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Abstract 

Methods for Direction of Arrival, DOA estimation of multiple objects based on phased array 

antenna technology have many advantages in for example electronic warfare and radar 

applications. However, perfect calibration of an antenna array can seldom be achieved. The 

purpose of this report is to study different methods for DOA estimation and how calibration-/model 

errors affect the results. Possible methods for quantifying these kinds of errors using 

measurement data are suggested. This thesis consists of essentially five parts. The different 

studies have been carried out using MATLAB simulations as well as theoretical considerations, 

i.e., calculations. In the first study, examples of the possible performance of four DOA algorithms, 

MUSIC, TLS-ESPRIT, WSF, and DML are provided. Results are given both with and without 

applying spatial smoothing. The latter scheme is used for handling correlated, or even coherent, 

sources. The results show that, for the considered scenarios, MUSIC performs the most 

consistently well, while the performance of DML is inferior. ESPRIT is well-performing when 

spatial smoothing is applied and performs the best when the angles of two signals are very close. 

It has been observed that WSF with weighting matrices for optimal asymptotic performance as 

well as spatial smoothing applied doesn’t perform well. When applying model errors to the system 

in the second study, the corresponding conclusions about the algorithms can be drawn. That 

separation distance between the angles and that higher SNR results in better estimates are also 

confirmed. Quantification of certain array errors is also considered using methods inspired by a 

scheme proposed in the context of nonlinear system identification. The results show that the DOA 

algorithms are very good at dealing with noise and that the attempted method works well when 

the model error is like the true signals, but different enough that it is not confused with a problem 

with more signals. The model error that results in the worst results is when it only affects some of 

the channels in the antenna array. The fourth study explores DOA estimation using extended 

Kalman filtering and concludes that it is a very good tracker of the angle over time for the 

considered scenarios. All of this is then applied to measured data, but due to either extensive 

model error, errors with processing the data, or both, the results are worse than expected. 

Simulations that try to replicate the measured data results in good angle estimation for the DOA 

algorithms. The Kalman filter also performs well in simulations. 
Teknisk-naturvetenskapliga fakulteten, Uppsala universitet . Utgivningsort U ppsal a/Visby . H andledare: Anders N ordsjö, Äm nesgranskar e: Mikael Ster nad, Examinator: Tom as Nyberg 



1 

 

 

Populärvetenskaplig sammanfattning 

Fördelarna med metoder som bygger på ”phased array antenna” teknologi är många, men en 

nackdel är att det är svårt att uppnå perfekt kalibrering när lösningarna används praktiskt. Syftet 

med den här rapporten är att undersöka olika metoder för att bestämma infallsvinkeln av 

signaler, hur kalibrerings- och modellfel påverkar resultatet samt möjliga metoder för att 

kvantifiera dessa fel med hjälp av arraydata. Rapporten består i huvudsak av fem olika studier 

genomförda i simuleringar och teoretiska beskrivningar. Den första går ut på att undersöka hur 

väl ”direction of arrival”, DOA, algoritmerna, DML, MUSIC, TLS-ESPRIT och WSF presterar 

i olika fall med eller utan ”spatial smoothing”, en metod som minska inverkan av 

signalkorrelation. Det resultatet visar på är att MUSIC är den algoritm som mest konsekvent 

ger en korrekt uppskattning av infallsvinklarna, men att DML ger sämre estimat. Teoretiskt så 

finns det fall då algoritmen WSF är samma algoritm som MUSIC och resultatet av den här 

studien visar det också. Det är visas även att i fallen undersökta här så ger viktmatrisen som 

bör vara den optimala för WSF resultat som är väldigt lika de för DML. TLS-ESPRIT presterar 

väl i de fall där ”spatial smoothing” är tillämpat, men är också den algoritm som är bäst på att 

identifiera rätt vinklar när vinklarna från två signaler är väldigt nära varandra. Den andra 

studien undersöker på ett likande sätt modellfel för okorrelerade signaler. Resultaten 

understryker de slutsatser dragna från studien utan modellfel. Det är även tydligare att ett högre 

SNR, vilket är ett mått på förhållandet mellan den riktiga signalen och bruset, ger bias och 

standardavvikelse som är närmare noll. Det är också visat att estimeringen av vinklarna från 

flera signaler går bättre om dessa vinklar är längre ifrån varandra. I del tre studerades en metod 

för kvantifiering av modellfel. De modellfel som undersöktes var först en konstant som bara 

påverkade en av kanalerna i varje signal. Resultatet för denna var att estimatet av vinklarna 

blev dåligt och inget kunde utläsas som gav någon inblick i hur modellfelet betedde sig. Ett 

annat modellfel var uppbyggt på samma sätt som den riktiga signalen, men med slumpad 

amplitud och vinklar för varje tidssteg. Detta resulterade i god estimering av vinklarna och 

nästan ingen information om modellfelet vilket tyder på att DOA algoritmerna tolkade felet 

som brus. De två sista modellfelen som undersöktes var genererat på samma sätt som den 

riktiga signalen, men med andra vinklar och den ena hade även en annan amplitud. I fallet där 

amplituden var samma som den riktiga signalen så visar resultatet att problemet tolkades som 

ett fler-än-två-signals problem till skillnad från ett två-signals problem, men med fel antagande 

av antal signaler. Modellfelet med annan amplitud resulterade i rätt estimat av vinklarna samt 

korrekt estimat av modellfelets vinklar, så i detta fall presterade kvantifieringsmetoden väldigt 

bra. Den fjärde studien som gjordes var en undersökning av huruvida Kalmanfiltrering kan 

användas för estimering av vinklarna, med fördelen att bara en kanal i ”antenna arrayen” då 

behöv. Försöken resulterar i att Kalmanfiltret är väldigt bra på att följa utvecklingen av 

modellfelet i vinkeln. Resultaten och metoderna från de tidigare studierna tillämpades sedan 

på mätdata för att, tillskillnad från tidigare då allt var gjort i simuleringar, undersöka dessa mer 

praktiskt. Simuleringar genomfördes även i det här fallet, dels för att undersöka hur filtreringen 

av signalerna påverkade resultatet, dels för att ha något att jämföra med då endast en signal 

användes. Estimeringen av mätdatat resulterade i fel vinklar och till följd av att informationen 

inte var tillräcklig så leder det till att det är svårt att få ut någon information om modellfelet. 

Från undersökningen med Kalmanfiltret så är det också visat exempel på betydelsen av hur en 

godtycklig infallsvinkel kan modelleras.   
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1 Introduction 
Solutions based on phased array antenna technology with individual transmit- and receive 

channels for each antenna element have many advantages in both electronic warfare, EW, 

and radar applications due to being a high-performance method that enables the use of 

smaller antennas. However, in practice, perfect calibration of an antenna array can seldom be 

achieved. Calibration or model errors include unknown deviations from the nominal array 

response in terms of gain and phase characteristics as well as sensor locations. 

The purpose of this report is to study different methods to decide the direction of arrival, 

DOA, and how calibration or model errors affect the results and possible methods for 

quantifying these kinds of errors using received antenna array data. This will be done in five 

parts, four of which will be made with simulations while the fifth will use the ideas explored 

in those four parts and apply them to data taken from measurements. 

The problem of estimating the DOAs of signals impinging on an antenna array has received 

considerable attention. Different versions of so-called subspace methods are frequently 

considered. These algorithms rely on the assumption that the array data can be modeled as the 

sum of two mutually orthogonal parts, a low-rank part representing the information of interest 

and a noise part. The first area of study for this report, beginning in chapter 3.1, will apply 

methods based on the assumption that a uniform linear array, ULA with λ/2 inter-element 

distance, is used. This assumption will be made throughout the whole report.  

The Total-Least-Squares, TLS, version of Estimation of Signal Parameters via Rotational 

Invariance Techniques, ESPRIT [1], [2], [3], the Multiple Signal Classification, MUSIC [4], 

[5], and the Signal Subspace Fitting, SSF [6], [4], [7], [8] are very interesting from a 

performance point of view. These methods, as well as the “basic” DML [9], [10], [11] 

method, will be used for the DOA estimations. It may be noted that before applying any one 

of these methods, it is necessary to obtain an “accurate enough” estimate of the actual number 

of signals incident on the antenna array. Determining the number of signals can be achieved 

using for instance Akaike’s Information Criterion, AIC, as well as Rissanen’s Minimum 

Description Length, MDL, with the MDL being known to yield less bias than the AIC [12]. 

In this report, the correct number of signals will be assumed a priori known.  

Typically, the performance of high-resolution methods for DOA estimation deteriorates 

drastically with increasing signal correlation. This correlation may be the result of for 

instance multipath propagation, where the received signals might be completely coherent. To 

enhance performance in presence of correlated signals, certain spatial smoothing techniques 

have been proposed. These methods aim at restoring the full rank of the array data covariance 

matrix. In the following, forward-/backward spatial smoothing will be applied [13]. 

These methods and assumptions will also be used in the next area of study, presented in 

chapter 3.2. When considering array calibration errors, a third part representing these model 

errors will be included in the array data equation. The methods mentioned will be used to try 

to illustrate how various model errors may affect the possible DOA-estimation performance.  

The third part of this report, chapter 3.3, will continue with studying the effect model errors 

have on DOA estimation. Clearly, in practice, the modeling (calibration) errors associated 

with an antenna array are unknown. However, it might be possible to capture the on-average 

properties of the modeling errors and measurement noise, using received antenna array data 
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and methods within a stochastic framework. This approach has been applied in the context of 

system identification [14]. Here a somewhat similar method is proposed, which forms 

estimates of a specific covariance matrix adhering to the model errors as well as an estimate 

of the measurement noise variance. These quantities may be used as measures of the possible 

quality, and uncertainty of DOA estimates that might be expected using e.g., any of the 

discussed DOA- estimation methods. Furthermore, the so-obtained estimate of the model 

error covariance is compared to the corresponding true equivalent. The quality of the estimate 

is quantified using “rotation of subspace”. Several scenarios with different types of model 

errors are considered. 

For the fourth part, presented in chapter 3.4, the possibility to instead use an Extended 

Kalman filter (EKF) [15] based on one antenna element and receive channel only for DOA 

estimation of several emitters is examined. In the proposed EKF, the state equation represents 

the true DOAs, which are assumed to be time-varying due to model (calibration) errors. The 

measurement equation is highly nonlinear in the estimated state variables. However, using 

only one channel is of course beneficial from a cost and implementation point of view. 

Simulations will only get as far as confirming theories in controlled environments. To see 

how the ideas and theories studied in the first four parts are applied to measured data so is 

part five, presented in chapter 4, a study of just that.  
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2 Theory 

2.1 Signals/Phased arrays 
A phased array is a group of antenna elements that are placed so that the propagation patterns 

of each element interfere in such a way that the signal direction can be electronically decided 

[16]. 

For a uniform linear array, an ULA, so is it assumed that the received output x(t) at the time 

instant ‘t’, a data snapshot, equals the propagation delay A(θ), which is an array response 

dependent on the angles of the incoming signals, multiplied with the amplitude of the emitter 

signals s(t) and then added with some noise n(t) i.e. 

𝒙(𝑡) = 𝑨(𝜽)𝒔(𝑡) + 𝒏(𝑡). 

( 2.1-1 ) 

The array response A(θ) is a matrix of d columns and m rows, where each column is 

described as 

𝒂(𝜃𝑗) = [1     𝑒−𝑖
2𝜋∆ sin 𝜃𝑗

𝜆 … 𝑒−𝑖(𝑚−1)
2𝜋∆ sin 𝜃𝑗

𝜆  ]𝑇 

( 2.1-2 ) 

where j=1, 2, … d, with d being the number of signals and m the number of antenna elements 

there is in the phased array that is the receiver. The symbol λ is the wavelength and Δ is the 

interelement spacing which is equal to λ/2.  An illustration depicting a phased array with 

similar properties as these is depicted in Figure 2.1:1. 

 

Figure 2.1:1 A phased array where the black dots are the antenna elements, and the red is the detected object at angle θ. 

The wavelength is λ and the interelement spacing is Δ. The green lines are the propagation. 

The noise term is assumed spatially white, which means fulfilling  

𝐸[𝒏(𝑡)𝒏𝐻(𝑡)] =  𝜎2𝑰 

( 2.1-3 ) 



7 

 

where σ is the standard deviation of the noise. The array output x(t) has a spatial covariance 

described by the matrix R 

𝑹 = 𝐸{𝒙(𝑡)𝒙𝐻(𝑡)} = 𝑨(𝜽)𝑺𝑨𝐻(𝜽) + 𝜎2𝑰 

( 2.1-4 ) 

here S is the spatial covariance for the emitter signal s(t) i.e.  

𝑺 =  𝐸{𝒔(𝑡)𝒔𝐻(𝑡)}. 

( 2.1-5 ) 

The “true” Eigen composition of R can be written as the sum of two mutually orthogonal 

subspaces, a signal, and a noise, i.e.  

𝑹 =  𝑬𝑠𝚲𝑠𝑬𝑠
𝐻 + 𝑬𝑛𝚲𝑛𝑬𝑛

𝐻 

( 2.1-6 ) 

where Es contain the d eigenvectors associated with the distinct signals impinging on the 

array and En contains the m - d eigenvectors that are associated with the additive noise. The 

diagonal matrices Λs and Λn hold the corresponding eigenvalues.  

A corresponding estimate of the spatial covariance of the output data is described as 

�̂� =  �̂�𝑠�̂�𝑠�̂�𝑠
𝐻 + �̂�𝑛�̂�𝑛�̂�𝑛

𝐻 =
1

𝑁
∑ 𝒙(𝑡𝑘)𝒙𝐻(𝑡𝑘)

𝑁

𝑡𝑘

 

( 2.1-7 ) 

where �̂�𝑠 and �̂�𝑛 have the relationship that  

�̂�𝑛�̂�𝑛
𝐻 = 𝑰 − �̂�𝑠�̂�𝑠

𝐻. 

( 2.1-8 ) 

The matrix I is the identity matrix. 

Confer to [4], [10], [17]. 

2.2 Direction of Arrival algorithms 
For the direction of arrival, or DOA, there are mainly four algorithms that are going to be 

investigated in this study. The first one is Deterministic Maximum Likelihood (DML) [9], 

[10], [11], then Multiple Signal Classification (MUSIC) [4], [5], the weighted version of 

Signal Subspace Fitting (SSF) which with weighting matrices in the criterion function is also 

referred to as Weighted Subspace Fitting (WSF) [6], [4], [7], [8], and lastly the Total Least 

Squares version of Estimation of Signal Parameters via Rotational Invariance Techniques 

(TLS-ESPRIT) [1], [2], [3].  

2.2.1 Deterministic Maximum Likelihood – DML 

DML can be described as the argument of the maximum angle of the trace of the projection 

matrix times the covariance matrix. Confer to [9], [10], [11], this is the algorithm that is the 

easiest to understand, since it is derived from the least error problem described as 
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[𝜃, �̂�(𝑡), 𝜎2]
𝑀𝐿

= min
𝜃,𝒔(𝑡),𝜎2

‖𝒙(𝑡) − 𝑨(𝜃)𝒔(𝑡)‖𝐹
2  

( 2.2-1 ) 

where F is used to notate the Frobenius norm. This minimization problem can then be 

rewritten as 

�̂� = 𝑎𝑟𝑔 max
𝜃

 𝑇𝑟{𝑷𝑨(𝜽)�̂�} = 𝑎𝑟𝑔 min
𝜃

𝑇𝑟{𝑷𝑨
⊥(𝜽)�̂�} 

( 2.2-2 ) 

which is the final description of the DML algorithm. The operation Tr stands for trace and is 

the sum of all the diagonal elements in the matrix the operation is worked on. The steps for 

this setup and rewrite can be seen in appendix A. 

The projection matrix PA in the maximization problem is  

𝑷𝐴(𝜽) = 𝑨(𝜽)(𝑨𝐻(𝜽)𝑨(𝜽))−1𝑨𝐻(𝜽) = 𝑨(𝜽)𝑨†(𝜽) 

( 2.2-3 ) 

where H is the Hermitian transpose and † notates the pseudo inverse that is defined as 

𝑨†(𝜽) = (𝑨𝐻(𝜽)𝑨(𝜽))−1𝑨𝐻(𝜽). 

( 2.2-4 ) 

The orthogonal projection matrix is defined as  

𝑷𝑨
⊥(𝜽) = 𝑰 − 𝑷𝐴(𝜽) = 𝑰 − 𝑨(𝜽)𝑨†(𝜽). 

( 2.2-5 ) 

2.2.2 Multiple Signal Classification – MUSIC 

Confer to [4], [5], the MUSIC algorithm is similar to DML but estimates θ as 

�̂� = max
𝜽

𝑇𝑟{𝑷𝐴�̂�𝑠�̂�𝑠
𝐻} = min

𝜽
𝑇𝑟{𝑷𝐴

⊥�̂�𝑠�̂�𝑠
𝐻}. 

( 2.2-6 ) 

One way to see how the MUSIC algorithm relates to the DML algorithm is by exchanging �̂� 

as by its definition  

𝑇𝑟{𝑷𝑨(𝜽)�̂�} = 𝑇𝑟{𝑷𝑨(𝜽)(�̂�𝑠�̂�𝑠�̂�𝑠
𝐻 + �̂�𝑛�̂�𝑛�̂�𝑛

𝐻)}. 

( 2.2-7 ) 

The eigenvalues for the noise term n(t) can be replaced by 

�̂�𝑛 = �̂�2𝑰 

( 2.2-8 ) 

and the matrices containing the eigenvectors for the signal and the noise have this relation 

�̂�𝑛�̂�𝑛
𝐻 = 𝑰 − �̂�𝑠�̂�𝑠

𝐻. 

( 2.2-9 ) 
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The maximization problem becomes   

�̂� = max
𝜽

𝑇𝑟{𝑷𝐴�̂�𝑠(�̂�𝑠 − 𝜎2𝑰)�̂�𝑠
𝐻} = max

𝜽
𝑇𝑟{𝑷𝐴�̂�𝑠𝑾�̂�𝑠

𝐻} 

( 2.2-10 ) 

where W is a weighting matrix. If the weighting matrix is identical to the identity matrix I, 

then the DML algorithm will be identical to the MUSIC algorithm.  

2.2.3 Weighted Subspace Fitting – WSF 

Confer to [6], [4], [7], [8]. The WSF algorithm minimizes the cost function 

�̂� = min
𝜽,𝑴

‖𝑾𝑟

1
2⁄

(�̂�𝑠�̂�𝑐

1
2⁄

− 𝑨(𝜽)𝑴)‖
𝐹

2

= min
𝜽

𝑇𝑟 {𝑷𝐴𝑊
⊥ (𝜽)�̂�𝑟

1
2⁄

�̂�𝑠�̂�𝑐�̂�𝑠
𝐻 (�̂�𝑟

1
2⁄

)
𝐻

} 

( 2.2-11 ) 

with the orthogonal projection  

𝑷𝐴𝑊
⊥ (𝜽) = 𝑰 − 𝑾𝑟

1
2⁄

𝑨(𝜽)(𝑨𝐻(𝜽)𝑾𝑟𝑨(𝜽))
−1

𝑨𝐻(𝜽) (𝑾𝑟

1
2⁄

)
𝐻

. 

( 2.2-12 ) 

Wr and Wc are weighting matrices and, in the case where both are the identity matrix I, the 

WSF algorithm becomes the MUSIC algorithm, confer to Appendix B. 

𝑷𝐴𝑊
⊥ (𝜽) = 𝑰 − 𝑰

1
2⁄ 𝑨(𝜽)(𝑨𝐻(𝜽)𝑰𝑨(𝜽))

−1
𝑨𝐻(𝜽) (𝑰

1
2⁄ )

𝐻

= 𝑰 − 𝑨(𝑨𝐻(𝜽)𝑨(𝜽))−1𝑨𝐻(𝜽)

= 𝑷𝐴
⊥(𝜽) 

( 2.2-13 ) 

�̂� = min
𝜽

𝑇𝑟 {𝑷𝐴𝑊
⊥ (𝜽)𝑰

1
2⁄ �̂�𝑠𝑰�̂�𝑠

𝐻 (𝑰
1

2⁄ )
𝐻

} = min
𝜽

𝑇𝑟{𝑷𝐴
⊥(𝜽)�̂�𝑠�̂�𝑠

𝐻} 

( 2.2-14 ) 

 If Wc on the other hand is equal to  

𝑾𝑐 = �̂�𝑠 − 𝜎2𝑰 

( 2.2-15 ) 

and Wr once again is equal to the identity matrix, then the WSF algorithm is the same as the 

DML. 

𝑷𝐴𝑊
⊥ (𝜽) = 𝑷𝐴

⊥(𝜽) 

( 2.2-16 ) 

�̂� = min
𝜽

𝑇𝑟 {𝑷𝐴𝑊
⊥ (𝜽)𝑰

1
2⁄ �̂�𝑠(�̂�𝑠 − 𝜎2𝑰)�̂�𝑠

𝐻 (𝑰
1

2⁄ )
𝐻

} = min
𝜽

𝑇𝑟{𝑷𝐴
⊥(𝜽)�̂�𝑠(�̂�𝑠 − 𝜎2𝑰)�̂�𝑠

𝐻} 

( 2.2-17 ) 
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As seen in equation (2.2-10), which describes the connection between DML and MUSIC, so 

does the term furthest to the right, in equation (2.2-17), have the same minimization as the 

DML. 

The optimal case for WSF has Wr equal to the identity matrix and 

𝑾𝑐 = (�̂�𝑠 − 𝜎2𝑰)
2

�̂�𝑠
−1. 

( 2.2-18 ) 

This is due to yielding the lowest asymptotic variance. In theory, this would mean that in this 

case for WSF the algorithm will always perform equally or better than the DML algorithm. 

The Signal Subspace Fitting (SSF) algorithm may be considered a special case of WSF with 

column weighting via Wc although with row weighting Wr equal to I. 

WSF with no weighting at all coincides with the MUSIC algorithm, cf. equation (2.2-14), and 

Appendix B. 

2.2.4 Total Least Squares Estimation of Signal Parameters via Rotational Invariance 

Techniques – TLS-ESPRIT 

The ESPRIT algorithm is both similar and dissimilar to the other DOA algorithms. Confer to 

[1], [2], [3]. For TLS-ESPRIT so is the sensor array described as two subarrays where the 

received signal from the first subarray is described in the familiar way of  

𝒙(𝑡) = 𝑨(𝜽)𝒔(𝑡) + 𝒏𝑥(𝑡) 

( 2.2-19 ) 

which is also used for DML, MUSIC, and WSF. The received signal of the second subarray 

is described as 

𝒚(𝑡) = 𝑨(𝜽)𝚽(𝜽)𝒔(𝑡) + 𝒏𝑦(𝑡) 

( 2.2-20 ) 

were 

𝚽(𝜽) = 𝑑𝑖𝑎𝑔 [𝑒𝑖
2𝜋∆ sin 𝜃1

𝜆      𝑒𝑖
2𝜋∆ sin 𝜃2

𝜆 … 𝑒𝑖
2𝜋∆ sin 𝜃𝑑

𝜆  ]. 

( 2.2-21 ) 

Just as for a(θ) in equation (2.1-2) so is the symbol λ the wavelength and Δ is the 

interelement spacing that is equal to λ/2 and d is the number of sources. The entire system 

can then be expressed in matrix form as 

𝒛(𝑡) = [
𝒙(𝑡)

𝒚(𝑡)
] = [

𝑨(𝜽)

𝑨(𝜽)𝚽(𝜽)
] 𝒔(𝑡) + [

𝒏𝑥(𝑡)

𝒏𝑦(𝑡)
]. 

( 2.2-22 ) 

Then through minimization, the estimation of θ can be described as  
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𝜃𝑗 = sin−1 (
𝜙𝑗 × 𝜆

2𝜋Δ
) 

( 2.2-23 ) 

were 

𝜙𝑗 = 𝑟𝑒𝑎𝑙(−𝑖 × log Φ𝑗)   𝑗 = 1, … , 𝑑. 

( 2.2-24 ) 

The notation log is in this case the natural logarithm.  

An advantage of the TLS-ESPRIT algorithm is that no search over the parameter space is 

required like it is for the other DOA algorithms. Consequently, DOA estimates are obtained 

with less computational power when TLS-ESPRIT is used. 

2.3 Kalman filters for DOA-estimation  
Conferring to [15], [18], the proposed Kalman filter-based solution for the estimation of 

DOAs could use e.g., the sum of measurements from all channels at a given instant as input. 

This sum corresponds to a beam former output to receive signals only in certain directions 

determined by the chosen beam form lobe. However, in the following, only one antenna 

element as well as receive channel will be used. 

The state space equation describing how the angles θ change with each iteration k is 

described by  

𝜽(𝑘 + 1) = 𝑭 ∗ 𝜽(𝑘) + 𝑮 ∗ �̃�(𝑘) 

( 2.3-1 ) 

where the matrix F is the state transition matrix and 𝑮 ∗ �̃�(𝑘) is the antenna array error. 

The true signal at sample k is notated as 

𝑦(𝑘) = 𝒙(𝑡) = 𝑨(𝜽)𝒔(𝑡) + 𝜈(𝑡) 

( 2.3-2 ) 

and includes the measuring noise 𝜈(𝑡) with a variance of r2.  

For every sample, at every time instant, an estimation of the true signal is computed as 

�̂�(𝑘) = 𝑨(�̂�)𝒔(𝑡) 

( 2.3-3 ) 

dependent on an estimation of θ. 

Define measurement error as 

𝑒(𝑘) = 𝑦(𝑘) − �̂�(𝑘) 

( 2.3-4 ) 

and the gradient as 
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𝑯𝑇(𝑘) = [
𝜕

𝜕𝜃1

…
𝜕

𝜕𝜃𝑑

] 𝑨(�̂�)𝒔 = [
𝜕

𝜕𝜃1

…
𝜕

𝜕𝜃𝑑

] �̂�(𝑘) 

( 2.3-5 ) 

where d is the number of signals. Then the gain is 

𝑲(𝑘) = 𝑷(𝑘)𝑯(𝑘)[𝑯𝑇(𝑘)𝑷(𝑘)𝑯(𝑘) + 𝑟2]−1 

( 2.3-6 ) 

where P is the estimation error covariance matrix and needs an initialization value. 

The update of the error covariance matrix is computed through 

𝑷(𝑘 + 1) = 𝑭[𝑰 − 𝑲(𝑘)𝑯𝑇(𝑘)]𝑷(𝑘)𝑭𝑇 + 𝑞𝑮𝑮𝑻. 

( 2.3-7 ) 

The last term is the covariance matrix associated with model errors, i.e., in general  

𝑞 = 𝐸{�̃��̃�𝐻}. 

( 2.3-8 ) 

The gain matrix and the measurement errors are used to compute the estimated θ through  

�̂�(𝑘 + 1) = 𝑭 ∗ �̂�(𝑘) + 𝑭 ∗ 𝑲(𝑘) ∗ 𝑒(𝑘). 

( 2.3-9 ) 

The first sample of θ, just as P, needs an initialization. The values of G and F can be assumed 

known. Even though in practice r2 and q are seldom known, for this report both r2 and q will 

be assumed known. Methods that can be used to estimate q and r2 do exist, but none of them 

will be explored in this report.  

The algorithm according to equations (2.3-3) to (2.3-8) corresponds to an extended Kalman 

Filter, or EKF, where the system is linearized around the current state estimate. 
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3 Simulations 

3.1 The Basic Cases – No modeling error 

3.1.1 Method 

Typically, the performance of the considered high-resolution algorithms for DOA estimation 

deteriorates drastically with increasing signal correlation. This correlation may for instance 

be a result of multipath propagation. A possible remedy to this problem is a modification of 

the estimated data covariance matrix through spatial smoothing techniques [13].  

Scenarios with a high correlation between signal paths, even with completely coherent 

signals are very realistic and hence interesting in many radar applications. To explore this, 

how the different DOA algorithms perform depending on whether spatial smoothing was 

applied or not and, in the case of WSF, how the weighting matrix from equation (2.2-18) 

changes the results for different signals, without modeling error, will be simulated. The 

different cases are structured into a bullet points list to make it easier to follow. 

1. WSF 

a. Just weighting, no smoothing 

b. Just spatial smoothing, no weighting 

c. Both 

d. Neither 

2. ESPRIT 

a. Spatial smoothing 

b. No smoothing 

3. MUSIC 

a. Spatial smoothing 

b. No smoothing 

4. DML 

a. Spatial smoothing 

b. No smoothing 

When the results are presented, the notation will be done with the numbering of the bullet 

points.  

For each case, seven different scenarios were tested. 

A. The number of snapshots of the array taken is equal to 1024, 16 antenna elements. 

There is no calibration error in either the emitter or the receiver. The SNR for each 

signal is 6.7 dB, the signals are equal in strength, the two signals have a correlation of 

1, i.e., are highly correlated and coherent, and the angles for signals are 5 and 10 

degrees. 

B. The same as scenario A, but with the angles being 7 and 9 degrees, the purpose being 

to see how well the algorithms perform when the angles are close together. 

C. The same as scenario A, but with the number of samples taken equal to 512, to see 

how fewer samples affect the results. 

D. The same as scenario A, but with an SNR of 3.7 dB for each signal, to see how the 

signal-to-noise ratio affects the result. 

E. The same as scenario A, but with the angles being 0.1 and 2 degrees, to look at even 

smaller differences in angles and to see how small angles affect the result. 
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F. The same as scenario A, but with no correlation between the two signals, so there is 

an even more ideal case to compare with.  

G. The same as scenario A, but with 24 receive channels (antenna elements) to see how 

an increased number of channels affects the results. 

All scenarios evaluate what angles the algorithms find for each signal, but scenarios A, F, and 

G are also evaluating the bias and variance for the estimated angles. The bias and variance 

are computed by repeating the scenarios a hundred times. The simulated signals are Gaussian 

distributed random signals with known angle and covariance. 

Estimation methods for the number of emitted signals present based on the AIC and MDL 

methods have been proposed in [12] but in this report, the number of emitted signals will 

always be assumed known. In this case, it is assumed known that the number of signals is 2. 

3.1.2 Results 

For scenario A the results can be seen in Tables 1 and 2. In this scenario so should the angles 

be 10 and 5 degrees. Note that the resolution of the angle estimates was 0.1 in the 

computations and that the results in all tables reflect that.  

Table 1: Study of scenario A with regards to the estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Angle 1 

[degrees] 

10.6 10 8.4 10.6 10 24.2 10 10.8 6.7 10.6 

Angle 2 

[degrees] 

4.4 5 6.6 4.4 5 7.6 5 4.2 -7.9 4.4 

 

Table 2: Study of scenario A with regards to bias and variance. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Bias 1 

[degrees] 

0.6 0 -2.6 0.6 0 8.8 0 0.6 -2.3 0.6 

Bias 2 

[degrees] 

-0.6 0 -11.4 -0.8 0 -26.9 0 -0.8 -11.4 -0.6 

Var. 1 

[degrees2] 

0 0 0.67 0.21 0 332.62 0 0.97 0.70 0 

Var. 2 

[degrees2] 

0 0 19.57 5.34 0 904.97 0 0.13 19.34 0 

 

The results for scenario B are presented in Table 3. The angles should be 7 and 9 degrees. 

Table 3: Study of scenario B with regard to the estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 
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Angle 1 

[degrees] 

8 7.1 -3.8 8 6.9 8 7 8 -3.8 8 

Angle 2 

[degrees] 

18.7 8.9 8 18.7 9 63 9.1 19.8 8 18.7 

 

For scenario C so are the results presented in Table 4 and the angles should be 10 and 5 

degrees. The difference from the other scenarios is that the number of samples has gone down 

from 1024 to 512. 

Table 4: Study of scenario C with regards to estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Angle 1 

[degrees] 

10.6 10 6.5 10.3 10 26.5 10 10.5 8.4 10.6 

Angle 2 

[degrees] 

4.4 5 -7.9 4.4 5 7.4 5 4.4 -7.9 4.4 

 

Scenario D has its results presented in Table 5 where the SNR was 3.7 dB, and the angles 

should be 10 and 5 degrees. 

Table 5: Study of scenario D with regards to the estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Angle 1 

[degrees] 

10.6 10 6.7 10.7 10 7.4 10 10.4 6.9 10.6 

Angle 2 

[degrees] 

4.4 5 -7.9 4.8 5 -18.6 5 4.5 -7.9 4.4 

 

The results for scenario E can be found in Table 6 where the angles should be 0.1 and 2 

degrees. 

Table 6: Study of scenario E with regards to the estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Angle 1 

[degrees] 

-9.3 0.1 -10.8 1.1 0.2 -32.6 0.2 1 -10.8 1 

Angle 2 

[degrees] 

1.1 2 1 11.9 2.1 1 2 19 1.1 11.5 

 

For scenario F so is the result presented in both Tables 7 and 8. The angles should be 10 and 

5 degrees. What put this scenario apart from the others is that the signals are not correlated. 
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Table 7: Study of scenario F with regards to the estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Angle 1 

[degrees] 

7.5 10 7.4 10 10 10 10 10 7.4 7.3 

Angle 2 

[degrees] 

-5.8 5 -7.1 5 5 5 5 5 -7.2 -5.7 

 

Table 8: Study of scenario F with regards to the bias and variance. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Bias 1 

[degrees] 

-2.5 0 -2.5 0 0 0 0 0 -2.5 -2.5 

Bias 2 

[degrees] 

-10.7 0 -12 0 0 0 0 0 -12 -10.8 

Var. 1 

[degrees2] 

0.02 0 0.01 0 0 0 0 0 0.1 0 

Var. 2 

[degrees2] 

0 0 0.01 0 0 0 0 0 0.1 0.03 

 

The results for the last scenario, scenario G, can be found in Tables 9 and 10 where the angles 

should be 10 and 5 degrees. The difference between this scenario and scenario A is that the 

number of channels is 24 instead of 16. 

Table 9: Study of scenario G with regards to the estimated angles. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Angle 1 

[degrees] 

10.8 10 11.1 10.8 10 7.5 10 10.8 11.1 10.8 

Angle 2 

[degrees] 

4.2 5 3.9 4.2 5 -71 5 4.2 3.9 4.2 

 

Table 10: Study of scenario G with regards to bias and variance. 

 1 a) b) c) d) 2 a) b) 3 a) b) 4 a) b) 

Bias 1 

[degrees] 

0.8 0 1.1 0.8 0 10 0 0.8 1.1 0.8 

Bias 2  

[degrees] 

-0.8 0 -1.1 -0.8 0 -27 0 -0.8 -1.1 -0.8 
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Var. 1 

[degrees2] 

0 0 0 0 0 439.53 0 0 0 0 

Var. 2 

[degrees2] 

0 0 0 0 0 807.92 0 0 0 0 

 

3.1.3 Analysis 

In general, so do all methods except DML perform quite well, even though the emitter signals 

are coherent, provided spatial smoothing is applied. The estimated angles are very close to 

the true ones and the bias and variance are small.  

However, some cases have very large variances. This is most notable in scenarios A and G, in 

table 2 and table 10 respectively, for case 2b) which is the case when ESPRIT does not use 

spatial smoothing. This is due to how the bias and variance are computed. The algorithms do 

not always find two clear minima that correspond to the correct angles. When this happens it 

often finds an angle at the mean value of the true angles of the two signals. But because the 

algorithm is made to find two minima it also finds a false angle which in this case exhibits a 

large error. The computation for finding the bias and variance is made under the condition 

that the smallest estimated angle corresponds to the smallest actual angle and vice versa for 

the larger angle. This leads to the mean sometimes matching with the smaller angle and 

sometimes with the larger depending on what side of the origin the outlier is. See for example 

table 9 where for case 2b) the estimated angle 1 is 7.5 degrees which is the mean of 5 and 10 

and the estimated angle 2 is -71 which then is the outlier or the false angle.  

For the scenario where the signals are not correlated with each other, scenario F, can it be 

seen that all cases perform well except the cases of 1a), 1c), 4a) and 4b) i.e., the cases where 

WSF uses the optimal weighting matrix and both cases for DML. It is also consistent for all 

scenarios that even when these cases perform well, other cases perform better. According to 

[6], the chosen weighting matrix is optimal asymptotically. It was also claimed that this 

weighting will be useful for highly correlated signals. In the considered scenarios where only 

a limited number of snapshots is available this does not hold, except in scenarios when the 

angles are further apart. But because being useful for highly correlated signals is also the 

purpose of spatial smoothing so does it seem that they cannot work together, according to the 

results of case 1c) for all scenarios.  

It is also worth noticing that in the scenario with the uncorrelated signal so do the cases with 

spatial smoothing perform as well as those without. For scenarios where the correlation is 

unknown, this shows that it is good to apply spatial smoothing regardless. 

Another difficult case is 2b) which is ESPRIT without spatial smoothing, which seems to 

more often than not find the mean value and a very large outlier. Compared to other cases 

with one mean and one outlier so is ESPRITs outlier much further away. On the other hand, 

so is case 2a), ESPRIT with spatial smoothing, one of the best performing cases, only rivaled 

by 1b) which is WSF without weighting matrix but with spatial smoothing and 3a) which is 

MUSIC with spatial smoothing. A quick study just comparing cases 2a) and 1b) with the 

angles 0.1 and 1 shows that ESPRIT can manage a closer distance between signals than the 

other algorithms. ESPRIT gets a variance for both angles close to 1 while the WSF case has 

variances closer to 60. ESPRIT is based on two subarrays, x(t) and y(t), as seen in equations 
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(2.2-19) and (2.2-20). The algorithm does not require any knowledge of the angle resolution 

[2], which the other methods required. So, for small angles, the chosen resolution will not 

interfere with the results of ESPRIT but might for other algorithms. Therefore, ESPRIT is 

comparatively less computationally burdensome to implement.  

The DML algorithm performs poorly in all scenarios, but somewhat better when no spatial 

smoothing is used. Something to notice is that in most of the cases where the signals are 

correlated the result is very similar to the cases of WSF where the weighting matrix was 

applied. In simpler terms, cases 1c) and 4a) are often close in value and the same with cases 

1d) and 4b). Both cases 1c) and 4a) improve a lot if the number of array elements increases, 

which can be seen in tables 9 and 10. Increasing the distance between the angles also better 

the performance of DML. 

The only downside of increasing the number of antenna elements is that the bias increases for 

most cases which can be seen by comparing table 2 and table 10. 

One explanation for why DML and weighted WSF is so close to each other is that the optimal 

WSF-weighting matrix [4], [8] described as 

𝑾𝑐 = (�̂�𝑠 − 𝜎2𝑰)
2

�̂�𝑠
−1 = �̂�𝑠 − 2𝑰 + �̂�𝑠

−1. 

( 3.1-1 ) 

These cases are very similar to the case with DML [4] which is described as 

𝑾𝑐 = �̂�𝑠 − 𝜎2𝑰 = �̂�𝑠 − 𝑰. 

( 3.1-2 ) 

Because �̂�𝑠 is large enough that the difference between 2𝑰 − �̂�𝑠
−1 and 𝑰 is close to negligible, 

in these cases, they become similar and close to the same. 

3.2 With Model Errors 

3.2.1 Method 

When studying the effects of model error, the first step was inspired by a simulation made in 

the paper A Performance Analysis of Subspace-Based Methods in the Presence of Model 

Errors: Part II – Multidimensional Algorithms by A. Lee Swindlehurst and Thomas Kailath 

[19]. The information given for their simulation is first that the angles are 7 and 0 degrees. 

The source at 7 degrees has an SNR of 20 dB while the one at 0 degrees increases from 0 to 

12 dB. The covariance of the error term can be described as v2I with v = 0.01 which should 

correspond to a -40 dB gain error and 0.57 degree phase error. The two signals also correlated 

by 90%. There are 10 antenna elements with half a wavelength as the interelement distance 

and 1000 independent trials for each SNR. 

 For this report, the same parameters will be used but with different kinds of array model 

errors. The array data used can be described as 

  

𝒙(𝑡) = 𝑨(𝜽)𝒔(𝑡) + �̃�(𝜽)𝒔(𝑡) + 𝒏(𝑡) 

( 3.2-1 ) 
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with the second term being the model error. 

1. The first scenario was just adding a Gaussian distributed random complex term to A 

i.e., �̃� where each element is generated as 

�̃� =  (𝒩(0,1) + 𝑖 ∗ 𝒩(0,1)) ∗
𝑣

√2
 

( 3.2-2 ) 

      with 250 data samples and with a covariance matrix for the signals 

 𝑺 = [
100 0.9
0.9 1

] ∗ 10
𝑆𝑁𝑅

10 . 

( 3.2-3 ) 

All four DOA algorithms will be used and WSF will be studied both with and without 

the optimal weighting matrix. It may be noticed that the signal correlation is high at 

0.9, but the model error is uncorrelated. 

2. The second scenario is the same as the first, but the element S(2, 2) in the covariance 

matrix changes as the SNR changes i.e., the SNR does not affect the whole covariance 

matrix as it does in scenario 1, just the element belonging to the weaker signal. In this 

case, MUSIC is the only DOA algorithm used. This case will also study how the 

results change for different numbers of data samples, studying the numbers 250, 512, 

and 1000. 

3. The purpose of the third scenario is to use a different expression for the covariance 

matrix of the samples 

 𝑹 = (𝑨 + �̃�)𝑺(𝑨 + �̃�)
𝐻

+ 𝜎2𝑰 = 𝑨𝑺𝑨𝐻 + ((𝑺(1,1) + 𝑺(2,2)) ∗ 𝑣2 + 1) ∗ 𝑰.  

( 3.2-4 ) 

This time with 1000 samples and a covariance matrix for the signals where element 

S(2, 2) changes as the SNR increases. In this case, the model error is constant and 𝜎2 

is equal to 1 and is uncorrelated.  

4. Scenario 4 is similar to scenario 1 except that the signal correlation constants in it are 

0 and that, as in scenario 2, the S matrix change with the SNR. Instead of v in 

equation (3.2-2), 𝑣𝑝𝑞  [20]  is used and is described as 

 𝑣𝑝𝑞 = √𝑣𝑝𝑝𝑣𝑞𝑞𝑒−𝛼|𝜃𝑝−𝜃𝑞| = 𝑣𝑒−𝛼|7°|  

( 3.2-5 ) 

with the assumption that the constant α is 0.9. In this case, the model errors are 

correlated due to that 𝑣𝑝𝑞 depends on the angles. The DOA algorithm that will be 

used is MUSIC. 

5. The last scenario works under the assumption that 𝑣𝑝𝑞𝑩 = 𝑣2𝑰 and that  

�̃� =  𝒩(0, 𝑩) + 𝑖 ∗ 𝒩(0, 𝑩). 

( 3.2-6 ) 
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Otherwise, it is the same as scenario 2 except studying both the case when the signal 

correlation constant is 0.9 and when it is 0. The model error is correlated due to 

depending on 𝑣𝑝𝑞. In this scenario, WSF with and without weighting matrix and 

MUSIC will be used. This scenario will also study how different angles change the 

results with the angles being 0 and 3 degrees, 7 and 3 degrees, and 10 and 5 degrees. 

Each scenario was then described in plots where the SNR for the weaker signal was along the 

x-axis and either bias or standard deviation was along the y-axis. 

3.2.2 Results 

20 plots belong to scenario 1. Each algorithm has four plots, two showing the bias in the 

DOA estimate, two showing the standard deviations of the DOA error, and one each for the 

strong and weak signal respectively.  

Figures 3.2:1-4 show the result for the DML algorithm, Figures 3.2:5-8 depict the result of 

MUSIC, Figures 3.2:9-12 are the WSF algorithm without the weighting matrix, Figures 

3.2:13-16 are WSF with the optimal weighting matrix and Figures 3.2:17-20 are the results 

for ESPRIT. 

 
Figure 3.2:1 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with DML. 

 
Figure 3.2:2 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with DML. 

 

 
Figure 3.2:3 Standard deviation of the signal with an angle 

of 7 degrees (the strong signal) estimated with DML. 

 
Figure 3.2:4 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with DML. 
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Figure 3.2:5 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:6 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC. 

 

 
Figure 3.2:7 Standard deviation of the signal with an angle 

of 7 degrees (the strong signal) estimated with MUSIC. 

 
Figure 3.2:8 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC. The scale is 10 

to the power of -3 on the y-axis. 

 

 
Figure 3.2:9 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF without 

optimal weighting matrix. 

 
Figure 3.2:10 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF without optimal 

weighting matrix. 
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Figure 3.2:11 Standard deviation of the signal with angle 7 

degrees (the Strong signal) estimated with WSF without 

optimal weighting matrix. 

 
Figure 3.2:12 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF without optimal 

weighting matrix. The scale is 10 to the power of -4 on the 

y-axis. 

 

 
Figure 3.2:13 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF with optimal 

weighting matrix. 

 
Figure 3.2:14 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF with optimal weighting 

matrix. 

 

 
Figure 3.2:15 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated with WSF with 

optimal weighting matrix. 

 
Figure 3.2:16 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF with optimal weighting 

matrix. 
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Figure 3.2:17 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with ESPRIT. 

 
Figure 3.2:18 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with ESPRIT. 

 

 
Figure 3.2:19 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

ESPRIT. 

 
Figure 3.2:20 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with ESPRIT. The scale is 10 

to the power of -3 on the y-axis. 

 

The next 12 plots belong to scenario 2. The only algorithm used is MUSIC and half of them 

is the bias whilst the others are standard deviation. The different numbers of samples are 

studied, Figures 3.2:21-24 studies the case with 250 samples, Figures 3.2:25-28 studies 512 

samples, and Figures 3.2:29-32 studies the case with 1000 samples. Half of each is the weak 

signal and the rest is the stronger. 

 
Figure 3.2:21 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC for 250 

data samples. 

 
Figure 3.2:22 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC for 250 data samples. 
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Figure 3.2:23 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC for 250 data samples. 

 
Figure 3.2:24 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC for 250 data 

samples. The scale is 10 to the power of -3 on the y-axis. 

 

 
Figure 3.2:25 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC for 512 

data samples. 

 
Figure 3.2:26 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC for 512 data samples. 

 

 
Figure 3.2:27 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC for 512 data samples. 

 
Figure 3.2:28 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC for 512 data 

samples. The scale is 10 to the power of -3 on the y-axis. 
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Figure 3.2:29 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC for 1000 

data samples. 

 
Figure 3.2:30 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC for 1000 data samples. 

 

 
Figure 3.2:31 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC for 1000 data samples. The scale is 10 to the 

power of -3 on the y-axis. 

 
Figure 3.2:32 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC for 1000 data 

samples. The scale is 10 to the power of -3 on the y-axis. 

 

For scenario 3 there are 20 plots. The distribution is the same as for scenario 1. 

Figures 3.2:33-36 show the result for the DML algorithm, Figures 3.2:37-40 depict the result 

of MUSIC, Figures 3.2:41-44 are the WSF algorithm without the weighting matrix, Figures 

3.2:45-48 are WSF with the optimal weighting matrix and Figures 3.2:49-52 are the results 

for ESPRIT. 
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Figure 3.2:33 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with DML.  
Figure 3.2:34 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with DML. 

 

 
Figure 3.2:35 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with DML. 

 
Figure 3.2:36 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with DML. 

 

 
Figure 3.2:37 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:38 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC. 
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Figure 3.2:39 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC. 

 
Figure 3.2:40 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC. 

 

 
Figure 3.2:41 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF without 

optimal weighting matrix. 

 
Figure 3.2:42 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF without optimal 

weighting matrix. 

 

 
Figure 3.2:43 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated without WSF with 

optimal weighting matrix. 

 
Figure 3.2:44 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF without optimal 

weighting matrix. 
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Figure 3.2:45 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF with optimal 

weighting matrix. The scale is 10 to the power of -23 on the 

y-axis. 

 
Figure 3.2:46 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF with optimal weighting 

matrix. 

 

 
Figure 3.2:47 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated with WSF with 

optimal weighting matrix. 

 
Figure 3.2:48 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF with optimal weighting 

matrix. 

 

 
Figure 3.2:49 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with ESPRIT.  
Figure 3.2:50 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with ESPRIT. The scale is 10 to the 

power of -14 on the y-axis. 
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Figure 3.2:51 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

ESPRIT. The scale is 10 to the power of -15 on the y-axis. 

 
Figure 3.2:52 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with ESPRIT. The scale is 10 

to the power of -13 on the y-axis. 

 

 

For scenario 4 there are only 4 plots. The algorithm is MUSIC, and the weak and strong 

signal has one bias and one standard deviation each. 

Figure 3.2:53 depicts the standard deviation of the weak signal, Figure 3.2:54 depicts the bias 

for the same signal. Figures 3.2:55 and 3.2:56 depicts the standard deviation and bias 

respectively for the strong signal. 

 
Figure 3.2:53 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:54 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC. 
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Figure 3.2:55 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC. 

 
Figure 3.2:56 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC. The scale is 10 

to the power of -3 on the y-axis. 

 

Scenario 5 has 36 plots and is divided into three groups. Half of each group depicts the weak 

signal, and the other half depicts the strong. Half of these studies the bias and the other half 

studies the standard deviation. 

 Group 1 depicts the scenario where the correlation constants are equal to 0. A third of these 

are done with the algorithm MUSIC, Figures 3.2:57-60, another third with WSF without the 

weighting matrix, Figures 3.2:61-64, and the rest with the weighting matrix, Figures 3.2:65-

68.  

 
Figure 3.2:57 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:58 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC. 
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Figure 3.2:59 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC. 

 
Figure 3.2:60 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC. The scale is 10 

to the power of -3 on the y-axis. 

 

 
Figure 3.2:61 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF without 

optimal weighting matrix. 

 
Figure 3.2:62 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF without optimal 

weighting matrix. 

 

 
Figure 3.2:63 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated without WSF with 

optimal weighting matrix. 

 
Figure 3.2:64 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF without optimal 

weighting matrix. The scale is 10 to the power of -3 on the 

y-axis. 
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Figure 3.2:65 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF with optimal 

weighting matrix. 

 
Figure 3.2:66 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF with optimal weighting 

matrix. 

 

 
Figure 3.2:67 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated with WSF with 

optimal weighting matrix. 

 
Figure 3.2:68 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF with optimal weighting 

matrix. 

 

Group 2 for scenario 5 is similar to group 1, but with the difference that the correlation 

constant is 0.9. Figures 3.2:69-72 are estimated with MUSIC, Figures 3.2:73-76 are estimated 

with WSF without the weighting matrix, and Figures 3.2:77-80 are estimated with WSF with 

the optimal weighting matrix. 

 
Figure 3.2:69 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:70 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with MUSIC. 

 



33 

 

 
Figure 3.2:71 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC. 

 
Figure 3.2:72 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC. The scale is 10 

to the power of -3 on the y-axis. 

 

 
Figure 3.2:73 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated without WSF with 

optimal weighting matrix. 

 
Figure 3.2:74 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF without optimal 

weighting matrix. 

 

 
Figure 3.2:75 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated without WSF with 

optimal weighting matrix. 

 
Figure 3.2:76 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF without optimal 

weighting matrix. The scale is 10 to the power of -3 on the 

y-axis. 
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Figure 3.2:77 Standard deviation of the signal with angle 0 

degrees (the weak signal) estimated with WSF with optimal 

weighting matrix. 

 
Figure 3.2:78 Bias of the signal with angle 0 degrees (the 

weak signal) estimated with WSF with optimal weighting 

matrix. 

 

 
Figure 3.2:79 Standard deviation of the signal with angle 7 

degrees (the strong signal) estimated with WSF with 

optimal weighting matrix. 

 
Figure 3.2:80 Bias of the signal with angle 7 degrees (the 

strong signal) estimated with WSF with optimal weighting 

matrix. 

 

The last group for scenario 5, group 3, was made only with the MUSIC algorithm. Figures 

3.2:81-84 study the bias and standard deviation when the angles are 0 and 3 degrees. Figures 

3.2:85-88 study the scenario where the angles are 7 and 3 degrees, and lastly Figures 3.2:89-

92 study the case when the angles are 10 and 5 degrees. 

 
Figure 3.2:81 Standard deviation of the signal with angle 3 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:82 Bias of the signal with angle 3 degrees (the 

weak signal) estimated with MUSIC. 
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Figure 3.2:83 Standard deviation of the signal with angle 0 

degrees (the strong signal) estimated with MUSIC. 

 
Figure 3.2:84 Bias of the signal with angle 0 degrees (the 

strong signal) estimated with MUSIC. 

 

 
Figure 3.2:85 Standard deviation of the signal with angle 3 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:86 Bias of the signal with angle 3 degrees (the 

weak signal) estimated with MUSIC. 

 

 
Figure 3.2:87 Standard deviation of the signal with an 

angle of 7 degrees (the strong signal) estimated with 

MUSIC. 

 
Figure 3.2:88 Bias of the signal with an angle of 7 degrees 

(the strong signal) estimated with MUSIC. 
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Figure 3.2:89 Standard deviation of the signal with angle 5 

degrees (the weak signal) estimated with MUSIC. 

 
Figure 3.2:90 Bias of the signal with an angle of 5 degrees 

(the weak signal) estimated with MUSIC. 

 

 
Figure 3.2:91 Standard deviation of the signal with an 

angle of 10 degrees (the strong signal) estimated with 

MUSIC. 

 
Figure 3.2:92 Bias of the signal with an angle of 10 

degrees (the strong signal) estimated with MUSIC. 

3.2.3 Analysis 

In scenario 1 so is the bias for the weak signal when the estimate is made with DML or with 

WSF with the optimal weighting matrix is quite large. This follows what was shown in 

chapter 3.1, so the results are reasonable.  The standard deviation for these algorithms is on 

the other hand lower than they are for the other algorithms when looking at the weaker signal, 

the value being more in line with the standard deviation for the strong signal. For MUSIC, 

WSF without optimal weighting matrix and ESPRIT so does the scale make it look as if the 

bias is a bit scattered for SNR lower than 5 dB but is close to a bias of 0 throughout.  

Scenario 2 shows similar results as scenario 1, but the bias for the strong signal is around 0 

for all SNRs. The standard deviation and the bias also decrease as the number of data samples 

increases.   

Scenario 3 only gives a standard deviation of 0 and if not that, something close to 0. The bias 

is also 0 for all except WSF with weighting matrix and DML where it is -9.4 and -9.5 

respectively. This makes sense with what has already been shown in chapter 3.1 and the fact 

that the model error, in this case, is constant. 
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Scenario 4 gives a similar solution as scenario 2, only the scale of the figures is different so 

the results for this scenario look a little bit more scattered. That the results are similar is 

reasonable due to the only difference between the two scenarios being the value of v.  

For scenario 5, the results are not too different from the other scenarios. The results are better 

when the signals are uncorrelated, but not so much better that the same improvement cannot 

be made with an increase in the number of data samples. The most noticeable difference is 

that the strong signal gets more bias as the SNR increases when the estimation is made with 

WSF with weighting matrix in both the case with and without correlation between the 

signals. 

For the study of how different angles affect the results so does the bias and standard deviation 

come closer to 0 at a lower SNR when the angles are further apart from each other, with the 

case where the angles are 10 and 5 degrees resulting in the least bias and standard deviation. 

Another thing is that the curves for 0 and 3 degrees and 7 and 3 degrees go both up and 

down. This is because when the angles are too close together, the algorithms can only with 

somewhat certainty recognize the stronger signal and finds an outlier for the other. As 

explained in the simulations of the basic cases, chapter 3.1, so is the standard deviation and 

bias computed under the assumption that the smaller estimated angle should in reality be the 

smaller actual angle and so on, so what can happen is that the angle of the strong signal can 

be matched as the weak signals estimated angle if the outlier is on the wrong side. But as the 

SNR becomes larger, the more often the algorithms find both angles and not just one, until it 

always finds the right ones.    

3.3 System identification – Quantification of certain Array model errors 
In practice the true modeling (calibration) errors associated with an antenna array are 

unknown. However, it might be possible to capture the on-average properties of the modeling 

errors and the measurement noise using antenna array data and methods within a stochastic 

framework. This approach has been applied in the context of system identification, confer to 

appendix C and [14]. Here, a somewhat similar method is proposed, which forms estimates of 

a specific covariance matrix adhering to the model errors as well as an estimate of the 

measured noise variance. These quantities may be used as measures of the possible quality of 

DOA estimates that might be expected using e.g., any of the discussed DOA algorithms. 

3.3.1 Method 

The true system can be described as 

𝒙(𝑡) = 𝑨(𝜽)𝒔(𝑡) + �̃�(𝜽)𝒔(𝑡) + 𝜈(𝑡) 

( 3.3-1 ) 

where v is some noise term and Ã(θ)s(t) is the model error. 

Using any of the DOA algorithms θ and s(t) can be estimated, and from that, the true values 

can be assumed. This leads to the assumption that the true array output would be  

𝒙(𝑡) = 𝑨(�̂�)�̂�(𝑡) + �̃�(𝜽)�̂�(𝑡) + 𝜈(𝑡). 

( 3.3-2 ) 

Then forming the orthogonal projection matrix 
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𝑷𝐴
⊥(�̂�) = 𝐼 − 𝑷𝐴(�̂�) = 𝐼 − �̂�(�̂�)[�̂�𝐻(�̂�)�̂�(�̂�)]

−1
�̂�𝐻(�̂�) 

( 3.3-3 ) 

so, it follows that 𝑷𝐴
⊥(�̂�)�̂�(𝜽) = 0, which leads to that 

𝑷𝐴
⊥(�̂�)𝒙(𝑡) = 𝑷𝐴

⊥(�̂�)�̃�(𝜽)𝒔(𝑡) + 𝑷𝐴
⊥(�̂�)𝜈(𝑡). 

( 3.3-4 ) 

Define the model errors as a sum of model errors for all incident signals i.e., do the notation 

change of  

�̃�(𝜽) = �̃�(𝜽)𝒔(𝑡) 

( 3.3-5 ) 

where Ã is a nonlinear term. This leads to  

𝑷𝐴
⊥(�̂�)𝒙(𝑡) = 𝑷𝐴

⊥(�̂�)�̃�(𝜽) + 𝑷𝐴
⊥(�̂�)𝜈(𝑡). 

( 3.3-6 ) 

If model errors and noise are assumed zero-mean and uncorrelated and the noise has a 

standard deviation of σ, then the covariance of the equation above can be written as 

𝑷𝐴
⊥(�̂�)𝐸{𝒙(𝑡)𝒙𝐻(𝑡)}𝑷𝐴

⊥(�̂�) = 𝑷𝐴
⊥(�̂�)𝐸{�̃�(𝜽)�̃�𝐻(𝜽)}𝑷𝐴

⊥(�̂�) + 𝑷𝐴
⊥(�̂�)𝜎𝜈

2. 

( 3.3-7 ) 

The left-hand side can with an eigenvalue decomposition be rewritten as 

𝑷𝐴
⊥(�̂�)𝐸{𝒙(𝑡)𝒙𝐻(𝑡)}𝑷𝐴

⊥(�̂�) = �̂�𝑠�̂�𝑠�̂�𝑠
𝐻 + �̂�𝑛�̂�𝑛�̂�𝑛

𝐻 

( 3.3-8 ) 

where the signal and noise eigenvectors are columns of �̂�𝑠 and �̂�𝑛 respectively and diagonal 

elements of �̂�𝑠 and �̂�𝑛 are the corresponding associated eigenvalues.  

With the relationship that �̂�𝑛�̂�𝑛
𝐻 = 𝐼 − �̂�𝑠�̂�𝑠

𝐻, that �̂�𝑛 is equal to σ2 leads to equation (3.3-8) 

can be rewritten as  

𝑷𝐴
⊥(�̂�)𝐸{𝒙(𝑡)𝒙𝐻(𝑡)}𝑷𝐴

⊥(�̂�) = �̂�𝑠�̂�𝑠�̂�𝑠
𝐻 + 𝜎𝜈

2𝑰 − 𝜎𝜈
2�̂�𝑠�̂�𝑠

𝐻. 

( 3.3-9 ) 

By exchanging the left-hand side of equation (3.3-7) for the result of equation (3.3-9), it can 

be rewritten as 

𝑷𝐴
⊥(�̂�)𝐸{�̃�(𝜽)�̃�𝐻(𝜽)}𝑷𝐴

⊥(�̂�) + 𝑷𝐴
⊥(�̂�)𝜎𝜈

2 = �̂�𝑠�̂�𝑠�̂�𝑠
𝐻 + 𝜎𝜈

2𝑰 − 𝜎𝜈
2�̂�𝑠�̂�𝑠

𝐻. 

( 3.3-10 ) 

To be able to expose of 𝜎𝜈
2𝑰, the fact that 𝑷𝐴

⊥ ∗ 𝑷𝐴
⊥ = 𝑷𝐴

⊥ can be used and leads to 

𝑷𝐴
⊥(�̂�)𝐸{�̃�(𝜽)�̃�𝐻(𝜽)}𝑷𝐴

⊥(�̂�) = �̂�𝑠�̂�𝑠�̂�𝑠
𝐻𝑷𝐴

⊥(�̂�) + 𝜎𝜈
2𝑷𝐴

⊥(�̂�) − 𝜎𝜈
2�̂�𝑠�̂�𝑠

𝐻𝑷𝐴
⊥(�̂�) − 𝑷𝐴

⊥(�̂�)𝜎𝜈
2. 

( 3.3-11) 
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Introducing the following notation  

�̂� = 𝐸{�̃�(�̂�)�̃�𝐻(�̂�)}. 

( 3.3-12 ) 

With the same trick as for equation (3.3-11), the notation in equation (3.3-12) can be 

expressed as 

�̂� = 𝑷𝐴
⊥†

(�̂�)�̂�𝑠(𝑡)�̂�𝑓�̂�𝑠
𝐻

(𝑡)𝑷𝐴
⊥𝐻†

(�̂�) 

( 3.3-13) 

where Ê is the eigenvectors correlated to the d largest eigenvalues of x(t) and  

�̂�𝑓 = �̂�𝑠 − �̂�𝜈
2𝑰. 

( 3.3-14 ) 

The variance of the noise can be estimated as 

�̂�𝜈
2 =

1

𝑁 − �̂�
∑ 𝜆𝑖

𝑁

𝑖=�̂�+1

 

( 3.3-15 ) 

where λ is the eigenvalues associated with �̂� and the sum is over the eigenvalues associated 

with the noise. When considering different possible methods for calculating error bounds, it 

might be appropriate to calculate an estimated covariance adhering to the model errors and 

one adhering to the noise variance, assuming that the true DOA’s incident angles are known. 

But because the pseudoinverse of the orthogonal projection matrix of A resulted in 

computation problems in MATLAB, so introduces the following expression 

�̂�𝑃𝐴 = �̂�𝑠(𝑡)�̂�𝑓�̂�𝑠
𝐻

(𝑡). 

( 3.3-16 ) 

An observation that can be made is that with equation (3.3-14), equation (3.3-16) can be 

rewritten as 

�̂�𝑃𝐴 = 𝑷𝐴
⊥(�̂�)�̂�𝑷𝐴

⊥(�̂�) = �̂�𝒔(𝑡)(�̂�𝒔 − �̂�𝜈
2𝑰)�̂�𝑠

𝐻
(𝑡) 

( 3.3-17) 

which is the same as the criterion function �̂� in the case when WSF is equal to DML, as seen 

in equation (2.2-17), with the weighting matrix Wc described in equation (2.2-15) being the 

same as �̂�𝑓. The only difference is that the eigenvalues and eigenvectors also depend on the 

projection matrix 𝑷𝐴
⊥. In theory, it could then be possible to “redo” the DOA with the values 

of either Ês or  �̂�𝑃𝐴 depending on what algorithm is used and getting some information about 

the angle of the model error. 

In this part of the simulations, the goal is to look at the matrix �̂�𝑃𝐴 and compare it to  
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𝑿�̃� = 𝑷𝐴
⊥(𝜽)�̃�(𝜽)𝑺�̃�(𝜽)𝐻𝑷𝐴

⊥(𝜽) 

( 3.3-18 ) 

where S is the covariance of the emitter signal s(t). 𝑿�̃� is thus the corresponding true 

covariance associated with the antenna modeling errors multiplied by the projection matrix. 

The comparison between  �̂�𝑃𝐴 and 𝑿�̃� will be done in the following scenarios  

1. The model error Ã is an m by d zero-matrix with �̃�(1,1) = �̃�(𝑑, 𝑚) = 10 

2. The model error Ã is an m by d matrix described the same way as A but with other 

angles. In this scenario, they are 2 and 7 degrees. 

3. The model error Ã is an m by d matrix where each element has a random angle and 

amplitude, where the angle has a uniform distribution between 0 and 2 pi radians and 

the amplitude is Gaussian distributed with a zero mean. 

4. The model error Ã is an m by d matrix described the same way as A but with other 

angles and with an amplitude described by B from chapter 3.2.1 for scenario 5, only 

depending on other angles. In this scenario, the angles are -5 and 20 degrees. 

The “clean” signal, i.e., the true signal without the model error, will be uncorrelated, have 

angles 5 and 10 degrees, and have an SNR of 6.7 dB. There will also be 16 antenna elements, 

1024 samples, and 100 trials. The DOA algorithm used is MUSIC.  

To evaluate the similarities between  𝑿�̃� and �̂�𝑃𝐴 rotation of subspace will be used [21]. If 

two matrices that are supposed to be equal are different, the possibility that one of them can 

be rotated into the other is explored by minimizing ‖𝑨 − 𝑩𝑸‖𝐹, where  

𝑸 = 𝑼𝑽𝑇 . 

( 3.3-19 ) 

U and V come from calculating the SVD of 𝑩𝑇𝑨. If the norm is zero, then B can be rotated 

into A but for larger results, it becomes more unlikely. A and B can be any matrix, in this 

case 𝑿�̃� will be 𝑨 and �̂�𝑃𝐴 will be 𝑩, both as is and normed against element 1,1 in the 

corresponding matrix. 

𝑄𝑚𝑖𝑛 = 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒‖𝑿�̃� − �̂�𝑃𝐴𝑸‖
𝐹
 

( 3.3-20 ) 

The computations of the results will be done in four steps.  

Step 1: The DOA algorithm MUSIC is done as usual, i.e., according to the theory described 

in chapter 2.2.2, to estimate the angles of the two signals. 

Step 2: Computing 𝑄𝑚𝑖𝑛 according to equation 3.3-20 with the help of 𝑷𝐴
⊥(𝜽) both for the 

true and estimated angles, the true angles to compute 𝑿�̃� and the estimated for the 

eigenvalues and eigenvectors that �̂�𝑃𝐴 depends on. 

Step 3: Exchanging the eigenvectors needed to use the MUSIC algorithm to those �̂�𝑃𝐴 

depends on, computing new angles that are associated with the model error. 
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Step 4: Redo step 2, but with  𝑿𝐴 ̃𝑛𝑒𝑤 =  𝑷𝐴
⊥(𝜽𝒏𝒆𝒘)𝑿𝐴 ̃𝑷𝐴

⊥(𝜽𝒏𝒆𝒘) and �̂�𝑃𝐴 𝑛𝑒𝑤 =

𝑷𝐴
⊥(𝜽𝑛𝑒𝑤)�̂�𝑃𝐴𝑷𝐴

⊥(𝜽𝑛𝑒𝑤) where 𝜽𝑛𝑒𝑤 is the result of step 3. The same orthogonal projection 

matrix is used for both new matrixes since not all of the model errors have true angles to be 

estimated.  

The comparison between the different model errors will then be made by looking at the 

different values for 𝑄𝑚𝑖𝑛 for both the regular and normed versions, the values of the 

estimated angles for both the model error and the true signal and corresponding bias and 

variance when can be applied. It will also be commented on how similar the matrixes look 

and the sizes of the eigenvalues.  

3.3.2 Results 

The criterion function belonging to the first DOA search is in all figures depicted by the blue 

line while the second search is shown by the orange.  

For scenario 1, the estimated angles are -4.4 and 6 with bias -9.4 and -4 and variance 0.0025 

and 0.0018. 𝑄𝑚𝑖𝑛 is 284 and 𝑄𝑚𝑖𝑛 with the normed �̂�𝑃𝐴 is 0.48. For the second round so is 

𝑄𝑚𝑖𝑛 98.2 and 𝑄𝑚𝑖𝑛 form the normed �̂�𝑃𝐴 is 5.76. The new angles are 0.8 and -8.9. The �̂�𝑃𝐴 

matrices that are the projection onto the model error are worse matched than those that are 

not, which is not unexpected. The eigenvalues are good, with two large ones for �̂� and the 

rest close to 1 and with two close to 0, two large ones, and the rest close to 1 for the second 

eigenvalue check. SNR is a bit high at 18.5 when the input was 6.8, and σ2 is close to 1 which 

is good. The criterion function with minima at the estimated angles both for the true system 

and the model error is plotted in Figure 3.3:1. 

 

Figure 3.3:1 The criterion function of scenario 1. The orange line is the model error, and the blue is the true signal. 

For scenario 2, the estimated angles are 3.2 and 8.8 with bias -1.8 and -1.2 and variance 

0.0003 and 0. 𝑄𝑚𝑖𝑛 is 16.02, 𝑄𝑚𝑖𝑛 for the normed matrix is 1.40, for the second round so is 

𝑄𝑚𝑖𝑛 is 9.88 and the normed 𝑄𝑚𝑖𝑛 is 3.70. The new angles are 15.3 and -3.1. The �̂�𝑃𝐴 matrix 

is not as similar to the matrix 𝑿�̃� as one would hope and compared with scenario 1 so are 

they probably similar in how different they are quantitatively, but not relatively. The same 

can be said for the ones that are projections onto the model error. The eigenvalues are good 

enough for �̂�, but not in the second check. Only one eigenvalue is noticeably larger than the 

other ones while it should be two. The σ2 is good, but SNR is still a bit too high at around 

13.5. The criterion function with minima at the estimated angles both for the true system and 

the model error is plotted in Figure 3.3:2. 
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Figure 3.3:2 The criterion function of scenario 2. The orange line is the model error, and the blue is the true signal. 

For scenario 3, the estimated angles are 5 and 10 with a bias of 0.004 and -0.012 and a 

variance of 0.006 and 0.005. 𝑄𝑚𝑖𝑛 is 3.14, 𝑄𝑚𝑖𝑛 for the normed matrix is 7.27, for the second 

round so is 𝑄𝑚𝑖𝑛 is 0.59 and the normed 𝑄𝑚𝑖𝑛 is 18.6. The second set of angles is 18 and -

10.2. The �̂�𝑃𝐴 matrix and 𝑿�̃� are very different from each other in both cases. The 

eigenvalues are terrible. The ones that originate with the noise are too large, ranging between 

8.5 and 14 when they should be close to 1. In the second eigenvalue check, none of the 

eigenvalues are noticeably larger than the others, if the two that should be and are close to 0 

are ignored. The SNR is 12.8 and the estimated σ2 is close to 10. The criterion function with 

minima at the estimated angles both for the true system and the model error is plotted in 

Figure 3.3:3. 

 

Figure 3.3:3 The criterion function of scenario 3. The orange line is the model error, and the blue is the true signal. 

For scenario 4, the estimated angles are 5.2 and 9.8 with a bias of 0.2 and -0.23 and a 

variance of 0.0002 and 0.002. 𝑄𝑚𝑖𝑛 is 98.2, the normed 𝑄𝑚𝑖𝑛 is 6.20, the second set of 𝑄𝑚𝑖𝑛 

is 90.7 and when normed 𝑄𝑚𝑖𝑛 is 0.76. The other angles are -5.3 and 20.6. The �̂�𝑃𝐴 matrices 

are quite different except when they are the projection onto the model error, then they are 

quite similar. The eigenvalues for �̂� is good because all except two are close to 1 and the 

ones that are not are a lot larger. They are not as good in the second eigenvalue check. Two 

are close to zero and most are close to 1 which is good, but the two that should be a bit larger 

are not very large, but both are close to two and a jump of similar size has not been made 

between any others so it might be sufficiently larger. SNR is 10 and σ2 is close to 1. The 
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criterion function with minima at the estimated angles both for the true system and the model 

error is plotted in Figure 3.3:4. 

 

Figure 3.3:4 The criterion function of scenario 4. The orange line is the model error, and the blue is the true signal. 

3.3.3 Analysis  

The scenarios where the covariance matrices match correspond to the scenarios where the 

estimated angles are bad, and when the estimates are good, the covariance matrices are very 

different. 

The assumed explanation is that in the latter case so does the model error blend in with the 

noise, and in the first case so does it blend in with the “clean” signal. That would mean that 

the algorithms are good at excluding noise-like disturbances but not that good at 

differentiating model errors.  

On the other hand, none of the estimated angles of the model error result in anything 

reasonable. One could have thought that the values given either would be correlated to the 

bias for the estimated signal angles or that they would be the angles of the model error. One 

explanation as to why this does not seem to be the case is that what is observed is not the 

resulting terms when A is disposed of but 

𝑷𝐴
⊥𝒙(𝑡) = 𝑷𝐴

⊥�̃�𝒔 + 𝑷𝐴
⊥𝒏 

( 3.3-21 ) 

which would mean that the orthogonal projection matrix of A is part of the estimation 

process, and that leads to unexpected results. It would have been interesting to see what 

angles would have come out if the projection matrix was not part of the equation, but since 

the reason why they are still there is that the inverse and pseudoinverse were complicated to 

use, this will not be anything that will be explored in this work.  

One conclusion could be that it is hard to differentiate model errors from both the true signal 

and the noise, but that in the scenarios where it gets confused with the noise the DOA is not 

as affected. The problem is when the model error affects the true signal.  

The last scenario gives the best results, at least when the projection onto the model error 

happens. This is partly because it is the only scenario where the angles in the model error can 

be detected somewhat accurately without interfering with the true signal. There are only two 

scenarios that have actual angles as part of their model error so nothing reasonable comes up 
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in scenarios 1 and 3 is not unexpected. In scenario 2 on the other hand, so is the model error 

too similar to the true signal that it comes closer to being a 4-signal problem rather than a 2-

signal problem without being one, as seen in the eigenvalues for �̂�. This results in the 

algorithm not recognizing which angles belong to what part.  

Another thing that was noticed regarding scenario 2 is that in the second DOA search so did 

the plot got maximum values at the same angles as the first DOA had minimum values. This 

is because no value is larger than 0 and the purpose of multiplying with the orthogonal 

projection matrix is to put the value at those angles to 0, so it is not an illogical result, but it is 

interesting to see.  Something that does disturb the analysis is that to compensate for the max 

values, new min values appear at the sides that have no connection to any angles used, so 

even if the angles for both the true signal and the model error are noticeable in the plot, the 

DOA will find other angles.  

Even though scenario 4 was the one with the best results, so is it important to note that this is 

only true when the model error angles are sufficiently far away from the true signals angles. 

In this scenario, where the true angles are 5 and 10 degrees, so cannot the model error angles 

be, for example, 4 and 7 because 4 is too close to 5 and 7 is in the space between 5 and 10 

and are thus too close to both and will result in a value of zero.  

3.4 Kalman filter 
The use of Kalman filters has for instance been used to find Doppler shift or track both 

direction of arrival and speed. In this case, the idea is to see if one can use a Kalman filter to 

find just the DOA from signals that have a model error and through that get some information 

about both the signal and the error. 

3.4.1 Method 

The filter used is inspired by the extended Kalman filter, which is described in chapter 2.3 

[15]. Only the part of x(t) that corresponds to the phase propagation model of the second 

channel in the phased array is used. The first channel result in that A(θ) is a vector of 

elements with only the value 1.  

The true signals are two uncorrelated signals and the angles at sample 1 are 5 and 10 degrees. 

The model error is Gaussian distributed with a variance of q degrees. The estimated θ are for 

both signals initialized as zero, the error covariance matrix P is initialized as the identity 

matrix. The state transition matrix F is assumed to be the identity matrix with the same true 

for matrix G. The variance of the measurement noise r2 is set as the same as σ i.e., 1, and q is 

varied between 0.1 and 0. All angles are calculated in radians, but the result will be presented 

in degrees. The number of samples is 100 000 and due to only using the second channel of 

the phased array so will H be computed as 

𝐻𝑗 = 𝒔(𝑡) ∗ 𝑒−𝑖∗𝜋∗sin �̂�𝑗 ∗ (−𝑖 ∗ 𝜋 ∗ cos 𝜃𝑗) 

( 3.4-1 ) 

with j being the number of elements in the matrix H, which is the same as the number of 

angles, in this case, 2. The scenarios that will be studied are when q is 0, 0.0001, 0.01, and 

0.1. For each scenario, the estimated angles will be compared to how the true angles behave, 

how the prediction error between the true and estimated signals behave, and how K, H, and P 

change with each iteration.  
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3.4.2 Results 

The results are given in 10 plots for each case. In the first graph, Figure 3.4:1, the estimated 

angles for each iteration compared with the true one is shown. In the second, Figure 3.4:2, the 

difference between the true and estimated signal, the measurement error, is presented. Since 

the model error variance is 0 so are the angles constantly 5 and 10 degrees and the estimated 

angles are close to the true value with only slight fluctuation that converges after 

approximately 1000 iterations of the 100 000 iterations in total. The error fluctuates between 

0 and 3, due to the measurement noise, but seems to not differ from that at any point.     

 
Figure 3.4:1 The angle estimation with Kalman filter when 

q is 0. The blue line is the true angle for the first signal, the 

orange is its estimate, the yellow is the true angle for the 

second signal and the purple is its estimate 

 
Figure 3.4:2 The error between the true signal and the 

estimated when q is 0. 

Figures 3.4:3 and 3.4:4 depicts one of each element of the H matrix. Just like the error, it 

does not seem to be any iteration that varies a lot from the rest. For the first element so is the 

fluctuation between 0 and 22 and the other fluctuates between the same with one brief peak 

that reaches 25. 

 
Figure 3.4:3 Element 1 of the H matrix when q is 0. 

 
Figure 3.4:4 Element 2 of the H matrix when q is 0. 

Next are the two graphs, Figures 3.4:5 and 3.4:6, representing the elements in the matrix K. 

When q is 0 and the estimated angles have converged, then K becomes essentially constant 

and close to 0, corresponding to steady state condition. 
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Figure 3.4:5 Element 1 of the K matrix when q is 0. 

 
Figure 3.4:6 Element 2 of the K matrix when q is 0. 

The same observation as the one made regarding the K matrix can be made of the four next 

graphs, Figure 3.4:7-10. They depict the four elements of the P matrix, and just as for the K 

matrix, they are all close to 0 when q is 0 as P corresponds to the estimated error covariance. 

 
Figure 3.4:7 Element 1,1 of the P matrix when q is 0. 

 
Figure 3.4:8 Element 1,2 of the P matrix when q is 0. 

 
Figure 3.4:9 Element 2,1 of the P matrix when q is 0. 

 
Figure 3.4:10 Element 2,2 of the P matrix when q is 0. 

 Scenario 2 is when q is 0.0001. For the angle study in Figure 3.4:11 so does the estimation 

follow the true angle quite well. It may be noticed that the estimated angles exhibit less 

fluctuation than the corresponding true angles. Hence, the EKF acts as a smoothing filter. It 

may also be noticed that the estimated angles track the true angles quite well. At this variance 

so are the angles not constantly 5 and 10 degrees as it was for q equal 0 but fluctuate with the 
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first signal going between 3 and 11 degrees when it started as 5 and the other being between 6 

and 12 degrees when it started as 10. The error in Figure 3.4:12 is similar to the one when q is 

0 with a fluctuation between 0 and 3 with some iterations reaching 3.5. 

 
Figure 3.4:11 The angle estimation with Kalman filter 

when q is 0.0001. The blue line is the true angle for the 

first signal, the orange is its estimate, the yellow is the true 

angle for the second signal and the purple is its estimate.   

 
Figure 3.4:12 The error between the true signal and the 

estimated when q is 0.0001. 

The H matrix is just as the error quite similar to the result for the scenario when q is 0. The 

fluctuation is between 0 and 25 with mostly larger values closer to 20 than 25, which can be 

seen in Figures 3.4:13-14. 

 
Figure 3.4:13 Element 1 of the H matrix when q is 0.0001. 

 
Figure 3.4:14 Element 2 of the H matrix when q is 0.0001. 

 

The K matrix is a lot larger in case 2 than in case 1, as q is different from 0. The elements in 

K have quite small values still, but instead of just being close to 0, there is a fluctuation 

between 0 and 0.02. The result can be seen in Figures 3.4:15-16. 
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Figure 3.4:15 Element 1 of the K matrix when q is 0.0001. 

 
Figure 3.4:16 Element 2 of the K matrix when q is 0.0001. 

For the P matrix so are the values once again 0 for all elements as seen in Figures 3.4:17-20. 

 
Figure 3.4:17 Element 1,1 of the P matrix when q is 

0.0001. 

 
Figure 3.4:18 Element 1,2 of the P matrix when q is 

0.0001. 

 
Figure 3.4:19 Element 2,1 of the P matrix when q is 

0.0001. 

 
Figure 3.4:20 Element 2,2 of the P matrix when q is 

0.0001. 

 

For the third case, where q is 0.01 the angle estimation seen in Figure 3.4:21 is as good as 

earlier even though the size of the angle has changed quite a lot, but the error in Figure 3.4:22 

has increased to be between 0 and 4 nearly 5 with the occasional iteration being as large as 9. 
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Figure 3.4:21 The angle estimation with Kalman filter 

when q is 0.01. The blue line is the true angle for the first 

signal, the orange is its estimate, the yellow is the true 

angle for the second signal and the purple is its estimate 

 
Figure 3.4:22 The error between the true signal and the 

estimated when q is 0.01. 

The H matrix fluctuates between 0 and 25, as seen in Figures 3.4:23-24, which is a bit larger 

but still close enough to earlier results to be somewhat constant. 

 
Figure 3.4:23 Element 1 of the H matrix when q is 0.01. 

 
Figure 3.4:24 Element 2 of the H matrix when q is 0.01. 

The K matrix has once again increased in value as q has become larger, now fluctuating 

between 0 and 0.12. This can be seen in Figures 3.4:25-26. 

 
Figure 3.4:25 Element 1 of the K matrix when q is 0.01. 

 
Figure 3.4:26 Element 2 of the K matrix when q is 0.01. 
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The P matrix has now increased a bit too. The fluctuation for elements 1,1 and 2,2, seen in 

figures 3.4:27 and 3.4:30, is similar to the one for the K matrix. It is not very clear from the 

graphs due to the P matrix's initial value being the identity matrix I, so the scale becomes a 

little different. The other two elements, 1,2 and 2,1 which can be seen in Figures 3.4:28-29, 

fluctuate between 0 and 0.025 with an early peak of around 0.45. 

 
Figure 3.4:27 Element 1,1 of the P matrix when q is 0.01. 

 
Figure 3.4:28 Element 1,2 of the P matrix when q is 0.01. 

 
Figure 3.4:29 Element 2,1 of the P matrix when q is 0.01. 

 
Figure 3.4:30 Element 2,2 of the P matrix when q is 0.01. 

 

For the last case, where q is equal to 0.1, the angle estimation is fine. The estimation that is 

seen in Figure 3.4:31 follows the true angles as well as in earlier scenarios with the exception 

being when the true angle comes close to 90 or -90 degrees. At those places, the true angle 

will decrease if the angle is positive and increase if the angle is negative. The estimated angle 

will on the other hand continue in the other direction so they will be the mirror image of each 

other in the horizontal axis that would go through 90 and -90 degrees. The error is for the 

most part fluctuating between 0 and 5 with a lot of the iterations nearing 10 and the 

occasional iteration that is as large as 20 or 35.  This can be seen in Figure 3.4:32. 
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Figure 3.4:31 The angle estimation with Kalman filter 

when q is 0.1. The blue line is the true angle for the first 

signal, the orange is its estimate, the yellow is the true 

angle for the second signal and the purple is its estimate 

 
Figure 3.4:32 The error between the true signal and the 

estimated when q is 0.1. 

The H matrices are still largely the same value as earlier but with more deviating iterations 

and with much clearer fluctuation in the fluctuation, as seen in Figures 3.4:33-34. 

 
Figure 3.4:33 Element 1 of the H matrix when q is 0.1. 

 
Figure 3.4:34 Element 2 of the H matrix when q is 0.1. 

 

The second element in the K matrix that is seen in Figure 3.4:36 fluctuates between 0 and 

0.27 in a way that is as even as for earlier scenarios while the first element, seen in Figure 

3.4:35, has more fluctuation.   



52 

 

 
Figure 3.4:35 Element 1 of the K matrix when q is 0.1. 

 
Figure 3.4:36 Element 2 of the K matrix when q is 0.1. 

The P matrix is the one where the largest change has happened. Elements 1,2 and 2,1 in 

Figures 3.4:37 and 3.4:40 fluctuates between 0 and 0.2 while 1,1 and 2,2, seen in Figures 

3.4:38-39, is mostly between 0 and 0.6 with element 1,1 having tops that reach 1.4 and 

higher.  

 
Figure 3.4:37 Element 1,1 of the K matrix when q is 0.1. 

 
Figure 3.4:38 Element 1,2 of the K matrix when q is 0.1. 

 
Figure 3.4:39 Element 2,1 of the P matrix when q is 0.1. 

 
Figure 3.4:40 Element 2,2 of the P matrix when q is 0.1. 
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3.4.3 Analysis 

The first observation to make is that for these scenarios so is the Kalman filter used as a 

tracker of the original angle plus the model error. This means that it cannot necessarily be 

used in the same way the direction of arrival algorithms could be used but still provides 

information about the angle of the signal. 

Another thing is that the mirror image around 90 and -90 degrees is due to the cyclic 

properties of radians which somehow is not taken care of properly in the code. 

 Something that might be surprising is the large difference between the start value of the true 

angles and where it ends up. The model error is Gaussian distributed around 0 so intuitively 

after enough iterations, one would think that the curve would stabilize and that at least the 

mean value would be close to the original values. That is not the case in this instance.    

In general, the proposed Kalman tracker works very well in the considered scenarios. 
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4 Measured Data 

4.1 Method 
The measurements were made using an experimental receiver system, WiDAR, equipped 

with a 4 by 6 element antenna array, each element with an independent receive channel. 

WiDAR is designed to receive signals in a broad frequency band either in a “low band” 

approximately 450 MHz to 1 GHz or in a band from approximately 1 GHz to 2 GHz. 

Received data in the 24 elements are stored in a memory for further analysis offline.  

To start with, an emitter transmitting a CW signal at 682 MHz was placed 15 meters from the 

receiver, firstly right before the receiver so that the angle is 0 degrees. To make sure that this 

is at least mechanically true a telescopic sight was used. Then the emitter was moved so that 

the angle became +/-10, +/-20, and +/-40 degrees. All measurements were made under 0.25 

seconds with a sampling frequency of 2 GHz. 

Then, there were also measurements made at the angles 10, 20, and 40 degrees for an emitted 

CW signal at 658 MHz. 

The analysis of the data was made firstly by filtering the data, but only from the third row of 

the antenna array, resulting in 6 elements, due to all methods used up to this point having 

been suited ULA’s. The filtering was made with two FIR filters, the first being a band pass 

filter and the other filter being the Hilbert transform of the first. The part that goes through 

the Hilbert space will be the imaginary part while the other that goes through the regular will 

be the real part. This is done because the data received from the receiver is real, but to 

analyze the angle, a complex value is needed. The filtered data is then decimated to decrease 

the number of samples from 20 000 000 to 80 000. 

The final data is then analyzed through the DOA algorithms MUSIC and ESPRIT and by 

using the Kalman filter, for angle estimation. When applying MUSIC and ESPRIT, data from 

an array row of 6 elements are used, while when the Kalman filter is applied for angle 

estimation only one channel at a time is used. 

The analysis made with MUSIC is done two times, in the same way as described in chapter 

3.3 to both see if the angles measured mechanically are estimated correctly and to see if and 

what kind of model error might be present and what information can be gathered from it. Due 

to not having the same information for measured data as were had for the simulated, so is the 

result for the measured data compared to simulated signals. The three simulated signals have 

the frequencies 682 MHz, 658 MHz, and 640 MHz respectively. The reason for these 

frequencies is that 682 MHz and 658 MHz are the same as the measured signals while 640 

MHz is used as a check since it is outside the passband of the bandpass filter, see Figure 

4.2:3, and should give worse results. 

The analysis using the Kalman filter for angle estimation will similarly be made both with 

measured data and simulated, but in this case, only with two simulated signals with 

frequencies 682 MHz and 658 MHz The angle study will be made for the same 6 channels of 

the antenna array row as the analysis with MUSIC, but one at a time, while a study of the 

prediction error and the matrices K, H, and P only will be made for the second, third and 

fourth channel. Each study will be made two times, one where the matrix H is computed as 
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𝐻𝑗 = 𝒔(𝑡) ∗ 𝑒−𝑖∗𝜋∗sin �̂�𝑗 ∗ (−𝑖 ∗ 𝜋 ∗ cos 𝜃𝑗) 

( 4.1-1 ) 

for a propagation model corresponding to channel 2, and one where H is computed as 

𝐻𝑗 = 𝒔(𝑡) ∗ 𝑒−𝑖∗(𝑚−1)∗𝜋∗sin �̂�𝑗 ∗ (−𝑖 ∗ (𝑚 − 1) ∗ 𝜋 ∗ cos 𝜃𝑗) 

( 4.1-2 ) 

for a propagation model corresponding to channel 2, to see if the results differ if the 

placement of the channel is taken into consideration. The notation j is in this case 1 because 

there is only one signal. The variables q and r2 were 0.001 and 100 respectively. Such a large 

value of r2 was chosen because a smaller r2 gave the error that K was singular when the 

computations were run through MATLAB. The initial value of θ is set to 7 degrees. 

Due to not knowing s(t) so were the measurements made for the angle 0 degrees used instead 

because, in the ideal case, that measurement would be identical to the true s(t).  

4.2 Result 

4.2.1 Filter 

Figure 4.2:1 shows the FFT of the received signal within the whole band up to 1 GHz, for the 

case when the emitted signal was a CW signal with a frequency of 658 MHz Figure 4.2:2 

shows the same thing but for an emitted signal at a frequency of 682 MHz The CW signals 

are visible, but other signals can also be seen with the largest being around 800 MHz 

 
Figure 4.2:1 The spectrum of the received signal from 

emitted CW signal at 658 MHz 

 
Figure 4.2:2 The spectrum of the received signal from 

emitted CW signal at 682 MHz 

To reduce the disturbances and to make sure that only the “known” signal comes into 

consideration when the Kalman filter and the DOA algorithms are implemented so are an FIR 

bandpass filter used. This can be seen in Figure 4.2:3. For lower frequencies, there is a 

damping of 30 dB and for higher so is the damping of 60 dB. The passband range between 

660 MHz and 720 MHz can be seen more clearly in Figure 4.2:4.   
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Figure 4.2:3 The FIR bandpass filter used to filter the received data. 

 

Figure 4.2:4 Zoom in on the passband of the FIR filter depicted in Figure 4.2:3. 

The spectrum of the signals depicted in Figures 4.2:1 and 4.2:2 when filtered through the FIR 

filter can be seen in Figures 4.2:5 and 4.2:6 respectively. Even though the CW signal with a 

frequency of 658 MHz is located outside the passband, it is the only clear peak while all the 

other signals are sufficiently damped. The CW signal with a frequency of 682 MHz is also 

the largest peak after the filter, but there are still some peaks in the lower frequencies that 

have only been suppressed by 20 dB.   

 
Figure 4.2:5 The spectrum of the received signal from 

emitted CW signal at 658 MHz after the FIR filter. 

 
Figure 4.2:6 The spectrum of the received signal from 

emitted CW signal at 682 MHz after the FIR filter. 
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4.2.2 DOA – Algorithms  

4.2.2.1 Measured 

The first data when the frequency of the CW signal was 682 MHz should in the DOA 

algorithm become 0 due to that being the measured angle between the emitter and the 

receiver. The result in MUSIC is close at around -0.5 degrees. The criterion function for what 

should the model error seems to have minimum values at around -25 and 25 degrees which is 

the same as two local minima in the criterion function of the whole signal. This is shown in 

Figure 4.2:7. 

 

Figure 4.2:7 The criterion function of the measured data when the angle should be 0. The orange line is the model error, 

and the blue is the true signal.  

The result for the angles 10, 20, and 40 degrees when the frequency of the CW signal was 

682 MHz is in MUSIC around -5, -7, and -12. The model error for the signal with an angle of 

measured 10 degrees has a minimum at around -25 and 22 degrees. For 20 degrees so are the 

model error minima at 30 and 20 degrees and for the model error for the signal with an angle 

of measured 40 degrees the minima are at -35 and -15 degrees. This is shown in Figures 

4.2:8-10. 

 
Figure 4.2:8 The criterion function of the measured data 

when the angle should be 10. The orange line is the model 

error, and the blue is the true signal. 

 
Figure 4.2:9 The criterion function of the measured data 

when the angle should be 20. The orange line is the model 

error, and the blue is the true signal. 
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Figure 4.2:10 The criterion function of the measured data when the angle should be 40. The orange line is the model error, 

and the blue is the true signal. 

 

For the same CW signal but the negative angles -10, -20 and -40 degrees so is the result from 

MUSIC around 3, 5, and 10. The model error has minima at -22 and 30 degrees when the true 

angle for the true signal is -10 degrees, -20 and 30 degrees when the true angle is -20 degrees, 

and -17 and 40 degrees when the true angle is -40 degrees. This is shown in Figures 4.2:11-

13. 

 
Figure 4.2:11 The criterion function of the measured data 

when the angle should be -10. The orange line is the model 

error, and the blue is the true signal. 

 
Figure 4.2:12 The criterion function of the measured data 

when the angle should be -20. The orange line is the model 

error, and the blue is the true signal. 
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Figure 4.2:13 The criterion function of the measured data when the angle should be -400. The orange line is the model 

error, and the blue is the true signal. 

When the CW signal has the frequency 658 so does 0 degrees resulting in -3 degrees when 

using MUSIC and the model error has a minimum at 15 degrees as seen in Figure 4.2:14. 

 

Figure 4.2:14 The criterion function of the measured data when the angle should be 0. The orange line is the model error, 

and the blue is the true signal. 

 

When the angles should be 10, 20 and 40 degrees with the CW signal at 658 MHz so does 

MUSIC results in -4, -7, and -12 degrees respectively. The model error has a minimum at 10 

degrees for all cases as seen in Figures 4.2:15-17. 
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Figure 4.2:15 The criterion function of the measured data 

when the angle should be 10. The orange line is the model 

error, and the blue is the true signal. 

 
Figure 4.2:16 The criterion function of the measured data 

when the angle should be 20. The orange line is the model 

error, and the blue is the true signal. 

 

 

Figure 4.2:17 The criterion function of the measured data when the angle should be 40. The orange line is the model error, 

and the blue is the true signal. 

 

4.2.2.2 ESPRIT 

The results of the TSL-ESPRIT algorithm for the different angles when the CW signal had a 

frequency of 682 MHz, comparing the mechanically measured angle with the result of the 

DOA algorithm with and without spatial smoothing are shown in Table 11. The table also 

shows the results of the bias of angle 0 being compensated for. 

Table 11: A study of estimated angles in degrees for measured data when the emitted signal was a CW signal at 682 MHz 

ESPRIT True angle DOA 

estimate 

Compensated 

for the bias 

of 0 degrees 

With 

spatial 

smoothing 

Compensated 

for the bias 

of 0 degrees 

1 0 -1.73 0 -1.08 0 

2 10 -4.04 -3.31 -5.28 -4.2 

3 -10 1.72 3.45 2.64 3.72 

4 20 -5.95 -4.22 -8.61 -7.53 
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5 -20 4.48 6.21 4.51 5.59 

6 40 -11.07 -9.34 -12.62 -11.54 

7 -40 10.18 11.91 9.62 10.7 

 

Corresponding results for the CW signal at a frequency of 658 MHz are shown in Table 12. 

Table 12: A study of estimated angles in degrees for measured data when the emitted signal was a CW signal at 658 MHz 

ESPRIT True angle DOA 

estimate 

Compensated 

for the bias 

of 0 degrees 

With 

spatial 

smoothing 

Compensated 

for the bias 

of 0 degrees 

1 0 -1.55 0 -1.22 0 

2 10 -4.45 -2.9 -5.15 -3.93 

3 20 -6.84 -5.29 -7.57 -6.35 

4 40 -9.4 -7.85 -12 -10.78 

 

4.2.2.3 Simulated 

Since the errors in the estimated DOAs using measurements were so large, MUSIC and 

ESPRIT were also applied to simulated data, still using the bandpass filters described in 

chapter 4.2.1. 

When simulating the same angles as in part 4.2.2.1, all angles result in the correct angle when 

the signal had a frequency of 682 MHz the results for the angles 0, 10, 20 and 40 degrees can 

be seen in Figures 4.2:18-21. 

 
Figure 4.2:18 The criterion function of the simulated data 

when the angle should be 0. The orange line is the model 

error, and the blue is the true signal. 

 
Figure 4.2:19 The criterion function of the simulated data 

when the angle should be 10. The orange line is the model 

error, and the blue is the true signal. 
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Figure 4.2:20 The criterion function of the simulated data 

when the angle should be 20. The orange line is the model 

error, and the blue is the true signal. 

 
Figure 4.2:21 The criterion function of the simulated data 

when the angle should be 40. The orange line is the model 

error, and the blue is the true signal. 

When the signal had a frequency of 658 MHz, the estimated angles are the same as the true 

ones. The result for angles 0 and 10 degrees can be seen in Figures 4.2:22-23. 

 
Figure 4.2:22 The criterion function of the simulated data 

when the angle should be 0. The orange line is the model 

error, and the blue is the true signal. 

 
Figure 4.2:23 The criterion function of the simulated data 

when the angle should be 10. The orange line is the model 

error, and the blue is the true signal. 

When the signal had a frequency of 640 MHz, so did the bandpass filter alternate the signal 

so much that DOA estimate is not possible. For the signal simulating an angle of 0 degrees so 

does MUSIC estimate an angle of 37 degrees and the model error has a minimum at 17 

degrees, but there is a lot of local minimum and maxima that it is clear that the estimation is 

not correct even if the true angle were not known.  This can be seen in Figure 4.2:24. 
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Figure 4.2:24 The criterion function of the simulated data when the angle should be 0. The orange line is the model error, 

and the blue is the true signal. 

For more figures depicting the criterion function for signals with other angles, see Appendix 

E. 

4.2.3 Kalman 

4.2.3.1 Measured  

4.2.3.1.1 H derived from the second channel, 682 MHz 

For this case, the angles should be 10, 20, and 40 degrees but in all cases so does the 

estimation end at around -90 degrees after 10 000 samples. This can be seen in Figures 

4.2:25-27. 

 
Figure 4.2:25 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:26 Study of all channels when the angle should 

be 20 degrees. 
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Figure 4.2:27 Study of all channels when the angle should be 40 degrees. 

For the second channel so is the angle estimate depicted in Figure 4.2:28. The difference 

between the estimated and the true signal, depicted in Figure 4.2:29 seems to be around 20 

with a few data samples resulting in values close to 500 in the beginning and thus setting the 

scale as it is. 

 
Figure 4.2:28 The angle estimates for channel 2. 

 
Figure 4.2:29 The difference between the true and the 

estimated signal for channel 2. 

 

The H matrix gets very large values, as seen in Figure 4.2:30 with a dip around sample 7000. 

As seen in Figures 4.2:31-32 so have the K and P matrix at around the same sample peak. 

Both matrices have quite small values with P being around 0.002 and K between 0.0005 and 

0.0002. 
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Figure 4.2:30 Study of the H matrix 

 
Figure 4.2:31 Study of the K matrix 

 

 

Figure 4.2:32 Study of the P matrix 

4.2.3.1.2 H derived from the second channel, 658 MHz 

In Figures 4.2:33-35 so should the angles be 10, 20, and 40 degrees for the CW signal at 

frequency 658 MHz, but angles 10 and 20 degrees seems to slope and end up at -90 whiles 40 

degrees end at 90. 

 
Figure 4.2:33 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:34 Study of all channels when the angle should 

be 20 degrees. 
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Figure 4.2:35 Study of all channels when the angle should be 40 degrees. 

When taking a closer look at channel two for 10 degrees, the angle estimate depicted in 

Figure 4.2:36, so are all values in Figures 4.2:37-39 a lot smaller in this case than they were 

for the respective figures when the CW signal was at 682 MHz It is only the P matrix in 

Figure 4.2:40 that is a bit larger but not by a lot. 

 
Figure 4.2:36 The angle estimates for channel 2. 

 
Figure 4.2:37 The difference between the true and the 

estimated signal for channel 2. 

 

 
Figure 4.2:38 Study of the H matrix 

 
Figure 4.2:39 Study of the K matrix 
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Figure 4.2:40 Study of the P matrix 

4.2.3.1.3 H derived from the same channel as looked at, 682 MHz 

Figures 4.2:41-43 depicts the results when the angles should be 10, 20, and 40 degrees 

respectively, the frequency of the signal is 682 MHz, and the matrix H is derived from the 

channel studied. Comparing Figure 4.2:41 to 4.2:43, data 1 and data 4 through 6 are in 

approximately the same place in both figures. Data 2 in all figures behaves the same way as 

data 2 in Figure 4.2:25-27.  

 
Figure 4.2:41 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:42 Study of all channels when the angle should 

be 20 degrees. 
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Figure 4.2:43 Study of all channels when the angle should be 40 degrees. 

The angle estimates for channel 2, where the mechanically measured angle is 10, is depicted 

in Figure 4.2:44 and corresponding values for the difference between the true and estimated 

signal and the matrices H, K, and P can be seen in Figure 4.2:45-48. All of these figures are 

very similar to Figures 4.2:28-32, which is expected due to them being computed the same 

way. 

 
Figure 4.2:44 The angle estimates for channel 2. 

 
Figure 4.2:45 The difference between the true and the 

estimated signal for channel 2. 

 



69 

 

 
Figure 4.2:46 Study of the H matrix 

 
Figure 4.2:47 Study of the K matrix 

 

 

Figure 4.2:48 Study of the P matrix 

 

The Figures depicting the results of channel 4 describes a different behavior than that of 

channel 2. As seen in Figure 4.2:49 so is the angle estimate less steep than in Figure 2.4:44 

and around 15 degrees. The difference between the estimated signal and the true depicted in 

Figure 2.4:50 grows with each sample and ends as large as 50 000. The growth with each 

sample is also true for the H matrix, seen in Figure 4.2:51, which becomes as large as 50 000 

000 000. The K and P matrix depicted in Figure 5.2:52-53 respectively are on the other hand 

close to 0. 
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Figure 4.2:49 The angle estimates for channel 4. 

 
Figure 4.2:50 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure 4.2:51 Study of the H matrix 

 
Figure 4.2:52 Study of the K matrix 

 

 

Figure 4.2:53 Study of the P matrix 
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4.2.3.1.4 H derived from the same channel as looked at, 658 MHz 

For the signal where the frequency is 658 MHz and the matrix H is derived from the channel 

studied, the results for when the angles should be 10, 20, and 40 degrees are depicted in 

Figures 4.2:54-56. Just as in Figures 4.2:41 and 4.2:43 so are data 1 and data 4 through 6 in 

approximately the same place in all mentioned figures. Data 2 in all figures behaves the same 

way as data 2 in Figure 4.2:33-35. Data 3 behaves strangely in Figure 4.2.54 in how during 

the first 50 000 samples it behaves in the same way as in Figure 4.2:33 but then it changes 

and is more similar to data 4 through 6 even if the value is a lot lower. 

 
Figure 4.2:54 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:55 Study of all channels when the angle should 

be 20 degrees. 

 

 

Figure 4.2:56 Study of all channels when the angle should be 40 degrees. 

 

The angle, difference, H, K, and P that correspond to channel 2 are shown in Figures 4.2:57-

61 and are as expected very similar to Figures 4.2:36-40. 
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Figure 4.2:57 The angle estimates for channel 2. 

 
Figure 4.2:58 The difference between the true and the 

estimated signal for channel 2. 

 

 
Figure 4.2:59 Study of the H matrix 

 
Figure 4.2:60 Study of the K matrix 

 

 

Figure 4.2:61 Study of the P matrix 

 

For channel 3 so are the angle, difference, and H, K, and P matrices depicted in Figure 

4.2:62-66. During the first 50 000 samples so is the results very similar to does in Figure 
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4.2:57-61, but then the behavior is more similar to that of Figures 4.2:67-71, even if the 

values are different.  

 
Figure 4.2:62 The angle estimates for channel 3. 

 
Figure 4.2:63 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure 4.2:64 Study of the H matrix 

 
Figure 4.2:65 Study of the K matrix 

 

 

Figure 4.2:66 Study of the P matrix 
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Figures 4.2:67-71 depicts the angle, difference, and H, K, and P matrices respectively. Even 

if the values are not the same so are the shapes reminiscent of those in Figures 4.2:49-53, 

with the most noticeable difference being that in these so do all samples for the difference 

and the matrix H fluctuates down to zero.  

 
Figure 4.2:67 The angle estimates for channel 4. 

 
Figure 4.2:68 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure 4.2:69 Study of the H matrix 

 
Figure 4.2:70 Study of the K matrix 

 

 

Figure 4.2:71 Study of the P matrix  
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4.2.3.2 Simulated  

4.2.3.2.1 H derived from the second channel, 682 MHz 

For the simulated case when H is derived as if it thinks all channels are the second channel 

and the frequency of the signal is 682 MHz so is the result when the angel is 10 degrees 

shown in Figure 4.2:72. As seen in that figure so does channel 1 result in 0 degrees, channel 2 

10 degrees, channel 3 20, channel 4 30, channel 5 around 41 degrees and channel 6 52 

degrees. Figure 4.2:73 is the result when the angle should be 20 degrees and, in a similar 

pattern as in Figure 4.2:72, resulting in that channel 1 is 0 degrees and the rest increases with 

twenty degrees until channel 5. According to the pattern of increasing with 20 degrees, 

channel 5 should result in a little bit above 80 degrees, but instead, it is -40 and channel 6 is -

20 degrees. Figure 4.2:74 is the result when the angle should be 40 degrees. This too follows 

the pattern of channel 1 being on 0 degrees and then each channel increasing with the value 

of the true angle until it reaches 80 degrees and then instead being -40 degrees. 

 
Figure 4.2:72 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:73 Study of all channels when the angle should 

be 20 degrees. 

 

 

Figure 4.2:74 Study of all channels when the angle should be 40 degrees. 

 

For channel 2 so is the angle between 9.5 and 10 degrees, as seen in Figure 4.2:75. In Figure 

4:76 so is the difference between the true and estimated signal presented and seems to vary 
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between 0 and 0.5. Figures 4.2:77-79 are the matrices H, K, and P respectively. H has a 

value of 32.5, K has a value of 0.003 and P has a value of 0.01.    

 
Figure 4.2:75 The angle estimates for channel 2. 

 
Figure 4.2:76 The difference between the true and the 

estimated signal for channel 2. 

 

 
Figure 4.2:77 Study of the H matrix 

 
Figure 4.2:78 Study of the K matrix 

 

 

Figure 4.2:79 Study of the P matrix 
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4.2.3.2.2 H derived from the second channel, 658 MHz 

The results for the case when the frequency is 658 MHz are shown in Figures 4.2:80-82, 

corresponding to when the angle should be 10, 20, and 40 degrees respectively. The results 

are similar to the case when the frequency is 682 MHz shown in Figures 4.2:72-74 with the 

difference being that in this case so does it take between 5000 and 1000 samples before it 

converges to those angles.  

 
Figure 4.2:80 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:81 Study of all channels when the angle should 

be 20 degrees. 

 

 

Figure 4.2:82 Study of all channels when the angle should be 40 degrees. 

 

The angle, the difference between true and estimated signal, and matrices H, K, and P for 

channel 2 are described in Figures 4.2:83-87. Just as with the figures describing how the 

estimated angles are different for different channels, so are some of these similar to the ones 

in the case when the frequency is 682 MHz i.e., Figures 4.2:75-79, with the difference and 

matrix K being the most similar. The angle varies more in this case and is between 9 and 11 

degrees, as seen in Figure 4.2:83. The largest difference is the value of matrices H and P. As 

seen in Figure 4.2:85 so is the value of H around 0.35 which is close to one percent of the 

value in Figure 4.2:77. On the other hand so is the value of P, as seen in Figure 4.2:87, 

around 0.8 which is 80 times more than the value in Figure 4.2:79. 
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Figure 4.2:83 The angle estimates for channel 2. 

 
Figure 4.2:84 The difference between the true and the 

estimated signal for channel 2. 

 

 
Figure 4.2:85 Study of the H matrix 

 
Figure 4.2:86 Study of the K matrix 

 

 

Figure 4.2:87 Study of the P matrix 
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4.2.3.2.3 H derived from the same channel as looked at, 682 MHz 

The simulated result for when H is derived from the same channel as the channel observed 

with the signal at frequency 682 MHz, the angles 10, 20, and 40 degrees are presented in 

Figures 4.288-90. In all figures so is channel 1 at the initial value of 7 degrees and channel 2 

is close to the correct angle. The same observation made in the measured case can be made 

here with the results of channels 3 through 6 being collected between 10 and 20 degrees in all 

cases can also be made here. 

 
Figure 4.2:88 Study of all channels when the angle should 

be 10 degrees. 

 
Figure 4.2:89 Study of all channels when the angle should 

be 20 degrees. 

 

 

Figure 4.2:90 Study of all channels when the angle should be 40 degrees.  
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For channel 2 so is the result of the angle, difference, and matrices H, K and P presented in 

Figures 4.2:91-95 and looks the same as Figures 4.2:75-79.  

 
Figure 4.2:91 The angle estimates for channel 2. 

 
Figure 4.2:92 The difference between the true and the 

estimated signal for channel 2. 

 

 
Figure 4.2:93 Study of the H matrix 

 
Figure 4.2:94 Study of the K matrix 

 

 

Figure 4.2:95 Study of the P matrix 
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For channel 4 so are the angle, difference, and matrices H, K and P depicted in Figures 

4.2:96-100. They have the same shape as in the measured case, Figures 4.2:49-53 but 

different values. As seen in Figure 4.2:97 so goes the value of the difference between 0 and 

1050 and in Figure 4.2:98 it goes the value of H between 0 and 1 050 000 000. 

 
Figure 4.2:96 The angle estimates for channel 4. 

 
Figure 4.2:97 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure 4.2:98 Study of the H matrix 

 
Figure 4.2:99 Study of the K matrix 

 

 

Figure 4.2:100 Study of the P matrix 
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4.2.3.2.4 H derived from the same channel as looked at, 658 MHz 

For when the frequency is 658 MHz so are the results when the angle should be 10, 20, and 

40 degrees presented in Figures 4.2:101-103. The two first figures are similar to the 

corresponding figures for when the frequency is 682 MHz, i.e., Figures 4.2:88-89, with the 

difference being the 5000-10 000 samples needed for the result to converge. Figure 4.2:103 is 

different than expected due to data 4 and data 3 having negative values, -20 and -5 degrees 

respectively, instead of 20 and 16 degrees as in the other figures. 

 
Figure 4.2:101 Study of all channels when the angle 

should be 10 degrees. 

 
Figure 4.2:102 Study of all channels when the angle 

should be 20 degrees. 

 

 

Figure 4.2:103 Study of all channels when the angle should be 40 degrees.  
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For channel 2 so is the result of the angle, difference, and matrices H, K and P presented in 

Figures 4.2:104-108 and looks approximately the same as Figures 4.2:83-87. 

 
Figure 4.2:104 The angle estimates for channel 2. 

 
Figure 4.2:105 The difference between the true and the 

estimated signal for channel 2. 

 

 
Figure 4.2:106 Study of the H matrix 

 
Figure 4.2:107 Study of the K matrix 

 

 

Figure 4.2:108 Study of the P matrix 
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For channel 4 so is the result of the angle, difference, and matrices H, K and P presented in 

Figures 4.2:109-113. Just as in the other cases where channel 4 is looked at so is the shape 

quite similar, but the values differ, especially for the difference and matrix H. In this case so 

goes the difference from zero to 12, as seen in Figure 4.2:110. Matrix H, which can be seen 

in Figure 4.2:11, goes from zero to 12 000 000 in this case. 

 
Figure 4.2:109 The angle estimates for channel 4. 

 
Figure 4.2:110 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure 4.2:111 Study of the H matrix. 

 
Figure 4.2:112 Study of the K matrix 
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Figure 4.2:113 Study of the P matrix 

4.3 Analysis 
The first thing that might be easily explained is that for the received data so does all positive 

angles result in negative estimations when the DOA algorithms are used. This could mean 

that the direction that was assumed negative, in reality, is positive, so the result is a sign 

error.  

There is a lot that is unknown that was needed for the Kalman filter, the signal s(t), q, and r2, 

so it is hard to conclude exactly why the results are what they are. But what we can see is 

how the different frequencies of the signals put through the same bandpass filter behave 

compared to each other and how the simulated data differ from the measured.  

For the DOA algorithm, in all simulations that corresponds to a case with measured data, the 

results are good. For the estimation with MUSIC, all angles are correct in the simulations. 

The only one that is not correct is the one where the frequency is 640 MHz, but that was not 

supposed the find the correct angle due to not being in the baseband of the filter. This means 

that the bandpass filter works as it should and is not the reason why the estimated angles of 

the measured data are so small. It also shows that the MUSIC algorithm can estimate angles 

quite well even when the signal is damped a bit.  

The measured data shows something similar with the estimated angles being only a few 

degrees apart when comparing the results from TSL-ESPRIT for the different frequencies. 

So, the choice of the DOA algorithm is not negatively affecting the result. 

The criterion functions also seem to show that there is some kind of model error for the 

measured data. What kind is hard to determine, but if the results are compared with the 

results of chapter 3.3.2 so is the criterion function of the signal with frequency 658 MHz most 

similar to scenario 1 for chapter 3.3. The criterion function for the signal with frequency 682 

MHz is most similar to either scenario 2 or 4 in chapter 3.3, with the exception being how 

well the angles are estimated. This could mean that the bandpass filter affects the model error 

more than it does the true signal. But this comparison is hard to make due to the simulation in 

chapter 3.3 being made with two signals while these measurements are just one, so one could 

argue that none of them fit or that all are similar to scenario 1. These conclusions can also 

only be made under the assumption that the recreation of the phase dependency made is valid, 

otherwise, that could also be a reason why there seems to be a model error.  
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The simulations of the Kalman filter also have some good results. The second channel always 

results in the correct angle while the first always is 0, which is expected. The signal with 

frequency 658 MHz is quite noisy, at least compared with the signal with frequency 682 MHz 

and that is true for both measured and simulated data. This could mean that the properties of 

the bandpass filter affect the result of the Kalman filter more than it does the DOA 

algorithms. If the bandpass filter does affect the model error more than it does the true signal 

and the Kalman filter is a tracker for how the angle develops through the model error, then 

this seems more reasonable. 

In the case when the H matrix is computed with regard to the channel placement in the 

antenna array, channels 5 and 6 are often placed between 5 and 15 degrees no matter what the 

true angle is or whether the data is simulated or measured. This could be due to the 

linearization that is done about the state estimate to obtain the extended Kalman filter. With 

each channel so does the change in the derivative increase which leads to a more sensitive 

linearization. 
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5 Conclusions 
From the study made in chapter 3.1, it seems like WSF without the weighting matrix and the 

MUSIC algorithm are the ones that most consistently perform well. Something to note with 

these two is that they are practically the same. As seen in equation (2.2-14), WSF is identical 

to the MUSIC when the weighting matrices are the identity matrix I.  

The same study also shows that the DML algorithm is the most consistently ill performing 

and that when the noise variance is 1, the weighting matrix proposed by [6] results in a WSF 

algorithm that is very similar to DML and thus performs as badly.  

The ESPRIT algorithm performs very well in the uncorrelated scenario and in all cases that 

apply spatial smoothing. When this is not the case, the algorithm most often finds a mean of 

the two angles it is supposed to find. 

Similar observations can be made from the results of chapter 3.2. WSF with the weighting 

matrix has similar results as DML, which is that the bias is larger than for the other 

algorithms. It is also once again shown that the algorithms perform better when the angles are 

further apart, or the number of samples is increased. 

The conclusion one can draw about the different modeling errors is that when they are 

constant and the signals are uncorrelated, the algorithms are not affected as seen in Figures 

3.2:33-48. For the other attempts at modeling errors, the standard deviation and bias seem to 

converge towards the values in the aforementioned figures as the SNR increases, leading to 

the conclusion that a higher SNR results in better performances of the algorithms.  

The other analysis made concerning model error, chapter 3.3, shows that the conclusion 

drawn that a constant model error does not affect the performance of the algorithm is only 

half true. When the constant error affects the whole signal somewhat equally, the algorithm 

can still find the right angle, but when only the signal for some of the channels in the antenna 

array is affected, the algorithm performs worse, as seen in Figure 3.3:1. This could also be 

true for nonconstant model errors that only affects parts of the signal, but that was not 

studied.  

Another conclusion drawn from the result in chapter 3.3 is that the DOA algorithms perform 

well when the disturbance is noise-like, but that the error directly distorts the true signal. 

When it comes to concluding whether quantification of certain antenna array errors is 

effective it is important to note that due to the projection matrix of A being present 

throughout the calculations, it will have affected the results. 

What can be seen is that the matrix CPA works well enough as a substitute to �̂� for the model 

error, at least in the case when the model error behaves as the true signal but with sufficiently 

different amplitude and angles. Similar amplitudes in the true signal and the model error 

result in a signal that is more reminiscent of a four-signal problem that, when using the 

algorithms under the assumption of only two angles, gets the wrong results.  

The comparison between CPA and XÃ did not tell anything easily understood, but as 

mentioned earlier, that can be the result of the projection matrix still being present as well as 

not. 
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For the study in chapter 3.4 made about the Kalman filter, so is the conclusion drawn that it is 

more of a tracker rather than an alternative to the DOA algorithms. The tracker in question 

works very well, with the estimated signal following the true signal very closely.  

With the tracker, it can also be seen that as q becomes larger, the results fluctuate more and 

grows, in this case, larger and larger, due to the model error being larger.   

The conclusions drawn from chapter 3 informed some of the conclusions and decisions made 

about the study in chapter 4. Due to the MUSIC algorithm being the most well-performing 

DOA algorithm, the fact that the study made on the measured data resulted in angles that 

differ from the ones mechanically measured while the simulation came out very well could 

mean three things. Either there is a model error interfering with the signal, the processing of 

the data affected the result, or both. A possible problem with the processing is the conversion 

of the real-valued measurement data into something complex, which is needed for the DOA 

algorithms. The passband filters in themselves are probably not the cause of the less-than-

ideal results of the measured data, due to being applied in the corresponding simulations and 

those resulting in good estimations. The same conclusions can also be drawn from the 

performance of the Kalman filter. 

Assuming that the recreation of the phase dependency was correct, from the DOA algorithm 

study using the quantification of array error, it can be concluded that a model error exists. It 

is more visible in the criterion function of the assumed model error when the frequency of the 

CW signal is 658 MHz compared to when it is 682 MHz, but the fact that it is visible and not 

close to zero leads to it being something other than noise. This follows from the result shown 

in Figure 3.3:3 which is the result of the model error that was noise-like.  

If the only thing that affects the result is a model error, then the most probable type of model 

error would be one that only affects some of the channels, i.e., something similar to scenario 

1 in chapter 3.3. If the processing of data also has affected the results, then any of the none-

noise model errors are possible.  

Another conclusion that could be drawn, assuming that the recreation of the phase 

dependency is correct, is that the damping effect the bandpass filter has on the signal from the 

case of the CW signal with frequency 658 MHz affects the model error more than it affects 

the true signal, due to how both the simulations and the measured data behaves in chapter 

4.2.2.  

The conclusion that the model error probably is affected by the bandpass filter is also 

arguably backed by the results of the Kalman filter. For the CW signal when the frequency is 

658 MHz so does the results fluctuate more than when the frequency is 682 MHz, which in 

the case presented in chapter 3.4 has been concluded to be because the model error is larger. 

The effect of the bandpass filter is not necessarily the same as the effect of a larger q, but it 

does affect the result.  

One difficulty with the Kalman filter is that the true values of s(t), q, and r2 are unknown 

when applying the measurements. In the study, s(t) was assumed to be the same as the 

measured signal for an angle of 0 degrees while q and r2 were chosen so that the MATLAB 

script could run as well as possible. Due to there being a possible model error in s(t) and q 

and r2 possibly being far from their true values, makes it so that conclusions are harder to 

draw and apply to other cases than these specific ones. 
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Even though the conclusions will be very specific, in this case, it is the correct choice to use 

channel 2 for the tracking of the angle in the Kalman filter, due to the other channels either 

not providing any new information or leading to more sensitive linearization.  

 

5.1 Further Work 
This project deals with a lot of different methods and ideas, but there are still things that can 

be investigated more deeply. 

First, the antenna array dealt with here has been constrained to ULA’s. Further studies could 

be repeating some or all the topics explored in this paper, but for arrays with different 

structures, for instance, rectangular which apply to that of WiDAR. This could be helpful in 

for example chapter 4, due to the channels in WiDAR being a 4 by 6 matrix and studies made 

in simulations shown in chapter 3.1 that DOA algorithms done on more channels have less 

error variance.   

Another area of interest is a further study of the quantification of certain array model errors. 

Theoretically, the pseudo inverse of the orthogonal projection matrix of A should be the 

identity matrix I so �̂� and �̂�𝑃𝐴 form equation (3.3-13) and equation (3.3-16) would be the 

same. The comparison could then be with the true covariance associated with the model 

errors instead of 𝑿�̃�. Redoing the study in chapter 3.3 under these assumptions would be 

interesting. 

The study made in chapter 4 would also improve if the phase of the measured data could be 

found just by knowing the magnitude to work around the modulation made. Then the 

complex form of the measurements would be easier to obtain, and the uncertainty of the 

results could be dismissed.   

Concerning the Kalman filter, another area to study would be how to estimate appropriate 

values for the variance associated with the model error q and measurement noise r2.  

It would also be interesting for the case concerning the Kalman filter to explore how a 

moving target would behave. 

Investigate possible performance of methods such as AIC and MDL, for determining the 

number of incident signals, in presence of antenna array modelling-/calibration errors. 

Estimation of the actual number of received signals is a necessary prerequisite for the DOA 

estimation methods considered here.   
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Appendix A – DML 
Assume that x(t) is some array data at sample time “t” and that each column of A(θ) 

represents the response of a specific signal at incident angle θ. 

𝑨(𝜽) = [𝒂(𝜃1), 𝒂(𝜃2), … … , 𝒂(𝜃𝑑)] 

( A-1 ) 

where subscript d is used to denote the number of received signals. 

Also, assume additive noise  

𝐧(𝑡) ∈ 𝒩(0, 𝜎2𝐼) 

( A-2 ) 

which is Gaussian distributed with variance σ2. The noise is temporally and spatially white. 

Then the array data can be written as  

𝒙(𝑡) = 𝑨(𝜽)𝒔(𝑡) + 𝐧(𝑡),   𝑡𝑘 , 𝑘 = 1, … , 𝑁 

( A-3 ) 

where, for Deterministic ML, the signals s(t) is deterministic, although unknown, and 

𝒙(𝑡) ∈ 𝒩(𝑨(𝜽)𝒔(𝑡), 𝜎2𝐼). 

( A-4 ) 

I is the identity matrix. 

If instead the Stochastic Maximum Likelihood (SML) is considered, the signals may be for 

instance Gaussian distributed  

𝒔(𝑡) ∈ 𝒩(0, 𝑆). 

( A-5 ) 

S is the signal covariance matrix. 

Back to DML, consider the pdf for the observations, the measurements x(t) given the 

unknown parameters, θ, s(t), and σ2. The objective is to find the values of these parameters 

which give the best fit of the parametrized model of the array data.  

 Assume N observations, N measurements corresponding to N radar-pulses at time instants t1, 

t2, t3 … tN. Estimate 

[�̂�, �̂�(𝑡), �̂�2]
𝑀𝐿

= max
�̂�,�̂�(𝑡),�̂�2

𝑝(𝒙(𝑡1), 𝒙(𝑡2), … , 𝒙(𝑡𝑁)|𝑛) 

( A-6 ) 

where p( ) is the likelihood function pdf. 

With Gaussian data and assuming independent measurements then the pdf becomes a product 

of the pdfs at every time instant 
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𝑃[𝒙(𝑡1), 𝒙(𝑡2), … , 𝒙(𝑡𝑀)|𝜽, 𝒔(𝑡), 𝜎2] = ∏
1

|𝜋𝑹|
𝑒−[𝒙(𝑡)−𝑨(𝜽)𝒔(𝑡)]𝐻𝑹−1[𝒙(𝑡)−𝑨(𝜽)𝒔(𝑡)]

𝑁

𝑡=1

 

( A-7 ) 

as 𝒙(𝑡) ∈ 𝒩(𝑨(𝜽)𝒔(𝑡), 𝜎2𝐼). Then 𝑹 = 𝜎2𝐼 and H is the notation for the Hermitian 

transpose, i.e., the complex conjugate transpose. 

Since the logarithmic function log (here the same as the “natural” logarithm function ln) is a 

monotone function, consider log p( ). Instead of maximizing log p( ) for the unknown 

parameters, minimize the negative log p( ) function. Then  

min
𝜽,𝒔(𝑡),𝜎2

𝑁 ∙ 𝑙𝑜𝑔|𝜋𝑹| + ∑[𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)]𝐻𝑹−1[𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)]

𝑁

𝑡=1

. 

( 5.1-8 ) 

The π can be ignored because it is a constant and with white noise R is a diagonal matrix with 

all elements having the same value as the variance, so the estimation becomes 

[�̂�, �̂�(𝑡), �̂�2]
𝑀𝐿

= min
𝜽,𝒔(𝑡),𝜎2

𝑁 ∙ 𝑙𝑜𝑔|𝜎2𝐼| +
1

𝜎2
∑[|𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)|]2

𝑁

𝑡=1

. 

( 5.1-9 ) 

Trace(𝐁) = Tr{𝐁} = sum of diagonal elements of the matrix 𝐁. 

With [𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)] as a column vector [𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)][𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)]𝐻 is a 

matrix. This implies that 

∑[|𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)|]2

𝑁

𝑡=1

= ∑ 𝑇𝑟{[𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)][𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)]𝐻}

𝑁

𝑡=1

. 

( 5.1-10 ) 

Also ‖𝑩‖𝐹
2 = ∑ ∑ |𝑩𝑖𝑗|

2
= 𝑇𝑟𝑎𝑐𝑒(𝑩𝐻𝑩)𝑛

𝑗=1
𝑚
𝑖=1  so 

∑[|𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)|]2

𝑁

𝑡=1

= ∑‖𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)‖𝐹
2

𝑁

𝑡=1

. 

( 5.1-11 ) 

The F stands for the Frobenius norm. So, the estimation corresponds to 

[�̂�, �̂�(𝑡), �̂�2]
𝑀𝐿

= min
𝜽,𝒔(𝑡),𝜎2

𝑁 ∙ 𝑙𝑜𝑔|𝜎2𝐼| +
1

𝜎2
∑‖𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)‖𝐹

2

𝑁

𝑡=1

. 

( 5.1-12 ) 

This is then the rewritten DML criterion function. This estimation is a separable nonlinear 

least square problem, i.e., it is possible to estimate each unknown parameter one at a time. 
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Start with minimizing the expression with regard to the variance,  

𝜕[�̂�, �̂�(𝑡), �̂�2]
𝑀𝐿

𝜕𝜎2
=

𝑁 ∙ 𝑚

𝜎2
−

1

𝜎4
∑‖𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)‖𝐹

2

𝑁

𝑡=1

. 

( 5.1-13 ) 

N is the number of samples and m is the number of antenna elements. If the derivative is put 

as equal to zero, then 

�̂�2 =
1

𝑁 ∙ 𝑚
∑‖𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)‖𝐹

2

𝑁

𝑡=1

. 

( 5.1-14 ) 

This is the ML estimate of the noise variance. Putting equation (A-14) into equation (A-12) 

results in    

[�̂�, �̂�(𝑡)]
𝑀𝐿

= min
𝜽,𝒔(𝑡)

𝑁 ∙ 𝑙𝑜𝑔
1

𝑚 ∙ 𝑁
∑‖𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)‖𝐹

2

𝑁

𝑡=1

+ 𝑚 ∙ 𝑁. 

( 5.1-15 ) 

Due to the logarithmic function being monotone and N and m being constants, this can be 

rewritten as 

[�̂�, �̂�(𝑡)]
𝑀𝐿

= min
𝜽,𝒔(𝑡)

1

𝑁
∑‖𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)‖𝐹

2

𝑁

𝑡=1

= min
𝜽,𝒔(𝑡)

1

𝑁
∑ 𝑇𝑟{[𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)][𝒙(𝑡) − 𝑨(𝜽)𝒔(𝑡)]𝐻}

𝑁

𝑡=1

. 

( 5.1-16 ) 

In trying to minimize this will find θ and s. 

Optimizing with regards to s(t)  

𝜕[�̂�, �̂�(𝑡)]
𝑀𝐿

𝜕�̂�(𝑡)
=

1

𝑁
∑

𝜕

𝜕�̂�(𝑡)
[𝑇𝑟{𝒙(𝑡)𝒙𝐻(𝑡)} − 𝑇𝑟{𝒙(𝑡)[𝑨(𝜽)�̂�(𝑡)]𝐻} − 𝑇𝑟{𝑨(𝜽)�̂�(𝑡)𝒙𝐻(𝑡)}

𝑁

𝑡=1

+ 𝑇𝑟{𝑨(𝜽)�̂�(𝑡)[𝑨(𝜽)�̂�(𝑡)]𝐻}]. 

( 5.1-17 ) 

The order of derivative and trace does not matter. Also, x(t) depends on the true signal vector 

s(t) but not on the corresponding estimate. 

The terms within the summation can therefore be rewritten as   
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𝜕[�̂�, �̂�(𝑡)]
𝑀𝐿

𝜕�̂�(𝑡)
= −

𝜕

𝜕�̂�(𝑡)
𝑇𝑟{𝒙(𝑡)[𝑨(𝜽)�̂�(𝑡)]𝐻} −

𝜕

𝜕�̂�(𝑡)
𝑇𝑟{𝑨(𝜽)�̂�(𝑡)𝒙𝐻(𝑡)}

+
𝜕

𝜕�̂�(𝑡)
𝑇𝑟{𝑨(𝜽)�̂�(𝑡)[𝑨(𝜽)�̂�(𝑡)]𝐻}. 

( 5.1-18 ) 

Because it is allowed to reorder within brackets of trace the three terms on the right-hand side 

can be rewritten as 

−
𝜕

𝜕�̂�(𝑡)
𝑇𝑟{�̂�𝐻(𝑡)𝑨𝐻(𝜽)𝒙(𝑡)} −

𝜕

𝜕�̂�(𝑡)
𝑇𝑟{𝒙𝐻(𝑡)𝑨(𝜽)�̂�(𝑡)}

+
𝜕

𝜕�̂�(𝑡)
𝑇𝑟{�̂�𝐻(𝑡)𝑨𝐻(𝜽)𝑨(𝜽)�̂�(𝑡)}. 

( 5.1-19 ) 

Define 

 𝒑 = 𝑨𝐻(𝜽)𝒙(𝑡) ; A column vector. 

Then 

 𝒑𝐻 = 𝒙𝐻(𝑡)𝑨(𝜽) ; A row vector. 

Also  

𝑹 = 𝑨𝐻(𝜽)𝑨(𝜽) ; A Matrix. 

Then p and R do not depend on the estimate of s(t). 

Then the three terms can once again be rewritten, but this time as 

−
𝜕

𝜕�̂�(𝑡)
𝑇𝑟{�̂�𝐻(𝑡)𝒑} −

𝜕

𝜕�̂�(𝑡)
𝑇𝑟{𝒑𝐻�̂�(𝑡)} +

𝜕

𝜕�̂�(𝑡)
𝑇𝑟{�̂�𝐻(𝑡)𝑹�̂�(𝑡)}. 

( 5.1-20 ) 

Again, assuming m antenna elements and with complex-valued quantities so define c as a 

vector with m elements and e as another vector with m elements such that the estimate of 

s=c+ie. 

Consider the first term where  
𝜕

𝜕�̂�(𝑡)
�̂�𝐻(𝑡)𝒑 consists of two parts, 

𝜕

𝜕𝒄
�̂�𝐻(𝑡)𝒑 = 𝒑 and  

𝜕

𝜕𝒆
�̂�𝐻(𝑡)𝒑 = −𝑖𝒑, which results in that 

𝜕

𝜕�̂�(𝑡)
𝑇𝑟{�̂�𝐻(𝑡)𝒑} = 𝑇𝑟 {

[𝑨𝐻(𝜽)𝒙(𝑡)]

[−𝑖𝑨𝐻(𝜽)𝒙(𝑡)]
} 

Similarly, the second term results in 
𝜕

𝜕�̂�(𝑡)
𝑇𝑟{𝒙𝐻(𝑡)𝑨(𝜽)�̂�(𝑡)} = 𝑇𝑟 {

[𝑨𝐻(𝜽)𝒙(𝑡)]∗

[𝑖𝑨𝐻(𝜽)𝒙(𝑡)]∗} where * 

denotes the complex conjugate. Lastly, the third term results in 
𝜕

𝜕�̂�(𝑡)
𝑇𝑟{�̂�𝐻(𝑡)𝑹�̂�(𝑡)} =

𝑇𝑟 {
[𝑹�̂�(𝑡) + 𝑹∗�̂�∗(𝑡)]

[−𝑖𝑹�̂�(𝑡) + 𝑖𝑹∗�̂�∗(𝑡)]
}. 

To find the estimate of s(t) solve  
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−𝑇𝑟 {
[𝑨𝐻(𝜽)𝒙(𝑡)]

[−𝑖𝑨𝐻(𝜽)𝒙(𝑡)]
} − 𝑇𝑟 {

[𝑨𝐻(𝜽)𝒙(𝑡)]∗

[𝑖𝑨𝐻(𝜽)𝒙(𝑡)]∗} + 𝑇𝑟 {
[𝑹�̂�(𝑡) + 𝑹∗�̂�∗(𝑡)]

[−𝑖𝑹�̂�(𝑡) + 𝑖𝑹∗�̂�∗(𝑡)]
} = 0. 

( 5.1-21 ) 

This can be rewritten as 

𝑇𝑟 {
𝑨𝐻(𝜽)𝑨(𝜽)�̂�(𝑡) + 𝑨𝑇(𝜽)𝑨∗(𝜽)�̂�∗(𝑡)

−𝑖𝑨𝐻(𝜽)𝑨(𝜽)�̂�(𝑡) + 𝑖𝑨𝑇(𝜽)𝑨∗(𝜽)�̂�∗(𝑡)
} = 𝑇𝑟 {

𝑨𝐻(𝜽)𝒙(𝑡) + 𝑨𝑇(𝜽)𝒙∗(𝑡)

−𝑖𝑨𝐻(𝜽)𝒙(𝑡) + 𝑖𝑨𝑇(𝜽)𝒙∗(𝑡)
} 

( 5.1-22 ) 

Solving this will give that 

�̂�(𝑡) = [𝑨𝐻(𝜽)𝑨(𝜽)]−1𝑨𝐻(𝜽)𝒙(𝑡). 

( 5.1-23 ) 

The pseudo inverse is by definition given by  

𝑨†(𝜽) = [𝑨𝐻(𝜽)𝑨(𝜽)]−1𝑨𝐻(𝜽), 

( 5.1-24 ) 

which leads to  

�̂�(𝑡) =  𝑨†(𝜽)𝒙(𝑡), 

( 5.1-25 ) 

which in turn minimizes the criterion function. Then from equation (A-18) and recalling the 

summation 

�̂�𝑀𝐿 = min
𝜽

1

𝑁
∑‖𝒙(𝑡) − 𝑨(𝜽)𝑨†(𝜽)𝒙(𝑡)‖

𝐹

2
𝑁

𝑡=1

. 

( 5.1-26 ) 

The projection matrix 𝑷𝑨(𝜽) = 𝑨(𝜽)𝑨†(𝜽) gives us 

�̂�𝑀𝐿 = min
𝜽

1

𝑁
∑‖𝒙(𝑡) − 𝑷𝑨(𝜽)𝒙(𝑡)‖

𝐹

2
𝑁

𝑡=1

 

( 5.1-27 ) 

and the projection orthogonal to the projection matrix is 𝑷𝑨(𝜽)
⊥ = 𝐼 − 𝑷𝑨(𝜽) 

So, the estimation of θ can once again be rewritten 

�̂�𝑀𝐿 = min
𝜽

1

𝑁
∑‖𝑷𝑨(𝜽)

⊥ 𝒙(𝑡)‖
𝐹

2
𝑁

𝑡=1

= min
𝜽

1

𝑁
∑ 𝑇𝑟{𝑷𝑨(𝜽)

⊥ 𝒙(𝑡)𝒙𝐻(𝑡)𝑷𝑨(𝜽)
⊥ }

𝑁

𝑡=1

 

( 5.1-28 ) 

because [𝑷𝑨(𝜽)
⊥ ]

𝐻
= 𝑷𝑨(𝜽)

⊥ , and by reordering in the trace bracket, then 
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�̂�𝑀𝐿 = min
𝜽

1

𝑁
∑ 𝑇𝑟{𝑷𝑨(𝜽)

⊥ 𝑷𝑨(𝜽)
⊥ 𝒙(𝑡)𝒙𝐻(𝑡)}

𝑁

𝑡=1

= min
𝜽

𝑇𝑟{𝑷𝑨(𝜽)
⊥ �̂�} 

( 5.1-29 ) 

where �̂� =
1

𝑁
∑ 𝒙(𝑡)𝒙𝐻(𝑡)𝑁

𝑡=1 ⇔ 𝐸{𝒙(𝑡)𝒙𝐻(𝑡)} is the covariance matrix of array data. This 

last estimation of θ is the DML direction of arrival estimate. 

  



98 

 

Appendix B – Derivation of SSF criterion function 
𝑹 = 𝑨(𝜽)𝑺𝑨𝐻(𝜽) + 𝜎2𝑰 = 𝑬𝑠𝚲𝑠𝑬𝑠

𝐻 + 𝜎2𝑬𝑛𝑬𝑛
𝐻 

( 5.1-1 ) 

Es contains d principal eigenvectors where d is the rank of the covariance matrix S.  

𝑅(𝑬𝑠) ⊆ 𝑅(𝑨(𝜽)) 

( 5.1-2 ) 

If S has full rank, then equality 

𝑅(𝑬𝑠) = 𝑅(𝑨(𝜽)) ⇒ 𝑬𝑠 = 𝑨(𝜽)𝑻 

( 5.1-3 ) 

That is Es and A is related via a transformation matrix T. 

{𝜽 ̂, �̂�} = min
𝜽,𝑻

‖�̂�𝑠𝑾
1

2⁄ − 𝑨(𝜽)𝑻‖
𝐹

2

 

( 5.1-4 ) 

W is a positive definite weighting matrix that can be chosen according to the specific 

application. The estimation corresponds to a separable nonlinear least-square problem. 

Minimize with respect to T for fixed θ. 

�̂� = (𝑨𝐻𝑨)−1𝑨𝐻�̂�𝑠𝑾
1

2⁄ = 𝑨†�̂�𝑠𝑾
1

2⁄  

( 5.1-5 ) 

Putting this into the estimation for θ and T, the estimation of θ becomes 

�̂� = min
𝜽

‖�̂�𝑠𝑾
1

2⁄ − 𝑨𝑨†�̂�𝑠𝑾
1

2⁄ ‖
𝐹

2

= min
𝜽

‖𝑷𝑨
⊥�̂�𝑠𝑾

1
2⁄ ‖

𝐹

2

. 

( 5.1-6 ) 

Some things to know are that the Hermitian transpose of the orthogonal projection matrix is 

the same as the matrix itself and that the same thing is true for the orthogonal projection 

matrix times itself, combined with the allowance of cyclic rearranging inside the trace, the 

estimation can be rewritten as 

�̂� = min
𝜽

𝑇𝑟 {[𝑷𝑨
⊥�̂�𝑠𝑾

1
2⁄ ]

𝐻

𝑷𝑨
⊥�̂�𝑠𝑾

1
2⁄ } = min

𝜽
𝑇𝑟{𝑷𝑨

⊥�̂�𝑠𝑾�̂�𝑠
𝐻}. 

( 5.1-7 ) 

SSF with no weighting has the same criterion function as MUSIC for the cases with a single 

source signal.  
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Appendix C – Quantifying antenna calibration errors  
Confer to [14], the system considered to be the true system could be described as 

𝒚𝑛(𝑡) = 𝜽𝑙
𝐻𝒖(𝑡) + ∑ 𝜃𝑛𝑖[𝜽𝑙

𝐻𝒖(𝑡)]𝑖

𝑝

𝑖=2

+ 𝜈(𝑡). 

( 5.1-1 ) 

The second term is nonlinear, θl and θn represent the parametrization of the system, ν(t) is 

additive white noise and u(t) is the input to the system. 

The model on the other hand is described as 

�̂�𝑛(𝑡) = �̂�𝑙
𝐻𝒖(𝑡) 

( 5.1-2 ) 

which is a linear model, then the interesting thing to know is what the error would be and 

how to minimize that. From these two representations, the error would be described as 

𝑒(𝑡) = 𝒚𝑛(𝑡) − �̂�𝑛(𝑡) = [𝜽𝑙
𝐻 − �̂�𝑙

𝐻]𝒖(𝑡) + ∑ 𝜃𝑛𝑖[𝜽𝑙
𝐻𝒖(𝑡)]𝑖

𝑝

𝑖=2

+ 𝜈(𝑡)

= −�̃�𝑙
𝐻𝒖(𝑡) + 𝒄𝑤

𝐻 𝒂𝑤(𝑡) + 𝜈(𝑡) 

( 5.1-3 ) 

with  

𝒄𝑤 = [𝜃𝑛2𝜃𝑙0
2 𝜃𝑛2𝜃𝑙0𝜃𝑙1 ⋯]𝐻 

( 5.1-4 ) 

and 

𝒂𝑤(𝑡) = [𝑢2(𝑡) ⋯ 𝑢2(𝑡 − 𝑘 + 1) ⋯]𝐻. 

( 5.1-5 ) 

By collecting N number of measurements, the notation would then be 

𝑒(𝑡) = [𝑒(𝑡) 𝑒(𝑡 − 1) ⋯ 𝑒(𝑡 − 𝑁 + 1)]𝐻 = −𝜙(𝑡)�̃�𝑙 + 𝑨𝑤(𝑡)𝒄𝑤 + 𝜈(𝑡) 

( 5.1-6 ) 

were 

𝜙(𝑡) =  [𝒖(𝑡) 𝒖(𝑡 − 1) ⋯ 𝒖(𝑡 − 𝑁 + 1)]𝐻 

( 5.1-7 ) 

and 

𝑨𝑤(𝑡) =  [𝒂𝑤(𝑡) 𝒂𝑤(𝑡 − 1) ⋯ 𝒂𝑤(𝑡 − 𝑁 + 1)]𝐻. 

( 5.1-8 ) 

A is a column-basis function and is known. 
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With these notations, the true system can be described as 

𝒚𝑛(𝑡) = [𝒚𝑛(𝑡) 𝒚𝑛(𝑡 − 1) ⋯ 𝒚𝑛(𝑡 − 𝑁 + 1)]𝐻 = 𝜙(𝑡)𝜽𝑙 + 𝑨𝑤(𝑡)𝒄𝑤 + 𝜈(𝑡). 

( 5.1-9 ) 

Linear estimator, least square estimate: 

�̂�𝑙(𝑡) = 𝜙†(𝑡)𝒚𝑛(𝑡) 

( 5.1-10 ) 

Where the pseudoinverse is the same as 

𝜙†(𝑡) = [𝜙𝐻(𝑡)𝜙(𝑡)]−1𝜙𝐻(𝑡). 

( 5.1-11 ) 

This results in 

�̂�𝑙(𝑡) = 𝜙†(𝑡)𝒚𝑛(𝑡) = 𝜙†(𝑡)𝜙(𝑡)𝜽𝑙
𝐻 + 𝜙†(𝑡)𝑨𝑤(𝑡)𝒄𝑤 + 𝜙†(𝑡)𝜈(𝑡) 

( 5.1-12 ) 

which in turn leads to an expression of the parameter error 

�̃�𝑙(𝑡) = �̂�𝑙(𝑡) − 𝜽𝑙(𝑡) = 𝜙†(𝑡)𝒚𝑛(𝑡) − 𝜙†(𝑡)𝒚𝑛(𝑡) + 𝜙†(𝑡)𝑨𝑤(𝑡)𝒄𝑤 + 𝜙†(𝑡)𝜈(𝑡)

= 𝜙†(𝑡)𝑨𝑤(𝑡)𝒄𝑤 + 𝜙†(𝑡)𝜈(𝑡) 

( 5.1-13 ) 

with the expectation 

𝐸{�̃�𝑙�̃�𝑙
𝐻} = 𝜙†(𝑡)𝑨𝑤(𝑡)�̂�𝑐𝑨𝑤

𝐻(𝑡)𝜙†𝐻
(𝑡) + �̂�𝜈

2[𝜙𝐻(𝑡)𝜙(𝑡)]−1 

( 5.1-14 ) 

were  

�̂�𝑐 = 𝐸{𝒄𝒄𝐻}. 

( 5.1-15 ) 

Model error and noise are assumed to be uncorrelated. 

To form an estimate of the covariance matrix of the embedding parameters cc and the noise 

variance, using equation (C-14) calculate 

𝑷𝜙
⊥ 𝒚𝑛(𝑡) = 𝑷𝜙

⊥ 𝑨𝑤(𝑡)𝒄𝑤 + 𝑷𝜙
⊥ 𝜈(𝑡) 

( 5.1-16 ) 

where the orthogonal projection matrix is  

𝑷𝜙
⊥ = 𝑰 − 𝑷𝜙 = 𝑰 − 𝜙(𝑡)[𝜙𝐻(𝑡)𝜙(𝑡)]−1𝜙𝐻(𝑡) 

( 5.1-17 ) 

and 
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𝑸(𝑡) = 𝑷𝜙
⊥ 𝑨𝑤(𝑡). 

( 5.1-18 ) 

With the property 

𝑸†(𝑡)𝑷𝜙
⊥ = 𝑸†(𝑡) 

( 5.1-19 ) 

this then results in  

𝑷𝜙
⊥ Ω̂(𝑡)𝑷𝜙

⊥ = 𝑷𝜙
⊥ 1

𝑁𝑇
∑ 𝑦𝑛𝑘(𝑡)𝑦𝑛𝑘

𝐻 (𝑡)𝑷𝜙
⊥

𝑁𝑇

𝑘=1

= 𝑷𝜙
⊥ 𝑨𝑤(𝑡)�̂�𝑐𝑨𝑤

𝐻(𝑡)𝑷𝜙
⊥ + �̂�𝜈

2𝑷𝜙
⊥

= 𝑸(𝑡)�̂�𝑐𝑸𝐻(𝑡) + �̂�𝜈
2𝑷𝜙

⊥ . 

( 5.1-20 ) 

NT is the number of independent trials.  

Eigen decomposition of the expression above yields  

𝑷𝜙
⊥ Ω̂(𝑡)𝑷𝜙

⊥ ⇒ �̂�𝜈
2 =

1

𝑁 − �̂�
∑ 𝑙𝑖

𝑁

𝑖=�̂�+1

 

( 5.1-21 ) 

where �̂� is the number of estimated signals of the nonlinearity and li is the estimated 

eigenvalues where l1 is larger or equal to l2 and so on up to lN. Es is the eigenvectors 

corresponding to the d largest eigenvalues. The expectation of c can then be described as  

�̂�𝑐 = 𝑸†(𝑡)�̂�𝑠(𝑡)�̂�𝑓�̂�𝑠
𝐻

(𝑡)𝑸†𝐻
(𝑡) 

( 5.1-22 ) 

where Df
 is  

�̂�𝑓 = 𝑑𝑖𝑎𝑔[𝑙1 … 𝑙𝑑] − �̂�𝜈
2𝑰 = �̂�𝒔 − �̂�𝜈

2𝑰. 

( 5.1-23 ) 
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Appendix D – Properties of the Orthogonal Projection Matrix 
If PA is a 2 by 2 matrix with a real and imaginary part the resulting matrix would be 

𝑷𝐴 =  [
𝑎11 + 𝑎11𝑖 𝑎12 + 𝑎12𝑖

𝑎21 + 𝑎21𝑖 𝑎22 + 𝑎22𝑖
] 

( 5.1-1 ) 

and its corresponding Hermitian matrix would be 

𝑷𝐴
𝐻 =  [

𝑎11 − 𝑎11𝑖 𝑎21 − 𝑎21𝑖

𝑎12 − 𝑎12𝑖 𝑎22 − 𝑎22𝑖
]. 

( 5.1-2 ) 

Due to the properties of the projection matrix and through a comparison of the two matrices 

above, the following conclusions can be drawn 

𝑷𝐴 = 𝑷𝐴
𝐻 ⇒  

𝑎11𝑖 = 𝑎22𝑖 = 0
𝑎12𝑖 = −𝑎21𝑖 = 𝑏𝑖

𝑎12 = 𝑎21 = 𝑏
 

( 5.1-3 ) 

i.e., the 2 by 2 projection matrix would be 

𝑷𝐴 =  [
𝑎11 𝑏 + 𝑏𝑖

𝑏 − 𝑏𝑖 𝑎22
]. 

( 5.1-4 ) 

The orthogonal projection matrix would then be 

𝑷𝐴
⊥ = 𝑰 − 𝑷𝐴 = [

1 0
0 1

] − [
𝑎11 𝑏 + 𝑏𝑖

𝑏 + 𝑏𝑖 𝑎22
] = [

1 − 𝑎11 −𝑏 − 𝑏𝑖

−𝑏 + 𝑏𝑖 1 − 𝑎22
] 

( 5.1-5 ) 

and that would mean that the Hermitian of the orthogonal projection matrix would be as 

shown below. 

𝑷𝐴
⊥𝐻

= (𝑰 − 𝑷𝐴)𝐻 = ([
1 − 𝑎11 −𝑏 − 𝑏𝑖

−𝑏 + 𝑏𝑖 1 − 𝑎22
])

𝐻

= ([
1 − 𝑎11 −𝑏 + 𝑏𝑖

−𝑏 − 𝑏𝑖 1 − 𝑎22
])

𝑇

= [
1 − 𝑎11 −𝑏 − 𝑏𝑖

−𝑏 + 𝑏𝑖 1 − 𝑎22
] = 𝑷𝐴

⊥ 

( 5.1-6 ) 

I.e., the orthogonal projection matrix is identical to its corresponding Hermitian matrix.  
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Appendix E – Figures 

More results for chapter 4.2.2 
Simulations were made for when the angle of the signal should be -10, -20, and -40 degrees 

when the frequency of the CW signal was 682 MHz. The result is shown in Figures E:1-3. 

 
Figure E:1 The criterion function of the simulated data 

when the angle should be -10. The orange line is the model 

error, and the blue is the true signal. 

 
Figure E:2 The criterion function of the simulated data 

when the angle should be -20. The orange line is the model 

error, and the blue is the true signal. 

 

 

Figure E:3 The criterion function of the simulated data when the angle should be -40. The orange line is the model error, 

and the blue is the true signal. 

 

The same was done for when the angles should be 20 and 40 degrees for the CW signal with 

frequency 658 MHz, with the results shown in Figures E:4-5. 
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Figure E:4 The criterion function of the simulated data 

when the angle should be 20. The orange line is the model 

error, and the blue is the true signal. 

 
Figure E:5 The criterion function of the simulated data 

when the angle should be 40. The orange line is the model 

error, and the blue is the true signal. 

 

 

For the angles 10, 20, and 40 degrees were simulations made for a CW signal with a 

frequency of 640 degrees. The results of this are shown in Figures E:6-8. 

 
Figure E:6 The criterion function of the simulated data 

when the angle should be 10. The orange line is the model 

error, and the blue is the true signal. 

 
Figure E:7 The criterion function of the simulated data 

when the angle should be 20. The orange line is the model 

error, and the blue is the true signal. 
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Figure E:8 The criterion function of the simulated data when the angle should be 40. The orange line is the model error, and 

the blue is the true signal. 

 

More results from chapter 4.2.3 
For the CW signal with a frequency of 682 MHz so where the measured angles are -10, -20, 

and -40 degrees. The results for the case when the matrix H was derived from the assumption 

that all channels were channel 2 are shown in Figures E:9-11 respectively.  

 
Figure E:9 Study of all channels when the angle should be 

-10 degrees. 

 
Figure E:10 Study of all channels when the angle should 

be -20 degrees. 
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Figure E:11 Study of all channels when the angle should be -40 degrees. 

 

The corresponding simulations made resulted in Figures E:12-14. 

 
Figure E:12 Study of all channels when the angle should 

be -10 degrees. 

 
Figure E:13 Study of all channels when the angle should 

be -20 degrees. 

 

 

Figure E:14 Study of all channels when the angle should be -40 degrees. 
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The results from the same measurements as in Figures E:9-11, but in the case when the 

matrix H was derived from the actual channel of the data resulted in Figures E:15-17. 

 
Figure E:15 Study of all channels when the angle should 

be -10 degrees. 

 
Figure E:16 Study of all channels when the angle should 

be -20 degrees. 

 

 

Figure E:17 Study of all channels when the angle should be -40 degrees. 

 

Corresponding simulations when H is derived from the actual channel of the data resulted in 

what is shown in Figures E:18-20. 
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Figure E:18 Study of all channels when the angle should 

be -10 degrees. 

 
Figure E:19 Study of all channels when the angle should 

be -20 degrees. 

 

 

 

Figure E:20 Study of all channels when the angle should be -40 degrees. 

 

Figures E:21-25 are the angle estimate, the difference between the true and the estimated 

signal and the matrices H, K, and P for measured data, when the CW signal has a frequency 

of 682 MHz and the angle should be 10 degrees, in channel 3 for the case when H is derived 

with the assumption that all channels are channel 2. 
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Figure E:21 The angle estimates for channel 3 

 
Figure E:22 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure E:23 Study of the H matrix 

 
Figure E:24 Study of the K matrix 

 

 

Figure E:25 Study of the P matrix 

 

Figures E:26-30 are the angle, difference, and matrices H, K, and P for the same case as 

Figures E:21-25, but for channel 4 instead.  
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Figure E:26 The angle estimates for channel 4 

 
Figure E:27 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure E:28 Study of the H matrix 

 
Figure E:29 Study of the K matrix 

 

Figure E:30 Study of the P matrix 

 

Figures E:31-35 are the result of the angle, difference, and matrices H, K, and P for the 

measured data in channel 3 when the CW signal had a frequency of 658 MHz. The angle 

should be 10 degrees and H was derived from the assumption that all channels are channel 2. 
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Figure E:31 The angle estimates for channel 3 

 
Figure E:32 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure E:33 Study of the H matrix 

 
Figure E:34 Study of the K matrix 

 

Figure E:35 Study of the P matrix 

 

The result for the angle, difference, and matrices H, K, and P in the same case as for Figures 

E:31-35, but for channel 4 are shown in Figures E:36-40. 



112 

 

 
Figure E:36 The angle estimates for channel 4 

 
Figure E:37 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure E:38 Study of the H matrix 

 
Figure E:39 Study of the K matrix 

 

Figure E:40 Study of the P matrix 

 

In the case when H is derived from the actual channel of the data, the CW signal has a 

frequency of 682 MHz, and the angle should be 10 degrees so does the measured data in 

channel 3 result in the angle, difference, and matrices H, K and P shown in Figures E:41-45.  
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Figure E:41 The angle estimates for channel 3 

 
Figure E:42 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure E:43 Study of the H matrix 

 
Figure E:44 Study of the K matrix 

 

Figure E:45 Study of the P matrix 

 

For the simulated case when the angle should be 10 degrees, the CW signal has a frequency 

of 682 MHz, and H is derived with the assumption that all channels are channel 2, so does 

channel 3 result in the angle, difference, and matrices H, K and P shown in Figures E:46-50. 
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Figure E:46 The angle estimates for channel 3 

 
Figure E:47 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure E:48 Study of the H matrix 

 
Figure E:49 Study of the K matrix 

 

Figure E:50 Study of the P matrix 

 

The same simulation done for Figures E:46-50, but for channel 4 resulted in the angle, 

difference, and matrices H, K, and P shown in Figures E:51-55. 
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Figure E:51 The angle estimates for channel 4 

 
Figure E:52 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure E:53 Study of the H matrix 

 
Figure E:54 Study of the K matrix 

 

 

Figure E:55 Study of the P matrix 
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When the CW signal has a frequency of 658 MHz so does the simulation of channel 3 result 

in the angle, difference, and matrices H, K, and P shown in Figures E:56-60. The angle 

should be 10 degrees and H is derived from the assumption that all channels are channel 2. 

 
Figure E:56 The angle estimates for channel 3 

 
Figure E:57 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure E:58 Study of the H matrix 

 
Figure E:59 Study of the K matrix 

 

 

Figure E:60 Study of the P matrix 
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For channel 4 in the same case as described in Figures E:56-60, so are the resulting angle, 

difference, and matrices H, K, and P shown in Figures E:61-65. 

 
Figure E:61 The angle estimates for channel 4 

 
Figure E:62 The difference between the true and the 

estimated signal for channel 4. 

 

 
Figure E:63 Study of the H matrix 

 
Figure E:64 Study of the K matrix 

 

 

Figure E:65 Study of the P matrix 
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For H derived from the actual channel observed so does the simulation of channel 3 result in 

the angle, difference, and matrices H, K, and P shown in Figures E:66-70. In this case, the 

angle should be 10 degrees and the CW signal have a frequency of 682 MHz.  

 
Figure E:66 The angle estimates for channel 3 

 
Figure E:67 The difference between the true and the 

estimated signal for channel 3. 

 

 
Figure E:68 Study of the H matrix 

 
Figure E:69 Study of the K matrix 
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Figure E:70 Study of the P matrix 

 

Figures E:71-75 is the angle, difference, and matrices H, K, and P respectively for the same 

case as for Figures E:66-70 with the exception that the frequency of the CW signal is 658 

MHz. 

 
Figure E:71 The angle estimates for channel 3 

 
Figure E:72 The difference between the true and the 

estimated signal for channel 3. 
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Figure E:73 Study of the H matrix 

 
Figure E:74 Study of the K matrix 

 

 

Figure E:75 Study of the P matrix 

 


