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Abstract

We study the possibility of constructing quantum gates using topological phases,
which originate from local SU(2) evolution of entangled multiqubit systems.
For this purpose, logical codewords using two-, three- and nine-qubit entangled
states are defined and possible implementations of topological gates on these
codes, are examined. For two-qubit systems, it is shown that for only two of
the Pauli gates, a topological implementation is possible, the third must be
non-topological. Furthermore, it is shown that a topological implementation
of Hadamard gate is also possible on the two-qubit code. For the three-qubit
code, the logical Pauli gates are found to be topologically implementable and a
topological implementation of the logical S gate seems to be possible as well.
Lastly, for the nine-qubit code, the logical Pauli gates, the logical S gate and
the logical T gate are shown to be implementable topologically on the code.
It remains an open question whether topological implementation of logical
Hadamard gate by invertible local operators is possible on the nine-qubit code.
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Populärvetenskaplig Sammanfattning

Kvantfaser är ansvariga för kvantinterferens; en effekt som spelar en central
roll i kvantdatorberäkningar. I början av 2000-talet visades det att om man
har två sammanflätade partiklar och lokalt (dvs. var och en av partiklarna för
sig) roterar dessa på ett specifikt sätt, kan en mätbar global fas uppstå som
endast kan förklaras av topologin hos det rum som partiklarna lever i, dvs.
egenskaper hos rummet som inte ändras under kontinuerlig deformation som
exemplevis töjning, vridning och böjning. Men hur kan dessa tillämpas inom
kvantberäkningen?

En av modellerna för kvantberäkning är kvantkretsmodellen som är baserad
på kvantbitar vars tillstånd transformeras av så kallade kvantportar (quantum
gates). Alla komponenter i kvantkretsen däribland kvantportar, är dock känsliga
för brus, vilket innebär att oönskade interaktioner kan förekomma mellan
komponenterna och omgivningen som i sin tur kan leda till uppkomsten av fel.

Det har dock visat sig att en godtyckligt stor kvantberäkning kan utföras effektivt
även i närvaro av brus. Ett sätt för att göra detta är att konstruera kvantportar
som inte är lika känsliga för brus och om fel ändå uppstår, är konstruktionen av
kvantporten sådan att felet inte sprids av kvantporten själv.

I denna avhandling har vi visat att konstruktion av sådana kvantportar är
möjlig, genom att använda topologiska kvantfaser. De konstruerade topologiska
kvantportarna är uppbyggda av lokala rotationer (dvs. varje kvantbit kommer
att transformeras separat) och därför förhindras spridningen av ett uppstått fel
till mer än en kvantbit, samt att de inte är känsliga mot brus på grund av deras
topologiska ursprung. Vi har undersökt några olika system, bestående av två, tre
eller nio kvantbitar, och har exempelvis visat att på ett specifikt system med nio
sammanflätade kvantbitar, kan fem olika kvantportar konstrueras topologiskt.
För konstruktion av andra topologiska kvantportar, behövs ytterligare studier.
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1 Introduction

The main components of a quantum circuit–a model for quantum computation–
are quantum bits (qubits) and quantum gates. These components are very
susceptible to noise, that is, can be affected by, e.g., unwanted interactions
with the environment, which in turn affects the accuracy of the performed
calculations. However, it has been shown that reliable quantum information
processing is still possible based on fault-tolerant protocols1, threshold for fault
tolerance, etc. [1].

The latter mentioned topic is referring to an important theorem in the theory
of fault-tolerant quantum computation, which is usually called the threshold
theorem for quantum computation. It states that if the physical error in each
implemented quantum gate is below a certain threshold, then a quantum
computation of arbitrary length can be performed efficiently [1].

Consider a register of qubits, denoted as the code. If an operation on the code is
performed such that an occurred error on one of the qubits does not propagate to
other qubits, that is, only one error is introduced on the code, then the operation
is said to be transversal. Such a transversal operation can be constructed, e.g.,
if its constituents are operating locally on each physical qubit. Note that these
kind of transversal operators are of importance to quantum computation because
error probabilities do not grow such that they cannot be corrected effectively via
error-correction. Transversal operations are thus said to be fault-tolerant [1].

In 2000, Milman and Mosseri demonstrated the existence of topological phase
factors in the case of entangled two-qubit states. It was found that topological
phases, associated with global topological phase factors, resulted from local
SU(2) evolution of entangled qubit pairs [2, 3]. The topological phases were later
generalized to systems with more than two entangled qubits, for which more
general topological phase factors were found [6].

The aim of this thesis is to use the topological phase factors to implement
quantum gates. The constructed quantum gates will thus be topological and
therefore robust to deformations, hence may help to reach below the error
threshold. Furthermore, these topological gates are intrinsically transversal as
they are implemented by SU(2) acting locally on each physical qubit.

In this thesis, the basic concepts of quantum computation such as qubits and
quantum gates are reviewed. The geometric representation of the state space

1Fault-tolerant means that in the presence of faults in, e.g., one of the components, the
computation will still be performed efficiently because the failure of the component will not cause
errors to propagate through the quantum circuit.
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of qubits, that is the Bloch sphere, is also described. In order to understand
the origin of the topological phases in two-qubit case on a deeper level, some
basic understanding of Hopf fibration is needed. Therefore, in this thesis,
the construction of the three-sphere S3 Hopf fibration is reviewed and the
correspondence between the Hopf fibration and Bloch sphere is shown. This
provides the foundations needed for understanding higher Hopf fibrations such
as S7 sphere Hopf fibration, which represents the geometry of a pure two-qubit
state. Next the concept of topological phase is introduced, mostly based on [2, 3].
Lastly, the topological phases are used to implement topological gates and the
results found are presented in the related section.

2 Background

2.1 Introduction to Qubit and Single Qubit Operations

A quantum bit or a qubit exists in a two-dimensional complex Hilbert space2

whose computational basis states are denoted as:

|0⟩ =
(
1
0

)
and |1⟩ =

(
0
1

)
. (1)

A qubit can form superpositions of the computational basis states:

|Ψ⟩ = α |0⟩+ β |1⟩ , α, β ∈ C. (2)

The probabilities of detecting the states |0⟩ or |1⟩ after measurement are given by
|α|2 and |β|2, respectively, therefore the normalization condition |α|2 + |β|2 = 1
must be satisfied. Note that the state immediately after measurement is either |0⟩
or |1⟩.

Some examples of physical realizations of a qubit are: 1. A spin-1
2

particle, where
|0⟩ and |1⟩ could stand for the spin-up state and the spin-down state, respectively;
2. The polarization state of a photon, where |0⟩ and |1⟩ could stand for the
vertically polarized photons and horizontally polarized photons, respectively.

Manipulation of the state of a single qubit is done by quantum gates that are 2×2
unitary matrices. The unitary condition on the operators is induced in order to

2A Complex Hilbert space H is a vector space over the complex numbers equipped with a
complex valued inner product ⟨−,−⟩ : H×H → C, satisfying the following properties:
1.⟨u, u⟩ = 0 iff u = 0,
2.⟨u, v⟩ = ⟨v, u⟩ (the "overline" denotes the complex conjugate),
3.⟨w, au+ bv⟩ = a⟨u,w⟩+ b⟨v, w⟩.
Note that the ⟨au, v⟩ = a⟨u, v⟩, followed from properties 2 and 3.
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preserve the norm of the qubit, after the action of the operator. The quantum
gates needed for this project are the Pauli gates denoted by X, Y , and Z, which
are the three Pauli matrices σ⃗ = (σx, σy, σz), and the Hadamard gate denoted as
H , phase gate denoted as S and the π/8 gate denoted as T [1]:

X =

(
0 1
1 0

)
; Y =

(
0 −i
i 0

)
; Z =

(
1 0
0 −1

)
;

H =
1√
2

(
1 1
1 −1

)
; S = ei

π
4

(
e−iπ

4 0
0 ei

π
4

)
;T = ei

π
8

(
e−iπ

8 0
0 ei

π
8

)
. (3)

It is possible to generalize a class of unitary matrices, the rotation operators about
a real unit vector n̂ = (nx, ny, nz) by a rotation θ, as:

Rn̂(θ) := exp(−iθn̂ · σ⃗/2) = cos
θ

2
I2×2 − i sin

θ

2
n̂ · σ⃗. (4)

This gives the exponential representation of SU(2).

Equation (4), explicitly as a matrix is obtained as follows:

n̂·σ⃗ = niσi =

(
0 nx

nx 0

)
+

(
0 −iny

iny 0

)
+

(
nz 0
0 −nz

)
=

(
nz nx − iny

nx + iny −nz.

)
(5)

Defining n± := nx ± iny, then

Rn̂(θ) = exp(−iθn̂ · σ⃗/2) = cos
θ

2
I2×2 − in̂ · σ⃗ sin θ

2
=

=

(
cos θ

2
0

0 cos θ
2

)
− i

(
nz sin

θ
2

n− sin θ
2

n+ sin θ
2

−nz sin
θ
2

)
=

(
cos θ

2
− inz sin

θ
2

−in− sin θ
2

−in+ sin θ
2

cos θ
2
+ inz sin

θ
2

)
. (6)

2.2 The Bloch Sphere

Since α, β ∈ C in equation (2), the normalization condition can be expressed in
the real and imaginary components of α and β as:

x21 + x22 + x23 + x24 = 1, (7)

given that α = x1+ix2 and β = x3+ix4. Equation (7) defines the unit three-sphere
S3 embedded in four-dimensional space R4. However, it can be shown that it is
possible to visualize the state of a qubit as a point on the two-sphere S2 embedded
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in the three dimensional space. In order to achieve that, one first needs to rewrite
the complex amplitudes in equation (2) in polar form as:

|Ψ⟩ = rαe
iφα |0⟩+ rβe

iφβ |1⟩ . (8)

Factoring out eiφα , it yields

|Ψ⟩ = eiφα [rα |0⟩+ rβe
i(φβ−φα) |1⟩]. (9)

It should be noted that rotating the qubit by a global phase, in this case eiφα ,
will not have any observable effects since the probabilities of the measurement
results will remain unchanged. It is therefore possible to identify a state as all
state vectors that only differ by a phase, i.e.,

|Ψ⟩ ∼ eiγ |Ψ⟩ , γ ∈ R. (10)

This is called the global phase ambiguity. Later it will be shown that the set of
states eiγ |Ψ⟩ exist on a circle parameterised by γ on the S3 sphere (the Hilbert
space). However, these will be collapsed to a point on S2 sphere (the projective
Hilbert space) by this identification, see section 2.3 for further clarifications.

Hence, equation (9) can effectively be written as:

|Ψ⟩ = rα |0⟩+ rβe
iφ |1⟩ , (11)

where φ := φβ − φα.

In other words, by ignoring the global phase factor it is now possible to describe
the state of the qubit using three real parameters rα, rβ , andφ = φβ−φα. However,
it is possible to narrow down these parameters to two parameters by realizing the
relation between the absolute values of the amplitudes of α and β that is rα, rβ ∈
[0, 1], through the normalization condition r2α + r2β = 1. Using this condition one
could easily see that these two values of rα and rβ depict the position of a point
on a quarter circle with radius 1. Defining the central angle on this quarter circle
to be θ

2
, leads to the following relations:

rα = cos
θ

2
, rβ = sin

θ

2
, θ ∈ [0, π]. (12)

Now, the state (11), parameterized with θ and φ, is rewritten as:

|Ψ(θ, φ)⟩ = cos
θ

2
|0⟩+ eiφ sin

θ

2
|1⟩ , (13)

with θ ∈ [0, π] and φ ∈ [0, 2π). It will now be shown that |Ψ(θ, φ)⟩ is an eigenstate
of n̂(θ, φ) · σ⃗ with eigenvalue +1, where n̂(θ, φ) is a unit vector with spherical
coordinates, i.e., n̂(θ, φ) = (sin θ cosφ, sin θ, sinφ, cos θ)T :
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n̂(θ, φ) · σ⃗ |Ψ(θ, φ)⟩ =
(

cos θ sin θ(cosφ− i sinφ)
sin θ(cosφ+ i sinφ) − cos θ

)(
cos θ

2

eiφ sin θ
2

)
=

(
cos θ cos θ

2
+ sin θ sin θ

2

eiφ sin θ cos θ
2
− eiφ sin θ

2
cos θ

)
=

(
cos (θ − θ

2
)

−eiφ sin ( θ
2
− θ)

)
=

(
cos θ

2

eiφ sin θ
2

)
= |Ψ(θ, φ)⟩ .

(14)
From equation (14), it is concluded that a state |Ψ(θ, φ)⟩ can be associated with
a unit vector n̂(θ, φ) in R3. Hence, the state of the qubit |Ψ(θ, φ)⟩ (up to a global
phase) is defined to be a unit vector on the surface of a two-sphere S2 embedded
in R3 with θ and φ being spherical coordinates. This sphere is called the Bloch
sphere, and is depicted in figure 1.

Figure 1: The Bloch sphere with the states |Ψ(0, φ)⟩ = |0⟩ on the north pole and
|Ψ(π, 0)⟩ = |1⟩ on the south pole.

The coordinates ξ0, ξ1 and ξ2 of the state (see figure 1), identified to the usual x, y
and z axes, are the expectation values of the Pauli operators in the state |Ψ⟩, that
is:

ξ0 = ⟨σx⟩Ψ = Trρσx = Tr[(α |0⟩+ β |1⟩)(α ⟨0|+ β ⟨1|)(|0⟩⟨1|+ |1⟩⟨0|)]

= αβ + βα = 2Re(αβ) = 2(x1x3 + x2x4),

ξ1 = ⟨σy⟩Ψ = Trρσy = Tr[(α |0⟩+ β |1⟩)(α ⟨0|+ β ⟨1|)(−i |0⟩⟨1|+ i |1⟩⟨0|)]

= −iαβ + iβα = 2Im(αβ) = 2(x2x3 − x1x4),

ξ2 = ⟨σz⟩Ψ = Trρσz = Tr[(α |0⟩+ β |1⟩)(α ⟨0|+ β ⟨1|)(|0⟩⟨0| − |1⟩⟨1|)]

= αα− ββ = |α|2 − |β|2 = x21 + x22 − x23 − x24. (15)

Note that α and β are complex conjugates of α and β, respectively, with α =
x1 + ix2 and β = x3 + ix4 as previously defined.
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It should be mentioned that all the states lying on the Bloch sphere are pure states.
However, in order to represent the non-pure states, the Bloch ball is needed, which
is the set of all points on and inside the Bloch sphere. Non-pure states are in
one-to-one correspondence with the interior points of the Bloch ball, see section
2.4 and 2.6 for further explanation.

In the next section the relation between the Bloch sphere and the Hopf fibration
of the S3 will be explained3.

2.3 The S3 Hopf Fibration Via the Complex Numbers

In this section the mathematical details of constructing the Hopf Fibration
are reviewed. It will be shown how a three-sphere S3 is "decomposed" into a
two-sphere S2 and circles (fiber), where the two-sphere corresponds to the Bloch
sphere and the fiber represents the global phase degree of freedom.

2.3.1 Fibration

In order to understand the Hopf fibration, the definition of fibration must first be
given:

Definition 2.1. Let E,B and F be smooth manifolds, with B being equipped with open
cover Uα ⊂ B for every b ∈ B. A locally trivial fiber bundle or fibration is a
smooth map π : E −→ B called the projection, in which the preimage π−1(Uα) is
homeomorphic4 to the direct product Uα×F (i.e., ∃ a homeomorphism φα : π−1(Uα) −→
Uα × F ), such that the following diagram commutes:

π−1(Uα) Uα × F

Uα

π

φα

proj
.

3This relation ensures that even geometrically, a two-sphere S2 is obtained since the sphere
depicted to this point is actually a topological sphere based on the following explanation: The
period of the complex exponential eiφ is 2π, then for any fixed value of θ ∈ [0, π] in equation
(13), circles will be obtained. Hence the outcome could be viewed as a cylinder of height π. But
since at θ = 0 only |0⟩ will be remained, the top circular edge will collapse into that point. Now,
at the bottom base of the ”cylinder” (θ = π), the set of points eiφ |1⟩ will construct the edge of
the cylinder but due to the phase ambiguity eiφ |1⟩ ∼ |1⟩, this edge will also collapse to a point.
Hence a cylinder, with circular edges collapsed to a point is obtained, which is equivalent to a
topological sphere [4].

4A continuous map f : X −→ Y between two topological spaces X and Y is a homeomorphism
if it is bijective and its inverse f−1 is also continuous.
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The manifolds E and B are denoting the total space (or also called the fiber space) and
base space, respectively.
The preimage of each point b ∈ B, i.e., π−1(b) is homeomorphic5 to Fb denoting the fiber
over b ∈ B [5].

In the commutative diagram there is another map denoted as proj, mapping Uα×
F to Uα. This diagram shows that if a ∈ π−1(Uα) then π(a) = proj(φα(a)), that is,
all the paths that share a common starting point and ending point are the same.

Note that definition 2.1. in simpler terms, refers to decomposing the total space
E into a base space B and a fiber F denoted by F −→ E

π−→ B. Also, locally
trivial means that locally (hence, not necessarily globally) the total space E has
local product structure of the form B × F .

As a side note, observe that definition 2.1 generalizes the covering spaces6

because the topology on the subspace π−1(b) ∀ b ∈ B is not discrete since the
subspace is connected, which is not the case for covering spaces.

Now, an example will be given to make the concept of this definition more clear.

Example 2.1. The Möbius band is a surface that can be formed by gluing together the
sides of a rectangular band in the opposite orientation. Let the Möbius band be the total
space E with the base space B = S1 and fiber F . Then the projection map π maps the
surface to the base space S1. The preimage π−1(Uα) is a twisted segment (ruled surface
on the Möbius band in figure 2), which is homeomorphically mapped to Uα × F by φα.
See figure 2.

2.3.2 Construction of Hopf Fibration

Now, a Hopf fibration (or Hopf bundle or Hopf map) defines a map from the
total space S3 to the base space S2 with fibers S1. The Hopf map is constructed
by composition of two maps, one mapping elements in S3 to a space called
complex projective line (CP 1) and the other, mapping elements from CP 1 to S2. By
composing these two maps, a map is constructed that takes elements in S3 and
maps them to S2. Through this construction it will also be shown that the fiber
S1 is embedded in S3.

First starting with presenting S3 in C2: The unit three-sphere S3 embedded in R4,

5If ∃ a homeomorphism between two topological spaces then they are homeomorphic.
6Let E and B be topological spaces. Also let π : E −→ B be a continuous surjection. An open

set U ⊂ B is evenly covered if its preimage π−1(U) is a disjoint unioin of open sets Vα ∈ E, such
that for each α, Vα is mapped homeomorphically onto U by π.
If every b ∈ B has an evenly covered open neighbourhood then π is a covering map, and E is a
covering space of B.

7



Figure 2: Fiber bundle over S1. Uα × F is mapped to Uα by the map proj.

is defined by:

S3 = {(x1, x2, x3, x4) ∈ R4|x21 + x22 + x23 + x24 = 1}. (16)

By introducing complex numbers z1 = x1 + ix2 and z2 = x3 + ix4 one also finds
that:

|z1|2 + |z2|2 = z1z
∗
1 + z2z

∗
2 = (x1 + ix2)(x1 − ix2) + (x3 + ix4)(x3 − ix4)

= x21 + x22 + x23 + x24 = 1. (17)

Hence, S3 can be presented in C2 as:

S3 = {(z1, z2) ∈ C2| |z1|2 + |z2|2 = 1}. (18)

Next, the complex projective line will be defined, which will be used to establish
the Hopf fibration. It should be mentioned that the complex projective line is the
projective Hilbert space and S3 is the one qubit Hilbert space as it was called in
the previous section.

Definition 2.2. Given the set C2 and ordered pairs (z1, z2) of complex numbers (not both
zero), define an equivalence relation "∼" by (z1, z2) ∼ (w1, w2) if there exists a complex
number λ ̸= 0 such that (w1, w2) = λ(z1, z2). Denote the equivalence class of (z1, z2)
as [z1 : z2]. Any arbitrary point in complex projective line CP 1 is represented by the
equivalence class [z1 : z2]. That is CP 1 := (C2 − {0, 0})/ ∼.

The definition above could be understood as follows: Say z = (z1, z2); z ̸= 0;∈ C2

defines a complex line through the origin in C2. Then identify any non-zero scalar
multiple of this line by an equivalence relation (z ∼ w if ∃λ ∈ C\{0} s.t. w = λz).
An equivalence class is thus constructed and is denoted as [z1, z2]. Any such
equivalence class is associated with a point in CP 1. Note that if z2 ̸= 0 then
[z1, z2] = [ z1

z2
, 1], where z1

z2
is an arbitrary element of C. If on the other hand z2 = 0,

8



then only one point is obtained as [z1 : 0] = [1 : 0] (z1 is a nonzero scalar). This
point represents a unique point at infinity. CP 1 is thus homeomorphic to the
complex plane with one point at infinity, which is also known as the Riemann
sphere denoted as Ĉ, see figure (3) [7].

Figure 3: Visualization of the Riemann sphere Ĉ.

This homeomorphism between CP 1 and Ĉ is realized by identifying any [z1 : z2],
in which (z2 ̸= 0), with a point in C by mapping [z1 : z2] to z1/z2 and also
by mapping [z1 : 0] to ∞. Note that since the Riemann sphere is defined as
the complex plane with one point at infinity, then z1/z2 ∈ Ĉ. Then it can be
shown that the map CP 1 −→ Ĉ is bijective and is continuous in both directions,
hence homeomorphism [8]. However, beside the homeomorphism [z1 : z2] 7→
z1/z2, the following homeomorphism [z1 : z2] 7→ (z1/z2) also works. The latter
mapping will be used in the procedure of constructing the Hopf map to make the
coordinates on the Bloch sphere same as the classical spherical coordinates [8].

Now, the properties of CP 1 is used to show that the preimage of each point on
CP 1 is a great circle on S3. Define the map π1 as:

π1 : S
3 −→ CP 1,

(z1, z2) 7→ [z1 : z2].
(19)

Note that two distinct points (z1, z1), (w1, w2) ∈ S3 are mapped to the same point
in CP 1 by the map π1 if and only if (w1, w2) = λ(z1, z2) for some λ ∈ C \ {0} by
definition 2.2., i.e.,

π1(z1, z2) = π1(w1, w2). (20)

Furthermore, note that since (w1, w2) ∈ S3 then:

1 = |w1|2 + |w2|2 = |λ|2 (|z1|2 + |z2|2)︸ ︷︷ ︸
=1

= |λ|2. (21)

From equation (21), i.e., |λ| = 1, it is deduced that λ ∈ U(1), where U(1) is
the circle group consisting of complex numbers with absolute value 1, (i.e., λ =
eiγ, 0 < γ ≤ 2π). Thus, if π1(z1, z2) = π1(λz1, λz2) = [z1 : z2], then π−1

1 ([z1 : z2]) is
a great circle on S3, because the preimage is made up of all the points λ(z1, z2) or

9



equivalently eiγ(z1, z2). That is, ∀ b ∈ CP 1, the fiber π−1
1 (b) is homeomorphic to

S1, which is parameterized by eiγ(z1, z2), (γ 7→ λ = eiγ, 0 < γ ≤ 2π).

Recall that CP 1 could be realized as Ĉ under the homeomorphism [z1 : z2] 7→
(z1/z2). Hence, the map in (19) for z1 = x1 + ix2 and z2 = x3 + ix4, yields:

π1(z1, z2) =
z1
z2

=
z2z1
z2z2

=
(x1x3 + x2x4) + i(x1x4 − x2x3)

x23 + x24
. (22)

The above result will be used later in this section.

Next, the points on CP 1 (seen as Ĉ) will be identified with points on S2 by a
homoeomorphism called stereographic projection:

Definition 2.3. Let N = (0, 0, 1) be the "north pole" of a unit sphere S2 in R3, let the
equatorial plane (z = 0), slice the unit sphere in half and let P = (p, q, 0) be a point
in the equatorial plane. Draw a unique straight line lP through P and N . Denote the
point of intersection of the straight line and the unit sphere by P ′, where P ′ ̸= N . By the
correspondence π2 : P 7→ P ′ a homeomorphism π2 : R2 −→ S2\{N} can be constructed,
which is called stereographic projection.

Let C ≃ R2 be the equatorial plane (x, y, 0) ∈ R3 slicing the S2 sphere and let
P = p+ iq be a point in C with coordinates (p, q, 0). Then, lP is given by:

(0, 0, 1) + γ(p, q,−1) = (γp, γq, 1− γ), γ ∈ R. (23)

Since the point P ′ ∈ S2, then its coordinates satisfy:

(γp)2 + (γq)2 + (1− γ)2 = 1. (24)

Equation (24) has two solutions: γ1 = 0 and γ2 = 2/(1 + p2 + q2). However, with
γ1 = 0 just the coordinate of the north pole is obtained. Hence, the point P will
be mapped to the point P ′ on S2 as7:

π2 : CP 1 −→ S2,

(p, q) 7→ (
2p

1 + p2 + q2
,

2q

1 + p2 + q2
,
p2 + q2 − 1

1 + p2 + q2
).

(25)

Note that π2(∞) = (0, 0, 1).

7Recall that in section (2.2) the following had been defined: α = z1 = x1 + ix2 and β = z2 =
x3 + ix4 and after factoring out the global phase factor, α and β were given as rα and rβe

iφ,
respectively. If P = (α/β) = eiφ rα

rβ
= p+ iq, then |P |2 = r2α/r

2
β = p2 + q2.

Using the spherical coordinates (with r = 1): cos θ = p2+q2−1
p2+q2+1 =

r2α/r2β−1

r2α/r2β+1
=

r2α−r2β
r2α+r2β

= r2α − r2β .

Then, using the fact that cos θ = 2 cos2 θ
2 − 1 and r2α + r2β = 1, one finds rα = cos θ

2 , rβ = sin θ
2

and thus α = cos θ
2 and β = eiφ sin θ

2 , which is in agreement with the Bloch sphere map found in
section (2.2).

10



Now, by the composition of π1 : S3 −→ CP 1 and π2 : CP 1 −→ S2, the Hopf map
π can be constructed, that is

π = π2 ◦ π1 : S3 −→ S2.

Earlier it was found that:

π1(z1, z2) =
(x1x3 + x2x4) + i(x1x4 − x2x3)

x23 + x24
= p+ iq. (26)

Note that since π2 takes the elements p and q and maps them to S2, then here
p = x1x3+x2x4

x2
3+x2

4
and q = x1x4−x2x3

x2
3+x2

4
. First some calculations:

p2 + q2 =
(x1x3)

2 + (x2x4)
2 +((((((2x1x3x2x4 + (x1x4)

2 + (x2x3)
2 −((((((2x1x4x2x3

(x23 + x24)
2

=
(x23 + x24)(x

2
1 + x22)

(x23 + x24)
2

=
x21 + x22
x23 + x24

,

1 + p2 + q2 =
x21 + x22 + x23 + x24

x23 + x24
=

1

x23 + x24
and

−1 + p2 + q2 =
x21 + x22 − x23 − x24

x23 + x24
. (27)

Using these expressions, one finds: π2(p, q) = (2(x1x3 + x2x4), 2x1x4 − x2x3, x
2
1 +

x22 − x23 − x24). So, the Hopf map, using the complex coordinates, is:

π(z1, z2) = (2Re(z1z2), 2Im(z1z2), |z1|2 − |z2|2). (28)

Note that 2Re(z1z2), 2Im(z1z2) and |z1|2 − |z2|2, correspond exactly to the axes
ξ0, ξ1 and ξ2 found in equation (15) by taking α = z1 and β = z2, showing
the correspondence between the Hopf map and the Bloch sphere. Indeed, S2

is parameterized by:
ξ20 + ξ21 + ξ22 = 1, (29)

thus the Hopf map can easily be verified by the following calculation:

ξ20 + ξ21 + ξ22 =

= x41 + x42 + x43 + x44 + 2x21x
2
3 + 2x21x

2
2 + 2x21x

2
4 + 2x23x

2
2 + 2x22x

2
4 + 2x23x

2
4

= (x21 + x22 + x23 + x24)
2 = 1. (30)

Next, it is shown that all conditions for constructing the Hopf fibration is fulfilled
according to definition 2.1. It can be shown that two sets form an open covering
of S2: The first one corresponds to the S2\{0} and the second one is R2. The latter
can be explained by the stereographic projection. Imagine a sphere located on a
plane with a point located on the north pole denoted as N . Then, a stereographic
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projection maps each point x ∈ S2\{N} along a line throughN and x to the plane.
Hence, there exists a homoemorphism (the stereographic projection) between S2\
{N} and the plane. That is S2\{N} (or S2\{[1 : 0]}, since [1 : 0] corresponds to the
point at infinity on the complex line) is homeomorphic to Ĉ \ {∞}, which in turn
is homeomorphic to C and therefore also to R2. Looking at figure 3, the two open
covers simply correspond respectively to the Riemann sphere, Ĉ ∼= S2, with the
south pole and north pole removed, i.e., US := S2 \ {0} and UN := S2 \ {∞} ∼= R2.

Then, it can be shown that there exists a homeorophism φS between π−1(S2 \ {0}︸ ︷︷ ︸
=US

)

and S2 \ {0} × S1︸ ︷︷ ︸
=US×F

and that there also exists another homeomorphism φN between

π−1( R2︸︷︷︸
=UN

) and R2 × S1︸ ︷︷ ︸
=UN×F

[9]. This shows that for every open cover Uα, π−1(Uα) is

homeomorphic to Uα × F such that the diagram in definition 2.1. commutes,
fulfilling all conditions for constructing the Hopf fibration [9].

The Hopf fibration is usually denoted as S1 ↪→ S3 π−→ S2. This representation
shows that the fiber S1 is embedded in S3 and that the Hopf map π projects S3

onto the S2.

From discussion above, it is now clear why the set of states eiγ |Ψ⟩ (using the
phase ambiguity |Ψ⟩ ∼ eiγ |Ψ⟩) exist on a circle parameterized by γ on S3 and
how these are collapsed to a point on S2 as mentioned in previous section.

2.4 Multiqubit Systems and Entangled States

Consider a composite quantum system of n qubits, where n ≥ 2. A general pure
state of such composite system is given by:

|Ψ⟩ =
∑
ik=0,1

ai1i2···in |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |in⟩ . (31)

The tensor product symbol "⊗" is usually omitted and the composite state vector
is written compactly as:

|Ψ⟩ =
∑
ik=0,1

ai1i2···in |i1i2 · · · in⟩ , (32)

where the expansion coefficients {ai1i2···in}ik=0,1 ∈ C and
∑

ik=0,1 |ai1i2···in|2 = 1.
The state space to which the general state in equation (31) belongs, is a
2n-dimensional complex Hilbert space, constructed by the tensor product of the
state spaces of the n subsystems.

The state of a composite system is called separable if it is possible to be write it as
a simple tensor product, if not possible, then the state vector is entangled.
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The case of n = 2:
A general pure state for a two qubit system in accordance with (31) is represented
as:

|Ψ⟩ =
∑
ik=0,1

ai1i2 |i1i2⟩ = a00 |00⟩+ a01 |01⟩+ a10 |10⟩+ a11 |11⟩ , (33)

with |a00|2 + |a01|2 + |a10|2 + |a11|2 = 1.

For two-qubit pure states, the Hilbert space of the total system, denoted by H, is
given by H1⊗H2, where H1 and H2 are the Hilbert spaces of each qubit. A state is
thus separable, if it is possible to write it as a simple tensor, i.e., |Ψ⟩ = |Ψ1⟩⊗ |Ψ2⟩,
where |Ψ1⟩ ∈ H1 and |Ψ2⟩ ∈ H2, otherwise it is entangled.

Concurrence C defined by Hills and Wootters [10], is an entanglement monotone
[11] and is given to be C = 2|a00a11 − a01a10|. It takes values C = 0 for separable
states and C = 1 for maximally entangled states (MES). This definition could
be understood as follows: the state |Ψ⟩ can only be considered separable if and
only if a00a11 = a01a10, hence the outcome of the difference of a00a11 and a01a10 is
considered to be a measure for entanglement. However, the proper way to justify
this definition is to use the concept of stochastic local operations and classical
communications (SLOCC). The determinant of the expansion coefficients in
equation (33) viewed as a matrix ai1i2 , i.e., det[ai1i2 ] = a00a11 − a01a10, is a
degree-2 polynomial, invariant under SLOCC and can therefore characterize
entanglement. This is used to determine concurrence, i.e., C = 2det[ai1i2 ] [12],
where the factor 2 is added so as to ensure 0 ≤ C ≤ 1.

One maximally entangled orthonormal basis for the Hilbert space of a two-qubit
system is formed by a set of four states known as Bell states, defined as:

|Φ±⟩ =
1√
2
(|00⟩ ± |11⟩),

|Ψ±⟩ =
1√
2
(|01⟩ ± |10⟩). (34)

Separability and concurrence can be generalized to mixed states as well. For this
purpose, the concept of density operator is first introduced.

A quantum mixed state can be regarded as statistical ensemble of various pure
states |Ψk⟩ each occupying a relative fraction pk of the ensemble. All the statistical
information about the ensemble is described by a mathematical object called the
density operator, defined as:

ρ =
N∑
k=1

pk |Ψk⟩⟨Ψk| , (35)

with the following properties:

1) ρ ≥ 0, 2) Tr(ρ) = 1, 3) ρ2 ≤ ρ. (36)
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Given a mixed bipartite state, the density operator according to equation (35) is:

ρAB =
∑
k=1

pk
∣∣ΨAB

k

〉〈
ΨAB

k

∣∣ . (37)

If {pk,
∣∣ΨAB

k

〉
} of ρAB exists such that all

∣∣ΨAB
k

〉
are product states, i.e.,

ρAB =
∑
k

pk
∣∣ΨA

k

〉〈
ΨA

k

∣∣⊗ ∣∣ΨB
k

〉〈
ΨB

k

∣∣ = ∑
k

pkρ
A
k ⊗ ρAk , (38)

then ρAB is separable. If such a decomposition does not exist then ρAB is
entangled.

Concurrence of a non-pure two-qubit state is found according to the following
procedure given in [13]:

First, the following qubit-flipped state is defined:

ρ̃AB = σyσyK(ρAB)σyσy, (39)

where K is complex conjugation with respect to the computational two-qubit
basis. Next, the eigenvalues λk of ρABρ̃AB are computed and are ordered as
λ1 ≥ · · · ≥ λ4, as it turns out that λk ∈ R+. Lastly, concurrence of ρAB takes
the form:

C(ρAB) = max{0,
√
λ1 −

4∑
k=2

√
λk}. (40)

It can be shown that C(ρAB) = 0 if and only if ρAB is separable.

The case of n = 3:
If a pure three-qubit state can be converted into another pure three-qubit state and
vice versa under SLOCC, then these two states are said to be equivalent under
SLOCC. As a result, two states |ϕ⟩ and |ψ⟩ are equivalent under SLOCC, if and
only if an invertible local operator (ILO) relating them (e.g., |ϕ⟩ = A⊗B ⊗ C |ψ⟩)
exists [14]. Such states are said to be SLOCC-equivalent.

It is also shown in [14], that any tripartite entangled state is SLOCC-equivalent to
either the entangled state called Greenberger–Horne–Zeilinger state (GHZ state)
or to another entangled state called the W state. The standard form of these states
are:

|GHZ⟩ = 1√
2
(|000⟩+ |111⟩),

|W⟩ = 1√
3
(|001⟩+ |010⟩+ |100⟩), (41)

where only the GHZ state is genuinely three-qubit entangled8. The W state is
characterized by two-qubit entanglement [12].

8A genuinely tripartite entangled state is a state for which the entanglement of the bipartite
subsystems cannot fully account for the A-BC entanglement.
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Hence, for the three-qubit pure states, there are two different kinds of tripartite
entanglement, that is, it is impossible to convert a state that is SLOCC-equivalent
to |GHZ⟩ to a state that is SLOCC-equivalent to |W⟩ and vice versa, by performing
SLOCC. This means that these two states are inequivalent under local operations
and classical communication [14].

Now, similar to the pure two-qubit case, where a measure of entanglement was
defined in terms of concurrence, a measure of genuine tripartite entanglement is
defined using the property of hyperdeterminant of the expansion coefficients of
pure three-qubit states (which is a degree-4 polynomial), being SLOCC invariant.
This measure is called the 3-tangle, denoted by τ3, and is defined as [15]:

τ3 = 4|Det[ai1i2i3 ]| = C2
A(BC) − C2

AB − C2
AC

= a2000a
2
111 + a2001a

2
110 + a2010a

2
101 + a2100a

2
011

− 2(a000a001a110a111 + a000a010a101a111 + a000a100a011a111

+ a001a010a101a110 + a001a100a011a110 + a010a100a011a101)

+ 4(a000a011a101a110 + a001a010a100a111). (42)

Note that the state
∣∣ΨA(BC)

〉
is bipartite partitioning of the full state

∣∣ΨABC
〉

and
CA(BC) is concurrence of the bipartite partitioned state, CAB is concurrence of the
bipartite subsystem ρAB = TrC(|ΨABC⟩⟨ΨABC |), and similarly, CAC is concurrence
of the bipartite subsystem ρAC .

It is also found that using the 3-tangle, it is possible to distinguish between the
two classes, i.e., the GHZ class and the W class, where each of the classes is
defined as the set of all states that are SLOCC-equivalent to either the GHZ state
or the W state, as follows: All states that are SLOCC-equivalent to GHZ state
have non-zero 3-tangle and all states that are SLOCC-equivalent to the W state
have vanishing 3-tangle [14].

2.5 A Short Introduction to Stabilizers and Encoding

An operator A is said to be a stabilizer of a state vector, if the state vector is an
eigenvector with eigenvalue +1 of that operator. Such a state is thus said to be
stabilized by the operator A.

Example 2.2. The Bell state |Φ−⟩ = 1√
2
(|00⟩− |11⟩) is stabilized by the operators Z⊗Z

and Y ⊗ Y , since Z ⊗ Z |Φ−⟩ = |Φ−⟩ and Y ⊗ Y |Φ−⟩ = |Φ−⟩.

The Pauli Group for one qubit, denoted as G1, is defined as:

G1 := {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}. (43)

The Pauli group on n-qubits, denoted as Gn, is composed of n-fold tensor
products of Pauli operators and the identity together with ±1,±i, as for G1 [1].

Now, the stabilizers are defined more precisely, as follows:
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Definition 2.4. Let S be a subgroup of Gn and let every element of S act on the set of
n-qubit states. A subset of the set of n-qubit states will be fixed by every element in S.
Denote this subset as VS . S is then said to be the stabilizer of VS and VS stabilized by
S.

The concept of encoding will now be introduced, through an example. Consider
the Bell states:

|Φ−⟩ =
1√
2
(|00⟩ − |11⟩) and |Ψ+⟩ =

1√
2
(|01⟩+ |10⟩).

In example 2.2., it was found that, e.g., the operator Z ⊗ Z stabilizes |Φ−⟩. Note
however that Z ⊗ Z |Ψ+⟩ = 1√

2
(− |01⟩ − |10⟩) = − |Ψ+⟩.

Now, encode |0⟩ and |1⟩ as:

|0⟩ → |0L⟩ := |Φ−⟩ ,
|1⟩ → |1L⟩ := |Ψ+⟩ . (44)

|0L⟩ = |Φ−⟩ and |1L⟩ = |Ψ+⟩ are called codewords. Note that the codewords are
not the physical |0⟩ and |1⟩, that is why the subscript L is added to indicate that
these are the logical |0⟩ and logical |1⟩. Consequently, in this case, the operator
Z ⊗Z can be introduced as a logical gate, more precisely, the logical Z operation,
denoted as ZL. That is,

ZL(α |0L⟩+ β |1L⟩) = Z ⊗ Z[α |Φ−⟩+ β |Ψ+⟩] =
= α |Φ−⟩ − β |Ψ+⟩ = α |0L⟩ − β |1L⟩ , (45)

evidently, by this encoding, the action of the logical ZL operation on the
codewords, is similar to the Z gate acting on the physical |0⟩ and |1⟩.

2.6 Phase

Global phases are usually ignored since, in general, they have no observable
effects and hence are irrelevant to measurement results. However, in [3] it is
shown that it is possible to measure global phases, by stating the following
example of conditional dynamics, on an initial state consisting of two particles
referred to as a and b, as:

|Ψ⟩ = 1√
2
|Ψ⟩a (|0⟩b + |1⟩b). (46)

Now assume a phase φ is gained by the first particle |Ψ⟩a if the second particle
is in the state |1⟩b. By applying the Hadamard gate H on the second particle, the
state |0⟩b is turned into 1√

2
(|0⟩b + |1⟩b) and the state |1⟩b into 1√

2
(|0⟩b − |1⟩b). One
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thereby finds:

1√
2
|Ψ⟩a (|0⟩b + eiφ |1⟩b)

H−−−→1

2
|Ψ⟩a (|0⟩b + |1⟩b + eiφ |0⟩b − eiφ |1⟩b)

=
1

2
[|Ψa⟩ |0⟩b (1 + eiφ) + |Ψ⟩a |1⟩b (1− eiφ)]. (47)

It is now possible to determine the global phase φ by calculating the probability
of finding the second particle to be either in the state |0⟩b or |1⟩b. For instance, the
probability of finding the second particle in state |1⟩, will be given by:

P|1⟩b = |1
2
(1− eiφ)|2 = 1

4
(1− eiφ)(1− eiφ)∗ =

1

4
(1− eiφ)(1− e−iφ)

=
1

2
− 1

4
(eiφ + e−iφ)︸ ︷︷ ︸

= 1
2
cosφ

=
1

2
(1− cosφ). (48)

Thus, by using equation (48), the phase φ can be determined.

In conclusion, according to the above discussion, even if the phase gain is usually
neglected as an irrelevant factor, it still may have observable effects after the
system is evolved in some specific means. Consequently, the total phase gained
by an evolved quantum state |Φ⟩ can be defined relative to the initial quantum
state |Ψ⟩ as [16]:

φt := arg ⟨Ψ|Φ⟩ , (49)

where φt denotes the total phase. The obtained total phase under a cyclic
evolution is usually split into a geometric phase and a dynamical phase, where
the geometric phase is related to the geometry of the path in a given space, e.g.,
the Hilbert space whereas the dynamical phase is related to the time average of
the Hamiltonian [17]. However, there is also another phase factor of topological
nature reflecting the topology of the SO(3) group. In the next section, the relation
between the total phase and the SO(3) topology will be studied, starting with
calculating the total phase acquired by a quantum state after a 2π rotation.

2.6.1 One-Qubit States

Pure States:
The case of pure one qubit system will first be studied. In section 2.2 it has
been shown that the state space of such system can be represented by the Bloch
sphere and the state itself can be presented on the Bloch sphere as a vector
with its position specified by the coordinates given in equation (15). The qubit
state can be displaced on the Bloch sphere by rotations around different axes in
correspondence to the evolution of the qubit state.

As mentioned earlier, any two-level quantum system is considered as a qubit.
Then in order to investigate the total phase gain by a pure one qubit state, the
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following example on spin precession is studied, where the qubit in this case is
the spin-1

2
particle. This example is mostly based on [18].

A static, uniform magnetic field along the z−axis, Bz, applied to a spin-1
2

system
is described by the following Hamiltonian:

Ĥ = −
(eBz

mec

)
Sz, (50)

where eℏ/2mec is the magnetic moment of the particle. With e < 0, the energy
eigenvalues are E± = ±(ℏw/2) with w = (|e|Bz/mec). Using the defined w, the
Hamiltonian can be written as:

Ĥ = wSz =
ℏw
2
σ̂z. (51)

Then the time evolution operator from t = 0 to a later time t is:

U(t, 0) = exp
(−iwSzt

ℏ

)
= exp

(−iwσzt
2

)
. (52)

Note that the operator for a rotation applied to a spin-1
2

system by a finite angle
θ, is given by (from equation (4)):

Dz(θ) = exp
(−iSzθ

ℏ

)
= exp

(−iσzθ
2

)
. (53)

Given that the state of the particle before rotation is |Ψ⟩, then by using equation
(53), the changes in the expectation values of Sx, Sy and Sz under this rotation can
be calculated and are found to be:

⟨Sx⟩ −→ ⟨Ψ| D†
z(θ)SxDz(θ) |Ψ⟩ = ⟨Sx⟩ cos θ − ⟨Sy⟩ sin θ,

⟨Sy⟩ −→ ⟨Ψ| D†
z(θ)SyDz(θ) |Ψ⟩ = ⟨Sy⟩ cos θ + ⟨Sx⟩ sin θ,

⟨Sz⟩ −→ ⟨Ψ| D†
z(θ)SzDz(θ) |Ψ⟩ = ⟨Sz⟩. (54)

Comparing time-evolution operator in equation (52) with the rotation operation
in equation (53), one finds them to be equal if θ = wt. Hence, by setting θ
to be equal to wt, one finds how the Hamiltonian in equation (51) causes spin
precession and furthermore obtains:

⟨Sx⟩t = ⟨Sx⟩t=0 coswt− ⟨Sy⟩t=0 sinwt,

⟨Sy⟩t = ⟨Sy⟩t=0 coswt+ ⟨Sx⟩t=0 sinwt,

⟨Sz⟩t = ⟨Sz⟩t=0. (55)

From equation (55), it is evident that the spin precesses in the xy-plane, and that
it returns to the initial state (to its original direction) after t = 2π/w.

Now, if the initial state is |Ψ(t = 0)⟩ = α |0⟩+β |1⟩, and the time evolution operator
in equation (52) is applied to it, then at time t the state reads:

|Ψ(t)⟩ = exp(
−iwt
2

)α |0⟩+ exp(
iwt

2
)β |1⟩ . (56)
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At t = 2π/w, which corresponds to a 2π rotation, the state reads:∣∣∣∣Ψ(t =
2π

w
)

〉
= −α |0⟩ − β |1⟩ , (57)

which is − |Ψ(0)⟩. Using equation (49), the total phase gained after a 2π rotation
can be found as:

φt = arg[(α ⟨0|+β ⟨1|)(−α |0⟩−β |1⟩)] = arg[−(|α|2+ |β|2)] = arg[−1] = π mod 2π.
(58)

It can be concluded that since α and β for the initial state are not specified, the
global phase π will always be obtained, regardless of the choice of the initial
state. As mentioned earlier, the global phase is generally decomposed into a
dynamical phase denoted as φd and a geometric phase denoted as φg. However,
the proportion of φd and φg in which the total phase is decomposed into, is
dependent on the choice of the initial state. This statement can be demonstrated
through the following example:

Take |α| = cos θ
2

and |β| = sin θ
2
, then the dynamical phase is [3]:

φd := −i
∫ t

0

⟨U †U̇⟩dt = −i
∫ t

0

⟨e
iwσzt

2 (
−iwσz

2
)e

−iwσzt
2 ⟩dt

= −i
∫ t

0

−iw
2

⟨σz⟩dt =
∫ t

0

−w
2
(|α|2 − |β|2)dt

=

∫ t

0

−w
2
(cos2

θ

2
− sin2 θ

2
)dt = −

∫ t

0

w

2
cos θdt

{for t = 2π/w} : −
∫ 2π/w

0

w

2
cos θdt = −π cos θ. (59)

Notice that φd = 0 for θ = π/2. However, it was shown that a global phase equal
to π is gained independent of the choice of the initial state. Hence, the origin
of the obtained global phase π, if θ = π/2, is purely geometrical. In the case of
cyclic evolutions, the geometric phase is given by half the area enclosed by the
trajectory of the qubit on the Bloch sphere and takes the value φg = −π(1− cos θ)
[2]. Hence, for θ = π/2, φg = −π corresponding to the total phase gained. The
total phase is purely dynamical for θ = 0, where the state is completely aligned
along the z-axis with no precession at all. Thus, the dynamical phase and the
geometric phase contribute to the total phase additively, i.e., φt = φd + φg, which
in this case after a cyclic evolution is equal to π, independent of the initial state.

Mixed States:
As mentioned earlier in section 2.4, one-qubit mixed states can be represented
by the density operator ρ. Since ρ† = ρ (implied by the first property given in
equation (36)), then a general density operator of a single qubit on orthogonal
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basis of the Hilbert space, H = span{|0⟩ , |1⟩}, takes the form:

ρ = (a0 + az) |0⟩⟨0|+ (a0 − az) |1⟩⟨1|+ (ax − iay) |0⟩⟨1|+ (ax + iay) |1⟩⟨0|
= a0 (|0⟩⟨0|+ |1⟩⟨1|)︸ ︷︷ ︸

I

+az (|0⟩⟨0| − |1⟩⟨1|)︸ ︷︷ ︸
σz

+ax (|0⟩⟨1|+ |1⟩⟨0|)︸ ︷︷ ︸
σx

+ay (−i |0⟩⟨1|+ i |1⟩⟨0|︸ ︷︷ ︸
σy

= a0I+ a⃗ · σ⃗, (60)

where a⃗ = (ax, ay, az) and σ⃗ = (σx, σy, σz). Using the second property in equation
(36) one finds:

Tr(ρ) = 2a0 = 1 =⇒ a0 =
1

2
.

Now, defining a⃗ = r⃗/2, any arbitrary one-qubit pure or non-pure state can be
written as:

ρ =
1

2
(I+ r⃗ · σ⃗). (61)

Using the third property in equation (36), ρ2 ≤ ρ, one finds that |r⃗| := r ≤ 1,
where all states with |r⃗| = 1 are pure and all states with |r⃗| < 1 are non-pure
states. Hence, the one-qubit mixed states can be uniquely represented by the
Bloch ball, which is the Bloch sphere combined with all its interior points. The r⃗
is therefore called the Bloch vector. Note that the origin of the Bloch ball, |r⃗| = 0,
is the maximally mixed one-qubit state ρ = 1

2
I.

Using equation (60), the coordinates of the mixed state are given in a similar way
as for the pure states:

η0 = ⟨σx⟩ρ = Tr(ρσx) = Tr(a00 |0⟩⟨1|+ a01 |1⟩⟨1|+ a01 |0⟩⟨0|+ a11 |1⟩⟨0|)
= a01 + a01 = 2Re(a01),

η1 = ⟨σy⟩ρ = Tr(ρσy) = Tr(−ia00 |0⟩⟨1| − ia01 |1⟩⟨1|+ ia01 |0⟩⟨0|+ ia11 |1⟩⟨0|)
= −ia01 + ia01 = 2Im(a01),

η2 = ⟨σz⟩ρ = Tr(ρσz) = Tr(a00 |0⟩⟨0|+ a01 |1⟩⟨0| − a01 |0⟩⟨1| − a11 |1⟩⟨1|)
= a00 − a11, (62)

where a00 = 1
2
(1 + rz), a11 = 1

2
(1− rz), and a10 =

1
2
(rx + iry) = a01.

Note that by following definitions:

|0⟩⟨0| :=
(
1 0
0 0

)
, |1⟩⟨1| :=

(
0 0
0 1

)
, |0⟩⟨1| :=

(
0 1
0 0

)
, |1⟩⟨0| :=

(
0 0
1 0

)
, (63)

the density operator can be written as:

ρ =
1

2

(
1 + rz rx − iry
rx + iry 1− rz

)
(64)

The total phase gained after a cyclic evolution, using the density matrix, is
given by φM

t = arg Tr(Uρ0) [19, 3]. In order to calculate the geometric phase, a
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procedure is suggested in [19], in which the density matrix ρ is diagonalized and
since it is a 2× 2 matrix, after diagonalization it is written as:

ρ = cm |m⟩⟨m|+ cn |n⟩⟨n| , (65)

where |m⟩ and |n⟩ are pure orthogonal states, i.e., ⟨m|n⟩ = 0. This is a method of
purification of the mixed states and can geometrically be seen as a prolongation
of the state vector in opposite directions so that the length of both vectors after
prolongation (from the center of the Bloch ball) is equal to 1, see figure 4. Now,

Figure 4: The state vector representing the one qubit density matrix and its
purification.

each of the states |m⟩ and |n⟩ will contribute to the geometric phase by an
amount specified by the coefficients cm and cn (weights of each state |m⟩ and |n⟩,
respectively), see figure 5.

(a) cn specifies the weight
of the marked area.

(b) cm specifies the weight
of the marked area.

Figure 5: The coefficients cn and cm specify the weights of the areas realized by the
trajectories that are generated due to prolongation of the density matrix vector to
two pure states |m⟩ and |n⟩ on surface of the Bloch ball.

According to [3], even in the case of non-pure states, after a 2π cyclic evolution
around a fixed axis, a total phase equal to π is gained and it is also a combination
of a dynamical and a geometric phase.
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However for both cases of pure and non-pure states, the rotations around one
fixed axis are studied. There are therefore some ambiguities regarding the total
phase gained. One could ask if the π phase shift is dependent on the choice of the
evolution operator, that is, if the same result would be obtained if the evolution
operator evolved in time. Furthermore, the geometric phase is undefined for r =
0 (maximally mixed states) then there is an ambiguity on the origin of the π phase
shift (since the total phase is a sum of a geometric and a dynamical phase). All
these ambiguities can be lifted by studying the pure two-qubit states [20]. Using
some properties of maximally entangled states, one could also show that π phase
shift can have purely topological origin [3]. Next, the two-qubit representation
will be studied.

2.6.2 Two-Qubit States and Introduction to the Topological Phase

A general two-qubit pure state is given by:

|Ψ⟩ = α |00⟩+ β |01⟩+ γ |10⟩+ δ |11⟩ , (66)

with α, β, γ, δ ∈ C and |α|2 + |β|2 + |γ|2 + |δ|2 = 1. This normalization condition
restricts states to a 7-sphere S7 embedded in R8.

One may show that the S7 fibration S3 ↪→ S7 → S4 describes the Hilbert space of
the two-qubit state, by "decomposing" the S7 sphere into a S4 base space and a
S3 fiber, see Appendix A for more details.

A physical point of view of this decomposition is as follows: First, by taking
the partial trace of one of the qubits, the reduced density matrix of the other
qubit is obtained and is represented in the Bloch ball. Next, to each point in the
Bloch ball another space (fiber space) is assigned, where this space is defined as
S3/Z2 ≃ SO(3). This combination of these two spaces, completes the Hopf map
and thus represents equation (66) geometrically [3].

The coordinates of the base space S4, which are related to the Bloch ball, are given
by [3]:

ξ0 = 2Re(αγ + βδ),

ξ1 = 2Im(αγ + βδ),

ξ2 = 2Re(αδ − βγ),

ξ3 = 2Im(αδ − βγ),

ξ4 = |α|2 + |β|2 − |δ|2 − |γ|2. (67)

For detailed derivation of these coordinates, see appendix A.

Note that the two coordinates ξ2 and ξ3 in equation (67) are related to concurrence
(defined in section 2.4) by the relation C = 2|αδ−βγ| = |ξ2+ iξ3|. The coordinates
ξ0, ξ1 and ξ4 are identified with the Bloch ball coordinates η0, η1 and η2,
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respectively, given in (2.6.1). Hence, the Bloch ball as depicted above, is related
to C as r =

√
η20 + η21 + η22 =

√
1− C2 =

√
1− ξ22 − ξ23 [3].

In the case of C = 0, both the base space and the fiber reduce to Bloch spheres
S2 each, with each Bloch sphere representing a qubit, that is, the space of
two non-entangled qubits can be represented by S2 × S2, for more details see
Appendix A. However, if 0 < C < 1, both Bloch ball and the SO(3) together are
needed to describe the arbitrary entangled state. One possible way to visualize
the space of entangled states represented by SO(3) is to illustrate SO(3) as a
ball with radius π and with opposite points identified. Each point in this ball
will represent an arbitrary entangled state. In order to move between entangled
states, local rotations about any arbitrary axis are applied. Then the state will
move from its initial position along the direction of the applied rotation to the
final state. The distance traversed from the initial state to the final state indicates
the angle of rotation.

As an example, choose the initial state to be |Ψ(0)⟩ = α |00⟩+ δ |11⟩ and place it at
the origin. Applying a rotation to the first qubit along the z-axis with a rotation
angle equal to π, will change the initial state asR(z, π)⊗ Î |Ψ(0)⟩ = iα |00⟩−iδ |11⟩,
corresponding to a point on the north pole (since the radius of the ball is equal to
π), see figure 6. Note that the local rotation is applied to one of the qubits but the
total evolution operator in this case is R(z, π)⊗ Î acting on both qubits.

Figure 6: Visualization of the SO(3) manifold as a ball of radius π, where the
direction of the trajectory vector (vector showing the position of the state) depicts
the direction of rotation and the length of the trajectory vector corresponds to the
angle of rotation. The stateR(z, π)⊗ Î |Ψ(0)⟩ = iα |00⟩−iδ |11⟩ located at the north
pole of the ball, is obtained from the initial state |Ψ(0)⟩ at the origin by applying
a rotation about z-axis by π, corresponding to a displacement along z-axis of a
distance equal to the radius, i.e., π.

Now, consider evolution operators that keep the concurrence constant and that
only act on one of the qubits (such as the one in the example above). For these
cases, two possible geometric representations that are equivalent, can be given.
One can either trace over the fixed state or over the evolved state. Starting with
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the former, it is shown that the obtained Bloch vector moves in the Bloch ball,
leading to a geometric and a dynamical phase. For the latter case, the obtained
Bloch vector does not move in the Bloch ball meaning that the fiber space is
the same, (recall that to each different point in the Bloch ball a fiber space was
assigned). Thus, the evolution occurs in the fiber space SO(3). Since the Bloch
vector does not move in the Bloch ball no dynamical nor geometric phase is
obtained, meaning that the global phase in this case is due to the topological
properties of the fiber space.

The state in equation (66) can be modified to write any maximally entangled state
(MES), up to a global phase (corresponding to the case C = 1) as:

|ΨMES⟩ =
1√
2
(α |00⟩+ β |01⟩ − β |10⟩+ α |11⟩). (68)

It can be shown that state space of MES is solely represented by the topology of
S3/Z2 ≃ SO(3) = {(α, β) ∈ C2| |α|2 + |β|2 = 1, (α, β) ∼ (−α,−β)} = ΩMES. This
originates from the fact that, as mentioned above, the radius of the Bloch ball is
related to C, such that if C = 1, the radius is zero. For MES: C = 1, thus the Bloch
vector is reduced to a point. Then a two-to-one correspondence between the fiber
and the base space is found, leading to the S3/Z2 topology, see Appendix A. This
is an important point to realize since a global phase gain in this case means that it
could only be due to the topological properties of SO(3), that is the global phase
gained is purely topological [3].

The main focus of this project is on MES, therefore when moving continuously
between different states in SO(3) by applying evolution operators, it must be
done such that the concurrenceC stays constant and equal to one. Notice that this
condition will make it possible to have the one-to-one relation between entangled
states and SO(3) elements [2]. The evolution operators fulfilling this condition are
those that are elements of the group SU(2)⊗2 9, which form a subset of SLOCC
operations. Each tensor factor can be written in a general form as:

U = e−iĤt =

(
cos t

2
− inz sin

t
2

−in− sin t
2

−in+ sin t
2

cos t
2
+ inz sin

t
2

)
, (69)

where n± = nx ± iny with the unit vector n̂ = (nx, ny, nz). Note that equation
(69) was derived in section 2.1, just replace θ in equation (6) with t and U will be
obtained.

Note that U acts on one qubit, the total evolution is thus given by U1 ⊗ U2. Now
applying the evolution operator to the state, it makes the state to trace a loop

9SU(2) =
{(

α −β
β α

)
|α, β ∈ C, |α|2+ |β|2 = 1

}
. It is easily shown that the determinant of the

unitary matrix in equation (69) is equal to 1: (cos t
2 − inz sin

t
2 )(cos

t
2 + inz sin

t
2 )− (n+n− sin2 t

2 ) =

cos2 t
2 + sin2 t

2 (n
2
x + n2

y + n2
z) = 1.
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continuously, that is, the evolved state after time t = τ is given by |Ψ(t = τ)⟩ =
U1(τ) ⊗ U2(τ) |Ψ(t = 0)⟩ = eif |Ψ(t = 0)⟩. Then, only for the two values: f =
0 or π, the state will remain maximally entangled, since: det(U1⊗U2) = det(U1)⊗
det(U2) = +1 = (eif )2. It should be mentioned that the restriction of geometric
phase to 0 and π for MES was first pointed out by [20].

The two values 0 and π (no global phase change and a global phase flip,
respectively) correspond to two types of paths in SO(3) belonging to
two different homotopy classes corresponding to the elements in the first
fundamental group of SO(3), see appendix B. In other words, these two paths
correspond to the two types of topologically inequivalent loops in SO(3). The
class of loops obtained by f = 0 (phase factor +1), is called the plus trajectory
and loops belonging to this class are such that they can be continuously shrunk
to point, hence called trivial loops. The other class of loops given by f = π
(phase factor −1), is called the minus trajectory and correspond to non-trivial
loops meaning that they can be continuously shrunk to a point, but only when
traversed twice. Note that these phases 0 and π are denoted as topological phases.
The corresponding ±1 phase factors are therefore called the topological phase
factors.

Consider, as an example, α = 1 and β = 0 in equation (68), that is |Ψ⟩ = 1√
2
(|00⟩+

|11⟩). Then it is possible to apply two different sequences of rotations such that
after time t = τ , the initial state is retrieved. These two sequences correspond
to the two topologically inequivalent classes of trajectories mentioned earlier.
These trajectories can be described through both a mathematical and a physical
perspective. Starting with the former, first a discretized picture of SO(3) = S3/Z2

is given as follows [2]:

Starting with the S3, it can be discretized by a hypercube (tesseract), which is
known to have 16 vertices. Since there is an one-to-one relation between SO(3)
and S3/Z2, then for SO(3) half of the vertices must be identified such that there
is only 8 distinct points on the hypercube. These 8 points are denoted by the
first 8 letters of the alphabet A to H and a bar over the same letters denotes the
remaining opposite points that is, e.g., a point Ā is identified to −A, see figure 7.

Now, the two inequivalent trajectories are depicted in figure 7: The first class
consists of trajectories such as A → B → F → D → A, with the same starting
point and the final point. This trajectory belongs to the plus class and is
homotopic to identity. The minus class, consists of trajectories with the end point
diametrically opposed to the starting point, e.g., A→ B → F → Ē → Ā.

The 8 distinct points correspond to MES and each sequence of the trajectory can
be obtained by applying an evolution operator with a rotation angle of θ = 2π

3
,

equivalent to the duration of the time interval in equation (69), around one of the
cube diagonal axes [22], that is along a direction n̂ = (nx, ny, nz). The two classes
of trajectories are depicted by arrows in figure 7.

A physical interpretation of this is given by the SO(3) sphere. Setting the initial

25



Figure 7: An illustration of SO(3) by identifying opposite vertices of a hypercube.
The two topologically inequvalent trajectories A → B → F → D → A (plus
trajectory) and A→ B → F → Ē → Ā (minus trajectory) are depicted by arrows.

state at the origin, then the orthogonal states are achieved by applying a rotation
by π along a direction n̂ to the initial state, that is, the states on the surface or
equivalently the boundary of SO(3) are orthogonal to the initial state.

Now looking at the trajectory A → B → F in SO(3), see figure 8, it is chosen
such that F is located on the surface corresponding to a rotation of the initial
state by π. Note that the point F̄ at the opposite position on SO(3) is identified to

Figure 8: Illustration of two kinds of trajectories in SO(3). These paths, which
both are closed loops, cannot be deformed continuously into each other. The
trajectory A → B → F → D → A crosses no boundaries and is a plus trajectory.
The trajectory A → B → F = F̄ → Ē → Ā crosses the boundary an odd number
of times (one time) and thus is a minus trajectory. The latter trajectory gives rise
to the global π phase shift.

F . Hence, after reaching point F , there are two possible inequivalent trajectories
to return to the initial state: a plus trajectory with no boundaries crossed (where
the boundary as mentioned above is the space of states orthogonal to the initial
state) via F → D → A and a minus trajectory via F = F̄ → Ē → Ā, that is
the boundary is crossed due to a ”jump” from F to F̄ , see figure 8. Crossing the
boundary is associated with the sign change of the quantum state and crossing
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the boundary an odd number of times, gives rise to the phase gain equal to π after
a cyclic evolution.

By setting t = 2π
3

and the orientations given in table 1 in equation (69), the
sequence of evolution operators needed to achieve the two trajectories are found
[2].

Plus class A → B → F → D → A Minus class A → B → F → Ē → Ā

A→ B : 1√
3
(−1,−1,−1) A→ B : 1√

3
(−1,−1,−1)

B → F : 1√
3
(1,−1,−1) B → F : 1√

3
(1,−1− 1)

F → D : 1√
3
(−1,−1, 1) F̄ → Ē : 1√

3
(1,−1,−1)

D → A : 1√
3
(−1, 1, 1) Ē → Ā : 1√

3
(1, 1,−1)

Table 1: Rotation axes of different parts of the plus and minus trajectories.

One of the questions asked in the last part of the section 2.6.1, regarding the
ambiguity of the origin of the phase, was that if the π phase shift was correlated to
the chosen evolution operator, which corresponded to applying a static magnetic
field along the z-axis corresponding to rotation around one fixed axis. However,
here clearly the evolution operator evolves in time, meaning that the axis of
rotation is not fixed. This corresponds to the change of, e.g., the applied magnetic
field for each segment of the trajectories in order to obtain a cyclic evolution at the
end, hence the π phase shift observed is only related to the double connectedness
of SO(3) and therefore it is of topological origin. The connection between the
topology of SO(3) and the phase has been experimentally demonstrated in the
context of a polarized laser beam carrying orbital angular momentum [21] as well
as in the context of NMR [22].

2.6.3 Briefly on Topological Phases of Systems with n ≥ 3 Entangled Qubits

In [6], the topological phases acquired by entangled multiqubit systems that
originate from local SU(2) evolution (SU(2)⊗n orbits of certain entangled n-qubit
states) are studied. It is shown that by increasing the number of qubits, a higher
number of phases is found, where these phases are smaller fractions of π. Hence,
one can conclude that the space of entangled n-qubit states must be multiply
connected. It is also shown that the number of different topological phases that
are allowed increases rapidly for increasing number of qubits.

For example, for n = 3, the allowed topological phases are 0, π and π/2, allowing
for topological phase factors ±1 and ±i. An experimental scheme was proposed
in [23] to measure topological phases for three qubits encoded as entangled
photon pairs. The topological phases for up to seven qubits were found in [6].
For higher number of qubits only partial results was obtained due to lack of
computational resources. The established results for up to seven qubits, is given
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in table 2, taken directly from [6]. It is also noted that all topological phases of n
qubits are included in those of n+ 1 qubits.

n Allowed topological phases
2 π
3 π π

2

4 π π
2

π
3

5 π π
2

π
3

π
4

π
5

6 π π
2

π
3

π
4

π
5

π
6

π
7

π
8

π
9

7 π π
2

π
3

π
4

π
5

π
6

π
7

π
8

π
9

π
10

π
11

π
12

π
13

π
14

π
15

π
16

π
17

π
18

Table 2: The allowed topological phases for up to seven qubits.

Note that for two qubits, only π rotation gates (such as Pauli gates) can be
implemented topologically (since only topological phase factors ±1 are allowed).
However, the existence of topological phases other than π for n ≥ 3 entangled
qubits, means that, it is possible to implement other one-qubit gates, in particular
the S and T gates, which require rotations by π/2 and π/4, respectively. Note
that for implementation of the T gate, systems with at least five qubits must be
investigated, since five qubits is the smallest system that allows for a topological
phase π/4.
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3 Topological Gates on Multiqubit Codes

Here, the topological phase factors, presented in previous section, are used to
implement topological gates. For this purpose, possible implementations of
topological gates on different multiqubit codewords are investigated. The results
found for two-, three- and nine-qubit codes are presented.

3.1 Two-Qubit Code

The two Bell states |Φ−⟩ and |Ψ+⟩ are chosen as codewords, as given in equation
(44) in section 2.5, and the logical Z operation is implemented by ZL = Z⊗Z, i.e.,

ZL |xL⟩ = (−1)x |xL⟩ , x ∈ {0, 1}. (70)

It is also possible to implement the logical X operation by XL = Z ⊗X , i.e.,

XL |0L⟩ = |1L⟩ , XL |1L⟩ = |0L⟩ . (71)

Recall that ZX = iY (from anticommutative property of Pauli matrices). The
logical Y operation (up to a global phase factor i) is thus implemented by YL =

Î⊗ iY , i.e.,
YL |0L⟩ = i(i |1L⟩), YL |1L⟩ = i(−i |0L⟩). (72)

It should also be noted that the choices of the logical operations XL and ZL are
such that these are products of two elements of the group SU(2), i.e.,

XL = −iZ ⊗ iX = Z ⊗X,

ZL = −iZ ⊗ iZ = Z ⊗ Z, (73)

with (−iZ), (iZ), (iX) ∈ SU(2).

Physical interpretation of for instance the logical X operation is that, XL is a
counterclockwise π rotation around z-axis of first qubit and a clockwise π rotation
around x-axis of second qubit.

Note also that (iY ) ∈ SU(2), hence YL = Î ⊗ (iY ) is a local SU(2) acting only
on the second qubit. The construction of these three operators are therefore such
that the concurrence C stays constant.

The logical Hadamard operation HL is also implementable using local SU(2) as
HL = −iZ ⊗ iH = Z ⊗H , with (iH) ∈ SU(2). This can be verified by looking at
the output states as:

HL |0L⟩ =
|0L⟩+ |1L⟩√

2
=

1

2
(|00⟩+ |01⟩+ |10⟩ − |11⟩),

HL |1L⟩ =
|0L⟩ − |1L⟩√

2
=

1

2
(|00⟩ − |01⟩ − |10⟩ − |11⟩). (74)
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The concurrence C for both of the output states in (74) is equal to 1, meaning that
the output states are both maximally entangled, just as the two code words.

ZL is topological on the code since it is impossible to contract Z⊗Z continuously
to identity such that both eigenstates of ZL remain eigenstates all the way to the
identity. This can be shown by first defining the following two one-parameter
families:

U1(s) = Exp[−iπ
2
(1− s)Z], U2(s) = [i

π

2
(1− s)Z] ∀s ∈ [0, 1], (75)

where for s = 0: U1(0) = e−iπ
2
Z = −iZ, U2(0) = ei

π
2
Z = iZ, and for s = 1: U1(1) =

U2(1) = Î. Now applying U1(s)⊗U2(s) to the code word |0L⟩ (the eigenstate of ZL

with eigenvalue +1), one finds:

Exp
[
− i

π

2
(1− s)Z

]
⊗ Exp

[
i
π

2
(1− s)Z

] 1√
2
(|00⟩ − |11⟩)

=
1√
2
(Exp

[
− i

π

2
(1− s)Z

]
|0⟩ ⊗ Exp

[
i
π

2
(1− s)Z

]
|0⟩)+

− 1√
2
(Exp

[
− i

π

2
(1− s)Z

]
|1⟩ ⊗ Exp

[
i
π

2
(1− s)Z

]
|1⟩)

=
1√
2
(Exp

[
− i

π

2
(1− s)

]
|0⟩ ⊗ Exp

[
i
π

2
(1− s)

]
|0⟩)+

− 1√
2
(Exp

[
+ i

π

2
(1− s)

]
|1⟩ ⊗ Exp

[
− i

π

2
(1− s)

]
|1⟩)

=
1√
2
(|00⟩ − |11⟩) (76)

The output state after applying U1(s) ⊗ U2(s) to |0L⟩ is just the eigenstate itself,
i.e., it is a constant, meaning that |0L⟩ remains an eigenstate for all values of s ∈
[0, 1], hence it is contractable. It is therefore concluded that the phase factor +1,
corresponds to the trivial topological phase.

Now, by applying U1(s) ⊗ U2(s) to |1L⟩ (the eigenstate of ZL with eigenvalue -1),
one finds:

Exp
[
− i

π

2
(1− s)Z

]
⊗ Exp

[
i
π

2
(1− s)Z

] 1√
2
(|01⟩+ |10⟩)makesomespace

=
1√
2
(Exp

[
− i

π

2
(1− s)Z

]
|0⟩ ⊗ Exp

[
i
π

2
(1− s)Z

]
|1⟩)

+
1√
2
(Exp

[
− i

π

2
(1− s)Z

]
|1⟩ ⊗ Exp

[
i
π

2
(1− s)Z

]
|0⟩) =

=
1√
2
(Exp

[
− i

π

2
(1− s)

]
|0⟩ ⊗ Exp

[
− i

π

2
(1− s)

]
|1⟩)

+
1√
2
(Exp

[
i
π

2
(1− s)

]
|1⟩ ⊗ Exp

[
i
π

2
(1− s)

]
|0⟩) =

=
1√
2
(Exp[−iπ(1− s)] |01⟩+ Exp[+iπ(1− s)] |10⟩), (77)
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where if s = 0 thenU1(0)⊗U2(0) |1L⟩ = − |1L⟩ and if s = 1 thenU1(1)⊗U2(1) |1L⟩ =
|1L⟩. However, as it is evident in the last line of the above calculation, although it
is possible to contract continuouslyU1(s)⊗U2(s) applied to |1L⟩ to the identity, it is
not possible to keep |1L⟩ as an eigenstate all the way to the identity. This trajectory
corresponds therefore to the nontrivial topological phase factor −1. Note that
these two paths, corresponding to the two topological phase factors +1 and −1,
belong to the two different homotopy classes of the SO(3) manifold. It is therefore
concluded that ZL is a nontrivial topological gate.

The eigenstates of XL are the maximally entangled states 1√
2
(|0L⟩ ± |1L⟩) with

eigenvalues ±1. In a similar way as above, it can be shown that this gate is
also topological, that is, by applying the tensor product of the following SU(2)
operators: U1(s) = Exp[−iπ

2
(1− s)Z] and U3(s) = Exp[iπ

2
(1− s)X], where U3(0) =

iX and U3(1) = Î, to the eigenstates of XL. This can be demonstrated by first
applying U1(s)⊗ U3(s) to 1√

2
(|0L⟩+ |1L⟩):

Exp[−iπ
2
(1− s)Z]⊗ Exp[i

π

2
(1− s)X]

1

2
(|00⟩+ |01⟩+ |10⟩ − |11⟩)

=
1

2

[
Exp[−iπ

2
(1− s)Z] |0⟩ ⊗ Exp[i

π

2
(1− s)X](|0⟩+ |1⟩)+

+ Exp[−iπ
2
(1− s)Z] |1⟩ ⊗ Exp[i

π

2
(1− s)X](|0⟩ − |1⟩)

]
=

1

2

[
Exp[−iπ

2
(1− s)] |0⟩ ⊗ Exp[i

π

2
(1− s)](|0⟩+ |1⟩)+

+ Exp[i
π

2
(1− s)] |1⟩ ⊗ Exp[−iπ

2
(1− s)](|0⟩ − |1⟩)

]
=

1

2
(|00⟩+ |01⟩+ |10⟩ − |11⟩)) = 1√

2
(|0L⟩+ |1L⟩). (78)

Even here the output state is just a constant, i.e., the eigenstate 1√
2
(|0L⟩ + |1L⟩)

remains an eigenstate all the way to the identity, hence it is contractable.
Therefore the +1 phase factor here is the trivial topological phase factor.

Now, applying U1(s)⊗ U3(s) to 1√
2
(|0L⟩ − |1L⟩), one finds:

Exp[−iπ
2
(1− s)Z]⊗ Exp[i

π

2
(1− s)X]

1

2
(|00⟩ − |01⟩ − |10⟩ − |11⟩)

=
1

2

[
Exp[−iπ

2
(1− s)Z] |0⟩ ⊗ Exp[i

π

2
(1− s)X](|0⟩ − |1⟩)

+ Exp[−iπ
2
(1− s)Z] |1⟩ ⊗ Exp[i

π

2
(1− s)X](− |0⟩ − |1⟩)

]
=

1

2

[
Exp[−iπ

2
(1− s)] |0⟩ ⊗ Exp[−iπ

2
(1− s)](|0⟩ − |1⟩)

− Exp[i
π

2
(1− s)] |1⟩ ⊗ Exp[i

π

2
(1− s)](|1⟩+ |0⟩)

]
=

1

2
(Exp[−iπ(1− s)](|00⟩ − |01⟩)− Exp[iπ(1− s)](|10⟩+ |11⟩)), (79)
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where if s = 0 then U1(0) ⊗ U3(0)(|0L⟩ − |1L⟩) = 1
2
(− |00⟩ + |01⟩ + |10⟩ + |11⟩) =

− 1√
2
(|0L⟩− |1L⟩), which is the action of the XL on the eigenstate, and if s = 1 then

U1(1)⊗U3(1)
1√
2
(|0L⟩ − |1L⟩) = 1√

2
(|0L⟩ − |1L⟩). Again, looking at the intermediate

steps, e.g., for s = 1/2 one finds U1(1/2) ⊗ U3(1/2)
1√
2
(|0L⟩ − |1L⟩) = 1

2
(−i |00⟩ +

i |01⟩− i |10⟩− i |11⟩), which shows that it is not possible to contract XL to identity
while keeping 1√

2
(|0L⟩−|1L⟩) as eigenstates. This trajectory corresponds therefore

to the nontrivial topological phase factor −1. Hence,XL is a nontrivial topological
gate.

Similarly, it is possible to show that HL is topological on the unnormalized states
|η±⟩ = (1±

√
2) |0L⟩+|1L⟩, (the eigenstates ofHL), since it is impossible to contract

HL = Z ⊗H continuously to identity while keeping |η±⟩ as eigenstates. It should
be noted that iH is obtained by defining the input values of equation (6) as θ = π
and n̂ = 1√

2
(1, 0, 1), hence the general function U4(s), in which for s = 0, U4(0) =

iH and for s = 1, U4(1) = Î, can be given by U4(s) = Exp[iπ
2
(1−s)(1/

√
2, 0, 1/

√
2) ·

σ⃗].

Indeed, the gates are topological only for entangled codes, as the codewords of
a generic product code {|ϕ1ϕ2⟩ ,

∣∣ϕ⊥
1 ϕ

⊥
2

〉
} are eigenstates of

⊗2
k=1(e

−ifk |ϕk⟩⟨ϕk| +
eifk

∣∣ϕ⊥
k

〉〈
ϕ⊥
k

∣∣) ∀fk. Now, the eigenstates of YL are 1√
2
(|0L⟩ ± i |1L⟩) and calculating

the concurrence C, one finds that C = 0, which means that the eigenstates of
YL are formed from product states. Hence, YL is not topological. It is therefore
concluded that for the two-qubit system, only two of the Pauli gates can be
implemented topologically and the other one must be non-topological.

For the two-qubit systems, only topological phase factors ±1 are possible [2, 3],
which correspond to gates with θ = π (π rotation gates). Thus, in order to find
gates such as the S gate with θ = π/2, one needs to look at systems with at least
three qubits, which allow for topological phase factors ±1,±i, etc. [6].

3.2 Three-Qubit Code

As stated in section 2.4 there are two classes of tripartite entangled states, W
class and GHZ class, in which the states belonging to the different classes are
unrelated under SLOCC [14]. The three-qubit states coinciding with the GHZ
state [6], which here will be taken as the code words |0L⟩ and |1L⟩, are:

|0L⟩ =
1√
2

[ 3⊗
k=1

|0k⟩+
∣∣∣W 3

〉 ]
=

1√
2
|000⟩+ 1√

6
(|110⟩+ |101⟩+ |011⟩),

|1L⟩ =
1√
2

[ 3⊗
k=1

|1k⟩+
∣∣W 3

〉 ]
=

1√
2
|111⟩+ 1√

6
(|001⟩+ |010⟩+ |100⟩), (80)

with a nonzero 3-tangle τ3(|0L⟩) = τ3(|1L⟩) ≈ 0.77.
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Pauli gates are implementable (up to a global phase factor i) on the code words,
by product of three SU(2). The logical Z operation is constructed as:

ZL = −iZ ⊗ iZ ⊗ iZ = iZ ⊗ Z ⊗ Z, (81)

that is ZL |xL⟩ = i(−1)x |xL⟩ , x ∈ {0, 1}. The logical X operation is constructed
as:

XL = −iX ⊗ iX ⊗ iX = iX ⊗X ⊗X, (82)

that is XL |0L ⊕ xL⟩ = i(|1L ⊕ xL⟩), x ∈ {0, 1} and the logical Y operation as:

YL = iY ⊗ iY ⊗ iY = −iY ⊗ Y ⊗ Y, (83)

that is YL |0L ⊕ xL⟩ = i((−1)xi |1L ⊕ xL⟩), x ∈ {0, 1}. All the Pauli gates are
implemented topologically since similar to the two-qubit case, it can be shown
that it is impossible to contract ZL, XL and YL continuously to identity such
that the eigenstates of ZL, XL, and YL, i.e., (|0L⟩ , |1L⟩), ( 1√

2
(|0L⟩ ± |1L⟩)), and

( 1√
2
(|0L⟩ ± i |1L⟩)), respectively, remain eigenstates of the respective logical

operators all the way to the identity.

The logical Hadamard operation HL can be implemented on the code, up to a
global phase factor i, as:

HL = ZL(YL)
1
2 . (84)

The output states, after HL is applied to the code words, are ( i√
2
(|0L⟩ ± |1L⟩)).

Calculating the 3-tangle of these output states, one finds that τ3( i√
2
(|0L⟩±|1L⟩)) ≈

0.05, which is nonzero, meaning that the output states are also in GHZ class.
However, the 3-tangle has decreased under HL action, indicating that HL is not
a local SU(2). But the input states and the output states are both in the same
class, or in other words, they are SLOCC-equivalent. Hence, by the result found
in [14], there must exist an invertible local operator (ILO) A ⊗ B ⊗ C relating
the two states. It is therefore concluded that HL can be constructed by ILOs.
However, since all the phase factors originating from cyclic U(2)⊗n evolution are
always continuous [6], some constraints must be inserted on ILOs so that the
topology of the manifold is manifested. Therefore, those ILOs are regarded, that
have determinant η ∈ {R}\0.

Now, the logical S gate, SL, can be implemented (up to a global phase factor e−iπ
4 )

as:
SL = (ZL)

− 1
2 , (85)

that is SL |0L⟩ = e−iπ/4 |0L⟩, and SL |1L⟩ = e−iπ/4i |1L⟩. SL and ZL are commuting
and therefore have common eigenstates (the code words), then since ZL is
topological on the code word, SL, must also be topological. Calculating the
3-tangle of the output states, one finds it to be invariant under the action of SL.
This could indicate that, although SL does not seem to be a local SU(2) due to its
construction but, it could be a local SL(2, C).
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3.3 Nine-Qubit Code

Similar to three-qubit code, the nine-qubit states coinciding with the GHZ states
are chosen as code words:

|0L⟩ =
1√
2

[ 9⊗
k=1

|0k⟩+
∣∣∣W 9

〉 ]
,

|1L⟩ =
1√
2

[ 9⊗
k=1

|1k⟩+
∣∣W 9

〉 ]
. (86)

All of the Pauli gates are implementable (up to a global phase factor i) on these
code words. The logical Z operation is constructed as:

ZL = (iZ)⊗9 = i(Z)⊗9, (87)

that is ZL |xL⟩ = i(−1)x |xL⟩ , x ∈ {0, 1}. The logical X operation is constructed
as:

XL = (iX)⊗9 = i(X)⊗9, (88)

That is XL |0L ⊕ xL⟩ = i(|1L ⊕ xL⟩), x ∈ {0, 1} and the logical Y operation is
constructed as:

YL = (iY )⊗9 = i(Y )⊗9, (89)

that is YL |0L ⊕ xL⟩ = i((−1)xi |1L ⊕ xL⟩), x ∈ {0, 1}.

The T gate and the S gate (see equation (3)), are both local SU(2) up to phase
factors ei

π
4 and ei

π
8 , respectively. Thus, the logical S gate is implemented by:

SL = (S)⊗9, (90)

such that SL |0L⟩ = e−iπ
4 |0L⟩ and SL |1L⟩ = e+iπ

4 |1L⟩. Similarly, the logical T gate
is constructed (with an overall phase factor −1) as:

TL = (T )⊗9. (91)

Note that π
4
, π

8
are allowed topological phases for the defined states. For

all the logical operators, it can be shown that it is impossible to contract
these operations continuously to identity such that their eigenstates, remain
eigenstates of respective logical operators, all the way to identity. Hence, all the
constructed logical gates are shown to be implementable topologically on the
code. Also note that a topological implementation of HL by ILOs, using a similar
construction to the one in equation (84), seems possible as well.
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4 Conclusion

In this thesis, we reviewed the origin of topological phase factors resulting from
SU(2) evolution, focusing on the case of maximally entangled two-qubit states.
For that purpose, the Hopf fibration of the three-sphere was introduced in order
to understand its relation to the Bloch sphere, which is a geometric representation
of the state space of a pure one-qubit state. This established the foundations
of understanding the relation between the seven-sphere Hopf fibration and the
state space of pure two-qubit states, which was needed to understand why the
acquired global phases resulted from SU(2) evolution in the case of maximally
entangled two-qubit states, can only have topological origin.

A generalization of topological phases acquired under local SU(2) evolution
of multiqubit systems was found in [6]. We used this result to implement
topological quantum gates on entangled multiqubit states. These gates would
be useful for fault tolerant quantum computation since they are robust to
deformations (due to being topological) and also intrinsically transversal
(implemented by local SU(2)).

For two-qubit systems, we encoded a single qubit in two of the Bell states
(maximally entangled states) and found that the Hadamard gate was
topologically implementable, but only for two of the Pauli gates a topological
implementation was possible. We investigated other multiqubit systems as
well. For the three- and nine-qubit systems, we chose states coinciding with
GHZ states, as the code words. We found that for the three-qubit system all the
Pauli gates could be implemented topologically on the code and a topological
implementation of the S gate seems also to be possible. However, further
study is needed in order to find an explicit implementation of the S gate. The
possibility of implementing the Hadamard gate on the code words needs to be
examined further as well. For the nine-qubit system, we found that all the Pauli
gates, S gate and the T gate can be implemented topologically. The possibility
of implementing logical Hadamard gate topologically on the nine-qubit code by
means of local SU(2), needs to be studied further but topological implementation
of logical Hadamard gate by invertible local operators might be possible.

A universal set of transversal gates is not known. However, we have
demonstrated the possibility of constructing a set of topological gates on single
logical qubits to which if the CNOT (on pairs of logical qubits) is augmented,
universality could be achieved. CNOT could potentially be implemented
topologically using local SU(4) [27].
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Appendices

A The S7 Hopf Fibration Via the Quaternions

This section is mostly based on [9, 24, 25]. The S7 Hopf fibration can be
constructed in a similar way as S3 Hopf fibration, but instead of complex
numbers and complex projective line, quaternions and quaternionic projective
line are used. Before starting the construction of the Hopf map, a short
introduction on these two concepts will be given.

A.1 Quaternions and HP 1

Quaternions are elements of a set denoted by H, which has a structure given by a
basis (1, î, ĵ, k̂):

H = {x0 + x1î+ x2ĵ + x3k̂|x0, x1, x2, x3 ∈ R}, (92)

such that:

î2 = ĵ2 = k̂2 = −1,

î · ĵ = −ĵ · î = k̂,

ĵ · k̂ = −k̂ · ĵ = î,

k̂ · î = −î · k̂ = ĵ. (93)

A quaternion q = x0 + x1î + x2ĵ + x3k̂ can be written using complex numbers
c1 = x0 + x1î and c2 = x2 + x3î as:

q = c1 + c2ĵ = x0 + x1î+ x1ĵ + x2î · ĵ = x0 + x1î+ x2ĵ + x3k̂. (94)

The conjugation of a quaternion, denoted by q (or q∗) is defined to be :

q := x0 − x1î− x2ĵ − x3k̂ = c1 − c2ĵ, (95)

with:
qq = |q|2 = x20 + x21 + x22 + x23. (96)

Also:
q−1 =

q

|q|2
. (97)

Using quaternions, the unit 7-sphere is given by:

S7 = {(q1, q2) ∈ H2| |q1|2 + |q2|2 = 1}. (98)
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Now, the quaternionic projective line denoted as HP 1 is defined as follows. Let
the pair q = (q1, q2); q ̸= 0;∈ H2 define a line through the origin. An equivalence
class denoted [q1 : q2] is constructed if the following equivalence relation exists:
q ∼ w if ∃ c ∈ H\{0} s.t. w = cq. Any such equivalence class is associated with a
point in HP 1, that is HP 1 := {[q1 : q2]} := (H2 − {0, 0})/ ∼.

HP 1 could be viewed as the one point compactification of H, i.e., Ĥ = H ∪ {∞},
under the homoemorphism [q1 : q2] 7→ (q1/q2). Points on HP 1 (viewed as Ĥ) are
then identified with points on S4 by stereographic projection (in a similar way as
shown in section (2.3)). Thus, HP 1 is homeomorphic to S4.

A.2 Construction of the S7 Hopf Fibration

The S7 Hopf fibration defines a map from the total space S7 to the base space S4

with fibers S3 and is established by the composition of two maps π1, which maps
elements in S7 to HP 1, and π2, which maps elements in HP 1 to S4.

First, using the properties of HP 1, it will be shown that the fiber is homeomorphic
to a unit S3 sphere. The map π1 is defined as:

π1 : S
7 −→ HP 1,

(q1, q2) 7→ [q1 : q2]. (99)

Note that if (w1, w2) = c(q1, q2) for some c ∈ H\{0}, where (w1, w2), (q1, q2) are two
distinct points in S7, then:

π1(w1, w2) = π1(q1, q2). (100)

Furthermore,
1 = |w1|2 + |w2|2 = |c|2 (|q1|2 + |q2|2)︸ ︷︷ ︸

=1

= |c|2, (101)

that is |c| = 1 with c ∈ H\{0} meaning that c, geometrically corresponds to a unit
S3 sphere. Thus, if π1(q1, q2) = π1(cq1, cq2) = [q1 : q2], then the fiber π−1

2 ([q1 : q2])
corresponds to a unit S3 sphere.

As mentioned earlier, a pair of quaternions (q1, q2) defines a point on the unit S7

if the normalization condition |q1|2 + |q2|2 = 1 is fulfilled. (Note that this point
represents the state |Ψ⟩ given in equation (66).) This pair of quaternions will be
defined using the probability amplitudes α, β, γ, δ ∈ C given in equation (66), as:

q1 = αRe + αImî+ βReĵ + βImk̂,

q2 = γRe + γImî+ δReĵ + δImk̂. (102)

Recall that HP 1 could be viewed as Ĥ under the map [q1 : q2] 7→ (q1q
−1
2 ), thus
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π1(q1, q2) = (q1q
−1
2 ). Now, (q1q−1

2 ) will explicitly be calculated:

q1
q2

=
q2q1
|q2|2

=
1

|q2|2
[
(γRe + γImî+ δReĵ + δImk̂)(αRe − αImî− βReĵ − βImk̂)

]
=

1

|q2|2
[
αReγRe − αImγReî− βReγReĵ − βImγRek̂

+ αReγImî− αImγIm (̂i · î)︸ ︷︷ ︸
=−1

−βReγIm (̂i · ĵ)︸ ︷︷ ︸
=k̂

−βImγIm (̂i · k̂)︸ ︷︷ ︸
−ĵ

+ αReδReĵ − αImδRe (ĵ · î)︸ ︷︷ ︸
=−k̂

−βReδRe (ĵ · ĵ)︸ ︷︷ ︸
−1

−βImδRe (ĵ · k̂)︸ ︷︷ ︸
=î

+ αReδImk̂ − αImδIm (k̂ · î)︸ ︷︷ ︸
=ĵ

−βReδIm (k̂ · ĵ)︸ ︷︷ ︸
=−î

−βImδIm (k̂ · k̂)︸ ︷︷ ︸
=−1

]
, (103)

Sorting equation above in the (1, î, ĵ, k̂) basis yields:

(q1q
−1
2 ) =

1

|q2|2
[
(αReγRe + αImγIm + βReδRe + βImδIm)︸ ︷︷ ︸

=Re(αγ+βδ)

+ (αReγIm − αImγRe + βReδIm − βImδRe)︸ ︷︷ ︸
=Im(αγ+βδ)

î

+ (αReδRe − αImδIm − βReγRe + βImγIm)︸ ︷︷ ︸
=Re(αδ−βγ)ĵ

ĵ

+ (αReδIm + αImδRe − βReγIm − βImγRe)︸ ︷︷ ︸
=Im(αδ−βγ)

k̂
]
. (104)

By defining C1 = (αγ+βδ) and C2 = (αδ−βγ), in which C1, C2 ∈ C, the equation
(104) can be rewritten as:

(q1q
−1
2 ) =

1

|q2|2
(C1 + C2ĵ). (105)

The second map π2 is a stereographic projection from HP 1 to S4:

π2 : HP 1 −→ S4,

(p1, p2,p3, p4) 7→
1

1 + |p|2
(2p1, 2p2, 2p3, 2p4, |p|2 − 1), (106)

where |p|2 = p21 + p22 + p23 + p24. The coordinates of S4 will be labeled as {ξl}4l=0. It
should be noted that the elements {pl}4l=1 are obtained from equation (105) as:

p1 =
(ReC1)

|q2|2
, p2 =

(ImC1)

|q2|2
, p3 =

(ReC2)

|q2|2
, p4 =

(ImC2)

|q2|2
. (107)
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After some calculations, it is found that |p|2 = |q1|2/|q2|2 and 1 + |p|2 = 1/(|q2|2).
Hence:

ξ0 =
2p1

1 + |p|2
= 2ReC1 = 2Re(αγ + βδ),

ξ1 =
2p2

1 + |p|2
= 2ImC1 = 2Im(αγ + βδ),

ξ2 =
2p3

1 + |p|2
= 2ReC2 = 2Re(αδ − βγ),

ξ3 =
2p4

1 + |p|2
= 2ImC2 = 2Im(αδ − βγ),

ξ4 =
|p|2 − 1

1 + |p|2
= |q1|2 − |q2|2 = |α|2 + |β|2 − |δ|2 − |γ|2. (108)

The Hopf map can thus be constructed by composition of π1 : S7 → HP 1 and
π2 : HP 1 → S4, that is:

π = π2 ◦ π1 : S7 −→ S4.

Hence,

π(q1, q2) = (2Re(αγ + βδ), 2Im(αγ + βδ), 2Re(αδ− βγ), 2Im(αδ− βγ), |q1|2 − |q2|2).

This Hopf fibration is usually denoted as S3 ↪→ S7 π−→ S4.

Some notes on the Hopf map and the separable states:

Recall that the concurrence C is found to be C = |αδ− βγ|, which takes the value
0 for separable states and 1 for maximally entangled states. Note that C can be
rewritten by the following relation:

C = 2|αδ − βγ| =
√
ξ22 + ξ23 = |ξ2 + iξ3|. (109)

The separability condition is thus given by αδ − βγ = 0. If this condition is
fulfilled, then ξ2 = ξ3 = 0, meaning that the base space, in the case of separable
states, is reduced to S2, corresponding to the Bloch sphere of one of the qubits.
Since the coordinates ξ2 and ξ3 vanish (in the case αδ = βγ), it is possible to
introduce another Hopf fibration π′ : S3 −→ S2 on the fiber of the initial Hopf
map to get a base space S2 and fiber S1. By this process, the coordinates of π′ will
be independent of the coordinates of the base space of π. The obtained S2 base
corresponds to the second qubit Bloch sphere. The space of two non-entangled
qubits is therefore S2

1 × S2
2 , where S2

1 and S2
2 are Bloch spheres of the first and

second qubit, respectively [25, 24].

Some notes on the Hopf map and the maximally entangled states:

Recall that the coordinates ξ0, ξ1 and ξ4 can be identified to the Bloch ball
coordinates η0, η1 and η2 and that the radius of Bloch ball is defined through these
coordinates as r =

√
1− C =

√
1− ξ22 − ξ23 [3, 25]. As mentioned above, C = 1
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for maximally entangled states, which means that for these states r = 0, that is
the Bloch ball is reduced to a point. Moreover, note that C = 1 ⇒ ξ22 + ξ23 = 1,
thus the base space of the Hopf map π for maximally entangled states is just the
unit circle, which is parametrized by 2C1 with C1 = αδ−βγ. This space is known
to be S3/Z2 ≃ SO(3) [24].

The S3/Z2 topology of the base space of the maximally entangled state can be
demonstrated by considering the equation for any such state:

|ΨMES⟩ =
1√
2
(α |00⟩+ β |01⟩ − β∗ |10⟩+ α∗ |11⟩), (110)

where (α, β) ∈ C2 and |α|2 + |β|2 = 1. Note that setting the pairs (α, β) and
(−α,−β), which are two distinct points on the S3 sphere (antipodal points), in
equation (110), result in two states, which are different only by a global phase,
hence identified as equal (these are elements of the projective Hilbert space). This
means that antipodal points (α, β) and (−α,−β) on the S3 sphere are mapped to
the same point (state) on the base, hence these antipodal points are identified (by
the relation (α, β) ∼ (−α,−β)). There is therefore a two-to-one correspondence
between the S3 sphere and the base space, leading to the S3/Z2 topology of
the projective Hilbert space of the maximally entangled states, which per se is
isomorphic to SO(3), i.e., S3/Z2 ≃ SO(3). The space of maximally entangled
states is thus given by:

ΩMES = {(α, β) ∈ C2| |α|2 + |β|2 = 1, (α, β) ∼ (−α,−β)}. (111)
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B The Fundamental Group

Here, a very brief introduction to the homotopy of paths and the fundamental
group is given. This section is based on [9] and [26].

B.1 Homotopy of paths

Definition B.1. Let M be a topological space and let I be the interval [0, 1]. A path in M
is a continuous map α : I −→M with end points x0 and x1 if α(0) = x0 and α(1) = x1.
The path is called a loop at the base point x0 if α(0) = α(1) = x0.

Note that there are no constraints on the image of the path, i.e., it can for example
cross or repeat itself.

Definition B.2. Let m ∈ M . A constant path is a map cx : I −→ M such that all I is
mapped to the point m that is cx(s) = m, s ∈ I .

From the above definition it can be concluded that a constant path is equivalent
to a constant loop since cx(0) = cx(1) = m for m ∈M .

Definition B.3. Given a path α inM fromm0 tom1, the inverse path α−1 of α is defined
by:

α−1 := α(1− s). (112)

Note that in the given definition B.3., the domain of the map α is [0, 1], thus the
inverse path corresponds to moving along the path from the end point of α, i.e.,
from α(1 − 0) = α(1) to initial point of α, i.e., α(1 − 1) = α(0), that is, moving
backwards along α.

The main interest and focus of this section will be on loops. In order to apply the
following statements on paths as well, some small adjustments will be needed.

There exist many loops on a topological space but they themselves do not
have a structure of a group. Hence, some kind of classification is needed.
This classification can be realized according to equivalence relations leading to
construction of equivalence classes, such that the equivalence classes can form a
group. It exists an equivalence relation between two loops if it is possible to find
a map such that using the map one of the loops can be deformed into the another
one, continuously. This leads to the following definition:

Definition B.4. Let α, β : I −→ M be loops with a common base point x0. A path
homotopy is a continues map F : I × I −→M , between two loops α and β such that

F (s, 0) = α(s), F (s, 1) = β(s) ∀s ∈ I,

F (0, t) = F (1, s) = x0 ∀t ∈ I. (113)

If a path homotopy F exists between the loops α and β, then they are said to be path
homotopic denoted as α ∼ β.
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Note that F is giving a family of loops connecting α to β. The domain I × I of
the map F can be illustrated as a square and since both α and β have a common
base point, the vertical edges of I × I are mapped to x0 and the lower and upper
edges are mapped to α(s) and β(s), respectively, see figure 9. The image of F in
the space M shows a continuous deformation of α into β.

Figure 9: Representing a homotopy F : I× I −→M . In the space M the red loop
F (s, 0) = α is continuously deformed to F (s, 1) = β, illustrating that α and β are
path homotopic.

Next, it is needed to show that the relation α ∼ β is an equivalence relation as
mentioned earlier.

Lemma B.1. The relation ∼ is an equivalence relation.

Proof: One needs to show that the three properties of an equivalence relation, i.e.,
reflexibility, symmetry and transitivity are fulfilled.

Reflexibility: α ∼ α. Trivially, the required path homotopy to fulfill this condition
is the constant path homotopy F (s, t) := α(s) ∀ t ∈ I .

Symmetry: α ∼ β implies β ∼ α. Let F (s, t) be the path homotopy between α and
β s.t F (s, 0) = α, F (s, 1) = β(s). Then by just flipping around the path homotopy
F one finds the path homotopy between β and α, i.e., G(s, t) = F (s, 1− t).

Transitivity: α ∼ β and β ∼ γ imply α ∼ γ. One can define a well defined path
homotopy H(s, t) between α and γ if F (s, t) is a path homotopy between α and β
and G(s, t) is a path homotopy between β and γ as

H(s, t) =

{
F (s, 2t) t ∈ [0, 1

2
],

G(s, 2t− 1) t ∈ [1
2
, 1].

(114)

Then H(s, 0) = F (s, 0) = α and H(s, 1) = G(s, 1) = γ.

Consider now two disks P and Q, one with a hole and the other one without a
hole. Any loop in Q can be continuously shrunk to a point hence all the loops are
path homotopic to a point in disk Q. However, it is only possible to shrink some
of the loops on the disk P to a point while some other loops cannot be shrunk to
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a point due to the existence of the hole in the disk. This means that there exist
different equivalence relations on each of the disks hence different number of
equivalence classes can be specified on each of them.

Definition B.5. A homotopy class of a loop α in a space M is the equivalence class of
loops and is denoted by [α]. That is,

[α] = {β ∈M |β ∼ α}.

In order to provide the set of paths or loops with an algebraic structure, an
operation called product of paths (also called composition or concatenation), denoted
as ” ∗ ”, needs to be defined. Product of paths is possible if the given paths have
a common end point. This leads to the following definition:

Definition B.6. Let α, β : I −→ M be paths, where α(0) = x0, α(1) = x1 and
β(0) = x1, β(1) = x2. The product of α and β is a mapping γ = α ∗ β : I −→ M given
by:

γ(s) =

{
α(2s) s ∈ [0, 1

2
]

β(2s− 1) s ∈ [1
2
, 1].

(115)

Note that γ is a continuous map since the image of γ is a path in M from x0 to x2
with α(1) = β(0) (for s = 1

2
).

It should also be noted that since the domain of α ∗ β = γ is I = [0, 1] and its
image in M is from x0 to x2, then geometrically, the path from x0 to x1 (i.e., the
image α(I)), followed by the image β(I) from x1 to x2 is traversed with double
the speed of α and β.

B.2 The Fundamental Group

Using definition B.6., the product of path homotopy classes [α] and [β] can be
defined as:

[α] ∗ [β] = [α ∗ β]. (116)

This leads to the following lemma:

Lemma B.2. If α ∼ α′ and β ∼ β′ then α ∗ β ∼ α′ ∗ β′.

Proof: By letting F and G to be a homotopy between α and α′, and β and β′,
respectively, the homotopy H between α ∗ β and α′ ∗ β′ could be defined as:

H(s, t) =

{
F (2s, t) s ∈ [0, 1

2
],

G(2s− 1, t) s ∈ [1
2
, 1].

(117)

Since F (1, t) = G(0, t) = x1 ∀ t, the map H is continuous and thus well-defined.
Hence, the [α]∗ [β] is also well-defined. The Homotopy H is depicted in figure 10.
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In order to see why H is the required homotopy note that:

H(0, t) = F (0, t) = x0,

H(1, t) = G(1, t) = x2,

H(s, 0) =

{
F (2s, 0) = α(2s) s ∈ [0, 1

2
],

G(2s− 1, 0) = β(2s− 1) s ∈ [1
2
, 1],

H(s, 1) =

{
F (2s, 1) = α′(2s) s ∈ [0, 1

2
],

G(2s− 1, 1) = β′(2s− 1) s ∈ [1
2
, 1].

That is, H(s, 0) = α ∗ β and H(s, 1) = α′ ∗ β′.

Figure 10: The homotopy H between α∗β and α′ ∗β′ given that α ∼ α′ and β ∼ β′

Definition B.7. The set of homotopy classes of loops in a topological space M , based
at x0 ∈ M , together with the operation ∗, is called the fundamental group of M with
respect to x0, denoted by π1(M,x0).

Theorem B.1. π1(M,x0) is a group under the operation ∗, satisfying the group
properties:
1. Identity: Let cx be the constant loop. If α is a loop at x ∈M , then:
[α] ∗ [cx] = [α ∗ cx] = [α] and [cx] ∗ [α] = [cx ∗ α] = [α].
2. Inverse: Let α be a loop in M and let α−1 = α(1− s) be the inverse of α. Then:
[α] ∗ [α−1] = [cx] and [α−1] ∗ [α] = [cx]; Hence, [α−1] = [α]−1.
3. Associativity: Let α, β and γ be loops at x ∈M , then:
([α] ∗ [β]) ∗ [γ] = [α] ∗ ([β] ∗ [γ]).

Note that the product of two loops is another loop. Hence, the closure property
is automatically fulfilled and does not need to be verified.

Proof:
1. Identity: The expression [α] ∗ [cx] = [α ∗ cx] = [α] states that the loop α ∗ cx is
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homotopic to α. Thus, the homotopy between these two loops needs to be found
in order to prove the statement. The homotopy H : I × I −→ M between α ∗ cx
and α is defined as (see figure 11(a)):

H(s, t) =

{
α( 2s

1+t
) 0 ≤ s ≤ t+1

2
,

x t+1
2

≤ s ≤ 1.
(118)

Note that at t = 0, the loop represented by the homotopy H is a path that for
0 ≤ s ≤ 1

2
traverses the loop α with double speed of α (since at t = 0 ⇒ α(2s))

and then it stays at the point x for 1
2
≤ s ≤ 1. At t = 1, it only traverses the

loop, i.e., it does not stay at the constant loop located at x. That is, the continuous
deformation is such that, at each step, the duration of staying at the constant loop
is reduced.

A homotopy between cx ∗ α and α can be constructed in a similar way as follows
(see figure 11(b)):

H(s, t) =

{
x 0 ≤ s ≤ 1−t

2
,

α(2s−1+t
1+t

) 1−t
2

≤ s ≤ 1,
(119)

proving that α ∗ cx ∼ α and cx ∗ α ∼ α, hence [α] ∗ [cx] = [α] = [cx] ∗ [α].

Figure 11: a) Representation of a homotopy between α ∗ cx and α. b)
Representation of a homotopy between cx ∗ α and α.

2. Inverse: In order to verify this property, it needs to be shown that α∗α−1 and cx
are path homotopic. For this purpose, the following homotopy H : I × I −→ M
is defined (see figure 12):

H(s, t) =

{
α(2s(1− t)) 0 ≤ s ≤ 1

2
,

α(2(1− s)(1− t)) 1
2
≤ s ≤ 1,

(120)

whereH(s, 0) = α∗α−1 andH(s, 1) = cx (note that α(0) = x, at which the constant
loop is located). That is, α∗α−1 ∼ cx, hence, [α∗α−1] = [α]∗ [α−1] = [cx] ⇒ [α−1] =
[α]−1.

3. Associativity: In order to verify this property, it must be shown that a path
homotopy exists between (α ∗ β) ∗ γ and α ∗ (β ∗ γ). The path homotopy could be
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Figure 12: Representation of a homotopy between α ∗ α−1 and cx.

defined as (see figure 13):

H(s, t) =


α( 4s

1+t
) 0 ≤ s ≤ 1+t

4
,

β(4s− t− 1) 1+t
4

≤ s ≤ 2+t
4
,

γ(4s−t−2
2−t

) 2+t
4

≤ s ≤ 1.

(121)

The defined homotopy between the two loops can be explained as follows. First
recall that α, β and γ are loops in M given by α, β, γ : I −→ M . Hence, in order
to represent the path constructed by the product (α ∗ β) ∗ γ at t = 0, the interval
I = [0, 1] must first be divided in half and then, the fist segment be further divided
in half, representing the path (α∗β)∗γ by the homotopy, see figure 13. At t = 1, the
interval is again divided in half but now, the second segment is further divided in
half representing α ∗ (β ∗ γ). This means that at t = 0 the loop α is traversed with
a speed four times the normal speed of α : I −→ M and at t = 1 with the double
speed of α. The duration of traversing β is the same at t = 0 and at t = 1, which
also is four times the speed of β : I −→ M . However, the loop γ is traversed
with double the original speed of γ at t = 0 and then four times the speed of γ
at t = 1. The two paths can each be continuously deformed into the other, for
example as given in (121), hence illustrating that (α ∗ β) ∗ γ ∼ α ∗ (β ∗ γ) and thus
([α] ∗ [β]) ∗ [γ] = [α] ∗ ([β] ∗ [γ]).

Figure 13: Representation of a homotopy between (α ∗ β) ∗ γ and α ∗ (β ∗ γ).
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Now, a few examples on fundamental groups of some topological spaces,
together with two theorems will be stated. The proofs of these examples and
theorems will not be given since otherwise, other concepts that are not necessary
for understanding this thesis, must be reviewed as well. Interested readers can
find the needed concepts to understand the proofs and how to perform the
proofs in, e.g., [9, 26].

Theorem B.2. Let M be a path connected10 topological space, with x0, x1 ∈ M . Then,
π1(M,x0) ∼= π1(M,x1) [9, 26].

According to this theorem, the base point does not need to be specified for path
connected topological spaces, therefore in these cases, the fundamental group
will be denoted as π1(M).

Example B.1. (Circle) If M = S1 , then π1(S1) ∼= (Z,+).

This example could be understood as follows: Consider a loop that winds around
the circle S1, m number of times and another loop that winds around S1, n times.
These two configurations are not homotopic, i.e., it is not possible to continuously
deform one of the configurations to the other as long as n ̸= m. Note that the
loops can encircle S1 any number of times in any direction, corresponding to
either a positive or negative integer. Furthermore, the product of these two loops,
is a loop that winds around S1, n+m times. Hence the fundamental group of S1

is isomorphic to the group of integers under addition.

Theorem B.3. LetM andX be path connected topological spaces, Then π1(M×X, x0×
y0) ∼= π1(M,x0)× π1(X, x1). [9, 26]

Example B.2. (Torus) The torus (the surface of a doughnut) denoted as T 2 is
topologically defined as T 2 = S1 ×S1. Thus, according to theorem B.3., the fundamental
group of the torus is: π1(T 2) ∼= π1(S

1)× π1(S
1) ∼= Z× Z.

Intuitively, the fundamental group of the torus could be understood as follows:
Imagine the surface of a doughnut, i.e., the torus. Imagine now a loop that has
a starting and ending point, say at x0, and goes around the hole of the torus m
number of times in any direction (that is, along or opposite the toroidal direction).
Note that loops that are wrapped around the hole of the torus a different number
of times or have a different orientation, are not homotopic. This corresponds to
Z possible loops. Imagine now another kind of loop that has the same starting
and ending point, x0, but instead of going around the hole goes around the tube,
m number of times (that is, along or opposite the poloidal direction). Again, it is
possible to have Z different loops of this kind as well. Note that these two kinds

10A topological space M is path connected if ∀ x0, x1 ∈ M, ∃ a continuous map α : [0, 1] −→ M
such that α(0) = x0 and α(1) = x1.
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of loops can only be deformed into each other by cutting them. Hence, by the
discussion above and due to the existence of these two distinct kinds of loops,
one could intuitively see that the fundamental group of the torus is Z× Z.

Example B.3. (SO(3)) The fundamental group of the 3D rotation group SO(3) is:
π1(SO(3)) ∼= Z2.

Example B.3. could be understood as follows: First note that the SO(3)
is isomorphic to the three-sphere S3 with antipodal points identified, i.e.,
SO(3) ∼= S3/Z2. Since the antipodal points are identified it is possible to
construct two topologically inequivalent loops in SO(3), as depicted in figure 14.

Figure 14: α and β are two topologically inequivalent loops in SO(3), where α is
a trivial loop and β is a nontrivial loop.

The fundamental group of SO(3) has therefore two elements corresponding to
the two homotopy classes of SO(3):
1. A homotopy class of trivial loops (loops that can be continuously deformed to
the constant loop (corresponding to a point), such as α in figure 14).
2.A homotopy class of nontrivial loops (loops that can be continuously deformed
to the constant loop only if traversed twice, such as β in figure 14).
It is clear how loops in the first mentioned homotopy class are continuously
deformed to a point. In figure 15, it is demonstrated that why loops such as
β ∗ β (that is, traversing the nontrivial loop twice) can continuously be deformed
to a point.

Figure 15: Illustration of how β ∗ β, that is traversing from P to Q and then from
Q ∼ P to Q, is homotopic to identiy.
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