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ABSTRACT
This paper considers a population being affected by a mortality stress dur-
ing a limited period of time, for example a pandemic. It has recently been
suggested that the mortality stress during a pandemic can be viewed as a
temporary shift in apparent age. We instead suggest to use a frailty based
model where the baseline mortality rate is being stressed. This approach
will in a natural way imply post-pandemic mortality rates at the population
level. In particular, analytical results concerning the population mortality
rate during and after a pandemic are derived. Under general assumptions it
is shown that, compared to a non stressed scenario, the mortality is higher
during the pandemic and lower after. These general results are exempli-
fied for the Gompertz-Makeham law where more precise results can be
obtained using its proportional frailty representation. The results are illus-
tratedbasedonCOVID-19data for the Swedishpopulation andweestimate
the effect of the pandemic on the expected life time of an individual.
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1. Introduction

In Spiegelhalter (2020) it is argued that the effect of COVID-19 on the population mortality rate
corresponds to a shift in the apparent age during the pandemic. Similar observations are made in
Milevsky (2020). That is, the normal, pre-COVID-19, mortality rate μ(x) is replaced with a stressed
mortality rate μ∗(x) (approximately) satisfying

μ∗(x) ≈ μ(x + k), (1)

for some constant k ≥ 0, during the pandemic. A natural follow up question is then: How will the
temporarily stressed mortality rates change the post-COVID-19 mortality rates?

Intuitively, the increased mortality rate during COVID-19 will lead to selection effects in the pop-
ulation. These selection effects can be captured using so-called frailty models, see e.g. Vaupel &
Missov (2014) and the references therein, and a well-studied class of such models are the propor-
tional frailty models. If we let T denote the age at death of an individual, these models are defined
by

S(x) := P(T > x) := E[S(x | Z)] = E[e−ZA(x)] = L(A(x)). (2)

Here Z is a random frailty assigned to each individual at birth,

A(x) =
∫ x

0
α(t) dt,
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where α(t) ≥ 0 is the common baseline mortality rate and L(w) is the Laplace transform of Z. That
is, in a proportional frailty model, all individuals follow the same underlying mortality rate α(x), but
due to that individuals are assigned a frailty value at birth, the more frail individuals, i.e. those with a
higher value of Z, will tend to die earlier.

The mortality rate in the overall population is then

μ(x) := − d
dx

log S(x), (3)

not to be confused with the common baseline mortality rate α(x).
In this context, one can argue that the distribution of Z should not change due to the pandemic,

and therefore instead introduce the stressed baseline mortality rate

β(x) ≥ α(x) (4)

during the pandemic. In this way it is possible to extrapolate an implied post-pandemic evolution
of the induced population mortality rate μ∗(x) and this is the approach that will be analysed in this
paper.

We use the term pandemic here and the main motivation is the COVID-19 pandemic. This, how-
ever, has no implications on the underlying mathematical arguments being used, and the results
are also believed to be useful for general stress and scenario testing, for example in life insurance
applications.

The outline of this paper is as follows: Section 2 introduces relevant notation, concepts, and basic
results for proportional frailty models. The main results on pandemic mortality stresses are given
in Section 3, and a detailed analysis of the Gompertz-Makeham mortality law based on its frailty
representation is provided in Section 4. The paper ends with a short numerical illustration based on
the Gompertz-Makeham law calibrated to COVID-19 data from Sweden, which is given in Section 5.

2. Frailty and selection

Before going into details about the effects of a stressed mortality, we will outline a number of useful
results for proportional frailty models. For more on this topic see Vaupel & Missov (2014) and the
references therein.

From (2) and (3) it follows that

μ(x) = −α(x)
L′(A(x))
L(A(x))

= α(x)h(A(x)), (5)

where we for later convenience defined h(x) := −L′(x)/L(x). The frailty distribution conditioned
on survival is characterised by its Laplace transform

Lx(w) := E[e−wZ | T > x] = E[e−wZ E[1{T>x} | Z]]
E[1{T>x}]

= L(w + A(x))
L(A(x))

. (6)

Thus, Lx(w) provides information about selection effects as a function of time, for example,

z̄(x) := E[Z | T > x] = −L′
x(0) = −L′(A(x))

L(A(x))
= h(A(x)), (7)

which is a non-increasing function in x, see Lemma A.1 in Appendix 1. Also note that

μ(x) = α(x)z̄(x).
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We can also consider probabilities conditioned on survival, as in

Sx(y) := P(T > y | T > x) = S(y)
S(x)

= L(A(y))
L(A(x))

= exp
{
−

∫ y

x
μ(t) dt

}
, x ≤ y, (8)

which combined with (6) yields

Sx(y) = Lx(A(y) − A(x)). (9)

That is, (9) illustrates how the probability of survival beyond y, conditioned on surviving until x, can
be expressed in terms of the frailty distribution of survivors at time x combined with the cumulative
baseline mortality rate over the time interval (x, y]. Moreover, if we introduce the rates conditional
on survival to age x it follows that

μx(y) := −
d
dy Sx(y)

Sx(y)
= −α(y)

L′(A(y))
L(A(y))

= μ(y),

as it should.

3. Mortality stresses and post-pandemic mortality rates

We now return to the question of the effect on the population mortality rate when using a stressed
baselinemortality, that is when changing fromα(x) toβ(x)while the pandemic is active.We therefore
consider that

A∗(x) =
∫ x

0
(1{t∈[τ0,τ1)}β(t) + 1{t �∈[τ0,τ1)}α(t)) dt, (10)

which produces the survival function

S∗(x) = L(A∗(x)) (11)

and the corresponding changed mortality rate is

μ∗(x) = −
d
dx S

∗(x)
S∗(x)

= −α∗(x)
L′(A∗(x))
L(A∗(x))

= α∗(x)h(A∗(x)), (12)

where α∗(x) = dA∗(x)/dx.
We note that if A∗(x) ≥ A(x) it follows by Lemma A.1 that

z̄∗(x) = h(A∗(x)) ≤ h(A(x)) = z̄(x),

meaning that less frail, i.e. more fit, individuals remain under the mortality law μ∗(t) compared to
μ(t). Therefore, on the one hand, the baseline mortality rate is higher, but on the other, individuals
are less frail. Consequently it is not obvious whether μ∗(x) ≥ μ(x) holds or not.

Lemma 3.1 and Theorem 3.1 provide conditions for when this is indeed true.

Lemma 3.1: Let β(x) = γ (x)α(x), x ≥ 0, where γ (x) ≥ 1, γ ′(x) ≥ 0, and let B(x) = ∫ x
0 β(t) dt. If

u(x) := 1/h(x) is positively sub-homogeneous for constants ρ ≥ 1, that is

u(ρx) ≤ ρu(x), ρ ≥ 1,

it holds that

μβ(x) := β(x)h(B(x)) ≥ α(x)h(A(x)) = μ(x).
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Remark 3.1: Note that e.g. gamma and translated gamma distributions have Laplace transforms that
produce positively sub-homogeneous functions u(x) in the sense of Lemma 3.1, see Appendix 2.
Results similar to Lemma 3.1, but more restricted, can be found in Vaupel &Missov (2014, Paragraph
5.E.1 and 5.F).

Proof: By definition of B(x) and γ (x) it follows that

B(x) ≤ γ (x)A(x),

which combined with Lemma A.1 yields

μβ(x) = β(x)h(B(x)) ≥ β(x)h(γ (x)A(x)),

and the conclusion follows from the assumed positive sub-homogeneity. �

We can now prove the following theorem, relating the mortality rates in a pandemic scenario to
the non-pandemic ones.

Theorem 3.1: Let A∗(x) be given by (10) and β(x), γ (x) and u(x) be defined as in Lemma 3.1. It then
holds that

(i)

μ∗(x) = μ(x), x < τ0

(ii)

γ (x)μ(x) ≥ μ∗(x) ≥ μ(x), τ0 ≤ x < τ1

(iii)

μ(x) ≥ μ∗(x) = z̄∗(x)
z̄(x)

μ(x), x ≥ τ1.

Proof: Part (i) is true by definition. The upper bound in (ii) follows from thatA∗(x) ≥ A(x) and h(x)
is non-increasing, that is,

μ∗(x) = γ (x)α(x)h(A∗(x)) ≤ γ (x)α(x)h(A(x)) = γ (x)μ(x).

The lower bound in (ii) follows from A∗(x) = B(x) + A(τ0) − B(τ0) ≤ B(x), which yields

μ∗(x) = γ (x)α(x)h(A∗(x)) ≥ γ (x)α(x)h(B(x)) = μβ(x),

and the conclusion follows from Lemma 3.1.
Similarly, (iii) follows from that α∗(x) = α(x)when x > τ1, together with thatA∗(x) ≥ A(x), that

is

μ∗(x) = α∗(x)h(A∗(x)) = α(x)h(A∗(x)) ≤ α(x)h(A(x)) = μ(x).

�

Remark 3.2: (a) A direct consequence is that, using (8),

S∗
τ1

(x) = exp
{
−

∫ x

τ1

μ∗(t) dt
}

≥ exp
{
−

∫ x

τ1

μ(t) dt
}

= Sτ1(x), x > τ1.

This implies that the expected remaining life time is greater under μ∗(x) than μ(x), condi-
tional on surviving the pandemic.

(b) Concerning the post-pandemic phase, we see that if z̄∗(x)/z̄(x) ↗ 1 as x → ∞, the post-
pandemic mortality rates μ∗(x) will converge to the original unstressed mortality rates μ(x).
In Section 4 this is verified for the Gompertz-Makeham law.
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4. Mortality stress under the Gompertz-Makeham law

In this section we focus our discussion on the commonly used Gompertz-Makeham law (GML). It is
defined in terms of the mortality rate

μ(x) = a + becx, x ≥ 0, (13)

with parameters a, b, c ≥ 0, or equivalently, in terms of the survival function,

S(x) = exp
{
−

(
ax + b

c
(ecx − 1)

)}
.

Here we clearly have that

μ(x + k) ≥ μ(x), x, k ≥ 0.

In Lindholm (2017) it is shown that the GML can be constructed using frailty arguments by
combining the Laplace transform

L(w) = 1
(1 + c

δ
w)a/c

exp
{
−b

δ
w

}
, (14)

with α(x) = δecx, δ > 0, see Appendix 2 for a brief summary. This means that all individuals are
assigned a translated gamma-distributed frailty at birth and that the baseline mortality rate cor-
responds to a pure Gompertz law. Note that the frailty construction of the GML has introduced
an additional parameter δ > 0. A common parametrisation of frailty distributions is to let E[Z] =
−L′(0) = 1, which here will result in that δ = a + b.

Now we return to the effect of a stressed baseline mortality on the population mortality. As in
Section 3, we consider a population of individuals of the same age, for whom the pandemic is active
for ages τ0 ≤ x < τ1. During the pandemic the baselinemortality rate is stressed according to β(x) =
α(x + k), which in the GML setting is equivalent to

β(x) = γα(x) (15)

with γ = eck ≥ 1. In Appendix 2 it is shown that (14) implies a positive sub-homogeneous u(x) in
the sense of Lemma 3.1. Therefore, since the conditions of Lemma 3.1 are satisfied for the GML
when using the stressed baseline mortality rate (15), the results from Theorem 3.1 are valid as well.
In particular, it follows that μ∗(x) ≤ μ(x) in the post-pandemic phase.

Since the GML is simple and analytically tractable we can obtain more precise results than those
provided by Theorem 3.1 by direct calculations. First, consider the pandemic phase and the pandemic
stress given by (15). For the GML, we obtain

μ∗(x) − μ(x + k) = a
(

γ

γ − ec(τ0−x)(γ − 1)
− 1

)
≥ 0, τ0 ≤ x < τ1.

Therefore, the approximation μ∗(x) ≈ μ(x + k) is only appropriate under the GML if either x >>

τ0, that is, if the pandemic has been ongoing for a long time compared to the age of the individual, or
if γ ≈ 1, that is the effect of the pandemic is weak. Moreover, it also holds that

μ∗(x) − μ(x) = a
(

γ

γ − ec(τ0−x)(γ − 1)
− 1

)
+ becx(γ − 1) ≥ 0.

The inequality follows from that the difference between μ∗(x) and μ(x) vanishes if γ = 1, and its
derivative with respect to γ is always positive when γ ≥ 1. It is also worth noting that if a = 0, corre-
sponding to a completely homogenous population (with constant frailty), thenμ∗(x) = γμ(x). Note



274 P. ANDERSSON ANDM. LINDHOLM

Figure 1. Annualised mortality in Sweden during Week 15 in 2017–2020. Fitted lines are Poisson regressions. Grey line is pre-
pandemic mortality, green line is COVID-19 mortality.

that this is in agreement with the discussion in Milevsky (2020) where the pure Gompertz part in the
GML is considered, since for high ages it is the Gompertz part that is dominating.

In the post pandemic period, we get that

μ∗(x) − μ(x) = a
(

1
1 + e−cx (γ − 1) (ecτ1 − ecτ0)

− 1
)

≤ 0, x ≥ τ1 ≥ τ0.

Thus, μ∗(x) ↗ μ(x) as x → ∞, i.e. for high ages, or if γ ≈ 1, or if τ1 ≈ τ0, i.e. the duration of the
pandemic is short. The inequality is due to that the term inside the parenthesis is negative and a ≥ 0.
Hence, it holds that in the post-pandemic phase μ∗(x) ≤ μ(x).

5. Empirical illustrations

5.1. COVID-19 pandemic

As an illustration of the results from the previous sections we consider the case of Swedish mortality.
During the spring of 2020 the highest mortality was observed duringWeek 15, and so we take this as
our example. Data on weekly number of deaths is obtained from Human Mortality Database (2020)
and data onmonthly population size is obtained from Statistics Sweden (2020). The number of deaths
are aggregated in 5 year cohorts.

We fit μ∗(x) from the GML using a Poisson regression under the assumption that we are in the
beginning of the pandemic, i.e. that x = τ0. That is we fit

μ∗(x) = γμ(x) = γ a + γ becx,

for the year 2020, and set γ = 1 for previous years.
In Figure 1 we show the annualised mortality rate against age group for three pre-COVID-19

years and 2020. We obtain the estimate γ̂ = 1.46, or equivalently k̂ = 2.83. The fit seems satisfactory,
keeping in mind that for lower ages the noise in the observations is substantial.
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Figure 2. Estimated effect of pandemic on expected life time. Assuming strength of pandemic is as in Week 15 2020, and that the
length of the pandemic is 1 year.

Further, the expected life time, conditioned on survival until τ0, with and without the pandemic
stress, is calculated according to

E [T | T > τ0] = τ0 +
∫ ∞

τ0

Sτ0(x) dx.

Figure 2 shows the difference in expected life time between the pandemic and non-pandemic sce-
nario, using our estimates and assuming that the pandemic is 1 year long. The highest reduction in
expected life time is seen around age 90, where on average about 4 months of life time is lost due to
COVID-19, corresponding to about 10% of the expected remaining life time.

In Figure 3 we illustrate the effect on the population mortality rate of a 1 year long pandemic
starting at different ages.We see that if the pandemic starts when an individual is aged 40 (ormore) the
selection effect is weak, with the parameter estimates of COVID-19 for the Swedish population when
assuming a GMLmodel, and it is a fair approximation to say thatμ∗(x) = μ(x) post-pandemic. This
is in agreement with the calculations in Section 4 where it was seen that the selection effect primarily
affects the parameter a in the GML, whose influence decreases with increasing age.

5.2. 1918 influenza pandemic

The motivation for using α∗(x) := α(x + k) was the observations by Spiegelhalter (2020) and
Milevsky (2020) that μ∗(x) ≈ μ(x + k) for the COVID-19 pandemic. In Section 5.1 it was seen that
this particular form of stress is suitable for the (frailty construction of the) GML. This is, however,
not a good modelling choice for the 1918 influenza pandemic. In Figure 4 we show the yearly mor-
tality rate in Sweden in the years close to 1918. Sweden is a good example since reliable demographic
data from these years are easily available and Sweden was not involved in the First World War. From
the figure we see that the observed stress primarily affected younger ages and older ages were largely
unstressed.

The general conclusions from Section 3 still apply but the specific model considered in Section 4
would have to be modified. Firstly, while the GML seems reasonable for the unstressed mortality for
ages above 20, the stressed mortality follows a GML only for ages above 40, but this would then fail to
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Figure 3. Effect of a one year pandemic on the population mortality when starting the pandemic at age 10, 20, 30, and 40 years,
corresponding to the grey, orange, blue, and green curve, respectively.

Figure 4. Yearly mortality in Sweden in 1916–1920. Fitted lines are local regressions and only for illustration.

model the ages with the biggest impact of the pandemic. Secondly, it is clear that the stressedmortality
is not simply a parallell shift of log-mortality rates, so a different functional form of the stress would
need to be considered.

6. Conclusions

Motivated by the COVID-19 pandemic, we have in this paper illustrated how one can use propor-
tional frailty models as a starting point for modelling temporal stresses to the population mortality
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by stressing the common baseline mortality rate. This approach provides us with selection effects
induced by the change in the baseline mortality rates, which directly allows us to obtain the corre-
sponding implied post-pandemic mortality rates. This is not possible if one stresses the population
mortality rates directly.

The results obtained in the present paper are intuitive and general. Moreover, although we use the
language of a ‘pandemic’ when describing the stresses, the results are general and may be applied to
any temporal mortality stress situation. Hence, these results can be of interest for general mortality
stress and scenario testing.
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Appendices

Appendix 1. Proofs and auxiliary results
Lemma A.1: The function

h(x) = −L′(x)
L(x)

is non-increasing.

Proof: We note that

h(x) = − d
dx

lnL(x) = − d
dx

κ(x)

where κ is the cumulant generating function. The statement then follows from the fact that cumulant generating
functions are convex. This can be seen by taking λ ∈ [0, 1] and

κ(λx + (1 − λ)y) = ln E[(e−xZ)λ(e−yZ)1−λ] ≤ ln E[e−xZ]λ E[e−yZ]1−λ

= λκ(x) + (1 − λ)κ(y),

where we used Hölder’s inequality. �

Appendix 2. Auxiliary results on the GML and frailty
We start by verifying the proportional frailty construction of the GML from Lindholm (2017). From (14) in Section 4
we have

L(w) = 1
(1 + c

δ
w)a/c

exp
{
−b

δ
w

}
,

and that α(x) = δecx, recalling that δ = a + b. It follows that

h(w) = −L′(w)

L(w)
= a

a + b + cw
+ b

a + b
, (A1)

http://www.mortality.org
https://tinyurl.com/297n574b
http://www.statistikdatabasen.scb.se
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which combined with that A(x) = δ
c (e

cx − 1) yields

μ(x) := α(x)h(A(x)) = a + becx,

as desired.
Further, for the use of Lemma 3.1 and Theorem 3.1 we need the function u(w) = 1/h(w):

u(w) = (a + b)(a + b + cw)

(a + b)2 + bcw
.

Now,
d
dρ

u(ρw)

ρ
= − abc2w2

(
(a + b)2 + bcρw

)2 − 1
ρ2 ≤ 0

and so for ρ ≥ 1
u(ρw) ≤ ρu(w). (A2)

Moreover, the Laplace transform from (14) used to construct the GML using frailty arguments corresponds to a certain
translated gamma distribution. The pure gamma in this construction has shape parameter k = a/c and rate parameter
λ = (a + b)/c, i.e. a gamma distribution having expected value k/λ. In Vaupel & Missov (2014, Section 5) gamma
frailtymodels are discussed, where they consider gamma distributionswith parameters k and λ defined by the following
Laplace transform

L(w) := 1
(1 + w

λ
)k
.

Similar calculations give

u(w) = λ + w
k

,

so also here (A2) holds.
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