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Abstract

One of the most important mathematicians of all time was Euclid. Even though his books laid the
groundwork for plane geometry, they did have some limitations. In this paper we show why some important
constructions are impossible, as well as giving Swedish mathematics teachers some ideas on how to implement
this in their lessons.
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1. Introduction

This project will take us back a couple of thousands of years, to a time where we did not have the
mathematical knowledge we have today. One of the most cited philosophers of this time was Euclid. During
his life he wrote some axioms, which are known as Euclid’s five postulates. These postulates gave us the
tools to be able to construct some geometric figures, which we will look further into.

When we talk about constructions here, we mean constructions using a straightedge and a compass. What
is important to note is that the straightedge is unnumbered, so we only know the fixed length of the stick
and see that as the unit length.

With these constraints people managed to find a lot of different constructions, for example to bisect an
angle. But when they tried to trisect an angle, they never found a way to do it. The same with when they
tried to double the volume of the cube and draw a square with the same area as a circle. During the 19-th
century people used algebra to prove that these constructions actually are impossible. We are going to figure
out how they showed this.

We will also give some ideas to how Swedish upper secondary teachers can use this type of elementary
geometry in their education. In the Swedish upper secondary school system there are five different standard
courses, and then some extra for the more interested students. In the curriculum for Matematik 2 it says
we should teach our students problem solving from a historical stand point, and what better way is it than
to do it as Euclid? He did lay the groundwork for the plane geometry after all.

2. Prerequisites

We will start off by defining some basic algebraic structures as well as some other important mathemat-
ical properties which you as the reader will need to know before proceeding with this paper. Most of the
information in this section is taken from Svensson (2001). Among these we will have some examples which
will help you understand the rest of the paper better.

2.1. Groups.
A group is a set of elements with a binary operation, denoted + or ·, which fullfill a set of axioms. These
are:

1) The operation is associative, i.e. α+ (β + γ) = (α+ β) + γ for + and α · (β · γ) = (α · β) · γ for ·.
2) There exists a unit element for the operation.
3) There exists an inverse of each element given the operation.

Depending on what type of group we are working with we have different notions. (G, ·) is a group where we
see the operation as multiplication and (G,+) is a group we where we see the operation as addition.

Example 2.1.1. Let us look at the set of integers Z. Let α, β, γ ∈ Z, then
α+ (β + γ) = (α+ β) + γ

holds,
α+ 0 = 0 + α = α

and there exist a β ̸= 0 such that
α+ β = β + α = 0.

Hence (Z,+) is a group.

Example 2.1.2. The natural numbers N is not a group since it does not exist an element β ̸= 0 such that
α+ β = 0

2.2. Rings.
A ring is a set of elements with two binary operations. We call them addition and multiplication. Rings
fulfill the same axioms as groups and then some more. These axioms are:

1) A ring is associative under addition
2) A ring is commutative under addition, i.e. α+ β = β + α
3) There is an element β for each α such that α+ β = 0. This is called the additive inverse of α.
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4) There is a unit element e+ such that α+ e+ = α
5) A ring is associative under multiplication.
6) Multiplication is distributive over addition.

We will use the notation (R,+, ·). Note that rings do not need to be commutative for multiplication. If a
ring would be commutative for multiplication it is called a commutative ring. If there exists a unit element
e such that ae = a the ring is said to have unity. We call these rings rings with unity. Rings can as well
have both these characteristics and we call them commutative rings with unity. Out of convenience in this
paper, when we mention rings they will be commutative with unity.

Definition 2.2.1. Let R be a ring and let α ∈ R. If α has a multiplicative inverse, we say that α is a unit.
In other words, let α, β ∈ R, if αβ = 1 then β is α’s multiplicative inverse, hence α is a unit.

2.3. Fields.
A field is not to far from a commutative ring with unity. The difference between a ring and a field is that
we have a multiplicative inverse for all elements except 0 in a field. In the case of this paper it is the same
as saying that we can use all four common operations, but this is not necessarily the case for all fields.

Definition 2.3.1. If all elements α ̸= 0 in a ring R are units, the ring is said to be a field.

Example 2.3.2. Take the rational numbers Q. We can add two elements and it will form a new rational
number:

p

q
+

p′

q′
=

pq′ + qp′

qq′

We can multiply two elements:
p

q

p′

q′
=

pp′

qq′

We can also multiply with an elements inverse to get 1, as long as p, q ̸= 0:
p

q

q

p
=

pq

qp
= 1

Hence Q is a field.

Example 2.3.3. The integers Z do not form a field, since the only unit in Z is 1.

Definition 2.3.4 (Subfields). Let K,L be fields. If all elements α ∈ K satisfy α ∈ L we say that K is a
subfield of L. We denote this K ⊆ L.

Example 2.3.5. The rational numbers, Q, form a subfield to the real numbers, R. We denote this Q ⊆ R.

2.4. Irreducibility.
One important aspect of algebra is irreducibility. Depending on the ring the context for irreducibility differs.
Either we say a number is irreducible or a polynomial is irreducible. If a number is irreducible it means
we can not use prime number factorization to write it in factors of other numbers. In other words prime
numbers are irreducible. But when it comes to irreducible polynomials it is a bit more to it.

Definition 2.4.1. Let K be a field. Then K[x] is the ring of polynomials with coefficients in K.

K[x] = {knxn + kn−1x
n−1 + ...+ k1x+ k0 | ki ∈ K}

Definition 2.4.2. A non-constant polynomial f(x) ∈ K[x] is said to be irreducible over K, if f(x) can not
be written as the product of two polynomials with degree lower than f and where their coefficients are from
K.

Example 2.4.3. x2 − 2 is irreduciable over Q, but not over R since x2 − 2 = (x −
√
2)(x +

√
2) is a

factorization with coefficients in R.

Definition 2.4.4. A number α is said to be algebraic over a ring if there exists a polynomial p(x) with
coefficients in a ring such that p(α) = 0. If there does not exist such polynomial, the number is called
transcendental.
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Example 2.4.5.
√
2 is algebraic over Q, since

√
2 is the solution to the polynomial p(x) = x2 − 2.

Example 2.4.6. π and e are two numbers which are transcendental over Q. This happens to be of great
importance later on.

3. Euclid’s Element’s

Around 2000 years ago in ancient Greece there lived a person called Euclid who is one of the most prominent
mathematicians in history. He laid the groundwork for the plane geometry we use today. His thoughts and
theories got written down in what is called Euclid’s Elements (Euclid, 2007).

Among the books Euclid wrote down some straightedge-compass constructions. All the the theories were
based of five postulates. These are:

(1) Between two points, we can draw a line.

0 α

(2) A line can be extended indefinitely long in both directions.

0 α

(3) A circle can be drawn with a given radius and a given centre.

α0

(4) All right angles are equal.
(5) If a straight line falling on two straight lines makes the interior angles on the same side of it taken

together less than two right angles, then the two straight lines, if produced indefinitely, meet on that
side on which the sum of angles is less than two right angles.

From our modern point of view these five postulates sound trivial, but we have to remember that Euclid
said this 2000 years ago. In the Elements he wrote down a lot of definitions for geometry. Some of which
we use frequently today, such as the similarity of triangles. Some of the definitions will be used throughout
this paper to prove our theorems, as wells as constructions. Euclid’s Elements became somewhat of a staple
in mathematical education and was used up until the early 20th-century in Sweden (Prytz, 2015).

Euclid’s Elements consist of 13 different books. Each book talks about different parts of geometry. Our
main focus in this paper will be the 4th book, where Euclid explains straightedge and compass constructions.

3.1. Basic Euclidean Constructions.
With the five axioms presented in the previous section we saw that we could construct a circle using a
straightedge and a compass. In this part we will construct other geometric forms using these rules. To be
able to describe the process we describe lines by two points. For circles we will use CMR, where C is for
circle, M is for the center point of the circle and R is for the point we use as radius. E.g. to describe a circle
around the origin, that is the starting point of the construction, with a point A as the radius, we will right
C0A.

Example 3.1.1 (Perpendicular line). We will first look at how to draw a perpendicular line to any given
line.
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Step 1: Given two points, α and β, we start by drawing the circle Cαβ.

α β

Step 2: Draw the circle Cβα. This gives us two intersecting points. We call the upper one γ and the
lower one δ.

α β

γ

δ

Step 3: Draw the line γδ, which gives us an intersecting point ε in the middle of the line αβ.

α β

γ

δ

ε λτ

Figure 1. Construction of a perpendicular line

This new line is perpendicular to αβ due to the triangles αγδ and βγδ being congruent, since they have two
sides of equal length as well as a common angle.

The process of creating perpendicular lines can be reproduced to create a square.

We can also draw a bisector to any given angle. A bisector is a line that splits an angle into two equal
parts.

Proposition 3.1.2. Given any angle between two lines, we can construct a bisector to the angle.
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0

α1

α2

β

Figure 2. Construction of bisection

Proof Take two points, α1 and α2, on both lines such that |α10| = |α20|. Then draw two circles with radii
|0α1| and |0α2| around the points α1 and α2. The intersection between the two circles Cα10 and Cα20 gives
us a fourth point β. The line between 0 and β will then construct the bisection to the angle between the
two original lines. The triangles Oα1β and 0α2β are congruent, due to them sharing they share one side,
|0β|, and since |0α1| = |0α2| also tells us that |α1β| = |α2β|. We now see that both triangles fulfill the
side-side-side congruence axiom. And since they are congruent, the angle between the lines |0α2| and |0α2|
is the same. □

4. Algebraic Interpretation of Geometry

With compass and straightedge constructions we can construct a lot of different shapes. But due to the fact
we only use a unit length there are some things we can not construct, for example the three problems we
mentioned earlier. But to be able to prove that these are not constructible we will need a better algebraic
understanding. It took closer to 1800 years before someone proved that the constructions of interest were
not constructible. We now use this to build an understanding of why we can not draw a square with the
same area as a circle, double the volume of a cube and why we can not construct a trisection on any given
angle.

Earlier we saw said a line segment was straightedge and compass constructable. Now we will call the
length of the line segment a straightedge compass constructible number. We will call set of straightedge and
compass constructible numbers K.
4.1. The Set K.
As stated earlier we will start to see line segments as numbers now. In algebra we know how to operate on
numbers, which is not as easy to see with line segments.

Theorem 4.1.1. K is a field.

Proof We need to show that we can construct the sum of two constructible numbers, construct the product
of two constructible numbers as well as being able to construct the quotient between two constructible
numbers. Let α, β ∈ K then we show that α+ β ∈ K:

0 α β α+ β

Figure 3. Construction of addition.

Since α and β are constructed, we can draw them as in the figure above. There α = |0α| and β = |0β|.
From Euclid’s Elements Book 1, proposition 2 (Euclid, 2007), we know how to construct a given line from
a new point. Therefore we can construct the new point α + β. We have now shown that the constructions
is closed under addition.

For subtraction we do the same, but instead of adding α to β, we take α on the other side.
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0 α βα− β

Figure 4. Construction of subtraction

We also need to see if K is closed under multiplication. Given α, β ∈ K we need to show that α · β ∈ K.
This construction is a bit harder to do and looks like this:

0

α

ε β

γ

Figure 5. Construction of the product of α and β.

In the figure above ε is the length of our straightedge, i.e. our unit length. We draw a line between ε and α.
Then we need to draw a line parallel to this line from β. This can be done by constructing a perpendicular
line to the segment |βγ| as in example 3.1.1. We can then construct a perpendicular line from this new line,
which we can construct through ε. This new line is parallel to |βγ| with Euclid’s 5th postulate.

By doing these steps we get two triangles 0εα and 0βγ. Thanks to the theorem about top triangles we
know that the two triangles are similar. Thanks to this we can find the length of the line 0γ. We know that

|0γ|
|0α|

=
|0β|
|0ε|

=⇒ γ

α
=

β

1
=⇒ γ = α · β

We see here that constructible numbers fulfill both addition and product axioms for rings. We remind our-
selves that for a ring to be a field, all elements in the ring, except zero, need to be units. In other words
all elements need to have a multiplicative inverse. We know that the multiplicative inverse is the same as
division so for any elements, α, β ∈ K∖{0}, we need to show how to construct α

β . This construction is almost

the same as for the product. But, instead of drawing the line between the unit length and α, we draw the
first line between α and β. Then we draw a line parallel to αβ from the unit length, ε. The point where the
new line intersects |0α| gives us a point γ, and the length |0γ| have the length of α

β by the top triangle theorem.

Algebraically we have:

O

α

βε
γ

Figure 6. Construction of Division

|Oα|
Oγ

=
|Oβ|
|Oε|

=⇒ α

γ
=

β

1
=⇒ α

β
= γ

□
Since our starting point is a unit length, we can easily translate this to being able to construct the natural
numbers, N. From there we showed that we can find the quotient of natural numbers we can also construct
the rational numbers, Q. So we have showed that K is a field and that Q ⊆ K.

We will now show that we can construct the square root of any constructible number. The reason why this
is interesting is because we often look for intersections between circles and lines. Algebraically this means
we try to find the solution to some equation system of degree 2. We will come back to this later on so just
hang on for now.

Theorem 4.1.2. The square root of any constructed number is constructible.
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0 α

γ

β

Figure 7. Construction of
√
a

Proof Assume α is constructed. Then construct the circle with diameter α + 1, like figure 7. We call the
point of which the diameter α + 1 intersects the circle β. From α we draw a line perpendicular to the line
segment Oβ until it intersects the circle. We call this intersections γ. Due to Thales theorem which states
that if we have an inscribed triangle in a circle and one of the sides of the triangle is the diameter of the
circle then the angle between the other sides are right. Hence the angle δγβ is 90◦.

Now look at the two triangles δαγ and αγβ. We want to show that they are similar. First we look at
the big triangle δγβ and show that it is similar to the triangle αγβ. Both these triangles have a right angle
as well as the angle δβγ = αβγ. We know that the angle sum for triangles is 180◦, which tells us that both
these triangles need to share the last angle as well. Therefor the triangles δγβ and αγβ are similar. We can
do some similar steps to show that the triangles δαγ and δγβ are similar. Thus δαγ and αγβ are similar.

Since the triangles are similar we know how the sides are proportionate to one another.

|δα|
|γα|

=
|γα|
|αβ|

=⇒ α

γ
=

γ

1
=⇒ γ2 = α =⇒ γ =

√
α

So the square root of a constructible numbers is also constructible. □

0

α

β

γ

α β

γ

λ

α β

γ

λ

Figure 8. Illustration of the different intersections.

4.2. Understanding Intersection.

From what we have seen from before, we describe constructible numbers as lengths between intersecting
points. In the case of straightedge and compass constructions the intersection points will be the solutions to
an equation system, either the equations for two lines or two circles or one line and a circle. We know that
the equation of a line is on the form kx+ ly = m and that the equation for a circle is (x− a) + (y − b) = r2

where r is the radius of the circle, and a, b is the offset of the circle.
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So the system for two intersecting lines would be:{
kx+ ly = m

k′x+ l′y = m′

while the system for two intersecting circles would be:{
(x− a)2 + (y − b)2 = r2

(x− a′)2 + (y − b′)2 = (r′)2

and lastly we have the case when a line intersects a circle. This system would then look like:{
(x− a)2 + (y − b)2 = r2

kx+ ly = m

4.3. Field Extension.

As we have seen from the section before we can construct numbers that are not rational. That means that
Q ⊊ K (we remind ourselves that K is the set containing all numbers that are straightedge and compass
constructible). Sometimes when we want to work with fields, we might need to use a number which is not
part of our field. Then we use what is called a field extension. More often then not the number we extend
our field with is a solution to a polynomial. For example if we have the equation

x2 − 2 = 0

which is algebraic over Q we would need to add
√
2 to Q to be able to solve the equation.

Definition 4.3.1 (Field extension). Let K,L be two fields. If K ⊆ L then we say that K extends to L.
This can also be denoted as L : K.

Definition 4.3.2 (Finitely generated field extension). For two fields L and K, we say that L is a finitely
generated field extension of K if K(α1, α2, ..., αn) = L for αi ∈ L. Here K(α1, ..., αn) is the smallest field
extension of K which contains α1, ..., αn.

Example 4.3.3. We know that Q ⊆ K. But we might need, let us say
√
γ, where γ ∈ Q. We add

√
γ to Q

by writing it as Q(
√
γ) : Q. The elements in this field will be on the form {α+ β

√
γ | α, β ∈ Q}.

4.4. Degree of Field Extension.
In this paper we will need to know what degree a certain extension would be. We determine the degree of a
field extension based on the minimal polynomial for the extension.

Definition 4.4.1. Let K, L be fields such that K ⊆ L. If this is a finite field extension, the degree of the
extension is the dimension of the vector space L over K. We denote the degree as [L : K]. We say that L is
a finite field extension if [L : K] = n, for any n ∈ N.

Example 4.4.2. Given two fields K, L. If K = L then [L : K] = 1.

Example 4.4.3. Let us look back at example 4.3.3. [Q(
√
γ) : Q] = 2. If we would translate this into linear

algebra, a basis of the vector space would be: {1,√γ}. Hence [Q(
√
γ) : Q] = 2.

Definition 4.4.4. A field extension K ⊆ L is called algebraic if all elements in L are algebraic over K.

Theorem 4.4.5. Each finite field extension is an algebraic field extension.

Proof Let L be a finite field extension of K. Then [L : K] = n for some n ∈ N. This tells us that L is an
n-th dimensional vector space over K. Linear algebra completes this proof.

Theorem 4.4.6. Let K be a field. If L is a finite field extension of K and F is an finite field extension of
L then [F : K] = [F : L] · [L : K]

I will not show the proof to this theorem here. If you are interested to read it you can find it in Svensson
(2001)[p. 458–459].
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Theorem 4.4.7. For all αi ∈ K, the field extension [Q(α1, ..., αn) : Q] is of degree 2N .

Proof Take Q and let αi ∈ K, where i = 1, 2, ..., n. As we saw in 4.2, αi can be either the square root of a
number or a rational number since it is the solution to an equations system of degree 2 or 1. From definition
4.4.1 we know that [Q(α1) : Q] ≤ 2 i.e. 1 or 2. If we then would extend with more, we would get

[Q(α1, ..., αn : Q] = [Q(α1, ..., αn) : Q(α1, ..., α(n− 1)] · ... · [Q(α1) : Q] = 2N , N ∈ N

Hence we can only get have field extensions of degree 2N . □

5. The Impossible Constructions

Let us go back 2000 years and try to look at this without all the tools we have just introduced. Imagine
sitting on a beach in warm Greece and drawing circles and lines all day trying to figure out how to draw a
square with the same area as a circle. We know how to draw a circle as well as a square. It should not be
that hard to draw a square with the same area as a circle. Well, it is. A matter of fact it is impossible given
the tools we have used earlier in this paper. The same goes for trying to draw a cube with doubled volume
and splitting an angle in three equal length. These problem were so hard that it took generations before
someone was able to find out they can not be solved by straightedge and compass constructions. A matter
of fact is that it took 1800 years to figure out why it did not work. We will use Ian Stewart’s Galois Theory
(Stewart, 2015) to prove why the problems mentioned earlier are impossible.

5.1. Doubling the Cube.
We start off by formulating the first problem: we can not construct a cube with double the volume as the
original one. So even though we usually see Euclidean geometry as plane geometry, we can construct three
dimensional figures. But we are more interested in the lengths of the sides and not the shape. It is not hard
to construct a cube with volume one by just using unit lengths with right angles between all lines. Let’s call
this cube the unit cube. But it turns out we can not draw a cube with a volume of 2 units. We know from
elementary school that the volume of a cube is calculated by base × height × depth = volume, and since a
cube has the same length on all the sides it is the same as |side| × |side| × |side| = |side|3 = volume. So if
we have the cube of volume 1, the sides have the lenght 1. But, if we want to draw the cube of volume 2,
i.e. doubling the volume, each side then has to be 3

√
2 since, 3

√
2× 3

√
2× 3

√
2 = 2.

What we need to do is to see if 3
√
2 is straightedge and compass constructible. We start with trying to find

the minimal polynomial which corresponds to 3
√
2. It is easy to see that x3 − 2 is the minimal polynomial

over Q. By theorem 4.4.7 the minimal polynomial needs to have a degree 2N in order for a number to be
constructible. There is no N ∈ N such that 2N = 3 and therefore we can not construct 3

√
2.

5.2. Trisecting Any Given Angle.
As we have seen from before, it is possible to create a bisection to any given angle. This leads us to the
question: can we construct a trisection to any given angle? In other words, we can split any given angle into
three equal angles? It turns out that with a straightedge and a compass, we cannot construct the trisect to
any given angle.

Given an angle α, we want to construct an angle β such that 3β = α. This would mean that cos(α) =
cos(3β). We can rewrite cos(3β) as:

cos(3β) = cos(2β + β)

= cos(β) cos(2β)− sin(β) sin(2β)

= cos(β)(2 cos2(β)− 1)− sin(β)(2 sin(β) cos(β))

=2 cos3(β)− cos(β)− sin(β)(2 sin(β) cos(β))

=2 cos3(β)− cos(β)− 2 sin2(β) cos(β)

=2 cos3(β)− cos(β)− 2(1− cos2(β)) cos(β)

=2 cos3(β)− cos(β)− (2 cos(β) + 2 cos3(β)

=4 cos3(β)− 3 cos(β)
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Let u = cos(β), given that cos(3β) is constructible, =⇒ 4 cos3(β) − 3 cos(β) = 4u3 − 3u. This is not a
polynomial whose degree is of the form 2N and therefore not constructible due to theorem 4.4.7.

5.3. Squaring the Circle.
The proof for this last problem is very much alike the one from duplicating the cube. But instead this time
we look at the transcendence of π. We want to be able to draw a square that has the same area as any given
circle. We start out with a circle with radius 1, hence have the area π. To be able to create a square with
the same area we need to be able to construct the sides of the square to be

√
π. Here we see some problems

already. As mentioned in example 2.4.6, π is transcendental. This was proven by Ferdinand Lindemann
(Lindemann, 1882).

But why is it important to say that π is transcendental? We want to see if there exists a minimal poly-
nomial for π so that it is algebraic. It is not hard to find this for the ring R[x], since x− π ∈ R[x]. But we
are interested in Q[x], not R[x]. It turns out that it does not exist a minimal polynomial for π in Q[x]. If π
would be constructible there would exist a minimal polynomial whose degree is on the form 2N , but since it
does not exist a minimal polynomial in Q[x] where π is a solution, π is not constructible.

6. Discussion

During the process of writing this paper, I have thought about how I can incorporate this into the my future
line of work which is as upper secondary teacher. There are some problems which we need to solve or work
around if we want to be able to use this for let us say problem solving sessions. Firstly: Euclidean geometry
was removed from the Swedish school curriculum during the 20th-century (Prytz, 2015). Secondly: since
the students do not know euclidean geometry we need to find the time to teach them about it as well as the
ordinary geometry.

In the Swedish upper secondary school system we have mainly 5 different maths courses, which are named
Matematik 1-5. For Matemtik 1-3 there is also different courses depending on which program you attend.
These are noted with a,b or c, where a stands for the programs that are aimed towards a specific profession, b
is for the programs aimed towards the general university subject and c is for the STEM (science, technology,
engineering and maths) programs. In the curriculum for Matematik 2b, we can see that the students should
be presented with some of the classical theorems from Euclid’s Elements (Skolverket, 2021). Among these
are the theorem about the Similarity of Triangles as well as the Inscribed Angle Theorem. The students
should also be able to solve problems which are connected to the cultural history of mathematics. From my
point of view, there is nothing more appropriate than doing math as the Greeks did 2000 years ago.

But why let the students prove the theorem about similar triangles or the Inscribed Angle Theorem?
They do not need any calculation to prove it, but instead need to use logical thinking and try to puzzle
the pieces they know. Zaslavsky et al. (2009) talks about why using proofs in the secondary school setting
is important. One of the reasons is that if students get to work with proofs, then they become better at
mathematical problem solving, which happens to be one of the goals in the curriculum for students in the
Swedish mathematical education (Skolverket, 2021).

I remember when I was taught Euclidean geometry, my first year in university, how hard I thought it
was because it was so abstract in comparison to how Swedish students are taught geometry. We are used to
always have numbers and be able to calculate what we need. If we bring back Euclidean Geometry I believe
that we might be able to help those who do not like mathematics or have a hard time representing geometry
in their head with only numbers.

6.1. Example of a Problem Solving Module.
So how can one of these problem solving session look like? Well, this depends on how much Euclidean
geometry they have been taught and how much time you have. Let us say you spend two lessons on
Euclidean geometry problem solving. The first part of the first lesson I would introduce the necessary tools
to be able to solve these problems. The tools I think of introducing are those that we have used during this
paper. That is Euclid’s 5 postulates, a compass as well as a straightedge. Once the students are presented
with this, create groups of two and each group is given a compass and a straightedge of some sort. Start with
giving them easy constructions. For example how to draw a perpendicular line or just how to add lengths
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together. The thought of this is to give them a foundation of how they are able to operate their tools and
what they can do.

During the second lesson we can get into the heavier stuff. Now let them try to prove the bisection for
example. The reason for this is that there are many ways of doing so, while dealing the construction part.
In this paper we proved bisection using congruent triangles. If we look back on fig.3.1, we could also prove
it by drawing a line between α1 and α2, showing that the bisection intersects the line |α1α2| in the middle.
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