
U.U.D.M. Project Report 2022:14

Bachelor´s Thesis
Handledare: Inger Sigstam
Examinator: Martin Herschend
May 2022

Department of Mathematics
Uppsala University

A Semantic Approach to Computation
Representing the Partial Recursive Functions in Lambda Calculus

Tim Solig





Abstract

Computability theory is a branch of mathematical logic describing
the computable functions. Two of the main theories in the area are
the lambda calculus and the theory of recursive functions. The first
is a formal mathematical language for abstracting functions, and the
latter a scheme to define self-iterative functions.

The two theories are equivalent but the aim of this thesis is to specif-
ically study how the lambda calculus corresponds with the recursive
functions. The main result is that every recursive function is equiva-
lently representable in lambda calculus.
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1 Introduction

Computability theory is a branch of mathematical logic capturing the in-
tuitive idea of a computable function. By using formal theories we try to
generally answer the question:

what does it mean for a function to be computable?

The framing of this problem arose in the beginning of the 20th century along
with the first concepts of programmable computers. Many tried to find an
answer and three men (among others) named Alonzo Church, Kurt Gödel
and Alan Turing individually claimed that their respective theories of the
lambda calculus, recursive functions and the Turing machines were sufficient
in order to describe computable functions [5].

Later it was proved that the different theories were equivalent and thus in-
deed restricted the same class of functions. This result is concluded in the
Church-Turing thesis which states that a function on the natural numbers is
computable if and only if it can be calculated with either one of the three
theories [4].

The lambda calculus is a formal mathematical language and recursion is an
approach to defining iterative functions in terms of themselves. The aim of
this thesis is to break down the sufficient properties of the lambda calculus
which makes it correspond with the recursive functions, and to prove that

every recursive function is representable in the lambda calculus.

To achieve this we will start by developing an axiomatic approach to compu-
tation, then study the properties of creating and modifying strings in lambda
calculus and then present the properties of the recursive functions which are
to be encoded in lambda calculus. Lastly, we will go through the proof
showing that every recursively definable function is representable in lambda
calculus.
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1.1 Axiomatic computation

The Italian mathematician Giuseppe Peano formulated in the late 1880s the
five Peano Axioms. These are the foundation of the natural numbers which
will be the structure upon which we will define most of the following theories
of this thesis.

The Peano Axioms:

I 0 is a natural number.

II There is a succesor function S such that if x is a natural number, then
S(x) is a natural number.

III x = y if and only if S(x) = S(y).

IV There is no x such that S(x) = 0.

V If M is a set such that,

(a) 0 is in M,

(b) x is in M implies that S(x) is in M, for all natural numbers x,

then M is the set of all natural numbers.

Peano defined the set of natural numbers inductively by using the first, second
and fifth axiom. The first axiom is the base case, 0 is a natural number, and
the second is the inductive step, every successor of a natural number is a
natural number. The fifth axiom states that if a set is defined inductively
and contains natural numbers, then those are all the natural numbers there
are.

Peano named the natural numbers accordingly:

0, by the first axiom

1 = S(0)

2 = S(1) = S(S(0))

3 = S(2) = S(S(S(0)))

...

Because of Peano, we have a representation of the natural numbers that do
not rely on anything numeric. ”1” has itself no meaning or value other than
that it is the successor of the natural number 0, and that it because of that
is a natural number.
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We will see how we can define the arithmetic operations in an axiomatic way
that does not rely on any other intuition than the one given to us from the
previous axioms.

Addition and multiplication are both binary operations mapping two, in this
case natural, numbers to their sum and product respectively. We have intu-
ition for what ”sums” and ”products” are but we can, using Peano successor
function, define them axiomatically:

a+ 0 = a

a+ S(b) = S(a+ b)

a ∗ 0 = 0

a ∗ S(b) = a+ (a ∗ b)

and we try to compute two simple sums and products,

a + 2 = a+ S(1)

= S(a+ 1)

= S(a+ S(0))

= S(S(a+ 0))

= S(S(a)) (1)

a * 2 = a ∗ S(1)

= a+ (a ∗ 1)

= a+ (a ∗ S(0))

= a+ (a+ (a ∗ 0))

= a+ (a+ (0))

= a+ (a)

= a + a (2)

Intuitively we realise from (1) that the successor, of the successor, of a number
a is just another way of saying a + 2. In the same fashion, in (2), a times 2
is just twice of a which we could have continued to reduce until it became

S(S(. . . S︸ ︷︷ ︸
a times

(a)) . . .).

The point of this is to show that we can separate the syntactical repre-
sentation of numbers and operations with the semantical value that they
respectively represent. The main point is that we do not rely on any spe-
cific syntax but that there is more than one way to represent, think of and
express, computation.
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2 Lambda calculus

Named after the Greek letter lambda (λ), lambda calculus is a formal math-
ematical language created to express theoretical computation. It is all about
abstraction and application of functions.

All definitions and theories of this section are due to [3] and [1].

2.1 The syntax

We will see how the syntax of the lambda calculus is sufficient to describe
the arithmetic of the natural numbers, both representation- and computation
wise.

Definition 2.1.1 λ-terms
Given an infinite set of expressions v1, v2, ... called variables we define the set
of all λ-terms inductively:

i All variables, called atoms, are λ-terms.

ii Given λ-terms A and B, the application of B to A, denoted (AB), is a
λ-term.

iii Given variable x and λ-term M , the abstraction (λx.M) is a λ-term.

The idea of abstractions and applications is what we carelessly might call ”a
function” similar to a function f(x) in algebra. However, it is important to
differentiate between the analogy and consider f(x) as the application, of x
to f , while f is the abstraction of the function’s computation.

Application of λ-terms is left associative, i.e.

M1M2M3 = (M1M2)M3

and the body of an abstraction extends as far as parentheses allow to the
right, which means that

λx.MN = λx.(MN)
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Definition 2.1.2 Free and bound variables
In abstractions there are variables associated with a λ, called bound variables,
and those not, called free. In the expression

λx.yx

x is bound and y is free while in the expression,

(λx.x)(λy.xy)

x is bound in the left term, and free in the right, and y is bound in the right.

Given distinct variables x, y and z and term M , the following are examples
of λ-terms:

a) x

b) xM

c) Mx

d) λz.zx

e) (λx.x)y

f) (λx.x)(λy.y)

We can start to ponder the connection between an abstraction, its body and
the term applied to it. The next part of theory describes the procedure of
calculating a reduced term with the same semantical value.

Definition 2.1.3 Substitution
Given terms x,M and N define the substitution of every occurence of x with
N in M and denote

[N/x]M.

More formally we deduce that substitution is done by induction on the ap-
plication of terms as follows,

i [N/x]y =

{
N if x = y

y if x 6= y

ii [N/x](PQ) = ([N/x]P [N/x]Q)

iii [N/x](λy.P ) =

{
(λy.P ) if x = y

(λy.[N/x]P ) if x 6= y

With the definitions of substitution and free and bound variables we will now
discuss what we mean by ”equal” λ-terms.
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Definition 2.1.4 α− conversion
λ-terms that alter only in the names of bound variables are considered equiv-
alent and we denote with =α,

λx.M =α λy.N

where N = [y/x]M (and y is not among the free variables of M). If O =α P
we say that O is congruent to P , or that O α-converts to P (or P α-converts
to O).

Definition 2.1.5 β-contracting, β - reduction
A λ-term on the form O = (λx.M)N is called a β-redex and the related term
[N/x]M is called its contractum. By substituting the term O with [N/x]M
we say that we have β-contracted the term O to a new term O′ and we write,

O .1β O
′

We say that the term P β-reduces to the term Q if we obtain Q by a finite
(possibly empty), sequence of β-contractions on Q and we write,

P .β Q.

The relation .β,w is asymmetric, where P .β Q simply means that reductions
on P yields Q. We can also write P =β Q which is symmetric and holds if
and only if there exists P0, . . . , Pn such that,

(∀i ≤ n− 1)(Pi .β Pi+1 or Pi+1 .β Pi or Pi =α Pi+1), and P0 = P, Pn = Q

and intuitively think that P and Q holds the same semantical value while .β
shows that Q is the result of reducing P . Note now the difference between
=α and =β. This has nothing to do with β-reduction or the value of a term
but rather on the syntactical representation of terms.

The simplest abstraction we can encode is the one of the identity function,
the function which takes one argument, and returns it,

λx.x

Applying a variable a to the function and doing one β-contraction yields,

(λx.x)a .1β a.

The resulting term a does not contain any β-redexes i.e. we can not perform
any more β-contractions on it, we say that a is in β-normal form by the next
definition.
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Definition 2.1.6 β-normal form
Every term P which does not contain any β-redexes is said to be in β-normal
form. We call a term P a β-normal form of O if P is in normal form and

O .β P

Normal forms are a kind of equilibrium points for terms and are used to
show that there is no ambiguity in what is expressable in the lambda cal-
culus. Terms in normal form hold many strong properties which we will
discover more of later. The following theorem connects the relation between
reductions and normal forms.

Theorem 2.1.7 Church-Rosser
Given terms O,P and Q, if O .β P and O .β Q, then there exists an R such
that,

P .β R and Q .β R.

An elegant and thorough proof can be found in [1].

What the Church-Rosser theorem tells us is that if there are two (or more)
possible sequences of β-reductions applicable to a term, there will exist a
third term within reach of both reduction sequences. In other words, the
order in which β-reduction is performed does not make a difference for the
resulting term.

Corallary 2.1.8 Uniqueness of normal forms
If a term O has a normal form, it is unique modulo =α, i.e. if O has normal
forms P and Q, then P =α Q.

Proof:
Given terms P and Q in β-normal form, let O .β P and O .β Q. By the
Church-Rosser theorem, O and P reduces to a distinct term R. But Q and
P contains no β-redexes, so Q =α R and P =α R and hence P =α Q [3].

�

Instead of writing multiple lambda-signs and parentheses to bind variables
in an abstraction

λx1.(λx2. · · · .(λxn.M)) · · · )
where M is the body containing (arbitrarily many) occurrences of xi, we can
choose to use only one lambda and a single period mark to show where the
application starts,

λx1x2x3 · · ·xn.M.
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2.2 Combinators

Combinatory logic (CL) is another field of mathematical logic, not a part of
lambda calculus, but we will study it here in light of its similarities with it.
In its purest form, combinatory logic was created for the same purpose as the
lambda calculus, functional abstraction, but it excludes the need for quan-
tified variables. It is based on combinators, higher-order functions used to
compose abstractions of functions using free variables and other combinators.

Definition 2.2.1 Basic combinators.
The basic combinators: I, K and S

I(f) =f

Sfgxy =f(xg(y))

K(f)a =f

Going through the first definitions of combinators we will see great simi-
larities with those of the lambda calculus, both in terms of naming scheme
and computations. We will discover in the proofs later how the theories
work interchangeably (and together) and how combinators will make some
calculations remarkably less complex.

Definition 2.2.2 CL-terms
Given an infinte set of expressions called variables and the basic combinators
the set of CL-terms is defined inductively:

i All variables are CL-terms.

ii The basic combinators I,K and S are CL-terms.

iii If U and V are CL-terms then so is UV .

We observe the similarities with 2.1.1. We have variables and terms are built
by application of them. Also similar to λ, we have a definition of substitution.
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Definition 2.2.3 Substitution of CL-terms
Given variables x and y and CL-term T , define the substitution

[T/y]x

of every occurence of y in x for T , as:

i [T/x]x = T

ii [T/x]y = y for all variables x 6= y

iii [T/x](VW ) = ([T/x]V [T/x]W )

Using the definition of substitution we can similarly define reduction.

Definition 2.2.4 Weak contraction and reduction
Contracting an occurence of a weak redex in a term T means replacing the
occurences of any of the following:

IX with X

KXY with X

SXY Z with XZ(Y Z)

If this changes T to T ′ we say that T (weakly) contracts to T ′ and we write,

T .1w T
′.

If U is obtained by doing a finite sequence of contractions on T we say that
U (weakly) reduces to T and we write,

T .w U

Note the similarities with contraction and reduction of λ-terms. The Church-
Rosser theorem and corollary 2.1.8 actually holds for combinatory logic as
well using .w instead of .β. We will not prove this since defining normal
forms for combinators are too technical to present in this context.

Because of the similiarities with lambda calculus we will henceforth use the
word a combinator to mean either a CL-term, emphasizing the abstraction,
or a λ-term, focusing on the syntactical representation. In the proofs of 4.2
will say that functions are represented by a combinator, but we essentially
mean term in CL and/or λ-term.

We introduce a new notation to tie together the two theories. For arbitrary
combinators P and Q, we will write

P .β,w Q and =β,w

which holds for terms in both lambda calculus and combinatory logic.
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3 Recursion theory

Recursion is a concept that most people who have studied mathematics or
computer science have stumbled upon. In its essence, it is an approach
of defining iterative functions in terms of themselves. Factorials and the
Fibonacci numbers are two common examples of functions that have recursive
definitions. What we will see in this section is how the concept of recursion
is much broader and is itself different classes of functions with their own
properties.

The original definitions of recursion are due to [4] and together with [3] it
were the reference for theory for this section.

3.1 Notion of functions

All functions considered from here on are, unless otherwise stated, defined
for the natural numbers N = {0, 1, 2, 3...}. However not all functions are
defined for all natural numbers by the following definition.

Definition 3.1.1 Partial and total functions
A function f : X → N is said to be partial if its domain X is a subset of Nn

(for some n ≥ 1). If X = Nn the function is called total.

Note that X in 3.1.1 does not need to be a proper subset of Nn and thus
all total functions are also considered partial. The importance of this will
become apparent later.

3.2 The recursive functions

We will now gradually build up the different classes of recursive functions
and we start with the following definition.

Definition 3.2.1 Initial functions

I The successor function: S(m) = m+ 1.

II The projection function: Πn
k (m1, . . . ,mn) = mk

III 0 is a constant 0-ary function.
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When referring to the Fibonacci numbers and factorials as recursive we actu-
ally mean that they are primitive recursive. The primitive recursive functions
are those with a known upper bound1of invokes of itself. When calculating
e.g. 4!,

4! = 4 ∗ 3!

= 4 ∗ 3 ∗ 2!

= 4 ∗ 3 ∗ 2 ∗ 1!

= 4 ∗ 3 ∗ 2 ∗ 1 ∗ 0!

= 4 ∗ 3 ∗ 2 ∗ 1 ∗ 1

= 24

we know this will have exactly four recursive calls to the factorial function,
marked in bold above. We will see how to define this upper bound formally
in the following definition.

Definition 3.2.2 Primitive recursive functions
The class of primitive recursive functions is the smallest class of functions
such that it contains the initial functions and, for all natural numbers n, p,m1, . . . ,mn,
is closed under composition and primitive recursion as follows:

Composition:
If ψ and χ1, .., χp are primitive recursive the function φ defined by :

φ(m1, . . . ,mn) = ψ(χ1(m1, . . . ,mn), . . . , χp(m1, . . . ,mn))

is primitive recursive.

Primitive recursion
If ψ and χ are primitive recursive the function φ defined by:

φ(0,m1, . . . ,mn) = ψ(m1, . . . ,mn)

φ(k + 1,m1, . . . ,mn) = χ(k, φ(k,m1, . . . ,mn),m1, . . . ,mn)

is primitive recursive.

It follows that all primitive recursive functions are total! In the case of
primitive recursion, k is the ”upper bound” discussed before.

1Computer scientists might know this upper bound as recursion depth.
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Proposition 3.2.3 Addition is primitive recursive.

Proof:
Let Add(b, a) denote the addition of two (natural) numbers a and b and recall
the definition from section 1.1,

Add(0, a) = a

Add(S(b), a) = S(Add(b, a))

We see that the definition matches the primitive recursion clause of 3.2.2 and
thus we need to find primitive recursive functions ψ : N→ N and χ : N3 → N
such that

Add(b, a) =

{
ψ(a) if b = 0

χ(b− 1, Add(b− 1, a), a) otherwise

Since Add(0, a) = a we choose

ψ(a) = Π1
1 (a) = a

which is primitive recursive by definition.

Furthermore since
Add(S(b), a) = S(Add(b, a))

we can conclude that the function χ must map the triple (b − 1, Add(b −
1, a), a) to S(Add(b − 1, a)). We find χ to be a composition of S and the
projection function,

Π3
2 (m1,m2,m3) = m2

and therefore

χ(b− 1, Add(b− 1, a), a) = S ◦Π3
2 (b− 1, Add(b− 1, a), a) = S(Add(b− 1, a))

The successor function S is primitive recursive by 3.2.2. This concludes the
proof.

�

We have defined partial and total functions and saw that all primitive recur-
sive functions are total. The next section will define how we deal with partial
functions that are recursively definable. The following definition is crucial
for this matter and can be seen as bridging the gap between propositions and
expressions of functions.
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Definition 3.2.4 Minimisation
Given a relation R and natural numbers m1, . . . ,mn, y let

µy[R(m1, . . . ,mn, y)]

be the partial function that returns, if it exists, the least y such that,

R(m1, . . . ,mn, y) is true.

Thus the µ is an operator that combined with y states that y is the variable
which we are to minimise over.

The µ-operator should be thought of as searching for a solution to a given
proposition. Given some relation, it starts stepping from 0 (the least natural
number) and upwards and the first value satisfying the relation is the one
returned. Since values are tested from 0 and upwards a found solution to the
relation will be the minimal possible, thus minimisiation.

Suppose for example that we are to find the smallest zero of the polynomial
p defined as,

p(x) = x2 − 9x+ 20.

We can state this using the µ-operator as follows,

µx[p(x) = 0]

which would mean that the µ-operator will search for the smallest natural
number x such that the relation p(x) = 0 is true, this would return 4 as
p(4) = 0 (and p(i) 6= 0 for i < 4).

Another example could be q(x),

q(x) = x2 + 1

where the effort to find (the least) zero,

µx[q(x) = 0]

would not return anything. This is simply because there is no solution to
q(x) = 0 among the natural numbers.

Adding the µ-operator to the primitive recursive functions will allow us to
define a new greater class of recursive functions, the partial recursive func-
tions. By 3.1.1, partial functions are those which may not be defined for
all natural numbers. The partial recursive functions extend the primitive
recursive functions that we stated were total.
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Definition 3.2.5 Partial recursive functions
The class of partial recursive functions is the least class such that it contains
the primitive recursive functions and is closed under minimisation,

φ(m1, . . . ,mn) = ψ(µk[χ(m1, . . . ,mn, k) = 0])

where χ and ψ are primitive recursive, k,m1, . . . ,mn are natural numbers
and,

I k is the least k such that χ(m1, ..,mn, k) = 0,

II φ is undefined if no such k exists.

If the function φ would happen to be total we simply change clause II to
say that ”such a k exists” and we would have defined the total recursive
functions.
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4 Representation of the partial recursive func-

tions

In this section we will tie together the theories of lambda calculus and recur-
sive functions. We will see that we can encode the clauses of the definitions
of recursion in the syntax of lambda calculus and represent both numbers,
functions and computations.

4.1 Church encoding

To support the representations of functions later we need a way of represent-
ing the natural numbers in the lambda calculus. Alonzo Church did this as
per the next definition.

Definition 4.1.1 Church numerals
Alonzo Church encoded the natural numbers as follows,

p0q = λxy.y

p1q = λxy.xy

p2q = λxy.x(xy)

p3q = λxy.x(x(xy))

...

pnq = λxy. x(x · · · x︸ ︷︷ ︸
n times

(y)) (3)

We can choose to denote (3) in the definition above as

pnq = λxy.xny

and similar for arbitrary combinators,

XnY (4)

is an abbrevation of XX . . .X︸ ︷︷ ︸
n times

Y (and X0Y = Y ).

It follows from 4.1.1 that for all combinators X, Y ,

pnqXY .β,w X
nY. (5)
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We note that all Church numerals are in normal form, this will be useful
later in the representations. Hardly surprising, Church also came up with an
encoding for the successor of Church numerals.

Definition 4.1.2 Successor function for Church numerals
The successor function σ̄ for Church numerals is defined as,

σ̄ = λuxy.x(uxy)

Computing the successor of an arbitrary Church numeral pnq yields:

λuxy.x(uxy)pnq = (λuxy.x(uxy))(λxy.xny)

.β λxy.(x(λxy.xny)xy)

.β λxy.(x(λy.xny)y)

.β λxy.(xx
ny)

.β λxy.(x
n+1y)

= pn+ 1q

The definition of Church numerals is crucial for the main result of this text;
showing that every recursive function is representable in lambda calculus.

Definition 4.1.3 λ-definable function
Let φ be an n-ary partial function. A term φ̃ is said to represent φ if,

i φ(m1, . . . ,mn) = p⇒ φ̃pm1q . . . pmnq =β,w p̄,

ii φ(m1, . . . ,mn) is undefined ⇒ φ̃pm1q . . . pmnq has no normal form.

We say that φ is λ-definable if there is such a combinator φ̃.

Definition 4.1.3 is the most fundamental theory for the proofs which will
conclude this text. It states that for functions φ the result of computing the
value of a φ for some input m1, . . . ,mn (and getting the result p) is repre-
sentable with applying the corresponding Church numerals pm1q . . . pmnq to
the combinator φ̃, and getting the result ppq. If φ is undefined we represent
that the resulting term can not be reduced to a normal form. Intuitively,
this is the same as not finding any value of

φ(m1, . . . ,mn).
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4.2 The proofs

Rather than proving individually that primitive and partial recursive func-
tions are λ-definable we will focus on the different characteristics of the classes
and prove how those are representable. When necessary we will define new
concepts for clarity. This will gradually lead us to the conclusion that the
partial recursive functions are members of the class of λ-definable functions
that we will denote by

Rλ.

Some of the reductions and calculations in the proofs will be omitted. The
inspiration, and complete calculations, to the proofs presented here can be
found in their entireties in [3] and [2].

Lemma 4.2.1 Rλ contains the the initial functions.
There are combinators S̃, 0̃ and Π̃n

k representing the intital functions of 3.2.1.

Proof:
This is straighforward and we choose combinators,

S̃ = λuxy.x(uxy), Church’s successor function.

0̃ = λxy.y, the Church numeral for 0.

Π̃n
k = λx1, ..., xn.xk

�

Lemma 4.2.2 Rλ is closed under composition.
Given ψ, χ1, ..., χn ∈Rλ , the function

φ(m1, . . . ,mn) = ψ(χ1(m1, . . . ,mn), ..., χp(m1, . . . ,mn))

is λ-definable.

Proof:
Given that ψ, χ1, . . . , χn are representable by φ̃, χ̃1, . . . , χ̃p it is elementary

to find that φ is representable by φ̃ where,

φ̃ = λm1 . . .mn.ψ̃(χ̃1m1 . . .mn) . . . (χ̃pm1 . . .mn)

�
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To prove closedness under primitive recursion we need help from the defini-
tion of two new combinators.

Definition 4.2.3 The Dcombinator.
Define the pairing-combinator D as,

D = λxyz.z(Ky)x

where Kfa = f by 2.2.1.

The D-combinator can be thought of as a technique of choosing among ele-
ments of ordered pairs. It can be deduced that, for arbitrary terms P and
Q,

D P Q p0q .β,w P

D P Q pk + 1q .β,w Q

}
(6)

The numerals p0q and pk + 1q in (6) were not chosen by accident. They
make a great point of why the D-combinator will come in handy to define
combinators representing recursion in the coming lemmas.

As motivation for the next definition, consider the primitive recursive func-
tion θ,

θ(0) = m

θ(k + 1) = χ(k, θ(k))

}
(7)

where χ is another arbitrary primitive recursive function.

One way of intuitively calculating θ(k) is to iterate k times over the ordered
pair 〈0,m〉 applying a function Next such that,

Next(〈n, x〉) = 〈n+ 1, χ(n, x)〉 (8)

and take the second element of the k:th computed pair. This is in a sense
the same as doing the recursion backwards and this benefits us since we are
used to thinking about successors (rather than predecessors) of the natural
numbers.

Definition 4.2.4 Q
We call the following the Q-combinator,

Q = λyv.D(σ̄(vp0q))(y(vp0q)(vp1q))

where σ̄ is the successor function as defined in 4.1.2.
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We see that Q resembles (8) since

QY (DpnqX) .β,wD(σ̄(DpnqXp0q))(Y (DpnqXp0q)(DpnqXp1q))

.β,wD(σ̄pnq)(Y pnqX) by 4.2.3

.β,wD(pn+ 1q)(Y pnqX) by 4.1.2

 (9)

We can henceforth apply QY repeatedly (where Y could for example be χ
in (7)) that will yield

(QY )k(Dp0qX) .β,w DpkqXk (10)

where Xk is some term which is different from X (and whose details are
unimportant at this stage).

Lemma 4.2.5 Rλ is closed under primitive recursion.

Proof:
Recall the definition of primitive recursion as of 3.2.1. A function φ is prim-
itive recursive if it is defined by,

φ(0,m1, . . . ,mn) = ψ(m1, . . . ,mn) (11)

φ(k + 1,m1, . . . ,mn) = χ(k, φ(k,m1, . . . ,mn),m1, . . . ,mn). (12)

There are two main parts in proving that φ̃ exists. The first includes a way
for φ̃ to ”choose” between the base case in (11) and the recursive step in
(12), depending on the value of k. The second is a way to represent the
recursive invoke of φ(k,m1, . . . ,mn) in (12). For these purposes the D- and
Q- combinators will come in great use.

Firstly, let ψ and χ be λ-definable by ψ̃ and χ̃ respectively. We choose φ̃,

φ̃ = λkm1 . . .mn.(R(ψ̃m1 . . .mn)(λkv.χ̃kvm1 . . .mn)k) (13)

where R is the term which we are to construct such that it covers both parts
mentioned. R will have properties such that, for all terms X, Y ,

RXY p0q =β,w X

RXY pk + 1q =β,w Y pkq(RXY pkq)

}
(14)
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We motivate this with that if such an R exists, it would satisfy (11) and (12)
since,

φ̃p0qm1 . . .mn =β,w R(ψ̃m1 . . .mn)(λkv.χ̃kvm1 . . .mn)p0q

=β,w ψ̃m1 . . .mn

φ̃pk + 1qm1 . . .mn =β,w R(φ̃m1 . . .mn)(λkv.χ̃kvm1 . . .mn)pk + 1q

=β,w χ̃pkq(φ̃pkqm1 . . .mn)m1 . . .mn

which is what we would expect of the right hand sides by the definition of
representation in 4.1.3. Now we define R as Alonzo Church did in [2],

R = λxyu.u(Qy)(Dp0qx)p1q. (15)

and we derive that such an R have the properties that

RXY pkq .β,wpkq(QY )(Dp0qX)p1q

.β,w(QY )k(Dp0qX)p1q by (5)

.β,wDpkqXkp1q by (10)

.β,wXk by (6)

 (16)

Using the R from (15), (14) can be derived,

RXY p0q .β,w (QY )0(Dp0qX)p1q from (15) and (5)

.β,w Dp0qXp1q by (5)

.β,w X by (6);

RXY pk + 1q .β,w (QY )k+1(Dp0qX)p1q by (15) and (5)

.β,w (QY )((QY )k(Dp0qX))p1q by (4)

.β,w QY (DpkqXk)p1q by (10)

.β,w D(pk + 1q)(Y pkqXk)p1q by (9)

.β,w Y pkqXk by (6)

=β,w Y pkq(RXY pkq) by (16).

Since both clauses of (14) reduces to what we want we can be satisfied with
the given R. This concludes the proof.

�
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Theorem 4.2.6 The primitive recursive functions are λ-definable.
Every primitive recursive function φ can be represented by a combinator φ̃.

Proof:
By Lemma 4.2.1, 4.2.2 and 4.2.5, Rλ contains the initial functions and is
closed under compostition and primitive recursion.

�

To prove that the partial recursive functions are λ-definable we have to define
the behavior of the µ-operator as a combinator and for this the following
definition will be crucial.

Definition 4.2.7 P-combinator
Given the combinator T,

T = λx.Dp0q(λuv.u(x(σ̄v))u(σ̄v))

we define the P-combinator,

P = λxy.Tx(xy)(Tx)y.

It can be deduced that using P from the definition above we can express that,

PXY =β,w Y if XY =β,w p0q.

PXY =β,w PX(σ̄Y ) if XY =β,w pm+ 1q (for some m).

}
(17)

Now, one approach of finding the solution to

µk[θ(m1, . . . ,mn, k) = 0]

is to find a combinator H such that

Hm1 . . .mnk =β,w

{
k if θ̃(m1 . . .mnk) =β,w p0q

Hm1 . . .mn(σ̄k) otherwise
(18)

Defining H as Hindley did in [3],

H = λm1 . . .mny.P(θ̃m1 . . .mn)y (19)

yields that (18) holds since,

HX1 . . . XnY =β,w P(θ̃X1 . . . Xn)Y

=β,w

{
Y if θ̃X1, . . . XnY =β,w p0q

HX1 . . . Xn(σ̄Y ) if θ̃X1 . . . XnY =β,w pm+ 1q
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Theorem 4.2.8 Rλ is closed under partial recursion.

Proof:
As per Definitition 3.2.2 φ is a partial recursive function if it is defined as,

φ(m1, . . . ,mn) = ψ(µk[χ(m1, . . . ,mn, k) = 0])

where χ and ψ are primitive recursive and where k, if it exists, is the least
such k, and φ is undefined otherwise.

Abbreviate,
F = λm1 . . .mn.ψ̃(Hm1 . . .mnp0q)

where H is from (19) and for which it holds that

Fpm1q . . . pmnq =β,w pφ̃m1, . . . ,mnq (20)

By Theorem 4.2.6, ψ and χ are representable by ψ̃ and χ̃. We will define φ̃
as Hindley in [3],

φ̃ = λm1 . . .mn.P(χ̃m1 . . .mn)p0qI(Fm1 . . .mn) (21)

and prove it by a motivation of why it holds for both cases of the existence of
k. Let us first look at the case where there is a k satisfying χ(m1, . . . ,mn, k) =
0. Let piq be such a least k, then,

φ̃pm1q . . . pmnq .β,w piqI(Fpm1q . . . pmnq) by (4.20 in [3])

.β,w Ipiq(Fpm1q . . . pmnq) by (5)

.β,w Fpm1q . . . pmnq by (definition of I)

.β,w pφ̃m1, . . . ,mnq by (20) (22)

by 4.1.1, (22) is in normal form. We could have concluded the proof here
and we would have proved the that the class of total recursive functions are
λ-definable.

The second case is when there is no such k and for this we must prove that

φ̃(pm1q . . . pmnq) (23)

cannot be reduced to a normal form. Since χ is primitive recursive (and thus
total) we know that for every possible value of k there exists a pk ≥ 0 such
that

χ(m1, . . . ,mn, k) = pk + 1.
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And since we already proved that primitive recursion is λ-definable we can
conclude that

χ̃pm1q . . . pmnqpkq =β,w ppk + 1q (24)

and because of the Church-Rosser theorem also that

χ̃pm1q . . . pmnqpkq .β,w ppk + 1q (25)

since Church numerals are in normal form by 4.1.1.

Now for the step to show that (23) has no normal form. There are technical
and formal ways to define the non-existence of a normal form for an arbitrary
term (see p.41-42 of [3]) but for our purpose we will say that is suffices to
find a redex that is infinitely reducible, i.e. that we can find patterns in the
reductions which when reduced reappears again.

We denote Fpm1q . . . pmnq with G for short and look at the reduction of
φ̃pm1q . . . pmnq,

φ̃pm1q . . . pmnq =β,w PXp0qIG by def of φ̃

=β,w TX(Xp0q)(TX)p0qIG by 4.2.7

=β,w TX(pp0 + 1q)(TX)p0qIG by (25)

=β,w (λuv.u(X(σ̄v))u(σ̄v))(TX)p0qIG by 4.2.7

=β,w TX(X(σ̄p0q))(TX)(σ̄p0q)IG

=β,w TX(Xp1q)(TX)p1qIG by def of σ̄ (26)

=β,w TX(pp1 + 1q)(TX)p1qIG

=β,w . . .

=β,w TX(Xp2q)(TX)p2qIG by (25) (27)

=β,w . . .

=β,w TX(Xp3q)(TX)p3qIG (28)

=β,w . . .

We see that in the reductions of (26), (27) and (28) the numerals p0q, p1q
and p2q appears, and the rest of the term stays the same. Thus the term

TX(Xpnq)(TX)pnqIG

will continue to reappear and will never reduce to a normal form.

�

This concludes this thesis as we have shown that every partial recursive
function is representable by a combinator.

23



References

[1] E. Barendsen and H. Barendregt. Introduction to Lambda Calculus.
Available at https://www.cse.chalmers.se/research/group/logic/

TypesSS05/Extra/geuvers.pdf (March 2003).

[2] A. Church. The Calculi of Lambda-conversion. Annals of mathematics
studies. Princeton University Press, 1941.

[3] J. Roger Hindley and Jonathan P. Seldin. Lambda-Calculus and Combi-
nators an Introduction. Cambridge University Press, 2008.

[4] S.C. Kleene. Introduction to Metamathematics. Bibliotheca Mathemat-
ica, a Series of Monographs on Pure and Applied Mathemetics. Wolters-
Noordhoff, 1971.

[5] R.I. Soare. Turing Computability: Theory and Applications. Theory and
Applications of Computability. Springer Berlin Heidelberg, 2016.

24

https://www.cse.chalmers.se/research/group/logic/TypesSS05/Extra/geuvers.pdf
https://www.cse.chalmers.se/research/group/logic/TypesSS05/Extra/geuvers.pdf

	Solig försättsblad
	solig
	Introduction
	Axiomatic computation

	Lambda calculus
	The syntax
	Combinators

	Recursion theory
	Notion of functions
	The recursive functions

	Representation of the partial recursive functions
	Church encoding
	The proofs

	References




