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ABSTRACT
This paper will analyze how the energy flux of Poynting’s vector is compared to the power flow in electrical engineering, where the power,
instead, is defined by voltages and currents. There are alternatives to Poynting’s energy flux vector that agree more with circuit theory
methods such that the energy flow is in the current conductor and not in the insulation surrounding it. One such basic formulation
would only consist of the total current density and the voltage potential, but it would need an alternative theorem for energy transfer.
Another formulation proposed by Slepian would instead still agree with Poynting’s energy transfer theorem, but it needs to add the power
of alternating magnetic vector potential. The alternatives to Poynting’s vector may better illustrate the energy flow in electrical engineer-
ing, but two things could be considered in their generality. First, since they are expressed by potentials, they are gauge invariant and
depend on the definition of the potentials. Second, Poynting’s vector is used to formulate the electromagnetic momentum, and any alter-
native energy flow vectors would not. These two notes are of minor importance in electrical engineering, and the alternatives could be
used as good alternatives for describing power flow. The main purpose of this paper is to bridge the differences between the physical
theory of energy flux and the methods in electrical power engineering. This could simplify the use of energy flux and Poynting’s vector
in engineering problems.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0101339

I. INTRODUCTION
Poynting’s vector1–3 is a way of describing the energy flow in

electromagnetic fields. Since it is defined by the electric field, E, and
the magnetic field strength, H, as

S = E ×H, (1)

it could be hard to apply it in engineering problems, which used to
be based on voltages and currents.

While looking deeper at Poynting’s vector, it becomes clear
that it deviates from the power flow of electrical engineering. Cir-
cuit theory describes power based on products of currents and
voltages and not as products of electric fields and magnetic fields
as Poynting’s vector. These differences have an impact on how the
energy transfer is flowing, giving unintuitive solutions of its location.
A more intuitive power flow, more resembling electrical engineer-
ing, would be based on the voltage potential V and the current
density J as

SJ = VJ. (2)

These problems have been addressed by Slepian,4 who formulated
several alternative vectors to address the problem.5 Among them,
the version

SN = VJtot −
dA
dt
×H (3)

not only considers the voltage V and the total current density Jtot ,
but also considers the magnetic vector potential A and the magnetic
field strength H.

Poynting’s vector is not frequently used within studies of power
systems or electrical power conversion. Some studies has been made
by Ferreira6 and Galili and Goihbarg,7 linking the Poynting vec-
tor and Poynting theorem to circuit theory of parallel conductors.8
Newcomb,9 Lorrain,10 Herrmann and Schmid,11 and Morton12 have
also studied and discussed the case of transformers, which gives a
similar representation to parallel conductors.

It has been discussed in some studies for analysis of energy flow
in machines. Hawthorne applied it for the flow of energy in DC
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machines13 and synchronous machines,14 and Poloujadoff and Per-
ret15 studied it for induction machines. Earlier, it was also analyzed
in machines by Slepian,16 Darrieus,17 and Dahlgren.18 It was later
used for analyzing the power flow applied to electrical machines by
Lundin et al.19 and also by Gray, discussing the power flow in the
air gap and how the torque is established in electrical machines.20

The energy flux for common insulated power cables was studied by
Bolund et al.21

A. Alternative formulations of Poynting’s vector
Several alternative formulations of the energy flux vector have

been proposed since Poynting’s vector is not always the obvious
choice for illustrating energy transfer. One version was proposed by
Livens22,23 such that the power would flow in the conductor with the
current, which is defined similar to the power flow P = VI of circuit
theory.

Slepian has been most productive in discussing alternative
formulations.5 Many types have been proposed and discussed
by Slepian,5 most notably the Slepian vector4 that introduced a
“correction” to the P = VI equation by introducing a term for energy
flow of alternating magnetic fields. The same vector was later also
independently introduced by Lai.24

Another early alternative version was proposed by MacDon-
ald,25 which would need an alternative form of stored energy.
Later, a similar version to MacDonald’s vector was proposed by
Hines.26 This adoption was analyzed by Wallace and O’Connell,27

who showed that Hines’s version does not always lead to correct
radiation.

Romer,28 Gough,29 and Bossavit30 studied the question gener-
ally and compared several versions that were proposed.

II. LOCATION OF THE ENERGY TRANSFER
The literature used in teaching Poynting’s vector often focuses

on describing it for application of radiation waves, where the
vector describes the direction of the radiation S and compares it to
the fields E and H that are perpendicular relative to the propagation.
This is a case where Poynting’s vector is intuitive. Less focus is on the
cases where Poynting’s vector is nonintuitive, such as power system
applications, where the energy flow would be localized in systems of
current conductors, insulation, and grounded areas.

Jackson31 described Poynting’s vector for a circuit, where the
power flow P = VI to an impedance V = ZI, where Z = R + jX, would
equal the power flow in Poynting’s theorem,

P = VI =∬
A

S ⋅ dA. (4)

The question of where this power flow is located is not mentioned
since the power P = VI is just described as scalar. Furthermore,
Cheng32 mentioned the power flow of Poynting’s vector but just
asked the reader to notice the resemblance of the power flow to
V = ZI.

On the other hand, Griffiths33 mentioned that the exact loca-
tion of the energy flow is not very clear to decide. The related
question that it is not obvious if the energy is stored in a charge
ρV/2 or in the electric field ε0E2

/2 that surrounds the charge was
also touched on.

FIG. 1. Illustration of Poynting’s vector beside electric conductors compared to
insulated coaxial cables in a grounded surrounding.

FIG. 2. Against the intuition, the energy flux of Poynting’s vector is not along the
current conductor. Instead, it is in the surroundings of the current conductor.

A. Basic illustration of Poynting’s vector
Poynting’s vector is often illustrated as going between two

parallel conductors (see Fig. 1). Such illustrations often just show
theoretical circuits. It does not consider insulation of conduc-
tors and any grounded surrounding environment, as well as not
illustrating the energy flow of real cables (as seen in Fig. 1).
The parallel cable illustrations could be seen as paradoxes of illus-
trations since they lack illustrations of the insulation and grounding,
which would make them physical, and they need the addition of
the E-field and B-field even if they are usually not included in a
circuit diagram.

Some studies have been carried out with simple theoretical rect-
angular circuits34,35 and theoretical circular circuits,36 which could
be used to illustrate how Poynting’s vector is flowing outside con-
ductors. Such visualizations first need an illustration of the electric
fields around the conductors.37

B. Nonintuitive location of energy flux
Already Poynting1–3 noted that the vector E ×H would have

an energy transfer outside the conductor and not along the cur-
rent carrying conductor. This means that the power flows in the
surroundings of the conductor, as shown in Fig. 2, resulting in an
energy flow (Poynting vector) within the insulation of coaxial cables
and not within the conductor, as the current flow could may be
imply.21 The power is also pointing inward within the conductor
itself.38

III. POYNTING’S VECTOR AND POYNTING’S THEOREM
Poynting’s vector was introduced to illustrate the energy flow

of electromagnetic fields.1–3 At the same time, Heaviside39 also
performed a similar work on energy transfer. Poynting’s vector is
defined as
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S = E ×H. (5)

The vector was introduced together with Poynting’s theorem of
energy transfer, expressing the relation between energy flow, stored
electromagnetic energy, and resistive losses.

Before Poynting, Maxwell40 noted that both the electric field
and the magnetic field contain stored energy. The stored energy u of
electromagnetic fields is expressed by

u =
1
2
(E ⋅D + B ⋅H). (6)

Poynting’s theorem expresses the divergence of the energy flux as
related to the change in the stored energy du/dt and the ohmic losses
J ⋅ E, that is,

∇ ⋅ S = −
du
dt
− J ⋅ E. (7)

Rewritten in an integral form, it is

∬
A

S ⋅ dA = −∭
V

du
dt

dV −∭
V

J ⋅ EdV. (8)

A. Relating Poynting’s theorem to power systems
The instantaneous power p(t) expressed as a function of time

consists of an alternating voltage v(t) and an alternating current
i(t). The instantaneous power entering a power line is pin(t) and
leaving a power line is pout(t) (see Fig. 3),

pin(t) − pout(t) =∬
A

S ⋅ dA, (9)

where the enclosed stored energy of inductance is

v
dq
dt
≈∭

V

du
dt

dV =∭
V

H ⋅
dB
dt

dV. (10)

In addition, the stored energy of capacitance is

i
dϕ
dt
≈∭

V

du
dt

dV =∭
V

D ⋅
dE
dt

dV. (11)

If we focus on details, it could be noted that the energy seen
as stored in an inductor or a capacitor may not be entirely located
within an enclosed volume, meaning some energy actually is stored
in the surroundings. That is to say, some energy may be transferred
along with magnetic fields or electric fields during charging and
discharging.

FIG. 3. Poynting’s theorem describes that the total energy flux out of a volume is
equal to the change in stored energy subtracted by the energy losses.

B. Stored energy seen as reactive power
It is more common to describe AC power as phasors than as

vectors within electrical engineering. For an electrical engineer, it
could be noted that the power vector S should not be confused with
the apparent power, which is also used to be denoted as S̄, that is, it
could be denoted as a phasor representation of the power flow when
the power is written as a complex value with an active and a reactive
part.41

Some studies have compared Poynting’s vector to the com-
plex valued representation of power flow in electrical power systems
using active and reactive power, as discussed by Sutherland42 and
Calamaro.43 Then the active power flow is related to Poynting’s vec-
tor through the surface, in and out of a volume. The active power
losses are then termed as ohmic losses of a volume. The reactive
power is then related to the stored energy of the volume, which in
an AC system is stored by repeating charging and discharging of
capacitors and inductors.43 However, the usefulness of this has been
questioned. Czarnecki went as far as describing Poynting’s vector as
useless for analyzing problems of compensation of reactive power in
electrical engineering.44

IV. POWER FLOW EXPRESSED AS A VECTOR
Within electrical engineering, the common equation for electric

power flow is by the voltage and the current,

P = VI. (12)

Writing the current per area (I/A), as well as rewriting the power
per area (P/A), this power flow could be easier to compare with the
energy flux vector. Based on this expression, it is possible to find an
alternative to Poynting’s vector more intuitively while working with
circuit theory, that is,

SJ = VJ. (13)

Such a vector would be able to directly relate to a circuit model,
as shown in Fig. 4. It is also easier to apply for conductors in a
grounded surrounding. Poynting’s vector, on the other hand, would
need additional definition of the electric fields and magnetic fields to
complement the circuit model, as shown in Fig. 4.

The power flow at a location is also clearly dependent on the
potential, as shown in Fig. 5. This makes it convenient to express the
energy flow by potentials and not as electromagnetic fields.

FIG. 4. Power flow in circuits could be described directly with voltages and
currents. Poynting’s vector cannot be described directly. The electric field and
magnetic field have to be described, which are not directly shown by the circuit
equivalents.
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FIG. 5. Power flow vector SJ is defined through potentials, and the magnitude of
the voltage potential relative to a reference ground has an impact on the result.

A. Alternative energy flux theorem only considering
current

The alternative vector SJ would not be in accordance with
Poynting’s theorem. From here on, we will study how the energy
flow theorem would be for vector SJ , that is, the alternative version
of a power flow vector is expressed for current densities and voltages.
Such an alternative theorem would be equivalent to the power flow
in circuit theory. Since it is based on voltages and currents, rather
than on electromagnetic fields,

∇ ⋅ SJ =
duJ

dt
− E ⋅ J (14)

would be expressed as

∇ ⋅ VJ = −V
dρ
dt
−

dA
dt
⋅ J − E ⋅ J. (15)

Then, it is expressed using an alternative form of stored energy as

dUJ

dt
= V

dρ
dt
+

dA
dt
⋅ J (16)

such that the energy transfer theorem is

∬
A

SJ ⋅ dA = −∭
V

duJ

dt
dV −∭

V
J ⋅ EdV. (17)

This alternative energy transfer could be seen in Fig. 6, which then
is more directly related to circuit theory, compared to Poynting’s
theorem.

This alternative formulation of stored energy will be more simi-
lar to the stored energy of capacitors and inductors. Considering that

FIG. 6. Alternative energy flux theorem closer to electrical engineering, equivalent
to circuit theory, with an alternative energy flux vector SJ and other definitions of
stored energy dUJ/dt.

the charge density is charge per volume, the rate of energy stored in
a capacitor is

V
dQ
dt
=∭

V
V

dρ
dt

dV. (18)

The rate of energy stored in an inductor is written by the current per
area and the induced electrical field by the alternating flux,

I
dϕ
dt
=∭

V
J ⋅

dA
dt

dV. (19)

These two expressions of stored energy then resemble the stored
energy used in electrical engineering more, such as in circuit theory,
just like the vector SJ = VJ resembles the power flow P = VI.

Note, however, that Idϕ/dt does not only have to be related to
the change in stored energy of inductors but it could also be related
to the power from a generator, or the power to a motor.

Otherwise, it is common to relate the stored energy of
Poynting’s theorem to circuit elements, as in the discussion of
reactive power.

B. Deriving the energy transfer expression
One derivation is shown in brief in the lecture material by

Petersson.45 We could derive such an expression by the case of E ⋅ J,
where E = E1 + E2,

E ⋅ J = −∇V ⋅ J −
dA
dt
⋅ J, (20)

E ⋅ J = V∇ ⋅ J −∇ ⋅ VJ −
dA
dt
⋅ J. (21)

Notice the first term of the right side of the equation; then consider
the divergence of Ampere’s law,

∇ ⋅ ∇ ×H = ∇ ⋅ J +∇ ⋅
dD
dt

, (22)

which is clearly divergence-free since it is the divergence of a curl.
With this, we could rewrite it as the conservation of charges,

∇ ⋅ J = −∇ ⋅
dD
dt
= −

dρ
dt

. (23)

Hence, we get

E ⋅ J = −V
dρ
dt
−∇ ⋅ VJ −

dA
dt
⋅ J. (24)

Rewritten by rearranging the terms,

∇ ⋅ VJ = −V
dρ
dt
− E ⋅ J −

dA
dt
⋅ J, (25)

which is the alternative energy flux theorem, equivalent to
Poynting’s theorem, but for the vector SJ = VJ instead of S.
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FIG. 7. Energy flux through a capacitor with alternating current, having changes in
both stored energy and transferred energy.

V. POWER FLOW OF TOTAL CURRENTS
The vector SJ only includes the energy flux of free currents.

It could be extended to the total current, which then also includes
changes in the electric charge displacement field,

Jtot = J + dD/dt. (26)

Such a vector was introduced by Livens22,23 as

SL = VJtot. (27)

The same expression is also mentioned by Slepian5 as the one used
within electrical engineering. The alternating charge displacement
and voltage potential would have a similar energy flux to the current
and the voltage potential, as shown in Fig. 7.

This vector would then consist of two parts: the contribution
from the current SJ and the alternating electric charge displacement
SD,

SL = VJ + V
dD
dt
= SJ + SD. (28)

This vector only considers the current and alternating charge
displacement and lacks components related to magnetic fields, in
contrast to Poynting’s vector that also includes magnetic fields.

VI. REWRITING POYNTING’S VECTOR
BY ELECTROMAGNETIC POTENTIALS

Slepian4 had discussed the power flow in electrical engineering
and proposed to extend that to include electromagnetic induc-
tion. Consider that the electric field consists of the potential gra-
dient and the alternating magnetic vector potential and could be
written as two components: E1 = −∇V and E2 = −dA/dt. The pur-
pose of introducing a second term is that it introduces the power
flow by electromagnetic induction. This is based on splitting both
the electric fields into two terms: one for fields expressed by the
scalar potential gradient and another for induced fields based on
Faraday’s law,4

E = E1 + E2 = −∇V −
dA
dt

. (29)

The energy flux could in an analogous way be split into two
terms: as conductive power flow and inductive power flow. Then,
the Poynting vector is written as

E ×H = −∇V ×H −
dA
dt
×H. (30)

The first power term E1 ×H is then related to the power flow of elec-
tric currents (P = VI). The second is then E2 ×H, which is linked to
the part of the electric field of alternating magnetic flux.

If we further rewrite the first term, we get

E ×H = −∇ × VH + V∇×H −
dA
dt
×H. (31)

Notice here that the first term is the total current Jtot from Ampere’s
law,

E ×H = −∇ × VH + VJtot −
dA
dt
×H. (32)

If we write out the terms of the total current,

E ×H = −∇ × VH + VJ + V
dD
dt
−

dA
dt
×H. (33)

The divergence of Poynting’s vector (similar to Poynting’s theorem)
will consist of three terms: the energy flow of current SJ , the energy
flow of alternating electric fields SD, and the energy flow of the
alternating magnetic field SA,

S = S0 + SJ + SD + SA. (34)

Note also that there is a term S0, which is divergence-free since it
is defined as a curl. If we include the alternating magnetic field into
the power flow of electrical engineering, we would get a vector of the
form

SN = SJ + SD + SA, (35)

that is,

SN = VJtot −
dA
dt
×H. (36)

The energy flow of alternating magnetic fields is related to the term

SA = −
dA
dt
×H. (37)

A coil could act as storage of energy in inductors but could
also play another role. It is also used for transferring power as in
transformers, motors, and generators (voltage sources). In these
applications, there is also an energy flow described by SA. This
term is not illustrated in electrical circuit theory but is still implic-
itly implied as it is necessary for describing the power to a voltage
source, the power through a transformer, or the power stored in
an inductor.

VII. COMPARING STORED ENERGY
There are some differences between the stored energy u and the

stored energy uJ because the alternative divergence of SJ is without
the two terms of SA and SD, as in

∇ ⋅ SJ = ∇ ⋅ S −∇ ⋅ SA −∇ ⋅ SD. (38)

The same difference is also valid for the two ways of defining stored
energy,

duJ

dt
=

du
dt
−∇ ⋅ SA −∇ ⋅ SD, (39)
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that is, removing the two parts of the energy flux not included in
SJ = VJ: the energy of alternating electric fields and the energy of
alternating magnetic fields.

We do this by studying how we define the stored energy.
Remember first that the change in stored energy of Poynting’s vector
is

du
dt
=

dB
dt
⋅H +

dD
dt
⋅ E. (40)

While comparing the two expressions du/dt and duJ/dt, we could
see how the stored energy is different in the two cases.

A. Detailed difference
Consider that the stored energy consists of two parts,

du
dt
=

duE

dt
+

duB

dt
. (41)

In addition, the circuit theory equivalent would be

duJ

dt
=

duJ,E

dt
+

duJ,B

dt
. (42)

The difference between the stored energy is then

duE

dt
−∇ ⋅ SD −

dA
dt
⋅

dD
dt
=

duJ,E

dt
(43)

and

duB

dt
−∇ ⋅ SA +

dA
dt
⋅

dD
dt
=

duJ,B

dt
. (44)

Notice that the term dA/dt ⋅ dD/dt appears in both energy
expressions. This term seems to have moved between the two
terms when comparing the two different ways of expressing the
stored energy such that it could be seen either as stored in
the alternating magnetic field or as stored in the alternating
electric field.

B. Deriving the energy of magnetic fields
That change in energy in the magnetic field is also written as

duB

dt
=

dB
dt
⋅H. (45)

Using nabla vector identities for B = ∇× A, we obtain

dB
dt
⋅H = ∇×H ⋅

dA
dt
+∇ ⋅ (

dA
dt
×H). (46)

Notice that one term is the total current,

dB
dt
⋅H = Jtot ⋅

dA
dt
+∇ ⋅ (

dA
dt
×H). (47)

The same equation but with the total current split in each term is

dB
dt
⋅H = J ⋅

dA
dt
+

dD
dt
⋅

dA
dt
+∇ ⋅ (

dA
dt
×H), (48)

where we see that the last term could be expressed as a divergence,
so the change in stored energy density becomes

duB

dt
= J ⋅

dA
dt
+

dD
dt
⋅

dA
dt
−∇ ⋅ SA. (49)

C. Deriving the energy of electric fields
The next case is the case of stored energy in the electric field,

duE

dt
= E ⋅

dD
dt

. (50)

Using the two term separations of the electric field E = E1 + E2,
where E1 = −∇V and E2 = −dA/dt, we have

E ⋅
dD
dt
= −∇V ⋅

dD
dt
−

dA
dt
⋅

dD
dt

. (51)

Then, rewriting the first term as two,

E ⋅
dD
dt
= V∇ ⋅

dD
dt
−∇ ⋅ (V

dD
dt
) −

dA
dt
⋅

dD
dt

. (52)

To ensure that∇ ⋅ dD/dt = dρ
dt ,

E ⋅
dD
dt
= V

dρ
dt
−∇ ⋅ (V

dD
dt
) −

dA
dt
⋅

dD
dt

. (53)

Once again, we see that the energy expression could be written
in two different ways: dD/dtE or dρ/dtV . By expressing the energy
flow as a divergence term, we could write the change in stored energy
as

duE

dt
= V

dρ
dt
−∇ ⋅ SD −

dA
dt
⋅

dD
dt

. (54)

VIII. POYNTING’S VECTOR IN ELECTRICAL MACHINES
The vector SA is important for describing the energy flow of

transformers and electrical machines. In a generator, a rotating rotor
will have radial flux density and an electric field in the direction of
the machine length (see Fig. 8), where the electric field in this case is

FIG. 8. Vector fields associated with a rotating magnetized machine rotor.
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simplified as E = −dA/dt. A generator in “no load” conditions would
have a tangentially directed Poynting’s vector written as19

S = Ez ẑ × Br r̂ = EzBrθ̂. (55)

In detail, we could describe the condition in no load as

1. magnetization: when the field windings of the poles are mag-
netized by a field current, there will be energy stored as
B2
/(2μ0).

2. rotation: when the rotor rotates (with angular speed ω),
the rotating magnetized poles will induce electric fields by
−dA/dt; now with E = −dA/dt along the machine length
(cylindrical z-direction) and H = B/μ0 in the radial direction,
there will be a Poynting’s vector in the tangential direction
(cylindrical θ-direction).

The energy flow could be understood by the stored energy
that rotates, resulting in a rotating energy flow, which is illustrated
in Fig. 9.

It could be compared with a more theoretical example from
Feynman,38 where he uses an example of a permanent magnet placed
near a charge; one of his many ways to illustrate Poynting’s vector
is “nuts.” The electric field will be pointed radially out of the cen-
ter (r-direction), and the magnetic field will be passing parallel to
the magnet (z-direction), resulting in a tangential Poynting vector
(θ-direction) that is rotating around the center. This is an equiva-
lent case, but also an opposite case, of a rotating permanent magnet.
Similarly, for a rotating rotor of an electrical machine, the B-field
is instead in the radial r-direction and the induced E-field is in the
z-direction.

In a loaded case, there are, instead, induced stator currents,
resulting in a load angle (or the torque angle) for the flux density

FIG. 9. When the rotor poles are magnetized and the rotor is rotating, the Poynting
vector will flow tangentially around the rotor.

FIG. 10. When the machine is loaded, there are currents induced in the stator,
meaning that there is a load angle of the flux density. The Poynting vector will flow
both radially and tangentially.

B, which is illustrated in Fig. 10, such that the flux density in the sta-
tor is tilted with an angle δ. Due to the load angle, the inclined flux
density will give the tangential component of the flux density. This
component will result in Poynting’s vector in the radial direction.
The Poynting vector could be written as19

S = Ez ẑ × (Br r̂ + Bθθ̂) = EzBrθ̂ + EzBθ r̂. (56)

IX. SLEPIAN’S ALTERNATIVE TO POYNTING’S VECTOR
A. Nonunique vector in Poynting’s theorem

Heaviside46 already noted that Poynting’s theorem did not
having a unique solution, based on the study by Thomson47 of
Poynting’s vector. This was later also mentioned by Pugh and
Pugh.48 The theorem could hold for any vector

SN = E ×H + X, (57)

with an additional term with the solenoid vector X = ∇× x since
such a vector will always also be divergence-free, that is,

∇ ⋅ X = 0. (58)

Hence, any addition of a vector X would be in line with Poynting’s
theorem since it would have the same divergence as

∇ ⋅ S = ∇ ⋅ SN. (59)

B. An interesting alternative version
Since Poynting’s theorem would be valid for any addition of a

solenoid vector, we could introduce any such vector. One interesting
choice was proposed by Slepian,5

X = −S0 = ∇× VH. (60)

We could then introduce an alternative form of the energy flux
vector as

SN = S − S0. (61)

When fully expressed, it is

SN = E ×H +∇ × VH. (62)

Alternatively, it could be written as

SN = VJtot −
dA
dt
×H. (63)

This is also equivalent to a vector that was later proposed by Slepian.5
Carter49 referred to it as “Slepian’s vector,” and mentioned it as a
useful alternative to Poynting’s vector, also showing its practical abil-
ity by illustrating the power flow of the current conducting coaxial
cable. The vector was also later introduced when it was indepen-
dently proposed by Lai.24 If we write out the two terms of the total
current, the full form is

SN = VJ + V
dD
dt
−

dA
dt
×H. (64)
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In addition, it is clear that it consists of three terms: the energy flux
of current, alternating electric field, and alternating magnetic fields,

SN = SJ + SD + SA. (65)

C. Role of the divergence-free term
The divergence of Poynting’s vector S and the alternative form

of Slepian’s vector SN is recalled to be equal as

∇ ⋅ S = ∇ ⋅ SN. (66)

When calculating the divergence of a rotation (∇ ⋅ S), the term
S0 is divergence-free, since the difference is a divergence-free term
(∇ ⋅ ∇ × x = 0). Hence, both Poynting’s vector S and the alternative
form SN would hold good for Poynting’s theorem.

What does this S0 do if it is not participating in the power
flow theorem? Let’s start by evaluating a basic example, illustrated
in Fig. 11.

● Example of Poynting’s vector. Think about a DC current
in a conductor in a steady state. Poynting’s vector S = E ×H
is in the direction of the current, but outside the conductor.
If we neglect losses, we do not have any component in the
conductor. If we instead would account for internal losses,
we would have a small component pointing to the center of
the conductor.

● Example of Slepian’s vector. If we instead use a vector SN ,
we would get another location of the power flow. In an iden-
tical DC current case, we do not have alternating electric
fields or alternating magnetic fields, so the terms SD and
SA are neglected. The energy flux then only consists of the
term SJ = VJ, which is in the direction of the current in the
conductor. Losses are instead seen as small decreases in the
energy flux along the conductor.

The location of the energy flow is moved, and this difference
could then be linked to the divergence-free term (S0 = −∇ × VH).
The divergence-free term (S0) changes the location of the energy
flux so that it acts against Slepian’s vector in the current carry-
ing conductor and instead creates an increased component outside
the conductor, where Poynting’s vector is located. The vector S0
is flowing against the current component of the energy flux and
parallel to the current component of the energy flux outside the
conductor.

D. Gauge dependency and independency
Some authors have discussed the differences between Slepian’s

vector and Poynting’s vector. One such difference has been noted
by Kobe50 and Peters51 and later also by Backhaus and Schäfer.52

FIG. 11. Energy flux is located differently if the vector is redefined.

Slepian’s vector may hold good for Poynting’s theorem but would
not be gauge-invariant as Poynting’s vector, meaning that it depends
on the arbitrariness of the electromagnetic potentials V and A.

Generally, it is possible to define the potential gauge in two
different ways:53 either by writing the Coulomb gauge as

∇ ⋅ A = 0 (67)

or by writing the Lorenz gauge as

∇ ⋅ A = −
1
c2

dV
dt

. (68)

This is just a matter of choice and would not affect the vector result
for Poynting’s vector since it is gauge-invariant, meaning that the
fields are invariant by gauge transformation31 of any Λ; hence, we
could change

A→ A′ = A +∇Λ. (69)

V → V′ = V − dΛ/dt. (70)

However, the vector proposed by Slepian is not gauge-invariant and
then depends on how the gauge is defined, making it dependent on
the coordinate system, which could affect how the vector could be
applied for some fields in physics, such as Minkowski space repre-
sentation, four-vector representation, and the field representation in
relativity theory.

This complication is not a problem in electrical engineering,
where gauge invariance is of less importance.

E. Relation to electromagnetic field momentum
density

Poynting’s vector also plays a role in the definition of Maxwell’s
stress tensor, T, since it is defined using the change in the
electromagnetic momentum density, that is,

∇ ⋅ T = f +
dS
dt
/c2, (71)

where f is the force density.
Peters,51 and earlier Pugh and Pugh,48 had discussed this rela-

tion, which was also mentioned by Feynman.38 Peters51 noticed that
Slepian’s vector formulation will not be useful as an expression of
the electromagnetic field momentum density, which is

g = S/c2. (72)

Lorrain54 went as far as seeing Slepian’s version as incorrect
because it cannot be used for the electromagnetic field density.

Hence, any alternative energy flow vector would not be able
to combine with the equation of Maxwell’s stress tensor. This
could play a role in engineering, since Maxwell’s stress tensor is
used to calculate forces. Poynting’s vector must then be used for
Maxwell’s stress tensor in calculations if there is a change in the
electromagnetic momentum density.

However, even if Slepian’s vector is not directly useful for
the energy flux in the definition of Maxwell’s stress tensor, or the
electromagnetic moment density, it could still be used in other
contexts.
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The electromagnetic field momentum was described by Hu,55

and had been written as potentials (in the Coulomb gauge) by
Calkin56,57 and later by Essén.58 The relation between Poynting’s
vector and the electromagnetic momentum was discussed by
Johnson et al.59

It is not only Poynting’s vector that has caused disagreement
because of non-intuitive solutions but it also exists in the electro-
magnetic momentum especially when the electromagnetic momen-
tum is combined with the classical mechanical momentum of mass.
Examples of such discussions are the ones about the non-intuitive
“hidden momentum,” the non-intuitive case of “Feynman’s disk
paradox,” and the nonintuitive “hidden momentum” by Shock-
ley and James,60 Coleman and Van Vleck,61 and Furry,62 in later
years by Boyer63 and Babson,64 and with another version of hidden
momentum by Griffiths and Hnizdo.65 The unclear interpretation
of combining momentum with electromagnetic momentum has
been illustrated by “Feynman’s disk,”38 which has been discussed by
several researchers, such as Romer,66 Lombardi,67 Ma,68 Bahder and
Sak,69 Boos,70 and Babson.64

X. POYNTING’S VECTOR IN TRANSFORMERS
The alternative energy flux vector SN by Slepian could change

the location of the energy flux related to currents and alternating
electric fields, but it does not change the location of the energy flux
related to alternating magnetic fields.

It is not only electric circuits that have an unintuitive location
of Poynting’s vector but it is also the case for transformers. Recall
the case of parallel current carrying conductors and that Poynting’s
vector is located between the conductors and not together with the
current. In transformers, the energy flux will have a similar non-
intuitive location, in the leakage flux surrounding the iron core,
instead of along the magnetizing flux in the iron core. This is illus-
trated in Fig. 12. The location of the energy flux in transformers has
been discussed by Siegman,71 Newcomb,9 Lorrain,10 Morton,12 and
Herrmann and Schmid.11

Here, the magnetic vector potential A will be distributed
around the flux path, which is mainly in the laminated iron core.
The electric field will be based on the alternating magnetic vector
potential. When focusing on the whole of the iron core, the electric
field could be simplified as being in the direction through the whole
of the magnetic core (seen here as the x-direction). In this way, the

FIG. 12. Energy flux of Poynting’s vector in a transformer, with the energy flux
between the windings in the leakage flux. This resembles the energy flux between
parallel circuit conductors.

FIG. 13. Poynting’s vector is mainly located in the leakage flux in the surroundings
of the iron coil.

electric field will alternate based on the alternating magnetic vector
potential as

E = −
dA
dt
≈ Exx̂. (73)

Even if the main flux is in the iron core, it is of interest to study the
magnetic field on the whole for the purpose of Poynting’s vector.
The magnetic field could roughly be simplified to be alternating in
the orthogonal direction, that is, in the y-direction as

H ≈ Hyŷ. (74)

The resulting Poynting vector is then in the direction from one coil
to the other (simplified as the z-direction), which is

S = −
dA
dt
×H ≈ Sz ẑ. (75)

Figure 13 illustrates the electric field and magnetic fields in a
transformer. Poynting’s vector is mainly located in the middle of
the transformer, in the leakage flux, instead of in the iron core. The
energy flux that anyway is in the iron core could be related to iron
losses.

Hence, even if Slepian’s vector changes the location of the
energy flux for currents, it still does not change the location of the
energy flux for alternating magnetic fields. These cases will have the
same locations of Slepian’s and Poynting’s vectors, similar to this
case,

S = SN = −
dA
dt
×H. (76)

XI. CONCLUSIONS
Poynting’s vector S could give power flows that are not intuitive

since the power flow would go in the insulation of the conductor
instead of in the direction of the current inside the conductor.

The vector SJ = VJ would be more synonymous with the
power expression used in circuit theory. However, an equivalent
to Poynting’s theorem would have to be rewritten with another
definition of stored energy, but the stored energy would be more in
accordance with the circuit element representation.

Circuit theory is just a model solely focused on currents and
potentials and does not include all of the physics involved in elec-
tromagnetism. If Poynting’s vector is used to study problems in
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electrical engineering, it should be noted how it deviates from the
concept of circuit theory.

Another alternative vector formulation is possible that would
also work with Poynting’s theorem, and that is Slepian’s SN = S
+∇ × VH. This vector also resembles the power flow of electrical
engineering since the energy flow will be directed similar to the
current direction in the conductor.

The main feature of Slepian’s vector is that it gives an energy
flux located in the current instead of in the surrounding magnetic
field, which could be seen as a desirable choice. However, the alter-
native formulation still does not change the location of the energy
flux of alternating magnetic fields, such as in transformers.

Slepian’s vector is not Lorentz gauge-invariant, in contrast
to the other alternative expressions. This only affects the general-
ization of the application in some fields of physics but does not
cause any problems in engineering problems. Even if Slepian’s vec-
tor is gauge-dependent, most engineering problems do not need to
consider the Lorenz gauge. Slepian’s vector could then be a good
alternative in engineering because there it is rather a strength that
the vector is defined through voltage potential, which usually is a
measured value.

Even if Poynting’s vector would be preferred, it is useful to
see different ways of defining the energy flux for understanding
the theoretical overpass between power flow in electrical engineer-
ing and Poynting’s vector, especially when working with Poynting’s
theorem.
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