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1. Introduction

“Geometry and physics is a marriage made in heaven”[1] according to the
mathematician sir Michael Atiyah. Ever since the days of Isaac Newton ge-
ometry has provided physicists with technical tools to aid them in their quest
to obtain a deeper understanding of the laws of Nature. Likewise, physics and
astronomy have provided geometry with a steady stream of insights regarding
the structure of space. Indeed, if you would compile two list, the first with
the names of great contributors to geometry and the second with the names
of great contributors to physics, you would find that the overlap between the
lists is significant. It should be sufficient to consider names such as: Newton,
Lagrange, Gauss, Hamilton, Poincaré, and so on.
Maybe the greatest example of when geometry is combined with physics
is in Einsteins general theory of relativity. In this theory the natural force
most familiar to us, gravity, is explained entirely in terms of curved space-
time. John Archibald Wheeler adequately expressed it in the following way:
“spacetime tells matter how to move; matter tells spacetime how to curve”
[2]. Maybe the most important idea introduced by Einstein in his theory of
relativity, however, is the fact that physical laws must be independent of the
frame of reference. Coordinate systems are mathematical constructions that
make it easier for physicists to describe the laws of Nature with equations, but
physical reality does not take place in a coordinate system, it takes place in
spacetime.
Besides the theory of relativity the most revolutionizing progress in physics
during the 20:th century was the creation of quantum theory. This theory per-
haps altered our scientific view of reality even more than the theory of relativ-
ity, since it challenged one of the of the most fundamental principles of 18:th
and 19:th century natural science, namely determinism. According to quantum
theory the amount of knowledge we can have about a system is limited. For
all systems there exist measurements whose outcomes are uncertain. The only
things we can know in these cases are the probabilities of obtaining certain
measurement results. This intrinsic uncertainty is probably the reason why
quantum theory, which is on a technical level one of the most well explored
theories, and which to so great precision has been experimentally verified, on
a conceptual level still confuses even those most familiar to it.
It did not take long before geometrical tools found their applications in
quantum theory. For example, the concept of symmetry has proven to be very
helpful when studying the quantum mechanical properties of molecules and
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crystals. It has also been used, in the form of gauge theories, to study the inner
structure of matter and the elementary particles.
In this thesis I investigate geometric properties known as holonomies as
they occur in different contexts in quantum mechanics. Holonomies only ap-
pear in connection to curved spaces, and they are closely related to the con-
cept of parallel transport. Consider a curved space, e.g. the surface of earth.
On each point in this space we assume there is a unit tangent vector pointing
along some direction. How can we compare two vectors at different points?
In order to achieve this we must somehow transport one vector to the other
in a way that locally leaves the vector unchanged. This is known as parallel
transport. If we now parallel transport a vector along a closed curve in our
space one might think that the vector will return unchanged. This is, however,
in general not the case, and the failure of the returning vector to coincide with
the initial vector is what is known as a holonomy.
So why are holonomies interesting to study? First of all they allow us to
probe the space of quantum states, and give us information about the structure
of the quantum world. Secondly, they might allow us to address old problems
in a new way, which often result in a clearer understanding of the structure
of the problems. And finally, it has been suggested that they can be used to
implement quantum gates that are fault tolerant, and thereby overcome the
inherent fragility of quantum computers.
The structure of this summary is as follows. In chapter 2, I give a brief
overview of quantum mechanics and some other subjects relevant to later
chapters. The main purposes of this chapter is to familiarize the readers with
my notations, and introduce readers with a background in general physics or
mathematics to some important concepts in contemporary quantum mechan-
ics. In chapter 3, I provide an overview of previous research done on quan-
tum geometric phases and quantum holonomies. I provide a summary of the
papers included in this thesis in chapter 4, and chapter 5 contains the conclu-
sions. The summary ends with chapter 6 where I provide a brief non-technical
description of the thesis in Swedish.
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2. General background

One can boil down quantum mechanics into four axioms [3].
(1) Any isolated quantum system is completely described by its state vector
which is a unit vector in a Hilbert space.

(2) The evolution of a closed quantum system is described by a unitary trans-
formation of the state vector.

(3) Measurements are in quantum mechanics described by a collection of lin-
ear operators, each of which corresponds to a certain outcome.

(4) Composite systems are in quantum mechanics described by Hilbert spaces
that are tensor products.

Axioms (1) and (4) concern the representation of states in a quantum me-
chanical system, while axiom (2) and in some sense axiom (3) concern the
evolution of these states. This chapter follows roughly the same structure. In
section (2.1) I discuss quantum states and their mathematical representation,
and in section (2.2) I treat the evolution of quantum states. In section (2.3) I
present some basic facts about fiber bundles, and the chapter ends with section
(2.4) where I give a brief overview of quantum computation.

2.1 States
A Hilbert spaceH is a complex vector space with an inner product. An el-
ement of this vector space is denoted as |ψ〉, and the inner product (or scalar
product) between two elements |ψ〉 and |φ〉 is denoted as 〈φ |ψ〉, and is a
complex number. In quantum mechanics one is usually only interested in nor-
malized vectors, which are vectors |ψ〉 such that 〈ψ|ψ〉= 1. A set of linearly
independent vectors {|ψk〉}Nk=1 is called a basis ofH if span{|ψk〉}Nk=1 = H .
If the set of vectors also satisfies 〈ψk|ψl〉 = δkl , where δkl is the Kronecker
delta, the basis is called orthonormal. Any vector |φ〉 can be expanded in a
basis {|ψk〉}Nk=1 as

|φ〉=
N

∑
k=1

αk|ψk〉, αk ∈ C. (2.1)

The number of elements in a set of vectors that constitutes a basis is called the
dimension of the Hilbert space. This number does not depend on the specific
choice of basis, and, if nothing else is mentioned, we assume that it is finite.
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In quantum mechanics observables are represented by Hermitian operators
acting on elements of the Hilbert space. An operator A is Hermitian if A =
A†, where A† denotes the Hermitian conjugate. All Hermitian operators are
diagonalizable and have real eigenvalues. If we denote the k:th eigenvector of
A as |ak〉 we can express the operator as

A=
N

∑
k=1
ak|ak〉〈ak|, (2.2)

where ak is the eigenvalue corresponding to |ak〉. When making a measure-
ment corresponding to the observable A on a quantum state represented by the
state vector |ψ〉, the possible outcomes of the measurement are given by the
eigenvalues ak and the probability that the measurement yields outcome ak is

p(ak) = |〈ak|ψ〉|2. (2.3)

This allows us to express the expectation value of the observable A with re-
spect to the state |ψ〉 as

〈A〉ψ =
N

∑
k=1
p(ak)ak =

N

∑
k=1
ak〈ψ|ak〉〈ak|ψ〉= 〈ψ|A|ψ〉. (2.4)

From Eqs. (2.3) and (2.4) it becomes apparent that measurements do not dis-
tinguish between the state vectors |ψ〉 and eiα |ψ〉. It is therefore common to
introduce the equivalence relation |ψ〉 ∼ eiα |ψ〉, ∀α ∈ R. The set of equiva-
lence classes inH under ∼ is called projective Hilbert space and is denoted
as PH . The elements of this space are often referred to as states, in con-
trast to the elements ofH which are most often referred to as state vectors.
I would like to point out, however, that the distinction between a state and a
state vector is not always made explicit, as the term state is sometimes used
when referring to a state vector.
A quantum state corresponding to a state vector |ψ〉 in Hilbert spaceH is
called a pure state. A pure state is characterized by the fact that it is always
possible to find a maximal test for which the state gives a definite outcome [4].
Some situations, however, are not adequately described by pure states, and we
therefore introduce the more general mixed states. A mixed state is a probabil-
ity distribution over pure states, and it is represented by a density operator ρ .
Consider a preparation machineM that with probability pk prepares the state
|ψk〉, where k = 1, . . . ,M. In this case the state prepared byM is represented
by the density operator

ρ =
M

∑
k=1
pk|ψk〉〈ψk|. (2.5)

The particular form of the density operator can be motivated by considering
the expectation value of some observable represented by the operator A with
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respect to ρ . As was discussed earlier, the expectation value of A with respect
to the pure state |ψk〉 is given by 〈ψk|A|ψk〉. This means that the expectation
value with respect to the mixed state produced by our preparation machine is

〈A〉ρ =
M

∑
k=1
pk〈ψk|A|ψk〉=

M

∑
k=1
pkTr(A|ψk〉〈ψk|) = Tr(Aρ). (2.6)

From the fact that {pk}Mk=1 is a probability distribution it follows that{
Tr(ρ) = 1,
〈ψ|ρ |ψ〉 ≥ 0, ∀|ψ〉 ∈H .

(2.7)

The latter expression is often simply written as ρ ≥ 0, and one says that an
operator satisfying this condition is positive semi-definite. All positive semi-
definite operators are diagonalizable and have non-negative real eigenvalues.
Above, we never assumed that the states {|ψk〉}Mk=1 are mutually orthogo-
nal. Since the operator ρ is diagonalizable we may alternatively express it as
ρ = ∑Nk=1 p̃k|k〉〈k|, where {|k〉}Nk=1 are the eigenvectors of ρ . Since ρ satisfies
the conditions in Eq. (2.7) the set {p̃k}Nk=1 is also a valid probability distribu-
tion, although different from {pk}Mk=1. The fact that there is no unique way of
expressing a density operator as a given probability distribution over a set of
pure states is called decomposition freedom. One can show that for a non-pure
state there are in fact infinitely many ways to decompose the density operator
[5]. The decomposition corresponding to a probability distribution over a set
of mutually orthogonal states is called the spectral decomposition.
As was mentioned in axiom (4), composite systems are in quantummechan-
ics described by Hilbert spaces that are tensor products. Consider the system
AB consisting of subsystems A and B, which are represented by the Hilbert
spacesHA andHB, respectively. The Hilbert space of the total system is now
given byHAB = HA⊗HB. If {|ak〉}Nk=1 and {|bk〉}Mk=1 are orthonormal bases
of HA andHB, then {|ak〉⊗ |bl〉}N,M

k,l=1 is an orthonormal basis ofHAB. Con-
sequently, dim(HAB) = dim(HA)dim(HB), and a general state inHAB can be
expressed as

|ψAB〉=
N,M

∑
k,l=1

αkl |ak〉⊗ |bl〉. (2.8)

The fact that composite systems are described by tensor products is what gives
rise to one of the most intriguing phenomena in quantum mechanics, namely
entanglement. A state |ψAB〉 is entangled if it cannot be written on the form
|ψAB〉= |φA〉⊗ |φB〉. Entangled states are very useful and appear frequently in
quantum computation and quantum information applications.
Previously, we consideredmixed states generated by a preparation machine.
Another context where mixed states naturally occur is when considering the
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state of a subsystem of a composite system. Consider the normalized state

|ψAB〉=
N,M

∑
k,l=1

αkl |ak〉⊗ |bl〉, (2.9)

which is an element of an NM-dimensional Hilbert spaceHAB = HA⊗HB.
Assuming that M ≥ N we may express this state in Schmidt form [3] as

|ψAB〉=
N

∑
k=1

λk|ãk〉⊗ |b̃k〉, (2.10)

where 〈ãk|ãl〉= 〈b̃k|b̃l〉= δkl , and λk are non-negative real numbers satisfying
∑k λ 2k = 1. If we only have access to subsystem A, all relevant observables
takes the form K⊗ I, where I is the identity operator on system B. The expec-
tation value of this observable with respect to the state |ψAB〉 is given by

〈ψAB|K⊗ I|ψAB〉= ∑
k

λ 2k 〈ãk|K|ãk〉= Tr(KρA), (2.11)

where ρA = ∑k λ 2k |ãk〉〈ãk| is identified as the state of subsystem A. An alter-
native way of expressing ρA is as

ρA = TrB(|ψAB〉〈ψAB|) = ∑
kl

λkλl|ãk〉〈ãl |Tr
(|b̃k〉〈b̃l |)

= ∑
k

λ 2k |ãk〉〈ãk|, (2.12)

where TrB denotes the partial trace over subsystem B1. It is, off course, possi-
ble to define a density operator corresponding to the state of subsystem B in
the same way.
This procedure gives a mapping from the set of pure states in Hilbert space

HA⊗HB to the set of density operators acting on one of the Hilbert spaces
HA orHB. One may use this mapping the other way around and represent a
density operator ρ acting on Hilbert spaceH as a pure state |ψ〉 in some ex-
tended Hilbert spaceH ⊗Ha, whereHa is called the ancillary Hilbert space.
The state |ψ〉 is in this case called a purification of ρ . One must, however,
keep in mind that the mapping is not one-to-one. There are in fact infinitely
many pure states inH ⊗Ha that reduces to the same mixed state inH . This
purification freedom [6] is related to the previously mentioned decomposition
freedom.

2.2 Evolution
According to axiom (2), stated in the beginning of the chapter, time evolution
of a closed quantum system is described by unitary transformations. An opera-
torU is unitary ifUU †=U†U = I, where I is the identity operator.We say that

1The partial trace over one of the subsystems 1 or 2 is defined as Tr 1,2(X1 ⊗ X2) =
Tr(X1,2)X2,1.
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the state |ψ1〉 evolves into the state |ψ2〉 under the action ofU , if |ψ2〉=U |ψ1〉.
In a similar fashion, a density operator ρ1 evolves into ρ2 =Uρ1U† under the
action of U . The scalar product between two states, |ψ1〉 and |ψ2〉, is not af-
fected by unitary transformations, since 〈ψ1|U†U |ψ2〉= 〈ψ1|ψ2〉. Continuous
evolution is described by a one parameter family of unitary operators U(t).
Given an initial state vector |ψ(0)〉 this family of unitaries generates a family
of state vectors given by |ψ(t)〉 =U(t)|ψ(0)〉.
An alternative way to describe continuous evolution of a quantum state

|ψ(t)〉 is by using the Schrödinger equation (h̄= 1 from now on)

i
d
dt
|ψ(t)〉= H(t)|ψ(t)〉, (2.13)

where H(t) is the Hamiltonian, which is an Hermitian operator whose eigen-
values correspond to the energy. If we integrate the Schrödinger equation we
obtain

|ψ(t)〉= T e−i
∫ t
0 H(t ′)dt ′ |ψ(0)〉, (2.14)

where T denotes time ordering. T e−i
∫ t
0H(t ′)dt ′ is a unitary operator, as it has

to be. Its particular form, however, is often very difficult to work out. A very
common situation in quantum mechanics is that you know the form of the
Hamiltonian and the initial state, but you are unable to solve the Schrödinger
equation. In such situations you often have to settle with approximate solu-
tions given by numerical simulations or other approximation methods. I would
now like to, in some detail, describe an approximation method which will be
frequently used in the following chapters.
Let H(t/T ), t ∈ [0,T ], be a non-degenerate time dependent Hamiltonian,
where T is a parameter that controls the rate at which H(t/T ) varies. We
denote the eigenvalues and normalized eigenvectors ofH(t/T ) as En(t/T ) and
|n(t/T )〉, respectively. The evolution of a state |ψ(t)〉 is given by Eq. (2.13).
We nowmake the variable substitution s= t/T , s∈ [0,1], and expand the state
|ψ̃(s)〉= |ψ(sT )〉 in the eigenbasis of the Hamiltonian as

|ψ̃(s)〉= ∑
n
an(s)e−iT

∫ s
0 En(s′)ds′ |n(s)〉. (2.15)

Inserting this into Eq. (2.13) yields

∑
n
ȧn(s)e−iT

∫ s
0 En(s

′)ds′ |n(s)〉+∑
n
an(s)e−iT

∫ s
0 En(s

′)ds′ |ṅ(s)〉= 0. (2.16)

If we multiply with eiT
∫ s
0 Ek(s′)ds′〈k(s)| from the left we obtain

ȧk(s)+∑
n
an(s)e−iT

∫ s
0 En(s′)−Ek(s′)ds′〈k(s)|ṅ(s)〉 = 0, (2.17)

which may be rewritten as

ȧk(s) =−ak(s)〈k(s)|k̇(s)〉−∑
n�=k
an(s)e−iT

∫ s
0 En(s

′)−Ek(s′)ds′〈k(s)|ṅ(s)〉. (2.18)
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We now use the fact that the eigenvectors of the Hamiltonian are mutually
orthogonal, which entails

〈k(s)|ṅ(s)〉=
〈k(s)|Ḣ(s)|n(s)〉
En(s)−Ek(s) , (2.19)

for k 	= n. This allows us to rewrite Eq. (2.18) as

ȧk(s) = −ak(s)〈k(s)|k̇(s)〉−∑
n�=k
an(s)e−iT

∫ s
0 En(s′)−Ek(s′)ds′

×〈k(s)|Ḣ(s)|n(s)〉
En(s)−Ek(s) . (2.20)

As we integrate this equation from s = 0 to s = 1, the terms in the sum may
be neglected if

max
0≤s≤1

∣∣∣∣〈k(s)|Ḣ(s)|n(s)〉
En(s)−Ek(s)

∣∣∣∣
 min
0≤s≤1

T |En(s)−Ek(s)| , (2.21)

according to Riemann-Lebesgues lemma [7]. Hence, if the condition in Eq.
(2.21) is satisfied the evolution of a given eigenspace of the Hamiltonian is
decoupled from the others. In other words, a state which is initially an eigen-
state of the Hamiltonian remains an instantaneous eigenstate of the Hamilto-
nian throughout its evolution. This is known as the adiabatic approximation
(for a more thorough presentation, see [8]).
After seeing that a closed quantum system evolves unitarily, we may now
ask how an open quantum system evolves. A system described by Hilbert
spaceH is said to be open if it interacts with some environment, which we
assume is described by Hilbert spaceHe. This means that any pure state must
be an element of the total Hilbert space Htot = H ⊗He, and if this system
can be considered closed its evolution is given by a unitary transformation.
One can assume, without loss of generality, that the initial state is

σi = ρi⊗|e0〉〈e0|, (2.22)

where |e0〉 ∈He is some standard state of the environment, and ρi is the initial
state of our system. Applying a unitary operatorUtot on σi yields the final state

σ f =UtotσiU†tot . (2.23)

Tracing out the environment from this states gives us the final state of our
system as

ρ f = Tre(UtotσiU†tot) = ∑
k
〈ek|Utotρi⊗|e0〉〈e0|U†tot |ek〉

= ∑
k
Ekρ0E†k , (2.24)
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where Ek = 〈ek|Utot |e0〉. The operators Ek are called Kraus operators [9], and
since Utot is unitary it follows that ∑kE

†
kEk = I. If we now only consider the

evolution of our system we obtain

ρi→ ρ f = E (ρi) = ∑
k
EkρiE†k . (2.25)

The map E is called a trace preserving completely positive map (channel for
short), and the set of operators {Ek}k is called a Kraus representation of the
map. In general, a linear map F is positive if it takes positive operators of
system S1 to positive operators of system S2, i.e., F (ρ) ≥ 0 for all ρ ≥ 0. It
is completely positive if the map I⊗F acting on any extended system RS1
is positive, where I is the identity operator acting on system R. The Kraus
representation of a channel is not unique and it is easily shown that if {Ek}k is
a valid representation of E then so is {Ẽk}k, if

Ẽk = ∑
i
UkiEi, (2.26)

where Uki are the components of a unitary matrix. Any set of operators {Ek}k
corresponds to a channel, as long as the condition ∑kE

†
kEk = I is satisfied.

Measurements are in quantum mechanics described by a set of operators
{Mk}k acting on Hilbert spaceH , where the index k corresponds to an out-
come of the measurement. When measuring on a state |ψ〉 the probability of
obtaining outcome k is

p(k) = 〈ψ|M†kMk|ψ〉, (2.27)

and the state is directly after the measurement given by

|ψ ′k〉=
Mk|ψ〉√

〈ψ|M†kMk|ψ〉
. (2.28)

From Eq. (2.27) it follows that ∑kM†kMk = I, since the probabilities p(k) must
add up to one. This is known as the completeness relation for measurement
operators. An important special case of measurements is whenMk = |ψk〉〈ψk|,
where {|ψk〉}k constitutes an orthonormal basis of H . These types of mea-
surements are called projective measurements, and it should be apparent that
they satisfy the completeness relation. After a projective measurement on the
state vector |ψ〉 yielding outcome k the state is given by

|ψ ′k〉= eiarg〈ψk|ψ〉|ψk〉, (2.29)

according to Eq. (2.28). Hence, up to an unimportant overall phase factor the
resulting state vector is independent of the state measured upon.
If we make a measurement on the state vector |ψ〉 without noting the result,
the state after measurement is given by

ρ = ∑
k
p(k)|ψ ′

k〉〈ψ ′k|= ∑
k
Mk|ψ〉〈ψ|M†k . (2.30)
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This is called a non-selective measurement. By comparing Eqs. (2.30) and
(2.25) we see that the state changes induced by non-selective measurements
correspond to channels.

2.3 Fiber bundles
In this section, I will present some basics facts about a differential geometric
structure known as fiber bundles. The motivation for including this section is
that the mathematics of fiber bundles is where concepts such as holonomies
and parallel transport appear.
Let us begin by introducing a very simple example of a fiber bundle, namely
the Möbius strip. This simple example may help us get an intuitive feeling for
the general structure of fiber bundles. A picture of the Möbius strip is shown
in Fig. (2.1). A Möbius strip can be constructed by taking a rectangular strip

Figure 2.1: A Möbius strip is a surface that locally is isomorphic to the surface of a
cylinder. Globally, however, the two surfaces are not isomorphic.

of paper, twisting one of the ends and connecting it to the other end. Locally,
a Möbius strip is a product space between S1 and L, where S1 is a circle and L
is a line segment. Globally, however, the Möbius strip is not a product space.
If we had not twisted one of the ends of the paper the result would have been a
cylinder, which is also locally a product space between S1 and L. The cylinder,
however, is also globally a product space. Spaces which have the property of
locally being product spaces are called fiber bundles. Hence, both the Möbius
strip and the cylinder are fiber bundles. Spaces that are also globally product
spaces are called trivial fiber bundles.
Let us now introduce the formal definition of a fiber bundle: a fiber bundle

(E ,Π,F,G,X) is the following collection of requirements [10]:

i. A topological space E called the total space.
ii. A topological space X , called the base space, and a projection Π : E → X .
iii. A topological space F called the fiber.
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iv. A group G of homeomorphisms2 of the fiber.
v. A set of open coordinate neighborhoods Uα covering X which reflect the
local triviality of the bundle E . More specifically with each Uα there is
given a homeomorphism

φα :Π−1(Uα)→Uα ×F (2.31)

where φ−1α satisfies

Πφ−1α (x, f ) = x, x ∈Uα , f ∈ F. (2.32)

This definition is a bit technical, and it can be difficult to see that the previ-
ously mentioned Möbius strip actually satisfies all of the above requirements.
I included it to show that there is a formal definition, and to introduce the
notation used in connection to fiber bundles.

2.4 Quantum computation
Hilbert space is a big place. Therefore it is time consuming to simulate the
evolution of a quantum system. This observation led Richard Feynman [11]
to speculate over the possibility to use quantum systems in order to speed
up computations. The first person to seriously take up his idea was David
Deutsch, who introduced the concept of a quantum Turing machine, and in-
vestigated some of its properties [12, 13]. In this section I give a brief overview
of the key concepts in quantum computation. Note that there exists several dif-
ferent models of quantum computation, of which the quantum Turing machine
is one. In this section I describe what is known as the quantum circuit model.
The ultimate goal for a quantum computer, as for any computer, is to trans-
form an initial state, which in some way encodes the input data, to a final
state that encodes the solution of a computational problem given the input
data. As an example of a computational problem one may consider factor-
ization. The input data is given by the number that is supposed to be fac-
torized, and the solution is the prime factors of this number. In the circuit
model a quantum algorithm for a computational problem is given by a unitary
operator U that transforms the set of allowed input states into their corre-
sponding solution states. The most common state space used to encode the
input and output data is a tensor product of N qubits, where a qubit is a
two-level quantum system. A general state in this Hilbert space can be writ-
ten as |ψ〉= ∑x1,x2,...,xN cx1,x2,...,xN |x1,x2, . . . ,xN〉, where x j = 0,1 and the states
|x1,x2, . . . ,xN〉 constitute the computational basis.
In order to implement an algorithm represented by the unitary operator U
efficiently one wants this operator to be decomposable into unitaries acting

2A homeomorphism is a map between two topological spaces that is continuous and has a
continuous inverse.
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only on one or two of the qubits. In other words one wants to find one- and
two-qubit operators Uk such that U = ΠkUk. The ordered product of Uk’s is
what defines the quantum circuit corresponding to the algorithm. It has been
shown that not only can all N-qubit unitaries be approximated by one- and
two-qubit unitaries, they can even be approximated by a finite set of such uni-
taries. Any such set is called universal. The most commonly used universal set,
called the standard set [3], consists of three one-qubit operators and one two-
qubit operator. The one-qubit operators are the Hadamard gate H , the phase
gate S, and the π/8 gate T . In the basis {|0〉, |1〉} these can be represented by
the matrices

H =
1√
2

(
1 1
1 −1

)
, S =

(
1 0
0 i

)
,

T =

(
1 0
0 ei π4

)
. (2.33)

The two-qubit operator is the C-NOT gateC, which can be represented by the
matrix

C =

⎛⎜⎜⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎟⎠ , (2.34)

in the basis {|00〉, |01〉, |10〉, |11〉}.
The question of whether or not quantum computers are fundamentally more
efficient than classical computers has not yet been answered. However, two
quantum algorithms have been put forward that suggest that this might be
the case. The first of these algorithms is the celebrated factorizing algorithm
constructed by Peter Shor [14, 15]. It provides an exponential speed-up as
compared to any known classical algorithm. The other is Grover’s search algo-
rithm [16], which provides only a polynomial speed-up compared to the most
efficient classical search algorithm. This speed-up is, however, fundamental:
it can be shown that no classical algorithm can be as efficient as Grover’s.
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3. The geometric phase

Twenty and some years ago Berry wrote his seminal paper [17] in which he
introduced the concept of quantum geometric phases in the context of cyclic
adiabatic evolution. He was not, however, the first person to conceive such
a quantity. Almost thirty years before Berry, Pancharatnam [18] had inves-
tigated interference between light in distinct states of polarization. He had
found that a cyclic change in the state of polarization was accompanied by a
phase shift depending only on the solid angle enclosed by the cycle as repre-
sented on the Poincaré sphere. Although Pancharatnam was only concerned
with classical light, it was subsequently shown [19, 20] that his results are
fully analogous to the later results of Berry.
During the sixties and seventies, theoretical chemists tried to find out
whether or not there exist points in nuclear parameter space for polyatomic
molecules where potential energy surfaces intersect, other than those given
by the symmetry of the molecule. In 1975 Longuet-Higgins [21] devised a
topological test for degeneracies in order to settle this question once and
for all. He showed that if you track an eigenstate of a parameter dependent
Hamiltonian along a closed path in parameter space and find that upon
returning to the original point the eigenstate has changed sign it implies that
at least one degeneracy point exists within the closed path. Longuet-Higgins
test implicitly assumes that the Hamiltonian is real-valued. This restriction
was later removed by Stone [22], who constructed a more general topological
test for degeneracies. He considered a sequence of loops in parameter space
of a complex-valued Hamiltonian which traces out a closed surface. For each
loop in the sequence he calculated a phase factor, and showed that if it traces
out a curve encircling the zero in the complex plane as you move through
the sequence of loops there exists at least one degeneracy within the closed
surface. Both Longuet-Higgins and Stone used the quantity that would later
be known as the geometric phase in their topological tests.
It was, however, not until 1984, when Berry’s paper was published, that the
physics community was made aware of the independent importance of the ge-
ometric phase. After Berry, the quantum geometric phase, or more generally
the quantum holonomy, has been investigated in many different contexts, and
for many different physical systems [23, 24, 25, 26, 27]. It has been shown
that it is a versatile structure that show up not only in the restricted cases stud-
ied by Pancharatnam, Longuet-Higgins, Stone, and Berry. In this chapter I
will try to provide an overview of the different contexts where the structure of
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holonomies has been shown to be relevant and interesting to study. I will also
investigate how the different holonomies are related; in which ways they re-
semble each other and in which ways they differ. Hopefully, this will increase
the readers appreciation for the importance of holonomies as a general struc-
ture in quantum mechanics, and show that it is not only a quantity that arises
in cyclic adiabatic evolution.
The structure of the chapter is as follows: I begin by presenting holonomies
for subspaces, which include the Wilczek-Zee holonomy and Berry’s geomet-
ric phase. Thereafter, I present holonomies for states, which in its most general
form is given by the Uhlmann holonomy. I also discuss geometric phases for
paths of pure states, their nodal point structure, and off-diagonal geometric
phases. The chapter ends with a description of the geometric phase for mixed
states in interferometry.

3.1 Holonomies for subspaces
In [28], Wilczek and Zee investigated adiabatic evolution of a state, initially
in an eigenspace of a parameter dependent degenerate Hamiltonian. They
showed that if the initial and final Hamiltonians are identical, the final state of
the evolution is related to the initial state by a unitary transformation that only
depends on the curve traced out in parameter space. I now present some of the
key results of their work.
Consider the parameter dependent Hamiltonian H(R(t)), where R(t) is a
time dependent vector in parameter space . We assume that the evolution gov-
erned by this Hamiltonian is adiabatic and cyclic with period τ , i.e., R(τ) =
R(0). Furthermore, the degeneracy structure of the Hamiltonian is assumed to
be the same for all times, i.e., we have no level-crossings. This allows us to
express the Hamiltonian as

H(R(t)) =
M

∑
l=1
El(R(t))Pl(R(t)), (3.1)

where Pl(R(t)) is a rank nl projection operator onto the eigenspace Hl(t)
corresponding to the eigenvalue El(R(t)). Let {|η lk(t)〉}k span the eigenspace
Hl(t), and let {|ψ lk(t)〉}k be a set of vectors whose evolution is driven by
the Hamiltonian, and |ψ lk(0)〉 = |η lk(0)〉,∀k = 1, . . . ,nl . Since the evolution is
adiabatic the vectors {|ψ lk(t)〉}k must span the same subspace as the vectors
{|η lk(t)〉}k at all times t ∈ [0,τ ]. Hence, we have

|ψ lk(t)〉= ∑
n
U(l)
kn (t)|η ln(t)〉, (3.2)

where U(l)
kn (t) are components of some unitary nl × nl matrix. From the

Schrödinger equation we also have that

〈ψ lk(t)|ψ̇ lj(t)〉=−i〈ψ lk(t)|H(R(t))|ψ lj(t)〉=−iδk jEl(R(t)). (3.3)
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Inserting Eq. (3.2) into Eq. (3.3) yields,

− iδk jEl(R(t)) = ∑
n
U̇(l)
kn (t)U

(l)∗
jn (t)+∑

mn
U(l)
kn (t)〈η lm(t)|η̇(t)ln〉U(l)∗

lm (t), (3.4)

which can be rewritten as

U̇(l)(t)U(l)†(t)−U(l)(t)Al(t)U(l)†(t) = −iEl(R(t))I
⇒ U(l)†(t)U̇(l)(t) = Al(t)− iEl(R(t))I, (3.5)

where Al(t) is an anti-Hermitian matrix with components
[Al(t)]mn = 〈η̇ lm(t)|η ln(t)〉, and I is the identity matrix. The solution
of Eq. (3.5) is given by

U(l)(τ) = e−i
∫ τ
0 El(R(t))dt

T exp
∫ τ

0
Al(t)dt. (3.6)

The term e−i
∫ τ
0 El(R(t))dt is called the dynamical phase factor, and the unitary

matrix ΓAl = T exp
∫ τ
0 Al(t)dt is called the non-Abelian holonomy. Note that

the fact that ΓAl is a time ordered product is essential for the structure to be
non-Abelian [29].
In order to see that the holonomy is a truly geometric quantity we may
express it in a different form as

ΓAl = Pexp
∮

γ
Al, (3.7)

where P denotes path ordering and γ is the loop in parameter space traced out
by the vector R(t). Al is called the adiabatic connection and may be written as

Al = Pl(R)dPl(R) = ∑
μ
Al,μdRμ , (3.8)

where Al,μ is a matrix with components

[Al,μ ]αβ = 〈η lα(R)| ∂
∂Rμ

|η lβ (R)〉, (3.9)

Rμ being the μ:th component of the vectorR, and span{|η lα(R)〉}α = Hl(R).
Consequently, the holonomy is fully determined by the loop γ in parameter
space.
Let us now return to the original form of the holonomy and
investigate how it behaves under a gauge transformation of the form
|η lk(t)〉→ |η̃ lk(t)〉= ∑ j[V(l)(t)] jk|η lj(t)〉, whereV(l)(t) is a unitary matrix. The
matrix Al(t) transforms as Al(t) → Ãl(t) = V̇†l (t)Vl(t) +V†l (t)Al(t)Vl(t),
i.e., as a proper gauge potential. The holonomy on the other hand transforms
as ΓAl → Γ

˜Al = V†l (0)ΓAlVl(0). It is consequently gauge covariant, and it
should be apparent that the eigenvalues and trace of the holonomy are gauge
invariant.
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Berry’s phase
As a special case of the holonomy let us now investigate what happens when
the Hamiltonian H(R(t)) is non-degenerate. This was the case originally stud-
ied by Berry [17].
For a non-degenerate Hamiltonian all eigenspaces are one-dimensional.
Consequently, the holonomies ΓAl are reduced to complex numbers, which
we call geometric phase factors. More precisely they take the form

ΓAl = e
iφl = e

∫ τ
0 Al(t)dt , (3.10)

where Al(t) = 〈η̇ l(t)|η l(t)〉 = −〈η l(t)|η̇ l(t)〉. Evidently, time ordering is no
longer necessary, so the geometric phase factors have an Abelian structure.
From normalization it follows that Al(t) is purely imaginary, and consequently
the geometric phases φl are real-valued. Under a gauge transformation of the
form |η l(t)〉 → |η̃ l(t)〉 = eiαl (t)|η l(t)〉, where αl(τ)−αl(0) = 2πn, n ∈ Z,
the geometric phase factors are invariant. The same is, however, not true for
the geometric phases as they may change by 2πn, n ∈ Z, under such a trans-
formation. This fact has the subtle but important consequence that only the
geometric phase factors are measurable, and not the geometric phases [30].
As before we may express the geometric phase factors in terms of curve
integrals as

eiφl = exp
∮

γ
Al, (3.11)

where Al =−dR · 〈η l(R)|∇η l(R)〉 in this case. We may now use the theory of
differential forms to transform the given integral into an integral of a two form
over the surfaceS bounded by γ 1. If we consider a three-dimensional param-
eter space, the transformation is performed according to Stokes’ theorem as
it is defined in classical three-dimensional vector calculus. By decomposing
∇|η l(R)〉 into the basis states {|η k(R)〉}k we get

φl = i
∮

γ
dR · 〈η l(R)|∇|η l(R)〉

= i
∫∫

S

dS ·∇×〈η l(R)|∇|η l(R)〉

= i
∫∫

S

dS · 〈∇η l(R)|× |∇η l(R)〉

= i
∫∫

S

dS ·∑
k �=l
〈∇η l(R)|ηk(R)〉×〈ηk(R)|∇η l(R)〉, (3.12)

where dS denotes the area element in parameter space, and the restriction
k 	= l is justified since 〈η l|∇|η l〉 is purely imaginary. To calculate the sum in
1This can in principle be done for general holonomies as well, but it becomes complicated due
to their non-Abelian nature [31].
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Eq. (3.12) we use the relation

〈ηk|∇η l〉= 〈ηk|∇H|η l〉
El−Ek , (3.13)

and we may write

φl =−
∫∫

S

dS ·Vl(R), (3.14)

where

Vl(R) = Im∑
k �=l

〈η l(R)|∇H|ηk(R)〉×〈ηk(R)|∇H|η l(R)〉
(Ek(R)−El(R))2

. (3.15)

The vector Vl is analogous to a “magnetic field” in parameter space, with the
corresponding vector potential −i〈η l(R)|∇|η l(R)〉.
As an example of Berry’s geometric phase, let us consider a particle with
spin whose interaction with a magnetic field B is governed by the Hamiltonian

H ∝ B ·S, (3.16)

where S is the spin operator. For this Hamiltonian we get the following ex-
pression for Vm

Vm(B) =
mB
B3

, (3.17)

where j is the spin and m =− j,− j+1, . . . , j−1, j. If we maintain the inter-
pretation of Vm as a magnetic field, Eq. (3.17) corresponds to the field of a
magnetic monopole situated at the origin of parameter space. If we insert the
expression for Vm into the integral in Eq. (3.14) we obtain Berry’s phase as

φm =−m
∫∫

S

B
B3
·dS=−mΩ, (3.18)

where Ω is the solid angle enclosed by the curve γ traced out in parameter
space as seen from the degeneracy point B= 0.
Let us now say a few words about the fiber bundle structure of quantum
holonomies for subspaces. The natural base manifold is given by the Grass-
mannian [32], which is defined as the set of K-dimensional subspaces of an
N-dimensional Hilbert space, and is denoted G (K;N). The total manifold is
given by the Stiefel manifold, which is defined as the set of K-frames (ordered
orthonormal K-tuples of vectors in the Hilbert space), and the fiber is given
by the set of unitary K×K matrices.

25



Holonomic quantum computation
I would now like to mention one of the most promising applications of
holonomies for subspaces, namely holonomic quantum computation [33].
In order to use non-Abelian holonomies to implement quantum computa-
tion, we must ask: which class of unitaries can be expressed as

U(γ) = Pexp
∮

γ
A, (3.19)

for a given family of Hamiltonians H(R)? It can be shown that the set {U(γ)}γ
forms a group that is called the holonomy group and is denoted as Hol[A]. If it
is the case that all unitaries are elements in Hol[A]we say that A is irreducible.
It was shown in [33] that this case is the generic one. However, even if we
know that all unitary operators can be realized as non-Abelian holonomies it is
in general far from trivial to find the curve in parameter space that corresponds
to a given unitary. Fortunately, as was mentioned in section (2.4), in order to
achieve quantum computation it is sufficient to have access to a finite set of
one- and two-qubit unitary operators called a universal set of quantum gates.
Hence, one only have to find the set of curves that corresponds to this set.
In [34], Niskanen et al. presented curves corresponding to a universal set of
quantum gates. They were able to calculate some curves analytically, but in
some cases they had to resort to numerical methods.

3.2 Holonomies for states
3.2.1 The Uhlmann holonomy
In [35], Uhlmann showed that it is possible to define a holonomy for sequences
of density operators. I now give a brief overview of the main ideas of this
paper.
Let us begin by introducing the concept of amplitudes of density operators.
If ρ is a density operator, i.e., a positive operator with unit trace, any operator
that can be written as W = ρ1/2U , where U is an arbitrary unitary operator,
is called an amplitude of ρ . Evidently, there exists infinitely many amplitudes
belonging to a given density operator. This corresponds to a gauge freedom.
Two amplitudes,W1 = ρ1/21 U1 andW2 = ρ1/22 U2, are said to be parallel if and
only ifW †2W1 ≥ 0. This parallelity condition can be rewritten as

U†2ρ1/22 ρ1/21 U1 ≥ 0. (3.20)

We may now express ρ1/22 ρ1/21 in its polar decomposition as

ρ1/22 ρ1/21 =

√
ρ1/22 ρ1ρ

1/2
2 V2,1, where V2,1 =

√
ρ1/22 ρ1ρ

1/2
2

−1
ρ1/22 ρ1/21 is a

unitary operator. This entails that the two amplitudes W1 andW2 are parallel
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if and only if

U2 =V2,1U1, (3.21)

which is a more convenient form of the parallelity condition. Note that the
unitary V2,1 is uniquely defined only if the two density operators are of full
rank. For the moment we assume this is the case. Density operators which are
not of full rank will be treated later on.
Now, consider a sequence S : ρ1,ρ2, ...,ρN of density operators. To this se-
quence one can associate a class of sequences of amplitudes W1,W2, ...,WN ,
whereWk = ρ1/2k Uk. A sequence of amplitudes is called parallel transporting
if and only ifW †k+1Wk ≥ 0, for all k ∈ {1, ...,N−1}. Given the initial amplitude
W1 the parallel transporting sequence is uniquely determined by S, since the
parallelity condition in Eq. (3.21) entails

Uk+1 = Vk+1,kUk
Uk = Vk,k−1Uk−1

...
U2 = V2,1U1, (3.22)

where

Vk,k−1 =

√
ρ1/2k ρk−1ρ

1/2
k

−1
ρ1/2k ρ1/2k−1. (3.23)

Hence,

Uk+1 =Vk+1,kVk,k−1 . . .V2,1U1. (3.24)

Uhlmann now define the holonomy corresponding to the sequence S as the
unitary operatorUuhl =UNU†1 , which may also be written as

Uuhl =VN,N−1VN−1,N−2 . . .V2,1. (3.25)

From Eqs. (3.23) and (3.25) it should be evident that the Uhlmann holon-
omy is fully determined by the sequence S of density operators. The Uhlmann
holonomy fits naturally within the framework of differential geometry. The
set of amplitudes constitute the total manifold of a fiber bundle, with the set
of density operators as base manifold and the set of unitary operators as fiber.
Let us now look at how to define the Uhlmann holonomy for sequences
of density operators which are not of full rank, in which case they are called
unfaithful density operators (if they are of full rank they are called faithful).
We know that for faithful density operators the Uhlmann holonomy is given
by Eq. (3.25), where√

ρ1/2k ρk−1ρ
1/2
k Vk,k−1 = ρ1/2k ρ1/2k−1. (3.26)
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If the density operators are unfaithful, the inverse
√

ρ1/2k ρk−1ρ
1/2
k

−1
is not a

well defined quantity, which means that the unitaries Vk,k−1 are not uniquely
defined. However, if we instead chooseVk,k−1 as a partial isometry2 with initial
space R(ρ1/2k−1ρ

1/2
k ) and final space R(ρ1/2k ρ1/2k−1) (R(·) denotes the range of

an operator), then it is uniquely defined by

Vk,k−1 =

√
ρ1/2k ρk−1ρ

1/2
k

�
ρ1/2k ρ1/2k−1, (3.27)

where � denotes the Moore-Penrose pseudo inverse3. If this is possible to
do for the entire sequence we call it an admissible sequence [35], and define
Uhlmann’s holonomy as the partial isometry

Uuhl =VN,N−1VN−1,N−2 . . .V2,1. (3.28)

Let us end this section by investigating Uhlmann’s holonomy for the special
case when we have a continuous sequence of pure states. Consider ρ(s) =
|ψ(s)〉〈ψ(s)|, s ∈ [0,1]. We define the partial isometry

V (s+δ s,s) =
√

ρ1/2(s+δ s)ρ(s)ρ1/2(s+δ s)
�

ρ1/2(s+δ s)ρ1/2(s)

=
〈ψ(s+δ s)|ψ(s)〉
|〈ψ(s+δ s)|ψ(s)〉| |ψ(s+δ s)〉〈ψ(s)|. (3.29)

Apparently, the sequence is admissible since the initial space of V (s+ δ s,s)
coincides with the final space of V (s,s − δ s), ∀s ∈ [0,1]. Consequently,
Uhlmann’s holonomy is well defined, and by noting that

〈ψ(s+δ s)|ψ(s)〉
|〈ψ(s+δ s)|ψ(s)〉| = eiarg 〈ψ(s+δ s)|ψ(s)〉 = e−δ s〈ψ(s)|ψ̇(s)〉 (3.30)

we may write

Uuhl = lim
δ s→0
V (1,1−δ s)V (1−δ s,1−2δ s) . . .V (δ s,0)

= e−
∫ 1
0 〈ψ(s)|ψ̇(s)〉ds|ψ(1)〉〈ψ(0)|. (3.31)

Thus, for sequences of pure states the Uhlmann holonomy is a
one-dimensional partial isometry.

3.2.2 Geometric phases for pure states
Aharonov and Anandan [37] have shown that a geometric phase factor is de-
fined for any quantum system undergoing cyclic evolution. I now present some
of their main ideas.
2A partial isometry is an operator A, such that both A†A and AA† are projection operators.
3The Moore-Penrose pseudo inverse of an operator A = ∑k ak|ak〉〈ak|, where ak �= 0 and
〈ak|al〉 = δkl , is defined as A� = ∑k a−1k |ak〉〈ak| [36].
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Let us assume that the normalized state vector |ψ(t)〉 ∈ H evolves ac-
cording to the Schrödinger equation under the Hamiltonian H(t). We call the
evolution cyclic if we after time τ return to the original state, i.e., |ψ(τ)〉 =
eiφ |ψ(0)〉. Next, we introduce the mapΠ(|ψ〉) = {|ψ ′〉 : |ψ ′〉= eiα |ψ〉}, which
is a map fromHilbert spaceH to projective Hilbert spacePH . The curveC
inH generated by the evolution is mapped to a closed curve C ′ in projective
Hilbert space by the map Π since the evolution is cyclic.
Evidently, there are infinitely many curves in H that are mapped to the
same curve C ′ in PH . Consider one of these curves given by |ψ̃(t)〉 =
e−i f (t)|ψ(t)〉, where f (t) is a function satisfying f (τ)− f (0) = φ . Apparently,
|ψ̃(τ)〉 = |ψ̃(0)〉, i.e., this curve is closed in Hilbert space. Inserting |ψ̃(t)〉
into the Schrödinger equation yields

d
dt
f (t) =−〈ψ(t)|H(t)|ψ(t)〉+ i〈ψ̃(t)| d

dt
|ψ̃(t)〉, (3.32)

which after integration becomes

φ = f (τ)− f (0) = −
∫ τ

0
〈ψ(t)|H(t)|ψ(t)〉dt

+i
∫ τ

0
〈ψ̃(t)| d

dt
|ψ̃(t)〉dt. (3.33)

Removing the dynamical phase φd = −∫ τ
0 〈ψ(t)|H(t)|ψ(t)〉dt from the total

phase φ leaves us with

φ −φd = φg = i
∫ τ

0
〈ψ̃(t)| d

dt
|ψ̃(t)〉dt. (3.34)

The phase factor eiφg is not affected by gauge transformations of the form
|ψ̃(t)〉 → |ψ̃ ′(t)〉 = eiα(t)|ψ̃(t)〉, where |ψ̃ ′(τ)〉 = |ψ̃ ′(0)〉. It is furthermore
invariant under reparametrization of the curve, since

∫ τ

0
〈ψ̃(t)| d

dt
|ψ̃(t)〉dt =

∫ s(τ)

s(0)
〈ψ̃(s)| d

ds
|ψ̃(s)〉ds, (3.35)

where s= s(t) is a monotone. This means that the phase φg is fully determined
by the closed curve C ′ in projective Hilbert space, and we define it as the
geometric phase.
In [38], Mukunda and Simon examined the geometric phase from a
more fundamental viewpoint, and showed that it is not necessary to use the
Schrödinger equation to derive it. Instead it can be directly associated to a
curve in Hilbert space.
Consider the set of maps p(α) : |ψ〉 −→ |ψ ′〉 = eiα |ψ〉, α ∈ R, which is
a representation of the Abelian groupU(1). A normalized state vector |ψ〉 in
Hilbert spaceH has no non-trivial invariants under the action of this group.
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If we look at the group U(1)×U(1) instead we can see that the transition
probability between two state vectors is a non-trivial invariant, since

〈ψ ′1|ψ ′2〉〈ψ ′2|ψ ′1〉 = ei(−α1+α2−α2+α1)〈ψ1|ψ2〉〈ψ2|ψ1〉
= 〈ψ1|ψ2〉〈ψ2|ψ1〉. (3.36)

For three state vectors the quantity

〈ψ1|ψ3〉〈ψ3|ψ2〉〈ψ2|ψ1〉, (3.37)

is anU(1)×U(1)×U(1)-invariant, etc.4. Let us now consider a smooth curve
C inH

C : s ∈ [s1,s2]−→ |ψ(s)〉 ∈H . (3.38)

This curve can be transformed into another curve C ′ through a gauge trans-
formation

|ψ(s)〉 → |ψ ′(s)〉= eiα(s)|ψ(s)〉. (3.39)

One can imagine that this transformation is accomplished by applying an el-
ement of the group limN→∞U(1)N ( whereU(1)2 =U(1)×U(1), etc.) to the
the curve C . Therefore a reasonable way to find a gauge invariant would be to
generalize Eq. (3.37) to the continuous case. For an N-point discretization of
C we have

〈ψ(s1)|ψ(s2)〉〈ψ(s2)|ψ(s2− s2− s1N )〉 . . .〈ψ(s1+
s2− s1
N

)|ψ(s1)〉, (3.40)

where the discretization is equidistant in the parameter s. Taking the argument
of this quantity we get, in the N→ ∞ limit,

arg〈ψ(s1)|ψ(s2)〉+ i
∫ s2
s1
〈ψ(s)| d

ds
|ψ(s)〉ds, (3.41)

which should be the invariant we look for. We can verify that this is an invari-
ant by noticing that

arg〈ψ ′(s1)|ψ ′(s2)〉= arg〈ψ(s1)|ψ(s2)〉−α(s1)+α(s2), (3.42)

and

i
∫ s2
s1
〈ψ ′(s)| d

ds
|ψ ′(s)〉ds = i

∫ s2
s1
〈ψ(s)| d

ds
|ψ(s)〉ds

+α(s1)−α(s2). (3.43)

4These types of quantities were first introduced by Bargmann [39].
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Thus, the terms depending on α cancels out and the quantity is indeed gauge
invariant. One can also show that Eq. (3.41) is real-valued and reparametriza-
tion invariant. Therefore we define the geometric phase φg corresponding to
the curve C as

φg = arg〈ψ(s1)|ψ(s2)〉+ i
∫ s2
s1
〈ψ(s)| d

ds
|ψ(s)〉ds. (3.44)

We may express the geometric phase as

φg = φp−φdyn, (3.45)

where φp = arg〈ψ(s1)|ψ(s2)〉 is the Pancharatnam relative phase
between the initial and final state vectors of the curve C , and
φdyn = −i∫ s2s1 〈ψ(s)| dds |ψ(s)〉ds is the dynamical phase. The Pancharatnam
relative phase is a very useful quantity when dealing with quantum phases,
since it provides a measure of relative phase between any two non-orthogonal
vectors, and since it plays a natural role in interferometer experiments [40]. It
also provides a condition for when two vectors are in-phase, namely when
their scalar product is real and positive. This notion of in-phase leads us to
the following concept of parallel transport for pure state. A general gauge
transformation is given by Eq. (3.39). A parallel transporting gauge choice
is one where |ψ‖(s)〉 = eiα(s)|ψ(s)〉 and |ψ‖(s+ δ s)〉 = eiα(s+δ s)|ψ(s+ δ s)〉
are in-phase for all s. Hence, ei(α(s+δ s)−α(s)))〈ψ(s)|ψ(s+ δ s)〉 must be real
and positive. This expression can after Taylor expansion to the first order in
δ s be rewritten as 1+ δ s(iα̇(s)+ 〈ψ(s)|ψ̇(s)〉). Since 〈ψ(s)|ψ̇(s)〉 is purely
imaginary, we must have

iα̇(s) =−〈ψ(s)|ψ̇(s)〉 ⇒ iα(s) =−
∫ s
0
〈ψ(s′)|ψ̇(s′)〉ds′, (3.46)

where we have put α(0) = 0, in order for parallel transport to be satisfied. For
a parallel transporting gauge choice the dynamical phase vanishes, and the
geometric phase takes the form φg = arg〈ψ‖(s1)|ψ‖(s2)〉, where |ψ‖(s)〉 =
e−

∫ s
0 〈ψ(s′)|ψ̇(s′)〉ds′ |ψ(s)〉. Thus, in this case the geometric phase is given by the

Pancharatnam relative phase between the initial and final state vectors.
An important feature of the geometric phase defined by Mukunda and Si-
mon is the fact that it is defined even when the curve C is not closed (see also
[41, 42]). In the case of closed curves, however, one can show that Eq. (3.44)
reduces to the geometric phase defined by Aharonov and Anandan [37]. If the
curve is generated by the evolution of the state |ψ(t)〉 under the Hamiltonian
H(t), where |ψ(τ)〉= eiφ |ψ(0)〉, we obtain

φg = arg(eiφ )+ i
∫ τ

0
〈ψ(t)| d

dt
|ψ(t)〉dt = φ +

∫ τ

0
〈ψ(t)|H(t)|ψ(t)dt

= i
∫ τ

0
〈ψ̃(t)| d

dt
|ψ̃(t)〉dt, (3.47)
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which may be compared to Eq. (3.34).
Let us end this section by comparing the geometric phases defined above
with the Uhlmann holonomy for pure states. We begin by noting that it is
sufficient to compare the Uhlmann holonomy to Mukunda and Simon’s geo-
metric phase, since the latter includes Aharonov and Anandan’s as a special
case. The Uhlmann holonomyUuhl for pure states is a one-dimensional partial
isometry, while Mukunda and Simon’s geometric phase φg is a real number.
These are two mathematically very different quantities. Despite this we see,
by comparing Eqs. (3.31) and (3.44), that

argTr(Uuhl) = φg. (3.48)

Hence, the geometric phases defined above are in fact closely related to
Uhlmann’s holonomy.

3.2.3 Nodal point structure and off-diagonal geometric phases
Nodal point structure
Samuel and Bhandari [41], and Mukunda and Simon [38] showed that
holonomies can be associated to arbitrary paths of pure states, which need not
be closed. Samuel and Bhandari showed more explicitly that the geometric
phase associated to an open curve depends only on the area enclosed by
a geodesic closure of the curve5. For a two-level system the state space
is isomorphic to a two-dimensional sphere (the Bloch sphere or Poincaré
sphere, depending on the context). Now consider a path C on this sphere
connecting two antipodal points. Obviously, there exist infinitely many
geodesics between these two points, and consequently the area of a geodesic
closure of the curve C is not a well defined quantity. Hence, even if a
holonomy can be associated to general open paths, there exist paths for which
the holonomy is undefined. This holds true also for the holonomy defined by
Mukunda and Simon. When the initial and final states are orthogonal the
holonomy is undefined.
This nodal point structure of geometric phases has been investigated by
Bhandari [43, 44]. He demonstrated that nodal points can be detected by mon-
itoring the geometric phase for a family of curves with a common endpoint but
different starting points. He showed that in the case when the starting points
encircle a nodal point the geometric phase has, upon returning to the initial
starting point, shifted by 2πn, n ∈ Z/{0}, whereas in the case when no nodal
point is encircled the geometric phase continuously returns to its initial value.
In the previous section we showed that the geometric phase ofMukunda and
Simon is related to a special case of Uhlmann’s holonomy. It would therefore
be natural to ask if Uhlmann’s holonomy displays the same type of nodal

5The geodesic closure can be made unique by taking the shortest geodesic connecting the initial
and final points of the curve.
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point structure. This is not the case. For a path of pure states, where the initial
and final states are orthogonal the Uhlmann holonomy is still a well defined
partial isometry. However, the trace of the Uhlmann holonomy vanishes, so
the left-hand side of Eq. (3.48) becomes undefined.

Off-diagonal geometric phases
If the geometric phase is undefined is all hope of retaining any phase informa-
tion lost? In [45], Manini and Pistolesi introduced the concept of off-diagonal
geometric phases in order to show that even at the nodal points, where the
standard geometric phase is undefined, there are still phase information to be
found. One must, however, in this case consider the evolution of an entire ba-
sis of state vectors instead of the evolution of a single vector. In this sense the
off-diagonal geometric phases demand a more global view.
Let {|ψk〉}Nk=1 be an orthonormal basis of Hilbert space H . Furthermore,
letU‖(t) be a family of unitary operators such that

〈ψk|U‖†(t)U̇‖(t)|ψk〉= 0, ∀k,∀t ∈ [0,τ ], (3.49)

i.e., U‖ satisfy the parallel transport conditions for the orthonormal basis
{|ψk〉}Nk=1. The geometric phase factors corresponding to the curves
Ck : t ∈ [0,τ ]→ |ψk(t)〉=U‖(t)|ψk〉, are

γg,k = Φ[〈ψk(0)|ψk(τ)〉], (3.50)

where Φ[z] = z/|z| for any non-zero complex number z. Under a gauge trans-
formation the states {|ψk(t)〉}Nk=1 transform as |ψk(t)〉→ |ψ ′

k(t)〉= eiαk |ψk(t)〉,
where αk must be time-independent in order for the parallel transport condi-
tions in Eq. (3.49) to be satisfied. This means that the geometric phase factors
transform as

γg,k → γ ′g,k = Φ[e−iαk〈ψk(0)|ψk(τ)〉eiαk ] = γg,k. (3.51)

As one may suspect the geometric phase factors are gauge invariant in this
sense. A natural generalization of the geometric phase factors that includes
off-diagonal objects would be quantities of the form

σkl = Φ[〈ψk(0)|ψl(τ)〉]. (3.52)

These quantities, however, are not invariant under a gauge transformation,
since

σkl → σ ′kl = Φ[e−iαk〈ψk(0)|ψl(τ)〉eiαl ] = σklei(αl−αk). (3.53)

The way σkl transforms, however, suggests that we instead consider quantities
of the form

γ(2)
kl = σklσlk, (3.54)

33



Figure 3.1: The curve Ckl is constructed by geodetically connecting the final point of
the curve Ck with the initial point of curve Cl , and vice versa.

where the superscript indicates that two vectors (|ψk〉 and |ψl〉) are involved.
These are apparently gauge invariant, since

γ(2)
kl → γ(2)′

kl = σ ′klσ ′lk = σklσlkei(αl−αk)ei(αk−αl) = γ(2)
kl . (3.55)

We therefore define the off-diagonal geometric phase factors as Φ[γ (2)
kl ]. It

is also possible to define off-diagonal geometric phases of higher orders. It
should be apparent from inspection that quantities of the form

γ(k)
j1 j2... jk = σ j1 j2σ j2 j3 ...σ jk−1 jkσ jk j1 (3.56)

are gauge invariant. We callΦ[γ (k)
j1 j2... jk ] an off-diagonal geometric phase factor

of order k.
Manini and Pistolesi [45] provide a geometrical interpretation of the quan-
tities γ (2)

kl . They are related to the area enclosed by the curve Ckl , which is
constructed by geodesically connecting the endpoint of the curve Ck with the
starting point of the curve Cl and the endpoint of the curve Cl with the start-
ing point of the curve Ck (see Fig. (3.1)). This result suggests that one could
interpret the off-diagonal geometric phase as an ordinary geometric phase for
an extended curve.
In [46, 47] Hasegawa et al. measured the second order off-diagonal ge-
ometric phase in neutron interferometry experiments. Let me now, in some
detail, present the principle of the experiment in [47]. Consider a beam of
neutrons whose spin is initially in the state |ψ+〉= cos(θ/2)|0〉+sin(θ/2)|1〉,
where |0〉 and |1〉 corresponds to spin up and spin down in the z-direction. The
beam passes a 50-50 beam splitter, and in one interferometer arm the operator
A = |ψ−〉〈ψ−|U†(s) is applied, where |ψ−〉 = −sin(θ/2)|0〉+ cos(θ/2)|1〉,
andU(s), s ∈ [0,1], is a family of unitary operators that parallel transports the
states {|ψ+〉, |ψ−〉}. In the other arm the operator B = |ψ−〉〈ψ−|U(s) is ap-
plied along with a variable phase shift eiχ . The beams are thereafter brought
together and interfere at a second 50-50 beam splitter, and the intensity along
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one of the arms is measured. This yields

I = 〈ψ+|U(1)|ψ−〉〈ψ−|U†(1)|ψ+〉+ 〈ψ+|U†(1)|ψ−〉〈ψ−|U(1)|ψ+〉
+2Re[eiχ〈ψ+|U(1)|ψ−〉〈ψ−|U(1)|ψ+〉 ]. (3.57)

If χ is varied the intensity will oscillate, and the second order off-diagonal
geometric phase arg(〈ψ+|U(1)|ψ−〉〈ψ−|U(1)|ψ+〉) = arg(γ (2)

+−) can be mea-
sured as a phase shift in this interference pattern.

3.2.4 Mixed state geometric phases in interferometry
One of the weaknesses of Uhlmann’s holonomy is the lack of a physical in-
terpretation. The same cannot be said about the proposed definition of a ge-
ometric phase for unitarily evolving mixed states, which was put forward by
Sjöqvist et al. [48]. I now provide an overview of their main results.
Consider a two-beam Mach-Zender interferometer (see Fig. (3.2)), where
the spatial degrees of freedom are described by Hilbert spaceH0. The vectors
|0̃〉 and |1̃〉 constitute an orthonormal basis of this space (|0̃〉 represents the
horizontal beams, and |1̃〉 represents the vertical beams), and in this basis we
may represent beam splitters, mirrors, andU(1) phase shifters by the matrices

UM =

(
0 1
1 0

)
, UB =

1√
2

(
1 i
i 1

)
,

U(1) =

(
eiχ 0
0 1

)
. (3.58)

The pure input state ρin = |0̃〉〈0̃| yields the output

U(1)

Figure 3.2: A Mach-Zender interferometer with a U(1) phase shifter.

ρout =UBUMU(1)UBρinU†BU
†(1)U†MU

†
B, (3.59)
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which in the {|0̃〉, |1̃〉} basis can be written as

ρout =
1
2

(
1+ cosχ isinχ
−isinχ 1− cosχ

)
. (3.60)

The output intensity along the |0̃〉-direction is given by I ∝ 〈0̃|ρ |0̃〉= 1
2(1+

cosχ).
We now assume that the particles in the interferometer have some inter-
nal degrees of freedom, e.g. spin, and that the corresponding N-dimensional
Hilbert space Hi is spanned by a set of orthonormal vectors {|k〉}Nk=1. It is
now also possible to manipulate the internal state locally in one of the arms
of the interferometer. On the tensor product space H0⊗Hi we can realize
the following unitary operations in the interferometer (assuming that mirrors,
beam splitters and U(1) phase shifters do not affect the internal degrees of
freedom)

ŨM =

(
0 1
1 0

)
⊗ Ii, ŨB =

1√
2

(
1 i
i 1

)
⊗ Ii,

Ũ =

(
eiχ 0
0 0

)
⊗ Ii+

(
0 0
0 1

)
⊗Ui, (3.61)

where Ii denotes the identity operator onHi, and Ũ corresponds to applying
U(1) along the |0̃〉-direction and a unitary Ui, acting only on the internal de-
grees of freedom, along the |1̃〉-direction (see Fig. (3.3)). The input state

U(1)

    U  i

Figure 3.3: A Mach-Zender interferometer applyingU(1) along the |0̃〉-direction and
Ui along the |1̃〉-direction.

ρ̃in = |0̃〉〈0̃|⊗ρi is mapped to the state

ρ̃out = ŨBŨMŨŨBρ̃inŨ†BŨ
†Ũ†MŨ

†
B. (3.62)
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From this expression we may calculate the intensity of the output state along
the |0̃〉-direction, yielding

I ∝ 1+ |Tr(Uiρi) |cos(χ− argTr(Uiρi)) . (3.63)

Consequently, the effect of the unitary operator acting on the internal degrees
of freedom can be measured by the interferometer as a phase shift. The quan-
tity argTr(Uiρi) is interpreted as the relative phase between ρi andUiρiU†i .
We now introduce a parallel transport condition for mixed states. Let ρ(t) =

U(t)ρ(0)U †(t). In order to achieve parallel transport we must demand that
ρ(t) is in-phase with ρ(t+dt) for all t. We notice that

ρ(t+dt) =U(t+dt)U †(t)ρ(t)U(t)U †(t+dt), (3.64)

sinceU†(t)ρ(t)U(t) = ρ(0). This means that the relative phase, defined below
Eq. (3.63), between ρ(t) and ρ(t+ dt) is argTr[ρ(t)U(t+dt)U †(t)]. Conse-
quently, ρ(t) is in-phase with ρ(t+ dt) if Tr[ρ(t)U(t+ dt)U †(t)] is real and
positive. Explicitly, we have that

Tr[ρ(t)U(t+dt)U †(t)] = Tr[ρ(t)(U(t)+dtU̇(t))U†(t)]
= 1+dtTr[ρ(t)U̇(t)U†(t)]. (3.65)

The unitarity ofU(t) and Hermiticity of ρ(t) implies that Tr(ρU̇U†) is purely
imaginary, and the parallel transport condition therefore reads

Tr[ρ(t)U̇(t)U†(t)] = 0, (3.66)

or alternatively

Tr(ρ(0)U†(t)U̇(t)) = 0. (3.67)

Although this expression is necessary, it is not sufficient for a unique notion of
parallel transport for mixed states. If ρ(t) is known for all times t the operator
U(t) is determined up to N phase factors. Eq. (3.66) fixes only one of these
phase factors. All phase factors are fixed by the N parallel transport conditions

〈k|U†(t)U̇(t)|k〉= 0, (3.68)

where {|k〉}Nk=1 are eigenvectors of ρ(0). Eq. (3.68) provides us with a suffi-
cient condition for parallel transport, and it is easily seen that this condition in
fact entails Eq. (3.66). Any family of unitary operators satisfying Eq. (3.68) is
denoted asU‖(t). For a given ρ = ∑kwk|k〉〈k| andU ‖(t) the geometric phase
is now defined as

γg = argTr(ρU‖(t)). (3.69)
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If this quantity is to be considered a truly geometric quantity we must
demonstrate that it is gauge invariant and reparametrization invariant. This
can be shown by expressing the geometric phase as [49]

γg = arg

(
∑
k
wk〈k|U(τ)|k〉e−

∫ τ
0 dt〈k|U†(t)U̇(t)|k〉

)
. (3.70)

Under a gauge transformation of the form

U(t)→U ′(t) =U(t)∑
n
eiθn(t)|n〉〈n|, (3.71)

which leaves the path ρ(t) unchanged, the terms 〈k|U(τ)|k〉 in Eq. (3.70)
change as

〈k|U ′(τ)|k〉= eiθk(τ)〈k|U(τ)|k〉, (3.72)

and the terms e−
∫ τ
0 dt〈k|U†(t)U̇(t)|k〉 change as

e−
∫ τ
0 dt〈k|U ′†(t)U̇ ′(t)|k〉 = e−

∫ τ
0 dt〈k|U†(t)U̇(t)|k〉e−iθk(τ), (3.73)

where we assume θk(0) = 0. Obviously, the two phase factors eiθk(t)
and e−iθk(t) cancel out and γg is gauge invariant. For the monotonous
reparametrization s= s(t) it is sufficient to note that

∫ s(τ)

s(0)
ds〈k|U†(s)dU(s)

ds
|k〉=

∫ τ

0
dt
ds
dt
〈k|U†(t)dt

ds
d
dt
U(t)|k〉

=

∫ τ

0
dt〈k|U†(t)U̇(t)|k〉, (3.74)

which concludes the demonstration that the mixed state geometric phase in
Eq. (3.69) is both gauge invariant and reparametrization invariant.
As a final note I would like to mention that the geometric phase for mixed
states has been experimentally tested in NMR [50], for photons [51], and for
neutrons [52]. Suggestions for how to define a geometric phase for mixed
states undergoing more general forms of evolution have also been provided
[53, 54, 55, 56].
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4. Summary of the papers

In this chapter I give an overview of the most important results and ideas in
each of the papers included in this thesis.

4.1 Paper I
In Paper I we investigate a form of evolution where each component of a
given decomposition of a mixed state evolves independently. We call this form
of evolution decomposition dependent, and delineate parallel transport condi-
tions and geometric phases for such evolutions.
As was mentioned in section (2.1) a density operator ρ representing a non-
pure state can be decomposed in infinitely many ways. A general decomposi-
tion may be written as {(λk,ρk)}k, where

ρ = ∑
k

λkρk (4.1)

and ∑k λk = 1. The states ρk may or may not be pure. Traditionally a given
decomposition of a density operator is granted no physical significance, since
the outcome of any measurement depends only on the density operator. In this
paper, however, we argue that there are contexts where the specific decom-
position of a given density operator is physically relevant, as it may encode
information about the preparation procedure yielding the state.
In order to deal with decompositions mathematically we introduce the set

A of density operators acting on Hilbert spaceH ⊗Ha that can be written
as

ρsa =
M

∑
k=1

λkρk⊗|ψak 〉〈ψak |, (4.2)

where {ρk}Mk=1 are density operators acting on Hilbert space H , and
{|ψak 〉}Mk=1 is an orthonormal basis of the ancilla Hilbert space Ha.
Furthermore, we introduce the equivalence relation

ρsa ∼ I⊗UρsaI⊗U†, (4.3)

where I is the identity operator and U is an arbitrary unitary operator acting
on the ancilla. We now claim that the set of equivalence classes A / ∼ is
isomorphic to the set SM of M-term decompositions of density operators on
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H . This can be understood by considering the states |ψ ak 〉 as the internal states
of a preparation machine preparing state ρk with probability λk. Hence, a state
of the form displayed in Eq. (4.2) is the state of a preparation machine together
with its output.
Next, we consider a new form of evolutions acting on decompositions rather
than on density operators. Consider the unitary operator

Usa(t) =
M

∑
k=1
Uk(t)⊗|ψak 〉〈ψak |, (4.4)

acting on the state displayed in Eq. (4.2), yielding

ρsa(t) =Usa(t)ρsaU†sa(t) =
M

∑
k=1

λkUk(t)ρkU†k (t)⊗|ψak 〉〈ψak |. (4.5)

If we trace out the ancilla this kind of evolution takes the form

ρ(0) =
M

∑
k=1

λkρk→ ρ(t) =
M

∑
k=1

λkUk(t)ρkU†k (t). (4.6)

One could realize this type of evolutions using the preparation machine dis-
played in Fig. (4.1).

ρ

ρ

1

M
M

M
U

U

1

Figure 4.1: Realization of decomposition dependent evolution. A machineM prepares
the states ρk, k = 1, . . . ,M, each of which with probability λk and conditionalized on
the unitaryUk.

It is worth noting that Eq. (4.6) does not correspond to a completely positive
map (CPM for short), other then in special cases. This should be apparent from
the fact that different decompositions of the same density operator evolve dif-
ferently. The more general question of whether or not open system evolution,
where the initial system-ancilla state is separable, corresponds to a CPM has
also been addressed in [57].
A gauge transformation of the decomposition dependent evolution in Eq.
(4.5) is given by

Usa(t)→ Ũsa(t) = Usa(t)Vsa(t),
Vsa(t) = ∑

k
Vk(t)⊗|ψak 〉〈ψak |. (4.7)
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In order for the transformation to leave the path generated by the evolution
unchanged we must have [Vk(t),ρk] = 0. A reasonable definition of relative
phase between the decompositions ρsa andUsa(τ)ρsaU†sa(τ) is given by

Γ = argTr(ρsaUsa(τ)) = arg
(

∑
k

λkTr(ρkUk(τ))

)
. (4.8)

We may now introduce the parallel transporting gauge choice, which we de-
noteU‖sa and which must satisfy

〈kl |U‖†k (t)U̇‖k (t)|kl〉= 0, ∀k, l, (4.9)

where |kl〉 is the l:th eigenvector of ρk. The geometric phase, which is the
relative phase for the parallel transporting gauge choice, may now be written
as

Γ[D] = arg
(

∑
l

λl∑
k
wkl 〈kl |Uk(τ)|kl〉e−

∫ τ
0 dt〈kl |U†k (t)U̇k(t)|kl〉

)
, (4.10)

where wkl is the l:th eigenvalue of ρk, and D denotes the path in the space of
decompositions generated by the evolution.
An interesting special cases of decomposition dependent evolutions is when

ρk = ρ , ∀k. In this case ρsa = ρ ⊗ (
∑k λk|ψak 〉〈ψak |

)
corresponds to a product

state, and the evolution of the density operator ρ(t) = Tra
(
Usa(t)ρsaU†sa(t)

)
corresponds to a CPM of the form

Et(ρ) = ∑
k
Ek(t)ρE†k (t), (4.11)

where Ek(t) =
√

λkUk(t). In this case we may compare the geometric phase
defined in Eq. (4.10) with a geometric phase explicitly defined for CPM’s. To
a CPM of the form displayed in Eq. (4.11) Ericsson et al. [53] associates M
geometric phases {Γ̃(k)

g }Mk=1, which can be written as

Γ̃(k)
g = arg

(
∑
l
wl〈l|Uk(τ)|l〉e−

∫ τ
0 dt〈l|U†k (t)U̇k(t)|l〉

)
. (4.12)

It follows that Γ[D] and {Γ̃(k)
g }k are related as

Γ[D] = arg
(

∑
k

λkrkei
˜Γ(k)
g

)
, (4.13)

where

rk =

∣∣∣∣∣∑l wl〈l|Uk(τ)|l〉e−
∫ τ
0 dt〈l|U†k (t)U̇k(t)|l〉

∣∣∣∣∣ (4.14)

is the mixed state visibility for the unitary evolution ρ →Uk(τ)ρU†k (τ).
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4.2 Paper II
In Paper II we define a non-Abelian holonomy for general paths of subspaces.
This can be viewed as a generalization of the holonomy defined by Wilczek
and Zee [28] to non-adiabatic and non-cyclic evolutions. Unlike Wilczek and
Zee, however, we do not derive our holonomy from the Schrödinger equation.
Instead it is based on a kinematic approach similar in spirit to that of Mukunda
and Simon [38].
We start by considering the quantity

Γ = lim
δ s→0
P(1)P(1−δ s) . . .P(δ s)P(0), (4.15)

where P(s) is a projection operator onto a K-dimensional subspaceH (s) of
the full Hilbert spaceH . Evidently, this quantity is intrinsically geometric, in
the sense that it is fully determined by the curve C : s∈ [0,1] �→H (s) of sub-
spaces. Next, we notice that if we introduce an orthonormal basis {|ak(s)〉}Kk=1
for each subspaceH (s) we can rewrite Γ as

Γ = ∑
kl

[Pe
∫ 1
0 A(s)ds]kl |ak(1)〉〈al(0)|, (4.16)

where A(s) is an anti-Hermitian matrix with components
[A(s)]kl = 〈ȧk(s)|al(s)〉, and P denotes path ordering in the Grass-
mannian. The operator Γ can be decomposed into two parts. The first
being the transporting part T = ∑k |ak(1)〉〈ak(0)|, which takes the basis
{|ak(0)〉}Kk=1 to the basis {|ak(1)〉}Kk=1. The second being the rotational part
R = ∑kl [Pe

∫ 1
0 A(s)ds]kl |ak(1)〉〈al(1)|, which corresponds to a unitary rotation

of the final subspace. Hence, Γ takes a state vector from the initial subspace
to the final subspace, and then rotates it. This fits well with the intuition that
the holonomy should correspond to a rotation of a subspace, as it does in the
Wilczek-Zee scenario. It is therefore tempting to simply define the holonomy
as the matrix corresponding to the operator R in the basis {|ak(1)〉}Kk=1. There
is one crux with this view, however, namely that the decomposition Γ = RT is
dependent on the choice of bases for the subspaces. If the bases are not fixed
the operator T is not necessarily a pure ’transportation operator’, since it can
also contain some rotation. To illustrate this fact consider a choice of bases
{|a‖k(s)〉}Kk=1, which satisfies

〈ȧ‖k(s)|a‖l (s)〉 = 0, ∀k, l,∀s ∈ [0,1]. (4.17)

In this case R‖ = ∑k |a‖k(1)〉〈a‖k(1)|, i.e., all rotation is in the operator T .
In order to fix the bases we introduce the concept of parallel frames. A K-
frame is an ordered set of K orthonormal state vectors. Let A = {|ak〉}Kk=1
and B = {|bk〉}Kk=1 be two K-frames that span the subspacesLa and Lb, re-
spectively. We say that the frames are parallel if and only if the overlap matrix
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M(A ,B), with components [M(A ,B)]kl = 〈ak|bl〉, is positive semi-definite.
It is possible to show that for a given frame A there always exists a unique
parallel frame B spanning the subspace Lb, as long as the overlap matrix
is of full rank. This is done by noting that if M(A ,B) is of full rank it has
a unique polar decomposition M(A ,B) = |M(A ,B)|UM. Furthermore, un-
der a unitary transformation of the form |bl〉 → |b′l〉= ∑k[U]kl|bk〉, the matrix
M(A ,B) transforms as M(A ,B)→M(A ,B ′) =M(A ,B)U. Hence, the
parallel frame is given by B = {|bk〉}k, where |bk〉 = ∑l[U†M]lk|bl〉. Note that
the rank of the overlap matrix for the frames A and B is a property of the
subspaces La and Lb. If the overlap matrix is of full rank we say that the
subspaces are overlapping. If the rank is greater than zero but less than K we
say that the subspaces are partially overlapping.
We may now fix the bases by demanding that the final frame is parallel to
the initial frame. This allows us to express Γ as

Γ = ∑
kl

[UMPe
∫ 1
0 A(s)ds]kl |ak(1)〉〈al(0)|, (4.18)

where UM is the unitary part of the overlap matrix M between {|ak(1)〉}Kk=1
and {|ak(0)〉}Kk=1. The corresponding rotational operator may now be written
as R= ∑kl [UMPe

∫ 1
0 A(s)ds]kl|āk(1)〉〈āl(1)|, and we define the holonomy as the

unitary matrix Ug with components [Ug]kl = 〈āk(1)|R|āl(1)〉, i.e.,

Ug = UMPe
∫ 1
0 A(s)ds. (4.19)

Given M, the matrix UM is uniquely defined only if the initial and final
subspaces are overlapping. Apparently, the same holds true for the holonomy.
In order to deal with the case of partially overlapping subspaces we must
introduce the concept of partial holonomies. Assume that R(M) = l, where
R(·) denotes the rank, and 0< l < K. The polar decomposition ofM takes the
form |M|UM . The matrix |M| is not invertible, and consequently the matrix
UM is not uniquely defined. However, we may take the Moore-Penrose pseudo
inverse of |M| in order to define the unique matrix UM = |M|�M. This matrix
is no longer a unitary, but a partial isometry. UsingUM = |M|�Mwe may now
define the partial holonomy as

Ug = |M|�MPe
∫ 1
0 A(s)ds, (4.20)

which is also a partial isometry. Note that in the Abelian case there
exists no quantity analogous to the partial holonomy. If the subspaces
are one-dimensional there are only two cases, either the subspaces are
overlapping, or they are orthogonal. The nodal point structure of Abelian
holonomies has turned out to be interesting to study [43, 44], so the additional
element of partial holonomies suggests that the nodal point structure of
non-Abelian holonomies may be even richer.
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In section (3.1) I discussed holonomic quantum computation. Having de-
fined a non-Abelian holonomy for general paths of subspaces opens up for
the possibility of considering non-cyclic holonomic gates. An obvious differ-
ence between cyclic and non-cyclic holonomic gates is that we in the latter
case move between different subspaces. Hence, the concept of a fixed compu-
tational basis becomes difficult to maintain. Instead, we must let the parallel
frame {|āk(1)〉}k in the final space replace the initial frame {|ak(0)〉}k as a
computational basis after the gate has been applied. If this is done, however,
the action of the gate is given by the holonomy.

4.3 Paper III
In Paper II we investigated non-Abelian holonomies for general continuous
paths of subspaces. In Paper III we extend the investigation to include dis-
crete paths as well. In this case we find that there actually exists two distinct
holonomies, which both approach the holonomy in Paper II in the limit of
continuous paths. We call these two holonomies ’direct’ and ’iterative’, and
show that they correspond to two different interferometer scenarios.
Let us begin by introducing some notations. Corresponding to the discrete
sequence C of points p1, p2, . . . , pm in a Grassmann manifold G (K;N), we
introduce the quantity Γ(C ) = PmPm−1 . . .P1, where Pi is the projection oper-
ator onto subspace pi. This quantity can be compared to Eq. (4.15) in section
(4.2). Physically, Γ(C ) can be viewed as a sequence of incomplete projec-
tive filtering measurements. Next, we introduce a frame |Fa) = {|ak〉}Kk=1 for
each subspace pa. With this notation we denote the overlap matrix between
two frames |Fa) and |Fb) as (Fa|Fb), with components

(Fa|Fb)kl = 〈ak|bl〉. (4.21)

The overlap matrix can be decomposed as (Fa|Fb) = |(Fa|Fb) |Ua,b, where
|(Fa|Fb) |=

√
(Fa|Fb)(Fb|Fa) is a positive matrix and, if we assume that

the subspaces pa and pb are overlapping, Ua,b = |(Fa|Fb) |−1 (Fa|Fb) is a
unitary matrix. Ua,b is defined to be the relative phase between the frames
|Fa) and |Fb).
We are now ready to explore the two interferometric scenarios that should
measure the holonomy for the sequence C . The first scenario is what we call
the direct approach. A beam of particles, whose internal degrees of freedom
are represented by the state |1k〉 ∈ |F1), is divided by a 50-50 beam splitter.
This yields the state |Ψ〉= |1k〉⊗ 1√

2 (|0〉+ |1〉) of the total system, where |0〉
and |1〉 corresponds to the two arms of the interferometer. In the |0〉-arm the
internal state is exposed to a series of projective filtering measurements cor-
responding to Γ(C ). In the |1〉-arm the internal state is exposed to a variable
unitary operator V . The resulting state passes through another 50-50 beam
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splitter, and the output intensity in the |0〉-arm is measured. The intensity is

Ik =
1
4
(
1+ 〈1k|Γ†(C )Γ(C )|1k〉

)
+
1
2Re[V

†D]kk, (4.22)

where [V]kl = 〈1k|V |1l〉 and D = (F1|Fm)(Fm|Fm−1) . . .(F2|F1). Repeat-
ing the experiment for all k yields the total intensity

I =
K

∑
k=1

Ik =
1
4
(
K+Tr

(
Γ†(C )Γ(C )

))
+
1
2ReTr[V

†D]. (4.23)

If we assume D is full rank there exist a unique matrix V that maximizes
the intensity, namely V = UD = |D|−1D. This matrix is defined as the direct
holonomy corresponding to the path C .
In the second interferometric approach, which we call iterative, we start by
preparing the state |Ψ2,1k 〉= 1√

2 (V2|2k〉⊗ |0〉+ |1k〉⊗ |1〉), whereV2P2V
†
2 = P2.

Letting the state pass a 50-50 beam splitter, and measuring the intensity in the
|0〉-arm yields

I
2,1
k =

1
2 (1+Re[(F1|F2)V2]kk) , (4.24)

where [V2]kl = 〈2k|V2|2l〉. Summing over all k yields

I
2,1 =

1
2 (K+ReTr[(F1|F2)V2]) , (4.25)

which is maximized by V2 = Ṽ2 = U2,1. In the next step we prepare the state
|Ψ3,2〉 = 1√

2

(
V3|3k〉⊗ |0〉+ Ṽ2|2k〉⊗ |1〉

)
, where V3P3V †3 = P3, and repeat the

previous procedure. This results in the following total intensity

I
3,2 =

1
2

(
K+ReTr[U†2,1|(F2|F3) |U2,1(U3,2U2,1)†V3]

)
, (4.26)

which is maximized by V3 = Ṽ3 = U3,2U2,1. Continuing in this fashion up to
Pm and back to P1 yields the final maximizing unitary

Ṽ1 = UI = U1,mUm,m−1 . . .U2,1, (4.27)

which we define as the iterative holonomy. The setup for the two different
interferometric approaches are displayed in Fig. (4.2).
An alternative way of understanding the appearance of the two holonomies
is by considering the matrix D = (F1|Fm)(Fm|Fm−1) . . .(F2|F1), which
can be compared to the quantity in Eq. (3.40) in section (3.2.2). A unitary ma-
trix corresponding to the holonomy can be extracted fromD either by directly
taking the unitary part of the polar decomposition of D, or by multiplying the
unitary parts of the polar decompositions of each component (Fk+1|Fk)1. In
1The index is taken modulo m.
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Figure 4.2: Direct (upper panel) and iterative (lower panel) holonomy in the inter-
ferometer setting. In the direct scenario, the sequence P1, . . . ,Pm of filtering measure-
ments is applied to the internal state in the 0-arm (upper path). In the 1-arm (lower
path), the internal state is exposed to a unitary operation V . The intensity for each
orthonormal basis vector |1k〉 of the initial subspace is measured in one of the output
beams. Maximum of the total intensity, defined as the sum over all k, is obtained when
V coincide with the direct holonomy of the sequence. In the iterative scenario, the
internal states |ak〉 and |(a+ 1)k〉 are exposed to the unitary operations ˜Va and Va+1,
respectively, in the two arms. Maximum of the total intensity (sum over k) is obtained
by varyingVa+1 and keeping ˜Va fixed. In this way, the unitary operators ˜V2, . . . , ˜Vm, ˜V1
are given in an iterative manner, yielding the iterative holonomy as the final unitary
˜V1.

the former case we get the direct holonomy and in the latter case we get the
iterative holonomy.
As for the holonomy in Paper II the direct and iterative holonomies may be
only partially defined. In the discrete case it is, however, not only the endpoints
that determine to what degree the holonomy is defined, since it may be the case
that two adjacent subspaces are partially overlapping.
Finally, we also note that there is a relation between the iterative
holonomy and a special case of Uhlmann’s holonomy. Consider the sequence
1
KP1,

1
KP2, . . . ,

1
KPm,

1
KP1, where as before Pk is the rank K projection operator

onto subspace pk. Since the quantities 1
KPk are positive and have unit

trace they correspond to density operators, and if all adjacent subspaces
are overlapping the sequence is admissible. The corresponding Uhlmann
holonomy reads

Uuhl =U1,mUm,m−1 . . .U2,1, (4.28)
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where Uk+1,k is the partial isometry part of Pk+1Pk. Noting that the overlap
matrices can be written as

(Fk+1|Fk)i j = ∑
n
〈(k+1)i|Pk+1Pk|(k+1)n〉〈(k+1)n|Uk+1,k|k j〉, (4.29)

allows us to express the components of the iterative holonomy as [UI]i j =
〈1i|Uuhl |1 j〉.

4.4 Paper IV
As was mentioned in section (3.2.4) one of the weaknesses of the Uhlmann
holonomy is the lack of physical interpretations. In Paper IV we provide a
possible interpretation in terms of the off-diagonal part of a mixed state in an
interferometer.
Let us begin by demonstrating how to interpret the Uhlmann amplitude of
a density operator acting on an N-dimensional Hilbert spaceHI . If this den-
sity operator corresponds to the internal state of a particle in a Mach-Zender
interferometer, the total state is a density operator acting on Hilbert space
H = HI⊗Hs, where span{|0〉, |1〉} = Hs, and the vectors |0〉 and |1〉 corre-
spond to the two arms of the interferometer. We now let Q(σ (0),σ (1)) denote
the set of density operators ρ onH that satisfy

〈0|ρ |0〉 =
1
2

σ (0),

〈1|ρ |1〉 =
1
2σ (1). (4.30)

It can be shown that all density operators in Q(σ (0),σ (1)) can be written on
the form

ρ =
1
2σ (0)⊗|0〉〈0|+ 12σ (1)⊗|1〉〈1|+ 12

√
σ (0)Ṽ

√
σ (1)⊗|0〉〈1|

+
1
2

√
σ (1)Ṽ †

√
σ (0)⊗|1〉〈0|, (4.31)

where ṼṼ † ≤ II , II being the identity operator on HI . If we now consider
density operators in Q(σ , 1N II), under the restriction that ṼṼ

† = II the state in
Eq. (4.31) can be written as

ρ =
1
2

σ ⊗|0〉〈0|+ 1
2N
II⊗|1〉〈1|+ 1

2
√
N
W ⊗|0〉〈1|

+
1
2
√
N
W †⊗|1〉〈0|, (4.32)

whereW =
√

σṼ is an Uhlmann amplitude corresponding to the state σ . For
a given amplitudeW we denote the state ρ in Eq. (4.32) as D(σ ,W ).
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The interpretation of the Uhlmann amplitude as the off-diagonal operator
〈0|ρ |1〉 may be compared to other interpretations in terms of purifications
[58, 59, 60, 61, 62]. All interpretations require an extendedHilbert space in or-
der to represent the amplitude. In the purification approach this space is given
by HI ⊗HI , where one of the copies of HI is the ancilla space. In our ap-
proach the extended space is given byHI⊗Hs. SinceHs is two-dimensional
it follows thatHI⊗Hs �HI⊕HI, i.e., the extended space can be viewed as
an orthogonal sum of two copies ofHI , where each copy corresponds to one
arm in the interferometer. If dim(HI) > 2, the interpretation of amplitudes in
terms of purifications is, apparently, less economical than our proposed inter-
pretation. We also note that in our interpretation the amplitude corresponds to
the off-diagonal part of the state D(σ ,W ), rather than to the entire state. So,
in a sense, the amplitude describes the nature of the superposition between the
two paths of the interferometer.
Given a state ρ = D(σ ,W ), we may now measure the unitary part of the
amplitude in the following way. First we apply the variable unitary operator
Utot = II⊗|0〉〈0|+U⊗|1〉〈1|. Next, a Hadamard gate acting onHs is applied,
and finally we measure the probability p of detecting the state |0〉〈0|. The
probability is given by

p=
1
2

+
1
2
√
N
ReTr

(√
σVU†

)
, (4.33)

and it reaches its maximum value forU =V .
Having devised a method for determining the unitary part of the amplitude
we now ask how we can use this in order to measure Uhlmann’s holonomy.
As was mentioned in section (3.2.1) Uhlmann’s holonomyUuhl for a sequence
C of density operators σ1,σ2, . . . ,σK is defined as Uuhl = VKV †1 , where Vl ,
l ∈ {1, . . . ,K}, is the unitary part of the amplitudeWl in the sequence of par-
allel transporting amplitudes corresponding to C . Hence, in order to measure
Uhlmann’s holonomy we must find a way to generate states ρa = D(σa,Wa)
and ρb= D(σb,Wb), such thatW †bWa≥ 0. This can be done by first introducing
the unitary operator

Z = ∑
kl

(|χk,0〉〈χl ,1|⊗ |χl,1〉〈χk,0|+ |χl ,1〉〈χk,0|⊗ |χk,0〉〈χl ,1|)

+ P0⊗P0+P1⊗P1, (4.34)

acting on Hilbert space H ⊗H . {|χk〉}k is an arbitrary orthonormal basis
of HI, and the state |χk,x〉 is short for |χk〉⊗ |x〉, x = 0,1. P0 and P1 are the
operators II⊗|0〉〈0| and II⊗|1〉〈1|, respectively. Next, we introduce the qubit
space He and prepare the state |0e〉〈0e| ⊗ ρb⊗ ρa ∈He⊗H ⊗H . On this
state we first apply a Hadamard gate acting on He, followed by the unitary
UZ = |0e〉〈0e| ⊗Z+ |1e〉〈1e| ⊗ I⊗ I, and finally we apply another Hadamard
gate acting onHe. The probability pe to find the state |0e〉〈0e| is now given by

pe =
3
4

+
1
4N
ReTr

(
W †bWa

)
, (4.35)
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which is maximized if the two amplitudes are parallel.
For a sequence of states σ1,σ2, . . . ,σK , where we assume that

ρ1 = D(σ1,W1) is given, the method for finding Uhlmann’s holonomy can
now be summarized by the following iterative procedure.
1. Prepare the state ρk.
2. Vary the preparation ρ = D(σk+1,W ) over all amplitudes until the maxi-
mum of pe is obtained.

3. Let ρ = ρk+1.
At the final step this procedure provides us with the state ρK = D(σK ,WK),
where WK =

√
σKUuhlV1. The operators

√
σK and V1 are known to us, and

since we have shown how to measure the unitary part of an amplitude we are
also able to measure Uhlmann’s holonomy.

4.5 Paper V
In Paper II it was noted that the non-Abelian holonomy for general paths of
subspaces exhibit a nodal point structure that, in some sense, is richer than
the corresponding structure in the Abelian case, due to the existence of par-
tial holonomies. Manini and Pistolesi introduced the concept of off-diagonal
geometric phases [45] in order to extract ’geometric phase information’ also
from the nodal points. Therefore it should be interesting to find corresponding
quantities in the non-Abelian case, i.e., non-Abelian off-diagonal holonomies.
This is done in Paper V.
Consider a smoothly parametrized decomposition

H = H1(s)⊕H2(s)⊕ . . .⊕Hη(s), s ∈ [0,1], (4.36)

of the N-dimensional Hilbert spaceH , where we assume that dimHl(s) = nl
for all s. Each familyHl(s) traces out a curve Cl in the Grassmann manifold
G (nl;N), for which we may introduce the quantity

Γl = lim
δ s→0
Pl(1)Pl(1−δ s) . . .Pl(0), (4.37)

where Pl(s) is the projection operator onto subspaceHl(s). We also define the
quantity σkl = Pk(0)Γl . If we introduce a frame

∣∣F l
s
)

= {|li(s)〉}nli=1 for each
subspaceHl(s) we may express σkl as

σkl = ∑
i j

[(F k
0 |F l

1)Pe
∫ 1
0 Al(s)ds]i j|ki(0)〉〈l j(0)|

= ∑
i j

σ i j|ki(0)〉〈l j(0)|, (4.38)

where (F k
0
∣∣F l
1
)
is the overlap matrix between the frames |F l

1) and |F k
0 ), and

Al(s) is a matrix with components [Al(s)]i j = 〈 dds li(s)|l j(s)〉. We note that the
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unitary part of σ ll , which we denote as Φ[σ ll ]2, is the holonomy in Paper II
corresponding to the curve Cl .
Under a gauge transformation of the form |l i(s)〉 → |l̃i(s)〉 =

∑ j[Ul(s)] ji|l j(s)〉, where {Ul(s)}η
l=1 are unitary matrices, σ

kl transforms as

σ kl → σ̃ kl = U†k(0)σ
klUl(0), (4.39)

i.e., non-covariantly unless k = l. However, the way in which σ kl transforms
suggests that quantities of the form

γ l1l2...lκ = σ l1lκ σ lκ lκ−1 . . .σ l2l1 (4.40)

transform covariantly. Therefore we define

Uκ
g [Cl1 ,Cl2 , . . . ,Clκ ] = Φ[γ l1l2...lκ ] (4.41)

as the off-diagonal holonomy of order κ , assuming that the sequence
(l1, l2, . . . , lκ) is non-repeating. We may extend the range of κ by defining
U1g[Cl] = Φ[σ ll].
As was mentioned in section (3.2.3) Manini and Pistolesi’s off-diagonal ge-
ometric phase can be interpreted in terms of the Berry phase for an extended
curve. In the non-Abelian case this interpretation is difficult to maintain unless
n1 = n2 = . . . = nη , since the curves C1,C2, . . . ,Cη reside in Grassmann man-
ifolds of different dimensions. This observation suggests that there is in fact a
fundamental difference between off-diagonal holonomies and their ’diagonal’
counterparts.
The hope to recover lost phase information in cases when the ordinary ge-
ometric phase is undefined seems to have been one of the primary reasons
for Manini and Pistolesi to define off-diagonal geometric phases. Despite this,
they never explicitly examined to what degree the ’total amount of phase in-
formation’ is invariant. Note that the amount of phase information is not a
well defined quantity. Intuitively, however, it should be related to the sum
of the rank of all holonomies, both off-diagonal and diagonal. Therefore, we
proceed to analyze what happens with the off-diagonal quantities when the or-
dinary holonomies loose in rank. As a first result we show that ∑kR(σ kl)≥ nl ,
where R(·) denotes the rank. Consequently, if the holonomies Φ[σ kk] loose in
rank the lower bound for the sum of the rank of the matrices σ kl increases.
Using a counter example we are able to show that there unfortunately does
not exist a corresponding relation between the rank of Φ[σ kk] and the ranks
of the off-diagonal holonomies Φ[γ kl ]. We are, however, able to show that if
all holonomies Φ[σ kk] have zero rank, then at least one of the off-diagonal
holonomies Φ[γ l1l2...lκ ] must have non-zero rank.

2For a general matrix A, Φ[A] = |A|�A.
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4.6 Paper VI
Non-cyclic geometric phases are undefined if the initial and final states are
orthogonal. Likewise, off-diagonal geometric phases are undefined if the evo-
lution is cyclic. It seems to be the case that, in general, geometric phases ex-
hibit some form of nodal point structure, even though they probe the geometry
of ray space which is free from any singularities. In Paper VI we investigate
the possibility to define geometric phases which reflect the absence of nodal
points in ray space. We shall call such phases nodal free geometric phases
(NFGP).
LetU‖(s), s ∈ [0,1], be a one-parameter family of unitary operators acting
on the N-dimensional Hilbert spaceH . This family is assumed to be parallel
transporting, i.e., there exists an orthonormal basis {|ψk〉}Nk=1 ofH , such that

〈ψk|U‖†(s)U̇‖(s)|ψk〉= 0, ∀k. (4.42)

We now introduce the unitary N×N matrix

U‖ψ =

⎛⎜⎜⎝
σ11 . . . σ1N
... . . . ...

σN1 . . . σNN

⎞⎟⎟⎠ , (4.43)

where σkl = 〈ψk|U‖(1)|ψl〉. Since U‖ψ is a unitary matrix it has N unit mod-
ulus eigenvalues, which we denote as λk, k = 1, . . . ,N . These eigenvalues are
solutions of the equation det (U‖ψ − I) = 0, where I denotes the N×N identity
matrix. Expanding the determinant yields an equation where the coefficients
consist of products of the quantities γ (1)

k = σkk,γ
(2)
k1k2 = σk1k2σk2k1 , . . . ,γ

(N)
k1...kN =

σk1kN . . .σk2k1 . We recognize the argument of these quantities as the standard
and off-diagonal geometric phases corresponding to the paths Ck : s ∈ [0,1]→
U‖(s)|ψk〉, k= 1, . . . ,N . This means that the eigenvalues {λk}Nk=1 are invariant
under gauge transformations of the form |ψk〉 → eiαk |ψk〉, and we define them
as the nodal free geometric phase factors. Since unitary matrices are always
of full rank the phases {argλk}Nk=1 are always well defined.
Next, we note that it is possible to measure the NFGPs in interferometry.
Consider a beam of particles whose internal state initially is given by |ϕ〉.
After passing through a 50-50 beam splitter the internal state is transformed
by the unitary operators U ‖(s), s ∈ [0,1], in one of the arms and a variable
phase shift eiχ is applied in the other arm. The two beams are brought back
and interfere at a second beam splitter. The intensityI along one of the beams
is now given by [63]

I ∝ 1+ |F(ϕ)|cos(χ− argF(ϕ)) , (4.44)

where F(ϕ) = ∑k λk|〈φk|ϕ〉|2, and |φk〉 is the eigenvector ofU ‖(1) correspond-
ing to the eigenvalue λk. Apparently, the interference oscillations obtained by
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varying χ is shifted by the NFGP factor λk if |ϕ〉 = |φk〉. This event is fur-
thermore detectable, since it is also characterized by the fact the the visibility
|F(ϕ)| reaches its maximal value.
In order to exemplify how to implement quantum gates with NFGPs let
us consider the qubit case. We let η = |〈ψ1|U‖(1)|ψ1〉| = |〈ψ2|U‖(1)|ψ2〉|
measure the degree of cyclicity for the curves C1 and C2, and Ω denotes the
solid angle they enclose. In terms of these quantities the eigenvalues, λ+ and
λ−, ofU‖(1) are given by

λ± = η cos(Ω/2)± i
√
1−η2 cos2(Ω/2). (4.45)

If we let |φ−〉 ≡ |0〉 and |φ+〉 ≡ |1〉, where |φ±〉 are the eigenvectors ofU ‖(1),
the NFGPs may be interpreted as a realization of the one-qubit phase gate
U‖(1) = λ−|0〉〈0|+λ+|1〉〈1|. For cyclic evolution (η = 1) this gate reduces to
the standard non-adiabatic phase gate e−iΩ/2|0〉〈0|+eiΩ/2|1〉〈1|. The standard
geometric phase factors are sensitive to changes in Ω. On the other hand the
off-diagonal geometric phase factors are independent of Ω, as they are either
undefined or equal to−1. This Ω-independence suggests that the off-diagonal
geometric phase factors may be useful when constructing phase gates. At first,
however, it might seem as if only trivial phase gates can be constructed using
off-diagonal geometric phase factors, since γ (2)

01 = γ(2)
10 . However, in the NFGP

scenario when η = 0 and only γ (2) is defined, we obtain

U‖(1) = i|0〉〈0|− i|1〉〈1|, (4.46)

which is a non-trivial phase flip gate (up to the unimportant overall phase
factor i). Hence, NFGPs makes it possible to implement non-trivial geometric
phase gates which are insensitive to errors in Ω. It is also possible to construct
more general quantum gates in the NFGP scenario, and more examples are
provided in the paper.

4.7 Paper VII
All holonomies mentioned so far belong to one of two classes. Firstly, we have
holonomies for subspaces, such as eigenspaces of Hamiltonians [17, 28], sub-
spaces selected by projective measurements [64], and cyclic subspaces [65].
Secondly, we have holonomies for quantum states, both pure [37] and mixed
[35]. In paper VII we investigate the geometry related to a third major concept
in quantum theory, namely quantum maps. More precisely we propose a defi-
nition for a holonomy associated to a sequence of trace preserving completely
positive maps (channels for short).
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Consider a channel E with linearly independent Kraus representation
{Ek}Kk=1. Given another channel F with the same Kraus number3 as E ,
i.e., K(E ) = K(F ) = K, we wish to find a linearly independent Kraus
representation of F which, in some sense, is a parallel as possible to
{Ek}k. A reasonable choice would be the Kraus representation {Fk}Kk=1 that
minimizes

K

∑
k=1
‖Ek−Fk‖2 = 2n−2ReTr(T), (4.47)

where n is the dimension of the state space on which the channels act, ‖ · ‖
denotes the Hilbert-Schmidt norm, and T is a matrix with components [T]kl =
Tr(F†k El). Under a change of Kraus representation, Fk → F̃k = ∑Kl=1UklFl,
where U is a unitary matrix, T transforms as T→ T̃= U†T. Hence,

K

∑
k=1
‖Ek− F̃k‖2 = 2n−2ReTr(U†T). (4.48)

Assuming T is of rank K the minimum of the above equation is unique, and
given by U = Φ[T] =

√
TT†

−1
T, and we say that two Kraus representations

{Ek}k and {Fk}k are parallel if their corresponding T-matrix is positive4.
We can now define a holonomy corresponding to a sequence E1,E2, . . . ,EN
of channels. A Kraus representation of Ei is given by {E ik}Kk=1, and we as-
sume K(Ei) = K for i= 1, . . . ,N . The Kraus freedom of the sequence may be
encoded in a family {Ui}Ni=1 of unitary K×K matrices. In this way we may
express the parallelity conditions as

U†i+1Ti+1,iUi ≥ 0, (4.49)

where Ti+1,i is a matrix with elements [Ti+1,i]kl = Tr([E i+1k ]†E il). These con-
ditions are satisfied if

Ui+1 = Φ[Ti+1,i]Ui. (4.50)

After iteration we obtain

UN = Φ[TN,N−1]Φ[TN−1,N−2] . . .Φ[T2,1]U1. (4.51)

We now define the holonomy Uch[E1, . . . ,EN ] as

Uch[E1, . . . ,EN ] = Φ[T1,N ]UNU†1
= Φ[T1,N ]Φ[TN,N−1] . . .Φ[T2,1]. (4.52)

3The Kraus number of the channel E is denoted as K(E ) and is defined as the number of
elements in a linearly independent Kraus representation of the channel [66].
4Note that this parallelity condition also provide us with a distance measure, D(E ,F ), between
the channels, given by D(E ,F ) = ‖Ek−Fk‖2, where {Ek}k and {Fk}k are parallel.
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It is easily shown that under a gauge transformation, that corresponds to a
change of Kraus representations E ik→∑l[Vi]klE il , the holonomy transforms as
required, i.e., Ucha[E1, . . . ,EN ]→ V†1Uch[E1, . . . ,EN ]V1.
The paper proceeds with a demonstration that there is a relation between
the holonomy we have defined for channels and Uhlmann’s holonomy for
sequences of density operators. We demonstrate this relation by using a map
J between the space of channels and the space of density operators on an
extended state space, given by

J :L (L (H )) → L (H ⊗H )

E �→ ρ = E ⊗ I[|ψ〉〈ψ||], (4.53)

where |ψ〉 = 1/
√
n∑k |k〉 ⊗ |k〉, and {|k〉}k is an orthonormal basis of H .

This map is known as the Jamiołkowski isomorphism [67]. For a sequence
E1,E2, . . . ,EN of channels we now construct the sequence ρ1,ρ2, . . . ,ρN ,ρ1 of
density operators, such that ρi = Ei⊗ I[|ψ〉〈ψ||], and show that Uhlmann’s
holonomy corresponding to this sequence, when expressed in matrix form,
coincides with the channel holonomy for the sequence E1,E2, . . . ,EN .
We end the paper with two examples. First we calculate the holonomies for
general unitary channels (i.e., channels corresponding to unitary evolution).
Then we investigate what we call holonomic channels. Given a smoothly pa-
rameterized decomposition of Hilbert spaceH into mutually orthogonal sub-
spacesH =

⊕K
k=1Hk(s), these are channels of the form

E (s)[ρ ] =
K

∑
k=1

Γk(s)ρΓ†k(s), s ∈ [0,1], (4.54)

where Γk(s) = limδ s→0Pk(s)Pk(s− δ s) . . .Pk(0) (cf. Eq. (4.15)), and Pk(s) is
the projection operator onto subspace Hk(s). We show that the holonomy
corresponding to the path C : s ∈ [0,1] → E (s) of holonomic channels is
given by Ucha[C ] = Φ[T0,1], where T0,1 is a matrix with elements [T0,1]kl =
Tr (Pk(0)Γl(1)) = δklTr(Ug[Ck]), where Ug[Ck] is the holonomy for the path
Ck : s ∈ [0,1]→Hk(s) as defined in Paper II. Hence,

Ucha[C ] = diag(Φ[Tr(Ug[C1])],Φ[Tr(Ug[C2])], . . . ,Φ[Tr(Ug[CK ])]) . (4.55)

We note that if Ck is closed [T0,1]kk corresponds to a Wilson loop [29].
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5. Conclusions

In this thesis we have investigated quantum geometric phases and quantum
holonomies in a variety of different contexts.
We have introduced the concept of decomposition dependent evolutions of
quantal states, and discussed the concomitant geometric phase and parallel
transport. We have shown that this geometric phase only depends on the path
traversed in the space of decompositions, and that it is both conceptually and
numerically different from geometric phases for mixed states.
We have considered an open path generalization of non-Abelian
holonomies, corresponding to general continuous smooth paths in a
Grassmann manifold. This enables the construction of quantum gates in
the open path setting, where the action of the gate is given by the proposed
holonomy, and the input and output computational bases do not need to
coincide. We have further shown that there are cases when the open path
holonomy is only partially defined. This has no counterpart in the Abelian
setting.
Corresponding to a discrete path in a Grassmann manifold we have defined
two distinct holonomies, which are both gauge covariant in the sense that they
transform unitarily under a change of frames in the subspaces. Interferometer
settings that give rise to the holonomies have been provided. In the case of one
dimensional subspaces the two holonomies are equal and coincide with the
standard Pancharatnam phase. In the limit where the sequence form a smooth
continuous path in the Grassmann manifold the holonomies coincide with the
Wilczek-Zee holonomy [28] in the case of closed curves, and its non-cyclic
generalization, defined in Paper II, in the case of open curves.
We have provided an interpretation of the Uhlmann amplitude that gives it
a clear physical meaning. This allows for a direct interferometric realization
of Uhlmann’s parallelity condition. Based on this we have reformulated the
parallel transport conditions entirely in operational terms which enables an
implementation of parallel transport of amplitudes along a sequence of den-
sity operators through an iterative procedure. At the end of this procedure the
Uhlmann holonomy can be measured interferometrically.
We have shown that non-cyclic evolution of quantum systems may
lead to well-defined off-diagonal holonomies that involve more than one
subspace of a Hilbert space. In the case of one-dimensional subspaces these
off-diagonal holonomies reduce to the off-diagonal geometric phases in [45].
The off-diagonal holonomies are undefined for cyclic evolution but must
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contain members of non-zero rank if all standard holonomies are undefined.
While the nodal point structure of open path holonomies can only depend
on the endpoints of the paths, this structure can be path dependent in the
off-diagonal case. Furthermore, we have put forward physical realizations
of the off-diagonal holonomies in the contexts of adiabatic evolution and
interferometry that may open up the possibility to test these quantities
experimentally
We have introduced a family of geometric phases for parallel transport-
ing unitary evolutions. These are explicitly constructed from gauge invariant
quantities, but nevertheless do not have the nodal point structure concomitant
to the non-cyclic and off-diagonal geometric phases. We have also pointed out
that these nodal free geometric phases could be useful in geometric quantum
computation as they may show robustness features that are not shared by the
standard geometric phases. Furthermore, we have shown that these nodal free
geometric phases can be measured in interferometry.
We have extended the notion of holonomy to sequences of quantum chan-
nels. The proposed quantity transforms as a holonomy under change of Kraus
representations of the channels in the sequence. We have shown, by the use
of the Jamiołkowski isomorphism, that the channel holonomy is related to
Uhlmann’s holonomy. We have furthermore provided explicit examples to il-
lustrate the general idea.
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6. Summary in Swedish

Tänk dig att du tillsammans med en vän befinner dig på nordpolen. Ni väljer ut
en riktning som ni båda pekar i. Därefter börjar du gå i denna riktning, medan
din vän stannar kvar. Du fortsätter att gå ända tills du kommer till ekvatorn. Vi
antar i detta tankeexperiment att du utan svårigheter kan gå över både berg och
hav. Vi kan också anta att du går mycket fort, så att din vän inte kommer att
behöva vänta på dig så länge. Efter att du kommit fram till ekvatorn börjar du
gå österut, utan att ändra riktningen i vilken du pekar. När du gått ungefär en
fjärdedel av jordens omkrets i denna riktning börjar du gå norrut och fortsätter
tills du har återvänt till din vän på nordpolen. Trots att du under hela din färd
aldrig har ändrat den riktning i vilken du pekar kommer du när du återvänder
till nordpolen att upptäcka att du och din vän inte längre pekar i samma rikt-
ning. Effekter av det här slaget kallas för holonomier, och de uppstår endast i
samband med krökta rum, som t.ex. jordklotet. Om vi skulle utföra samma ex-
periment i ett rum som inte är krökt, skulle vi aldrig kunna åstakomma samma
effekt. En grafisk beskrivning av ovanstående tankeexperiment återfinns i Fig.
(6.1).

Figure 6.1: Om man transporterar en vektor kring en sluten kurva på en sfär på ett
sådant sätt att man lokalt aldrig vrider vektorn, så kommer en vridning ändå ha skett
när man återkommer till ursprungspunkten. Detta kallas för en holonomieffekt.

I denna avhandling har jag undersökt holonomieffekter inom kvant-
mekaniken. En av de första som på allvar började undersöka kvantholonomier
var den engelske fysikern sir Michael Berry. Nedan följer en beskrivning av
Berrys grundläggande idéer.
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Antag att vi har en partikel, t.ex. en neutron, som har spinn 1/2. Spinn är
en egenskap som är kvantmekanisk till sin natur och saknar motsvarighet i vår
makroskopiska omgivning. Man kan dock föreställa sig spinn som en rota-
tion hos partikeln, så länge man kommer ihåg att denna jämförelse egentligen
är ganska bristfällig. En viktig egenskap hos spinnet är att det kan beskrivas
med en vektor, d.v.s. det har en riktning i rummet. Om partikeln nu utsätts för
ett magnetfält kommer detta att växelverka med spinnet, och partikelns en-
ergi kommer att bero på vinkeln mellan spinnets riktning och riktningen hos
magnetfältet. Lägst energi har partikeln om spinnet och magnetfältet pekar
i samma riktning, och energin är som högst om de pekar i motsatt riktning.
Eftersom partikelns energi är kvantiserad, d.v.s. den kan bara anta vissa vär-
den, kommer de tillstånd som svarar mot högst respektive lägst energi vara de
enda tillstånd för vilka energin är välbestämd. Hos alla andra tillstånd kan man
endast uttala sig om sannolikheten för att en mätning av energin ger ett visst
resultat. Tillstånd som har en välbestämd energi kallas för egentillstånd till den
s.k. Hamiltonianen. Vilka tillstånd som är egentillstånd kommer naturligtvis
att bero på magnetfältets riktning. Om vi nu antar att partikeln ursprungligen
befinner sig i ett egentillstånd till Hamiltonianen, men att magnetfältet ändrar
riktning, säger ett teorem inom kvantmekaniken att partikeln fortsätter vara i
ett egentillstånd till Hamiltonianen om ändringen av magnetfältet är tillräck-
ligt långsam. Detta teorem kallas för det adiabatiska teoremet, och är ofta my-
cket användbart. Vad Berry visade var att om magnetfältet dessutom ändras på
ett sådant sätt att det efter en viss tid återvänder till sin ursprungliga riktning
så kommer partikelns spinn också att återvända till sin ursprungliga riktning,
men den matematiska beskrivningen av partikelns tillstånd kommer att ha än-
drats. En s.k. fasfaktor kommer nämligen att ha tillkommit, och Berry kunde
visa att en del av denna fasfaktor är en holonomieffekt. Denna del kallas för
den geometriska fasfaktorn, eller Berrys fasfaktor.
Efter Berrys upptäckt var det många som fick upp ögonen för holonomi-
effekter inom kvantmekaniken, och man insåg snart att holonomieffekter kan
uppstå även i andra sammanhang än de som beskrivits av Berry. En av de
första generaliseringarna av Berrys fasfaktor presenterades av Wilczek och
Zee (Wilczek fick för övrigt nobelpriset i fysik 2004, dock inte för sin forskn-
ing kring kvantholonomier). De visade att holonomieffekten inte längre kan
beskrivas som en fasfaktor om det finns flera tillstånd som har samma energi.
Istället beskrivs den, i dessa fall, av en s.k. unitär operator. Unitära opera-
torer genererar rotationer av tillståndsvektorer, så på ett sätt är Wilczek-Zees
holonomi mer lik den holonomi som beskrevs i vårt inledande tankeexperi-
ment än vad Berrys geometriska fasfaktor är. Eftersom operatorer inte alltid
kommuterar, vilket betyder att produkten av två operatorer kan bero på i vilken
ordning man multiplicerar dem, så kallas Wilczek-Zees holonomi för icke-
Abelsk. Holonomier som kommuterar, t.ex. Berrys fasfaktor, kallas av samma
skäl för Abelska holonomier.
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En annan viktig generalisering av Berrys holonomi presenterades av den
östtyske fysikern Armin Uhlmann. På många sätt är Uhlmanns holonomi den
mest allmänna av alla kvantholonomier, och många av de resultat som ut-
gör grunden för denna avhandling är relaterade till Uhlmanns holonomi. Det
speciella med denna holonomi är att den, till skillnad från tidigare beskrivna
holonomier, också är definierad för s.k. mixade kvanttillstånd. Mixade kvant-
tillstånd används för att beskriva system man inte har fullständig information
om. Om jag t.ex. vet att sannolikheten är 90% att mitt system befinner sig i
tillstånd A, och 10% att det befinner sig i tillstånd B, så beskrivs mitt system av
ett mixat tillstånd, vilket matematiskt representeras av en s.k. densitetsopera-
tor. Eftersom vanliga kvanttillstånd (även kallade rena tillstånd) är specialfall
av mixade tillstånd, så är många kvantholonomier relaterade till specialfall av
Uhlmanns holonomi.
Efter att jag nu kortfattat beskrivit begreppet holonomi, och presenterat
några exempel på när holonomieffekter dyker upp inom kvantmekaniken,
skulle jag vilja nämna några ord om den mest lovande tillämpningen:
holonoma kvantdatorer. Jag har här inte möjlighet att beskriva principen
bakom kvantdatorer i detalj. Värt att nämna är dock att en kvantdator är
uppbygd av en serie s.k. kvantgrindar. Varje kvantgrind är en unitära operator,
och genom att kombinera olika typer av kvantgrindar kan man få kvantsystem
att utföra logiska operationer och på så sätt lösa beräkningsproblem. I många
fall mycket mer effektivt än vanliga datorer. Som jag tidigare nämnde är
holonomin som definierades av Wilczek och Zee en unitär operator, så
tanken bakom holonoma kvantdatorer är att tillverka kvantgrindar med hjälp
av dessa holonomier. Skälet till att detta är en så lovande tillämpning är att
det finns argument för att denna typ av kvantgrindar är mer okänsliga för
störningar än kvantgrindar som implementeras på andra sätt. Feltoleranta
kvantgrindar utgör något av den heliga graal inom kvantdatorforskningen,
eftersom det främsta hindret för att realisera kvandatorer är det faktum att
kvantsystem i grunden är extremt känsliga för störningar. Man har emellertid
ännu inte på något konkret sätt, varken teoretiskt eller experimentellt, kunnat
visa att holonoma kvantgrindar uppfyller de förväntningar som ställs på dem.
Jag skulle avslutningsvis vilja nämna några av de forskningsresultat
som ligger till grund för denna avhandling. Vi har i vår forskning
bl.a. vidareutvecklat den holonomi som definierades av Wilczek och
Zee. Vi noterade att en motsvarande holonomi är definierad under mer
allmänna förutsättningar än vad som tidigare antogs. Detta möjliggör bl.a.
konstruktionen av mer generella typer av holonoma kvantgrindar. Frågan om
dessa är mer effektiva eller feltoleranta än tidigare varianter är emellertid
ännu obesvarad. Vi har också presenterat metoder för hur man kan mäta
vår holonomi i interferometerexperiment. I ett annat projekt undersökte vi
s.k. “icke-diagonala” geometriska faser, och lyckades visa att dessa kan
generaliseras till det icke-Abelska fallet. Vi har slutligen också demonstrerat
hur man i princip skulle kunna mäta Uhlmanns holonomi experimentellt.
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Tidigare har den främsta kritiken av Uhlmanns holonomi varit just att
den saknar en tydlig fysikalisk tolkning. I och med våra resultat minskar
emellertid slagkraften i denna kritik.
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