1, . . . , i, n, i+ 1, . . . , n− 1) = 0 , (2.12)

where p1···i = p1 + · · ·+ pi. These “fundamental BCJ” relations were shown to generate all
other BCJ relations in ref. [6].

Color-ordered amplitudes that satisfy the BCJ relations can be used directly to obtain
the double-copy amplitude, as in the original KLT formula [73],

Mn =
(
κ

2

)n−2 ∑
σ,ρ∈Sn−3(2,...,n−2)

An(1, σ, n− 1, n)S[ρ|σ]Ãn(1, ρ, n, n− 1) , (2.13)

where S[ρ|σ] is the KLT kernel (see refs. [3, 201–203] for its explicit form). As we will show,
this double-copy formula can be used for certain Chern-Simons matter theories, whereas
the more general formula (2.9) will be used when amplitudes cannot be defined on-shell
without vanishing. In the remaining sections, we will suppress the explicit appearance of
coupling constants.

3 Off-shell color-kinematics duality

In this section we introduce and study off-shell color-kinematics duality, and apply it to the
gauge-field sector of Chern-Simons theory. In the next section, the Faddeev-Popov ghosts
will also be included.

1Massive states obtained from spontaneous symmetry breaking still admit BCJ relations [12], and
non-adjoint matter may preserve a subset of the BCJ relations [20].
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3.1 Generic off-shell formulation

Off-shell color-kinematics duality simply means that there exists a complete set of Feynman
rules for the theory that obey the duality without imposing on-shell conditions on external
lines. The duality has to hold for all fields in the theory, such that the Feynman diagrams
that involve sums over fields will obey the duality by the superposition principle. Hence,
by construction, off-shell color-kinematics duality should imply that loop diagrams satisfy
the duality.

Let us start by considering a generic gauge theory that describes the adjoint field Φ,
which may be a superfield (superposition of fields). Assume that we can pick some gauge
such that the field equations take the form

�Φa = ifabc bV
(
Φb,Φc

)
, (3.1)

where via Φa = 2Tr(ΦT a) we exposed the adjoint indices. Here V is the kinematic part of
the three-point Feynman vertex, written as an antisymmetric bilinear 2-to-1 operator, and
b is a linear operator that can be identified as the numerator of the propagator b ∼ �G.

To check the duality, consider three distinct fields Φ1, Φ2, Φ3, which by the superposition
principle can be taken to be off-shell plane waves in the chosen gauge with color dependence
stripped off. Then off-shell color-kinematics duality is satisfied given that the nested
bV -product of fields obeys the kinematic Jacobi identity,

bV (bV (Φ1,Φ2),Φ3) + cyclic(1, 2, 3) = 0 , (3.2)

which is a quadratic constraint on the bV operator.
Now consider the computation of kinematic numerators at multiplicity n. Assuming we

have computed nested bV -products of the fields Φ1, . . . ,Φn−1, one further needs to compute
the overlap with a final Φn as external field, 〈V (. . .),Φn〉, where the last b is amputated.
The overlap is an integration over coordinates, accompanied with possible Lorentz and
flavor contractions 〈Φ,Φ′〉 =

∫
dDxΦ · Φ′. For example, a four-point diagram numerator

would be given by

1

2 3

4
= 〈V (bV (Φ1,Φ2),Φ3),Φ4〉 , (3.3)

and the five-point numerator is

1

2 3 4

5
= 〈V (bV (bV (Φ1,Φ2),Φ3),Φ4),Φ5〉 . (3.4)

As a word of caution, one might encounter a situation where eq. (3.2) holds, but the
amputated expression V (bV (Φ1,Φ2),Φ3) + cyclic(1, 2, 3) does not vanish, instead belonging
to the kernel of the operator b. We will see that for the case that we are interested in, pure
Chern-Simons theory, the vanishing of the amputated object can be enforced by making an
appropriate gauge choice.
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3.2 Tree level Chern-Simons correlators

From the general considerations in the previous subsection, we now apply the formalism to
pure Chern-Simons theory. Starting from the field equation, F = 0, written out as

εµνρ∂νA
a
ρ = −ifabcεµνρAbνAcρ , (3.5)

we can contract both sides of the equation with the propagator numerator bσρ ≡ εσρα∂
α.

Assuming that the vector field is in the Lorenz gauge ∂ ·A = 0, we obtain

�Aσ = ibσµε
µνρfabcAbνA

c
ρ , (3.6)

meaning that the vertex function is

V (A1, A2) = ερA1A2 , (3.7)

where the Schoonship notation ερA1A2 ≡ ερµνA1µA2ν is used for simplicity.
In the standard formulation of tree-level Chern-Simons theory there is a single field,

the gauge field A, the requirement to have off-shell color-kinematics duality is then that the
b operator and the vertex V obey a Jacobi identity. This will imply that the theory obeys
the duality for any tree level diagram (for loops, one must consider the ghost sectors too,
which are treated in the next section). For this purpose we study the off-shell four-point
correlation function. We note that the external fields in the correlation function are sourced
by some current through a propagator,2 which will automatically enforce Lorenz gauge

Aµ = bµν

�
Jν ⇒ ∂µA

µ = 0 . (3.8)

It is useful to make the same statement in momentum space, except we only consider the
numerator of the propagator

εµ(p) ≡ εµνρpνερ(p) ⇒ pµε
µ(p) = 0 , (3.9)

where ερ(p) is the Fourier transform of the current, and εµ(p) is the Fourier transform of
�Aµ. Note that the current is not necessarily conserved off shell, and hence ερ(p) is an
unconstrained function.

All together, the s-channel numerator for the off-shell four-point correlation function
takes the form

1

2 3

4
= εε1ε2νενp12µε

µε3ε4 . (3.10)

In order to prove that this object obeys the color-kinematics duality, it is convenient
to re-express it using the identity εµ1µ2µ3εν1ν2ν3 = 3! δ[µ1

ν1 δ
µ2
ν2 δ

µ3]
ν3 , as well as momentum

conservation and transversality εi · pi = 0, giving

2εε4ε3νενp12µε
µε2ε1 = ε4 · p3ε

ε1ε2ε3 − ε1 · p2ε
ε2ε3ε4 − ε2 · p1ε

ε3ε1ε4 − ε3 · p4ε
ε1ε2ε4 . (3.11)

2Unlike the case of amplitudes, the external propagators in the correlation functions are not amputated.
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In this form it is not hard to see that the cyclic sum cyclic(1, 2, 3) vanishes, and hence the
off-shell BCJ numerator obeys the Jacobi identity. Since we made no assumptions about
the momentum or the external sources, the above s-channel numerator can be inserted into
any multiparticle tree-level (or loop-level) diagram and the Jacobi identity will hold. Along
similar lines, it can be shown that correlation functions involving Faddeev-Popov ghosts
also satisfy the Jacobi identity, but this will naturally emerge once we employ the superfield
notation in section 4.

3.3 Generators for the kinematic algebra

Having established that the standard formulation of Chern-Simons theory (without
Faddeev-Popov ghosts) obeys the color-kinematics duality, it should now be possible
to find an explicit representation of the kinematic algebra. Indeed, we can define
momentum-dependent generators

Lµ(p) = eip·x∆µν∂ν , (3.12)

where ∆µν is a transversality-enforcing projector, identified with the Fourier-transform of
the b operator,

∆µν(p) = iερµνpρ . (3.13)

The generators form an infinite-dimensional Lie algebra,

[Lµ(p1), Lν(p2)] = Fµνρ L
ρ(p1 + p2) , (3.14)

where the Fµνρ are the structure constants, which also depend on the two momenta corre-
sponding to the upper indices,

Fµ1µ2
ν(p1, p2) = ∆ρµ1(p1)ερνσ∆σµ2(p2) . (3.15)

One can easily verify that the structure constants are related to the Chern-Simons three-point
interaction, contracted with two propagator numerators in momentum space.

To obtain BCJ numerators from this kinematic algebra, we simply compute nested
commutators of the generators. For example, the numerator corresponding to five off-shell
Chern-Simons fields (in momentum space) is

1

2 3 4

5
= tr

(
[[[Lµ1 (p1) , Lµ2 (p2)] , Lµ3 (p3)] , Lµ4 (p4)] , Lµ5

amp(p5)
)

(3.16)

= Fµ1µ2
νF

νµ3
ρF

ρµ4µ5δ3(p1+p2+p3+p4+p5) , (3.17)

where, in order to avoid over-counting projectors, the last generator Lµamp(p) = eip·x∂µ is
amputated. We take the tr(· · · ) operation to be formally defined as

tr
(
Lµ(p)Lνamp(q)

)
≡ δ3(p+ q)∆µν , (3.18)

and the structure constants with three raised indices are then F ρµ4µ5 = F ρµ4
ν∆νµ5(p5).

As is apparent, the above kinematic numerator includes the momentum conserving delta

– 9 –



J
H
E
P
0
8
(
2
0
2
2
)
0
3
5

function, but by convention we strip off this factor before inserting the numerator into the
amplitude or correlation function.

The kinematic Lie algebra (3.14) generates volume-preserving diffeomorphisms in three
dimensions. Consider two unconstrained functions: a scalar function f(x) and vector
function εµ(p). Then the action of a finite group element is

e
∫
d3p εµ(p)Lµ(p)f(x) = f(X(x)) , (3.19)

where the operator in the exponent evaluates to∫
d3p εµ(p)Lµ(p) = Ãµ(x)∂µ , (3.20)

which is a diffeomorphism generator. And the finite shift of the argument of the funtion
f(x) can be worked out from Xµ(x) = eÃ·∂xµ = xµ + Ãµ(x) + O(Ã2). By construction
Ãµ(x) is a generic divergence-free vector field, ∂ · Ã = 0, and it follows that the determinant
of the Jacobian is preserved for any such transformation, det(∂µXν) = 1, hence the algebra
is that of volume preserving diffeomorphisms. Note that the Fourier transform of the vector
is the transverse (off-shell) polarization vector that we used before εµ(p) ≡ ∆µν(p)εν(p).

We will discuss the diffeomorphism algebra in more detail in section 4.3, where the
kinematic algebra is extended to also include the Faddeev-Popov ghosts.

4 Chern-Simons in superfield notation

In order to streamline the loop-level discussion of Chern-Simons color-kinematics duality,
we consider the superfield formulation that collects together the ghosts and vector fields.

4.1 The superfield notation

The Faddeev-Popov action for Chern-Simons theory admits a convenient superfield notation
as shown by Axelrod and Singer [204]. Consider the BRST action including the Nakanishi-
Lautrup gauge fixing field B,

Sgf = k

2π

∫
d3xTr

(
ξ

2B
2 −B∂ ·A− c̄�c− ic̄ ∂µ [Aµ, c]

)
. (4.1)

Integrating out the B field gives the gauge-fixing term in equation (2.2). Alternatively, one
can first take the ξ → 0 limit in (4.1), which gives

Sgf = k

2π

∫
d3xTr (−B ∂ ·A− c̄�c− ic̄ ∂µ [Aµ, c]) . (4.2)

Since the B field appears linearly one can integrate it out to obtain the (metric dependent)
Lorenz gauge ∂ · A = 0. Further, one notes that the c̄ field always appears with its
derivative, suggesting the introduction of the dualized field Cµν = 1

2ε
µνρ∂ρc̄, giving the full

Chern-Simons action

S = k

2π

∫
Tr
(1

2A ∧ dA− C ∧ dc+ i

6(A ∧A ∧A− 6C ∧ [A, c])
)
. (4.3)
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The action is written in terms of forms and exterior derivatives and it is possible to introduce
Grassmann-odd variables θµ that allow the forms to combine into a single superfield,

Ψ = c+ θµA
µ + θµθνC

µν + θ1θ2θ3a . (4.4)

The last field a was not present in the action (4.3), and here it is introduced for completeness
of the discussion. It corresponds to a non-dynamical field, and for our purpose we can
assume a = 0, which is compatible with Lorenz gauge.

Using the superfield notation, the Chern-Simons action becomes

S = k

2π

∫
d3xd3θTr

(1
2ΨQΨ + i

3ΨΨΨ
)
, (4.5)

where Q = θµ∂
µ has the interpretation of a super-differential, or alternatively, a BRST opera-

tor for the worldline action3 of Chern-Simons theory [205]. Forgetting about the steps in the
above derivation, the new action (4.5) can be taken as defining the quantum Chern-Simons
theory, where all fields are now unconstrained. As such, the action respects local gauge
invariance, which in the superfield notation corresponds to the infinitesimal transformation

δΨ = QΩ + i[Ψ,Ω] , (4.6)

for some superfield Ω.
In perturbation theory the action needs to be gauge fixed. The gauge condition and

Feynman rules in the superfield notation make use of the linear operator b,4 now defined as

b = ∂

∂θµ
∂µ ≡ ϑµ∂µ , (4.7)

which is the codifferential in superspace. It anti-commutes with Q into the d’Alembertian,

bQ+Qb = � , (4.8)

which is known as Hodge decomposition. It is nilpotent b2 = 0 and, since it contains two
derivatives, it obeys the second-order Leibniz rule.

The Lorenz gauge condition for a super-field now becomes

bΨ = 0 . (4.9)

This imposes no constraint on the c ghost, and Lorenz gauge on the vector ∂µAµ = 0 and
on the 2-form ∂µC

µν = 0. The last constraint implies that the 2-form ghost can always be
solved as Cµν = 1

2ε
µνρ∂ρc̄. Furthermore, Lorenz gauge implies that the a field is constant,

and we set it to zero a = 0.
3The superfield formulation of Chern-Simons theory is reminiscent of the more recent formulation of 10D

super-Yang-Mills in terms of a pure-spinor superparticle [205].
4The notation is inspired by the pure-spinor Feynman rules used in ref. [206], where the corresponding

operator is the composite worldline b ghost.
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4.2 Superspace Feynman rules

To establish that color-kinematics duality holds off shell in pure Chern-Simons theory,
including for all loop diagrams, we now consider the needed Feynman rules. The superfield
Feynman rules, which automatically include ghosts in the loops, are

θ θ̃
→
p

= p · ϑ
p2 δ3

(
θ − θ̃

)
,

θ
= i

∫
d3θ , (4.10)

where the arrow indicates the momentum flow, and the internal vertices are labeled by
distinct θs. We remind the reader that ϑµ = ∂

∂θµ
is the conjugate to θµ, and that we have

suppressed the coupling constant and momentum conserving delta functions. The Feynman
rules are in a hybrid form: the x’s are Fourier transformed but not the θ coordinates.

Next, we consider the numerator of an off-shell four-point diagram, it is

1

2 3

4
=
∫
d3θΨ1Ψ2

∫
d3θ̃ p34 · ϑ δ3

(
θ − θ̃

)
Ψ3
(
θ̃
)

Ψ4
(
θ̃
)
, (4.11)

where the external wavefunctions are assumed to satisfy the gauge condition bΨ = 0. Given
that the external fields are sourced at some external point and then propagate to the
interaction vertex, Ψ = b

�J , Lorenz gauge is automatic by nilpotency of the b operator.
After evaluating the θ̃ integral, and using integration by parts and momentum conser-

vation, the above diagram simplifies to

1

2 3

4
= i

∫
d3θb(Ψ1Ψ2)Ψ3Ψ4 . (4.12)

Here the b operator can be represented in momentum or position space, b = ϑ · ∂ = ip · ϑ,
depending on what is convenient, and it only acts on the fields inside the parenthesis.

In general, every tree-level diagram can be reduced to a single integral over superspace
coordinates acting on a function made of nested b operators and fields. For example, the
five-point half ladder diagram can be written as

1

2 3 4

5
= i

∫
d3θ b(b(Ψ1Ψ2)Ψ3)Ψ4Ψ5 . (4.13)

The combination of the superspace integration and the derivatives inside the propagator-
numerator, b, correctly enforce all the Lorentz-index and field contractions making the
calculation equivalent to using the Feynman rules (4.10). Note that the number of b
insertions precisely matches the number of internal lines.

Loop diagrams are most straightforwardly calculated by following the Feynman rules
directly, with integrations over θs for each internal vertex, as done in eq. (4.11). However,
they can also be obtained by recycling the above simple formulas for the tree numerators,
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and gluing together pairs of external off-shell legs. Consider the one-loop box diagram, split
into a six-point tree graph with an extra pair of fields with momenta ±`,

1

2

` 4

3
=
−`

1 2 3 4

`
=

∫
d3θ b

(
b
(
b
(
b
(
Ψ̃−`

)
Ψ1
)

Ψ2
)

Ψ3
)

Ψ4Ψ` ,

(4.14)
where we now inserted four b corresponding to the four internal loop lines. How do we
glue together the fields appearing in Ψ̃−` and Ψ`? We cannot do it with another θ integral,
because we already integrated out these variables. It turns out that we can replace the
fields in Ψ−` by functional derivatives, which will act on the Ψ` fields to achieve the needed
contractions. Hence it is convenient treat b(Ψ−`) as a special operator field5 defined to be

b(Ψ̃−`) ≡
i

2`µε
µνρ δ

δCνρ`
− i`µθνεµνρ

δ

δAρ`
+ i

2`µθνθρε
µνρ δ

δc`
. (4.15)

Higher-loop diagrams can be handled in the same way, and this confirms that loop-level
numerators can always be obtained by starting from tree numerators, and then appropriately
gluing together pairs of external states. While this procedure appears to not manifestly
respect the automorphism symmetries of the loop diagrams (such as the cyclic symmetry of
the box), the symmetries are manifest in the Feynman rule calculations, which give the
same numerators.

4.3 Color-kinematics duality and the superspace kinematic algebra

To prove that Chern-Simons theory obeys off-shell color-kinematics duality, we repeat the
analysis of section 3, but in the superfield notation. Since this includes the Faddeev-Poppov
ghosts, the result extends automatically to loop level.

We here show that color-kinematics duality in Chern-Simons theory follows from the
fact that the propagator numerator is a second-order differential,6 being a product of two
derivatives b = ϑ · ∂. The second-order nature of the operator gives the identity

b(Ψ1Ψ2Ψ3) = b (Ψ1Ψ2) Ψ3 −Ψ1b(Ψ2Ψ3)− b(Ψ1Ψ3)Ψ2

− bΨ1Ψ2Ψ3 + Ψ1bΨ2Ψ3 −Ψ1Ψ2bΨ3 ,

which in Lorenz gauge, b(Ψi) = 0, simplifies to

b(Ψ1Ψ2Ψ3) = b(Ψ1Ψ2)Ψ3 + b(Ψ2Ψ3)Ψ1 + b(Ψ3Ψ1)Ψ2 . (4.16)

Recall that all wavefunctions satisfy the Lorenz gauge condition, since they are assumed to
be obtained from propagators (external or internal) that enforce the Lorenz gauge condition.
After multiplying by a fourth field and integrating over θ, the identity becomes∫

d3θb(Ψ1Ψ2)Ψ3Ψ4 + cyclic(1, 2, 3) =
∫
d3θb(Ψ1Ψ2Ψ3)Ψ4 = 0 . (4.17)

5An alternative is to introduce creation and annihilation operators for the fields carrying loop momenta,
but this goes beyond our needs for performing simple field contractions.

6See related considerations for Yang-Mills theory in refs. [174, 206]. Specifically, in ref. [174] for the
first-order formulation of Yang-Mills theory, the propagator-numerator was a perturbed version of the
codifferential, called the h operator.
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The last equality follows via integration by parts b(Ψ1Ψ2Ψ3)Ψ4 ∼ Ψ1Ψ2Ψ3b(Ψ4), and it
vanishes because of the Lorenz gauge. The left hand side of eq. (4.17) is precisely the Jacobi
identity for a triplet of kinematic numerators. Hence the Chern-Simons Feynman rules obey
color-kinematics duality.

Let us emphasize the result, by considering the Feynman rules directly at loop level.
Assume we have a multi-loop Feynman diagram, and we isolate an internal propagator line
that we plan to perform a Jacob identity on. The diagram looks as follows:

1

2 3

4
=
∫
d3θΨ1Ψ2

(∫
d3θ̃ p34 · ϑ δ

(
θ − θ̃

)
Ψ3
(
θ̃
)

Ψ4
(
θ̃
))

, (4.18)

where the displayed wavefunctions are sourced by the rest of the diagram, here schematically
indicated by the grey blob. The wavefunctions are in Lorenz gauge by virtue of the
propagators on lines 1–4 enforcing this. Then since this expression evaluates to the first
term in eq. (4.17), it follows that after adding the remaining two diagrams in the cyclic
orbit (1, 2, 3), we obtain the desired kinematic Jacobi identity.

The obtained Jacobi identity can be attributed to a Poisson algebra which emerges
from the action of b on functions in Lorenz gauge. The operation of b on two such fields
can be written as

b (Ψ1Ψ2) Lorenz= ϑµΨ1∂µΨ2 − ∂µΨ1ϑ
µΨ2 ≡ {Ψ1,Ψ2}P . (4.19)

The Jacobi identity is trivialized by this rewriting,

b (b (Ψ1Ψ2) Ψ3) + cyclic (1, 2, 3) = {u{Ψ1,Ψ2}P ,Ψ3}P + cyclic(1, 2, 3) = 0 . (4.20)

From the Poisson bracket it is a small step to define generators labeled by a superfield Ψ,

LΨ ≡ ϑµΨ∂µ − ∂µΨϑµ , (4.21)

which satisfy the Lie algebra
[LΨ1 , LΨ2 ] = Lb(Ψ1Ψ2) . (4.22)

Similar to the vectorial generators in eq. (3.12), this is the Lie algebra of a subgroup of
3D superspace diffeomorphisms, with generators restricted to Lorenz gauge bΨ = 0. The
subgroup corresponds to the diffeomorphisms that preserve both the superspace volume
form, d3xd3θ, and separately the bosonic and fermionic volume forms. This can be shown
by considering the action of an infinitesimal diffeomorphism. Note, while the above Poisson
bracket and dual Lie algebra can be defined for any functions, not necessarily in Lorenz
gauge, the matching to the superspace Feynman rules of Chern-Simons theory only holds
for superfields in the Lorenz gauge.

To make contact with the kinematic algebra discussed in section 3.3, we can take the
function that labels the generator to be restricted to a vectorial planewave Ψ = eip·xεν(p)θν ,
then the relation between the two types of generators are

εµL
µ(p) = LΨ

∣∣∣
ϑ→0

, (4.23)
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where the transverse polarization εν(p) = ∆νµε
µ is given in terms of an unconstrained εµ.

We also set the Grassmann derivative ϑ to zero since the Lµ(p) generator only acts on
Grassmann-even functions.

5 Double copies with Chern-Simons theory

Since all amplitudes of pure Chern-Simons theory vanish, the corresponding double-copy
amplitudes that involve Chern-Simons kinematic numerators will also vanish on shell.
Nevertheless, it is still instructive to carry out the double copy off shell, and thus attempt
to reconstruct the off-shell actions of the double-copy theories. The resulting Lagrangians
have the somewhat disagreeable feature that they are already in a gauge-fixed form, and
kinetic terms easily become non local. Thus, in general, further work is needed to better
understand the underlying local and gauge invariant Lagrangians.

5.1 Chern-Simons ⊗ Chern-Simons

The first double copy we consider is Chern-Simons theory with itself, in the standard
formulation where we only have the gauge field Aµ. Recall that the propagator for the
Chern-Simons field is

Gµν(x) =
∫

d3p

(2π)3
εµανpα
p2 eip·x . (5.1)

The propagator for the field7 Hµµ̇ ≡ Aµ ⊗ Aµ̇ in the double-copy theory is obtained by
writing down two copies of the same numerator,

Gµµ̇,νν̇(x) =
∫

d3p

(2π)3
εµανpαε

µ̇α̇ν̇pα̇
p2 eip·x , (5.2)

where the dotted indies are also Lorentz indices, but the notation is useful for organizing
the indices more clearly.

Since the propagator has equally many factors of momenta in the numerator and
denominator, it must have originated from a gauge-fixed Lagrangian with a non-local kinetic
term ∼ ∂∂/�. The interaction term is straightforward to obtain using a product of two
Levi-Civita tensors. Altogether the double-copy Lagrangian can be written as

L = εµνρεµ̇ν̇ρ̇H
µµ̇∂

ν∂ν̇

�
Hρρ̇ + 1

3εµνρεµ̇ν̇ρ̇H
µµ̇Hνν̇Hρρ̇ , (5.3)

where the field H is restricted to Lorenz gauge ∂µHµµ̇ = 0 = ∂µ̇H
µµ̇. It is possible that

after appropriately removing the gauge fixing, together with introducing auxiliary fields and
using field redefinitions, this non-local Lagrangian can be massaged into a more standard
one. We will not attempt this exercise here. The coupling constant is suppressed in the
above, but it is clear that it is dimensionful in 3D (dimensional reduction to 0D gives a
marginal theory). Finally, we note that the interaction term is a determinant Det(H),
suggesting that the theory has some interesting properties that deserve further exploration.

7The operation Aµ ⊗Aµ̇ should be thought of as a tensor product of the fields in momentum space [3],
or as the convolution of two fields in position space [207–209].

– 15 –



J
H
E
P
0
8
(
2
0
2
2
)
0
3
5

5.2 Chern-Simons ⊗ Chern-Simons in superfield notation

In the superspace formulation of Chern-Simons theory we can construct a double copy
that automatically includes all bosonic fields and ghosts.8 Color-kinematics duality relies
on Lorenz gauge bΨ = 0, and thus the double copy Lagrangian will be obtained in a
gauge-fixed form.

Let us start by upgrading the kinetic term in eq. (5.3) to superspace

Lkin =
∫
d3θd3θ̃ H Q

�
H , (5.4)

with the bosonic superfield H = θµH
µµ̇θ̃µ̇, and new bosonic differential operator Q = QQ̃,

where Q̃ = θ̃ · ∂. Thus we have doubled the number of Grassmann-odd parameters by
introducing θ̃µ̇. We also introduce a second copy of the operator b̃ = ϑ̃ · ∂, with ϑ̃µ̇ = ∂/∂θ̃µ̇.

Defining the product operator b ≡ −bb̃, one can show that it satisfies

b2 = 0 and b
�
Q
�
f = f − 1

�
Q̃b̃f − 1

�
Qbf − 1

�2QQ̃bb̃f , (5.5)

where f is some test function. Assuming that the test function satisfies the Lorenz gauge
conditions, bf = 0 = b̃f , then the object b/� is the formal inverse of Q/� when acting on f .
Using this property we may extend the H-field Lagrangian to include a complete superfield

S =
∫
d3xd3θd3θ̃

1
2Ψ Q

�
Ψ + 1

3!ΨΨΨ , (5.6)

where the Grassmann-even superfield Ψ is a double-copy of two Chern-Simons superfields,

Ψ = Ψ⊗ Ψ̃ = (c+ θµA
µ + θµθνC

µν + θ1θ2θ3a)⊗
(
c̃+ θ̃µ̇Ã

µ̇ + θ̃µ̇θ̃ν̇C̃
µ̇ν̇ + θ̃1̇θ̃2̇θ̃3̇ã

)
,

(5.7)
where again we set a = ã = 0 since they are non-dynamical fields.

While this action can be used to compute the correlation functions that are obtained
from double copying the corresponding Chern-Simons numerators, there is little advantage
of using the action for this purpose. Instead, the action is a first step towards elucidating
the properties of the resulting double-copy theory. However, to go further one needs to
undo the gauge fixing that is implicit in the construction, and find a more elegant action,
likely with the non-localities removed. We leave this for future work.

5.3 Chern-Simons ⊗ (DF )2

An interesting higher-derivative gauge theory that has been used in the double-copy program
to construct conformal gravity amplitudes is the (DF )2 theory [13, 15]. In the minimal
version of the (DF )2 Lagrangian, there is only the kinetic term

L = 1
g2 Tr (DµF

µν)2 , (5.8)

where the field strength was defined below eq. (2.1), and Dµ is the covariant derivative
satisfying [Dµ, Dν ] = Fµν . The non-minimal version of the theory further contains a

8See refs. [178–180, 208] for double copies in Yang-Mills theory that includes the BRST ghosts.
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scalar field ϕ and higher-derivative interaction terms: F 3, ϕF 2 and ϕ3, and this theory is
intimately connected to the bosonic and heteroic string amplitudes [98]. We will not need
the non-minimal interactions here as we will focus on the linearized theory.

Amplitudes in both the minimal and non-minimal (DF )2 theories have been shown to
obey the color-kinematics duality [13, 15]. This suggest that we can consider double copying
the theories also off shell with Chern-Simons theory. While off-shell BCJ numerators in
(DF )2 are not yet known, we only need to use standard cubic Feynman-diagram numerators,
since it is sufficient that one copy of numerators are manifestly in BCJ form [2]. The (DF )2

Lagrangian is marginal in 6D and this has the interesting consequence that the double-copy
operation “(DF )2⊗” applied to a theory that is marginal in D dimensions will give back
a new theory marginal in the same dimension. For example, (DF )2 ⊗ YM4D gives 4D
conformal gravity [13, 15]. Likewise, we should expect that (DF )2 ⊗ CS3D should give a
3D marginal theory.

Hence we expect that the resulting double-copy theory should be some diffeomor-
phism invariant theory, classically conformal in 3D. A likely candidate is Chern-Simons
gravity [210],

SΓ = 1
2π

∫
d3x εµνρ

(
Γαµβ∂νΓβρα + 2

3ΓαµβΓβνγΓγρα
)
, (5.9)

where Γαµβ are the Christoffel symbols defined in the usual way through the metric field
gµν = ηµν + hµν , and we have suppressed the coupling. The equation of motion is simply
Cµν = 0, where the Cotton tensor is given by

Cµν = εµρδ∇ρRνδ + (µ↔ ν) , (5.10)

where Rµν and ∇ρ are the Riemann tensor and covariant derivative, respectively. In order
to compare with the double-copy theory we again look at the propagator, obtained from
the (DF )2 propagator by acting on it with the numerator of the Chern-Simons propagator,

Gµµ̇;νν̇ ≡ −iεµρν∂ρGµ̇ν̇(DF )2 =
∫

d3p

(2π)3
εµρνpρ
p4

(
ηµ̇ν̇ − 1− ξ

p2 pµ̇pν̇
)
eip·x . (5.11)

Here, the gauge-fixing parameter ξ of the (DF )2 theory is kept for clarity. This propagator
is the inverse of the kinetic term

Lkin = εµνρHµν̇

(
ηµ̇ρ̇�∂ν + 1− ξ

ξ
∂µ̇∂ρ̇∂ν

)
Hρρ̇ , (5.12)

where Hµν̇ = ACS
µ ⊗A

(DF )2

ν̇ .
Let us decompose the Hµν̇ field into irreducible Lorentz representations: Hµν =

h((µν)) +B[µν] + ηµνφ, where we temporarily dropped the dot on the indices. We should be
able to associate the symmetric traceless field hµν with the linear perturbation of the metric.
Doing so, we can see that the equations of motion coming from the kinetic term (5.12)
indeed imply the vanishing of the Cotton tensor, which to linearized order is

Cµν
∣∣∣
linear

= εµαβ
(
∂α∂γ∂

νhγβ − ∂α�h
ν
β

)
+ (µ↔ ν) . (5.13)
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This already gives strong circumstantial evidence that the double copy of Chern-Simons
theory with (DF )2 theory gives some version of Chern-Simons gravity, with additional
tensor and scalar fields. However, further non-trivial checks at the non-linear order in the
fields are desirable, and we leave this task to upcoming work.

5.4 Chern-simons ⊗ Yang-Mills

In order to double-copy Chern-Simons with Yang-Mills theory, we need a cubic action for
the theory. We will not use a formulation that manifestly satisfies the color-kinematics
duality, since it is sufficient that the Chern-Simons side of the double copy satisfies the
duality. We will use the following cubic Yang-Mills Lagrangian:

LYM = − 1
g2Tr

(
2∂µAν∂[µAν] + 2[Aµ, Aν ]∂µAν + [Aµ, Aν ]∂ρBρµν + 1

2Bρµν�B
ρµν
)
.

(5.14)
If needed, the B field can be integrated out Bρµν = ∂ρ

� [Aµ, Aν ], to recover the standard
Yang-Mills Lagrangian, L = −1/2g2 Tr (Fµν)2.

We now have two reducible fields Hµµ̇ ≡ ACS
µ ⊗AYM

µ̇ , and Kµρ̇µ̇ν̇ ≡ ACS
µ ⊗BYM

ρ̇µ̇ν̇ from
the double copy with Chern-Simons theory. When both the left and right side gauge fields
are in Lorenz gauge, the propagator for the H field takes the form

Gµµ̇,νν̇H (x) =
∫

d3p

(2π)3
εµανpαη

µ̇ν̇

p2 eip·x . (5.15)

Similarly, the propagator for the K field has to take the form

Gµα̇β̇γ̇,νρ̇µ̇ν̇K (x) = −2
∫

d3p

(2π)3
εµανpαη

α̇ρ̇ηβ̇µ̇ηγ̇ν̇

p2 eip·x . (5.16)

Because the propagators are simply the same as in Chern-Simons theory dressed with
additional trivial ηµ̇ν̇ factors, the kinetic terms for the H and K fields will be very similar
to the Chern-Simons kinetic term. The interaction terms are straightforward to obtain from
the double copy, and the resulting Lagrangian is

L = 1
2H

µµ̇εµνρ∂
νHρ

µ̇ + 1
6H

µµ̇Hνν̇εµνρ∂µ̇H
ρ
ν̇

− 1
4K

µσ̇α̇β̇εµνρ∂
νKρ

σ̇α̇β̇
+ 1

2H
µµ̇Hνν̇∂σ̇Kρ

σ̇µ̇ν̇εµνρ . (5.17)

As usual in the double copy Lagrangians, we have suppressed the coupling constant, which
is dimensionful in 3D, but becomes marginal if the theory is dimensionally reduced to 1D.
The presented Lagrangian is manifestly local; the H field has inherited the gauge condition
∂µ̇H

µµ̇ = 0 from the Yang-Mills vector, but the K-field can be assumed to be unconstrained.
It is likely that this Lagrangian can be further massaged into a more elegant or recognizable
form, which we will not attempt here.
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6 Chern-Simons-matter theories

We will now work out new examples of Chern-Simons-matter theories that have on-shell
amplitudes that obey color-kinematics duality.9 Amplitudes can be defined for Chern-
Simons-matter theories, involving an even number of external states, typically in some
matter representation of the gauge group. Here we explore on-shell color-kinematics duality
for matter only in the adjoint representation of SU(Nc). We remind the reader that color-
ordered amplitudes are given with respect to rescaled structure constants f̃abc = i

√
2fabc.

The relevant Feynman rules can be found in appendix B.

6.1 Scalar matter

Consider adding adjoint complex scalars to the Chern-Simons Lagrangian, with kinetic term

Lkin = 2 Tr
(
|Dµφ

i|2
)
, (6.1)

and with flavor indices i = 1, . . . , Nf belonging to U(Nf ). With this Lagrangian term, we
find that the relevant four-scalar Chern-Simons tree amplitudes are

A4
(
φ1φ̄2φ3φ̄4

)
= 2εp1p2p3

(
(−1)|φ| δ

i1 ı̄4δi3 ı̄2

s23
− δi1 ı̄2δi3 ı̄4

s12

)
,

A4
(
φ1φ̄2φ̄4φ3

)
= 2εp1p2p3 δ

i1 ı̄2δi3 ı̄4

s12
. (6.2)

Here we are anticipating that the scalars may carry a nontrivial statistical phase under
exchange of particles, and this is captured by the factor (−1)|φ|. The four-point BCJ relation
that we want to impose is s24A4(1, 2, 4, 3) = s14A4(1, 2, 3, 4), and this gives the equation

(−1)|φ|δi1 ı̄4δi3 ı̄2 + δi1 ı̄2δi3 ı̄4 = 0 , (6.3)

which has only one solution |φ| = 1 and δī = 1. This means the scalars are anti-commuting
fields, and the flavor group is U(1), hence we drop the flavor indices. After plugging in the
solution, the four-point amplitudes in our Chern-Simons-matter theory are

A4
(
φ1φ̄2φ3φ̄4

)
= −2εp1p2p3

( 1
s23

+ 1
s12

)
, A4

(
φ1φ̄2φ̄4φ3

)
= 2εp1p2p3

s12
. (6.4)

Now let us consider higher-multiplicity amplitudes. We add to the theory a six-scalar
contact interaction respecting the U(1) symmetry, giving the marginal matter Lagrangian

Lφ = (Dµφ̄)a(Dµφ)a − λg4φaφ̄bφ̄cφdφeφ̄hfabxfxcyfydzfzeh . (6.5)

All other six-point interactions can be related to this one via identities of the structure
constants. Here g is the gauge coupling constant, which for convenience we set to g = 1 in

9Note that we here do not consider the exotic 3-Lie algebra version of color-kinematics duality, which
was studied for BLG and ABJM theories in refs. [8, 9, 185]. The new examples of Chern-Simons-matter
theories presented here, obey the standard version of color-kinematics duality.
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the below calculations, and λ is a fudge factor that will be fixed by demanding that the
theory obeys the BCJ relations at six points and above.

The simplest tree amplitude at six points is the color-ordering A6(φ1φ2φ3φ̄4φ̄5φ̄6),
which we depict as a disk diagram with matter lines stretching between boundary points.
All contributing Feynman diagrams can be obtained by dressing the disk diagram with
Chern-Simons vector lines, in all possible ways that respect planarity. The result is

A6
(
φ1φ2φ3φ̄4φ̄5φ̄6

)
= 2 5̄

3 4̄

1 6̄

= 4iε
p2p3p4εp1p5p6

s16s34s234
+ 4iε

p3p4p5εp1p2p6

s16s34s345
2iεp3p4µε

µp6p1

s34s16
− i

2λ , (6.6)

where sij...k = (pi + pj + . . .+ pk)2.
The next simplest amplitude is A6(φ1φ2φ̄3φ4φ̄5φ̄6), which can be written in terms of

the amplitude above plus an additional disk diagram,

A6
(
φ1φ2φ̄3φ4φ̄5φ̄6

)
= 2 5̄

3̄ 4

1 6̄

+ 2 5̄

3̄ 4

1 6̄

(6.7)

= A
(
φ1φ2φ3φ̄4φ̄5φ̄6

)
+ 2iεµνρεµp2p3ενp4p5ερp1p6

s16s23s45
+ 3i

4 λ (6.8)

+ i

(
εp6p1µε

µp5p4

s16s45
+ 4εp1p2p6εp3p4p5

s16s45s345
+ cyclic ({12}, {34}, {56})

)
.

Here the last parenthesis should include all three permutations of the cyclic orbit {1, 2} →
{3, 4} → {5, 6}.

From these two partial amplitudes all other color orderings are obtained through
permutations, and thus it is possible to test all six-point BCJ relations (2.12). After doing
so, one fins a single constraint on the fudge parameter λ = 1. Further checks of the BCJ
relations up to eight points give no additional constraints, confirming that the matter
Lagrangian (6.5) combined with the pure Chern-Simons action (2.1) gives a theory that
obeys on-shell color-kinematics duality.

6.2 Fermion matter

Chern-Simons theory can be coupled to a two-component Dirac fermion, which we take to
be in the adjoint representation of the gauge group. The matter Lagrangian is the standard
kinetic term,

Lkin = 2 Tr ψ̄ i /Dψ , (6.9)
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and no other terms with dimensionless couplings are permitted. Since the fermion is complex
it is charged under a U(1) flavor symmetry, and it describes two degrees of freedom.

It is convenient to make use of the 3D spinor helicity notation, for which our conventions
are collected in appendix A. As there is no chirality in 3D, we have only one type of on-shell
spinor that we take to satisfy

|p〉〈p| = −pµγµ , p2 = 0 . (6.10)

In the theory with only fermion matter, there exists no marginal higher-point interactions
that can be added to the Lagrangian, and thus the BCJ relations can at best be checked to
hold, there is no tuning of parameters permitted.

The four-fermion tree amplitudes can be computed as

A4
(
ψ1ψ̄2ψ3ψ̄4

)
= 〈1|γ

µ|2〉〈3|γν |4〉εµp12ν

2s12
+ 〈1|γ

µ|4〉〈2|γν |3〉εµp14ν

2s14
= 〈13〉3

〈21〉〈14〉 , (6.11)

and the other distinct ordering, with fewer intermediate steps, is given by

A4
(
ψ1ψ̄2ψ̄4ψ3

)
= 〈42〉〈23〉

〈21〉 . (6.12)

These automatically obey the BCJ relation s24A4(1, 2, 4, 3) = s14A4(1, 2, 3, 4), which con-
firms that color-kinematics duality is obeyed up to this multiplicity.

We note that under exchange of identical particles 2 ↔ 4 (or 1 ↔ 3) the four-point
amplitude is even, which implies that the spinors behave as commuting fields. Thus for
the particular setup we have landed on, with minimal amounts of complex matter (scalar
or fermion) in the adjoint representation, we see that the BCJ-satisfying Chern-Simons
theories give opposite-statistics matter. While, in principle, the spin-statistics theorem does
not hold in 3D, to our knowledge one typically chooses to work with standard spin-statistics
when describing the fundamental matter degrees of freedom. We will not need to dive
deeper into this topic, as the unusual statistics of our gauge-theory matter becomes the
standard statistics after the double copy is applied.

With the same matter Lagrangian it is straightforward to compute the six-fermion
partial amplitudes, for instance the simplest one is

A6
(
ψ1ψ2ψ3ψ̄4ψ̄5ψ̄6

)
= − i4

〈34〉〈16〉〈2|(p3 − p4)p234(p1 − p6)|5〉
s34s16s234

+ (3, 4)↔ (1, 6) .
(6.13)

We checked that this amplitude together with the other six-fermion partial amplitudes
obeys all the BCJ relations at six points. Furthermore, we computed all the eight-fermion
partial amplitudes from the Feynman rules, finding that they obey the corresponding
BCJ relations. This confirms that simply adding the fermion kinetic term (6.9) to the
Chern-Simons action (2.1) gives a theory that obeys on-shell color-kinematics duality.

6.3 Scalars and fermions: N = 4 Chern-Simons matter

It is natural to attempt to combine the scalar and fermion theories. Aside from the matter
Lagrangians already presented, one finds that there are two new possible marginal couplings
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between the scalars and fermions of the form ψ̄ψφ̄φ. Therefore, to fix their coefficients it
is sufficient to study four-point amplitudes. The two additional independent interaction
terms are

Lint = ig2ψ̄aψbφ̄cφd
(
αfacxfxbd + βfadxfxbc

)
, (6.14)

where the free coefficients α and β are to be determined through the BCJ relations. Next,
using the Feynman rules in appendix B, one can obtain the amplitudes

A
(
ψ1φ2φ̄3ψ̄4

)
=

1 4̄

3̄2

+

1

2 3̄

4̄

= − 1
2s14
〈14〉 (s12 − s13 + αs14) , (6.15)

and

A
(
ψ1φ2ψ̄4φ̄3

)
=

1

2 4̄

3̄

= 1
2(α+ β)〈14〉 . (6.16)

Demanding that the BCJ relation s14A(1234) = s24A(1243) holds, leads to the constraint

(s12 − s13 + αs23) = (α+ β)s24 , (6.17)

with the unique solution α = β = 1. No additional constraints are found at four points, nor
at higher multiplicity. Putting all of this together, we find the following Chern-Simons-matter
Lagrangian that obeys on-shell color-kinematics duality:

LN=4 = εµνρ
2

(
Aaµ∂νAaρ − g

3f
abcAaµAbνAcρ

)
+ (Dµφ̄)a(Dµφ)a + iψ̄a( /Dψ)a (6.18)

+ ig2ψ̄aψbφ̄cφd
(
facxfxbd + fadxfxbc

)
− g4φaφ̄bφ̄cφdφeφ̄hfabxfxcyfydzfzeh ,

where the gauge coupling and color indices are explicitly shown.
We can now demonstrate that the Lagrangian (6.18) is very special, in that it possesses

N = 4 supersymmetry. To show this we need to first identify the R-symmetry, which can
be as large as SO(N ) in 3D. In our construction, we have only made manifest a U(1)×U(1)
symmetry, where the scalar and fermion carry distinct charges. Of course, U(1) × U(1)
has the same rank as SU(2) × SU(2) ∼ SO(4), which motivates the introduction of two
pseudo-real doublet fields to make this symmetry manifest,

φα =
(
φ̄, φ

)
, ψα̇ =

(
ψ̄, ψ

)
, (6.19)

where the SU(2) indices can be raised (and lowered) with a Levi-Civita symbol εαβ, and
dotted indices indicate the right SU(2) factor. Thus the scalars transform as (2,1) and
fermions as (1,2) in the R-symmetry group SO(4).

Next, we present the supersymmetry transformations that we find to leave the
Lagrangian (6.18) invariant. The supersymmetry transformation parameter ξαα̇ is a
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Grassman-odd Lorentz spinor and SO(4) vector (bi-spinor). Defining the composite field
(τ c)αβ ≡ φaαφbβfabc, the supersymmetry transformations relevant to the Lagrangian (6.18) are

δφα = ξ̄ α̇
α ψα̇ ,

δAaµ = gξ̄αα̇γµψ
b
α̇φ

c
αf

abc , (6.20)

δψaα̇ = i
(
/Dφα

)a
ξαα̇ −

ig2

3 fabcφbβ(τ c)βαξαα̇ ,

where the bared spinors denote Dirac conjugates.
We can now study the amplitudes in a manifestly supersymmetric manner. For this

purpose, we define the on-shell half-hypermultiplet

Φ = ψ + ηαφ
α + η1η2ψ̄ , (6.21)

where the ηα variables are Grassmann odd auxiliary parameters that transform as (2,1) in
SO(4), thus making one factor of SU(2) manifest.10 The fields are here best interpreted as
the asymptotic on-shell solutions to field equations, but for identification purposes we use
the same notation as for the off-shell fields.

In terms of this on-shell superfield, the four-point amplitudes can be written as

A4(Φ1Φ2Φ3Φ4) = δ4(Q) 〈13〉〈24〉
〈12〉〈23〉〈31〉 , (6.22)

where the supercharge (or supermomentum) is defined as

Qα =
n∑
i=1
|i〉ηαi , (6.23)

and the Grassmann-valued delta function then becomes

δ4(Q) =
2∏

α=1

n∑
i,j=1
〈ij〉ηαi ηαj , (6.24)

where n is the number of particles; at four points n = 4. It is easy to confirm that the super-
amplitude (6.22) obeys the BCJ relations, and that it is even under cyclic permutations.

We now make the observation that this purely-adjoint N = 4 Chern-Simons-matter the-
ory can be related to the more standard Chern-Simons-matter theories with bi-fundamental
matter in the product gauge group SU(Ñc) × SU(Ñc). We will not attempt to match
the gauge group details, but we note that the color-ordered tree-level amplitudes that
the Lagrangian (6.18) computes are in complete agreement with the corresponding color-
ordered amplitudes of the Gaiotto-Witten N = 4 supersymmetric Chern-Simons-matter
theory [211, 212]. We have explicitly checked this through multiplicity eight, by matching to
N = 6 ABJM amplitudes with supersymmetry truncated to N = 4. It is interesting to note
that the partial amplitudes of N = 6 ABJM theory do not obey the BCJ relations (2.12),

10By a half-Fourier transform over the η variables the other SU(2) factor can be made manifest in the
half-hypermultiplet.

– 23 –



J
H
E
P
0
8
(
2
0
2
2
)
0
3
5

but upon truncating the N = 6 superfield to the one of N = 4 Gaiotto-Witten theory, the
relations emerge. Thus the N = 4 Chern-Simons-matter theory that we studied here appears
to exhibit the maximal supersymmetry that is permitted by the BCJ relations (2.12). This
observation will also be confirmed in the next section when we study the double copy theory,
which also exhibits maximal supersymmetry.

6.4 Double copy: N = 8 Dirac-Born-Infeld theory

Having constructed several matter theories that obey the BCJ relations, we can now proceed
to study the double copies. We begin with the double-copy of the Chern-Simons-scalar
theory (6.5). We find that the double copy can be matched with the dimensional reduction
of 6D Born-Infeld theory, which from the 3D perspective is a DBI theory.

We start from the 6D abelian field strength and metric (in mostly minus signature),
and write them in terms of 3D quantities,

FMN =
(
Fµν −∂µφi

∂νφ
j 0

)
, ηMN =

(
ηµν 0
0 −δij

)
. (6.25)

Then the 6D Born-Infeld Lagrangian becomes through dimensional reduction the following
DBI theory

LDBI =
√
−det (ηMN + αFMN ) =

√
det (ηµν + αFµν − α2∂µφi∂νφi) , (6.26)

which follows from Schur’s determinant identity. In order to simplify the discussion, we will
set the coupling constant to unity α = 1 hereafter. Furthermore, one can dualize the 3D
field strength Fµν = iεµνρ∂

ρφ0, and obtain a Lagrangian in terms of a singlet scalar φ0 and
a SO(3) triplet scalar φi [213–215],

LDBI =
√

det (ηµν + iεµνρ∂ρφ0 − ∂µφi∂νφi) (6.27)

=
(

1−
(
∂µφ

0
)2
−
(
∂µφ

i
)2

+ 1
2∂νφ

i∂νφi∂ρφ
j∂ρφj − 1

2∂νφ
i∂ρφ

i∂νφj∂ρφj

+ ∂µφ
0∂νφ

0∂µφi∂νφi − 1
6
(
∂µφ

i∂µφi
)3

+ 1
2∂µφ

i∂µφi∂νφ
j∂ρφ

j∂νφk∂ρφk

− 1
3∂µφ

i∂ρφi∂νφ
j∂µφj∂ρφ

k∂νφk
)−1/2

. (6.28)

Inside the square root the mixing terms are up to 6th order in the scalar fields, and have
the property that they always involve a product of scalars of different flavor. Hence the
mixing terms vanish if the theory is truncated to a single scalar. While the Lagrangian only
has manifest SO(3) symmetry, one finds an effective SO(4) symmetry on shell [213–215],
and we explicitly confirmed this for four- and six-point amplitudes.

The SO(4) symmetry can be mapped via the double copy to a SU(2)×SU(2) symmetry,
where the Chern-Simons scalars on each side of the double copy transform as doublets.
Indeed, we can make the identification of states via the double copy,

φ⊗φ = φ0 +iφ1 , φ̄⊗ φ̄ = φ0−iφ1 , φ⊗ φ̄ = φ2 +iφ3 , φ̄⊗φ = φ2−iφ3 , (6.29)
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where the scalars on the left hand side of the equations denote the two copies of Chern-
Simons scalars, and the right-hand-side scalars are those of the DBI theory. This map is
simply the manifestation of the familiar SO(4) group-theory identity (1,2) ⊗ (2,1) = 4
that can be implemented using Pauli matrices.

Recall that there is an alternative double-copy construction [216] of the same DBI
theory discussed here, it has the form

YM6D ⊗NLSM =
(
YM3D + φi

)
⊗NLSM = DBI . (6.30)

The relevant non-linear-sigma-model (NLSM) has a Lagrangian L = Tr ∂µU †∂µU , where U
is a unitary matrix, and it obeys color-kinematics duality [22]. This alternative approach
was convenient for cross-checking our results.

Since the Chern-Simons-scalar theory we studied above is simply a consistent truncation
of the supersymmetric N = 4 Chern-Simons theory, we should expect that the double
copy of the latter theory with itself to be a supersymmetric extension of the DBI theory.
Indeed, the unique DBI theory that agrees with the expected symmetries and spectrum is
the maximally supersymmetric theory, hence we propose the new double-copy relation

(N = 4 CSm)⊗ (N = 4 CSm) = (N = 8 DBI) , (6.31)

where N = 4 CSm theory refers to the Lagrangian (6.18).
We now briefly review the maximally supersymmetric 3D N = 8 DBI theory. It is

convenient to formulate it in terms of its maximal uplift to 10D, where the action reads [217]

Lsusy-DBI =
√
−det (ηMN + FMN − 2χ̄ΓM∂Nχ+ χ̄ΓP∂Mχ χ̄ΓP∂Nχ) , (6.32)

where χ are Majorana-Weyl fermions. In order to dimensionally reduce this, we give a name
to the 10-by-10 matrix that appeared above,

MMN ≡ ηMN + FMN − 2χ̄ΓM∂Nχ+ χ̄ΓP∂Mχχ̄ΓP∂Nχ . (6.33)

Its dimensional reduction SO(1, 9)→ SO(1, 2)× SO(7) can be written as

MMN =
(

Mµν −∂µφi

∂νφ
j − 2χ̄Γj∂νχ −δij

)
, (6.34)

where the seven scalars are identified as φi ≡ Ai. Using Schurs identity as before, we have
that the Lagrangian can be written as

LN=8 DBI =
√

det(Mµν − ∂µφi∂νφi + 2∂µφiχ̄Γi∂νχ) . (6.35)

The Lagrangian has manifest SO(7) R-symmetry, but one can confirm that amplitudes
computed from this Lagrangian will exhibit a SO(8) symmetry [214, 218], where both the
fermions and scalars transform as 8s, consistent with triality. We can confirm that the
double copy (N = 4 CSm)2 will exhibit a symmetry larger than SO(7) since the double
copy will manifest a group of larger rank, namely SO(4)× SO(4) ⊂ SO(8). In fact, explicit
calculations confirm that the double copy realizes the full SO(8) R-symmetry.
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Consider the four-point amplitude, using the KLT formula the double copy becomes

MN=8
4 (V1V2V3V4) = s12A

N=4
4 (Φ1Φ2Φ3Φ4)AN=4

4

(
Φ̃1Φ̃2Φ̃4Φ̃3

)
= δ8 (Q) , (6.36)

where the N = 8 “vector” superfield is defined as

VN=8 = Φ (η)⊗ Φ̃ (η̃) = A+ + ηAψ
A
+ + 1

2ηAηBφ
AB + 1

6ηAηBηCε
ABCDψ−D + η1η2η3η4A− ,

(6.37)
where now the component fields and Grassmann variables transform in SU(4) × U(1) ∼
SO(6)× SO(2) ⊂ SO(8). The Grassmann variables are built out of the corresponding SU(2)
variables in the two Chern-Simons theories: ηA = (ηα, η̃α̃). The “vector” fields can be taken
to be A± = φ0±iφ7, and φ0 is the dualized DBI photon. The fermions can be identified with
the DBI fermions as ψA+ = χA + iχA+4 and ψ−A = χA − iχA+4, where χA = (χA, χA+4) are
the on-shell degrees of freedom carried by the Majorana-Weyl fermions, with A = 0, . . . , 7
being the SO(8) little group index. Finally the six scalars φAB can be matched to the DBI
scalars φi=1,...,6.

We checked up to multiplicity six that the double copy agrees with the amplitudes
obtained from the N = 8 DBI theory, and similarly agrees with the alternative double
copy (N = 8 SYM)⊗NLSM that involves maximally supersymmetric Yang-Mills theory.
Furthermore, the relationship between the coupling κ in eq. (2.9) and the DBI coupling is
as simple as α2 = κ/2.

7 Conclusions

In this paper, we showed that pure Chern-Simons theory obeys the fully off-shell version
of color-kinematics duality. We observe that the standard Lorenz-gauge Feynman rules
have the property that the kinematic Jacobi relations are automatic both at tree and loop
level. Furthermore the duality extends smoothly to the BRST ghost sector of Chern-Simons
theory, implying that the complete quantum theory obeys color-kinematics duality.

Employing a superfield formulation [204] for the entire field content, including Faddeev-
Popov ghosts, we showed that the superspace Feynman rules for the theory can be interpreted
as nested Poisson brackets defined by a second-order differential operator, in a similar fashion
to the recent Yang-Mills construction in ref. [206]. The computation of BCJ numerators for
any Feynman diagram, including loops, is thus straightforward. We furthermore identify
the corresponding kinematic algebra of pure Chern-Simons theory as the algebra of volume-
preserving diffeomorphisms.

While pure Chern-Simons theory has no on-shell amplitudes, the observation that the
off-shell Feynman rules obey color-kinematics duality allows one to double-copy Chern-
Simons theory at the Lagrangian level. We do this for several theories, including when one
copy is Yang-Mills theory or a higher derivative (DF )2 theory. These theories can be double
copied with Chern-Simons theory, since it is sufficient to have one theory that manifests
color-kinematics duality. The resulting double-copy theories typically end up having gauge-
fixed Lagrangians, and in some cases their kinetic terms are non-local, implying that further
work is required for identifying the theories. The double-copy theories also inherit the
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vanishing of the on-shell amplitudes from the Chern-Simons parent theory, meaning that
we cannot compare to gauge-invariant quantities of the candidate theories. Nevertheless,
we identify an interesting candidate theory for the (Chern-Simons)⊗(DF )2 double copy,
which we expect to be related to the Chern-Simons-gravity theory in 3D [210].

It would be interesting to explore the Chern-Simons double-copy theories further, and
to see if they inherit any useful topological properties from their parent theory. Furthermore,
investigating the implications for Wilson-loop (or worldline) observables (see e.g. [123, 219–
221]) both in Chern-Simons theory, and in the double-copy theories, may be a promising
future direction. It would also be interesting to apply the techniques of this paper to the
Feynman rules of the Yang-Mills pure-spinor formulation considered in ref. [206], which
exhibited color-kinematics duality via a Chern-Simons-like Lagrangian.

For adjoint Chern-Simons matter, we found that there exist theories with doublet
scalars, doublet fermions, or supersymmetric N = 4 matter, that obey the BCJ relations.
The choice of using the adjoint representation for the matter had the unintended consequence
that the scalars and fermions need to obey odd and even statistics, respectively. After
combining the scalar and fermion sectors, the BCJ relations determined the non-minimal
couplings uniquely to give a theory that exhibits N = 4 supersymmetry. While the matter
statistics is unusual, we observed that the color-ordered tree amplitudes in this theory
precisely match those of the N = 4 Gaiotto-Witten theory, which is a supersymmetry
truncation of the N = 6 ABJM theory. Both these theories use bi-fundamental matter
with standard statistical behavior. We note that the N = 4 Chern-Simons-matter theory
has the maximal supersymmetry permitted by the standard BCJ amplitude relations,
hence our considerations cannot be uplifted to the N = 6 ABJM theory. Finally, the
opposite-statistics states in the Chern-Simons-matter theory become standard-statistics
states when feeding them through the double copy. Hence the double copy of N = 4
Chern-Simons-matter theory with itself gives a well-behaved theory, which we identify with
the maximally supersymmetric N = 8 DBI theory.
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A Conventions and spinors in 3D

We use a mostly minus metric ηµν = diag(1,−1,−1), and define 3D gamma matrices as

γ0 =
(

0 −1
1 0

)
, γ1 =

(
−1 0
0 1

)
, γ2 =

(
0 1
1 0

)
, (A.1)

where the SL(2,R) ∼ SO(1, 2) indices are distributed as (γµ) β
α . The matrices obey the

Clifford algebra
{γµ, γν} = −2ηµν . (A.2)

Spinor indices can be lowered (and raised) with the SL(2,R) metric

εαβ =
(

0 −1
1 0

)
. (A.3)

The angle-bracket spinors are defined by the relations

〈p|α = εαβ |p〉β , |p〉α〈p|β = −pµ(γµ) β
α = −/p β

α
. (A.4)

With this definition, we have that

sij = (pi + pj)2 = 〈ij〉2 . (A.5)

In addition, the gamma matrices obey

(γµ)αβ(γµ)γδ = −δγαδδβ − δ
γ
βδ
δ
α , (A.6)

or, alternatively,
(γµ) β

α (γµ) δ
γ = δβαδ

δ
γ − 2δβγ δδα , (A.7)

which implies the following relation when sandwiched with four spinors:

〈1|γµ|2〉〈3|γµ|4〉 = 〈12〉〈34〉+ 2〈14〉〈23〉 . (A.8)

Since the 3D Levi-Civita symbol appears frequently, it is useful to note that

εµνρp
µqνrρ = −1

2Tr(pqr) = 1
2〈pq〉〈qr〉〈rp〉 , (A.9)

and
〈p|γµ|q〉εµνρ(p+ q)ν = 〈pq〉(p− q)ρ . (A.10)

B Feynman rules

To write down the Feynman rules, we use an SU(Nc) gauge group, where the generators
and structure constants satisfy Tr(T̃ aT̃ b) = δab and [T̃ a, T̃ b] = f̃abcT c. In terms of the
non-tilde structure constants, we have f̃abc = i

√
2fabc, and the covariant derivative is
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(Dµφ)a = ∂µφ
a + ig 1√

2 f̃
abcAbµφ

c. With these conventions, we again give the N = 4 Chern-
Simons-matter Lagrangian (6.18),

LN=4 = εµνρ

(1
2A

aµ∂νAaρ + ig

6
√

2
f̃abcAaµAbνAcρ

)
+ ∂µφ̄

a∂µφa + ig√
2
f̃abcAbµ

(
∂µφ̄

aφc + φ̄c∂µφa
)
− g2

2 f̃
abxf̃xcdφ̄aAb ·Acφd

+ iψ̄a/∂ψa − g√
2
f̃abcψ̄a /A

b
ψc − ig2

2 ψ̄aψbφ̄cφd
(
f̃acxf̃xbd + f̃adxf̃xbc

)
− g4

4 φ
aφ̄bφ̄cφdφeφ̄hfabxfxcyfydzfzeh . (B.1)

The corresponding color-ordered Feynman rules up to multiplicity four are11

ψ̄ ψ = i
/p

p2 , φ φ̄ = i

p2 , Aµ Aρ = −εµνρp
ν

p2 , (B.2)

µ

νρ
= −ε

µνρ

√
2
,

µ

φ̄2φ1

= i
(p1 − p2)µ√

2
,

µ

ψβψ̄α
= i

(γµ) β
α√

2
, (B.3)

Aµ

Aν φ

φ̄

= − i2η
µν ,

Aµ

φ Aν

φ̄

= −iηµν , (B.4)

ψβ

φ φ̄

ψ̄α

= −1
2δ

α
β ,

ψα

φ ψ̄β

φ̄

= δβα . (B.5)

It is easy to restore the free coefficients α and β introduced in section 6.3, in which case the
last two scalar-fermion rules would be multiplied by α and (α+β)/2, respectively. The rules
here were obtained for α = 1 and β = 1. The color-ordered six-point scalar interactions are

φ̄

φ

φ

φ̄

φ

φ̄
= − i2 ,

φ̄

φ

φ

φ̄

φ̄

φ
= i

4 ,

φ

φ̄

φ

φ̄

φ

φ̄
= 0 , (B.6)

where it is important to keep in mind that the sign of the vertices flips under cyclic
permutations, because of the anti-commuting nature of the scalars. The fudge factor λ = 1
can be restored by multiplication if needed.

11Note that the indices on the fermions ψα are SL(2,R) spinor indices, not R-symmetry indices.
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