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1 Introduction

The application of scattering-amplitude methods to the calculation of observables in clas-
sical gravity has led, in recent years, to the development of several new ideas and tech-
niques. Owing to relativistic invariance, amplitudes have found a natural application to
the problem of evaluating the Post-Minkowskian (PM) expansion of such observables. In
this approach, which is well suited to the analysis of collision events at large impact pa-
rameter, gravitational interactions are taken to be weak while velocities are not assumed
to be much smaller than the speed of light. Importing methods previously applied to
integrand construction and to integral evaluation in the context of quantum amplitudes
has proved pivotal in achieving progress in the PM analysis of the gravitational two-body
dynamics [1–12]. Recent results for collisions of spinless objects include the calculation of
the 3PM and 4PM conservative deflection angle [13–17], the full 3PM deflection angle [18–
22], 3PM emitted energy and momentum [20, 23–25] and 3PM angular momentum [26].
Several results obtained in this context have also been directly linked to the inspiral phase
of merger events, via analytic continuation [27–29].

A prominent tool that has been helpful to extract classical information from the elastic
2→ 2 amplitude is the eikonal exponentiation [15, 19, 20, 30–38], whose inception actually
dates back to the late eighties [39–44]. Important endeavours have been also devoted to
generalizing the eikonal framework to allow for the presence of additional outgoing graviton
states [45–48], which are actually unavoidable in any physical process.

However, as is well know from the literature on classical soft theorems [49–52] (see [53]
for a modern perspective on the connection between soft theorems and asymptotic charges),
when focusing on the ω → 0 limit in the spectrum of emitted radiation, general results
become available and considerably simplify the analysis of the problem. Chief among
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them is Weinberg’s soft graviton theorem [54, 55], which relates the amplitude with a
soft graviton emission to the one involving only hard states, up to a universal factor
Fµν = κ

∑
n p

µ
np

ν
n/(pn · k) that only depends on the momenta of the hard states pµn and on

the graviton’s momentum kµ = ω(1, k̂). This formula is valid for any incoming and outgo-
ing hard momenta, regardless of their specific properties, in particular their spin and mass
— it even holds when some of the hard states are gravitons themselves. As such, the zero-
frequency limit provides the ideal arena where one can hope to take a peek beyond the stan-
dard PM expansion, and investigate phenomena that take place even when its underpinning
assumptions break down. Discussing the eikonal operator in the presence of soft graviton
emissions and analysing the zero-frequency limit of the emitted energy spectrum, highlight-
ing in particular its smoothness in the massless limit, is the main objective of the paper [56].

In this note, while leveraging on the framework proposed in [56], we instead focus
on the contributions of soft gravitons to two quantities that have received a fair share
of attention: the expression of the waveform in position space, in particular the value of
the asymptotic shear in the far past, and the angular momentum [18, 57]. As we shall
discuss, both quantities are sensitive to static field effects, and therefore to the inclusion of
contributions due to “gravitons with exactly zero frequency.” In mathematical terms, this
translates to the need of specifying an appropriate prescription on how to approach the
ω = 0 singularity in Fµν . In the case of the waveform, it is indeed well known that Fµν

itself is proportional, after Fourier transform with respect to ω, to the memory effect and
to the asymptotic action of a BMS supertranslation [58]. This step relies on the fact that
“the Fourier transform of a pole in frequency space is a step function in time.” [53] In turn,
it is precisely the supertranslation ambiguity that determines the value of the shear at early
times and ultimately whether the leading contribution to the flux of angular momentum
is of order O(G2) or O(G3), an issue recently discussed in [57].

Without the ambition of settling this delicate issue, in the following we shall follow a
practical approach, mainly adopting Feynman’s prescription, which already plays a role in
Weinberg’s works [55, 59] (we elaborate on this point in section 2, for related discussions
see [26, 49, 51, 60, 61]). As suggested by the soft eikonal operator [56], we also extend the
soft theorem by applying it to the full S-matrix rather than to the connected T -matrix
elements. Employing this simple albeit nonstandard recipe, we will for instance obtain
a precise connection between Fµν and the waveform (2.25) that selects its value at early
retarded times.

In a similar fashion, after deriving a general formula linking the five-point amplitude
to the angular momentum (also recently appeared in [26]), applying it to Fµν with the
Feynman prescription will lead us to an explicit covariant expression for the angular mo-
mentum/mass dipole tensor J αβ due to zero-frequency gravitons (3.30). Like the soft
theorem, the validity of this formula is independent of the specific hard scattering process
under consideration and only relies on the form of the Weinberg factor. When applied to
2 → 2 collisions and supplemented with the expression for the 1PM deflection angle, our
formula reproduces exactly the O(G2) results of [18, 26]. We will provide below a detailed
comparison with [11, 62, 63], eventually finding complete agreement only with [26] to this
order. Our expression, once supplemented with the value for the 2PM deflection angle, also

– 2 –



J
H
E
P
0
8
(
2
0
2
2
)
1
7
2

reproduces the part of the O(G3) results of [26] that is due to zero-frequency gravitons.
However we emphasize once more that, just like Weinberg’s theorem, the formula we pro-
vide holds independently of the specific background process, and in particular generalizes
to any order in the PM expansion. In the same spirit, it holds for scattering and merger
scenarios alike and also applies if the hard states carry spin [64].

Although the main target of current investigations remains general relativity, super-
gravity theories have also attracted interest [38, 65–73]. In particular N = 8 supergravity
has proved a useful theoretical laboratory for developing new tools and tackling conceptual
challenges in a simpler setup [19, 20, 32, 34, 36, 38]. For this reason, along the way, we
provide the expression for Lorentz generators in terms of field oscillators in a form that
is well-suited to amplitude applications not only for spin-2 (graviton) but also for spin-1
(vector) and spin-0 (scalar) fields (see also [26, 74, 75]). Discussing these additional types
of fields provides the ingredients that are needed to include massless Kaluza-Klein scalars
and vectors and the dilaton that eventually combine with the graviton to produce the full
N = 8 result (3.35).

A caveat is in order: because of the non-linear nature of gravitational interactions
there are effects such as the non-linear memory [76–78] that are not directly captured by
the Weinberg formula (see e.g. the discussion in [18]). We leave the explicit analysis of this
point from an amplitude perspective to future investigations, while remarking that instead
such difficulties are absent for linear theories.

We start by quickly reviewing the method of dressed states and the soft eikonal opera-
tor [56] in section 2, considering the derivation of the memory effect as a warm-up exercise
for the introduction of the −i0 prescription. In section 3 we discuss the expectation of
the angular momentum operator in the state dressed by soft gravitons, obtaining our main
formula eq. (3.30), which we then specialize to the case of 2 → 2 scattering in order to
discuss its explicit features.

We work with the mostly-plus metric ηµν = diag(−1,+,+, . . . ,+) and with the con-
vention A[αBβ] ≡ AαBβ −AβBα without symmetry factors.

2 The eikonal operator in the ZFL

Our framework is the eikonal operator for soft radiation introduced in [56], where the
methods of Block-Nordsieck [79, 80] and the closely related approach by Weinberg [54, 55]
are adapted to the discussion of the classical scattering problem (see also [81–83]). The
emission of these soft quanta exponentiates in momentum space, so we write the S-matrix
dressed with soft-radiation S(M)

s.r. in terms of that of the hard process S(M)

S(M)
s.r. = e2iδ̂s.r.S(M)

〈0|e2iδ̂s.r. |0〉
, 2iδ̂s.r. = 1

~

∫
~k

∑
j

[
fj(k)a†j(k)− f∗j (k)aj(k)

]
, (2.1)

where j runs over the physical polarisations, whose polarisation “tensors” are εµνj (k), and
we work with the conventions

[ai (k), a†j(k
′)] = δ(~k,~k ′)δij (2.2)
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and

δ(~k,~k′) = 2~ω(2π)D−1δ(D−1)(~k − ~k′) ,
∫
~k
≡
∫

dD−1~k

2ω(2π)D−1 , (2.3)

where k0 = |~k| = ω. For instance, in a classical 2 → 2 scattering process, one can derive
the S(M) to be inserted in (2.1) by taking the Fourier transform of the elastic eikonal ei2δ0
from the impact parameter, b, to momentum space

S(M)(σ,Q) '
∫
dD−2b e−ibQe2iδ0(σ,b) , (2.4)

which can be evaluated as usual by a saddle-point approximation.
The quantity fj(k) in (2.1) is determined by the Weinberg soft factor for the emission

of a soft graviton on top of the background hard process. However, this is not a standard
application of Weinberg’s theorem, which only holds for connected amplitudes [59], while
here we are dressing the full S-matrix, including the identity term. Moreover, for our
discussion, it will be important to retain the −i0 prescription that is dictated by the
Feynman propagator to which the soft particle is attached, so that

fj(k) = ε∗µνj (k)Fµν(k) , Fµν(k) =
∑
n

κ pµnp
ν
n

pn · k − i0
. (2.5)

Note that we work with conventions according to which the vector kµ is always future
directed, k0 > 0, while all momenta pn are regarded as outgoing so that

pn = ηn(En,~kn) , En > 0 , (2.6)

where ηn takes the value +1 for outgoing and −1 for incoming states. In Weinberg’s
approach the Feynman prescription is included in the general form of the soft factor (sec-
tion II.1 and II.2 of [55], section 13.1 of [59]), but this only plays a direct role in the
contributions of virtual soft particles to infrared divergences (section II.3 and V of [55],
section 13.2 of [59]), while being irrelevant for the calculation of real soft particle and en-
ergy emission rates (section II.4 and V of [55], section 13.3 of [59]). In order to study the
gravitational field, including static effects that are relevant to the calculation of angular
momentum, we shall see below that the −i0 is also important in our setup to resolve the
singularity lying at the ω = 0 end of the spectrum of real gravitons.

The choice of −i0 prescription in (2.5) can be further supported by considering the
stress-energy tensor T µν(x) for an idealized scattering process localized at the origin of
space-time [84–86],

T µν(x) =
∑
n

θ(ηnx0)mnu
µ
nu

ν
n

∫ +∞

−∞
δ(D)(x− unτ) dτ , (2.7)

where
pµn = ηnmnu

µ
n , uµn un,µ = −1 , u0

n > 0 . (2.8)

T µν(x) is conserved ∂µT µν(x) = 0 thanks to∑
n

pµn = 0 , (2.9)
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and going to Fourier space on gets precisely

T̃ µν(k) =
∫
dDx T µν(x) e−ik·x = 1

iκ
Fµν(k) (2.10)

with the −i0 prescription as in (2.5).
A crucial point for us is that Fµν retains an exact dependence on the momenta of

the background hard process, no matter whether deflections are large or small, and is
insensitive to the detailed structure of the hard states themselves. In the following, we
will apply the eikonal operator to discuss the contribution of low-energy gravitons to two
observables: the waveforms and the angular momentum. The general strategy, given any
quantum observable O, is to take its expectation value according to

〈O〉 = 〈0|S†s.r.O Ss.r.|0〉 , (2.11)

where Ss.r. is the eikonal operator in b-space [56]. Physically, this represents the average
value of O in the final state of the scattering event, obtained by applying Ss.r. to the state
with no gravitons.

We conclude this section by mentioning that the soft eikonal operator is easily modi-
fied to accommodate for the presence of other massless fields (scalars and vectors), which
intervene for instance in N = 8 supergravity where the massive particles are described by
Kaluza-Klein (KK) modes. More precisely, we consider 10D massless scalars that acquire
masses m1 and m2 via KK compactification in two orthogonal directions (see [87]; here we
work with the sinφ = 1 case of [34]; see also [19]). Then we have

fvec
j (k) =

∑
n

ηnen
ε∗µ,j(k) pµn
pn · k − i0

, f sc(k) =
∑
n

gn
pn · k − i0

(2.12)

for vectors and scalars respectively, where en and gn denote suitable couplings. Specifically,
for the dilaton, gn = −κm2

n/
√
D − 2, for KK vectors en =

√
2κmi and for KK scalars

gn = κm2
i . The exponentiation of soft quanta then works as in (2.1), replacing 2iδ̂s.r. by

2iδ̂N=8
s.r. = 1

~

∫
~k

∑
j

[
(fja†j − f

∗
j aj) + (fda†d − f

d∗ad)+

+ (fvj a
†
v,j − f

v∗
j av,j) + (f sj a

†
s,j − f

s∗
j as,j)

]
. (2.13)

2.1 Memory effect

As a warm up, let us start by checking how our formulas reproduce the well-known con-
nection between the Weinberg soft theorem and the memory effect [53, 58]. The classical
field is obtained by inserting in the expectation value (2.11) the Fock field operator

Hµν(x) =
∫
~k

[
aµν(k) eikx + a†µν(k) e−ikx

]
, 〈Hµν(x)〉 = hµν(x) , (2.14)

where for definiteness we work with the field in De Donder gauge,1

[aµν(k), a†ρσ(k′)] = δ(~k,~k ′) 1
2

[
ηµρηνσ + ηµσηνρ −

2
D − 2 ηµνηρσ

]
. (2.15)

1We follow the standard amplitude nomenclature and call De Donder gauge the gravity analogue of
Feynman gauge in electromagnetism. In this approach, the components of Hµν are regarded as independent.
This should not be confused with the classical terminology according to which De Donder gauge amounts
to imposing 2∂νhµν = ηαβ∂µhαβ on the metric fluctuation.
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This yields,
hµν(x) =

∫
~k
〈0|S†s.r.

[
aµν(k) eikx + a†µν(k) e−ikx

]
Ss.r.|0〉 . (2.16)

Using
fµν(k) = Πµν

ρσ(k̂)F ρσ(k) , Fµν(k) =
∑
n

κ pµnp
ν
n

pn · k − i0
, (2.17)

where Πµν
ρσ is the usual transverse-traceless projector over physical degrees of freedom

(see (3.22)), together with ∑
j

fj(k)a†j(k) = fµν(k)a†µν(k) , (2.18)

and similarly for aj , this leads to

hµν(x) =
∫
~k

[
fµν(k) eikx + f∗µν(k) e−ikx

]
. (2.19)

Now we consider the asymptotic limit for the gravitational field, where xµ = (x0, ~x) =
(u+ r, rx̂) and the detector’s distance is taken to infinity, r →∞, for fixed retarded time
u and angles x̂. In this limit, a standard stationary-phase argument (see e.g. [53]) yields

hµν(u+ r, rx̂) ∼ 1
4iπr

∫ ∞
0

dω

2π
[
fµν(ω, ωx̂) e−iωu − f∗µν(ω, ωx̂) eiωu

]
, (2.20)

where we have focused on the D = 4 case. Note that in this step the angular integral over
the momenta k̂ localizes along the observation direction x̂. Recalling fµν(k) = −f∗µν(−k)
then leads to

hµν ∼
1

4iπr

∫ +∞

−∞

dω

2π fµν(ω, ωx̂) e−iωu , (2.21)

where the two terms recombined to reconstruct a single integral over positive and negative
frequencies [12]. Letting pn = ηn(En,~kn) with En > 0, we are thus left with integrals of
the type ∫ +∞

−∞

dω

i2π
e−iωu

−ηnω − i0
=
∫ +∞

−∞

dω

i2π
eiωηnu

ω − i0 = θ(ηnu) , (2.22)

with the θ the Heaviside step function. In this way, we have

hµν ∼ κ

4πrΠµν
ρσ(x̂)

∑
n

pρnp
σ
n θ(ηnu)

En − ~kn · x̂
. (2.23)

Adjusting the overall normalisation by comparing

gµν = ηµν + 2Wµν = ηµν + 2κhµν , (2.24)

we find the waveform

Wµν = κhµν ∼ 2G
r

Πµν
ρσ(x̂)

∑
n

pρnp
σ
n θ(ηnu)

En − ~kn · x̂
, (2.25)

or more explicitly

Wµν ∼ 2G
r

Πµν
ρσ(x̂)

[
θ(u)

∑
out

pρnp
σ
n

En − ~kn · x̂
+ θ(−u)

∑
in

pρnp
σ
n

En − ~kn · x̂

]
. (2.26)
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For u < 0 only the second term in the square brackets survives and determines the value of
the asymptotic shear in the far past. In fact, expanding this expression in the PM regime,
where the out states are equal to the in states up to O(G) deflections, one finds

Wµν ∼ 2G
r

Πµν
ρσ(x̂)

∑
in

pρnp
σ
n

En − ~kn · x̂
+O(G2) , (2.27)

i.e. the waveform has a u-independent O(G) contribution. Clearly this term arises by the
PM expansion of the soft factor acting on the identity in (2.1), hence the need of considering
a soft dressing of the full S-matrix in our approach. As a result, eq. (2.27) agrees in
particular with [18], where the term (2.27) is eventually instrumental in the derivation of
an O(G2) flux of angular momentum. Eq. (2.27) is the static gravitational field generated
by a set of free particles that do not undergo any deflection to leading order in O(G).

Let us also mention that modifying the −i0 prescription according to

Fµν =
∑
n

κ pµnp
ν
n

pn · k − ηni0
, (2.28)

instead of the Feynman prescription adopted in eq. (2.17), one instead obtains

Wµν ∼ 2G
r
θ(u)Πµν

ρσ(x̂)
∑
n

pρnp
σ
n ηn

En − ~kn · x̂
. (2.29)

The difference between (2.25) and (2.29) is precisely the (u-independent) ambiguity under
BMS supertranslations, which was recently discussed in detail in [57] in connection with
the definition of the angular momentum. According to the terminology introduced in that
reference, eq. (2.29) is the waveform in the canonical Bondi frame, while eq. (2.25) is the
waveform in the intrinsic one (i.e. the one employed in [18, 88, 89]).

Both (2.25) and (2.29) reproduce the leading result of [49–52] by considering the
supertranslation-invariant combination

Wµν(u > 0)−Wµν(u < 0) = 2G
r

Πµν
ρσ(x̂)

∑
n

pρnp
σ
n ηn

En − ~kn · x̂
. (2.30)

This is the term indicated as Aµν in [52], and can be itself regarded as the action of a
supertranslation [58].

We conclude this section by quoting the results for the corresponding waveforms asso-
ciated to vector and scalar radiation, which are relevant in particular for the N = 8 setup.
The field operators can be conveniently taken as

Aµ(x) =
∫
~k

[
aµ(x) eik·x + a†µ(x) e−ik·x

]
, (2.31)

Φ(x) =
∫
~k

[
a(x) eik·x + a†(x) e−ik·x

]
(2.32)

where
[aµ(k), a†ν(k′)] = δ(~k,~k ′) ηµν , [a(k), a†(k′)] = δ(~k,~k ′) , (2.33)
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choosing Feynman gauge for the vector. Taking expectation values as in (2.11), and eval-
uating the asymptotic limit as r →∞ for fixed u, x̂, leads to

〈Aµ(x)〉 ∼ 1
4πrΠµ

ν (x̂)
∑
n

en p
ν
n θ(ηnu)

En − ~kn · x̂
, 〈Φ(x)〉 ∼ 1

4πr
∑
n

gn θ(ηnu)
En − ~kn · x̂

(2.34)

where Πµν is the transverse projector (see (3.23)).

3 Angular momentum

While the angular momentum flux can be directly evaluated starting from the asymptotic
waveform, [90–94] (see e.g. [95] for a textbook presentation), in this approach care must be
exerted concerning the inclusion of the so-called static or Coulombic mode and to ambigu-
ities related to a redefinition of the “angular momentum” aspect [93, 96–98]. In the follow-
ing, we follow an approach more closely related to scattering-amplitude calculations [6, 12,
26]. In particular, continuing the approach of [56], we simply insert in (2.11) the angular
momentum generator and derive the resulting expressions for scalars, gravitons and vectors.

3.1 Scalar

To simplify matters, let us start by focusing on the case of the massless scalar field. In this
case, one can obtain the relevant operator by inserting the Fock expansion (2.32) in the
charge associated to Lorentz generators derived from the standard Noether method [74, 99].
This leads to the following expression

J sc
αβ = − i2

∫
~k

[
a†(k)k[α

∂a(k)
∂kβ] − k[α

∂a†(k)
∂kβ] a(k)

]
≡ −i

∫
~k
a†(k)k[α

↔
∂a(k)
∂kβ] . (3.1)

Note that we include a factor of 1
2 in the notation

↔
∂ , while we work with the convention

A[αBβ] ≡ AαBβ −AβBα without symmetry factors.
In eq. (3.1), although the measure is on shell, the ladder operators a(k) are regarded

as functions with argument kµ. If we instead worked with the ladder operators a(~k) that
are functions of ~k only, as perhaps more customary in textbook discussions [74, 99], we
would have a(|~k|, ~k) = a(k) with k0 = |~k| and letting I, J = 1, 2, . . . , D−1 label the spatial
components,

∂a(~k)
∂kI

= kI

k0
∂a(k)
∂k0 + ∂a(k)

∂kI
. (3.2)

In this way, eq. (3.1) would translate to

J sc
IJ = −i

∫
~k
a†(~k)k[I

↔
∂

∂kJ ] a(~k) , J sc
0I = −i

∫
~k
k0 a

†(~k)
↔
∂

∂kI
a(~k) , (3.3)

where in the last expression k0 = −k0 = −|~k|. Note the absence of explicit antisymmetri-
sation with respect to 0I in this latter way of writing J sc

0I .
We then insert (3.1) in (2.11) and define the average

J sc
αβ = 〈J sc

αβ〉 . (3.4)
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Like in the previous section, we shall follow the Feynman prescription to approach the
ω = 0 singularity:

J sc
αβ = − i2

∫
~k

(
f∗k[α

∂f

∂kβ] − k[α
∂f∗

∂kβ] f

)
, f =

∑
n

gn
pn · k − i0

. (3.5)

Substituting, and making the upper cutoff Λ explicit, we get

(J sc)αβ = i

2
∑
n,m

gngm

∫
~k

(
k

[α
p
β]
m θ(Λ− k0)

(pn · k + i0)(pm · k − i0)2 −
k

[α
p
β]
n θ(Λ− k0)

(pn · k + i0)2(pm · k − i0)

)
. (3.6)

It is now convenient to change variable according to k = ` in the first term and k = −`
in the second term, as well as relabel m ↔ n in the second term. Introducing sgn(`0) =
θ(`0)− θ(−`0), this can be then written more compactly as

(J sc)µν = i

2
∑
n,m

gngm

∫
d4`

(2π)4
sgn(`0)2πδ(`2)`[µpν]

m θ(Λ− |`0|)
(pn · `+ i0)(pm · `− i0)2 , (3.7)

where we restricted to D = 4.
We need to calculate the following integral,

Kµ =
∫
d4`

π2
sgn(`0)2πδ(`2)θ(Λ− |`0|)`µ

(pn · `+ i0)(pm · `− i0)2 = Apµn +Bpµm , (3.8)

where we have used the fact that Kµ transforms as a Lorentz vector in spite of the cutoff.
Indeed, as we shall see shortly, the cutoff dependence drops out thanks to the scale invari-
ance of the integrand and the symmetric cutoff imposed by the θ function (see also [56] for
a more detailed discussion). As a matter of fact, only the contribution proportional to pµn
enters the calculation, owing to antisymmetrisation with pνm in (3.7), so we don’t need the
coefficient B. In turn, A can be obtained from

A = m2
mpn ·K + (pn · pm)pm ·K

(pn · pm)2 −m2
nm

2
m

. (3.9)

The remaining scalar integrals are almost identical to the ones discussed e.g. in the
appendix B of [100]. After using the delta function in the measure, one is left with an
integral over the graviton’s direction k̂ and over ω = ±|~k|. The angular integration can be
performed using [55, 100]

∮
dΩ2(k̂)

(En − ~kn · k̂)(Em − ~km · k̂)
= 4π∆nm

mnmm
, (3.10)

where we recall that pn = ηn(En, ~kn), with ηn = +1 if n is outgoing and ηn = −1 if n is
incoming, and we introduced the shorthand notation

σnm = −ηnηm
pn · pm
mnmm

, ∆nm = arccosh σnm√
σ2
nm − 1

. (3.11)
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Moreover, the integral over ω can be evaluated using2

∫ Λ

−Λ

ω dω

(−ηnω + i0)(−ηmω − i0) = − iπ2 (ηn − ηm) , (3.12)∫ Λ

−Λ

ω dω

(−ηmω − i0)2 = −iπηm . (3.13)

Note that in this step the cutoff dependence drops out, indicating that the integration
effectively localizes at ω = 0. As a result

pn ·K = −4iπηm
m2
m

, pm ·K = 2iπηnηm∆nm

mnmm
(ηn − ηm) . (3.14)

Substituting into (3.9),

A = −2iπσnm∆nm(ηn − ηm) + 2ηm
m2
nm

2
m(σ2

nm − 1) , (3.15)

and thus (3.8) and (3.7) combine to yield

(J sc)µν = 1
16π

∑
n,m

gngm
m2
nm

2
m

σnm∆nm − 1
σ2
nm − 1 (ηn − ηm)p[µ

n p
ν]
m , (3.16)

where we have taken into account the fact that only the part of A that is antisymmetric in
n and m survives in the sum. Eq. (3.16) is the equation for the angular momentum carried
away by “radiated” massless scalars with exactly zero-frequency, in particular it can be
specialized to dilaton emissions by taking gn = −κm2

n/
√

2.

3.2 Graviton

Let us now turn to the case of the graviton field. We can write the angular momentum
operator in De Donder gauge as follows

Jαβ = −i
∫
~k
a†µν(k)

Pµν,ρσk[α

↔
∂

∂kβ] + 2ηµρδν[αδ
σ
β]

 aρσ(k) , (3.17)

where
Pµν,ρσ = 1

2 (ηµρηνσ + ηµσηνρ − ηµνηρσ) (3.18)

is the tensor structure appearing in the gauge-fixed De Donder action. Defining

Jαβ = 〈Jαβ〉 , (3.19)

we thus find

Jαβ = −i
∫
~k
f∗µν

ηνρk[α

↔
∂

∂kβ] + 2δν[αδ
ρ
β]

 fµρ , (3.20)

2One can directly evaluate the integrals
∫ Λ
−Λ

ω dω
(−ηnω+iλ)(−ηmω−iλ) and

∫ Λ
−Λ

ω dω
(−ηmω−iλ)2 for fixed Λ > λ >

0, and then send λ→ 0+ to obtain the desired results.
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where fµν involves transverse-traceless projectors given by sums over physical polarisations,
i.e.

fµν = Πµν
ρσF

ρσ , Fµν =
∑
n

κpµnp
ν
n

pn · k − i0
, (3.21)

with
Πµν,ρσ =

∑
j

εµνj ε∗ρσj = 1
2

(
ΠµρΠνσ + ΠµσΠνρ − 2

D − 2 ΠµνΠρσ
)
, (3.22)

and
Πµν = ηµν + λµkν + λνkµ , λ2 = 0 , λ · k = −1 . (3.23)

At this stage, we would like to get rid of the dependence on the reference vector λµ,
but this is not straightforward due to the derivative with respect to k in (3.20) and to the
specific tensor structure contracting the two factors, which involves some free indices. Let us
therefore discuss the orbital and the spin angular momentum separately: Jαβ = Lαβ+Sαβ ,

Lαβ = −i
∫
~k
f∗µνk[α

↔
∂fµν

∂kβ] , Sαβ = −i
∫
~k

2f∗µ[αf
µ
β] . (3.24)

Relying only on the antisymmetric structure of the operator and on the exact transversality
property kµFµν = 0, we find

iLαβ =
∫
~k

F ∗µνk[α

↔
∂F µν

∂kβ] −
F ′∗

D − 2k[α

↔
∂F ′

∂kβ] + 2k[αF
∗
β]µλ · F

µ − 2λ · F ∗µk[αF
µ
β]

 , (3.25)

where F ′ = ηρσF
ρσ, and

iSαβ =
∫
~k

(
2F ∗µ[αF

µ
β] + 2k[βF

∗
α]µλ · F

µ + 2λ · F ∗µk[αF
µ
β]

)
. (3.26)

Therefore, the λ dependence drops out in the sum and we obtain the remarkably simple
expression (which also very recently appeared in [26])

Jαβ = −i
∫
~k
F ∗µν

(ηµρηνσ − 1
D − 2 η

µνηρσ
)
k[α

↔
∂

∂kβ] + 2ηµρδν[αδ
σ
β]

Fρσ . (3.27)

Similarly, the two terms of (3.27) are not separately gauge invariant. Under Fµν → Fµν +
ξµkν + ξνkµ, where now kµξµ = 0 in order not to spoil the transverse property kαFαµ = 0,
the trace parts are automatically invariant, F ′ → F ′ + 2ξ · k = F ′, while

∫
~k
F ∗µνk[α

↔
∂

∂kβ]F
µν →

∫
~k

F ∗µνk[α

↔
∂

∂kβ]F
µν + 2ξ · F ∗[βkα] − k[αξ

∗ · Fβ]

 (3.28)

and ∫
~k

2F ∗µ[αF
µ

β] →
∫
~k

(
2F ∗µ[αF

µ

β] + 2ξ · F ∗[αkβ] + 2k[αξ
∗ · Fβ]

)
, (3.29)

so that the gauge-dependent terms only cancel out in the sum. In view of these facts, while
one can interpret the two quantities in (3.24) as orbital and spin angular momentum, the
same interpretation does not hold for the two terms in (3.27).
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Let us emphasize again that, although we focus here on the soft limit, eq. (3.27) only
relies on the transversality of Fµν , and thus easily extends to the case where Fµν is replaced
by the more general b-space version of the 2→ 3 amplitude [11, 12, 20, 48, 62], a.k.a. the
stress-energy pseudotensor T µν like in [26]. Indeed, since an exactly transverse T µν can
always be achieved [101], the steps leading from (3.24) to (3.27) follow through.

The integrals that are needed to evaluate eq. (3.27) (for the soft case of interest here)
are the same as for the scalar case. In particular, the new spin piece only gives an integral
of the type pm ·K in (3.14). We thus obtain our main result

J αβ = G

2
∑
n,m

[(
σ2
nm −

1
2

)
σnm∆nm − 1
σ2
nm − 1 − 2σnm∆nm

]
(ηn − ηm) p[α

n p
β]
m . (3.30)

The symbols σnm and ∆nm are defined in (3.11). We stress that the formula (3.30) is
Lorentz covariant and valid for arbitrary kinematics pn of the background hard process,
i.e. it hold regardless whether or not the outgoing momenta can be regarded as small de-
flections of the incoming ones. In fact, just like Weinberg’s theorem, it holds independently
of the number and of the specific details of the hard particles taking part in the background
hard process: one need only assign their momenta. However, of course, it only captures the
contribution to the angular momentum due to zero-frequency gravitons. We will explore
its properties more in detail in section 3.4, discussing also its “small G ” expansion valid in
the PM regime.

3.3 Vector and N = 8

Let us now briefly complement the scalar and graviton results discussed above with the
analogous formulas for the massless vector, for which the soft factor takes the form

fvec
j (k) = ε∗µ,j(k)Fµ(k) , Fµ(k) =

∑
n

ηnen p
µ
n

pn · k − i0
. (3.31)

Adopting Feynman gauge, the relevant operator is in this case

Jvec
αβ = −i

∫
~k
a†µ(k)

ηµνk[α

↔
∂

∂kβ] + δµ[αδ
ν
β]

 aν(k) , (3.32)

and translates into the classical average

J vec
αβ = −i

∫
~k
F ∗µ

ηµνk[α

↔
∂

∂kβ] + δµ[αδ
ν
β]

Fν . (3.33)

Like for the graviton, (3.33) results after a non-trivial cancellation of λ-dependent contri-
butions between the orbital and spin angular momentum terms in (3.32). Similarly, the
two terms in (3.33) are not separately gauge invariant. The integrals are the same as for
the scalar and the graviton, and we obtain

(J vec)αβ = 1
16π

∑
n,m

enem
mnmm

[
−σnm

σnm∆nm − 1
σ2
nm − 1 + ∆nm

]
(ηn − ηm) p[α

n p
β]
m . (3.34)
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Particle 1

Particle 2 ~b

~J
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Θs

y′

z′

x′
~p ′1 = 0

~p ′4

−~p ′2
~p ′3

~Q ′ = ~p ′4

Particle 1Particle 2 ~b

~J ′
Θ ′s

Figure 1. Coordinate choices in the two reference frames discussed in the text: the centre-of-mass
frame (left panel) and the frame where particle 1 is initially at rest (right panel).

We are now in a position to discuss the total contribution to the angular momentum
in N = 8 supergravity from zero-frequency massless modes. Using the couplings described
below (2.12), we can combine dilaton and KK scalar contributions, which we can read
off (3.16), and KK vector contributions dictated by (3.34) with the graviton one (3.30),
obtaining the following simple result for the case of N = 8 supergravity:

J αβN=8 = G

2
∑
n,m

[
σ̃ 2
nm

σnm∆nm − 1
σ2
nm − 1 − 2σ̃nm∆nm

]
(ηn − ηm)p[α

n p
β]
m , (3.35)

where σ̃nm = σnm − 1 if n and m corresponds to states compactified along the same
direction, so that mn = mm, while it equals σ̃nm = σnm otherwise.

3.4 2 → 2 collisions

Let us now specialize (3.30) to the case of a 2→ 2 collision of spinless3 point particles with
masses m1 and m2, considering first the centre-of-mass frame (see figure 1), where

pµ1 = (−E1, 0, 0,−p) , pµ4 =
(
E1, 0,−Q cos Θs

2 ,+p−Q sin Θs

2

)
,

pµ2 = (−E2, 0, 0,+p) , pµ3 =
(
E2, 0,+Q cos Θs

2 ,−p+Q sin Θs

2

)
,

(3.36)

with Q = 2p sin Θs
2 and so Q cos Θs

2 = p sin Θs and p − Q sin Θs
2 = p cos Θs. To perform

the calculation, let us recall the definition of the symbols σnm and ∆nm in terms of hard
momenta in eq. (3.11). It is convenient to note that σnm = σmn and

σ12 = σ34 = σ , σ13 = σ24 = σ − Q2

2m1m2
, σ14 = 1 + Q2

2m2
1
, σ23 = 1 + Q2

2m2
2
. (3.37)

Clearly J xy = J xz = 0, while we find

J yz = GpQ cos Θs

2
∑
n,m

ξn,m

[(
σ2
nm −

1
2

)
σnm∆nm − 1
σ2
nm − 1 − 2σnm∆nm

]
, (3.38)

3Actually, eq. (3.30) has been checked to capture the full O(G2) angular momentum loss also for the
more complicated case of hard particles with spin and generic spin alignments [64].
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where we introduced coefficients ξn,m = ξm,n and the only non-zero ones are

ξ1,4 = ξ2,3 = +1 , ξ1,3 = ξ2,4 = −1 . (3.39)

In the limit Q2 � m2
i , i.e. the standard PM regime, this result precisely agrees with [18,

26] and is in fact proportional to Im 2δ (evaluated in the same regime),

J yz ∼ 4p
Q

lim
ε→0

[−πε Im 2δ] +O(G4), (3.40)

where Im 2δ is the imaginary part of the eikonal, whose divergent part reads

Im 2δ ' −GQ
2

2πε

[
8− 5σ2

3(σ2 − 1) + (2σ2 − 3)σ arccosh σ
(σ2 − 1)3/2

]
. (3.41)

Note that, consistently with unitarity, the function within squared brackets in this equation
is strictly positive for σ > 1 so that J yz in (3.40) corresponds to the system losing angular
momentum. Moreover, since no energy-momentum is radiated to O(G2), this angular
momentum loss implies that the impact parameter becomes shorter, ∆b = −J yz/p to this
order. In our approach, such an O(G2) term emerges because we let the soft dressing (2.1)
act on the full S-matrix, so that expectations like (2.11) can include interference terms
between the T -matrix and the identity matrix.

The coefficient 4p/Q in (3.40) is precisely the one that ensures the agreement between
two different formulas for the radiation-reaction correction to the deflection angle to 3PM
order. One comes from an analyticity argument linking real and imaginary parts the 3PM
eikonal 2δ2 [19, 20]

Re 2δRR
2 = lim

ε→0
[−πε Im 2δ2] (3.42)

so that
ΘRR

3PM = −1
p

∂ Re 2δRR
2

∂b
= 2
pb

lim
ε→0

[−πε Im 2δ2] , (3.43)

where we used the fact that the eikonal scales like b−2 to this order. The other one
comes from the Bini-Damour linear response equation [18, 88, 89], which to leading order
reduces to

ΘRR
3PM ' −

1
2p

∂Θ1PM
∂b

J yz ' Q

2p2b
J yz . (3.44)

So that (3.44) agrees with (3.43) thanks to (3.40).
In the opposite limit m2

i � Q2 = s sin2 Θs
2 , the naive PM expansion breaks down [56,

102, 103]. However, of course, eq. (3.38) is still well defined and provides the smooth limit

J yz ∼ 2Gs sin Θs log
cos Θs

2
sin Θs

2
, (3.45)

which, when further expanded for small Θs yields

J yz ∼ GsΘs log 4
Θ2
s

. (3.46)
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Comparing with the results of [56] in the ultra-high-energy limit, and multiplying by the
same factors which appear in (3.40), we also get, to leading order in G,

4p
Q

lim
ε→0

[−πε Im 2δ] ∼ GsΘs

[
1 + log 4

Θ2
s

]
. (3.47)

We see that the log-enhanced term in this equation is precisely the same as in (3.46).
However, there is an additional non-log-enhanced term in (3.47), which does not have a
corresponding term in (3.46). We did not find similar relations between the two quantities
in general, for intermediate values of the velocity.

We turn now to the mass dipole, JtI , using the kinematics (3.36) in the CM frame.
While J tx clearly vanishes, we get

J ty = GQ cos Θs

2
∑
n,m

cn,m

[(
σ2
nm −

1
2

)
σnm∆nm − 1
σ2
nm − 1 − 2σnm∆nm

]
(3.48)

where the only non-zero coefficients cn,m = cm,n are

c1,3 = E1 , c1,4 = −E1 , c2,3 = E2 , c2,4 = −E2 . (3.49)

In the standard PM regime Q2 � mi, one finds

Jty
b(E1 − E2) ∼

Jyz
2bp . (3.50)

This result agrees with eq. (11) of [26], taking into account that the two frames are related
by a rotation by π/2 about the y-axis and by the inversion y → −y. On the other hand,
the system’s mass-dipole obeys the balance law ∆(b1E1− b2E2) = −Jty, where b1,2 are the
impact parameters of each body with respect to the origin, so that b = b1 + b2. Comparing
with ∆(b1 + b2)p = −Jyz and substituting (3.50), leads to ∆b1 p = ∆b2 p = −Jyz/2. That
is, each of the two bodies is responsible for “half” of the total angular momentum loss,
regardless of their mass.

For the tz component one gets instead

J tz = G
∑
n,m

dn,m

[(
σ2
nm −

1
2

)
σnm∆nm − 1
σ2
nm − 1 − 2σnm∆nm

]
(3.51)

where the only non-zero coefficients dn,m = dm,n are

d1,3 = −Ep+ E1Q sin Θs

2 , d1,4 = −E1Q sin Θs

2

d2,4 = +Ep− E2Q sin Θs

2 , d2,3 = +E2Q sin Θs

2

(3.52)

and thus, to leading PM order for Q2 � m2
i ,

Jtz
b(E1 − E2) ∼

Θs

4
Jyz
bp

. (3.53)

In particular, Jtz ∼ O(G3). Like ref. [26], we do not find contributions to the mass
dipole along the incoming direction to order O(G) and our approach only captures the
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very last term displayed in eq. (160) of [63], while we do not obtain the remaining terms
of eqs. (159), (160) of this reference. Such terms seem to come about due to the fact
that the asymptotic behaviour of the particle trajectories is not the same as that of free
particles, which is due to the long-range of the gravitational force in D = 4. Comparison
with [49–51] indicates that such effects are captured by the logω-corrected sub-leading soft
theorem, which is compatible with us not finding them here: our approach is only based on
Weinberg’s leading soft theorem. Still, at least part of the mismatch could be related to a
subtle difference between the standard centre-of-mass frame for the hard particles (which
we adopted here) and the centre-of-energy frame for particles+field [63, 104].

Going to the frame where particle 1 is initially at rest (see figure 1) amounts to per-
forming the following Lorentz transformation:

p′µ = Λµν pµ , Λµν =


E1/m1 0 0 −p/m1

0 1 0 0
0 0 1 0

−p/m1 0 0 E1/m1

 . (3.54)

In particular, J ′tz = J tz,

m1J ′ty = E1J ty + pJ yz , m1J ′yz = pJ ty + E1J yz , m1p
′ = pE . (3.55)

Indeed, in this frame, J ′yz as calculated from (3.30) is given by

J ′αβ = GpE

m1
Q cos Θs

2
∑
n,m

ξ′n,m
[(
σ2
nm −

1
2

)
σnm∆nm − 1
σ2
nm − 1 − 2σnm∆nm

]
, (3.56)

where now the only non-zero ξ′n,m = ξ′m,n are

ξ′2,3 = +1 , ξ′2,4 = −1 . (3.57)

Then we find, to leading order in the PM expansion,

J yz

pb
= 2 J

′yz

p′b
. (3.58)

This relation agrees with [26], and the above formulas are indeed consistent with the
transformation law (3.55), in particular with the overall sign in (3.50).

However, eq. (3.30) goes beyond the leading PM order. For instance, expanding for
Q ' p(Θ1PM + Θ2PM), the O(G3) expansion of (3.56) matches the D(σ) term in eq. (13)
of [26], which arises in their calculation by interference terms between the δ(ω) contribution
and NLO deflection terms.

4 Connection with other approaches

Let us now investigate the relation between the above expressions for J µν , in particu-
lar (3.27), and more standard formulas that have been used for instance in [11, 18, 62]. For
the graviton case, we can start from eq. (2.2) of [18] cast in the form

JIJ =
∫
du

∮
dΩ(x̂)

[
fTT,µν(u, x̂)x̂[I∂J ]∂uf

µν
TT(u, x̂) + 2f [I

TT,µ(u, x̂)∂ufJ ]µ
TT (u, x̂)

]
, (4.1)
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where fTT (u, x̂) is the position-space waveform normalized according to

hµν ∼ 1
r
fµνTT . (4.2)

In the case of the memory waveform, comparing (2.23) with (4.2),

fµνTT(u, x̂) = Πµν
ρσ(x̂)

∑
n

κ

4π
pρnp

σ
n θ(ηnu)

En − ~kn · x̂
. (4.3)

On the other hand, focusing first on the orbital angular momentum, from (3.20) we have

iLIJ = 1
2

∫
~k

[
f∗µν(k)k[I

∂

∂kJ ] f
µν(k)− fµν(k)k[I

∂

∂kJ ] f
∗
µν(k)

]
, (4.4)

which we can cast in the following form using f∗µν(k) = −f(−k) and making the measure
explicit,

iLIJ = 1
2

∫
dΩ(k̂)
2(2π)3

∫ +∞

−∞
ω dω f∗µν(ω, ωk̂)k̂[I

∂

∂k̂J ]
fµν(ω, ωk̂) . (4.5)

Performing the inverse Fourier transform, and keeping track of the overall factor in (2.21),

fµν(ω, ωx̂) = i4π
∫ +∞

−∞
du fµνTT(u, x̂) eiωu , (4.6)

one gets

iLIJ =
∫
dΩ(x̂)

∫
du′ du fTT,µν(u′, x̂) x̂[I

∂

∂x̂J ] (−i∂u)
∫
dω

2π e
iω(u−u′)fµνTT(u, ux̂) . (4.7)

Recognizing the derivative of the delta function, we find

LIJ =
∫
dΩ(x̂)

∫
du fTT,µν(u, x̂) x̂[I

∂

∂x̂J ]∂uf
µν
TT(u, x̂) , (4.8)

to see that this is exactly the orbital part of (4.1). A similar manipulation goes through
for the spin angular momentum as well, so that one sees that the IJ component of (3.20)
and (4.1) are in fact the same. Still, subtleties related to the use of the standard for-
mula (4.1) in frames where the centre of mass is not at rest have been pointed out [26, 93,
96, 97]. This could explain the apparent clash between the covariance of J µν , the results
obtained in the centre-of-mass frame [18, 63] and those found in the frame where particle
1 is initially at rest [11, 62], as also discussed in [26]. On the other hand the scope of
applicability of (3.27) seems general, due to its manifest covariance [26].

As clearly emphasized in [57], when the canonical BMS gauge is chosen where the
shear goes to zero as u→ −∞ as in (2.29), namely

hµν ∼ 1
r
fµνTT , fµνTT(u, x̂) = κ

4π θ(u)Πµν
ρσ(x̂)

∑
n

pρnp
σ
n ηn

En − ~kn · x̂
, (4.9)

applying (4.1) ought to yield a vanishing result. This mechanism is indeed also manifest
in the explicit calculation performed in section 3 in ω-space, as we now illustrate. In ω-
space, going to the canonical Bondi frame corresponds to changing the −i0 prescription
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as in (2.28) i.e. by sending −i0 → −ηni0 in each term. Modifying accordingly (3.12)
and (3.13), we see that the first one vanishes identically, while the second one becomes m-
independent and hence vanishes in the sum over n,m by antisymmetry. Thus, consistently
with the analysis in [57], we conclude that the contribution to J µν that is captured by the
present discussion can be in fact always set to zero by adjusting the BMS frame via (2.28).

To conclude, let us briefly go back to another subtle issue, namely whether or not the
J µν discussed here should be regarded as radiated angular momentum. Our calculation and
the one in [26] seem to indicate that taking the expectation value of the graviton’s angular
momentum operator in the final state 〈Jµν〉 captures two types of contributions. One is
the angular momentum carried to null infinity by propagating gravitons, whose frequency
may be small but non zero, which starts at O(G3). Another one is a contribution that
is localized at the ω = 0 end of the spectrum, starts at O(G2) in the PM expansion and
is the only one captured by our formula (3.30) (which is valid beyond the PM regime).
As such, it may be more appropriate to interpret the latter as a static contribution that
is stored in the gravitational field. Still let us emphasize that, if one’s ultimate goal is
to calculate the loss of mechanical angular momentum of the underlying two-body system
via a balance law, only the sum of the two is relevant. In other words, the variation of
mechanical angular momentum of the two body system is simply equal to −〈Jµν〉, which
automatically accounts for both radiative and static losses.
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