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A B S T R A C T

Hidden state models are among the most widely used and efficient schemes for solar irradiance modeling in
general and forecasting in particular. However, the complexity of such models – in terms of the number of
states – is usually needed to be specified a priori. For solar irradiance data this assumption is very difficult to
justify.

In this paper, an infinite hidden Markov model (InfHMM) is introduced for short-term probabilistic
forecasting of solar irradiance, where the assumption of fixed number of states a priori is relaxed and model
complexity is determined during the model training. InfHMM is a non-parametric Bayesian model (NPB)
indexed with an infinite dimensional parameter space which allows the automatic adaptation of the model
to the ‘‘correct’’ complexity. This facilitates the automatic adaptation of the model to all weather conditions
and locations. Posterior inference for InfHMM is performed using the Markov chain Monte Carlo algorithm,
namely the beam sampler.

Data from 13 different sources are used to validate the proposed model and subsequently it is compared to
two well-established models in the literature: Markov-chain mixture distribution (MCM) and complete-history
persistence ensemble (CH-PeEn) models. Important results are found, that cannot be derived from the existing
finite models, such as the variation of the number of states within and across sites. The comparison of the
models shows that the InfHMM is more consistent in term of the forecasting horizon.

For reproducibility of the methodology presented in this paper, we have provided an R script for the
InfHMM as supplementary material.
1. Introduction

With the global expansion in solar energy applications, there is
an increasing need to quantify the variability of the solar energy
resource (Bosch et al., 2013; Lohmann, 2018), where forecasting is of
particular interest (Bosch et al., 2013).

Historical solar irradiance (SI) time series are at the core of any
forecasting process, either deterministic or probabilistic. For the de-
terministic approach, the dynamics of SI time series are difficult to
model in a deterministic way due to the rapid changes in the depen-
dent meteorological variables and their number. Whereas probabilistic
forecasting of SI time series is thought to be more useful and opera-
tional than deterministic forecasting in many cases, e.g. in particular
for risk management in operational planning of renewable energy
sources (Pinson, 2013).

Additionally, the use of the clear-sky index (𝜅𝑡) rather than SI
directly – which is defined as the SI at the ground normalized with a
clear-sky irradiance model – can be advantageous for many probabilis-
tic forecasting models since it can arguably be considered a statistically
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stationary time-series (Munkhammar et al., 2017). Subsequently, based
on 𝜅𝑡 forecasts, it is possible to produce forecasts for SI data by scaling
the forecasts with modeled clear-sky irradiance. However, a general
agreement on a specific probabilistic model for 𝜅𝑡 forecasting has not
yet been reached. A subjective or inaccurate selection of the model
complexity can lead to a significant bias in parameter estimation and
forecasting.

Many studies have been done on the field of single SI time-series
probabilistic forecasting includes computational statistical and ma-
chine learning methods such as analog ensemble (Alessandrini et al.,
2015), neural networks (Lauret et al., 2015), support vector regres-
sion (Lauret et al., 2015), Gaussian processes (Lauret et al., 2015; van
der Meer et al., 2018), quantile regression (Lauret et al., 2017) and
Markov-chains (Munkhammar et al., 2019; Hocaoglu and Serttas, 2017;
Richardson, 1981). See van der Meer et al. (2017), Voyant et al. (2017),
Yang et al. (2020), Yang (2019a) for more examples. And as stated
earlier, there is no preferred model in the literature for all types of
data and forecast horizons. A suitable model has to be reproducible
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(general) and easy to adopt to the best data complexity (Frimane et al.,
2019, 2018). Site-specific models, that only perform at a given location
and conditions, have potential shortcomings, which are thoroughly
discussed in Frimane and Bright (2021).

1.1. Motivation and contributions

Modeling with latent underlying structures has shown a great abil-
ity to reveal important information from data. In particular, Hidden
Markov Models (HMM) are the most used latent models because of their
simplicity and ease of learning.

For probabilistic forecasts, data are modeled by continuous random
variables, often over R. However, if a Markov dynamic hypothesis is
sed, then, for both discrete and continuous-time series, it is necessary
o consider a finite and discrete state space on which the model
witches regime. Accordingly, for 𝜅𝑡 time series, these two character-
stics are antagonistic to each other, as it is impossible for a continuous
andom variable to be in a discrete state space. HMMs are used to
vercome this problem by considering the observations as continuously
enerated from hidden Markov states. Thus, HMMs can be considered
s augmented Markov chain models.

However, for HMMs there is no evidence on how to choose the
odel complexity expressed on the term of the number of hidden

tates. For instance, for the synthetic solar irradiance modeling, all
MM models so far use statistical choice criterion after estimating the
odel with different numbers of states to select the appropriate model

omplexity, see e.g. Munkhammar et al. (2019). This operation is time
onsuming and is not a general solution because it always depends on
he site of use and is not general for all conditions. Sometimes, arbitrary
hoices are also used. This can result in either the problem of under-
itting when the model is very restrictive and cannot take advantage
f the data, or the problem of over-fitting when the model is very
omplex and memorizes the available data instead of generalizing its
earning (Bright et al., 2021).

In this paper we extend the popular HMMs for short term SI fore-
asting to include hidden Markov models in an infinite space dimension
InfHMM). HMMs can be thought of as time-dependent mixtures of
istributions. Beal et al. (2001) extends this setup to have an infinite
umber of hidden states using Dirichlet process (DP) theory. The Gibbs
ampler for InfHMM is introduced in Teh et al. (2006), but the most
fficient and fast InfHMM sampler based on dynamic programming is
ntroduced in Van Gael et al. (2008). In this paper, we have used this
ast sampler, called the Beam sampler.

InfHMMs are essentially non-parametric Bayesian Markov models
ith a countably infinite number of states. The ‘‘correct’’ number of

tates for InfHMM is a random variable and is estimated during the
raining phase of the model.

Many features of this approach can appeal to practitioners of solar
nergy modeling. We can state:

• It ‘‘automatically’’ solves two known challenges that are consid-
ered intrinsic to the methods traditionally used in the solar energy
literature, namely, the over-fitting and under-fitting effects. The
infinite number of available states helps to avoid the under-fitting
effect and the Bayesian prior beliefs help to avoid the over-fitting
effect by putting more probability mass on the probable states.

• As new data is observed, if extra states are needed, the model
can automatically integrate them into the conditional prediction
densities. Whereas, this is not the case with fixed state models.

• InfHMM can detect whether there is only one state underlying the
used data set.

• InfHMM is a fully automatic adaptable model for different cli-
mates and geographical locations across the world, without the
need to re-engineer or adjust the model parameters.

Taking into account all the above features, it would seem fair to
ay that the InfHMM is a forecasting model that needs only a historical
𝑡 time series and will auto-adjust for optimal predictions based on
332

raining data. 𝑓
.2. Structure of the paper

The remaining part of this paper is organized as follows. The
alidation data is detailed in Section 2. The methodology is described
n Section 3. Results are showed in Section 4. Findings and future
erspectives are discussed in Section 5. Finally, concluding remarks
ollow in Section 6.

. Data

For a thorough validation of the method, different climate and
eather conditions are required. Therefore, datasets from 11 Baseline
urface Radiation Network (BSRN) stations are selected, in addition to
other datasets widely used in the literature.

BSRN is the world’s largest solar radiation monitoring network, pro-
iding freely available data to researchers around the world (Driemel
t al., 2018). Currently, the BSRN has a total of 71 stations, covering
wide range of climate types. In 1988, the World Meteorological

rganisation created BSRN and started collecting data in 1992 with 9
nitial stations. The reader is invited to visit the website http://BSRN.
wi.de for a detailed history and further information on BSRN.

BSRN data downloading and quality control (QC) are performed
sing the free R-package SolarData (Yang, 2018, 2019b).

Datasets from BSRN are selected by automatic filtering to ensure
hat, after QC, data availability is at least 300 full days (without gaps)
or each available year. The most recent year for each selected location
s used.

The two additional data sets are from Norrköping, Sweden and
awaii, USA and they are extensively used in solar irradiance forecast-

ng (Munkhammar et al., 2017, 2019). All the used datasets are carried
ut with a resolution of 1 min. See Fig. 1 and Table 1 for a detailed
tation metadata.

In order to obtain more stable results and a fair split of the avail-
ble data into training and test datasets, we followed the configura-
ion presented in Munkhammar et al. (2019). It is a high skill score
onfiguration, and does not depend on data seasonality.

The process of splitting the data is as follows: The training dataset
s defined by selecting every second day from day 1 to the day before
he last day {1, 3, 5,…} and the test dataset by selecting every second

day from the second to the last day {2, 4, 6,…}. Each data set contained
half of the total days for a given site.

3. Method

3.1. Clear sky index

In this paper, the clear sky index 𝜅𝑡 is the target variable for
forecasting. It models the stochastic temporal variability of the solar
irradiance data after removing the deterministic part using a clear sky
model.

By definition, 𝜅𝑡, is the ratio between the global solar irradiance 𝐺𝑡,
and a clear sky model 𝐺𝑐𝑠𝑡 on a horizontal surface at a specific location
and time. It is a well documented index in the literature and is widely
used to characterize the solar radiation fluctuations (Yang, 2020).

Consequently, the estimate of 𝜅𝑡 also depends on the used clear-
sky irradiation model, and in this paper McClear model (Lefèvre et al.,
2013) is used.

3.2. Infhmm building blocks

InfHMM of synthetic solar irradiance models the clear-sky index
time series 𝜅𝑡, by assuming that the measured observation at time 𝑡,
depends only on the state at time 𝑡−1, denoted as 𝑆𝑡−1. This state is not
irectly observed but we only know the observation at time 𝑡−1. 𝜅𝑡−1 is
upposed to be generated by a given parametric emission distribution

𝑆𝑡−1

.

http://BSRN.awi.de
http://BSRN.awi.de
http://BSRN.awi.de
http://BSRN.awi.de
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Fig. 1. The geographical locations of the selected validation stations.
Fig. 2. Graphical model for the InfHMM. (1) {𝑆𝑡}𝑡∈N: The set hidden states; (2) {𝜅𝑡}𝑡=1,…,N: The set of observations; (3) 𝜋𝑖𝑗 , 𝜃𝑖𝑗 : Model parameters; (4) 𝐁, 𝛼, 𝛾 and 𝛽𝑗 : Model
hyper-parameters.
Table 1
Radiometric station metadata used for validation. NA stands for not available information.

Station Location Latitude Longitude Elevation Start date End date Status

ASP Macdonnell Ranges, Northern Territory, Australia −23.7980 133.8880 547.0 1995–01–01 NA Active
CAR France 44.0830 5.0590 100.0 1996–08–01 NA Active
CLH North Atlantic Ocean, USA 36.9050 −75.7130 37.0 2000–06–01 2017-12-31 Closed
CNR Spain, Sarriguren, Navarra 42.8160 −1.6010 471.0 2009–07–01 NA Active
DAA South Africa −30.6667 23.9930 1287.0 2000–05–01 NA Active
DRA Nevada, United States of America 36.6260 −116.0180 1007.0 1998–02–01 NA Active
HAW Hawaii, USA 21.51 −158.15 NA NA NA NA
LAU New Zealand −45.0450 169.6890 350.0 1998–07–01 NA Active
LRC Hampton, Virginia, USA 37.1038 −76.3872 3.0 2014–12–01 NA Active
NOR Sweden, Norrköping 59.5800 17.1800 NA NA NA NA
PAL France 48.7130 2.2080 156.0 2003–05–01 NA Active
SOV Saudi Arabia 24.9100 46.4100 650.0 1998–08–01 NA Active
SXF South Dakota, United States of America 43.7300 −96.6200 473.0 2003–06–01 NA Active
In this paper, the emission distribution is supposed to be a Gaus-
ian with mean 𝜇𝑆𝑡−1

and variance 𝜎𝑆𝑡−1
. Hence, we can write the
333

arginal distribution of the observation 𝜅𝑡 given the hidden state 𝑆𝑡−1
by integrating out all possible states at time 𝑡:

𝑃 (𝜅𝑡|𝑆𝑡−1) =
∑

𝑃 (𝜅𝑡|𝑆𝑡)𝑃 (𝑆𝑡|𝑆𝑡−1) =
∑

𝜋𝑆𝑡−1 ,𝑆𝑡
 (𝜅𝑡;𝜇𝑆𝑡

, 𝜎𝑆𝑡
), (1)
𝑆𝑡 𝑆𝑡
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where 𝜋𝑆𝑡−1 ,𝑆𝑡
is the probability of transitioning from the state 𝑆𝑡−1 to

he state 𝑆𝑡. The symbol | is read ‘‘conditional to’’.
In terms of solar irradiance engineering, this equation states that the

bserved solar irradiance values are the outcome of a latent stochastic
rocess in which we have embedded all our guesses about the solar
henomenon. This process depends only on its immediate previous
tate and forgets everything else in its history. Moreover, knowing this
mmediate previous state and integrating out over all possible states at
he current time 𝑡, we can then write the distribution to generate the
urrent observation 𝜅𝑡. This distribution is represented by the row 𝑆𝑡−1
f the transition matrix of the hidden Markov chain.

InfHMM follows a Bayesian paradigm, hence prior probabilities
ust be assigned to all model parameters. Fig. 2 shows the graphical
odel of the InfHMM. In the following, we will describe the building

locks of the InfHMM as closely as possible to the language of solar
rradiation engineering, with always keeping an eye on the readability
f the paper.

The key property of the InfHMM is that the number of hidden states
s countably infinite. It is worth to mention that data is not obliged
o visit infinitely many states, as it would appear at first glance. The
eason is that data can only visit at most 𝑁 different states, where

is the length of the observed time-series—the case where each
bservation is generated by a different state. In practice, the number
f states is considerably less than 𝑁 .

Generating samples from InfHmm requires a transition matrix 𝛱
f infinite dimension and an infinite number of means and variances
or the emission distributions. The core idea for dealing with such
nfinity is the introduction of the Dirichlet process DP(𝛼,𝐁) with 𝛼 is the
oncentration parameter and 𝐁 the base measure. DP incorporates all of
ur prior assumptions about the parameter distributions of the emission
istributions and transition matrix rows. Moreover, the concentration
arameter measures our degree of belief in the base measure. A high
alue of 𝛼 indicates that the parameters are most likely distributed
ollowing 𝐁 and a low value of 𝛼 indicates that the parameters are less
ikely generated from 𝐁. For more details about DP, readers can refer
o Gershman and Blei (2012).

Starting from the fact that the sampling from the DP(𝛼,𝐁) is dis-
crete with probability one, the stick-breaking construction of the DP
developed by Sethuraman (1994) can be written as follows:

generate: 𝜋′
𝑘|𝛼,𝐁 ∼𝑖𝑖𝑑 𝐵𝑒𝑡𝑎(1, 𝛼), (2a)

calculate: 𝜋𝑘 = 𝜋′
𝑘.

𝑘−1
∏

𝑖=1
(1 − 𝜋′

𝑖 ), (2b)

enerate: 𝜃𝑘|𝛼,𝐁 ∼𝑖𝑖𝑑 𝐁, (2c)

thus 𝐻 =
∞
∑

𝑖=1
𝜋𝑖𝛿𝜃𝑖 ∼ 𝐷𝑃 (𝛼,𝐁), (2d)

where 𝐵𝑒𝑡𝑎(1, 𝛼) is the beta distribution with shape parameters 1
nd 𝛼. The symbol ∼ is read ‘‘follows’’, and 𝑖𝑖𝑑 is read ‘‘independent
nd identically distributed’’.

Now, by identifying the transition matrix row 𝑆𝑡−1 with 𝜋 in
q. (2b), and the emission parameter {𝜇𝑆𝑡

, 𝜎𝑆𝑡
} in Eq. (1) with 𝜃

n Eq. (2c), then we can consider 𝐻 in Eq. (2d) as an infinite dimen-
ional random prior for Eq. (1).

This process must be done for each row of the transition matrix. To
nsure transition between states, the rows of the transition matrix have
o share the same states between them. However, sampling identical
tates from a continuous distribution 𝐁 is a zero probability event. A
olution to this issue is the use of the hierarchical Dirichlet process
HDP) (Van Gael et al., 2008).

In fact, the core idea of HDP is to introduce another DP layer on
op of the base measure. Thus, the base measure is itself a Dirichlet
rocess whose base measure is our prior over the states. However, since
e know that the generation from DP is discrete with probability one,
334

hen the transition matrix rows with 𝐻0 as a base measure can share c
etween their states with a positive probability. HDP can be sampled
n the following way:

𝐻0 =
∞
∑

𝑖=1
𝛽𝑖𝛿𝜃𝑖 ∼ 𝐷𝑃 (𝛾,𝐁),

𝑗 =
∞
∑

𝑖=1
𝜋𝑖𝑗𝛿𝜃𝑖𝑗 ∼ 𝐷𝑃 (𝛼,𝐻0) ∀𝑗 ∈ {1,… ,∞},

(3)

ith 𝛾 is a new concentration parameter, 𝛽 = {𝛽𝑖}∞𝑖=1 the sampled
weights for 𝐻0 and {𝐻𝑗}𝑗∈{1,…,∞} are the random priors for the transi-
ion matrix rows.

In this paper, we used conjugate priors for the emission distri-
utions, where the base measure 𝐁 is taken as a Normal-Gamma
istribution—the Normal component is the prior for the means and
n inverse Gamma/Gamma is the prior for the variances/precisions of
he emission distributions. This Normal-Gamma prior  comes with
yper-parameters 𝑚0, 𝑘0, 𝑎0 and 𝑏0. The conjugacy helps to analytically
ntegrate out the involved likelihood.

As summary, the complete InfHMM can be written as:

𝑗 ∈ {1,… ,∞},

∀𝑡 ∈ {1,… , 𝑁},

𝛽𝑗 ∼ 𝑠𝑡𝑖𝑐𝑘 − 𝑏𝑟𝑒𝑎𝑘𝑖𝑛𝑔(𝛾),

𝜋𝑖𝑗 ∼ 𝐷𝑃 (𝛼, 𝛽𝑗 ),

𝜃𝑖𝑗 = {𝜇𝑖𝑗 , 𝜎𝑖𝑗} ∼ (𝑚0, 𝑘0, 𝑎0, 𝑏0),

𝑆𝑡 ∼ 𝜋𝑆𝑡−1
,

𝜅𝑡 ∼  (𝜃𝑆𝑡−1
)

(4)

For a fully Bayesian building of the InfHMM, the concentration
parameters are also considered random variables and do not fixed a
priori. A vague Gamma prior is taken for 𝛼 and 𝛾 as follows:

𝛼 ∼ (1, 1),

𝛾 ∼ (1, 1).
(5)

3.3. Inference

To sample from the InfHMM, we use the beam sampler introduced
in Van Gael et al. (2008). The main idea of the beam sampler is to intro-
duce auxiliary variables 𝑢1∶𝑁 in such a way that, conditional on them,
the number of possible trajectories is finite. This stochastic truncation
allows the application of the forward-filter backward sampler (FFBS).

After initializing the parameters, the full beam sampler routine is:
Data: 𝜅1∶𝑁
Result: 𝑆1∶𝑁 , 𝛱 = {𝜋𝑖𝑗}𝑖,𝑗=1,⋯,𝐾 and {𝜃𝑗}𝑗=1,⋯,𝐾
Randomly initialize 𝑆 and 𝛽;
while i < number of iteration do

sample 𝑆1∶𝑁 |𝑢1∶𝑁 ,𝛱, 𝑥1∶𝑁 ;
sample 𝛱𝑗 |𝑆1∶𝑁 , 𝛽 rows for 𝑗 = 1,⋯ , 𝐾;
sample 𝑢1∶𝑁 |𝑆1∶𝑁 , 𝜋 and update K;
sample 𝜃𝑗 |𝑆1∶𝑁 , 𝑥1∶𝑁 , 𝛽 for 𝑗 = 1,⋯ , 𝐾;
sample 𝛽|𝑆1∶𝑁 , 𝛾;
sample 𝛾|𝑆1∶𝑁 , 𝛽 and 𝛼|𝑆1∶𝑁 , 𝛽;

nd
Algorithm 1: Beam sampler algorithm for InfHMM inference.
Full details of each of the posterior sampling steps of the beam

ampler can be found in the appendix of Maheu and Yang (2016).
owever, to facilitate the uptake of the InfHMM, an R script is provided
s supplementary material to this paper.

.4. Predictive density

Forecasts are sampled from InfHMM model using 𝑁 observations
nd the predictive density. The predictive density at time 𝑡 + 1 is

alculated as follows:
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Fig. 3. The resulting Distribution of the number of hidden states for each site.
• Randomly sample a state 𝑆𝑡+1 according to the row 𝜋𝑆𝑡
of the

transition matrix 𝛱 .
• If 𝑆𝑡+1 < 𝐾 then set {𝜇𝑆𝑡+1

, 𝜎𝑆𝑡+1
} = 𝜃𝑆𝑡+1

; otherwise generate
{𝜇𝑆𝑡+1

, 𝜎𝑆𝑡+1
} ∼ (𝑚0, 𝑘0, 𝑎0, 𝑏0).

The predictive density is then estimated as:

𝑃 (𝜅𝑡+1|𝜅𝑡) ∼  (𝜇𝑆𝑡+1
, 𝜎𝑆𝑡+1

), (6)

and thus, the predictive mean is:

E(𝜅𝑡+1|𝜅𝑡) = 𝜇𝑆𝑡+1
, (7)

For n-steps ahead forecasting, the predictive densities come from
the transition matrix 𝛱𝑛.

3.5. Forecast verification metrics

In this paper we verify both deterministic and probabilistic forecasts
for the first 15 horizons.

The forecast horizon is the length of time in the future for which
forecasts have to be issued. In this paper, we also verified the perfor-
335

mance of the InfHMM at different short-term forecast horizons. To do d
this, we chose to represent the first fifteen future points as the target
of the forecast. Each point is a horizon. The datasets used in this paper
are carried out with a resolution time of 1 min, therefore the target
horizons are: 1 min, 2 min, 3 min, ⋯, 15 min.

For probabilistic verification, we use the continuous ranked prob-
ability score (CRPS), the rank diagram (RaD), the reliability diagram
(ReD) and the resolution score (RS) to verify the sharpness, calibration
and resolution of probabilistic forecasts. Moreover, we use the reliabil-
ity index or discrepancy (RI) to measure the deviation of the RaD from
the uniformity (Gneiting et al., 2008).

CRPS quantifies the sharpness and reliability of the forecast ensem-
bles. It is defined as the difference between the forecast and observed
cumulative distribution functions, where the latter is a step function at
the observed value. For the clear sky index at time 𝑡, the CRPS can be
written as:

𝐶𝑅𝑃𝑆𝑡 = ∫

∞

0
(𝐶𝐷𝐹 (𝑥) − 𝟏𝜅𝑡≤𝑥)

2𝑑𝑥, (8)

where 𝐶𝐷𝐹 (𝑥) and 𝟏𝜅𝑡≤𝑥 are the forecast and observed cumulative

istribution functions respectively. The distribution and the mean of
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Fig. 4. Plots of the ‘‘Reliability diagrams’’, ‘‘CRPS distributions’’, ‘‘Rank diagrams’’ for all horizons from 1 to 15 at Macdonnell Ranges, Australia (ASP). InfHMM in orange color,
MCM in gray color. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
w

the whole dataset CRPS values are calculated and plotted against
benchmark models.

RaD evaluates the reliability, i.e., the calibration, of forecast en-
sembles. It measures to which extent the real observations are drawn
from the same distribution as random samples from the ensemble
distributions; in other words, whether they are statistically similar.
336

f

The RI is written as:

𝑅𝐼 =
𝑚+1
∑

𝑖=1
|𝑓𝑖 −

1
𝑚 + 1

|, (9)

here 𝑚 is the number of bins on the rank diagram and 𝑓𝑖 are the
requency value.
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Fig. 5. Plots of the ‘‘CRPS averages’’, ‘‘Resolution scores’’ and ‘‘Reliability indexes’’ for all horizons from 1 to 15 and all models at Macdonnell Ranges, Australia (ASP). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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ReD measures whether the nominal frequencies of the events cor-
respond to their observed frequencies and is another way to visualize
the calibration of a series of forecasts. The result is a figure where the
observed frequencies are plotted against the nominal frequencies for a
given frequency ranges.

Finally, RS quantifies the ability of a forecast model to issue dif-
ferent forecasts depending on the prevailing conditions (Lauret et al.,
2019). For instance, climatology simply forecasts the historical mean
and its RS is therefore 0 as it always generates the same prediction.

For deterministic verification, the mean absolute error (MAE), the
root mean squared error (RMSE) and the Pearson’s correlation (R) are
calculated.

MAE quantifies the error between forecasted mean 𝜅𝑖 and observed
data 𝜅𝑖. It is the equivalent metric to the CRPS in the deterministic case.
The MAE is defined as follow:

MAE = 1
𝑁

𝑁
∑

𝑖=1
|�̂� − 𝜅𝑖|, (10)

The root mean square error (RMSE) is a commonly used measure of
model error for quantitative data estimation. It is defined as follows:

RMSE =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1
(𝜅𝑖 − 𝜅𝑖)2. (11)

R2 measures the amount of the variance of the observed data
explained by the variance of the forecasts means. The correlation
coefficient R can be defined as:

𝑅 =
𝑐𝑜𝑣(𝜅𝑖, 𝜅)
𝜎𝜅𝑖𝜎𝜅

. (12)

.6. Benchmark models

InfHMM is benchmarked using the complete-history clear-sky per-
istence ensemble (CH-PeEn) (Yang, 2019c) and Markov-chain mixture
istribution model (MCM) Munkhammar et al. (2019).

These benchmark models were selected based on the comparative
nalysis in Yang et al. (2020) for short-term GHI forecasting as exam-
les of both simple and more complex benchmark models. The InfHMM
odel developed in this study is also arguably a generalization of the
CM model.

The MCM model for forecasting is based on first dividing training
nd test time-series into 𝑁 uniformly distributed bins based on magni-
ude. Then, for the specific forecasting horizon the model estimates a
ransition matrix based on transitions between the bins occurring in the
raining data set. For each forecast to be made, an observation from the
est data set is identified to belong to a specific bin, and the predictive
istribution for the forecast horizon is a piece-wise uniform distribution
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eighted with the probabilities for transition from the specific bin of
he observation.

CH-PeEn is an external, multiple valued climatology conditioned
n the time of day. It uses the entire measurement history to form
mpirical distributions of the forecast clear-sky index that depend only
n the time of day.

. Results

.1. Model selection

One iteration over the InfHMM sampling steps in Algorithm 1 results
n a draw of the posterior distribution. The number of hidden states for
he InfHMM is a random variable and changes from one draw to the
ext. The resulting posterior distribution of this number is shown in
ig. 3. We can clearly see that this number is highly variable within
nd across sites. For example in SXF it varies between 12 and 17 with
considerable probability mass for different number of states. Across

ites we can observe, for example, 20 hidden states on average for NOR
nd 8 states for SOV. This makes any prior choice for the complexity
f discrete state models including finite HMM a very difficult modeling
ask. An unreasonable choice will surely have an effect on the model
erformance. This is very likely to occur with fixed state space models,
ince there is no evidence to predict the number of hidden states a
riori. It is a hidden variable in any experiment.

With InfHMM we have a distribution of the number of hidden states
nd we can integrate it out during the prediction phase. Thus, we take
nto account all possible scenarios for the future outcomes.

.2. Forecast verification

.2.1. Ensemble verification
In this section, the results of comparing InfHMM with MCM and

H-PeEn are presented. As part of the validation, we demonstrated the
erformance of our model at a variety of geographic locations around
he world. As the size of all the figures and tables involved is too much
or a single journal paper, we have separated it into a main paper
nd a supplementary material document. The analysis is identical in
oth documents. Three sites from the available data are presented in
he main paper, namely ASP, CLH and NOR. These sites were chosen
ecause they are spread around the world and have different climatic
onditions.

Figs. 4, 6 and 8 show the plots of the ReD, RaD diagrams and the
RPS distribution for the first fifteen horizons and the three selected
ites. The CRPS average, RS and RI are presented in Figs. 5, 7 and

for all selected horizons and sites. For complete presentation, the
upplementary material to this paper includes the same plots for every
ocation.
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Fig. 6. Plots of the ‘‘Reliability diagrams’’, ‘‘CRPS distributions’’, ‘‘Rank diagrams’’ for all horizons from 1 to 15 at North Atlantic Ocean, USA (ASP). InfHMM in orange color,
MCM in gray color. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
For all sites, we can clearly discern that the performance of InfHMM
and MCM are comparable for low orders. However, for almost all
sites, from the second and third horizon onwards, InfHMM starts to
outperform MCM across almost all verification metrics. This is mainly
because InfHMM transition matrix captures more information about the
modeled time series than the MCM transition matrix does. This means
338
that the InfHMM provides significant improvements in the predictive
density and better captures the underlying dynamics. The rendered
predictive densities by the InfHMM are more consistent.

We can clearly see that InfHMM’s ReD and RaD are still more or
less not changed throughout almost all forecast horizons, while MCM
diagrams are clearly deteriorating with time horizon. This is quite clear
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Fig. 7. Plots of the ‘‘CRPS averages’’, ‘‘Resolution scores’’ and ‘‘Reliability indexes’’ for all horizons from 1 to 15 and all models at North Atlantic Ocean, USA (ASP). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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by seeing the RI plot. The InfHMM RI tends to remain stable and does
not change significantly with the horizon. This is another argument of
the InfHMM consistency.

We can also note that the distribution of the CRPS score for the
InfHMM is better than that of the MCM for all locations and especially
for high horizons. This can also be shown from the CRPS average. The
RS plots similarly reveal that the InfHMM is more consistent than the
MCM in terms of resolution. The CH-PeEn model is the worst in almost
all cases. We would also like here to mention that the same results
are obtained at all other locations in the supplementary material. This
proves the consistency of the InfHMM and the strength of the Bayesian
non-parametric approach in producing models that automatically adapt
to all conditions.

These results demonstrate also that the InfHMM can perform a rea-
sonably accurate prediction of solar irradiance conditions at different
time horizons—15 steps ahead is used in this paper. In other words,
the way in which InfHMM infers states is more robust than that of the
MCM. In Section 5, we will go deeper into the details of how to improve
this learning process for the InfHMM. Long-term robust prediction
could be for example very important and help grid operators or large-
scale solar system operators to identify ramp-up and ramp-down times
with enough lead time.

Technically speaking, MCM uses a fixed number and equally binned
state space for all locations. It also uses the uniform distribution as the
emission distribution of observations from the states. In Munkhammar
et al. (2019), simulations show that the performance of the MCM
ceases to improve starting from 20 bins. This can alter the behavior
of MCM at higher orders, by the fact that if in a location we have
less than 20 states then the matrix of transition for higher orders will
have some unnecessary transitions between unnecessary states or in
the inverse case when we have more than 20 states, the MCM can
ignore existing transitions. Furthermore, using a uniform distribution,
the results deteriorate when using a small number of states. Indeed,
when the number of states is small, the bins are larger and all points
in the bins are equally likely to be generated.

However, InfHMM provides a solution to these problems by al-
lowing the model a large space to avoid the under-fitting effect and
constraining this large space by the Bayesian priors to avoid the over-
fitting effect; i.e, InfHMM is a compromise between an overfitted and
an underfitted model which allows to choose the ‘‘correct’’ complexity
of the model, taking full use of the data itself.

4.2.2. Point estimates verification
Table 2 lists the accuracy measures for InfHMM and MCM respec-

tively, namely, MAE, RMSE and R2. Again, from the second and third
horizon onwards for all sites, the results clearly show the superiority of
the InfHMM for all sites and horizons.

In general, this confirms the fact that InfHMM has a more infor-
mative predictive density than MCM. This will be discussed in detail
in Section 5.
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4.3. Time complexity of infhmm

The time complexity of the InfHMM is the same as that of the FFBS
algorithm, except that for each iteration the visited states are sampled
by slicing the transition matrix. If 𝐾 states are represented, the worst
complexity is (𝑁𝐾2). The InfHMM running time grows quadratically

ith the number of states and linearly with length of the data.
Regarding the coding process, for maximum speed, we have coded

he majority of the InfHMM parts in C++ language and used R language
s an interface to facilitate the visualization and testing of the InfHMM.

. Discussion and future perspectives

In this section, we will discuss our perceived challenges to further
evelop InfHMM and better adapt it to the solar irradiance field. First
f all, InfHMM uses a Gaussian distribution as an emission distribution
f observations. This choice is mainly due to the conjugacy of the pos-
erior distributions and hence the tractability of the model. However,
Gaussian distribution is a general distribution and might not the best

hoice of the underlying emission process from states. For the clear
ky index, we firmly believe from our experimental investigations that
he emission distributions seem to share characteristics with gamma
istributions.

Secondly, MCM and InfHMM only perform a first order Markov
odel, which is not the case for all stations. Some sites have highly

ariable clear sky index 𝜅𝑡 time series which can be considered as a
emory-less processes and therefore can be modeled by a first-order
odel, but there are also other stations which have more stable 𝜅𝑡 time

eries and therefore should be modeled by considering more lags of the
ata.

The non-parametric Bayesian framework for the hidden Markov
odel can be generalized by taking into account both spatial and

emporal dimensions. This can be done by adding new layers to the
odel, and thus, obtain more general hierarchical model that can be

rained on worldwide distributed data.
One very important future study would be to investigate how dif-

erent number of states in different locations are related to local condi-
ions. This has been discussed in Frimane et al. (2019) where a Bayesian
on-parametric clustering method is applied to detect different con-
itions at different locations. In a future study, a more appropriate
odel will be applied for this purpose where the correlation between

he number of states, type of the state and the weather conditions will
e better detected.

Another important fact is that the InfHMM is mainly a model that is
ess dependent on the characteristics of the data. No prior assumptions
bout the actual problem are needed to build the model, everything
as to be learned from the data itself. Thus, InfHMMs can be extended

ery easily to other forecasting problems at different time steps ahead,
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Fig. 8. Plots of the ‘‘Reliability diagrams’’, ‘‘CRPS distributions’’, ‘‘Rank diagrams’’ for all horizons from 1 to 15 at Norrköping, Sweden (NOR). InfHMM in orange color, MCM in
gray color. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
without changing the underlying architecture of the model. Moreover,
this means that it can also be applied to other types of weather data;
e.g. wind, temperature, etc.

Lastly, we would also like to mention that the use of the infHMM in
combination with numerical weather predictions could be interesting
to investigate as ensemble of models.
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6. Conclusion

In this paper, an infinite hidden Markov model is proposed for short-
term clear sky index forecasting. It is a nonparametric Bayesian model
indexed with an infinite-dimensional space of parameters. The main

benefit of the InfHMM is its automatic adaptation to the correct model
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Fig. 9. Plots of the ‘‘CRPS averages’’, ‘‘Resolution scores’’ and ‘‘Reliability indexes’’ for all horizons from 1 to 15 and all models at Norrköping, Sweden (NOR). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
Table 2
Deterministic verification of forecasts for InfHMM and MCM models for all horizons from 1 to 15.

Horizon 1 Horizon 2 Horizon 3 Horizon 4 Horizon 5 Horizon 6 Horizon 7 Horizon 8 Horizon 9 Horizon 10 Horizon 11 Horizon 12 Horizon 13 Horizon 14 Horizon 15

AS
P

InfHMM

MAE 0.042 0.052 0.057 0.061 0.064 0.066 0.068 0.070 0.072 0.073 0.075 0.076 0.078 0.079 0.081
RMSE 0.087 0.111 0.121 0.128 0.132 0.135 0.138 0.140 0.142 0.144 0.145 0.146 0.148 0.149 0.151
R2 0.845 0.751 0.705 0.670 0.647 0.629 0.613 0.598 0.586 0.577 0.570 0.560 0.553 0.546 0.536

MCM

MAE 0.040 0.051 0.058 0.063 0.067 0.071 0.075 0.078 0.081 0.083 0.086 0.089 0.091 0.094 0.096
RMSE 0.082 0.107 0.117 0.125 0.130 0.134 0.137 0.140 0.143 0.144 0.146 0.148 0.149 0.150 0.152
R2 0.864 0.769 0.720 0.681 0.654 0.632 0.614 0.597 0.584 0.577 0.569 0.559 0.555 0.548 0.536

CL
H

InfHMM

MAE 0.045 0.054 0.060 0.066 0.071 0.075 0.079 0.083 0.087 0.090 0.094 0.097 0.100 0.103 0.106
RMSE 0.073 0.092 0.101 0.109 0.115 0.120 0.123 0.128 0.132 0.135 0.138 0.141 0.143 0.146 0.149
R2 0.944 0.912 0.893 0.875 0.862 0.852 0.844 0.833 0.824 0.817 0.808 0.802 0.796 0.789 0.783

MCM

MAE 0.037 0.051 0.060 0.069 0.077 0.084 0.090 0.097 0.102 0.107 0.112 0.117 0.121 0.126 0.130
RMSE 0.067 0.088 0.099 0.108 0.116 0.122 0.127 0.133 0.138 0.143 0.148 0.152 0.156 0.160 0.164
R2 0.953 0.920 0.900 0.882 0.868 0.855 0.844 0.831 0.820 0.810 0.799 0.791 0.782 0.773 0.765

N
O

R

InfHMM

MAE 0.055 0.071 0.082 0.090 0.099 0.106 0.112 0.117 0.124 0.128 0.133 0.137 0.141 0.145 0.149
RMSE 0.104 0.134 0.150 0.160 0.170 0.179 0.185 0.189 0.196 0.200 0.204 0.207 0.209 0.211 0.214
R2 0.924 0.873 0.841 0.817 0.794 0.773 0.757 0.747 0.729 0.717 0.706 0.697 0.691 0.686 0.679

MCM

MAE 0.053 0.074 0.090 0.103 0.116 0.127 0.137 0.147 0.155 0.163 0.171 0.178 0.184 0.190 0.196
RMSE 0.101 0.131 0.149 0.161 0.172 0.183 0.191 0.198 0.206 0.212 0.218 0.223 0.228 0.232 0.237
R2 0.928 0.878 0.844 0.819 0.794 0.771 0.751 0.737 0.718 0.704 0.690 0.678 0.670 0.663 0.653
complexity and size, suggesting thus an automatic adaptation of the
model to all weather conditions and locations. In other words, InfHMM
only requires a historical time series of the clear sky index, then it
can be applied worldwide. The posterior inference using Markov chain
Monte Carlo algorithm, namely beam sampler, is applied in this work.

Datasets used to validate the model are recorded at 13 solar irradi-
ance monitoring stations around the world and InfHMM is compared
to two known and tested models in the literature: the MCM and CH-
PeEn model. For a reasonable length of the paper, only three sites are
presented in the body of the paper. All remaining sites are presented in
a supplementary paper.

For all locations, InfHMM outperforms the MCM and CH-PeEn
models in terms of reliability, CRPS, rank diagram and resolution score.
For low horizons (at most locations, first and second horizon), we
observe that the InfHMM and MCM models perform comparably, but
for high horizons (starting at maximum from 3), the InfHMM model
tends to lead in all locations. That said, the InfHMM model learns more
informative predictive distributions by taking the maximum available
information from data. Future research should focus on the choice of
the emission distribution since it has a considerable effect on the results
of the state classification. Also, an important feature of InfHMM is
its hierarchical structure which allows the sharing of states between
time and space. This will allow a spatio-temporal prediction of solar
irradiation data.

To encourage other researchers to re-use InfHMM algorithm, we
made it freely available as a R code and it is offered as a supplementary
material to this paper.
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Appendix A. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.solener.2022.08.041.

This article comes with supplementary materials, see the online
version, at doi place holder. This supplementary material is an accom-
panying paper containing the results and plots for the remaining sites
and the code to reproduce InfHMM. The code interface is written in R,
and for the sake of speed, most parts are written in C++. However, no
prerequisite knowledge for both languages is required to run the code.
An R file called runInfHMM.R sources all needed functions to compile
nd run the code.
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