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Abstract

We introduce the necessary theory to construct self-exciting processes,
particularly random and Poisson measures. Our goal is to show how to
work with and analyze self-exciting processes. We consider a Hawkes pro-
cess with the exponential kernel, a counting process with an intensity that
depends on the process itself. We examine the process using two different
methods. First, the ”Markov generator” approach is considered where
we use that the process is a Markov process when it has the exponential
kernel. We can thus find the infinitesimal generator of the process, which
can be used to retrieve the moments.

We then consider a cluster representation approach, where we can de-
rive a nonlinear differential equation for the process. Again we retrieve
the moments of the process. Furthermore, the cluster approach gives us
insight into the behavior of the clustering effect seen in self-exciting pro-
cesses and the dynamics of clusters. We then consider an alteration of a
dynamic contagion process, which is an extension of the Hawkes model in-
troduced by Dassios and Zhao, 2011 [5]. They introduce external intensity
jumps to a Hawkes process, where they allow the size of each intensity
jump to be random. In our study, we only consider intensity jumps of
constant size. They describe their model as a combined Hawkes process
and a doubly stochastic process with shot-noise. Again, we apply both
methods described above. The extension of the Cluster representation
may open the possibility of considering a dynamic contagion process with
a different choice of kernel.
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1 Introduction

Self-excitement is the notion of one event triggering another event. In prob-
abilistic terms, it is the property that a process has increased probability for
an event when an event recently has occurred. Consider a generalization of
the Poisson process where the intensity depends on the process itself. A self-
exciting process is a generalization of the Poisson process that has a temporary
increase in intensity for each event. The model first developed to capture this
phenomenon is a generalization of the Poisson process known as the Hawkes
model, which Alan G. Hawkes introduced in 1971 [7, 8], to model earthquakes.
The earthquake model is a counting process that counts the number of earth-
quakes over time. The mainshocks, followed by the aftershocks, represent the
self-excitement found in earthquakes. When an earthquake occurs, the intensity
of earthquakes increases for a short period.

Formally, a Hawkes process is a counting process Nt with intensity

Λt = λ0 +

∫ t

0

ϕ(t− s)dNs, (1)

where λ0 ∈ R+ and ϕ(s) is a kernel, see for example Hawkes, 2018 [9]. The
integral seen in equation (1) is an integral with respect to a random measure.
We define this integral and the random measure in section 2. In section 3 we
introduce the Poisson random measure, which is a building block for self-exciting
processes. Furthermore, we use the Poisson random measures to generalize the
intensity of a Poisson process to a stochastic process. We think of the integral
as a sum of the kernel function evaluated at the time points corresponding to
an event of Nt, which we call event times. Denote the event times of Nt as a
sequence of points (Ti). The intensity may be rewritten as,

Λt = λ0 +
∑
Ti≤t

ϕ(t− Ti).

The sum shows that a term is added to the intensity process when an event has
happened. For this to make sense we need to assume that the kernel is positive;
ϕ(t) = 0 for t < 0 and ϕ(t) is in the space of L1-integrable functions.

For the process to be asymptotically stationary, we need each addition to
the intensity to decay fast enough. This property boils down to the condition,∫ ∞

0

ϕ(s)ds < 1. (2)

We will discuss how this condition may be interpreted. In this thesis we consider
Hawkes processes with exponential kernels, that is, ϕ(s) = ae−bs with a, b ∈
R+. The intensity Λt with the exponential kernel is given by,

Λt = λ0 +

∫ t

0

ae−b(t−s)dNs (3)
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with a, b ∈ R+. The intensity process with exponential kernels jumps with size
a whenever an event occurs, then exponentially decays back to the baseline
intensity λ0 with rate b.

In section 4 we analyze a Hawkes process with two different methods. First,
we prove that a Hawkes process with exponential kernels is a Markov process,
and thus we can find the infinitesimal generator of the process. Using the in-
finitesimal generator, we show a method to derive the moments of the process.
In the second method, we consider a cluster representation of a Hawkes process,
which deconstructs the process into clusters. It is then possible to examine the
dynamics of a single cluster. Consider the example of earthquakes; a cluster
would then correspond to a single mainshock and its aftershocks. We derive a
nonlinear differential equation for the moment generating function of the inten-
sity, counting, and cluster processes. The nonlinear differential equations are
used to derive the moments. Furthermore, we consider the limiting behavior
of a single cluster. The limiting behavior gives a better understanding of the
relation to branching processes.

Consider the stationary condition in equation (2) with the exponential ker-
nel, ∫ ∞

0

ae−bsds =
a

b
< 1.

The intuition behind the condition is understood when considering the cluster
representation. Here, each event forms a cluster. The assumption ensures that
the expected number of events triggered by another event is less than one. The
cluster is a branching process with a Poisson-distributed number of offspring
with an expected birth rate of less than one, which is known to die out almost
surely. The branching process is said to be in a subcritical state when a/b < 1
is fulfilled. If the condition is violated, that is, in the case a/b > 1, we are in
a supercritical state, and we would eventually get some clusters that produce
offspring indefinitely, causing the process to explode. In the case where a/b = 1
we are said to be in a critical state, the cluster would die out almost surely, but
the variance in the limit would be infinite, which causes problems in the process.
Having the possibility of uncontrollably large clusters we try to avoid. Thus we
will only consider the subcritical case a/b < 1, the counting process Nt then has
asymptotically stationary increments, and Λt is asymptotically stationary.

In Figures 1 , 2 and 3 we see examples of how the counting process and the
intensity process behaves in the cases a/b < 1, a/b = 1 and a/b > 1 respectively.
We see in Figure 1 how the process seems to return to a base level multiple times,
corresponding to the extinction of all clusters currently alive. The process then
resets to its initial state until a new event occurs, causing a new cluster of events.
We can expect a similar behavior to occur if we consider the process at a later
point in time. Compare Figure 1 with Figure 2, the processes seem to have
similar behaviour until t = 20 then the intensity process in Figure 2 reaches a
point where Λ(t) > 20 and does not seem to reach back again to the baseline
λ0 again. This event might correspond to an unpredictable cluster that grows
very large. We cannot tell if the process will ever reach its initial intensity level
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or if there will be too many new clusters that grow large. The process now is
very dependent on what has happened in the past. The process behaves very
differently if a huge cluster has occurred, reaching a high-intensity period. An
example of how the process behaves when a/b > 1 we see in Figure 3. We will
eventually get clusters that produce intensity indefinitely. When this occurs,
the process quickly gets out of hand and explodes.

Figure 1: Example of a Hawkes process in the subcritical case, a
b < 1.

Figure 2: Example of a Hawkes process in the critical case, a
b = 1.
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Figure 3: Example of a Hawkes process in the supercritical case, a
b > 1.

The Hawkes model has gained popularity in other fields such as insurance
and finance. Specifically, there has been much interest in high-frequency finance
during the last decade. Bacry et al. [3] review a number of these models. For
example, there are models of limit order books and market activity in finance. In
section 5 we consider an alteration of a dynamic contagion process introduced
by Dassios and Zhao, 2011, [5]. The process is a generalization of a Hawkes
process by introducing external jumps in the intensity process in addition to
the self-excited ones. Dassios and Zhao initially thought of their model to
capture a phenomenon in insurance. For example, when modeling the number
of companies that default. The self-excitement is the effect where one company
defaults, which might cause economic problems for their suppliers or partners,
which might also default. The external increase in intensity is triggered by
some outside event, such as a financial crisis. The model introduced by Dassios
and Zhao only considers the case with exponential kernels. In their model,
they allow the size of each intensity jump (the value a in equation 3) to be a
random variable. However, this thesis will only consider the exponential kernel
where jump sizes are constant. Again, this is a Markov process, and we can
thus consider the infinitesimal generator of the process and derive the moments.
Furthermore, we extend the cluster representation method. This method opens
the possibility of considering a model alteration with a different choice of kernels,
which Dassios and Zhao do not consider. Lastly, in section 6 we compare the
differences found in the methods and discuss how a dynamic contagion process
may apply to different problems where the Hawkes processes is already used.

This thesis introduces self-exciting processes and tools available to analyze
these. The reader learns the necessary concepts from point processes and their
relation to Poisson processes. The most general model considered is a dynamic
contagion process, which will be the end goal of the thesis. It is assumed that
the reader has some basic knowledge of probability theory and measure theory.
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2 Random measures and point processes

First, we consider Random measures, which we saw in the definition for Hawkes
processes in equation (1). We build the foundation for Poisson measures and
Poisson processes, considered in the next section. This section is based on
Çinlar, 2011, Chapters 1, 2 and 5 [12]. We begin with reviewing some definitions
that may not be covered when first encountering measure theory. Throughout
the section we let (Ω,H,P) be a probability space and (E, E) be a measurable
space.

2.1 Preliminaries

We first introduce the measure-theoretic notion of atoms, since the measures of
interests will have such points. The random measures of consideration will all,
in fact, be purely atomic. The following definitions can characterize measures.

Definition 2.1. Let µ be a measure on (E, E) and suppose that the singletons
{x} ∈ E, ∀x ∈ E.

• A point x is said to be an atom of µ if µ{x} > 0.

• µ is diffuse if it has no atoms.

• µ is purely atomic if the set D of its atoms is countable and µ(E \D) = 0.

In other words, µ is purely atomic if all the mass is concentrated on the atoms
in the countable set D and has a null measure elsewhere.

An example of a diffuse measure is the Lebesgue measure; an example of a
purely atomic measure is the Dirac measure defined on (E, E) with x a singleton
in E. The Dirac measure can be defined as,

δx(A) =

{
1, if x ∈ A,

0, if x ̸∈ A,

for each A in E . The purely atomic Counting measures is a sum of Dirac
measures defined by

ν(A) =
∑
x∈D

δx(A),

where we let D be a countable subset of E. The integral with respect to a
counting measure ν may be considered as a sum evaluated at the atoms of ν.∫

f(x)ν(dx) =
∑
x∈D

f(x).

Recall how the integral in equation (1) can be considered as a sum. As we
introduce random measures, the relation between counting measures and the
measure in equation (1) will become evident.
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2.2 Random measures

In this section, we define random measures. We start by considering (E, E) and
another measurable space (F,F). Again, this section and the proofs are based
on Çinlar, 2011, chapter 5 [12]. The first definition is that of a transition kernel,
a more general construction than the random measures.

Definition 2.2. Let K be a mapping from E × F into [0,∞] = R̄+. Then K
is a transition kernel from (E, E) into (F,F) if

• the mapping x 7→ K(x,B) is E-measurable ∀B ∈ F and

• the mapping B 7→ K(x,B) is a measure on (F,F) ∀x ∈ E.

For our purposes, it will be sufficient to consider a particular kernel, which we
call random measures.

Definition 2.3 (Random Measure). A random measure is a Kernel M from
definition 2.2 defined from (Ω,H,P) into a measurable space (E, E).

To understand the definition of a random measure, consider the mappings ω 7→
M(ω,A) and A 7→ M(ω,A). The former we denote as M(A), and it is a random
variable. We consider M(A) as a collection of random variables for every A ∈ E .
The second mapping is a measure, we denote it by Mω. Note that for each ω —
Mω(A) is a random measurement of the set A. Hence, the terminology random
measure. The random measure has measure-theoretic properties such as being
finite, σ-finite, atomic, and so on if the measure Mω has the given property for
every ω ∈ Ω. One class of random measures that is of interest is the random
counting measures.

Definition 2.4 (Random Counting Measure). A random measure M is a ran-
dom counting measure if Mω is purely atomic(Definition 2.1) for every ω ∈ Ω
and every atom has weight one.

A random counting measure is a discrete random variable for every A. Note
that this definition is in line with the counting measures considered earlier.

We denote the set E+ as the set of positive measurable functions. Con-
sider the integral of a function f ∈ E+ with respect to a random measure
M : (Ω,H,P) → (E, E) in the natural way.

Mf(ω) =

∫
E

f(x)M(ω, dx) =

∫
E

f(x)Mω(dx), ω ∈ Ω.

The integral defines a positive random variableMf . We will not consider general
random measures in detail. However, in definitions where these are viable, we
use them. Furthermore, we define the mean for the random variable M(A) as,

µ(A) = EM(A) =

∫
Ω

M(ω,A)P(dω), A ∈ E .
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Then µ(A) defines a measure on (E, E). The integral and the mean relate as

EMf =

∫
E

fdµ. (4)

The analog between the mean of a random measure and the random variable’s
mean is clear.

Similar to the moment generating function for random variables, we can
consider a moment generating functional for random measures.

Proposition 2.1. Let f ∈ E+ and assume that E[eMf ] < ∞, the probability
law of a random measure M on (E, E) is determined uniquely by

E[eMf ].

Proof. Proof based on Çinlar, 2011, p.244 [12]. Consider the random measure
M as a collection of random variables {Mf : f ∈ E+}. Thus we can determine
the probability law of M with the joint distribution of Mf1,Mf2, ...,Mfn for
every choice of integer n and functions f1, f2, ..., fn. This joint distribution can
be specified through the joint moment generating function

E[e(r1Mf1+...+rnMfn)], r1, ..., rn ∈ R . (5)

But E[eMf ] with f = r1f1 + · · ·+ rnfn is the same as (5).

The mapping f 7→ E[eMf ] from E+ into R+ is the moment generating
functional of M . We assume that the moment generating function fulfills
E[eMf ] < ∞. Generally, this may not be the case. In the cases where we
work with the moment generating functional, this will not be a problem, but
the technical details are left out. The following proposition shows that the
moment generating functional is continuous under increasing limits.

Proposition 2.2. If (fn) ⊂ E+ is increasing to f,

lim
n→∞

E[eMfn ] = E[eMf ].

Proof. Proof based on Çinlar, 2011, p.244 [12]. By assumption fn ↗ f thus
by the monotone convergence theorem Mfn ↗ Mf for each fixed ω. Hence
eMfn ↗ eMf , thus by the monotone convergence theorem we are done.

Proposition 2.3. Let M and N be random measures on (E, E). They are
independent if and only if

E[e(Mf+Ng)] = E[eMf ]E[eNg] f, g ∈ E+
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Proof. Proof based on Çinlar, 2011, p.245 [12]. (⇐=) If we can show that the
vectors (Mf1,Mf2, ...,Mfm) and (Ng1, Ng2, ..., Ngn) are independent for each
choice of m ≥ 1, n ≥ 1 and f1, f2, ..., fm, g1, g2, ..., gn we are done and this can
be showed via the moment generating function in particular if

E[exp{
m∑
i=1

piMfi +

n∑
i=1

liNgi}] = E[exp{
m∑
i=1

piMfi}]E[exp{
n∑

i=1

liNgi}]

but this is assumed in the proposition with the choice f =
∑

pifi and g =
∑

ligi.

(=⇒) This comes directly from Mf and Ng being random variables.

The following corollary is immediate by the above proposition.

Corollary 2.1. Let M and N be independent random measures on (E, E). Then

E[e(M+N)f ] = E[eMf ]E[eNf ], f ∈ E+

Proof. By Proposition 2.3

E[e(Mf+Ng)] = E[eMf ]E[eNg]

is true for all f, g ∈ E+, in particular it is true when f = g.

For integer-valued random measures on R+, we have the following relation
with a sequence we call the event times. The atoms T1, T2, . . . of a random
measure in R+ we consider as time points. Proposition 2.4 gives us an inter-
pretation of an integral with respect to an integer-valued random measure. As
we discussed earlier, the integral may be defined as the sum of the atoms of the
random measure.

Proposition 2.4 (event times). Let M be an integer-valued random measure
on R+. Suppose that it is finite over bounded intervals. Then, there exists an
increasing sequence (Tn) of random variables in R̄+ such that for almost every
ω,

M(ω,A) =

∞∑
n=1

1A(Tn(ω)), A ∈ B(R+), (6)

where 1A(·) is the indicator function.

Proof based on Çinlar, 2011, p.246 [12].

Proof. Let Lt(ω) = M(ω, [0, t]) for t ∈ R+ and ω ∈ Ω, Lt(ω) is a random
variable, since M is a random variable for each set. Furthermore, for every
t < ∞ we have Lt < ∞ by assumption. Define the following

Tn(ω) = inf{t ∈ R+ : Lt(ω) ≥ n}, ω ∈ Ω, n ∈ Z+ (7)
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We note that {ω : Tn(ω) ≤ t} = {ω : Lt(ω) ≥ n} thus Tn is a random variable
for each n. Also Tn ∈ R̄+ and Tn is an increasing sequence in n. Define Ω0

as the intersection of Ln < ∞ for all finite n. Then Ω0 is almost surely since
Lt < ∞ for all t < ∞. Then for every ω ∈ Ω0 (7) implies (6) for A = [0, t] thus
using a monotone class argument (see for example Çinlar, 2011, chapter 1 [12]).
it holds for every Borel subset A of R+.

3 Poisson Random measures

Later on, the models we consider, namely Poisson-, Cox- and Hawkes processes,
are extensions of the Poisson measure. Hence, it is a natural approach to in-
troduce the Poisson measure. We start by reminding ourselves of the Poisson
distribution and random variables thereof. This section is based on Çinlar, 2011,
chapter 6.2 [12].

Definition 3.1 (Poisson-distributed Random Variable). Let X be a random
variable taking values in N̄ = {0, 1, 2, ...,∞}, X is said to have the Poisson
distribution with mean λ ∈ (0,∞) if

P[X = k] =
e−λλk

k!

Then X < ∞ almost surely and E[X] = Var[X] = λ. We further extend this by
letting λ ∈ [0,∞] where we have:

• λ = 0 if and only if X = 0 almost surely,

• λ = ∞ if and only if X = ∞ almost surely.

Furthermore, we remind ourselves of the following property for Poisson-distributed
random variables.

Remark 3.1. If X and Y are independent Poisson distributed random variables
with mean a and b, respectively. Then X + Y is Poisson distributed with mean
c = a+ b. This is also true for countable sums of Poisson random variables.

The Poisson measure, which we now define, is a cornerstone in the theory of
point processes. We try to preserve the two properties above of Poisson random
variables and extend them to random measures.

Definition 3.2. Let (E, E) be a measurable space and let ν be a measure on it.
A random measure N on (E, E) is said to be Poisson with mean ν if

• for every A in E, the random variable N(A) has the Poisson distribution
with mean ν(A),

• whenever A1, A2, ..., An are in E and disjoint, the random variables
N(A1), N(A2), ..., N(An) are independent, this being true ∀n ≥ 2.
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Remark 3.2. We often let the measure ν be the standard Lebesgue measure in
Rd and call the corresponding Poisson measure a Poisson measure with Lebesgue
mean. If m is the Lebesgue measure, then a Poisson measure with mean λm,
where λ ∈ R+, we call a Poisson measure with Lebesgue mean scaled by λ.

To set the definition into context, we exemplify with the simulation of a Poisson
random measure on R+ ×R+ with Lebesgue mean ν. We see in Figure 4 is a

Figure 4: Example of a simulation of a 2 dimensional spatial Poisson distributed
variable with Lebesgue mean ν.

5 × 5 window W . In W we find a Poisson distributed number of points with
mean ν(W ) = 25, uniformly scattered in the window. The red rectangles A and
B are both of size 3×1. In each rectangle we find a Poisson-distributed number
of points with mean ν(A) = ν(B) = 3 uniformly scattered. Furthermore, from
definition 3.2 we see that the random variables Nω(A) and Nω(B) are indepen-
dent. The number of points in A ∪ B is given by Nω(A) + Nω(B) which has
mean ν(A) + ν(B) = ν(A ∪B) = 6.

Another way of characterizing the Poisson measure is with the following
theorem, which we give without a proof (See Çinlar, 2011, p.296 [12]).

Theorem 3.1. Let N be a Poisson random measure on (E, E). Suppose that
the mean ν of N is σ-finite. Then, N is a random counting measure if and only
if ν is diffuse.
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Theorem 3.1 explains why the outcome in Figure 4 only shows singleton points.
The Lebesgue measure is diffuse, so the theorem assumptions are satisfied.
Hence, the measure N is a random counting measure.

3.1 Mean, variance and moment generating functional

Consider a Poisson random measure N on (E, E) with mean ν. For A ∈ E ,
if ν(A) < ∞, N(A) has a proper Poisson distribution with mean E[N(A)] =
Var[N(A)] = ν(A). If ν(A) = ∞ then N(A) = ∞ almost surely, still E[N(A)] =
ν(A); however, the variance is now undefined. These properties carry over to
functions f ∈ E+,

ENf =

∫
E

fdν,

Var(Nf) =

∫
E

f2dν,

if, νf < ∞. By (4) the claim for the mean is clear. To show the result for
variance, consider a simple function

fn(x) =

n∑
i=1

ci1Ai ,

where Ai and Aj are disjoint whenever i ̸= j. Since we know the expected
value, we only have to calculate E[(Nfn)

2] which is done first by some algebraic
manipulation of the initial squared sum and an interchange of expectation and
summation which is justified since the sum in fn is finite.

E[
(∫

E

fndN(ω, dx)
)2

] = E[
(∫

E

n∑
i=1

ci1AidN(ω, dx)
)2

]

= E[
( n∑

i=1

ciN(ω,Ai)
)2

]

= E[
n∑

i=1

c2iN(ω,Ai)
2] + E[

n∑
i̸=j

cicjN(ω,Ai)N(ω,Aj)]

=

n∑
i=1

c2i E[N(ω,Ai)
2] +

n∑
i ̸=j

cicj E[N(ω,Ai)N(ω,Aj)]

Now we need to calculate E[N(ω,Ai)
2] which is simple since the expectation

and variance of N(ω,Ai) is ν(Ai), hence

E[N(ω,Ai)
2] = ν(Ai) + ν(Ai)

2.
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Further we note that N(ω,Ai) and N(ω,Aj) are independent when i ̸= j since
Ai and Aj are disjoint and E[N(ω,Ai)] = ν(Ai). Thus, we can rewrite E[(Nfn)

2]
by

n∑
i=1

c2i (ν(Ai) + ν(Ai)
2) +

n∑
i ̸=j

cicjν(Ai)ν(Aj) =

n∑
i=1

c2i ν(Ai) +
( n∑

i=1

ciν(Ai)
)2

=

∫
E

f2
ndν +

( ∫
E

fndν
)2
.

We put together the squared sum and use the definition for the integral to
reach the last equality. This result and the expected value give the desired
result for simple functions. A standard measure theory argument extends this
to all measurable functions by considering the limits of simple functions.

Next, we prove a theorem for the moment generating functional of the Pois-
son measure. The Theorem gives that the Poisson measure is uniquely deter-
mined by its mean.

Theorem 3.2. Let f ∈ E+ and suppose E[eNf ] < ∞. Then N is a Poisson
measure on (E, E) with mean ν if and only if

E[exp{
∫
E

fdN(ω, dx)}] = exp{
∫
E

ef − 1dν}, f ∈ E+.

Proof. Proof is based on Çinlar [12], p.252. (=⇒) In a similar manner to how
we showed the result for the variance with simple functions, we again use the
same approach. Let N be a Poisson measure with mean ν on (E, E) consider

E[eaN(A)] = e−ν(A)
∞∑
k=0

(ν(A)ea)k

k!

= e−ν(A)eν(A)e−a

= eν(A)(ea−1)

(8)

This comes from the fact that N(A) is poisson with mean ν. Now consider a
simple function fn =

∑n
i=1 ci1Ai

, where Ai:s are disjoint sets. Then

E[exp{
∫
E

fn(x)dN(ω, dx)}] = E[exp{
∫
E

n∑
i=1

ci1Ai
dN(ω, dx)}]

= E[exp{
n∑

i=1

ciN(ω,Ai)}] =
n∏

i=1

E[eciN(ω,Ai)],

which is done by noting that N(Ai) and N(Aj) are independent when Aj and
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Ai are disjoint. Now, apply equation (8) termwise in the product.

n∏
i=1

E[eciN(ω,Ai)] =

n∏
i=1

eν(Ai)(e
ci−1)

= exp{
n∑

i=1

(eci − 1)ν(Ai)} = exp{
∫
E

efn − 1dν}.

Hence, the result holds when f is simple. Now let f ∈ E+, we can choose
(fn) ∈ E+ such that fn ↗ f and each fn is a simple function. By Proposition
2.2 we have continuity of the characteristic functionals, hence

E[eNf ] = lim
n→∞

E[eNfn ] = lim
n→∞

exp{
∫
E

efn − 1dν} = exp{
∫
E

ef − 1dν}.

(⇐=) This is directly from what was just proved and Proposition 2.1 which gives
a one-to-one relationship between characteristic functionals and probability laws
of random measures.

3.2 Poisson processes

We now extend the results from section 3 of Poisson measures by considering
one dimension as time. We consider Poisson measures defined on R+ ×E or
simply R+.

Definition 3.3 (Counting process). N = (Nt)t∈R+ is a counting process if for
almost every ω the path t 7→ Nt(ω) is

• increasing,

• right-continuous,

• a step function,

• N0(ω) = 0 almost surely,

• every jump is of size one.

The counting process defines an increasing sequence Tk of random variables
taking values in R̄+ such that

Nt(ω) =

∞∑
k=1

1[0,t](Tk(ω)),

where t ∈ R+ and ω ∈ Ω. The sequence of times (Tk) forms a random counting
measure M on R+ — that is, the converse of Proposition 2.4. For positive Borel
functions f on R+, extended onto R̄ by f(∞) = 0,

Mf =

∞∑
k=1

f(Tk) =

∫
E

f(x)M(dx).
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The integral is the sum of the function evaluated at all the atoms of the measure
M . This result is natural when we realize that the mass at each atom is precisely
one and zero elsewhere, exactly as in the case of counting measures; however,
now with randomness. Thus we have Nt(ω) = M(ω, [0, t]). We let the filtration
{F t} be generated by N ,

F t = σ{Ns : s ≤ t} = σ{M(A) : A ∈ B[0,t]}.

Definition 3.4. The counting process N is said to be a Poisson counting process
with intensity λ if

• Ns has independent increments,

• Nt −Ns ∼ Po(λ(t− s)), for s < t.

Note that the latter property implies that ifNt is a Poisson process, E[Nt−Ns] =
λ(t− s). We shall keep this definition in mind when we later let the intensity λ
be a function or a stochastic process.

There are various ways to characterize the Poisson process. Below we give a
result which summarizes these. However, we omit the proof which can be found
in Çinlar, 2011, p.291 [12].

Theorem 3.3. For fixed λ ∈ (0,∞) and a measure N on R+, the following are
equivalent:

a) N is a Poisson random measure with mean µ = λm where m is the
Lebesgue measure.

b) N is a Poisson counting process with intensity λ.

c) N is a counting process and Ñ = (Nt − λt)t∈R+ is a F-martingale.

d) (Tk) is an increasing sequence of F-stopping times, and the differences
T1, T2 − T1, T3 − T2, ... are independent and exponentially distributed with
parameter λ.

The equivalence between a) and b) is quite natural when considering how Pois-
son random measures construct Poisson counting processes, that is if M is a
Poisson measure on R+ with Lebesgue mean scaled by λ then the counting
process Nt = M([0, t]) is a Poisson counting process with intensity λ. We can
see a similar result to c) when we generalize the notion of intensity. Lastly, d)
gives us a fact about how the times between each event are distributed. By d),
it is possible to construct the Poisson process using exponentially distributed
variables.
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3.3 Intensity of the Poisson process

The first part of this section is based on Çinlar, 2011, chapter 6, exercises 2.35
and 2.36 [12]. We only considered Poisson processes with a constant rate λ in
the previous section. Let us generalize this one step at a time. Now, let N be
a Poisson random measure on R+ with Borel σ-algebra B and mean ν. Assume
that ν is absolutely continuous with respect to the Lebesgue measure m, by the
Radon-Nikodym theorem, there exists a function λ(t) such that

ν(A) =

∫
A

λ(t)dt.

We say that λ(t) is the intensity of the random measure N . In particular, if
we view N as a Poisson process, then λ(t) is the intensity of the process. We
also call λ(t) the expected arrival at time t. This definition of course, works if
λ(t) ≡ c where c ∈ R+. Thus it is an extension of what we previously considered.

We now consider a construction of such a random measure N ; this construc-
tion is useful for simulation because of its simplicity. However, it might not be
the most effective method. Furthermore, it gives a visual interpretation of the
construction of the Poisson process with intensity λ(t). Let M be a Poisson ran-
dom measure on R+ ×R+ with Lebesgue mean. Then for all ω we have that Mω

is a counting measure, by Theorem 3.1. Now let Nω be the counting measure
on R+ with atoms at the points t, where (t, z) is an atom of Mω and z ≤ λ(t).
A visualization of this is seen in Figure 5, where all the points and triangles
in the upper plot correspond to atoms of Mω. Every point found below λ(t) is
then marked as a triangle; the time point of each triangle then corresponds to
an atom of Nω. We see how the process N(t) evolves in the lower plot.

To do this formally, we first define the set

D = {(t, z) ∈ R+ ×R+ : z ≤ λ(t)},

define the trace MD(ω,A) : = M(ω,A ∩D) lastly we let
h : R+ ×R+ → R+ be the projection mapping (t, z) 7→ t. We thus have the
following proposition.

Proposition 3.1. The measure

N(ω,A) : = MD(ω, h−1(A)),

is a Poisson random measure with intensity λ(t).

Proof. The random variable N(ω,A) has Poisson distribution with mean
m(D ∩ h−1(A)) by the definition of N and M . Rewriting the mean we get that

m(D ∩ h−1(A)) = m(D ∩ (A× R+)) =

∫
D∩(A×R+)

m(dt, dz)

=

∫
A

∫ λ(t)

0

dzdt =

∫
A

λ(t)dt.
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Figure 5: Example of a construction of the Poisson measure N with expo-
nentially decaying intensity λ(t) = 5e−0.2t, using the Poisson measure M on
R+ ×R+ with Lebesgue mean.

Thus, λ(t) is the intensity of N . Furthermore for A1, A2, ..., An disjoint then
N(ω,Ai) = MD(ω, h−1(Ai)) and N(ω,Aj) = MD(ω, h−1(Aj)) are independent
since the sets D ∩ h−1(Ai) = D ∩Ai ×R+ and D ∩ h−1(Aj) = D ∩Aj ×R+ are
disjoint and M is a Poisson random measure.

To find the moment generating functional for such a Poisson measure N .
We first find the following relation between the measures N and M ,

N(ω,A) = MD(ω, h−1(A)) = M(ω,D ∩ (A× R+))

=

∫
D∩(A×R+)

M(ω, dt, dz) =

∫
R+ ×R+

1D∩(A×R+)(t, z)M(ω, dt, dz)

=

∫
R+ ×R+

1A(t)1[0,λ(t)](z)M(ω, dt, dz)

(9)
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The last inequality holds since,

1D∩(A×R+)(t, z) =

{
1, if t ∈ A ∧ z ≤ λ(t),
0, otherwise,

}
= 1A(t)1[0,λ(t)](z).

Now, for the moment generating functional, we start by using the above relation
and apply Theorem 3.2 on the Poisson measure M .

E eNf(t) = E exp
{∫

R+ ×R+

1R+
(t)1[0,λ(t)](z)f(t)M(ω, dt, dz)

}
= exp

{∫
R+ ×R+

e1[0,λ(t)](z)f(t) − 1m(dt, dz)
}

= exp
{∫

R+

∫ λ(t)

0

ef(t) − 1dtdz
}

= exp
{∫

R+

λ(t)(ef(t) − 1)dt
}
.

(10)

Tonelli’s theorem justifies the third equality. Now let us extend this by using
the same construction as before but replacing the intensity λ(t) with a random
variable Λt(ω). In general, N is no longer Poisson; but if M and Λ are inde-
pendent, one can show that the process N conditioned on Λ is Poisson. Hence,
we say that the process is conditionally Poisson. This type of process is called
doubly stochastic Poisson or Cox Process in the literature.

Definition 3.5 (Conditionally Poisson). Let L and N be random measures
on (E, E) then N is conditionally Poisson, if the expectation of eNf given the
σ-algebra generated by L, fulfills

E[eNf |σ(L)] = exp
{∫

E

(ef(x) − 1)L(dx)
}
.

Let us show that the measure from Proposition 3.1, with a random intensity
Λt(ω) is conditionally Poisson when Λt is independent from M .

Proposition 3.2. The random measure N from Proposition 3.1 with intensity
Λt(ω) conditioned on σ(Λt) is conditionally Poisson if Λt is independent from
M .

Proof. First, we note that the relation from equation (9) still holds if we replace
λ(t) with Λt(ω). Now, noting that Λt(ω) is measurable with respect to the
conditioning on itself, that is, it remains unchanged under the expectation, and
M is independent of Λt(ω), the conditional expectation may be considered as
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only the expectation.

E[eNf |Λt(ω)] = E
[
exp

{∫
R+×R+

1[0,Λt(ω)]f(t)M(ω, dt, dz)
}
|Λt(ω)

]
= exp

{∫
R+ ×R+

e1[0,Λt(ω)](z)f(t) − 1m(dt, dz)
}

= exp
{∫

R+

Λt(ω)(e
f(t) − 1)dt

}
.

The steps to reach the last equality are analogous to the calculations in (10).

Proposition 3.3. The moment generating functional of N with intensity Λt(ω)
is given by

E eNf = E exp
{∫

R+

Λt(ω)(e
f(t) − 1)dt

}
Proof. This is directly from Proposition 3.2 and definition 3.3 combined with
the law of total expectation,

E eNf = EE[eNf |Λt(ω)] = E exp
{∫

R+

Λt(ω)(e
f(t) − 1)dt

}
.

Let us extend this further to allow the intensity to have dependencies with
the measure M . To start, we need the definitions of Poisson relative, adapted
and predictable. The following is based on Çinlar, 2011, chapter 6.6 [12].

Definition 3.6 (Poisson relative). Let M be a Poisson measure on R+ ×E. It
is said to be Poisson relative to the filtration F if, for every t ∈R+

1. M(A) is in F t for every A ∈ B[0,t] × E and

2. the trace of M over (t,∞)× E is independent of F t

Definition 3.7 (Adapted). Let F t be a filtration and let Ft be a stochastic
process, Ft is adapted to F if Ft is measurable with respect to F t for every t.

Definition 3.8 (Predictable). The σ-algebra on Ω × R+ generated by the col-
lection

Fp
t = {H × (s, t] : 0 ≤ s < t < ∞, H ∈ Fs} ∪ {H × {0} : H ∈ F0}.

We call it the F-predictable σ-algebra, and we denote it by Fp. We say that a
stochastic process Ft(ω) is F-predictable or simply predictable (when there is no
ambiguity) if the mapping (ω, t) 7→ Ft(ω) is Fp-measurable.

The following proposition shows us that every adapted left-continuous process
is predictable and an alternative way of generating Fp.
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Proposition 3.4. The σ-algebra Fp is generated by the collection G of all
adapted left-continuous processes on Ω× R+.

Proof. The proof is omitted but may be found in Çinlar, 2011, p.226 [12].

Now a theorem that helps us calculate expected values of integrals where
the integrand is some positive process.

Theorem 3.4. Let M be a Poisson random measure on R+ ×E with mean
measure ν such that ν({0} × E) = 0. Let G = {G(t, z) : t ∈ R+, z ∈ E} be a
positive process in Fp ⊗E and that M is Poisson relative to F . Then,

E
∫
R+ ×E

G(t, z)M(dt, dz) = E
∫
R+ ×E

G(t, s)ν(dt, dz). (11)

Proof based on Çinlar, 2011, p.299 [12].

Proof. By assumption, the mapping (ω, t, z) 7→ G(ω, t, z) is (Fp ⊗E)-measurable.
The collection of all G that satisfy equation (11) contains the constants, is a
linear space and lastly it is closed under increasing limits. The last statement is
seen by considering the increasing sequence Gn ↗ G and applying the monotone
convergence theorem. Thus they form a monotone class (See Çinlar, 2011, [12]
for more on monotone classes) and the monotone class theorem applies. Hence
we only need to consider indicator functions over the sets H × A × B where
A = (a, b], B ∈ E and H ∈ Fa. Thus it is enough to show the relation as

E
[ ∫

1H×A×B(ω, t, z)M(dt, dz)
]
= E[1H(ω)M(A×B)]

= E
[
E[1H(ω)M(A×B)| Fa]

]
= E

[
1H(ω)E[M(A×B)| Fa]

]
= E

[
1H(ω)ν(A×B)

]
= E

[ ∫
1H×A×B(ω, t, z)ν(dt, dz)

]
,

which proves the claim.

We extend the notion of intensity by redefining it once again. Let F = (F t)
be an arbitrary filtration over time.

Definition 3.9. Let Nt be a counting process adapted to F t. Let Λt be a positive
F t-predictable process. Then, Λt is called the intensity process for Nt relative
to F t if

E
∫
R+

FtdNt = E
∫
R+

FtΛtdt (12)

for every positive F t-predictable process Ft.

Processes F satisfying (12) form a positive monotone class. Noting that
N0 = 0 almost surely, we can conclude that the equation in facts holds for every
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predictable F if and only if it holds for those F that are the indicators of sets
of the form H × (t, u] with 0 ≤ t < u and H ∈ F t. Hence it is equivalent to

E[Nu −Nt| F t] = E[
∫
(t,u]

Λsds| F t], 0 ≤ t < u.

Now pick u and t such that |u − t| ≤ ∆t, where ∆t is small, then the above
denotes the expected change in the counting process over some small time frame.
Hence the definition is in some manner in accordance with the definition given
initially.

Another view of equation (12) given ENt < ∞ for every t is that,

Ñt = Nt −
∫
(0,t]

Λsds, t ∈ R+ ,

is a martingale. Furthermore, for every bounded predictable process F,

Lt =

∫
(0,t]

FsdÑs, t ∈ R+,

is again a martingale, with respect to F t. This result also ties back to the
characterization Theorem 3.3 of the Poisson process. The term

∫
(0,t]

Λsds is

referred to as the compensator of the process. Let us construct the process with
a random intensity.

Theorem 3.5. Let M be a Poisson measure on R+ ×R+ with the Lebesgue
measure, suppose that it is Poisson relative (Definition 3.6) to F . Let Λs be a
F-predictable process and define the counting measure

Nt(ω) =

∫
[0,t]×R+

1(0,Λs](z)M(dt, dz). (13)

Then Nt is adapted to F and has Λt as its intensity relative to F .

Proof. This proof is based on the proof given in Çinlar, p.302 [12]. We start by
denoting the integrand in equation (13) by g(ω, t, z). The function g is then a
composition of the mappings

• (ω, t, z) 7→ Λt(ω, z),

• (r, z) 7→ 1(0,r](z).

The mapping Λt is measurable with respect to Fp ⊗BR+
and BR+ ×R+

since Λt

is predictable by assumption. The fact that the indicator function is measurable
with respect to BR+ ×R+ and BR+ is trivial. Thus we have that g ∈ Fp ⊗BR+ .
Now, let F be a positive process in Fp. Then G(ω, t, z) = Ft(ω)g(ω, t, z) defines
a positive process in Fp ⊗BR+

. Hence we may write∫
R+

FtdNt =

∫
R+ ×R+

Ft(ω)g(ω, t, z)M(dt, dz) =

∫
R+ ×R+

G(ω, t, z)M(dt, dz).
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By definition of F , G and using equation 13. Taking expected value on both
sides and using Theorem 3.4,

E
[ ∫

R+

FtdNt

]
= E

[ ∫
R+ ×R+

G(t, z)dtdz
]

= E
[ ∫

R+

Ft

∫
R+

1(0,Λs](z)dzdt
]
= E

[ ∫
R+

FtΛtdt
]
.

(14)

Thus, Λt is the intensity of N .

A simulation of this construction is found in Figure 5. However, the intensity
reacts whenever a point is found below it. Consider Figure 6, here the intensity
process makes a discrete jump whenever there is a atom (t, z) of M such that
z ≤ Λt.

Figure 6: Example of a construction of the Poisson measure N with intensity
Λ(t) that is dependent on M , using the Poisson measure M on R+ ×R+ with
Lebesgue mean.

Let us give the analog to Dynkin’s formula with a constant stopping time t
for such a counting process. Later on, we consider an alternative to this formula
for a Hawkes process.
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Theorem 3.6. Let Nt and Λt be as in Theorem 3.5. Then for every increasing
function f on N,

E f(Nt) = f(0) + E
[ ∫ t

0

Λs(f(Ns + 1)− f(Ns)ds
]
, t ∈ R+ .

This relation is often rewritten in its differential form

∂

∂t
E f(Nt) = E

[
Λt

(
f(Nt + 1)− f(Nt)

)]
, t > 0.

Proof. This proof is based on Çinlar, 2011, p.302 [12]. Since Nt is a counting
process,

f(Nt) = f(0) +
∑
s≤t

f(Ns)− f(Ns−)

= f(0) +

∫ t

0

f(Ns− + 1)− f(Ns−)dNs.

Using the result of equation (14), we can take expected value on each side to
get

E[f(Nt)] = f(0) + E
[ ∫ t

0

f(Ns− + 1)− f(Ns−)dNs

]
= f(0) + E

[ ∫ t

0

Λs

(
f(Ns + 1)− f(Ns)

)]
ds.

In the last step, we change from the left limit s− to s since the standard Lebesgue
integral remains the same regardless.

Now in the above construction, Λt may depend on Nt itself. Thus, it is
clear from equation (13) that Nt depends on itself through the dependence of
Λt hence these processes are often called self-exciting processes.

4 Hawkes Process

Let us investigate the properties of the Hawkes processes. We approach the
process using two different methods to understand the model and how one can
work with it. First, we consider the process from the perspective of Markov
processes, which is only of consideration when the kernel has the exponential
form. The intensity induced from events decays exponentially down towards
the base level. Secondly, we consider a cluster representation which gives an
alternative interpretation of the process and results of the behavior of each
intensity shock. This approach may be helpful when considering kernels that
do not give a Hawkes process the Markov property. Throughout this section,
we only think of Hawkes processes with exponential kernels. This choice makes
comparisons between the different approaches simpler, and we can calculate the
moments explicitly.
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4.1 Markov generator approach

We calculate the first- and second-order moments of Nt and Λt; furthermore, we
calculate the expected value of the product Nt · Λt using the theory of Markov
processes. In particular, we use the infinitesimal generator and derive the analog
to Dynkin’s formula. The generator is then used to calculate the moments. The
moments come out as solutions to an ordinary differential equation. This section
is based on Çinlar, 2011, p.305-308 [12], but has been adapted to the case of a
Hawkes process.

Consider a Hawkes process with exponential kernel let F be the filtration
generated by (Λt, Nt), let Λ0 = λ0 and N0 = 0. The process is defined by

Λt = λ0 + e−bt(λ− λ0) +

∫ t

0

ae−b(t−s)dNs,

Nt =

∫
[0,t]×R+

1(z)(0,Λs(ω)]M(ds, dz),

(15)

where M is the standard Poisson measure on R+ ×R+ with Lebesgue measure
and a, b, λ0, λ ∈ R+. The constant λ0 denotes the base intensity, and λ denotes
the initial intensity, that is, if we start with an intensity higher than the base
intensity. Setting λ = λ0, we see that we have the same situation as in equation
(1), from the introduction.

An example of a Hawkes process with exponential kernel is seen in Figure 6.
Consider how the process behaves in the figure, we see that whenever there is
an atom (t, z) of M such that z ≤ Λt the intensity process makes a jump of size
a and directly starts to decay (exponentially) with rate b toward the baseline
intensity λ0, the process Nt counts all the atoms below Λt. In Figure 6 these
are set to a = 4, b = 7 and λ0 = 1.

Note that Nt is right continuous and Λt is left continuous and the pair
(Λt, Nt) is adapted to F t. We will now show that the pair (Λt, Nt) is a Markov
process in the state space D = R+ ×N, recall that this is the property where
the future process Λ̂u = {Λt+u : u ∈ R+} is independent of the past F t given
the present state (Λt, Nt). To see this we rewrite (15) at a later time t + u —
start of by defining the translated measure M̂(A) = M(Â) where Â = {(t +
u, z) : (u, z) ∈ A}. By the property of independence between sets for the Poisson
measure it is clear that F t and M̂ are independent and furthermore that M
and M̂ has the same law on R+ ×R+ with a translation in the latter. Define
Λ̂u = Λt+u and N̂u = Nt+u − Nt where u is in R+. We can do the following
rewriting

Λ̂u = λ0 + e−b(t+u)(λ− λ0) +

∫ t+u

0

ae−b(t+u−s)dNs,
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where the integral is rewritten by∫ t+u

0

ae−b(t+u−s)dNs =

∫ t

0

ae−b(t+u−s)dNs +

∫ t+u

t

ae−b(t+u−s)dNs

= e−bu(Λt − λ0)− e−b(t+u)(λ− λ0) +

∫ u

0

ae−b(u−s)dN̂s.

Thus,

Λ̂u = λ0 + e−bu(Λt − λ0) +

∫ u

0

ae−b(u−s)dN̂s.

Furthermore, we can see that

N̂u = Nt+u −Nt

=

∫
(0,t+u]×R

1(z)(0,Λs]dM(ds, dz)−
∫
(0,u]×R

1(z)(0,Λs]dM(ds, dz)

=

∫
(0,u]×R

1(z)(0,Λ̂s]
dM̂(ds, dz)

It is clear that these are only dependent on the values (Λt, Nt) and conditionally
independent of the past events F t given (Λt, Nt); hence the process is markovian.
Thus, we can find the generator of the process and find an analog to Dynkin’s
formula.

Theorem 4.1. Let (Λt, Nt) be defined as above, and let f : R+ ×N 7→ R be a

bounded and differentiable function with respect to l and that
∂f

∂l
is bounded.

Let the operator L be defined by

Lf(l, n) = b(λ0 − l)
∂f(l, n)

∂l
+ l
[
f(l + a, n+ 1)− f(l, n)

]
.

Then we have that

E[f(Λt, Nt)] = f(Λ0, N0) +

∫ t

0

ELf(Λs, Ns)ds,

where L is the generator of the process.

Proof. We start by considering the evolution of the pair (Λt, Nt) at any given
point in time. First, we want Λt to be exponentially decreasing with the rate
b whenever it is larger than the baseline intensity λ0; furthermore, each jump
that occurs is of size a and Nt remains unchanged between jumps, and when a
jump occurs it increases Nt by 1. Thus,

f(Λt, Nt) = f(Λ0, N0) +

∫ t

0

b(λ0 − Λt)
∂f(Λs, Ns−)

∂Λ
ds

+

∫ t

0

f(Λs + a,Ns− + 1)− f(Λs, Ns−)dNs.

(16)
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Now we note that since f is continuous and (Λt, Nt−) is adapted to F t and
left-continuous, thus predictable. Hence, by Definition 12,

E[f(Λt, Nt)] = f(Λ0, N0) + E
[ ∫ t

0

b(λ0 − Λs)
∂f(Λs, Ns−)

∂Λ
ds
]

+ E
[ ∫ t

0

Λs

(
f(Λs + a,Ns− + 1)− f(Λs, Ns−)

)
ds
]

= f(Λ0, N0) +

∫ t

0

ELf(Λs, Ns)ds.

The change from Ns− to Ns in the last step is justified since the value of a
Lebesgue integral does not change when removing countably many points.

Note thatMt = f(Λt, Nt)−f(Λ0, N0)−
∫ t

0
Lf(Λs, Ns)ds is a martingale. This

result and proof may be found in Revuz and Yor, 2004, chapter 7, proposition
1.6 [11]. Now we may use Theorem 4.1 to calculate the expected value of Λt

and Nt by considering f(l, n) = l and f(l, n) = n, respectively. We start with
Λt, in general it is easier to consider the differential equation

∂

∂t
E[f(Λt, Nt)] = E[Lf(Λt, Nt)],

with initial conditions Λ0 = λ0 and Nt = 0. Let the function f(l, n) = l, then
∂f

∂l
= 1. Thus,

∂

∂t
E[Λt] = b(λ0 − E[Λt]) + E

[
Λt(Λt + a− Λt)

]
= λ0b+ E[Λt](a− b).

To simplify the calculations we define m(t) : = E[Λt] and m′(t) =
∂

∂t
E[Λt]. We

solve the above separable differential equation with the standard procedure,

m′(t)

λ0b+m(t)(a− b)
= 1.

Integrating both sides and rearranging,

m(t) =
e(a−b)(t+c1) − λ0b

a− b
.

Using the initial condition we see with some algebraic manipulation that

c1 =
log(λ0a)

a− b
. (17)

28



Hence, the first moment of Λt is given by

E[Λt] = m(t) =
λ0

a− b

(
ae(a−b)t − b

)
.

We find E[Nt] by letting f(l, n) = n, now
∂f

∂l
= 0. Thus we have

∂

∂t
E[Nt] = E[Λt(Nt + 1−Nt)] = E[Λt].

Integrating both sides,

E[Nt] =
λ0

(
ae(a−b)t − bt(a− b)

)
(a− b)2

+ c2

Then, using the initial condition N0 = 0,

c2 = − λ0a

(a− b)2
.

Thus, the first moment of Nt is attained as

E[Nt] = λ0
a(e(a−b)t − 1)− bt(a− b)

(a− b)2
.

To calculate the variance we calculate E[Λ2
t ], thus we let f(l, n) = l2. The

generator is now given by

Lf(Λt, Nt) = 2b(λ0 − Λt + Λt[(Λt + a)2 + Λ2
t ]

= [2bλ0 + a2]Λt + 2(a− b)Λ2
t

Apply Theorem 4.1 with the differential form and let m2(t) : = E[Λ2
t ], thus we

have the ordinary differential equation

m′
2(t) = (2bλ0 + a2)E[Λt] + 2(a− b)m2(t)

with initial value m2(0) = λ2
0. Using the value for E[Λt] calculated earlier,

m′
2(t) =

(2bλ0 + a2)λ0

a− b
(ae(a−b)t − b) + 2(a− b)m2(t).

To simplify calculations we let K =
(2bλ0 + a2)λ0

a− b
and rewrite as

m′
2(t)− 2(a− b)m2(t) = K(ae(a−b)t − b).

To solve this, we use an integrating factor µ(t) = e−2(a−b)t after some calcula-
tions we end up with

m2(t) =
K

a− b
(
b

2
− ae(a−b)t) + c1e

2(a−b)t.
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Figure 7: Plot of the E[Λt], E[Nt] and Var[Λt], where a = 5, b = 7 and λ0 = 1.

using the initial condition we find

c1 = λ2
0 +

K

a− b
(a− b

2
).

Thus, we finally have the second moment of Λt,

m2(t) = A(e2(a−b)t − e(a−b)t) +B(1− e2(a−b)t) + λ2
0e

2(a−b)t

where

A = K(
a

a− b
) =

(2bλ0 + a2)aλ0

(a− b)2
,

B = K(
b

2(a− b)
) =

(2bλ0 + a2)bλ0

2(a− b)2
.

Now we can calculate Var(Λt) = E[Λ2
t ] − E[Λt]

2, which we will not write out
explicitly since the formula is complicated and does not give any direct intuition
for the behavior of the process.

Considering Figure 7, these functions seem to behave well even though their
formulas are complicated. For example, E[Nt] seems to follow something similar
to a first degree polynomial, and E[Λt] and Var[Λt] seem to reach a constant
state rather quickly.

We calculate E[ΛtNt] by setting f(l, n) = l · n, thus

Lf(Λt, Nt) = b(λ0 − Λt)Nt + Λt[(Λt + a)(Nt + 1)− ΛtNt]

= bλ0Nt − bΛtNt + Λ2
t + ΛtNt(a− b) + aΛt.

With the same procedure as earlier using Theorem 4.1 and setting
c(t) : = E[ΛtNt] we have

c′(t) = bλ0 E[Nt] + E[Λ2
t ] + c(t)(a− b) + E[Λt].
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Using the know values we get

c′(t) = h(t) + C(t)(a− b),

where

h(t) = bλ0

(
λ0

a(e(a−b)t − 1)− (a− b)bt

(a− b)2

)
+

λ0

a− b
(ae(a−b)t − b)

+
(2bλ0 + a2)aλ0

(a− b)2
(e2(a−b)t − e(a−b)t) +

(2bλ0 + a2)bλ0

2(a− b)2
(1− e2(a−b)t) + λ2

0e
2(a−b)t.

Using integrating factors to solve this, we get that

c(t) = e(a−b)t

∫
e−(a−b)th(t)dt.

After some calculations, this equation turns out as

c(t) = Cte(a−b)t +Dt+ Ee2(a−b)t + F,

where

C =
aλ0(a− a2 − 2bλ0)

(a− b)2
,

D =
(b− a)(ab+ b2)

(a− b)4
bλ0,

E =
aλ0(2aλ0 − ab− 4bλ0)

2(a− b)3
,

F =
bλ0(a+ 1)

(a− b)2
+

(2bλ0 + a2)(2a− b)λ0

2(a− b)3
+

bλ0(ab+ b2)

(a− b)4
.

Lastly, we could calculate E[N2
t ] by setting f(l, n) = n2 again

∂f

∂l
= 0 thus

giving us the ordinary differential

∂

∂t
E[N2

t ] = 2E[NtΛt] + E[Λt].

We will not calculate the value of E[N2
t ] explicitly since this does not give

any new insight; it is merely an exercise in calculus. However, it is clear that
using this method, we could theoretically find all moments of the process and
determine its probability law.

Considering equation (16) we find something a connection to stochastic dif-
ferential equations. Letting f(l, n) = l again and rewrite the expression in
differential form,

dΛt = b(λ0 − Λt)dt+ adNt.
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Figure 8: Example of Galton-Watson tree with Z0 = 1

The above is the Poisson equivalent to the stochastic differential equation that
defines the Ornstein-Ulhenbeck mean-reverting processes, centered around λ0.
Since Nt in this case only attains positive values, this describes jumps that
exponentially decay toward λ0. Note that λ0 is not the process’s mean since it
can only attain values greater than or equal to λ0; however, the analogy is clear.

4.2 Branching processes

This section considers how a Hawkes process could be viewed as a branching
process with time-continuous births and immigration. First, we introduce the
Galton-Watson processes introduced by Galton and Watson in 1875, sometimes
also called Bienaymé-Galton-Watson processes, since they were examined earlier
in 1845 by Bienaymé [1]. However, we call them only Galton-Watson processes
for simplicity. We then heuristically and formally extend these processes into
a branching process with time-continuous births and immigration. We see that
this extension is a Hawkes process under the right conditions. Also, we are
considering if there are some overlapping results from the theory of Galton-
Watson processes onto Hawkes processes.

4.2.1 Galton-Watson processes

This section is based on Athreya, 1972, Chapter 1 [2]. The Galton-Watson
process is what gave rise to the theory of branching processes. It is a Markov
chain {Zn : n = 0, 1, 2...} on the nonnegative integers. One can think of the
Galton-Watson process as a family where at time 0, Z0 would be the number of
first-generation individuals. Z1 would be all the children of Z0, Z2 is the children
of each individual in Z1, which then repeats itself. A visual representation of
how this might look is seen in Figure 8.
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We let {Y (n)
i } be a set of discrete i.i.d. random variables representing the

number of births for each individual, we can represent the total number of
individuals in the (n+ 1):th generation with the recursive relation,

Zn+1 =

Zn∑
i=1

Y
(n)
i . (18)

The transition function is defined in terms of a given probability function for

the random variables Y
(n)
j with number of offspring according to {pk : k =

0, 1, 2, ...}, pk ≥ 0,
∑

pk = 1 as

P (i, j) = P(Zn+1 = j|Zn = i) = p∗ij

for i, j ≥ 1 where p∗ij is the i-fold convolution of {pk : k = 0, 1, 2...}, P (0, j) = 0
for j ≥ 1 and P (0, 0) = 1. We assume that p0+p1 < 1 since the other case gives
a trivial model. The Galton-Watson process has the additive property; namely
the case Z0 = i is the sum of independent copies of the branching process
starting with Z0 = 1. Since P (1, j) = pj and the probability of a sum of i i.i.d
variables Yi of reaching the value j is exactly p∗ij . Hence, we may assume that
Z0 = 1 without loss of generality. Furthermore, it’s clear that if Zn = 0 then
Zn+k = 0 for all k ≥ 0, since equation (18) is just an empty sum. Thus, 0 is an
absorbing state and is the situation where the population goes extinct.

To analyze the Galton-Watson process, we use generating functions, which
helps us characterize the process. Some properties for the generating functions
are the following which will be stated without proof. They can, however, be
found in the literature, for example, in Athreya, 1972 [2].

Proposition 4.1. If f is the generating function of a random variable X,

a. f is strictly convex and increasing in [0,1]

b. f(0) = P(X = 0), f(1) = 1, f ′(1) = E[X] and f ′′(1) = E[X(X − 1)]

c. if m ≤ 1 then f(t) > t for all t ∈ [0, 1)

d. if m > 1 then f(t) = t has a unique root in [0,1).

The generating function helps us find all moments of a random variable.
Furthermore, The generating function uniquely determines the probability law

of the random variable. Since Y
(i)
j is i.i.d. the generating function will be the

same for each i, j let g(s) be this generating function. We define the probability
generating function for Zn,

fn = E[sZn ].
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We start by calculating fn+1(s),

fn+1(s) = E[s
∑Zn

i=1 Y
(n)
i ]

= E[
∑
k≥0

1{Zn=k}s
∑k

i=1 Y
(n)
i ],

where 1 is the indicator function. The second equality is a rewriting of Zn as

all of its possible outcomes. We use independence of Zn and Y
(n)
j for all j and

the fact that Y
(n)
j is i.i.d. to get,∑

k≥0

E[1{Zn=k}]E[s
∑k

i=1 Y
(n)
i ] =

∑
k≥0

P({Zn = k})E[sY
(1)
1 ]k

= fn(g(s)).

Iterating over this equality,

fn+1(s) = f0(g
(n)(s)),

where g(n) is the nth iteration of g. Since we have assumed that Z0 = 1,

fn+1 = g(g(n)(s)) = g(fn(s)).

We can now use this result to calculate moments and extinction probabilities

for the Galton-Watson process. Let E[Y
(n)
i ] ..= m, then E[Zn] may be calculated,

E[Zn] = f ′
n(1) = f ′

n−1(1)g
′(1)

= f ′
n−2(1)g

′(1)2 = g′(1)n

= mn.

Considering the expected value, we see that if m > 1 the expected value for the
population would go to ∞ as n → ∞. If however m < 1 we see that E[Zn] → 0
as n → ∞. Lastly, if m = 1 the expected value stays constant 1, we consider
these cases and what it translates to in a Hawkes model as we progress.

Furthermore, we calculate the variance of Zn in terms of Var(Y
(i)
j ) = σ2.

Using that

fn+1(1) = g′′(1)f ′
n(1)

2 + g′(1)f ′′
n (1)

and showing

f ′′
n (1) = g′′(1)[m2n−2 +m2n−3 + · · ·+mn−1].

Hence the variance of Zn is given by

VarZn =


σ2mn−1(mn − 1)

m− 1
if m ̸= 1,

nσ2 if m = 1.
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Again, the variance goes to ∞ when m > 1 and vice versa. However, when
m = 1, the variance also goes to ∞. In a similar manner, higher moments can
be derived.

Let q be the smallest root of g(s) = s for s ∈ [0, 1], by Proposition 4.1 we
get the existence of such a root and moreover the following proposition.

Proposition 4.2. if m ≤ 1 then q = 1 if m > 1 then q < 1.

Proposition 4.3. if s ∈ [0, q) then fn(s) ↑ q as n → ∞, if s ∈ (q, 1) then
fn(s) ↓ q as n → ∞, if t = q or 1 then fn(t) = t for all n.

Proof. Proof based on Athreya, 1972, p.5 [2].If 0 ≤ s < q then t < g(s) < f(q)
iterating over this inequality we get that

t < f1(t) < f2(t) < · · · < fn(t) < fn(q) = q,

for all n ≥ 1. Thus fn(s) ↑ L ≤ q, by continuity of g we can take the limit of
fn+1(s) = g[fn(s)] as n → ∞ and conclude that L = f(L) but q by assumption
q is the smallest root hence L = q. The second part is proved in an analog
manner and noting that by Proposition 4.1 there are no roots of g(s) = s in
(q, 1). The last part is given by the recursive property of fn.

We calculate the extinction probability of the process by noting that

lim
n→∞

fn(0) = lim
n→∞

P[Zn = 0]

= lim
n→∞

P[Zi = 0 for some 1 ≤ i ≤ n]

= P[Zi = 0 for some i ≥ 1].

Apply Proposition 4.3 and we have that fn(0) ↑ q as n → ∞. We summarize
all this in a theorem.

Theorem 4.2 (Extinction probability). The extinction probability of a GW
process {Zn} is the smallest non-negative root q of g(s) = s for s ∈ [0, 1]. If
m ≤ 1 then q = 1 otherwise if m > 1 then q < 1.

Complete proofs for these results are covered in Athreya, 1972 [2]. We say that
whenm < 1,m = 1 andm > 1, the Galton-Watson process is subcritical, critical
and supercritical respectively.

4.2.2 Cluster approach

The work of Kaj and Caglar inspires this section, 2017 [10]. In the discrete
case, we assume that each individual dies off at the passage to a new genera-
tion. There is no distinct point in time in the continuous case where we pass
from one generation to the next since we want an individual to produce off-
spring continuously. In the simplest case, each individual produces offspring
at the same rate throughout their lifetime, and we introduce a death time for
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Figure 9: Example of a Hawkes process with cluster representation.

the individual to keep the population size from exploding. However, we instead
introduce a time dependence in the birth rate. We further extend the above
model by allowing immigration that is, we let some processes randomly gener-
ate points in time, where each point generates a new branching process. Then,
some individuals are produced externally and introduced into the population.
Considering Figure 9 we see four different families: blue, red, green, and purple.
The initial node in each family is an immigrant, in this case, introduced accord-
ing to a Poisson process. The horizontal placement of each node represents the
time of birth. For our case, each individual will produce offspring, which follows
a Poisson process with intensity λ(t) = ae−bt. There will be a fixed immigration
rate that follows a Poisson process with intensity λ0.

Formally, we let N be a Poisson process with intensity n(ds) = λ0ds and
M be a Poisson process with mean m(A) =

∫
A
ae−bsds, that is intensity ae−bs.

Define the following three,

Λt = λ0 +

∫ t

0

Z1(t− s)N(ds),

Nt =

∫ t

0

Z2(t− s)N(ds),

Zt =

[
ae−bt

1

]
+

∫ t

0

Z
(s)
t−sM(ds).

Z1(t− s) and Z2(t− s) corresponds to the first and second coordinates of the

vector Zt and Z
(s)
t = {Z(s)

t , t ≥ s} denotes a copy of the random process Zt,
started at time s. The vector Zt denotes in the first coordinate the amount
of intensity produced by an individual up until time t. The second coordinate
Z2(t) corresponds to the total population of a Galton-Watson tree at some time
t with Z0 = 1. However, here no individual dies off, but their birth rate decays
toward zero rather quickly.
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Note that each individual produces a copy of itself, and thus the formula for
Zt is recursive. Furthermore, we note that the second coordinate of the integral∫ t

0

Z
(s)
t−sM(ds)

corresponds to a sum of processes started at times Ti with intensity m(ds) =
ae−bsds. These processes then correspond to the 1:st generation offspring from
an individual. The expected number of 1:st generation offspring is thus given
by

E[
∫ ∞

0

M(ds)] =

∫ ∞

0

ae−bsds =
a

b
.

This number is the analog to the expected number for the offspring of each
individual in the Galton-Watson processes if we let the process go on indefinitely.
The process can be characterized in the same manner as the Galton-Watson
processes; subcritical, critical, and supercritical for the respective values of a/b.
Considering the supercritical state, we note that eventually, there is a family
who never dies off almost surely, since there is a Poisson process stream of
immigrants. We assume that a/b < 1 since otherwise, the process quickly
explodes. The intensity process Λt is the total intensity produced by all the
individuals, and the baseline intensity λ0 at time t that is both immigrants and
their offspring, similarly Nt is the total number of individuals in the population.

To characterize this, we set up a differential equation for the moment gener-
ating function of Zt, Λt andNt. We need the following theorem to use this model
and do the calculations, which we state without proof. See Çinlar, 2011 [12] for
more details.

Theorem 4.3. Suppose that X forms a Poisson random measure on (E, E) with
mean ν, and that Y is independent of X and is an independency of variables
with distribution π on (F,F). Then (X,Y ) forms a Poisson random measure
on (E × F, E ⊗ F) with mean ν × π.

We have to define a new measure, let T1, T2, ... denote the time points for
the number of first-generation offspring produced by an individual Zt. The time
points corresponds to the Poisson random measure M with intensity m(ds) =
ae−bsds as defined above. By Theorem 4.3 the points (Ti, Zi) form a Poisson

random measure M̂ with mean µ = m×π where π is the probability law of Z
(s)
i

defined on Ω.
To simplify notation let

Zt =

[
ae−bt

1

]
+ M̂f,

where f(s, z) = z(t − s)1[0,t](s). The moment generating function for Zt can
be calculated assuming that it exists, here we let θZt be the dot product of Zt

with the vector

[
θ1
θ2

]
. We start by rewriting and applying Theorem 3.2,
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Vt = logE[eθZt ]

= θ1ae
−bt + θ2 + logE

[
exp

{
M̂θf

}]
= θ1ae

−bt + θ2 + log

(
exp

{∫
eθf − 1dµ

})

= θ1ae
−bt + θ2 +

∫ t

0

∫
Ω

eθZt−s − 1dπae−bsds.

In the last equality we apply Tonelli’s theorem. Note that the inner integral
with respect to π is in fact the expected value. Thus,

θ1ae
−bt + θ2 +

∫ t

0

E[eθZt−s ]− 1)ae−bsds

=θ1ae
−bt + θ2 +

∫ t

0

(eVt−s − 1)ae−bsds.

(19)

With a change of variables in the integral to x = t− s,

Vt = θ1ae
−bt + θ2 +

∫ t

0

(eVx − 1)ae−b(t−x)dx.

Letting f(x, t) = (eVx − 1)ae−b(t−x) we differentiate both sides by using the
Leibniz integral rule,

d

dt

∫ b(t)

a(t)

f(x, t)dx = f(t, t)
db(t)

dt
− f(0, t)

da(t)

dt
+

∫ b(t)

a(t)

d

dt
f(x, t)dx. (20)

Using (20) gives us the nonlinear differential equation,

V ′
t = −bθ1ae

−bt + (eVt − 1)a− b

∫ t

0

(eVx − 1)ae−bsds

= −b (θ1ae
−bt + θ2 +

∫ t

0

(eVx − 1)ae−bs)ds︸ ︷︷ ︸
=Vt

+(eVt − 1)a+ θ2b

= −bVt + (eVt − 1)a+ θ2b,

(21)

with initial condition V0 = aθ1 + θ2 which we get from plugging in t = 0 in
equation (19).

This differential may not be solved explicitly by any standard procedure. We
still use the fact that this describes the log moment generating function. That
is, we may differentiate both sides of the above differential with respect to θ1
and θ2 respectively and consider the new differential, which occurs when we set
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θ1 = θ2 = 0. These steps give us the first moment for Zt. We could, in theory,
repeat the procedure to retrieve all the moments. We start by differentiating
both sides of (21) with respect to θ1 to get

∂2Vt

∂θ1∂t
+ b

∂Vt

∂θ1
=

∂Vt

∂θ1
aeVt ,

∂V0

∂θ1
= a.

(22)

Assuming that we can interchange the order of derivation such that ∂2Vt

∂θ1∂t
=

∂2Vt

∂t∂θ1
we can rewrite the above by setting m1 : = ∂Vt

∂θ1
and noting that eVt = 1

when θ1 = θ2 = 0. We get the ordinary differential equation

m′
1 = m1(a− b).

Solving for m1 we get

m1 = e(a−b)t+c1

Using the initial condition, we find

m1 = ae(a−b)t = E[Z1(t)]. (23)

Similarly for θ2 we get
∂2Vt

∂θ2∂t
+ b

∂Vt

∂θ2
= b+

∂Vt

∂θ2
aeVt ,

∂V0

∂θ2
= 1.

(24)

Letting m2 : =
∂Vt

∂θ2
we get the differential equation

m′
2 = b+m2(a− b).

The equation for m2 is a separable differential equation that is solved in the
standard way,

m2 =
e(t+c2)(a−b) − b

a− b
.

Using the initial condition m2(0) = 1,

c2 =
log(a)

a− b
.
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Thus we get

m2(t) =
ae(a−b)t − b

a− b
= E[Z2(t)],

where Z2(t) is the second coordinate of the vector Zt. We could in theory repeat
the procedure to get higher moments.

We calculate the moments of Λt and Nt using the log moment generating
function Ut = logE[eθ1Λt+θ2Nt ] and the moments of Zt. First, we derive the
integral equation. The calculations are analogous to those of Vt.

Ut = logE[eθ1Λt+θ2Nt ]

= θ1λ0 +

∫ t

0

(eVt−s − 1)λ0ds.

With the change of variables x = t− s, we can rewrite Ut in differential form as{
U ′
t = λ0(e

Vt − 1),

U0 = λ0θ1.

Using the same approach as for Vt, we can differentiate with respect to θ1
and θ2 respectively, setting these to 0 to get the moments of interest. In the
first case we get

∂2Ut

∂t∂θ1
= λ0

∂Vt

∂θ1
eVt .

Since we already calculated
∂Vt

∂θ1
and eVt = 1 when we set θ1 = 0, θ2 = 0 we get

∂Ut

∂θ1
=

∫
λ0ae

(a−b)tdt =
λ0a

a− b
e(a−b)t + c5.

With the initial
∂U0

∂θ1
= λ0 condition,

c5 =
λ0b

a− b
.

Thus, the expected value of the intensity Λt is

E[Λt] =
∂Ut

∂θ1
=

λ0

a− b

(
ae(a−b)t − b

)
.

For the other case, we get

∂2Ut

∂t∂θ2
= λ0

∂Vt

∂θ2
eVt .
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Using the exact same approach

E[Nt] =
∂Ut

∂θ2
= λ0

a(e(a−b)t − 1)− (a− b)bt

(a− b)2
.

Furthermore, we could calculate E[N2
t ] and E[Λ2

t ] from here. First, we would
have to calculate E[(Z1(t))

2] and E[(Z2(t))
2]; we could, in theory, carry on and

calculate all the moments for Nt and Λt and thus determine the probability law
of the process.

With, this method we can examine how each shot behaves since these are
described by the clusters Zt. Let us consider the limiting behavior of Zt. Let
us consider the equation

V ′
t = −bVt + (eVt − 1)a+ θ2b. (25)

For this we consider the cases where θ1 = 0 and θ2 = 0 in equation (25) and
let t → ∞. Assume that the limit V∞ exists, if V∞ exists we must have that
V ′
∞ = 0. We assume that a/b < 1. That is, we are in the subcritical state,

starting with the case where θ2 = 0 we get

V∞(θ1, 0) =
a

b
(eV∞(θ1,0) − 1).

We use the Lambert W (·) function that is the inverse function of

f(z) = zez, z ∈ C,

to calculate the value of V∞. First, we do some rearrangement such that we end
up with

−(V∞ +
a

b
)e−(V∞+ a

b ) = −a

b
e

a
b .

We apply the Lambert W (·) function on both sides,

W
(
−(V∞ +

a

b
)e−(V∞+ a

b )
)
= W

(
−a

b
e

a
b

)
.

Evaluating both sides of the equation gives

−(V∞ +
a

b
) = −a

b
,

V∞ = 0.

The moment generating function for Z1(∞) is thus identically zero in the limit,
which in turn means that Z1(∞) = 0 almost surely. This result implies that the
intensity that a single individual and its offspring produce eventually goes to 0,
corresponding to the extinction of a family.
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Letting θ1 = 0 and t → ∞ assuming V∞(θ2) = E[eθ2Z2(∞)] exists we get,

V∞ = θ2 +
a

b
(eV∞ − 1).

If we do the transformation θ2 = log s, we can rewrite the above as the proba-
bility generating function G∞(s) = E[sZ2(∞)],

logG∞ = log(s) +
a

b
(G∞ − 1).

Applying the exponential function on both sides,

G∞ = s exp
{a
b
(G∞ − 1)

}
. (26)

The unique solution G∞ is known to be the probability generating function for
the Borel distribution. A random variable X ∼ Borel(λ) if it has the probability
distribution, for n = 1, 2, 3, ...,

P(X = n) =
(λn)n−1

n!
e−λn.

More on the Borel distribution can be found in Finner et al., 2015 [6]. The
probability generating function for X ∼ Borel(ab ) is,

E[sX ] =

∞∑
n=1

P(X = n)sn =

∞∑
n=1

e
a
b n(abn)

n−1

n!
sn. (27)

We now prove that the unique solution to equation (26) is indeed the prob-
ability generating function of a Borel(ab ) distributed random variable. Again,
we use the Lambert W (·) function, which will help us get an explicit expression
for G∞. We rearrange equation (26) to get

−a

b
G∞ exp

{
− a

b
G∞

}
= −s

a

b
exp

{
− a

b

}
.

We apply Lambert W (·) on both sides; note that the left side may be evaluated
directly, and with some algebraic manipulation,

G∞ = (−a

b
)−1W

(
−s

a

b
exp

{
− a

b

})
. (28)

We Taylor expand along the principal branch of the Lambert function. This
expansion may be done using Lagrange’s inversion theorem (see for example [4]).
The Taylor expansion is given by

W0(z) =

∞∑
n=1

(−n)n−1

n!
zn.
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Applying this to equation (28) we get

G∞(s) = (−a

b
)−1

∞∑
n=1

(−n)n−1

n!

(
− s

a

b
e−

a
b

)n
=

∞∑
n=1

e
a
b nna

b )
n−1

n!
sn,

which is exactly the probability generating function of the Borel distribution
equation (27).

This result is not very surprising, as the Borel distribution arises as the limit
distribution of a Galton-Watson process where each individual has a Poisson-
distributed number of offspring [6]. That should be precisely the case for Z2(∞)
in the limit.

5 A dynamic contagion process

This section introduces a model that further generalizes the Hawkes model.
Here we allow the internally excited jumps in intensity that we saw in the
Hawkes model, but we additionally allow externally excited jumps. What will
be covered here is a simplification of that discussed in Dassios and Zhao, 2011 [5].
The dynamic contagion processes allows both internally and externally excited
jumps. The authors further allow the jump size for each excitement process to
be a random process.

Recall the example of the number of companies that default in an economy.
The internal intensity shocks correspond to one company that defaults, causing
financial troubles for their supplier and partners, thus increasing the chance
of more defaults. The external shocks correspond to some large-scale external
events, such as the COVID crisis of 2020 or the Lehman crash of 2008, causing
a surge in defaults.

5.1 Cluster approach

We want to introduce the external intensity shocks to the cluster representation
approach. We can think of a process that only creates a jump in the intensity
but does not add to the population count. We let these intensity shocks be
generated by a Poisson process Ñ with intensity ρ. Again, we let each shock have
an exponential kernel; thus, we let the initial shock generate new immigrants to
the system according to a Poisson process M̂ with intensity ce−bsds. Adding
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these to the Hawkes model gives us the model we seek.

Λt = λ0 +

∫ t

0

Z
(s)
1 (t− s)N(ds)

+

∫ t

0

∫ t

r

Z
(s)
1 (t− s)M̂(ds)Ñ(dr) +

∫ t

0

ce−b(t−s)Ñ(ds),

Nt =

∫ t

0

Z
(s)
2 (t− s)N(ds) +

∫ t

0

∫ t

r

Z
(s)
2 (t− s)M̂(ds)Ñ(dr),

Zt =

[
ae−bt

1

]
+

∫ t

0

Z
(s)
t−sM(ds).

Everything else is kept the same. That is, N is a Poisson measure with Lebesgue
mean scaled by λ0 and M is Poisson with intensity be−bsds. Note that the
dynamics for Zt are the same as in a Hawkes process. Thus, the only change
is the rate of immigration. This model may be considered as a cluster process
with general immigration. The immigration now follows a shot-noise process in
addition to the baseline intensity λ0.

We use the result for the expected value of Zt from section 4.2.2 to calculate
the expected value of Λt and Nt. This can be done by

E[Λt] = E[λ0 +

∫ t

0

Z
(s)
1 (t− s)N(ds)]

+ E[
∫ t

0

∫ t

r

Z
(s)
1 (t− s)M̂(ds)Ñ(dr) +

∫ t

0

ce−b(t−s)Ñ(ds)]

= λ0 +

∫ t

0

E[Z(s)
1 (t− s)]λ0ds

+

∫ t

0

∫ t

r

E[Z(s)
1 (t− s)]ce−b(s−r)dsρdr + ρ

∫ t

0

ce−b(t−s)ds.

Using that E[Z1(t− s)] = ae(a−b)t and evaluating the integrals, we get

E[Λt] =
λ0

a− b
(ae(a−b)t − b)︸ ︷︷ ︸

Hawkes part

+
ρc

a− b
(e(a−b)t − 1)︸ ︷︷ ︸

External part

.

We see directly that the same expression from a Hawkes process is present here,
but with the addition of an extra term that corresponds to the intensity induced
by all the additional clusters that get generated by the external noise.

Similarly, we find

E[Nt] =

∫ t

0

E[Z(s)
2 (t− s)]λ0ds+

∫ t

0

∫ t

r

E[Z(s)
2 (t− s)]ce−b(s−r)ρdsdr.

We use that

E[Z2(t)] =
ae(a−b)t− b

(a− b)
.
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Figure 10: Plot of the E[Λt], E[Nt] for a Hawkes process and a dynamic contagion
process, where a = 5, b = 7, λ0 = 1, ρ = 0.5, c = 25.

We may evaluate

E[Nt] = λ0
a(e(a−b)t − 1)− bt(a− b)

(a− b)2︸ ︷︷ ︸
Hawkes part

+
ρc((e(a−b)t − 1)− t(a− b))

(a− b)2︸ ︷︷ ︸
External part

.

Exactly as for the Λt the expected value for Nt changes similarly with the
addition of the externally generated clusters. Since we already have calculations
from before for the behavior of Zt, this extension is rather direct.

The difference between the expected values for a Hawkes process and the
expected values for a dynamic contagion process is seen in Figure 10. The
expected values for Λt seem to differ by a constant level after some time. We
think of a dynamic contagion process as letting the baseline intensity follow a
stochastic process. This part would correspond to the addition of the intensity
of new clusters introduced by these jumps. An analog interpretation can be
made for E[Nt]. The external part corresponds to adding clusters that would
immigrate into the system solemnly by the external intensity increase from λ0.
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5.2 Markov generator approach

We see that with a similar change in the Markov method model as above, we
get that a dynamic contagion process is given by,

Λt = λ0 + e−bt(λ− λ0) +

∫ t

0

ae−btdNs +

∫ t

0

ce−btdÑs,

Nt =

∫
[0,t]×R+

1(0,Λs(ω)]M(ds, dz).

We let Ñs be a Poisson random measure with Lebesgue mean scaled by ρ and
such that it is independent of M , cetes paribus.

We see that this does not alter the property of being a Markov process and
the generator is given by using analog arguments as before,

Lf(l, n) = b(λ0 − l)
∂f

∂l
+ l[f(l + a, n+ 1)− f(l, n)]︸ ︷︷ ︸

Hawkes part

+ ρ(f(l + c, n)− f(l, n))︸ ︷︷ ︸
External jumps

(29)

With the infinitesimal generator we find the moments by setting f(l, n) = l,

∂

∂t
E[Λt] = E[LΛt] = (a− b)E[Λt] + bλ0 + ρc.

Thus, we get the ordinary differential equation

m′(t) = (a− b)m(t) + bλ0 + ρc

The differential equation solves as

m(t) = c1e
(a−b)t − bλ0 + ρc

a− b

Using the initial condition m(0) = λ0 we get

c1 =
aλ0 + ρc

a− b
(30)

Thus we have that

m(t) =
e(a−b)t(aλ0 + ρc)− bλ0 − ρc

a− b
=

λ0

a− b
(ae(a−b)t − b)︸ ︷︷ ︸

Hawkes part

+
ρc

a− b
(e(a−b)t − 1)︸ ︷︷ ︸

extra intensity

.

In a similar fashion, we see that if we let f(l, n) = n and use the generator
in equation (29) we get
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∂ E[Nt]

∂t
= E[Λt]

Solving the equation and using the initial condition E[N0] = 0, we get that

E[Nt] = λ0
a(e(a−b)t − 1)− bt(a− b)

(a− b)2︸ ︷︷ ︸
Hawkes part

+
ρc((e(a−b)t − 1)− t(a− b))

(a− b)2︸ ︷︷ ︸
External part

.

6 Discussion and applications

Here we would like to discuss the differences between the two methods used
to examine self-exciting processes. Further, we would like to discuss how a
dynamic contagion process would add a layer of depth to the Hawkes processes
in applications.

At first glance, the Markov generator approach was straightforward; how-
ever, it lacks the freedom of choosing kernels freely. We are confined to the ex-
ponential kernel since we need the Markov property. However, we can consider
different kernels when working with the cluster representation. Furthermore, we
get an extra layer of depth to the model; we can analyze how each cluster acts
independently, and we see that these in the limit follow a Borel distribution. The
Markov approach is less tedious than the cluster representation. The Markov
approach is a better choice for calculating moments as we extend to a dynamic
contagion process. However, we see that the dynamic of each cluster remains
unchanged and that the real difference in the processes is in the immigration
rate. The cluster approach again allows for the change of kernels, which was not
considered by Dassios and Zhao [5]. Changing the kernel is a topic for further
research that might give new insight into the behavior of dynamic contagion.

Now let us discuss how some of the models considered in Bacry et al. [3]
would benefit from adding external shots to the intensity. The first model
considered is a direct application of a Hawkes process that models the volatility
in the market and volatility clustering effects. Let a Hawkes process Nt describe
some event, such as the number of trades in a stock market. A trade in the
market is defined as the event where two parties agree upon a price for a given
asset, and an asset then changes owner. The model can predict how volatile the
market will be during some time frame by comparing how many trades occur
in each period or directly using the intensity process. Then, the self-excitement
captures the clustering effects often seen during volatility fluctuations [3]. A
high number of trades during a short time may trigger stop-losses, algorithmic
trading systems, or even individuals to buy and sell more, causing an even
higher number of trades. This chain of events would correspond to a temporary
volatility increase.

Considering a dynamic contagion process, it is clear that this adds depth
to the volatility model since we often see external events that affect the whole
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market. That is, wars, pandemics, defaults of prominent financial institutes, and
so on. When the market reacts to an external event, this often causes times of
high volatility. Hence the corresponding jump size parameter c could be assumed
to be of a larger magnitude than the internally excited jumps of size a. To
further generalize the model with exponential kernels, we could consider letting
the decay parameter b differ in the internally and externally excited events.
We could think that significant external events cause the market volatility to
increase during a more extended period, giving a lower decay parameter. In
the Hawkes model, such events would correspond to a change of higher baseline
intensity during an extended period. We would have higher baseline volatility,
increasing the chances of a temporary volatility cluster appearing.

There are studies of applying a Hawkes process to model limit order books.
Limit order books are the record that keeps track of all the outstanding orders
of some asset. To buy a stock, we have to state our price beforehand. When we
place our order, a buy order is then placed in the limit order book at that price.
If there is a corresponding sell order at the same price as the buy order, the stock
changes owner at the agreed price, and both the buy and sell orders are removed
from the limit order book. The price of a stock is said to be the last trade price.
In this example, we model the mean of the best outstanding buy order and the
best sell order. To model this, we consider two Hawkes processes, N+

t and N−
t ,

where N+ would represent positive price counts, a positive change in the mean
price. The process N− would represent negative price counts. Consider the
following mid-price model,

St = S0 + (N+
t −N−

t )
α

2

where S0 is the price of the asset at time 0 and α > 0 is a tick price parameter.
Buying and selling assets is always done discretely, meaning there is a cap for
the smallest size difference allowed in the limit order book. For example, on
stock A we are only allowed to place orders that differ by 0.02 units from any
other order in the limit order book, which might give outstanding buy orders
at prices 99.02, 99.04, and 99.06; however, 99.05 would not be a valid price
in this case. The tick price parameter α scales the Hawkes processes N+

t and
N−

t accordingly. This type of model seems to perform well on intraday market
dynamics [3]. One could, in these models, let N+

t and N−
t be correlated in some

manner. However, here we want to emphasize the effect that external shocks to
the intensity could add, and thus we do not consider the case where there is a
correlation between the processes.

The self-exciting part of the model is the internal dynamics seen in a stock.
When a price change occurs, this may temporarily cause other price changes
to occur, further increasing the drift in one direction. Again, considering how
the dynamic contagion model would benefit in such a situation, it seems that it
captures external events in a way that does not happen within the limit order
book itself. Similar events, mentioned earlier, would raise intensity in one of
the processes N+

t or N−
t , where an increase in both would be similar to a rise

in overall volatility. An interpretation is to think of the internal excitement
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triggered by moments in the stock itself. The external excitement would then
capture the effects triggered by an outside phenomenon.

Again the externally excited effects on a stock are often significant. The
jump size parameter c would, in such a case, be greater than the corresponding
internally excited jump size parameter a.
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