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Simple transitive 2-representations of 2-categories associated
to self-injective cores

Mateusz Stroi�nski

Department of Mathematics, Uppsala University, Uppsala, Sweden

ABSTRACT
Given a finite dimensional algebra A, we consider certain sets of idempo-
tents of A, called self-injective cores, to which we associate 2-subcategories
of the 2-category CA of projective bimodules over A. We classify the simple
transitive 2-representations of such 2-subcategories, vastly generalizing a
previous result of Zimmermann.
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1. Introduction

Motivated by the extensive use of categorical actions in various areas of mathematics, notably in fam-
ous results such as the introduction of Khovanov homology in [6] and the proof of Brou�e’s abelian
defect group conjecture for symmetric groups in [2], Mazorchuk and Miemietz initiated a systematic
study of 2-representations of the so-called finitary 2-categories in the series of papers [8–13].

One of the main developments established in the above listed papers is the introduction of the
notion of a simple transitive 2-representation, which is a 2-analogue of the classical notion of a
simple module. Similar to the Jordan-H€older theorem for simple modules, simple transitive 2-rep-
resentations admit a weak Jordan-H€older theory. This immediately leads to the very natural prob-
lem of classifying such 2-representations, up to (weak) isomorphism.

One of the first such classification results was given in [12], stating that if A is a self-injective
finite dimensional algebra, then the simple transitive 2-representations of the 2-category CA of
projective bimodules over A are exhausted by the so-called cell 2-representations. Cell 2-represen-
tations are obtained from the cell structure of CA, which is defined similarly to the cell structure
on a semigroup resulting from Green’s relations and can be defined for any finitary 2-category.
This classification result was later significantly improved in [17], where it was shown that one
does not need to assume A to be self-injective.

The 2-category CA is biequivalent to the delooping of the k-linear monoidal category CA ¼
ðadd A,A� kAf g, � AÞ: As such, it has a unique object, its 1-morphisms correspond to A-A-
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bimodules in add A,A� kAf g, with composition corresponding to the tensor product over A, and 2-
morphisms correspond to bimodule homomorphisms. Given a fixed complete set of pairwise orthog-
onal, primitive idempotents 1 ¼ e0 þ � � � þ ek for A and subsets U, V of e0, :::, ekf g, it is easy to verify
that add A,Ae � fA je 2 U, f 2 V

� �
gives a monoidal subcategory of CA, and hence gives rise to a

respective 2-subcategory DU�V of CA: If V ¼ e0, :::, ekf g, then DU�V is given by a union of right
cells of CA, and if U ¼ e0, :::, ekf g, then DU�V is given by a union of left cells.

The cell structure of DU�V can be understood in terms of that of CA: However, whenever U
and V do not coincide, the crucial symmetry between the left cells and right cells of CA breaks
upon restriction to DU�V : In particular, if U 6¼ V, then DU�V is not weakly fiat, so if one is to
study its simple transitive 2-representations, the rich theory of 2-representations of weakly fiat 2-
categories developed in, among others, [14] and [15], cannot be applied directly.

When studying simple transitive 2-representations of DU�V , one should expect some of the
techniques of [12] (and subsequent papers, such as [18, 19]) to work also in the setting of the 2-
subcategories. At the same time, the lack of cell symmetry may result in the existence of non-cell
simple transitive 2-representations. If that is the case, one may hope that it would be relatively
easy to construct non-cell 2-representations of such 2-subcategories, and that the constructions
used to that end would then generalize to other, more difficult settings.

A special case of the above-described problem was studied in [21]. Let A be the zigzag algebra
on a star-shaped graph C on kþ 1 vertices 0, 1, :::, kf g, with the unique internal node labeled by
0. Let U ¼ e0, e1, :::, ekf g and V ¼ e0f g: In this case, the existence of non-cell simple transitive 2-
representations of DU�V was conjectured in [21], and later positively verified in [20]. In contrast
to this, [21, Theorem 6.2] shows that if we instead choose U ¼ e0f g and V ¼ e0, :::ekf g, then any
simple transitive 2-representation is equivalent to a cell 2-representation.

In order to generalize [21, Theorem 6.2], we avoid the explicit calculations used in the proof
given in [21] and give a clearer connection between that proof and the fact that the zigzag algebra
is self-injective. To that end, we observe that we only need to use the self-injective property when
speaking of the idempotents in U, which motivates the main definition of the document:

Definition (Definition 3.3). A subset U � e0, :::, ekf g is a self-injective core if, for every e 2 U,
there is f 2 U such that Ae ’ ðfAÞ�:

Our main result is the following:

Theorem (Theorem 4.5). Let U � V � e0, e1, :::, ekf g, with U a self-injective core for A. Then any
simple transitive 2-representation of DU,V is equivalent to a cell 2-representation.

In particular, the above theorem classifies simple transitive 2-representations whenever V ¼
e0, e1, :::, ekf g and A is self-injective, which implies [21, Theorem 6.2]. The generalization is vast:
from a fixed choice of A together with fixed choices of U and V, we arrive at a general condition
for A and U, with an abundance of instances going beyond the setting of [21].

The article is structured as follows. Section 2 contains the necessary preliminaries for 2-repre-
sentation theory. In Section 3, we give a more detailed account of the 2-categories of the form
DU�V , including their cell structure and the structure of their cell 2-representations. Section 4
consists of the proof of the main theorem. In Section 5, we describe an example illustrating how
2-categories of the form DU�V appear naturally in the context of general fiat 2-categories.

2. Preliminaries

Throughout, we let k be an algebraically closed field. By ð�Þ� we denote the duality functor
Homkð�,kÞ: Given integers m, n with m< n, we let ½½m, n�� denote the set m,mþ 1, :::, nf g:
Further, let ½½n�� :¼ ½½1, n��:
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2.1. 2-Categories and their 2-representations

We say that a category C is finitary over k if it is additive, idempotent split, k-linear, and has
finitely many isomorphism classes of indecomposable objects.

Definition 2.1. A 2-category C is finitary over k if

	 it has finitely many objects;
	 for every i,j 2 C, the category Cði,jÞ is finitary;
	 horizontal composition in C is k-bilinear;
	 for any object i 2 C, the identity 1-morphism 1i is an indecomposable object of Cði,iÞ:

For the remainder of this section, let C be a 2-category which is finitary over k: Following
[9], we consider the following 2-categories:

	 Ak-the 2-category whose objects are small, finitary (over k) categories, 1-morphisms are addi-
tive k-linear functors between such categories and whose 2-morphisms are all natural trans-
formations between such functors;

	 Rk-the 2-category whose objects are small abelian k-linear categories, 1-morphisms are right
exact k-linear functors between such categories and whose 2-morphisms are all natural trans-
formations between such functors.

Definition 2.2. A finitary 2-representation of C is a 2-functor M from C to Ak, such that Mi,j

is k-linear, for all i,j 2 ObC: An abelian 2-representation of C is such a 2-functor whose
codomain is Rk:

Together with strong transformations and modifications, the collection of finitary 2-representa-
tions of C forms a 2-category C� afmod: Similarly, we obtain the 2-category C�mod of abelian
2-representations of C, see [10, Section 2.3] for details. We say that two 2-representations M,N
are equivalent if there exists an invertible strong transformation M ! N: In particular, a strong
transformation U 2 C� afmodðM,NÞ such that all of its components are equivalences of catego-
ries, is invertible, as shown for instance in [10, Proposition 2].

A C-stable ideal I is a tuple ðIðiÞÞi2ObC of ideals IðiÞ of MðiÞ, such that, for any morphism
X!f Y in IðiÞ and any 1-morphism F 2 ObCði,jÞ, the morphism MFðf Þ lies in IðjÞ:

Definition 2.3. A 2-representation is said to be transitive if, for any indecomposable X 2
ObMðjÞ and Y 2 ObMðkÞ, there is a 1-morphism G in Cðj,kÞ such that Y is isomorphic to a
direct summand of MðFÞX: A 2-representation is simple transitive if it admits no non-trivial
C-stable ideals.

As shown in [12, Lemma 4], every transitive 2-representation admits a unique simple transitive quo-
tient. Further, from [12, Section 4.2] it follows that a simple transitive 2-representation is transitive.

If C has a unique object i, we define the rank of a finitary 2-representation M of C as the
number of isoclasses of indecomposable objects of MðiÞ: If C has multiple objects, one can
define the rank as a tuple of positive integers.

We say that C is weakly fiat if every 1-morphism of C admits both left and right adjoints, giv-
ing rise to a weak antiautomorphism ð�Þ� of finite order, see [13, Section 2.5]. If ð�Þ� is involu-
tive, we say that C is fiat.

2.2. Abelianization

Given a finitary 2-representation M of C, let M denote the projective abelianization of M, as ini-
tially defined in [9], using the projective abelianization of finitary categories given in [4].
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The abelianization is an abelian 2-representation of C associated to M, and, more generally,
we obtain a 2-functor � : C� afmod ! C�mod: The finitary 2-representation M can be
recovered from M by restriction to certain subcategories of MðiÞ equivalent to MðiÞ � proj: If
C is weakly fiat, then, since M is abelian, the functor MF is exact, for any 1-morphism F of C:
An improved construction was given in [14, Section 3]. For our purposes, either of the two con-
structions can be used.

As observed in [8, Section 3.1], there are finite dimensional algebras Ai such that we have
MðiÞ ’ Ai � proj and MðiÞ ’ Ai �mod, for all i 2 ObC: Since, for a 1-morphism F of
Cði,jÞ, the functor MF is right-exact, it follows by the Eilenberg-Watts theorem that there is a
finitely generated Aj-Ai-bimodule F such that MF corresponds to F� Ai � : Similarly, for a 2-
morphism a : F ! G, the natural transformation Ma can be identified with a bimodule
homomorphism.

2.3. Cells and cell 2-representations

Let SðCÞ denote the set of isomorphism classes of indecomposable 1-morphisms of C: Given an
object X of a category C, we denote its isomorphism class by ½X�: If K is a set of isomorphism classes
of objects in a category C, and X is an object of C, we will sometimes abuse notation and write X 2 K
for ½X� 2 K: In particular, if F is an indecomposable 1-morphism of C, we may write F 2 SðCÞ:

Following [9], given F,G 2 SðCÞ, we write F
LG if there is a 1-morphism H such that F is
isomorphic to a direct summand of H � G: This gives the left preorder L on SðCÞ: The right pre-
order R and the two-sided preorder J are defined similarly. The equivalence classes of the induced
equivalence relations are called the left, right and two-sided cells respectively. (Alternatively, L-
cells, R-cells and J-cells.)

Let L be a left cell of C: We briefly summarize the construction of the cell 2-representation CL, fol-
lowing [12, Section 3.3]. There is a unique i 2 ObC such that F 2 L implies that i is the domain of
F: Consider the 2-functor Pi :¼ Cði,�Þ: This 2-functor gives a finitary 2-representation of C, and
the additive closure of the set of 1-morphisms F satisfying F
L L gives a 2-subrepresentation KL of
Pi: Taking the quotient of the latter by the ideal generated by idF j F>LLf g gives a transitive 2-repre-
sentation NL: The cell 2-representation CL is the unique simple transitive quotient of NL:

A two-sided cell J of C is said to be idempotent if there are non-zero 1-morphisms F, G,H 2
J such that H is isomorphic to a direct summand of G � F: As was shown in [1, Lemma 3], the
set of J-cells of C not annihilating a fixed transitive 2-representation M admits a J-greatest elem-
ent, called the apex of M. The apex of a transitive 2-representation must be idempotent, and it
coincides with the apex of its unique simple transitive quotient.

We now formulate and give a proof of a statement often implicitly used in the literature, for
instance in [12, Proposition 9], [18, 21].

Assume that C has a single object i, and that C admits an idempotent J-cell J : Let M be a
simple transitive 2-representation with apex J : Fix a complete, irredundant set X ¼ X1, :::,Xnf g
of representatives of isomorphism classes of indecomposable objects of MðiÞ: By construction of
projective abelianization, �n

k¼1Xk is a projective generator for MðiÞ ’ Ai �mod: Let Q :¼ Ai:
We conclude that MðiÞ ’ Q� proj, and Q ¼ Endð�n

k¼1XkÞop: Further, the set fkf gnk¼1 :¼
idXkf gnk¼1 is a complete set of pairwise orthogonal, primitive idempotents for Q. Choose a left cell
L ¼ F1, :::, Frf g in J : Finally, recall that the Cartan matrix of MðiÞ with respect to X (and simi-
larly for any finitary category with a fixed list of indecomposables) is the n� n matrix whose
(i, j)th entry is given by dimHomMðiÞðXi,XjÞ:
Lemma 2.4. If there is an ordering of X such that

COMMUNICATIONS IN ALGEBRAVR 3633



	 The Cartan matrix of MðiÞ is equal to that of addðLÞ;
	 There is an index l 2 ½½n�� such that, for k 2 ½½n��, the functor MFk is naturally isomorphic to

the functor Qfk � kflQ� Q � :

then M is equivalent to the cell 2-representation CL:

Proof. As described in [12, Section 5.2], the embedding MðiÞ ! MðiÞ, sending X to the project-
ive object 0 ! X, gives an equivalence MðiÞ ’ MðiÞ � proj: From the latter of our assumptions,
we conclude that for any 1-morphism F of C and any X 2 ObMðiÞ, the object MFX
is projective.

In particular, MðiÞ � proj becomes a finitary 2-representation of C, equivalent to M, which
we denote by M � proj: Given k 2 ½½n��, we let Lk be the simple top of the object 0 ! Xk

of MðiÞ:
The Yoneda lemma for Pi given in [9, Lemma 9] gives a unique 2-transformation from Pi to

M � proj, induced by the assignment 1i 7! Ll: This 2-transformation sends F to MFLl: We may
restrict this to a 2-transformation from KL: Since J is idempotent, [7, Corollary 19] implies that
the left cells it contains are pairwise L-incomparable, and so F>L L implies F>J J : Since J is
the apex of M, a 1-morphism F satisfying F>L L is sent to zero by the above described 2-trans-
formation. Thus, the above 2-transformation from KL factors through an induced 2-transform-
ation r : NL ! M � proj, from the transitive quotient NL of KL:

The image of Fk under r is

MFkLl ’ Qfk � kflQ� QLl ’ Qfk,

which is indecomposable. This shows that all the isomorphism classes of indecomposable objects
of Q� proj are in the essential image of r, and so r is essentially surjective.

The kernel of r is an ideal of NL, which does not contain any identity 2-morphisms of D,
since FkLl 6¼ 0, for all k. Thus it is contained in the maximal ideal I of NL, which defines the
cell 2-representation CL, via CL ¼ NL=I:

We claim that Kerr ¼ I: It suffices to show that I � Kerr: The 2-transformation

~r : NL=KerðrÞ ! M � proj

is, by the definition of Kerr, given by a faithful functor, so that, for all s, t 2 ½½n��, the
linear map

~rst : HomNL=KerðrÞðFs, FtÞ ! HomQ�projðQes,QetÞ
is injective. Hence

dimHomNL=KerðrÞðFs, FtÞ � dimHomQ�projðQes,QetÞ:
Since KerðrÞ � I, we have

dimHomCLðFs, FtÞ � dimHomNL=KerðrÞðFs, FtÞ:
The equality of Cartan matrices for CL and M implies that the lower and the upper bounds

for dimHomNL=KerðrÞðFs, FtÞ coincide, so
dim IðFs, FtÞ ¼ dimKerðrÞðFs, FtÞ, and KerðrÞ ¼ I:

We thus have a 2-transformation ~r : CL ! M � proj such that ~rst is an injective linear map
between equidimensional spaces, and thus is an isomorphism, for all s, t. This shows that ~r is
essentially surjective, full and faithful, and so it gives an equivalence of 2-representations. Thus,
CL is equivalent to M � proj, and hence also to M. w
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2.4. Decategorification and action matrices

Following [9, Section 2.4], we define the decategorification of C as the preadditive category ½C�
given by

	 Ob½C� :¼ ObC;
	 Given i,j 2 ObC, we let ½C�ði,jÞ :¼ ½Cði,jÞ��, the split Grothendieck group of Cði,jÞ,

with composition induced by composition in C:

Similarly, for a finitary 2-representation M, its decategorification is a Z-bilinear functor from
½C� to Ab.

Given i,j 2 ObC, choose complete, irredundant sets of representatives of isoclasses of
indecomposable objects of the categories MðiÞ and MðjÞ and denote them by X1, :::,Xnf g and
Y1, :::,Ymf g, respectively. Let F 2 ObCði,jÞ: With respect to the induced bases X,Y in the
respective split Grothendieck groups, the action matrix ½F�X,Y is the m� n matrix such that the
entry ½F�X,Ykl is the multiplicity of Yk as a direct summand of MFXl: Under a fixed choice of bases,
we will denote ½F�X,Y simply by ½F�: If there is possible ambiguity regarding the 2-representation
with respect to which we denote the action matrix, we will add it as a subscript in our notation,
for instance ½F�M in the case above.

2.5. Discrete extensions of 2-representations

The notion of a discrete extension of 2-representations was introduced and studied in [1]. We
only give a brief summary of the notions we will use in this text and refer to [1] for the details.

A short exact sequence

0 ! K ! M ! N ! 0 (1)

of 2-representations of C consists of

	 a finitary 2-representation M;
	 a finitary 2-subrepresentation K of M;
	 the 2-representation N given by the quotients of the categories MðiÞ by the ideals generated

by the identity morphisms of all objects of KðiÞ;
	 the inclusion 2-transformation K ! M;
	 the projection 2-transformation M ! N:

Given i 2 ObC, a short exact sequence such as the one above induces a partition of the set of
indecomposable objects of MðiÞ into two subsets, one consisting of the objects of KðiÞ and the
other consisting of the indecomposable objects not sent to zero under the projection M ! N: Let
Y1, :::,Ysf g be the former set of indecomposable objects and let X1, :::,Xrf g be the latter.
We say that the short exact sequence (1) is trivial if, for any 1-morphism F of C, there are no

l 2 ½½s��, k 2 ½½r��, such that Yl is a direct summand of MFXk:
Let K,N be transitive, finitary 2-representations of C: If every short exact sequence

0 ! K0 ! M ! N0 ! 0

with K ’ K0 and N ’ N0 is trivial, we have

DextðN,KÞ ¼ ;:
We will not use the general definition of DextðN,KÞ, and refer the interested reader to [1].
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2.6. The 2-category CA

Let A be a finite dimensional, basic, connected algebra. Fix a small category A equivalent to A�
mod: The 2-category CA consists of

	 a single object i;
	 endofunctors of A isomorphic to tensoring with A-A-bimodules in the category

add A� kA,Af g as 1-morphisms (in other words, so-called projective functors of A);
	 all natural transformations between such functors as 2-morphisms.

In particular, CA is finitary. Fix a complete set of pairwise orthogonal, primitive idempotents
e1, :::, emf g and an equivalence A�mod! A: Under these choices, the isomorphism classes of
indecomposable 1-morphisms correspond bijectively to the set consisting of the regular bimodule
AAA and the projective bimodules Aei � kejA j i, j 2 ½½m��� �

: We then further choose a unique rep-
resentative of every isomorphism class corresponding to a bimodule of the form Aei � ejA, and
denote this representative by Fij: On the level of isomorphism classes of 1-morphisms, the com-
position Fij � Fkl corresponds to the tensor product

ðAei � kejAÞ� AðAek � kelAÞ ’ ðAei � kelAÞ�dim ejAek ,

and so we may write

Fij � Fkl ’ F
�dim ejAek
il : (2)

Using our notation for 1-morphisms, given a subset W � ½½m�� � ½½m��, we denote the set
½Fij� j ði, jÞ 2 W

� �
by SðWÞ: A 1-morphism F belongs to Sð½½m�� � ½½m��Þ if and only if F is an

indecomposable 1-morphism not isomorphic to the identity 1-morphism.
Further, to W as above we associate the multiplicity-free 1-morphism �ði, jÞ2W Fij, which we

denote by FW : In particular, Fij ¼ F ði, jÞf g:
Unless otherwise stated, we implicitly assume a fixed complete set of pairwise orthogonal,

primitive idempotents e1, :::, emf g for A, with respect to which we use the above intro-
duced notation.

A 2-category of the form CA is weakly fiat if and only if A is self-injective. This is an immedi-
ate consequence of the following lemma:

Lemma 2.5. [8, Lemma 45] Let f, e be primitive, mutually orthogonal idempotents of A. Then

ð Ae� kfAð Þ� A � , ðfAÞ� � keA
� �� A�Þ

is an adjoint pair of endofunctors of A�mod:

Proof. This is an immediate consequence of the proof of [8, Lemma 45], since the assumption
about A being weakly symmetric is used there only to show that ðfAÞ� is projective. w

2.6.1. Cell structure and simple transitive 2-representations of CA

Using the composition rule given in (2), one may determine the cell structure of CA: The follow-
ing is its representation using a so-called eggbox diagram, commonly used in the theory
of semigroups:
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In the above diagram, the rectangular arrays are the J-cells of CA, the rows within the arrays
right cells and the columns give left cells. The diagram thus illustrates that CA has two J-cells
J 0,J 1, satisfying J 1>JJ 0, where J 1 is partitioned into m left cells and m right cells, with each
intersection of a left cell with a right cell given by a singleton. By construction we then have
mþ 1 cell 2-representations: the apex of a cell 2-representation CL here is the J-cell containing L:

The simple transitive 2-representations of CA have been completely classified:

Theorem 2.6. [17, Theorem 9]

	 Every simple transitive 2-representation of CA is equivalent to a cell 2-representation.
	 All cell 2-representations associated to left cells contained in J 1 are mutually equivalent.
	 Thus, up to equivalence, the 2-category CA admits exactly two simple transitive 2-

representations.

The main aim of the next two sections is to obtain a similar result for certain 2-subcategories
of CA:

3. Combinatorial 2-subcategories of CA

A multisemigroup is a set S together with a function l from S� S to the power set 2S, satisfying
the associativity condition

[
x2lðr, sÞ

lðx, tÞ ¼ [
y2lðs, tÞ

lðr, yÞ:

A multisubsemigroup of S is a subset R of S such that, for any x, y 2 R, we have lðx, yÞ � R:
The restriction of l to R�R endows R with the structure of a multisemigroup.

Let C be a finitary 2-category. Denote by SðCÞ0 the set SðCÞtf0g: Recall from [9, 3.3] that
the multisemigroup of C is defined as the set SðCÞ0 together with the function l defined by

lð F½ �, G½ �Þ ¼
f0g if F � G is undefined;
f0g if F � G ¼ 0
H½ � 2 SðCÞ jH is a direct summand of F � G� �

otherwise:

8<
:

together with lð½F�, 0Þ ¼ lð0, ½F�Þ ¼ lð0, 0Þ ¼ f0g:
A subcategory D of a category C is called replete if, given X 2 ObD and an isomorphism f :

X!’ Y in C, the object Y lies in ObD, and f is a morphism in D: Further, D is called wide
if ObD ¼ ObC:

If a 2-subcategory D of a 2-category C is such that, for all i,j 2 ObD, the subcategory
Dði,jÞ of Cði,jÞ is replete, we say that D is 2-replete. Similarly, we say that a 2-subcategory D
of a 2-category C is wide if ObD ¼ ObC:

In the remainder of this text, we will only consider finitary, wide, 2-replete, 2-full 2-subcatego-
ries of finitary 2-categories. Hence, we introduce the following terminology:
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Definition 3.1. Let C be a finitary 2-category. We say that a 2-subcategory D of C is combinator-
ial if it is finitary, wide, 2-replete and 2-full.

Proposition 3.2. The map

Combinatorial
2� subcategories of C

� �
! Multisubsemigroups of SðCÞ0

containing 0 and 1i½ � for every i 2 ObC

� �

D 7! SðDÞ0

is a bijection.

Proof. By definition, SðDÞ0 contains 0, and, since D is wide, SðDÞ0 necessarily contains ½1i�, for
every i 2 ObC: If F is a 1-morphism in Dði,jÞ and G a summand of F in Cði,jÞ, then
Dði,jÞ, being idempotent split, contains a 1-morphism isomorphic to G, and thus, since D is
2-replete, it also contains G itself. Hence the map in the proposition is well-defined.

The set SðDÞ0 uniquely determines the collection of 1-morphisms of D - the latter is given by
all 1-morphisms isomorphic to finite direct sums of 1-morphisms in the isomorphism classes of
SðDÞ: Further, 2-fullness implies that the collection of 2-morphisms in D is determined by that
of 1-morphisms in D: Finally, being wide implies ObD ¼ ObC: It follows that SðDÞ0 uniquely
determines D, so the map is injective.

Finally, we show that the map is surjective, since given a multisubsemigroup S of SðCÞ0, the
set ObC, together with the collection of all 1-morphisms isomorphic to finite direct sums of 1-
morphisms in the classes of S and the collection of all 2-morphisms of C between such 1-mor-
phisms, gives a wide, 2-replete, 2-full, finitary 2-subcategory DS of C: In particular, it is closed
under composition of 1-morphisms: given indecomposable 1-morphisms F, G of DS, all the iso-
morphism classes of indecomposable direct summands of G � F again lie in S and so G � F is a
1-morphism of DS: w

From the description of the 1-morphisms of CA in Section 2.6, one sees that the multise-
migroup of CA is actually a monoid with zero, with multiplication l defined by

lð Fij½ �, Fkl½ �Þ ¼ Fil½ �� �
if ejAek 6¼ 0

f0g otherwise:

�

We may relabel the element ½1i� as 1, and the elements ½Fij� of this monoid as (i, j) and iden-
tify the monoid with that obtained by adjoining the unit 1 to the resulting semigroup structure
on ð½½m�� � ½½m��Þ [ f0g: Denote this monoid by NðAÞ: Given a submonoid U of NðAÞ, let DU

denote the combinatorial 2-subcategory of CA corresponding to it under the bijection of
Proposition 3.2.

Definition 3.3. Let A be a finite dimensional, basic, connected algebra and choose a complete set
of pairwise orthogonal, primitive idempotents e1, :::, emf g for A. A non-empty subset U � ½½m�� is
a self-injective core for A if, for any i 2 U, there is j 2 U such that

ðeiAÞ� ’ Aej,

Let D be a combinatorial subcategory of CA, where we have fixed a complete set of pairwise
orthogonal, primitive idempotents e1, :::, enf g for A. Define the sets NLðDÞ and NRðDÞ as

NLðDÞ :¼ i 2 m½ �½ � j there is Fkl 2 ObDði,iÞ such that k ¼ i
� �

;

NRðDÞ :¼ i 2 m½ �½ � j there is Fkl 2 ObDði,iÞ such that l ¼ i
� �

:
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Lemma 3.4. If a combinatorial subcategory D of CA is weakly fiat, then

NLðDÞ ¼ NRðDÞ,
and this set is a self-injective core for A.

Proof. From Lemma 2.5 we conclude that the indecomposable 1-morphism Fij of D has a right
adjoint in D if and only if there is k 2 ½½m�� such that there is an isomorphism of bimodules

ðejAÞ� � keiA ’ Aek � keiA

and Fki 2 ObDði,iÞ: Said bimodules are isomorphic if and only if ðejAÞ� ’ Aek: In particular,
we have shown that Fij 2 ObDði,iÞ implies Fki 2 ObDði,iÞ, so NL is a subset of NR:

As remarked in Section 2.1, taking right adjoints gives a weak antiautomorphism of finite
order, and so every indecomposable 1-morphism Fij of D itself is a right adjoint. Thus, by the
argument above, there is l such that

ðelAÞ� � kejA ’ Aei � kejA

and Fkl 2 ObDði,iÞ: In particular, ðelAÞ� ’ Aei: Similarly to the first part of the proof, this
shows that NR is a subset of NL: Hence NL ¼ NR:

Given j 2 NR, choose i 2 ½½m�� such that Fij 2 ObDði,iÞ: We have shown that, in that case,
there is k 2 NL such that ðejAÞ� ’ Aek: Since NR ¼ NL, this shows that NR is a self-injective
core. w

Corollary 3.5. A 2-subcategory of CA of the form DU1�U2 is weakly fiat if and only if U1 ¼ U2 and
U1 is a self-injective core.

Proof. Assume that D is weakly fiat. From the definition we have U1 ¼ NL and U2 ¼ NR: From
Lemma 3.4 it follows that U1 ¼ U2 and that U1 is a self-injective core.

Assume that U1 is a self-injective core and let Fij be an indecomposable 1-morphism of DU�U :

Let k 2 U1 be such that ðejAÞ� ’ Aek: Then, from Lemma 2.5 it follows that Fki is right adjoint to
Fij: Hence, DU1�U1 is weakly fiat. w

Proposition 3.6. Let U be a self-injective core for A and let e ¼ P
i2U ei. The centralizer subalgebra

eAe is self-injective.

Proof. The set ei j i 2 Uf g is a complete set of pairwise orthogonal, primitive idempotents for
eAe. Given i 2 U, the functor HomA�modðAe,�Þ : A�mod ! eAe�mod sends the indecompos-
able projective Aei to the indecomposable projective eAei and the indecomposable injective ðeiAÞ�
to the indecomposable injective ðeiAeÞ�: Since U is a self-injective core, we may choose j 2 U
such that Aei ’ ðejAÞ�: Then

ðejAeÞ� ’ HomA�modðAe, ðejAÞ�Þ ’ HomA�modðAe,AeiÞ ’ eAei,

which shows that eAe indeed is self-injective. w

It is easy to verify that, given two subsets U1, U2 of ½½m��, the set ðU1 � U2Þ [ 0, 1f g gives a
submonoid of NðAÞ:

Definition 3.7. Let U, V be subsets of ½½m��: We say that a combinatorial 2-subcategory D of CA

is U-superdiagonal if U � V and D ¼ DU�V : We say that D is U-subdiagonal if V � U and D ¼
DU�V : If D is both U-superdiagonal and U-subdiagonal, then D ¼ DU�U and we say that D is
U-diagonal.
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In this document, we will focus on the U-superdiagonal case. The remaining results of this
section also hold in the U-subdiagonal case, although Proposition 3.13 must be modified as
described in its formulation. Further, in the U-superdiagonal case, the vacuous J-cells also consti-
tute left cells, whereas in the U-subdiagonal case these constitute right cells. The crucial differ-
ence, which is the reason for restricting our attention to the U-superdiagonal case, is that
Proposition 4.2 is not true in the U-subdiagonal case. Neither is the main result of this document,
Theorem 4.5: a counterexample is given by [21, Theorem 5.10].

Proposition 3.8. A combinatorial 2-subcategory D of CA is U-superdiagonal if and only if it con-
tains DU�U and NLðDÞ ¼ U:

Proof. Clearly, D being U-superdiagonal implies both that D contains DU�U and that NLðDÞ ¼
U: Assume that D contains DU�U and NL ¼ U: Let j 2 NR and let i 2 U be such that Fij 2
ObDði,iÞ: Given k 2 U, from the assumption we know that Fki is a 1-morphism of D: Since
eiAei 6¼ 0, the 1-morphism Fkj is a direct summand of Fki � Fij: Since D is finitary, it follows that
Fkj is a 1-morphism of D: This shows that D ¼ DU�NRðDÞ: w

Given a graph C, we use the notation of [3] and denote the zigzag algebra on C by Z�ðCÞ: As
defined in [5], the algebra Z�ðCÞ is the quotient of the path algebra of the double quiver on C
by the ideal generated by paths i ! j ! k for i 6¼ k, together with elements of the form a� b,
where a, b are different 2-cycles at the same vertex of C. From [5, Proposition 1], we know that
a zigzag algebra Z�ðCÞ is weakly symmetric. Let Sk be the star graph on kþ 1 vertices, labeled
as follows:

Following [21], we call a zigzag algebra of the form Z�ðSkÞ a star algebra. The above labeling
of the vertices of Sk induces a complete set of pairwise orthogonal, primitive idempotents
e0, e1, :::, ekf g for Z�ðSkÞ:

Example 3.9. Consider the star algebra A :¼ Z�ðS2Þ, by definition given as the quotient of the
path algebra of

by the ideal generated by a2b1, a1b2, b2a2 � b1a1f g: The set 1, 0f g is a self-injective core for A,
and the shaded part of the eggbox diagram of CA below corresponds to the 0, 1f g-superdiagonal
2-subcategory D 1, 0f g� 1, 0, 2f g:

Example 3.10. A weakly fiat, combinatorial 2-subcategory of CA is not necessarily of the form
DU�U : Consider again the star algebra Z�ðS2Þ of Example 3.9. We have
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F11 � F11 ’ F11, F22 � F22 ’ F22 and F11 � F22 ¼ F22 � F11 ¼ 0:

Hence, we may consider the combinatorial 2-subcategory D ð1, 1Þ, ð2, 2Þf g: Being a zigzag algebra,
Z�ðS2Þ is weakly symmetric, and so from Lemma 2.5 it follows that both F11 and F22 are self-
adjoint. Hence D ð1, 1Þ, ð2, 2Þf g is fiat, and in particular also weakly fiat. But the set ð1, 1Þ, ð2, 2Þ� �

is
not a product of subsets of 1, 0, 2f g:

Remark 3.11. A self-injective core is not unique for an algebra A with a fixed complete set of
pairwise orthogonal, primitive idempotents e1, :::, emf g: If A is weakly symmetric, then any non-
empty subset of ½½m�� gives a self-injective core, yielding 2m � 1 different cores for A. More gener-
ally, if A is self-injective with Nakayama permutation � of ½½m��, then the self-injective cores of A
are given by the unions of orbits of �.

Moreover, not every algebra A admits a self-injective core: if there are no non-zero projective-
injective modules over A, then A cannot have a self-injective core. The existence of such a mod-
ule does not guarantee the existence of a self-injective core, either. A family of counterexamples
is given by hereditary algebras of type A. Let us label the uniformly oriented quiver for An in the
standard way:

Then the unique non-zero projective-injective module is given by Ane1 ’ ðenAnÞ�: A self-
injective core containing 1 would thus have to contain n. However, Anen is not injective.

In view of the above-described non-uniqueness, our choice of terminology may seem peculiar.
It is motivated by the essential role of the self-injective core U and its associated U-diagonal 2-
subcategory of CA in the classification of simple transitive 2-representations of any U-superdiago-
nal 2-subcategory of CA:

Example 3.12. Let e1, :::, emf g be a complete set of pairwise orthogonal, primitive idempotents
for A. Choose U � ½½m�� and let e ¼ P

i2U ei: Assume that eAe is self-injective. This is not suffi-
cient to conclude that U is a self-injective core for A. Consider the algebra A ¼ kQ=I, where Q
is the quiver

and I is the ideal habi: The algebra e2Ae2 is isomorphic to k, and hence in particular it is
self-injective. But f2g is not a self-injective core, since the module Ae2 is not injective.

3.1. Cells of U-superdiagonal 2-subcategories of CA

For the remainder of this document, we let U � ½½m�� be a self-injective core for A and we let D
be a U-superdiagonal 2-subcategory of CA:

It is rather clear that the left, right and two-sided preorders of a combinatorial 2-subcategory
D of CA are coarser than the restrictions of the respective preorders for CA to the set SðDÞ: In
many cases they are not strictly coarser:

Proposition 3.13.
1. The left preorder of D coincides with the restriction of the left preorder of CA to SðDÞ:
2. Dually, if B is a U-subdiagonal 2-subcategory of CA, then the right preorder of B concides

with the restriction of the right preorder of CA to SðBÞ:
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3. Hence, the left, right and two-sided preorders of DU�U all coincide with the respective
restrictions.

Proof. We prove the first statement. The second one is dual, and the third one is an immediate
consequence of the first two.

Let �A
L denote the left preorder of CA and let �D

L denote the left preorder of D: In view of
the observation preceding the proposition, it suffices to show that, for indecomposable 1-mor-
phisms F, G of D, the condition F �A

L G implies F �D
L G: It is clear that ½1i� remains the unique

minimal element the cell structure of a combinatorial 2-subcategory of CA, so we may write F ¼
Fij and G ¼ Fkl with i, k 2 U: Fij �A

L Fkl is equivalent to j¼ l. We thus need to show that, for
i, k 2 U and j such that Fij, Fkj 2 ObDði,iÞ, there is a 1-morphism H of D such that Fkj is a dir-
ect summand of H � Fij: Let H ¼ Fki: Since i, k 2 U and D contains DU�U , we know that Fki is a
1-morphism of D: And since eiAei 6¼ 0, we see that Fkj indeed is a direct summand of Fki � Fij ’
F�dimeiAei
kj : The result follows. w

Proposition 3.14. Let F 2 SðDÞ n ½1i�
� �

. Let i 2 U and j 2 ½½m�� be such that F ¼ Fij:

a. The following are equivalent:
i. There is a 1-morphism G 2 SðDU�UÞ such that F is J-equivalent to G inside D:
ii. There is h 2 U such that ejAeh 6¼ 0:

b. If there is no h as above, then F lies in a maximal J-cell of D, which is not idempotent.

Proof. Since G is not isomorphic to 1i, without loss of generality we may assume G ¼ Fkl, for
some k, l 2 U:

Suppose that there is h 2 U such that ejAeh 6¼ 0: We then have

Fkl 2 Ob add Fki � Fij � Fhlf g,
where h, i, k, l 2 U, so that Fki, Fhl 2 ObDði,iÞ: This shows that Fkl
JFij: Further, we have
Fij
JFkl, since

Fij 2 Ob add Fik � Fkl � Fljf g:
Note that we did not use the assumption about h for this latter condition.
Now assume that G is as specified in 1a. Again let G ¼ Fkl, with k, l 2 U: By definition, there

are H,H0 such that Fkl ’ H � Fij �H0: Due to the biadditivity of composition of 1-morphisms, we
may assume H,H0 to be indecomposable. If we write H0 ¼ Fxy, then, clearly, it is necessary that
ejAex 6¼ 0: Further, we have x 2 NLðDÞ ¼ U: We may now let h :¼ x:

If Fij is not J-equivalent to the 1-morphisms of DU�U , then ejAeh ¼ 0, for all h 2 U: But D is
U-superdiagonal, hence in particular NL ¼ U: This implies that, for any H 2 SðDÞ n 1if g, we
have Fij �H ¼ 0: Thus, for H0 2 SðDÞ, the statements H0 
D

L Fij and H0 
D
J Fij are equivalent.

From Proposition 3.13 we infer that the left cell Lj ¼ ½Fyj� j y such that Fyj 2 ObDði,iÞ� �
is a

maximal left cell in D, and so

Lj ¼ H0 2 SðDÞ jH0 
D
J Fij

n o
:

It follows that Lj is a maximal J-cell of D: All of its elements are annihilated by right compos-
ition with nonidentity indecomposable 1-morphisms, and so composition of any two elements of
Lj is zero, which proves that Lj is not idempotent. w

As a consequence, D has exactly two idempotent J-cells. The J-minimal among the two is
given by 1i, the other is the J-cell containing Fij 2 SðU � UÞ: We denote the former by J D

0 and
the latter by J D

1 : If there is no risk of ambiguity, we may omit the superscript D and
write J 0,J 1:
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The left and right cell structures of D restricted to the union of the idempotent J-cells
J D

0 ,J D
1 is given by the restriction of the respective cell structures of CA: Additionally, D admits

a (possibly empty) set of mutually incomparable, J-maximal, non-idempotent J-cells, each strictly
J-greater than the idempotent J-cells. Such a J-cell is also a left cell, and the right cells inside it
are singletons. We refer to such J-cells as vacuous cells.

The terminology is motivated by the fact that vacuous cells can be ignored when considering
our problem of classification of simple transitive 2-representations. A vacuous cell J is J-maximal
and non-idempotent, and hence, as a consequence of [1, Proposition 3], it is annihilated by every
simple transitive 2-representation, so we may replace D by its quotient by the 2-ideal generated
by idF j F 2 Jf g:

Proposition 3.15. Let L,L0 be two left cells of D. The cell 2-representations CL,CL0 are equivalent
if and only if they have the same apex.

Proof. Equivalent 2-representations have the same apex, so we only need to prove that cell 2-rep-
resentations with the same apex are equivalent. From Propositions 3.13, 3.14 we conclude that
the apex of a cell 2-represenation not associated to the minimal left cell ½1i�

� �
is J 1: Indeed, if

Fkl 2 L, then Fkk � Fkl 6¼ 0 shows that the apex of CL is J 1: This shows that J 0 is the unique
left cell whose cell 2-representation has J 0 as apex. It thus suffices to prove the claim for L,L0 6¼
J 0: In that case, there are j, j0 2 NRðDÞ such that L ¼ SðU � fjgÞ and L0 ¼ SðU � fjg0Þ:

Recall that CL ¼ NL=IL, where the target category of NL is addSðU � fjgÞ: Consider the left
cell L ¼ Sð½m� � fjgÞ of CA: Similarly, we have CL ¼ NL=IL , with NLðiÞ ¼ addSð½m� � fjgÞ:
Let eU ¼ P

i2U ei: By the definition of FU�fjg, there is a canonical algebra isomorphism
EndDði,iÞðFU�fjgÞ ’ eUAeU � kejAej: One may easily verify that IL is determined on the level of
indecomposable objects by the ideal eUAeU � kejðRadAÞej: Similarly, EndCAði,iÞðF½m��fjgÞ ’
A� kejAej and IL is determined by the ideal A� kejðRadAÞej: This observation is used in [12,
Proposition 9].

The inclusion of FU�fjg in F½m��fjg corresponds to the canonical inclusion of eUAeU � kejAej in
A� kejAej: It follows that CL is a 2-subrepresentation of the restriction of CL to a 2-representa-
tion of D:

From [12, Proposition 9], we know that the functor CLðiÞ ! CL0 ðiÞ, given by sending Fij to
Fij0 on the level of objects, and on the level of morphisms corresponding to the map

ðA� kejAejÞ=ðA� kejðRadAÞejÞ ’ A!idAA ’ ðA� kej0Aej0 Þ=ðA� kej0 ðRadAÞej0 Þ,
gives an equivalence CL!


CL0 : Using the commutativity of

we conclude that the equivalence CL!

CL0 restricts to an equivalence CL ’ CL0 , from which

the result follows. w

3.2. 2-Representations of fiat U-diagonal 2-subcategories of CA

Recall that, by Proposition 3.5, the 2-category DU�U is weakly fiat. Let D be a combinatorial 2-
subcategory of CA containing DU�U : Let M be a simple transitive 2-representation of D: The fol-
lowing is an immediate consequence of [21, Theorem 3.1]:
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Lemma 3.16. Given a 1-morphism F 2 ObDU�Uði,iÞ, the functor MF is a projective functor.
Recall from [8, Section 4.8] that a J-cell of a finitary 2-category is called strongly regular if

	 any two left (respectively right) cells in J are not comparable with respect to the left (respect-
ively right) order;

	 the intersection between any right and any left cell in J is a singleton.

From the results of the preceding section, it is clear that all the J-cells of D are strongly regu-
lar. Combining that with Proposition 3.5, we find that DU�U is weakly fiat with strongly regular
J-cells. The following is then an immediate consequence of [13, Theorem 33]:

Proposition 3.17. Any simple transitive 2-representation of DU�U is equivalent to a cell 2-
representation.

For the remainder of this document, let L0 be the left cell of DU�U consisting of ½1i� and let
L1 be a left cell contained in J DU�U

1 : Since any left cell of DU�U is also a left cell of D, both L0

and L1 give left cells of both D and DU�U : We denote the associated 2-representations of D by
CL0 ,CL1 , and the associated 2-representations of DU�U by CU

L0
,CU

L1
:

Proposition 3.18. We have

1. DextðCU
L0
,CU

L0
Þ ¼ ;

2. DextðCU
L1
,CU

L1
Þ ¼ ;

3. DextðCU
L1
,CU

L0
Þ ¼ ;:

Proof. The above statement is a minor modification of [1, Theorem 6.22], and the proof therein
requires only two changes for our case. First, we restrict the index set, from ½½n�� in [1], to U in
our case. Second, rather than assume that A is self-injective, we only assume that U is a self-
injective core. Both the assumptions imply the properties which are used in the proof given
in [1]. w

Proposition 3.18 immediately implies the following statement:

Corollary 3.19. Let M be a finitary 2-representation of DU�U. There is a labeling of the indecom-
posable objects of MðiÞ, with respect to which we have

Each diagonal block of the form ½FU�U �CU
L1

corresponds to a simple transitive subquotient equiva-
lent to CU

L1
in the weak Jordan-H€older series of M, and the bottom right diagonal block 0 corre-

sponds to the subquotients equivalent to CU
L0
:
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4. The main result and its generalizations

4.1. The main result

Let Z�ðSkÞ be the star algebra defined in Example 3.9. The set f0g defines a self-injective core
for Z�ðSkÞ: Consider the f0g-superdiagonal 2-subcategory of CZ�ðSkÞ given by Df0g�½½0, k��: The
main goal of this section is to generalize the following result:

Theorem 4.1. [21, Theorem 6.2] Any simple transitive 2-representation of the 2-category
Df0g�½½0, k�� is equivalent to a cell 2-representation.

Given a finitary 2-subcategory B of a finitary 2-category C, denote by

ResCBð�Þ : C� afmod ! B� afmod

the restriction 2-functor given by precomposition with the inclusion 2-functor from B to C: Let
M be a finitary 2-representation of C: Following [12, Theorem 8], we may choose a transitive
subquotient N of ResCBðMÞ: For any i 2 ObC, we may label a complete, irredundant list of rep-
resentatives of isomorphism classes of indecomposable objects of MðiÞ as X1, :::,Xl, so that there
is k � l such that the list X1, :::,Xk of representatives is complete and irredundant for NðiÞ:
Under this labeling, the Cartan matrix CNðiÞ is the diagonal block submatrix of CMðiÞ correspond-
ing to the indices 1, :::, k: By [12, Lemma 4], the 2-representation N admits a unique maximal
B-stable ideal I. The quotient N=I is simple transitive. The projection 2-transformation N ! N=I
does not map any of the indecomposable objects to 0, and so the Cartan matrices are of the same
size, and, for i, j 2 ½½k��, we have the entry-wise inequality

CMðiÞ
ij ¼ CNðiÞ

ij 
 CNðiÞ=IðiÞ
ij ¼ CðN=IÞðiÞ

ij : (3)

For the remainder of this section, we will let M be a transitive 2-representation of the U-super-
diagonal 2-subcategory D of CA, fixed in Section 3. Similarly to [21, Theorem 6.2], if the apex of
M is J 0, our remaining claims, including the main result, follow immediately. We thus assume
that the apex of M is J 1:

Proposition 4.2. The 2-representation ResDDU�U
ðMÞ is transitive.

Proof. From the description of the cell structure of D given in Section 3.1, we know that the set
SðU � UÞ of indecomposable 1-morphisms of DU�U is a union of left cells of D: Hence, for any
G 2 SðDÞ, we have G � FU�U 2 addSðU � UÞ:

This shows that the additive closure of the essential images of the functors in
MF j F 2 SðU � UÞ� �

is stable under the functorial action of C given by M. Using action nota-
tion, we may write

add D � FU�U �MðiÞð Þð Þ ¼ add D � FU�Uð Þ �MðiÞ� � ¼ add FU�U �MðiÞð Þ:
Since the apex of M is J 1, we have add FU�U �MðiÞ� � 6¼ 0: Further, by assumption, M is

transitive, which yields add FU�U �MðiÞ� � ¼ MðiÞ:
This shows that all the rows of the action matrix ½FU�U �M are non-zero, and, in view of

Corollary 3.19, we find that all simple transitive weak subquotients of ResDDU�U
ðMÞ are equivalent

to CU
L1
: Thus, if we let k be the length of the weak Jordan-H€older series of ResDDU�U

M, Corollary
3.19 implies that the matrix ½FU�U �M ¼ ½FU�U � ResDDU�U

ðMÞ is the k� k block diagonal matrix
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Observe that all the entries of ½FU�U �CL1
are positive integers. Due to the additivity of action

matrices, we have ½FU�U �M ¼ P
ði, jÞ2U�U Fij½ �M From our earlier observations it follows that

FSðDÞ � FU�U has a direct sum decomposition with summands in SðU � UÞ: As a consequence,
there are non-negative integers aij j ði, jÞ 2 U � U

� �
such that

FSðDÞ � FU�U
� 	

M
¼

X
ði, jÞ2U�U

aij Fij½ �M:

Since SðU � UÞ is a subset of SðDÞ, the integers aij are positive, for all i, j 2 U: Using what
we know about ½FU�U �M, we can write

where the entries of the block submatrices C1, :::,Ck are positive integers. From the biadditivity of
composition of 1-morphisms we have

FSðDÞ � FU�U
� 	

M
¼ FSðDÞ

� 	
M
FU�U½ �M:

Since M is transitive, the entries of the left factor in this product are positive integers, and we
have shown that the entries of the right factor are non-negative integers with positive diagonal
entries. This shows that all the entries of the matrix ½FSðDÞ � FU�U �M are positive. Thus k¼ 1, and
so ResDDU�U

ðMÞ is transitive. w

Corollary 4.3. The rank of M coincides with the rank of CL1 , which by definition equals jUj.
Further, the action matrices of 1-morphisms of DU�U for M coincide with those for CL1 :

Proof. Combining Proposition 4.2 with Proposition 3.17, we conclude that the unique simple
transitive quotient of ResDDU�U

ðMÞ is equivalent to said cell 2-representation. The claim follows. w

Assume that M is simple transitive. Let r :¼ jUj: Without loss of generality, assume that U ¼
½½r��: Let Q be the basic algebra introduced in Section 2.3, satisfying MðiÞ ’ Q� proj, together
with the complete set of pairwise orthogonal, primitive idempotents described therein. Given
s, t 2 ½½r��, choose an endofunctor of MðiÞ ’ Q�mod naturally isomorphic to the indecompos-
able projective functor Qfs � kftQ� Q � , and denote it by Gst: This is consistent with the nota-
tion Fij j i, j 2 ½½m��� �

for indecomposable 1-morphisms of CA, since such 1-morphisms
correspond to the indecomposable projective endofunctors of A�mod: Using this notation,
Lemma 3.16 implies MF 2 Ob add Gst j s, t 2 ½½r��� �

:
We recall a notation convention introduced in [19]. Given i, j 2 U, we write

Xij ¼ s 2 r½ �½ � j there is t 2 r½ �½ � such that Gst is
isomorphic to a direct summand of MFij

� �
,

Yij ¼ t 2 r½ �½ � j there is s 2 r½ �½ � such that Gst is
isomorphic to a direct summand of MFij

� �
:
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Clearly, the essential image of Gst in MðiÞ is given by add Qesf g: Hence, Xij coincides with the
set of non-zero rows of ½Fij�M: From Corollary 4.3 we know that only the ith row of ½Fij�M is
non-zero. Hence Xij ¼ fig for all i, j 2 U: The following statement, as well as its proof, is com-
pletely analogous to [19, Lemma 20] and [19, Lemma 22]:

Lemma 4.4. For any i, j 2 U we have Yij ¼ fjg. Thus, MFij ’ G
�mij

ij for some positive integers mij.

Theorem 4.5. Let D be a U-superdiagonal 2-subcategory of CA. Any simple transitive 2-representa-
tion of D is equivalent to a cell 2-representation.

Proof. In view of our prior observations regarding 2-representations with apex J 0, it suffices to
show the claim for the above-described simple transitive 2-representation M. Let CQ denote the
Cartan matrix of Q� proj and let CeAe denote the Cartan matrix of eAe� proj, where e is the
idempotent eU ¼ P

i2U ei of A. By definition we have ð½Fij�CL1
Þil ¼ ð½Fij�CU

L1
Þil ¼ CeAe

jl ,
for i, j, l 2 U:

Corollary 4.3 yields ½Fij�M ¼ ½Fij�CL1
: By Lemma 4.4, we have ð½Fij�MÞil ¼ mijC

Q
jl : To summarize,

for i, j, l 2 U, we have

CeAe
jl ¼ ð Fij½ �CL1

Þil ¼ ð Fij½ �MÞil ¼ mijC
Q
jl : (4)

Proposition 4.2 shows that the unique simple transitive quotient of ResDDU�U
ðMÞ is equivalent

to CU
L1
: Hence the inequality (3) implies that

CQ
ij 
 CeAe

ij , for i, j 2 U: (5)

Combining (4) and (5) we see that mij ¼ 1 and CQ
jl ¼ CeAe

jl , for i, j, l 2 U: The result now fol-
lows from Lemma 2.4. w

4.2. Generalization to CA, X

Let Z be the algebra of 2-endomorphisms of 1i 2 ObCAði,iÞ which factor through any 1-mor-
phism in addSð½½m�� � ½½m��Þ: Given any subalgebra X of EndCAði,iÞð1iÞ containing Z, the 2-cat-
egory CA,X , initially introduced in [11, Section 4.5], is defined by having the same collection of
1-morphisms as CA and the same spaces of 2-morphisms as CA except EndCA,Xði,iÞð1iÞ ¼ X:

Importantly, CA,X contains all adjunction 2-morphisms of CA, and thus the inclusion 2-func-
tor CA,X ,!CA yields a bijection between adjunctions in the former and the latter. Observe that
beyond our use of adjunctions, our arguments do not involve EndCAði,iÞð1iÞ, hence our results
generalize verbatim from CA to CA,X , for any X.

5. Self-injective cores and Duflo involutions

One of the central tools used in the study of finitary 2-representations of weakly fiat 2-categories
is the use of Duflo involutions. Importantly, these were used for the first definition of a cell 2-rep-
resentation in [8, Section 4.5]. Other important applications and connections with other 2-repre-
sentation theoretic concepts can be found in [16, Section 4] and [14, Section 6.3].

Let C be a weakly fiat 2-category. Let i 2 ObC, and let L be a left cell of C whose elements
have i as their domain. Consider the abelianized principal 2-representation Pi ¼ Cði,�Þ: Let
P̂1i

be the image of 1i under the canonical embedding PiðiÞ ,!PiðiÞ: By [13, Proposition 27],
there is a unique submodule K of P̂1i such that every simple subquotient P̂1i=K is annihilated by
any F 2 L, and such that K has a simple top L, with PiFðLÞ 6¼ 0, for any F 2 L: The projective
cover GL of K lies in PiðiÞ � proj ’ PiðiÞ ’ Cði,iÞ: Abusing notation, we denote by GL the
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1-morphism of C corresponding to GL under this equivalence. The Duflo involution in L is the
1-morphism GL:

Let C be a weakly fiat 2-category with a unique object and let J be a strongly regular idempo-
tent J-cell of C: Using [16, Theorem 4.28], rather than study the simple transitive 2-representa-
tions of C with apex J , one may equivalently study the simple transitive 2-representations of an
associated 2-category CJ with apex J : Indeed, the respective 2-categories of simple transitive 2-
representations are biequivalent. Further, this biequivalence sends cell 2-representations to cell 2-
representations.

By definition, CJ has only two J-cells – one containing 1i and one given by J : Further, it is
J -simple (see [9, Section 6.2]). It follows from [13, Theorem 32] that CJ is biequivalent to
CA,X , for a weakly symmetric A and a suitable algebra X � EndCAði,iÞð1iÞ: For our purposes we
may thus restrict ourselves to the case C :¼ CA,X:

Let L be a left cell of J : Let GL be the Duflo involution in L, and let LGL be the simple top
of the image of G in Pi, which is used to define the Duflo involution. Following [9, Proposition
22], the finitary 2-subrepresentation of Pi given by add PiðFGLÞLGL j F 2 Cði,iÞ� �

is equivalent
to CL: We conclude that PiðGLÞLGL is a generator for CL in the sense of [15, Definition 2.19].

Given a 1-morphism F of C, let �F denote its left adjoint. By [13, Proposition 28], the right
cell �L ¼ �F j F 2 Lf g contains GL: For �F2�L, we have ð�FÞGL 2 add GLf g: Further, if F 2
SðCÞ n ð 1if g[�LÞ, then an immediate consequence of [8, Proposition 17(b)] is that PiðFGLÞLGL
has no summand in add GLLGLf g:

As a consequence, the superdiagonal 2-subcategory D�L of C given by the right cell �L is pre-
cisely the 2-subcategory of C stabilizing the subcategory add GLLGLf g, the additive closure of the
generator of CL: If C is fiat, then D�L is additionally a self-injective core, and so, using the gener-
alization of Theorem 4.5 from Section 4.2, we conclude that add GLLGLf g is uniquely character-
ized as the target for the unique (up to equivalence) simple transitive 2-representation of D�L
which does not annihilate the Duflo involution GL:

More generally, given a self-injective core U � ½½m�� such that GL lies in DU�U , the 2-subcat-
egory DU�½½m�� is precisely the 2-subcategory stabilizing

add PiðFGLÞLGL j F 2 Rj, for some j 2 U
� �

,

and, again as a consequence of Theorem 4.5, this category is characterized as the target for the
unique simple transitive 2-representation of DU�½½m�� not annihilating GL:
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