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Abstract. In this thesis we aim to study the Lefschetz properties of

monomial algebras. First, we present the necessary concepts and results

from commutative algebra, in particular we build up to the Hilbert-

Serre theorem regarding the rationality of Hilbert series. We then review

some important results from the literature on the Lefschetz properties

(whereof many provide drastic computational shortcuts under certain

conditions) and provide some examples of these. The second half is

devoted to the study of Artinian quadratic monomial algebras of the

form A(∆) = K[x1, . . . , xn]/J∆, where J∆ = (x2
1, . . . , x

2
n) + I∆ and I∆

is the ideal obtained from some (abstract) simplicial complex ∆ via

the Stanley-Reisner correspondence. In particular, we review a recent

article [2] by H. Dao and R. Nair, provide examples and refine some of

the formulations and results.
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1. Introduction

The Lefschetz properties, first motivated by the Lefschetz theory for pro-

jective manifolds developed by S. Lefschetz, have in recent years attracted

a great deal of attention and have become a very active field of research.

There are numerous entry points to the subject, and many cross field con-

nections remain to be fully understood. For instance, one may encounter the

Lefschetz properties when studying linear configurations, vector bundle the-

ory, plane partitions and differential geometry and more [6]. The Lefschetz

properties are also connected to Fröberg’s conjecture (proved in some but

certainly not all cases) which is concerned with the Hilbert series expression

for homogeneous polynomial algebras [12].

In this thesis we mostly worked with the weak Lefschetz property (WLP)

of graded Artinian (monomial) algebras. The WLP is defined more gener-

ally for graded Artinian algebras, namely given a graded Artinian algebra

A = ⊕m
i=0Ai over some field K one may ask if there is some general linear

form L ∈ A1 such that all linear multiplication maps Li : Ai → Ai+1 have

full rank. If such a linear form exists, we say A has the WLP and L is

a Lefschetz element for A. Note that, A being Artinian implies that it is

also Noetherian, meaning it is finitely generated as a K-algebra and thus

each graded component Ai is finite dimensional as a vector space over K.

The Artinian property further implies that all but finitely many Ai are zero.

Given a graded K-algebra A, one defines the Hilbert series of A as the gen-

erating function HSA(t) =
∑

i≥0 hi(A)ti ∈ Z[[t]] where hi(A) = dimK(Ai).

The Hilbert series remains invariant under graded algebra isomorphisms. In

the case of graded Artinian algebras over K, the Hilbert series reduces to a

polynomial in t. Thus in the context of the WLP, one has to verify the full

rank criterion only for a finite number of maps L1, . . . , Lm−1, opening the

door to computer assistance.

The present thesis is mainly concerned with studying the WLP of Ar-

tinian quadratic monomial algebras A(∆) = K[x1, . . . , xn]/J∆, where J∆ =

(x21, . . . , x
2
n)+I∆ and I∆ is the Stanley-Reisner ideal of some (abstract) sim-

plicial complex denoted by ∆. These algebras were studied (in sections 2−3)

by R. Nair and H. Dao in their recent article [2] On the Lefschetz property

for quotients by monomial ideals containing squares of variables and this

work inspired the direction of this thesis. Note that, since each variable

appears with some power (in this case all of them squared) in the gener-

ating set of J∆, these algebras are indeed Artinian. One insight from the

article concerns a classification result, aimed to better understand WLP in

terms of graph theoretic properties of the underlying graph of the simplicial
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complex. More specifically, given any simplicial complex ∆ one can consider

its underlying graph i.e. the 1-skeleton ∆1 = G(∆) of ∆. This underlying

graph G(∆) contains all information necessary to understand whether or not

L1 : A(∆)1 → A(∆)2 has full rank. This is due to the fact that the matrix

form of L1 equals the transpose of the incidence matrix of the graph G(∆),

which in turn depends on the number of bipartite components present in

the graph. Using this, combined with standard results in this research area

(found in e.g. [8]), one can prove stronger statements, regarding WLP of the

algebra A(∆). Specifically, full rank from degree one to two is sometimes

(but not always) sufficient for WLP to hold.

The outline of the thesis is the following. In section 2 we introduce pre-

liminary definitions and results from commutative algebra, such as grading

and the Noetherian and Artinian properties. Following that, in section 3 we

rely on these definitions (in particular the notion of graded rings) to discuss

Hilbert series, where a lot of the discussion takes place in the more general

setting of graded R-modules over a graded Noetherian ring R. In section

4 we define the Lefschetz properties for graded Artinian algebras, review

some important results from the literature and provide examples. In section

5 we review the necessary definitions from the study of (abstract) simplicial

complexes, in particular the Stanley-Reisner correspondence. Lastly, in sec-

tion 6 we mostly review sections 2− 3 from the article [2] regarding certain

Artinian quadratic monomial algebras stemming from simplicial complexes.

We add to the discussion by drawing some conclusions and in section 7 we

outline some potential areas for further progress.
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2. Commutative algebra

In this section, we outline some commutative algebra needed for the later

sections. Large parts of the exposition follows that of [1]. Throughout, we

shall use the letter S to denote the polynomial ring of n variables over some

field K of characteristic zero: S = K[x1, . . . , xn]. Unless otherwise stated,

we always assume the standard grading, i.e. each variable is assumed to be

of degree one.

The polynomial ring over a field K is not just a ring, it is also a K-algebra.

Definition 2.1 (K-algebra). Let K be a field and let A be a vector space

over K equipped with a binary multiplication operation m : A × A −→ A.

If this binary operation is bilinear we say that A is K-algebra. It is an

associative K-algebra if the multiplication is associative.

Remark 2.1. Unless otherwise stated, we will always assume K-algebras to

be associative.

Next, we define what it means for a ring to be graded, this concept will be

central when we discuss the Lefschetz properties in later sections.

Definition 2.2 (Graded ring).

(a) A graded ring is a ring R together with Abelian subgroups Rd ⊂ R for

all d ∈ N such that R =
⊕

d≥0Rd and RiRj ⊂ Ri+j . The elements in Rd

are said to be homogeneous of degree d.

(b) Given an element f ∈ R, the degree of f is the largest index d ∈ N in the

(unique) homogeneous decomposition of f given by the direct sum above,

i.e. f = f0 + . . .+ fd, such that fd ̸= 0.

Example 2.1. Of course the immediate example of a graded ring is the poly-

nomial ring, we have S = K[x1, . . . , xn] =
⊕

d≥0 Sd where Sd is the K-vector

space with the natural basis consisting of all monomials in S of degree d. In

fact, we can combinatorially calculate the dimension over K of each homo-

geneous component Sd. To count the number of monomials of degree d in S,

note that it is the same thing as counting the number of non-negative integer

solutions to the equation a1 + . . . + an = d, where ai is the exponent of xi

in an arbitrary monomial xa11 · · ·xann of degree d in S. This is an unordered

selection of d objects, with repetition, from a collection of n objects, and

the number of such selections is exactly
(
n+d−1

d

)
.

6



Definition 2.3 (Graded module). Let R be a graded ring. A graded R-

module is an R-module M together with a family (Mn)n≥0 of subgroups of

M such that M =
⊕

n≥0Mn and RmMn ⊂ Mm+n for all m,n ≥ 0. As

usual, an element of Mn is called homogeneous of degree n.

Note that, by definition each homogeneous component of M above is an

R0-module since R0Mn ⊂ Mn+0 = Mn.

Proposition 2.1. Let R be a graded ring. Then the following are equivalent:

(a) R is Noetherian.

(b) R0 is Noetherian and R is a finitely generated R0-algebra.

Proof. First, (b) implies (a) as a consequence of Hilbert’s basis theorem

which states that the Noetherian property is preserved when adjoining a

variable to a Noetherian ring. In the other direction, suppose R =
⊕

i≥0Ri

is a Noetherian graded ring. Then R≥1 :=
⊕

i≥1Ri ⊂ R is an ideal in

R (and is therefore finitely generated) and R0
∼= R/R≥1, hence R0 is also

Noetherian since this property is also stable under quotients with ideals.

Let R≥1 = (x1, . . . , xn) be generated by the homogeneous elements xi in R

of degrees di > 0 and let R′ = R0[x1, . . . , xn] be the subring of R generated

by those elements. We will show by induction that in fact R′ = R. More

specifically, we show that each graded component in R is a subset of R′.

This is clear for n = 0, namely R0 ⊂ R′ = R0[x1, . . . , xn]. Suppose n > 0

and α ∈ Rn. Then α must be of degree at least one, hence α ∈ R≥1 and

α =
∑n

i=1 aixi for some ai ∈ R. Further, since α is homogeneous of degree

n these ai’s must satisfy ai ∈ Rn−di . But then each ai must be a polynomial

in R0[x1, . . . , xn] by the induction hypothesis, and therefore α itself must

also be such a polynomial. It follows that Rn ⊂ R for all n > 0 and hence

R = R′ as claimed. ■

Definition 2.4 (Krull dimension). The Krull dimension of a commutative

ring R is the largest integer n such that there is a chain of prime ideals

P0 ⫋ P1 ⫋ · · · ⫋ Pn in R. This n is called the length of the chain.

Definition 2.5 (Artinian). A commutative ring R is Artinian if it satisfies

the descending chain condition on ideals, i.e. there is no infinite decreasing

chain of ideals.

Let us now consider the polynomial setting. Naturally, we call an ideal

I ⊂ S Artinian if the corresponding polynomial algebra S/I is Artinian in
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the sense above. In this setting, there is a very concrete way of viewing

Artinian ideals.

Proposition 2.2. An ideal I ⊂ S is Artinian if and only if it is on the form

I = (xa11 , . . . , xann ) + J where ai ∈ Z≥1 and J is generated by the remaining

generators of I.

Proof. First, note that S/I is a K-algebra and that any ideal J ⊂ S/I is (in

particular) a K-subspace of S/I. Therefore, the length of any chain of ideals

(including chains of prime ideals) is bounded by dimK(S/I), which is finite

if and only if S/I is Artinian, but also if and only if each variable occurs

with positive exponent in the generating set of I, since S/I is generated by

all nonzero monomials in S/I as a vector space over K. ■

Remark 2.2. In this concrete setting, there is a convenient way of taking the

Artinian closure of a non-Artinian monomial ideal. For example, consider

the ideal I = (x2, y3, z4y) ⊂ K[x, y, z], which is not Artinian by the previous

proposition. Now, take the least common multiple of the generators, which

in this case is x2y3z4, then add x3, y4 and z5 to the generating set of I and

finally reduce (using the old generators) to get J = (x2, y3, z4y, x3, y4, z5) =

I + (z5), which is now an Artinian ideal.

Definition 2.6 (Composition series and length). Let M be an R-module.

A chain 0 = M0 ⫋ M1 ⫋ · · · ⫋ Mn = M of submodules of M is called a

composition series if each Mj+1/Mj is a non-zero simple R-module, which

is equivalent to saying that the chain is of maximal length. We define the

length of M to be the shortest length required to form a composition series

of M (the length of the chain above equals the number of links, which is n)

and when no such composition series exists, we say M has infinite length.

Remark 2.3. We note that this notion of length is well-defined; all compo-

sition series of an R-module have the same length.

Note that the Artinian and Noetherian properties are concerned with the

number of links in opposite directions, so to speak. Thus is we restrict the

total number of links by assuming finite length, then of course the Artinian

and Noetherian properties automatically hold. The next proposition states

that this is even equivalent to finite length.

Proposition 2.3. An R-module M is of finite length if and only if it is both

Noetherian and Artinian.
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Proof. As noted above, that finite length implies the Artinian and Noether-

ian properties, is immediate. Instead, suppose M is Artinian and Noether-

ian. Then by the Noetherian property we may choose a maximal proper

submodule M1 ⫋ M , then a maximal proper submodule M2 of M1 and so

on. By doing so, we are forming a descending chain, which by the Artinian

property must stabilize at some point i.e. at some stage s we have Ms = 0.

But then since we choose a maximal submodule in each step, we have con-

structed a maximal chain i.e. a composition series of M . This composition

series turned out to be finite, thus the length of this module is indeed finite.

■

The following lemma is from [1, proposition 6.9], we omit the proof.

Lemma 2.4. Let 0 −→ A
ϕ−→ B

ψ−→ C −→ 0 be a short exact sequence of R-

modules. Then B has finite length if and only if A and C are both of finite

length. Also, in that case length(B) = length(A) + length(C).

Recall that in a commutative ring R, the ideal quotient of two ideals I, J ⊂ R

is defined to be (I : J) = {r ∈ R : rJ ⊂ I}. Note that (I : J) is itself an

ideal in R.

Lemma 2.5. Let R be a Noetherian ring of infinite length and let I ⊂ R be

maximal with respect to the property that R/I is still of infinite length, then

I is a prime ideal.

Proof. Suppose ab ∈ I and a /∈ I, we want to show that b ∈ I. We have the

following short exact sequence

0 R/(I : a) R/I R/(I + (a)) 0.a π

Clearly, by the maximality assumption on I and I ⫋ I + (a) the R-module

R/(I + (a)) is of finite length. Suppose b /∈ I, then I ⫋ (I : a) since the

assumption ab ∈ I implies b ∈ (I : a) and then R/(I : a) has finite length

for the same reason as above. It follows by the previous lemma that R/I

also is of finite length, contrary to the assumption, hence b ∈ I. ■

Proposition 2.6. Let R be a ring. The following conditions are equivalent:

(a) R is Noetherian and all prime ideals in R are maximal.

(b) R is of finite length as an R-module.

(c) R is Artinian.
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Proof. To show that (a) implies (b) suppose R is Noetherian of infinite

length and let I ∈ R be an ideal maximal in the sense that R/I is still of

infinite length. Note that I is prime by lemma 2.5. By the assumption that

all prime ideals are maximal, I is maximal so R/I is a field and is thus of

finite length (the only ideals in a field K are (0K) and (1K)) and we derived

a contradiction, proving that R is of finite length.

Next, that (b) implies (c) is clear.

For the last implication, suppose R is Artinian. In order to proceed, we need

one more result, namely that the zero ideal is the product of maximal ideals

in R. This result is based on an alternative formulation of the Artinian

property and is shown in the lemma below. Now, let (0) = m1m2 · · ·mn for

some maximal ideals mi ⊂ R. Note that for each j = 1, 2, . . . , n − 1 we

have m1 · · ·mj+1 ⊂ m1 · · ·mj and the quotient Qj := m1 · · ·mj/m1 · · ·mj+1

is an R/mj+1-vector space. Further, a subspace of Qj is in particular a

submodule corresponding to a ideal in R that contains the ideal m1 · · ·mj+1

and therefore; a chain of subspaces in Qj necessarily corresponds to a chain

of such ideals in R. But these chains cannot be infinite, since R is Artinian.

HenceQj must be finite dimensional overR/mj+1 and therefore it has a finite

composition series (of length dim(Qj) since it is a vector space). This implies

that R has finite length since these composition series can be combined to

one for R, thus R is indeed Noetherian by proposition 2.3. This shows that

(c) implies (a) and concludes the proof.

We prove the assumption that (0) can be written as a product of maximal

ideals in the next lemma. ■

Lemma 2.7. Let R is a Artinian ring, then the zero ideal (0) can be ex-

pressed as a product of maximal ideals in R.

Proof. Recall that there is an equivalent formulation of the Artinian prop-

erty, namely that every non-empty set of ideals in R contains a minimal

element under inclusion. This formulation is more convenient in the context

of this lemma. To make use of it, let

A = {I ⊂ R ideal : I is a product of maximal ideals in R},

and let J be a minimal element of A. This is the ideal which turns out to

be the zero ideal (0). To prove this, first note that for any maximal ideal m

in R we have mJ ∈ A and mJ ⊂ J (the latter holds in general for ideals)

and therefore mJ = J since J is minimal. In particular J ⊂ m so in fact

J ⊂ Jac(R) := ∩m⊂R maximalm. Note that J2 is of course also in A, therefore
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J is idempotent i.e. J2 = J again by minimality of J . In particular, if we

suppose for the sake of contradiction that J ̸= 0, then J does not annihilate

itself. In that case, the set of ideals which do not annihilate J is non-empty

and we can choose a minimal element from that set, again allowed by the

Artinian property. Denote this minimal ideal by I, so that IJ ̸= 0. Then

(IJ)J = IJ2 = IJ ̸= 0 and since IJ ⊂ I we must have IJ = I. By

definition of I we can choose an element x ∈ I such that xJ ̸= 0, but since I

is minimal we can conclude that (x) = I. To derive the contradiction, note

that since IJ = I there is a way to express x ∈ I as a finite sum
∑

aibi

where ai ∈ I = (x) and bi ∈ J i.e.
∑

rixbi = x for some ri ∈ R, hence

x(
∑

ribi) = x. The sum in the last expression is of course an element in

J so we can write xy = x for some y ∈ J or equivalently x(y − 1) = 0.

Finally, recall that y ∈ J ⊂ Jac(R) from which it follows that y − 1 is not

in any maximal ideal of R (for if it was then that ideal would contain 1R;

contradiction) and is therefore a unit in R. Thus the equation x(y − 1) = 0

implies x = 0, which is a contradiction. ■

Definition 2.7 (Regular sequence). Let f1, . . . , fk ∈ K[x1, . . . , xn] be ho-

mogeneous elements. The sequence (f1, . . . , fk) is called regular if fi is a

non-zero-divisor in K[x1, . . . , xn]/⟨f1, . . . , fi−1⟩ for each i = 1, 2, . . . , n.

Remark 2.4. The property of a regular sequence means that, roughly speak-

ing, we are cutting down the polynomial ring as much as possible in each

step. Put another way, the elements fi are as independent as possible, in

this sense. The following example is meant to illustrate this.

Example 2.2. We first give an example of a sequence which is not regular

i.e. a sequence wherein the elements are not entirely independent. Consider

the quotient K[x, y]/(y2, xy). Of course, the element xy is a zero-divisor in

K[x, y]/(y2) since for instance (xy)y = xy2 = 0 there. Hence the sequence

(y2, xy) is not a regular sequence. On the other hand, the sequence (x2, y2)

in K[x, y] is clearly regular. The quotient here is also an example of a

complete intersection, see the next example.

Example 2.3 (Complete intersection). Another example of a regular se-

quence is (xd11 , . . . , xdnn ) in K[x1, . . . , xn] = S. The quotient S/(xd11 , . . . , xdnn )

is thus an example of a complete intersection i.e. quotient ring, or some-

times the corresponding algebraic variety, where the ideal is generated by a

regular sequence.
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3. Hilbert series

In this section we introduce Hilbert series and give a few examples. We end

this section with a proof of Hilbert-Serre’s theorem regarding the rationality

of Hilbert series. The exposition is inspired by [1].

Definition 3.1 (Additive function). We say that an integer-valued function

λ on the class of R-modules is additive, if for each short exact sequence of

R-modules 0 A B C 0 we have λ(A)− λ(B) +

λ(C) = 0.

Remark 3.1. For example, if we consider the class of finite dimensional vector

spaces over some field K, we can define λ by assigning to each vector space

its dimension.

By splitting a longer exact sequence into short exact sequences one can see

that the definition has the following extension.

Proposition 3.1. Let 0 −→ M0 −→ M1 −→ · · · −→ Mn −→ 0 be an exact

sequence of R-modules such that λ is defined on all modules and kernels.

Then any additive function λ satisfies
∑n

i=1(−1)iλ(Mi) = 0.

Definition 3.2 (Hilbert series). Let M =
⊕

n≥0Mn be a finitely generated

graded module over a Noetherian graded ring R. Let λ be an additive

integer-valued function on the class of finitely generated R0-modules. The

Hilbert series of M is the generating function HSM (t) =
∑

n≥0 λ(Mn)t
n ∈

Z[[t]].

This definition is quite general and we will mostly work in a more concrete

setting, described in the next example. However, this more abstract def-

inition enables, without much added complication, a nice proof of a more

general version of Hilbert-Serre’s theorem below. The next example exhibits

the natural special case that is of primary interest to us.

Example 3.1 (Main example of Hilbert series). Given a homogeneous poly-

nomial algebra A = S/I =
⊕

i≥0Ai, the Hilbert series of A is the formal

power series in Z[[t]] given by HSA(t) =
∑

i≥0 hi(A)ti, where we choose

hi(A) = dimK(Ai) and this h : i 7→ hi(A) = dimK(Ai) is called the Hilbert

function of A. The h-vector of A records the dimensions in an integer se-

quence and is denoted h = (h0(A), h1(A), . . .).
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The following definition will be briefly discussed later in connection with the

Lefschetz properties, but we state it now.

Definition 3.3 (Unimodality). A sequence of (real) numbers (r1, r2, . . . , rn)

is called unimodal if there is a 0 ≤ k ≤ n such that r0 ≤ . . . ≤ rk−1 ≤ rk ≥
rk+1 ≥ . . . ≥ rn.

Remark 3.2. The h-vector of an algebra A as a sequence of integers may or

may not be unimodal. One consequence of an algebra having the WLP is

that its h-vector is unimodal.

Example 3.2. The polynomial ring S = K[x1, . . . , xn] is a graded K-algebra

with homogeneous decomposition given by S =
⊕

d≥0 Sd where Sd is the K-

vector space spanned by all the monomials of degree d. In this case, there are

exactly
(
n+d−1

d

)
such monomials (see example 2.1), so dimK(Sd) =

(
n+d−1

d

)
.

Thus, the Hilbert series for the ordinary polynomial ring S = K[x1, . . . , xn]

is given by

HSS(t) =
∑
d≥0

(
n+ d− 1

d

)
td =

1

(1− t)n
.

We see that we get an infinite power series, because the dimension over K of

the graded components of S continue to increase. However, we can interrupt

this growth by taking a suitable quotient. For example, consider the regular

sequence in example 2.2 and let S/I = K[x, y]/(x2, y2). In this case, the

Hilbert function vanishes after degree two, thus the Hilbert series reduces

to the following quadratic polynomial

HSS/I(t) = 1 + 2t+ t2.

Consider instead the non-regular sequence in example 2.2, namely consider

S/J = K[x, y]/(y2, xy). Again, by counting monomials of increasing degree

we get

HSS/J(t) = 1 + 2t+ t2 + t3 + t4 + . . . =
1

1− t
+ t =

1 + t− t2

1− t
.

Remark 3.3. There is another way one can derive the Hilbert series for S in n

variables. It is straightforward to see thatHSK[x1](t) = 1+t+t2+. . . = 1
(1−t) .

With this we can immediately get the formula for any number of variables

by noting that S = K[x1, . . . , xn] = ⊗n

i=1
K[xi] and that in general if A1 and

A2 are two graded K-algebras, we have HSA1⊗KA2(t) = HSA1(t)HSA2(t).

The following example is studied in [13].
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Example 3.3. Consider the monomial complete intersectionA = S/(xd11 , . . . , xdnn )

in example 2.3. Suppose 1 ≤ d1 ≤ . . . ≤ dn and let c =
∑n

i=1 di − 1. In this

case, the Hilbert function is symmetric about c
2 . This is easily seen by the

following bijection of the basis elements. Given a monomial m = xa11 · · ·xann
in Ad, where d ≤ c, we get a corresponding monomial in Ad−c simply by

dividing the largest monomial in A by m, obtaining m′ =
x
d1−1
1 ···xdn−1

n

m .

Theorem 3.2 (Hilbert-Serre). Let M be a finitely generated graded R-

module, where R is a Noetherian graded ring. Then the Hilbert series is

a rational function:

HSM (t) =
p(t)∏k

i=1(1− tdi)

where p(t) ∈ Z[t] and di ∈ Z>0.

Proof. We know by proposition 2.1 that the ring R can be written R =

R0[x1, . . . , xk], where we take each xi to be homogeneous generator of degree

say di. We argue by induction on the number k of generators of R over

R0. If k = 0, then R = R0 and M is a finitely generated R0-module i.e.

M =
⊕N

j=1R0mj for some N ∈ Z+ and mj ∈ M . But then Mi = 0 for

all i > max{deg(mj) : j = 1, 2, . . . , N} so λ(Mi) = 0 for i large enough,

which means that the Hilbert series reduces to a polynomial in t and hence

is indeed rational. Suppose the theorem holds for k − 1 and consider the

case of k generators. We have the following exact sequence of R-modules

0 kern(×xk) Mn Mn+dk cokern+dk(×xk) 0
×xk

where ×xk denotes the R-module homomorphism given by multiplication

by xk ∈ R. For ease of notation denote Kn = kern(×xk) and Cn+dk =

cokern+dk(×xk). Define K =
⊕

n≥0Kn and C =
⊕

n≥0Cn+dk , these are

both R0[x1, . . . , xk−1]-modules (and hence have rational Hilbert series by

the induction hypothesis) since both are in fact R-modules and both are an-

nihilated by the last generator xk. By proposition 3.1, applying the additive

function λ to this exact sequence gives

λ(Kn)− λ(Mn) + λ(Mn+dk)− λ(Cn+dk) = 0.

Now, multiplying this equation by tn+dk and then summing over n gives∑
n≥0

(
(λ(Kn)− λ(Mn) + λ(Mn+dk)− λ(Cn+dk))t

n+dk
)
=

tdkHSK(t) +
∑
n≥0

(
λ(Mn+dk)− λ(Mn)

)
tn+dk −HSC(t) +

dk−1∑
i=0

λ(Ci)t
i = 0.
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The middle sum can be rewritten as∑
n≥0

(
λ(Mn+dk)− λ(Mn)

)
tn+dk = HSM (t)−

dk−1∑
j=0

λ(Mi)t
i − tdkHSM (t)

= (1− tdk)HSM (t)−
dk−1∑
j=0

λ(Mi)t
i.

Hence all together we have

HSM (t) =
q(t) +HSC(t)− tdkHSK(t)

1− tdk

where q(t) =
∑dk−1

j=0 (λ(Mi)− λ(Ci))t
i is a polynomial in t, thus HSM (t) is

indeed rational. ■

Remark 3.4. Note that in the theorem statement above, the rational form

has a denominator where t is raised powers di which are equal to the degrees

of the generators of R over R0. For example, in the standard grading i.e.

di = 1 for all i, we would just have (1− t)k as the denominator, if there are

k generators that is. In fact, in this situation the integer k will equal the

Krull dimension of R.

Corollary 3.3. If each generator in the previous theorem has degree one

and n is large enough; then λ(Mn) is a polynomial in n.

Proof. By definition, λ(Mn) is the tn-coefficient in the Hilbert series of M ,

which by the previous theorem is of the form HSM (t) = p(t)
(1−t)k . If the

polynomial p has roots at t = 1, we may of course cancel those with the

denominator, so let us assume that p(1) ̸= 0. Let p(t) =
∑N

i=0 ait
i and

take the (Cauchy) product with the denominator to form the Hilbert series,

noting that if we define ai = 0 for all i > N we can write( ∞∑
i=0

ait
i
)( ∞∑

j=0

(
k + j − 1

k − 1

)
tj
)
=

∞∑
n=0

( n∑
l=0

al

(
k + n− l − 1

k − 1

))
tn.

The tn-coefficient above is λ(Mn) =
∑N

l=0 al
(
k+n−l−1
k−1

)
when n ≥ N and this

is a polynomial in n. ■

Remark 3.5. We can even determine the degree of λ(Mn) in the previ-

ous corollary. Note that the leading term in
∑N

l=0 al
(
k+n−l−1
k−1

)
is exactly∑N

l=0
nk−1

(k−1)! so the degree is k − 1 i.e. one less than the Krull dimension of

R (see the previous remark).
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4. The Lefschetz properties

Let A =
⊕m

i=0Ai be an Artinian graded algebra. Then, in particular,

dimK(A) is finite and the Hilbert series of A is a polynomial.

Definition 4.1 (WLP). Let A =
⊕m

i=0Ai be an Artinian graded algebra.

We say that A has the weak Lefschetz property (WLP) if there is some

general linear form L ∈ A1 such that the multiplication map ×L : Ai −→
Ai+1 given by ×L(f) = Lf has full rank i.e. is either injective or surjective

for all i = 0, 1, . . . ,m − 1. In this case, we say that L is a weak Lefschetz

element of A.

It turns out that in the monomial case we do not have to look far for a

(weak) Lefschetz element, provided that the field K is not finite, we have

following useful result, proved in [8, proposition 2.2].

Proposition 4.1. Let I ⊂ S = K[x1, . . . , xn] be an Artinian monomial

ideal where K is an infinite field. Then A = S/I has the WLP if and only

if x1 + . . .+ xn ∈ A1 is a (weak) Lefschetz element for A.

Proof. We will show that the two quotients A′ = S/(I, L) and A′′ =

S/(I, x1+. . .+xn) have the same Hilbert function, this is enough by criterion

(2) (see discussion below). Let us choose some minimal (monic monomial)

generating set of I and refer to it simply as the generating set of I. If K is

infinite and A satisfies the WLP for some linear form L′ ∈ A1, then it does

so also for a general linear form L = a1x1 + . . . + anxn, where ai ̸= 0. By

possibly dividing, we may assume an = 1. In the quotient S/(I, L), where

of course L = 0, we may substitute −a1x1 − . . .− an−1xn−1 or more conve-

niently a1x1 + . . .+ an−1xn−1 for xn in the generating set of I. Then every

generator of J is on the form xs11 · · ·xsn−1

n−1 (a1x1+ . . .+an−1xn−1)
sn and A′ =

S/(I, L) ∼= S/J . Note that, since a1 · · · an−1 ̸= 0, by replacing the generators

of J by generators on the form a1x
s1
1 · · · an−1x

sn−1

n−1 (a1x1+ . . .+an−1xn−1)
sn ,

we do not change the ideal J . Now we can see that A′ ∼= S/J and S/J ′,

where J ′ is obtained from J by replacing its generators (in the form above)

by xs11 · · ·xsn−1

n−1 (x1 + . . . + xn−1)
sn , have the same Hilbert function via the

(graded) isomorphism which maps xi to aixi. Lastly, by undoing the sub-

stitution we did in the beginning, we have S/J ′ ∼= A′′. ■

We illustrate the definition of the WLP with an example. The following

result [8, theorem 4.3] provides examples of algebras which fail the WLP.

Proposition 4.2. The equigenerated monomial almost complete intersec-

tion K[x1, . . . , xn]/(x
n
1 , . . . , x

n
n, x1 · · ·xn) fails the WLP for n ≥ 3.
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Example 4.1. Let us verify that S/I = K[x, y, z]/(x3, y3, z3, xyz) indeed

fails the WLP. By proposition 4.1 we only have to show that the linear form

L = x + y + z is not a (weak) Lefschetz element of S/I. For the sake of

illustration, let us provide the full list of non-trivial graded components of

S/I.

(S/I)0 ∼= K = spanK{1K}

(S/I)1 = spanK{x, y, z}

(S/I)2 = spanK{x2, y2, z2, xy, xz, yz}

(S/I)3 = spanK{x2y, x2z, y2x, y2z, z2x, z2y}

(S/I)4 = spanK{x2y2, x2z2, y2z2}

(S/I)j≥5 = 0.

Now we need to show that the map ×L fails to be of full rank somewhere

between these graded components. We can do this by computing the matri-

ces [×L]i : (S/I)i −→ (S/I)i+1 with respect to the bases as they are given

above and then checking their ranks. The corresponding matrices are as

follows

[×L]0 =

1

1

1



[×L]1 =



1 0 0

0 1 0

0 0 1

1 1 0

1 0 1

0 1 1



[×L]2 =



1 0 0 1 0 0

1 0 0 0 1 0

0 1 0 1 0 0

0 1 0 0 0 1

0 0 1 0 1 0

0 0 1 0 0 1



[×L]3 =

1 0 1 0 0 0

0 1 0 0 1 0

0 0 0 1 0 1
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It is readily calculated that rank([×L]2) = 5 < 6 and hence this matrix fails

to be injective (and surjective for that matter since it is square) and thus

S/I does not have the WLP.

The following theorem is found in [5, proposition 3.2] and concerns the

behaviour of the Hilbert function in standard grading. It can for instance

be used to quickly tell if an algebra fails the WLP.

Proposition 4.3. Let A be an Artinian (standard) graded algebra over a

field K. If A has the WLP then A has a unimodal Hilbert function.

Proof. Let A =
⊕m

i=0Ai be standard graded i.e. A = K[A1] so it is

generated by homogeneous elements of degree one as an K-algebra. Suppose

A has the WLP and let L be a Lefschetz element. Let l := min{l ∈ N :

dimK(Al+1) < dimK(Al)}, so that ×L : Al → Al+1 is surjective. Let

m = ⊕i≥1Ai, and note that since the grading is standard mi is generated

by Ai so Lml = ml+1. But then since A has the WLP it follows that

Lmj = mj+1 for all j ≥ l and we have surjectivity after degree l. ■

We mention that there is also a strong Lefschetz property (SLP). Note that

the SLP of course implies the WLP. We will not consider the SLP much in

this thesis, but we give an example below due to R. Stanley in [14].

Definition 4.2 (SLP). Let A =
⊕m

i=0Ai be an Artinian graded algebra. We

say that A has the strong Lefschetz property (SLP) if there is some general

linear form L ∈ A1 such that the multiplication map ×Ld : Ai −→ Ai+d has

full rank for all pairs (i, d) where i = 0, 1, . . . , n− 1 and d = 1, 2, . . . ,m− i.

In this case, we say that L is a strong Lefschetz element of A.

Example 4.2. Let A be a monomial complete intersection i.e.

A = K[x1, . . . , xn]/(x
a1
1 , . . . , xann ),

where ai ∈ Z>0 then if K has characteristic zero, A has the SLP. If however

K has positive characteristic, A does not need to have the SLP. For further

discussion about this, see e.g. [11].

In [9] the authors discuss a numerical way to check if a general linear form

fails to be of full rank in degree i, that is ×L : Ai −→ Ai+1 is neither injective

nor surjective. Given a general linear form L and an Artinian graded algebra

A, we have the following exact sequence

(1) (S/I)i (S/I)i+1 (S/(I, L))i+1 0.
×L π
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Given this, we can say that L fails to have full rank (i.e. fails to be surjective

or injective and hence fails to provide the WLP to A) exactly when

(2) dimK(S/(I, L))i+1 > max{0,dimK(S/I)i+1 − dimK(S/I)i}.

To see this, first note that both ×L and π are just linear maps between

finite dimensional K-vector spaces. Suppose first that

dimK(S/I)i ≥ dimK(S/I)i+1.

Due to exactness we have

(S/(I, L))i+1
∼= (S/I)i+1

/
im(×L),

hence if dimK(S/(I, L))i+1 > 0 we have dimK(S/I)i+1 > dimK im(×L) and

therefore ×L cannot be surjective.

Suppose instead that

dimK(S/I)i ≤ dimK(S/I)i+1.

Then if

dimK(S/(I, L))i+1 > dimK(S/I)i+1 − dimK(S/I)i,

the map ×L cannot be injective because if it was, then by the first isomor-

phism theorem and exactness we have im(×L) = ker(π) ∼= (S/I)i which

contradicts our assumption above.

This observation means that we could investigate the WLP by computing

the Hilbert series for A = S/I and A/(L) = S/(I, L) and compare their

coefficients. We give an example demonstrating this method.

Example 4.3. Consider S/I = K[x1, x2, x3, x4]/(x
4
1, x

4
2, x

4
3, x

4
4, x1x2x3x4), which

we know by proposition 4.2 fails the WLP. To verify this (and to determine

exactly where it fails), we compute the h-vectors of S/I and S/(I, L) which

turn out to be (the following was computed using [3])

h1 = (1, 4, 10, 20, 30, 36, 34, 24, 12, 4, 0) and

h2 = (1, 3, 6, 10, 12, 12, 10, 6, 3, 1, 0)

respectively. Note that by comparing entries of these two h-vectors, we see

that for instance 12 = dimK(S/(I, L))4 > dimK(S/I)4 − dimK(S/I)3 =

30 − 20 = 10, so L fails to have full rank there (in fact, it also fails in all

subsequent degrees). Hence, S/I does not have the WLP.
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Definition 4.3 (Level). Let A = ⊕m
i=0 be an Artinian standard graded

algebra and let m = ⊕i≥1Ai. If the ideal (0 : m) = {x ∈ A : mx = 0} (called

the socle of A) is concentrated in degree m, then we call A level.

The following proposition is proved in [8, proposition 2.1] and can be used

to shorten computations when investigating the WLP, at least for standard

grading.

Proposition 4.4. Let A = S/I be an Artinian standard graded algebra and

let L ∈ A1. Consider the (linear) multiplication maps by L between the

graded components: Ld : (S/I)d → (S/I)d+1.

(a) If Ld0 is surjective, then Ld is surjective for all d ≥ d0.

(b) If A is level and Ld0 is injective, then Ld is injective for all d ≤ d0.

(c) In particular, if A is level and dim(A)d0 = dim(A)d0+1 then A has

the WLP if and only if Ld0 is an isomorphism (we need only check

either injectivity or surjectivity in this case).

The following example is found in [7, example 2.2]. We provide an alternative

computation using Gröbner bases.

Example 4.4. The algebra A = S/I = K[x, y, z]/(x3, y3, z3, x2y) has the

WLP. To verify this, we can for instance compute the h-vector of S/I, this

can be done by hand and turns out to be h = (1, 3, 6, 6, 4, 1, 0). Using

proposition 4.4 it suffices to check that the map L2 is surjective and L1

injective (which it clearly is). To check that L2 is surjective we verify the

equivalent condition that S/(I, L)3 = 0 (see the exact sequence in (1). We

can do this by direct computation:(
S/(x3, y3, z3, x2y, x+ y + z)

)
3
∼=

(
K[x, y]/(x3, y3, (−x− y)3, x2y)

)
3

∼=
(
(K[x, y]/(x3, y3, x3 + 3x2y + 3xy2 + y3, x2y)

)
3

∼=
(
K[x, y]/(x3, y3, x2y, xy2)

)
3
= 0.

An alternative approach is to instead compute the leading monomial ideal

LM((I, L)) for the ideal (I, L) in say Degrevlex x > y > z. The complement

of LM((I, L)) in S forms aK-basis for S/(I, L). Computing a Gröbner basis

G using Singular yields

G = {x+ y + z, z3, yz2, 2y2z + yz2, y3}.

Thus, S/(I, L) is spanned over K by the monomials {z, z2, y, y2, yz} and

hence in particular contains no homogeneous polynomials of degree three,

therefore (S/(I, L))3 = 0 as claimed.
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5. Stanley-Reisner correspondence

In this section we introduce (abstract) simplicial complexes which will be

used to study certain Artinian quadratic monomial algebras. Let V denote

a non-empty set of n vertices.

Definition 5.1. A (abstract) simplicial complex ∆ is a non-empty subset of

the power set P(V ) of V , such that it is closed under inclusions i.e. if E ∈ ∆

and F ⊂ E, then F ∈ ∆. The elements of ∆ of cardinality k+1 are called k-

faces and are said to be k-dimensional (e.g. a triangle has three vertices and

is two-dimensional). A k-face which is maximal under inclusion, meaning

that it is not a proper subset of some larger face in the simplicial complex,

is called a facet. A convenient way of presenting a simplicial complex ∆

is to provide its facets only, these determine the whole simplicial complex,

since the remaining faces of ∆ can be obtained by deleting elements from

the facets.

The dimension of a simplicial complex ∆ is defined to be

dim(∆) := max{dim(F ) : F is a facet of ∆}

and is said to be pure if all facets have the same dimension. The d-skeleton

of ∆ is the substructure defined by ∆d := {F ∈ ∆ : dim(F ) ≤ d}. Note that
∆d is itself also a simplicial complex. The f -vector of ∆ is defined to be

f(∆) := (f−1(∆), f0(∆), . . . , fdim(∆)(∆)) where fi(∆) equals the number of

i-faces of ∆. Note that, by convention we always have f−1(∆) = 1 because

∅ ∈ ∆.

Example 5.1. The picture below is a geometric representation of the sim-

plicial complex ∆ = {1, 2, 3, 4, 5, 6, 12, 13, 23, 14, 45, 46, 56, 456}. The grey

area in the second triangle is indicating that we consider 456 as part of the

simplicial complex, whereas 123 is not. As mentioned before, we could also

define ∆ by providing its facets {12, 13, 23, 14, 456}.

We now describe the Stanley-Reisner correspondence. Given a simplicial

complex ∆, there is a corresponding square-free monomial ideal usually
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denoted I∆ ⊂ S = K[x1, . . . , xn] where n is the number of vertices in ∆. We

now describe the construction of this ideal, starting with a few definitions.

Define [n] = {1, 2, . . . , n} and consider this to be the vertex set of ∆. Next

associate to each vertex i a corresponding variable xi for all i ∈ [n]. We use

the notation xA =
∏
i∈A xi where A ⊂ [n]. The ideal I∆ is defined by taking

everything outside of ∆ as generators, i.e. I∆ = {xA : A ∈ P([n]) \∆}. In

this way, we are describing ∆ indirectly by first taking what is not in it, and

then disregarding just that: K[∆] := S/I∆, this quotient ring is called the

Stanley-Reisner ring of the simplicial complex ∆. It is easily observed that

the squarefree monomials in K[∆] correspond bijectively to the faces of ∆.

6. The weak Lefschetz property of Artinian quadratic

monomial algebras

The content in this section comes mainly from sections 2−3 in [2], with some

changes made including some reformulations of results and interpretations.

We start by noting that if we add the squares of all variables to the gener-

ating set of I∆ we get a new ideal J∆ = I∆ +(x21, . . . , x
2
n) through which we

obtain the Artinian monomial algebra

A(∆) := S/J∆ = A(∆)0 ⊕ · · · ⊕A(∆)dim(∆)+1.

Now, because we deleted all squares (and thus all further pure powers of

the variables) by taking a quotient, we actually have a straightforward 1:1

correspondence, described in the proposition below. This will eventually

allow us to connect the matrix of the linear form L1 to the incidence matrix

of a certain graph (see below), allowing us to draw upon results from graph

theory regarding the rank of this matrix. This is directly relevant when

investigating the WLP.

Proposition 6.1. (Proposition 2.2 in [2]) There is a bijection between the

monomials in A(∆) and the faces of ∆. In particular we have HSA(∆)(t) =∑
i≥0 fi−1(∆)ti. Further if we consider the i-skeleton ∆i we have the de-

composition A(∆i) = A(∆)0 ⊕ · · · ⊕A(∆)i+1.

Proof. This is a direct consequence of the ideal construction. In the algebra

A(∆), there are only square-free monomials and any such monomial (of

degree i say) corresponds uniquely to a (i−1)-face of ∆ (recall that i−1 is the

dimension of the face, meaning the face consists of i vertices). The Hilbert

series of A(∆) is thus exactly as claimed. Lastly, consider the quotient

A(∆i) = S/J∆i , where J∆i = I∆i +(x21, . . . , x
2
n). Note that J∆i = J∆+(xF :

F ∈ ∆ and dim(F ) > i+1) and thus the result of restricting to the i-skeleton
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is that the right end tail A(∆)i+2 ⊕ · · · ⊕A(∆)dim(∆)+1 of A(∆) is removed,

as claimed. ■

In what follows, we wish to use graph theory to investigate the WLP for

A(∆). In order to do this, we first quickly recall a few basic definitions.

A graph (we will always speak of simple undirected graphs in this context)

is said to be bipartite if its vertex set can be partitioned into two disjoint

parts such that each edge has one end in both parts.

If there is a path from any two vertices in the graph, we say that the graph

is connected. A graph may be disconnected i.e. it may be a disjoint union of

connected components (we usually abbreviate and call them components),

each of which is a graph in its own right. We will denote by b(G) the number

of bipartite (connected) components in some graph G.

One can summarize a graph in matrix form using the incidence matrix of a

graph G = (V,E); denoted by I(G), it is the (|V | × |E|)-matrix where the

i’th column corresponds to the i’th edge and consists of two ones (and the

rest are zeros) in rows corresponding to the vertices in that edge. We follow

[2] and assume Lex-ordering of the vertices and edges.

The following proposition is found in [4, theorem 8.2.1].

Proposition 6.2. Let G be a graph with n vertices and b(G) bipartite con-

nected components, then rank(I(G)) = n− b(G).

Proof. We want to show that dim(ker(I(G)) = b(G). Note that, since

rank remains invariant under transposition, we can show the same thing

for the transpose of I(G). Furthermore, I(G)Tx = 0 is equivalent to, after

transposing, the equation xT I(G) = 0. Thus, let us determine the dimension

of the space N = {x : xT I(G) = 0}, this will be more convenient.

Suppose that x ∈ N and recall that each column of I(G) has exactly two

ones (corresponding the vertices in that edge) and the rest are zeros. Hence,

if ij is an edge in G, then xi + xj = 0 or xi = −xj . If vertices i and j

are almost adjacent, in the sense that there is a path ikj of length two,

then xi + xk = 0 and xk + xj = 0 hence xi = xj . Continuing like this, we

see by induction that if i and j are connected via a path of length l, then

xi = (−1)lxj . In particular, |xi| = |xj | whenever i and j are path adjacent

(i.e. exist in the same connected component of G). That is, if we view x as

a function on the vertex set (i.e. i 7→ xi), then its absolute value is constant

on each connected component of G.
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In any non-bipartite component of G, we have an odd cycle i1 · · · i2k+1,

where every two steps we have equality. But since the cycle is odd, we end

up with xi1 = xi3 = . . . = xi2k+1
= xi2 = . . . = xi2k . This means, since

e.g. x1 = −x2 and x1 = x3 = x2 implies x1 = 0, we must in fact have

zero everywhere on the odd cycle. Now, since this odd cycle exists within a

non-bipartite component, in which the absolute value remains invariant, we

must in fact have xi = 0 whenever i is in that component.

Suppose instead we are working in a bipartite component A⊔B of G. Then

for x ∈ N we need xA = −xB, so here we have (one) free choice of coordi-

nate (every other coordinate in the component is then determined, by the

discussion above). Therefore, since we have one free parameter per bipartite

component, the space N has dimension b(G) as claimed. ■

Note that the 1-skeleton ∆1 is actually a (simple and undirected) graph

(we are just including the vertices and the edges and no faces of higher

dimension). Denote this graph by G(∆) and let (V,E) be its set of vertices

and edges respectively. Note also that dimKA(∆)1 = |V | and dimKA(∆)2 =

|E|, this is due to proposition 6.1. The following lemma establishes the

connection to graph theory mentioned earlier.

Lemma 6.3. (Lemma 3.2 in [2]) Let [L1] be the (|E| × |V |)-matrix of the

linear map L1 : A(∆)1 → A(∆)2 (given by multiplication with the linear

form x1 + . . . + xn) and assume Lex-ordering of the respective monomial

bases. Then [L1] = I(G(∆))T i.e. [L1] is the transpose of the incidence

matrix of the graph G(∆).

Remark 6.1. It is important that we use the same monomial order when

listing our bases to create the matrices [L1] and I(G(∆)), otherwise the

lemma fails of course.

Proof. To form the i′th column of [L1] we compute L1 × xi = x1xi + . . . +

xnxi =
∑

j:xixj∈A(∆) xixj which converts into a column of δ(xi) (the degree

of the vertex) ones and |E| − δ(xi) zeros. But this is exactly the i′th row of

I(G(∆)) since this row consists of ones where vertex xi is incident to some

edge and zeros everywhere else. ■

The immediate consequence of this lemma and the previous proposition is

that, since matrix rank is invariant under transposition; whether or not L1

has full rank is completely determined by the skeleton graph G(∆) of the

simplicial complex ∆ corresponding to the Artinian monomial algebra A(∆).

The following theorem describes the WLP in terms of bipartite components
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of G(∆). We note that it is slightly reformulated from its original source

[2], opting for a more standard terminology.

Theorem 6.4.

(a) If dimKA(∆)2 = |E| ≥ |V | = dimKA(∆)1 then the map L1 :

A(∆)1 → A(∆)2 has full rank (i.e. is injective in this case) if and

only if the 1-skeleton graph G(∆) of ∆ contains no bipartite compo-

nents (which is equivalent to saying that each component has an odd

cycle).

(b) On the other hand, if dimKA(∆)2 = |E| < |V | = dimKA(∆)1 then

the map L1 has full rank (i.e. is surjective in this case) if and only

if any bipartite component of G(∆) is a tree and each non-bipartite

component contains an equal amount of vertices and edges.

Proof. We have full rank between the first and second graded components

when [L1] has full rank, which by lemma 6.3 is equivalent to I(G(∆)) having

full rank. This exactly means that rank
(
I(G(∆))

)
= min{|V |, |E|}. But

according to proposition 6.2 this rank also equals |V | − b(G), hence if we

consider case (a) we have |V | = |V |−b(G) which implies b(G) = 0 as claimed.

On the other hand, in (b) we have |E| = |V | − b(G) or |V | − |E| − b(G) = 0.

Suppose the graph G(∆) has c(G) (connected) components in total, b(G) of

which are bipartite. Denote the bipartite components (if there are any) by

Bi, i = 1, 2, . . . , b(G) and the other components by Ci, i = 1, 2, . . . , c(G) −
b(G). Then, by just counting up the graph from its components we have

(3)

b(G)∑
i=1

(
|VBi | − |EBi | − 1

)
+

c(G)−b(G)∑
i=1

(
|VCi | − |ECi |

)
= 0.

For any bipartite componentBi we have |EBi | ≥ |VBi |−1, since there is a tree

graph embedded in Bi and a tree always has exactly one more vertex than

the number of edges. As for each non-bipartite (thus non-tree) component

Ci we must have |ECi | ≥ |VCi |. These inequalities imply that there can be

no cancellation of terms in (3), since each term is non-negative. Therefore

each bipartite component Bi satisfies |EBi | = |VBi | − 1 (making it a tree as

claimed) and each non-bipartite component satisfies |VCi | = |ECi |. ■

Remark 6.2. Note that in order for case (b) to apply, we really need a

tree component, since otherwise the number of vertices and edges are equal.

The authors of [2] use the formulation ”if it exists” when referring to tree

components, we omit this formulation for the reason given here.
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This, together with proposition 4.4, has the following immediate conse-

quence.

Corollary 6.5.

(a) In case (a) in the previous theorem, if the number of vertices equal

the number of edges, then A(∆) has the WLP.

(b) In case (b) in the previous theorem A(∆) has the WLP.

Proof. In (a) we get an isomorphism L1 : A(∆)1 → A(∆)2 since it is

injective between two K-vector spaces of equal dimension and in (b) we

have surjectivity so both statements follow immediately from proposition

4.4. ■

Remark 6.3. Note that, the only case which is not fully understood (in

terms of how the WLP relates to the graph theoretic properties) is when

the number of edges strictly exceeds the number of vertices in the 1-skeleton

G(∆) of ∆. However as a small side note, if |E| > ⌊ |V |2
4 ⌋ in each component

of G(∆) then it will automatically fail to be bipartite (the bound guarantees

at least one odd cycle) and thus L1 has full rank i.e. is injective in this case.

Thus it remains to understand the case when |V | < |E| ≤ ⌊ |V |2
4 ⌋.

We now investigate what happens when L1 fails to have full rank. Assume

we have a simplicial complex ∆ whose underlying 1-skeleton graph G(∆) =

(V,E) is connected and |V | < |E|, then L1 fails to have full rank if and only

if G(∆) fails to have an odd cycle i.e. is bipartite. In particular A(∆)3 = 0,

because we have no coloured triangle in ∆. But then A(∆)i = 0 for all i ≥ 3

as well. This means that

A(∆) = A(∆)0 ⊕A(∆)1 ⊕A(∆)2 = A(∆1)

and ∆ is thus a graph. Thus, loosely speaking it is easy for a simplicial

complex to pass full rank from degree one to two, it just needs to be a

proper simplicial complex in the sense that it needs to contain a face of

dimension greater than one. Note that in the graph case, L1 having full

rank is equivalent to A(∆) having the WLP since there are only three graded

components to speak of in that case.

Suppose now we have a connected graph ∆ = G = (V,E) with more edges

than vertices, then theorem 6.4 implies that A(G) has the WLP if and only

if G is not bipartite (i.e. contains an odd cycle).

Thus in the connected case, the only degenerate class of simplicial complexes

(with respect to lending full rank to L1) are the bipartite graphs, all other
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connected graphs in fact yield an algebra A(G) with the WLP. This is true

independently of whether G(∆) contains more vertices than edges or vice

versa. We state this special case as a corollary.

Corollary 6.6 (Graph case). If ∆ = G(∆) is a graph, then A(∆) has the

WLP if and only if ∆ is not bipartite.

However, if ∆ is such that its 1-skeleton G(∆) = ⊔N
i=1

Gi(∆) is not connected

(again with more edges than vertices), then theorem 6.4 implies that L1 fails

to have full rank if and only if some component Gi(∆) of G(∆) is bipartite.

Note that in this case the algebra A(∆) may still have some non-zero graded

component of (larger than one) odd degree, so the simplicial complex does

not need to be a graph.

Example 6.1. Consider any simplicial complex ∆ with underlying graph

G(∆) as depicted below.

According to theorem 6.4 part (b) the map L1 : A(∆)1 → A(∆)2 should have

full rank. To confirm, we just compute [L1] with Lex-ordering of edges. This

yields

[L1] =



1 1 0 0 0 0 0

0 1 1 0 0 0 0

0 1 0 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 1 0 1

0 0 0 0 0 1 1


which is a block diagonal matrix where the first block corresponds to the

tree component of G(∆) and the second to the triangle (non-bipartite) com-

ponent. One readily verifies that rank([L1]) = 6, hence L1 is surjective

and A(∆) has the WLP. We may also describe the algebra A(∆) in terms

of the algebras associated to its components. Let ∆ = Γ1 ⊔ Γ2 be the

disjoint union of the tree and the triangle respectively. Then A(Γ1) =
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K[x1, x2, x3, x4]/(x
2
1, x

2
2, x

2
3, x

2
4, IΓ1) andA(Γ2) = K[x5, x6, x7]/(x

2
5, x

2
6, x

2
7, IΓ2),

hence

A(∆) = K[x1, . . . , x7]/((x
2
i ) + IΓ1 + IΓ2 +m1m2) = A(Γ1)⊗K A(Γ2)/m1m2,

where m1 = (x1, x2, x3, x4) and m2 = (x5, x6, x7) are the maximal ideals in

their variables and the presence of their product in the quotient corresponds

to the fact that there are no edges between the two components Γ1 and Γ2

(i.e. there is a complete bipartite graph K3,4 missing in G(∆)).

Example 6.2. If we instead consider G(∆) as in the last example except now

we connect vertices 1 and 5 by an edge, then we are in case (a). The graph

G(∆) now is connected and includes a triangle, hence it is not bipartite,

and L1 should again have full rank. However, more is true this time since

|V | = |E|, we have by corollary 6.5 that the algebra A(∆) will have the

WLP. Indeed, we have (by adding the new edge last in the basis)

[L1] =



1 1 0 0 0 0 0

0 1 1 0 0 0 0

0 1 0 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 1 0 1

0 0 0 0 0 1 1

1 0 0 0 1 0 0


which after a quick computations yields rank([L1]) = 7, which is full rank

in this case and thus L1 is surjective, implying that all L≥1 are surjective as

well.

The next example demonstrates a situation where L1 fails to have full rank.

Example 6.3. Suppose G(∆) = K3,3 i.e. the complete bipartite graph on the

vertex set V = {1, 2, 3} ⊔ {4, 5, 6} and |E| = 3× 3 = 9. Then the incidence

matrix of G(∆) is equivalent to

I(G(∆)) =



1 1 1 0 0 0 0 0 0

0 0 0 1 1 1 0 0 0

0 0 0 0 0 0 1 1 1

1 0 0 1 0 0 1 0 0

0 1 0 0 1 0 0 1 0

0 0 1 0 0 1 0 0 1


and one readily computes that rank(I(G(∆)) = 5 < 6, hence L1 (which is

the transpose of the matrix above) fails to be injective.
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7. Future work

In this section we outline some areas where there may be potential for further

progress. We also point out some limitations of the techniques used in section

6.

First, we note that the technique of associating the incidence matrix of

G(∆) to the first multiplication map L1 is possible due to the definition of

J∆ in A(∆) = S/J∆. Namely, adding the squares of the variables to the

generating set created a bijection between faces in the simplicial complex (in

particular the vertices and edges) and monomials in the algebra A(∆), this

meant that the dimension of [L1] was correct in the sense that its transpose

had the dimension of the incidence matrix. If one was to allow for example

x21 to be non-zero in the quotient A(∆), by for instance instead letting

J∆ := (x31, x
2
2, . . . , x

2
n) + I∆ we would change the dimension of [L1] and it

will no longer be the transpose of I(G(∆)).

Secondly, as mentioned earlier, in the case where |V | < |E| theorem 6.4 does

not offer a criterion for WLP, but only full rank from degree one to two. It is

not clear which conditions on ∆ are equivalent to the algebra A(∆) having

the WLP. By theorem 4.4, one would be tempted to look for conditions which

imply injectivity for Ldim(∆) : A(∆)dim(∆) → A(∆)dim(∆)+1. However, the

algebra A(∆) would need to be level for this to be useful. We remark that

there is a characterization result in this direction in [10], stating that A(∆)

is level if and only if ∆ is pure.

We do however have a lot of examples of simplicial complexes ∆ which

give A(∆) the WLP. For example, suppose we have a simplicial complex

∆ where G(∆) has more edges than vertices and contains no bipartite

components. Then L1 is injective by theorem 6.4 case (a). Suppose also

that dimK(A(∆)2) = |E| ≥ dimK(A(∆)3). Let us call an edge loyal if

it belongs to one and only one triangle (i.e. 3-cycle) in G(∆). Then,

if all triangles in G(∆) contain at least one loyal edge, then A(∆) has

the WLP. In other words, L2 will be surjective and by theorem 4.4 the

claim follows. This is because, given any triangle ijk in G(∆) we can use

its loyal edge, say ij, and multiply by L to get back to the triangle, i.e.

L(xixj) = (x1+ . . .+xn)(xixj) = xixjxk, where the equality follows exactly

because ij is a loyal. Using reasoning like this, it is in fact quite easy to

write down endless examples of simplicial complexes ∆ which yield algebras

A(∆) with the WLP. Of course, we can extend the notion of loyalty to fur-

ther degrees; a k-face A ∈ ∆ is called loyal if there is a unique (k + 1)-face

B ∈ ∆ such that A ⊂ B.
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