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THE SURGERY FORMULA FOR WEINSTEIN SURFACES

MARTIN BÄCKE

Abstract. Let X be a Weinstein domain with contact boundary Y and let Λ =
⋃

v∈I
Λv be

a link of Legendrian spheres embedded in Y . Write XΛ for the Weinstein domain obtained by
attaching Weinstein handles along Λ, and C =

⋃
v∈I

Cv for the cocore disks of the surgery. Using
use a holomorphic curve count one can associate the Chekanov-Eliashberg DGA CE∗ (Λ) to Λ, and
the wrapped Floer cohomology CW ∗ (C) to the cocore disks. The surgery gives rise to an A∞-
morphism f : CW ∗ (C)→ CE∗ (Λ). A result by Ekholm-Lekili states that f is a quasi-isomorphism
for dim X ≥ 4. Using algebraic techniques, we generalize this result to dim X = 2, assuming that Λ
is non-stabilised. We also compute the higher maps of f for one of the simpler Legendrians.
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1. Introduction

In this thesis, we study the Chekanov-Eliashberg DGA CE∗ (Λ) of a Lagrangian link Λ in the
boundary of a Weinstein domain X, and the wrapped Floer cohomology CW ∗ (C) of the cocores
arising from Λ. For dimX ≥ 4, these invariants are related by the following theorem, previously
established theorem:

Theorem 1.1 ([EL17]). Let X be a Weinstein domain, let Λ be a Legendrian link in Y := ∂X, and
let C ⊆ XΛ be the cocore disks of the surgery. Then there is a geometrically defined A∞-morphism
f : CW ∗ (C)→ CE∗ (Λ), which is a quasi-isomorphism, when dimX ≥ 4.

This result was first announced in [BEE12]. A proof was later given in [EL17], where it is in
fact shown that f is an isomorphism of A∞-algebras, when suitable choices of contact form and
almost complex structure is used. We here generalize Theorem 1.1 to the case when dimX = 2,
assuming the Λ is what we call non-stabilised, using coefficients in Z2. We will return to the case
with coefficients in a general field in a future paper. The Chekanov-Eliashberg algebra in one-
dimensional contact spheres behaves somewhat differently to that in higher dimensional contact
spheres. It is in particular infinitely generated, which is not the case in higher dimensions. We will
also see that while f is still a quasi-isomorphism, it is no longer an isomorphism. As a consequence,
we provide a geometric realisation of the A∞-algebra that represents the minimal models of these
DGA:s; see Corollary 7.5.
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We will assume knowledge of basic symplectic geometry, as in [MS17] and some homological
algebra, in particular the notions of a chain complex and a chain homotopy. The reader should also
have some familiarity with complex analysis, in particular the Riemann mapping theorem.

Outline of the thesis. In Section 2, we briefly review the algebraic notions needed to define
CE∗ (Λ) and CW ∗ (C), and the homological algebra needed to compute the cohomology of CE∗ (Λ).
In Section 3, we review the notions of a Liouville and Weinstein manifold, and describe the Weinstein
surgery. In Section 4, we introduce the moduli spaces of pseduo-holomorphic curves which are used
to define both the operations on CE∗ (Λ) and CW ∗ (C), and the surgery map f : CW ∗ (C) →
CE∗ (Λ). In Section 5, we define CE∗ (Λ), give a combinatorial description of it when dimX = 2,
and compute its cohomology. In Section 6, we define CW ∗ (Λ), compute its cohomology, and give
a description of CW ∗ (Λ1) where Λ1 is the Legendrian consisting of a single sphere in the boundary
of X = D2. Finally, in Section 7, we prove the surgery formula for dimX = 2 in the non-stabilised
case. We also compute the higher operations of f for Λ = Λ1.

Acknowledgements. I would like to express my gratitude to my supervisor Georgios Dimitroglou
Rizell for suggesting this problem and taking the time to answer all my questions. His comments
especially allowed for simplifications of the argument in Section 5.

2. Algebraic preliminaries

We will here give a brief introduction to the algebra needed. Our invariants CW ∗ (C) and
CE∗ (Λ), will be A∞-algebras, with the latter in particular being a DGA. We define these concepts,
and then review some homological algebra we will need later.

2.1. A∞-algebras. An A∞-algebra is a graded Z2-module A with graded linear maps,

µi : A⊗i → A

for every i ≥ 1, of degree 2− i, satisfying the A∞-relations:∑
i,j

µd−i+1(Id⊗j ⊗ µi ⊗ Id⊗d−i−j ) = 0

for d ≥ 1. A∞-algebras should be thought of as algebras that are ’associative up to homotopy’.
Indeed, if µi = 0 for i ≥ 3, the A∞-relations become

µ1 ◦ µ1 = 0
µ2 ◦ (Id⊗ µ1) + µ2 ◦ (µ1 ⊗ Id) + µ1 ◦ µ2 = 0
µ2 (Id⊗ µ2) + µ2 (µ2 ⊗ Id) = 0

If we then define a differential and a multiplication on A by

d (a) = µ1 (a) and a1a2 = µ2 (a1, a2) ,

the first relation says that d2 = 0, the third that the multiplication is associative, and the second
that the operations satisfy the Leibniz rule,

d (a1a2) = d (a1) a2 + a1d (a2) .

Hence, such an A∞-algebra constitutes a differential graded algebra (DGA). We define a morphism
of A∞-algebras f : A→ B, to be a family of maps

fi : A⊗i → B

for i ≥ 1, of degree 1− i, such that for each d ≥ 0,∑
fd−i−1 ◦ (Id⊗j ⊗ µi ⊗ Id⊗d−i−j ) =

∑
µj ◦ (fd−ij⊗, . . . ,⊗fi2−i1⊗, . . . ,⊗fi1),
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where the left hand sum is taken over all 1 ≤ i, j ≤ d, and the right hand sum is taken over all
1 ≤ j ≤ d and 0 < i1 < i2 < . . . < ij < d. The composition of two A∞-morphisms f : A→ B, and
g : B → C, is given by,

(g ◦ f)i =
∑

gj ◦ (fd−ij⊗, . . . ,⊗fi2−i1⊗, . . . ,⊗fi1),

where the sum is taken over all 1 ≤ j ≤ d, and 0 < i1 < i2 < . . . < ij < d. The identity map
Id : A→ A, is given by Id1 = IdA and Idi = 0 for i ≥ 2. As usual, f : A→ B is an isomorphism if
it has an inverse with respect to this identity. Note that isomorphisms do not generally to preserve
the A∞-relations. For example, an algebra without higher operations (i.e. µi = 0 for i ≥ 3), can be
isomorphic to an algebra with non-zero higher operations. One can show that an A∞-morphism f
is an isomorphism if and only if f1 is an isomorphism on the chain level. We define the cohomology
of an A∞-algebra as H∗A = kerµ1/ im µ1. The cohomology is a graded associative algebra under
the multiplication induced by µ2. We say that f : A → B is a quasi-isomorphism if it induces an
isomorphism on the cohomology. By the above, this is equivalent to f1 being a quasi-isomorphism
of chain complexes.

For a more thorough introduction to A∞-algebras we refer to [Kel99].

2.2. Homological algebra. In this section we review some homological algebra which we will use
to compute the cohomology of CE∗ (Λ).

Definition 2.1. Let f : A→ B, be a map of cochain complexes A and B. The mapping cone of f ,
is the cochain complex,

C (f) = A[1]⊕B = . . .→ Ap ⊕Bp−1 → Ap+1 ⊕Bp → . . .

with differential
d =

(
dA 0
f [1] dB

)
The primary use of the mapping cone comes from the following proposition:

Proposition 2.2. A chain map f : A→ B is a quasi-isomorphism, if and only if C (f) is acyclic,
i.e. if its cohomology vanishes.

Definition 2.3. A (homological) spectral sequence is a sequence of graded Z2-modules Er =⊕
q∈ZE

q
r with differentials

dr =
⊕
q∈Z

(dqr : Eqr → Eq−rr )

of degree −r, such that
d2
r =

⊕
q∈Z

dq−rr ◦ dqr = 0

and
Er+1 ∼= H∗ (Er, dr)

The module Er is referred to as the r-th sheet of the sequence. If Eqr eventually becomes stationary
from some rs onwards, we say that Ers degenerates rs, and write

Eq∞ :∼= Eqrs
∼= Eqrs+1

∼= . . . .

Definition 2.4. A filtration of a (not necessarily graded) chain complex C is a sequence
. . . ⊆ Fq−1C ⊆ FqC ⊆ Fq+1C ⊆ . . . ⊆ C

of subcomplexes of C, such that every element of C is contained in some FqC. We define the
associated graded complex to be GqC = FqC/Fq−1C. A filtration is said to be bounded from below
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if FqC = 0 holds for all q � 0. We say that a spectral sequence converges to some filtered module
H if GqH ∼= E∞q .

Theorem 2.5. Given a filtered chain complex (C, d), whose filtration is bounded from below, there
is a spectral sequence {Eqr , dr}, converging to the total cohomology Gq (H(C)) of C, such that

Eq0
∼= GqC

Eq1
∼= H[d]GqC

(GqC)

In particular, if Eqr becomes zero for some r ≥ 0, and if coefficients are taken in a field, then
H(C) = 0.

For details we refer to [BT82].

3. Geometric preliminaries: Weinstein manifolds

In this section we will define Liouville and Weinstein manifolds, domains, and cobordisms. These
are symplectic manifolds, i.e. smooth manifolds equipped with a closed, non-degenerate differential
2-form, equipped with additional structure. Liouville manifolds are symplectic manifolds which
have an exact symplectic form and which are well-behaved at infinity. This makes it possible to
define the wrapped Floer cohomology. Weinstein manifolds roughly speaking Liouville manifolds
which are obtained by consecutive handle-attachments. We here give a brief introduction to these
notions. For more, see [CE12].

3.1. Liouville manifolds. Let (X,ω) be a 2n-dimensional symplectic manifold. A Liouville struc-
ture is a 1-form λ such that dλ = ω, and (X,ω, λ) is then a Liouville manifold. We denote by
Z the unique vector fields such that iZω = λ and call Z the Liouville field. A Liouville domain
is a compact symplectic manifold X with smooth boundary Y = ∂X equipped with a Liouville
structure such that Z is outward transverse on Y . This condition implies that α := λ|Y and we
have λ ∧ (dλ)n−1 = iZω

n 6= 0, so Y is a contact manifold with contact form α. We say that X has
a cylindrical end if there is a Liouville domain X ⊆ X such such that

X\int X =
∞⋃
t=0

Φt
Z (Y ) ,

where Φt
Z is the flow of Z. In the following, all Liouville manifolds will have cylindrical end. Note

that LZλ = λ so (Φt
Z)∗ λ = etλ. From this it follows that X\int X is symplectomorphic to the

positive end [0,∞) × Y of the symplectization (R× Y, d (etα)), where t is the coordinate on the
R-factor. Up to contactomorphism, Y is independent of the choice of X, and we call it the ideal
contact boundary of X. The whole symplectization of Y can be embedded in X as

⋃∞
t∈R Φt

Z (Y ).
The image of this embedding is also independent of X. Conversely, given a Liouville domain X
(not necessarily embedded in a Liouville manifold) we can also complete it to a Liouville manifold
X by adding the cylindrical end:

X = X ∪ ([0,∞)× Y ) .

As suggested by the by the observations above, and also by our notation, one should think of
Liouville manifolds X and Liouville domains X, completing to X, interchangeably. We define a
Liouville cobordism to be a compact symplectic manifold W with smooth boundary ∂W , equipped
with a Liouville structure, and a partition ∂W = ∂+W t ∂−W such that Z is outward transverse
on ∂+W and inward transverse on ∂−W . We define the completion W of W to be

W := ((−∞, 0]× ∂−W ) ∪W ∪ ([0,∞)× ∂+W ).
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3.2. Weinstein manifolds. As mentioned above, Weinstein manifolds are Liouville manifolds that
can be constructed by subsequent handle attachments. We briefly recall the theory of handle de-
compositions for smooth manifolds. Let M be an n-dimensional manifold with boundary. Consider
a manifold with boundary with corners of the form Hj = Dj × Dn−j . We call Hj a j-handle.
Then ∂Hj = (∂Dj ×Dn−j) ∪ (Dj × ∂Dn−j) = (Sj−1 ×Dn−j) ∪ (Dj × Sn−j−1). Given a smooth
embedding f : Sj−1 ×Dn−j → ∂M , we can attach Hj to M by identifying the Sj−1 ×Dn−j-part
of ∂Hj , with the embedding of Sj−1 ×Dn−j into ∂M . We then obtain a new manifold Mf . Note
that attaching a 0-handle only consists of adding a component diffeomorphic to Sn. One can show
that this process can be done in such a way that Mf becomes smooth. We call f (Sj−1 × 0) the
attaching sphere of the handle attachment. Using Morse theory, one can for any manifold obtain a
handle decomposition, that is a sequence ∅ = M0,M1, . . . ,Mm = M , such that each Mi is obtained
from Mi−1 by the attachment of a handle.

In [Wei91], Weinstein introduced a method of performing handle attachments on Liouville do-
mains. Recall that a submanifold of a contact manifold is called isotropic if the contact form
vanishes on its tangent space. An isotropic submanifold can as most have dimension n− 1, and is
in that case called Legendrian. Weinstein defined a Liouville structure on Hj for j ≤ n, and showed
that given an isotropic (j−1)-sphere Λ in the boundary of a Liouville domain X, one can attach Hj

at Λ, and obtain a new Liouville domain XΛ. We write YΛ := ∂XΛ. It is in the same way possible
to perform handle attachments on Liouville cobordisms.

In contrast to the smooth category, not every Liouville domain has a handle decomposition into
standard Weinstein handles (compatible with the chosen Liouville form). We call those that do
Weinstein domains, and analogously define a Weinstein cobordism to be a Liouville cobordism
that can be obtained by a sequence of handle attachments to the symplectization of some contact
manifold. It can be shown that X being a Weinstein domain is equivalent to the existence of
a special type of Morse function on X called a Lyapunov function, see [CE12]. For any handle
attachment on X at Λ ∈ Y resulting in a new domain XΛ there is a associated cobordism WΛ
obtained by letting W be a finite segment Y × [a, b] of the symplectization of Y , and viewing Λ as
living in ∂+(Y × [a, b]) ∼= Y . This cobordism has the property that ∂−W = Y and ∂+W = YΛ. A
handle of index j is called critical if j = n, and subcritical if j < n. A Weinstein domain is called
subcritical if it has a handle decomposition with only subcritical handles. The general picture is that
the symplectic topology of a subcritical Weinstein domain is relatively simple, and we are primarily
concerned with what happens at a critical handle attachment. The critical handle Hn contains two
natural Lagrangian submanifolds with endpoints on ∂Hn, namely the core disk L := 0 ×Dn, and
the cocore disk C := Dn×0. When we perform a surgery the cocore becomes included as a properly
embedded Lagrangian in XΛ and WΛ, and the core in WΛ. We use the same notation for these.
We then have ∂L = Λ ⊆ Y ∼= ∂−WΛ. The boundary of C constitute a Legendrian n − 1 sphere
in YΛ which we denote as Γ. We will also consider surgeries at a link, i.e. a finite disjoint union
Λ =

⋃
v∈I Λv of Lagrangian spheres in Y , by which we simply mean repeated handle attachment at

each sphere. This then gives rise to disjoints unions L =
⋃
v∈I Lv and C =

⋃
v∈I Cv of the cores and

cocores. The disks Lv and Cv intersect transversally in one point zv and Lv ∩Cw = ∅ if v 6= w. We
of course also have Γ := ∂C =

⋃
v∈I Γv.

The Liouville and Weinstein structures should be thought of as auxiliary. They are needed
to define our invariants CE∗ (Λ) and CW ∗ (C), and the surgery map, but all three of these do
in the end only depend on the symplectic and contact geometry. We are interested in the case
when dimX = 2. The subcritical domains are here precisely the X such that each component is
homeomorphic to a disk. The critical handles are 1-handles and are attached at 0-spheres. The
cores and cocores are 1-dimensional submanifolds. Due to the low dimension, we will for the most
part not have to concern ourselfs much with exactly which symplectic, Liouville, and Weinstien
structure the surfaces are equipped with. We will in the following also suppress the bars of X and
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Figure 1. Attaching a handle to X and Y × [0,∞). The cocore is illustrated as red
and the core as blue.

W and leave it implicit whether X and W refers to the domain or manifold. For surfaces, we also
introduce the concept of stabilised attachment spheres.

Definition 3.1. Let Λ be a Legendrian link in the boundary of a Weinstein surface X. Consider a
0-dimensional sphere Λv ⊆ Λ as embedded in YΛ\Λv

. If Λv has both points on different components
of XΛ\Λv

of which at least one is subcritical, we say that Λv is stabilised.

Stabilised components are special in the sense that, if Λv is stabilised and one removes the ’unused’
subcritical component of XΛ\Λv

, then XΛ\Λv
and XΛ are homeomorphic. Moreover, the cocore Cv

corresponding to Λv is nullhomotopic if and only if Λv is subcritical. By nullhomotopy, we mean a
contraction of Cv with Γv ⊆ YΛ at each point in time. We say that Λ is non-stabilised if it contains
no stabilised components.

Example 3.2. Let X = D2, equipped with the standard symplectic form dx ∧ dy. The disk has
a Liouville structure 1

2 (x dy − y dx) with Z = y ∂
∂x + x ∂

∂y . A link Λ is an embedding of a finite
number of Legendrian 0-spheres into Y , considered up to Legendrian isotopy. A 0-sphere is simply
a pair of points and for dimensionality reasons, every 0-dimensional submanifold of Y is Legendrian.
The simplest link is the embedding of a single sphere, which we refer to as Λ1. By embedding two
spheres, one can obtain two different links by letting the spheres either be unlinked or linked, which
we refer to as Λ2 and Λ3 respectively. By attaching the Weinstein 1-handles at the spheres we

Λ1 Λ2 Λ3

Figure 2. The knots embedded in ∂X

obtain our new Weinstein domains, XΛ1 , a cylinder; XΛ2 , a 3-times punctured sphere; and XΛ3 , a
punctured torus. The cobordisms WΛ will simply be the manifolds XΛ with a disk cut out around
the source of Z in X. The cores and cocores are illustrated in Figure 3. As with the Legendrian links,
the Lagrangian condition is degenerate in dimension two, and every 1-submanifold of a symplectic
2-manifold is Lagrangian.

3.3. Generators of CW ∗ (C) and CE∗ (Λ). The generators of CW ∗ (C) and CE∗ (Λ), will consist
of Reeb chords and Lagrangian self-intersections. Recall that the Reeb field of Y is the unique vector
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XΛ1 XΛ2 XΛ3

WΛ1 WΛ2 WΛ3

Figure 3. The Weinstein domains and cobordisms obtained by surgery along the
respective knots. The cocore and core disks are illustrated in red and blue respec-
tively.

field R such that R|kerα = 0 and α (R) = 1. A Reeb orbit is a periodic integral curve of R, and
similarly a Reeb chord is a non-constant integral curve of R. Note that a periodic Reeb orbit admits
a canonical parametrisation as a curve with velocity equal to R, after a choice of starting point. We
write P (Y ) for the set of Reeb orbits, and C (Λ) for the sets of Reeb chords with endpoints at Λ.
We let Cvw (Λ) be the Reeb chords from Λv to Λw. Similarly, we write C (Γ) for the Reeb chords of
YΛ with endpoints on Γ. To see the Lagrangian self-intersections of C, we need to choose a system
of transversely intersecting parallel copies, {Ci}∞i=0 of C, with C0 = C. This is essentially a family
of Lagrangians close to C obtained by perturbing the endpoints of C backwards through the Reeb
flow, as illustrated in Figure 4. We will not go into details of how the family of parallell copies is
constructed, but a simple description is that for any increasing sequence i0, . . . , ik, the Lagrangians
Ci0 , . . . , Cik relate to each other as C0, . . . , Ck. For details we refer to [EL17] and [Ekh19]. The
copies C0 ∩ C1 intersect transversely in a single point ev for each component of Cv of C, and we
refer to these as Lagrangian intersection points.

4. Pseudo-holomorphic curves

We here define a number of moduli spaces of pseudo-holomorphic curves in W where W is a
Liouville domain or cobordism. The material in this chapter follows [EL17], see also [Asp20]. The
moduli spaces are are used to construct the operations on CE∗ (Λ) and CW ∗ (C), as well as the
surgery map CE∗ (Λ) → CW ∗ (C). The curves have an input, of Reeb chords or Lagrangian
intersection points to which they converge at positive infinity, and an output, of the same, to which
they converge at negative infinity. We equip W with a compatible almost complex structure, i.e.
a smooth choice of linear transformations Jp : TpX → TpX such that J2

p = −Idp. Recall that J
being compatible means that ω(·, J ·) is a Riemannian metric. We will assume that J is translation



8 MARTIN BÄCKE

Figure 4. The core with four parallel copies in a handle of XΛ and WΛ respectively

invariant in the ends of W . Our invariants will in the end be independent of J . We define a
decorated puncture of a Riemann surface Σ to be a be a point z with a choice of local holomorphic
polar coordinates (ρ, θ) near z. Punctures can either be interior punctures or boundary punctures.
A punctured Riemann surface is a Riemann surface Σ a finite number of decorated punctures
z1, . . . , zn. A pseudo-holomorphic curve u : Σ→W is then a map u : Σ \ {z1, . . . , zn} → W , where
J ◦ du = du ◦ j where j is the complex structure on Σ. We will always consider psuedo-holomorphic
curves only up to reparametrization of Σ, so the moduli spaces below will consist of equivalence
classes of curves.

Definition 4.1. Let W be a Liouville domain or cobordism. Let u : Σ → W be a pseudo-
holomorphic curve, and z be a decorated puncture of Σ. If z is an interior puncture and γ is a Reeb
cord in ∂±W we say that u is asymptotic to γ at ±∞ near z if

• u maps a neighbourhood U of z into the positive (negative) end of W . We can then write
u (ρ, θ) = (uR (ρ, θ) , u∂±W (ρ, θ))
• lim
ρ→0

uR (ρ, θ) = ±∞
• lim
ρ→0

u∂±W (ρ, θ) = γ (±θ)

If z is a boundary puncture and c is a Reeb chord in ∂±W , we replace the last condition with
• lim
ρ→0

u∂±W (ρ, θ) = c (±θ)

and say that u is asymptotic to c near z at ±∞. Finally, if x is a Lagrangian intersection point and
• lim
ρ→0

u (ρ, θ) = x

we say that u is asymptotic to x near z.

Definition 4.2. Let Σ be a (possibly already punctured) Riemann surface. A pseudo-holomorphic
curve u of WΛ or Y × R, anchored in X consists of the following data

• a pseudo-holomorphic map u from Σ\{z1, . . . , zm} to WΛ or Y × R, where z1, . . . , zm are
interior punctures, such that u is asymptotic to a Reeb orbit γi near zi at −∞
• holomorphic planes (Riemann spheres punctured at ∞) uj : C → X asymptotic to γi at

+∞ near the puncture at ∞

We denote by Dm the closed unit disk in C with boundary punctures z1, . . . , zm going counter
clockwise. We call z1 the distinguished puncture. The punctures divide ∂Dm into m boundary arcs.
We consider disks with a boundary numbering. This is an assignment κ = (κ1, . . . , κm) of a natural
number to each boundary arc. These can either be increasing, decreasing, strictly increasing, or
strictly decreasing. In what follows, when we say that a pseudo-holomorphic curve with a boundary
numbering is asymptotic to a Reeb chord c or a Lagrangian intersection point x, at a boundary
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puncture zi, we mean that it is asymptotic to the unique Reeb chord or Lagrangian intersection
point of Cκi−1 and Cκi near c and x, respectively. These boundary numberings needed in order to
avoid analytical issues with the moduli spaces. We will not go into details of this and instead refer
to [EL17] and [Ekh19].

Filling disks: Let Dm be a disk with decreasing boundary numbering κ and let a = a1 . . . am
be a word of generators in C (Γ) and C0 ∩ C1. A filling disk is a pseudo-holomorphic map u :
(Dm, ∂Dm)→ (XΛ, C) such that

• u maps the boundary component labelled by κi into Cκi .
• u is asymptotic to ai near zi (at +∞ if ai is a Reeb cord).

We denote the moduli space of filling disks by Mfi (a, κ)

−→

a1 a2 a3 a4

u

Figure 5. A filling disk with four punctures. The red segments are boundary com-
ponents mapped onto C. The black segments indicate Reeb cords and Lagrangian
intersection points, which u converges to near the punctures.

Symplectization disks: Let c = cσ1
1 . . . cσm

m be a word of generators in C (Λ) with a choice of
sign σi ∈ {+,−} for each chord. We define a symplectization disk to be a pseudo-holomorphic map
u : Dm → R× Y possibly anchored in X, such that:

• u maps the boundary component labelled by κi to R× Λκi .
• u is asymptotic to ci at ±∞ near zi according to σi.

Given any symplectization disk, one can obtain another disk by translating along the R-coordinate.
We denote the moduli space of symplectization disks in R × Y , anchored in X, with the transla-
tions quotiented out, by Msy (c, κ). Below we also consider symplectization disks in R × YΛ, with
ai ∈ C (Γ), defined in in the same way.

c1c2c3

c4 c5

−→u

Figure 6. A symplectization disk with three positive and two negative punctures,
and no anchors. The blue segments are boundary components mapped onto R× Λ.
The black segments indicate Reeb cords, which u converges to near the punctures.

Partial holomorphic buildings: A partial holomorphic building, consists of the following data:
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• one symplectization disk u : Dm → R×YΛ, considered up to translation, called the primary
disk, such that the distinguished puncture is negative.
• one filling disk uj for each additional negative puncture zj of u, called secondary disks, such

that is u and uj are asymptotic the same Reeb cord at zj and the distinguished puncture
of u, respectively.

We view the secondary disks as connected to the primary disk at infinity, forming one broken disk.
For a word c = c0cm . . . c1 of generators in C (Γ) and C0 ∩ C1, we denote by Mpb (c, κ) the space
of partial holomorphic buildings which are asymptotic to c0 at the distinguished puncture of the
symplectization disk, and for i 6= 0 asymptotic to ci at the respective positive punctures, traversed
in counter clockwise order.

−→
c0c1

c2

c4 c5

c3

u

Figure 7. A partial holomorphic building with three filling disks, and no anchors.
The red segments are boundary components mapped onto C. The black segments
indicate Reeb cords and Lagrangian intersection points, which u converges to near
the punctures. The distinguished puncture is marked by a dot.

Cobordism disks: We fix two punctures on the disk Di+j+2 dividing its boundary in an upper
arc with i punctures and a lower arc with j punctures. Let a1 . . . aj be a word of composable Reeb
chords connecting Λv to Λw, and b1 . . . b2 a word of Reeb chords of Γ. Let c = a1 . . . ajz

wbi . . . b1z
v.

A cobordism disk with output a1 . . . aj and input bi . . . b1 is map u : Di+j+2 →WΛ, possible anchored
in X, such that:

• u maps the every lower boundary component to L, and the the upper (j + r):th boundary
component to Cκj+r .
• u is asymptotic to ar near the r:th puncture for 1 ≤ r ≤ j, asymptotic zw = Lw∩C

κj+1
w near

the (j+1):th puncture, asymptotic to bi+j+2−r near the r:th puncture for j+2 ≤ r ≤ i+j+1,
and asymptotic to zw = Lw ∩ C

κi+j+2
w near the (i+ j + 2):th puncture.

We denote the space of such disks as Mco (c, κ).

Proposition 4.3. For a generic choice of J , the moduli spaces Mfi (a, κ), Msy (c), Mco (c, κ), and
thereby also Mpb (c, κ) are transversely cut our manifolds, in the case that their expected dimension
is zero. Moreover, these spaces are in canonical bijection for different choices of κ.

Proof. See [EL17] and [Ekh19]. �

In what follows, we will in light of this theorem suppress the boundary numbering. We call
the psudo-holomorphic curves belonging to a zero-dimensional moduli rigid. It is the rigid curves
that determine the algebraic operations in the subsequent sections. An important observation is
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−→

b1b2

a1 a2

b3

zvzw
u

Figure 8. A cobordism disk with three positive and two negative punctures, and no
anchors.The red and blue segments are boundary components mapped onto C and
L respectively. The black segments indicate Reeb cords and Lagrangian intersection
points, which u converges to near the punctures.

that when dimX = 2, the pseudo-holomorphic disks with boundary on transversely intersecting
curves are determined by Riemann mapping theorem by their boundary behaviour. Recall that
the mapping theorem states that there for every non-empty simply connected open subset U , of
C, which is not all of C, there is a biholomorphic map from the open unit disk onto U . This map
is unique up to reparametrization of the domain. By applying the Riemann mapping theorem to
the universal cover of a Weinstein surface, one can for the simpler examples pick out the pseudo-
holomorphic curves by combinatorial considerations. For an anchored curve to be rigid, both the
main curve and the anchors must be rigid. When dimX = 2, curves can only have anchors in X
if X is subcritical, i.e. a disk. An anchor in the disk meeting the main curve in some Reeb orbit
γ, can only be rigid if γ only winds once around the puncture, the anchor will otherwise have a
branched point.

5. The Chekanov-Eliashberg DGA

We here define the Chekanov-Eliashberg algebra CE∗ (Λ). This is an isotopy invariant that
is due to Eliashberg and Chekanov; we refer to [EGH00] for the general construction. As above,
Λ =

⋃
v∈I Λv is a link of finitely many Legendrian spheres in Y = ∂X where X is a Liouville domain.

The Chekanov-Eliashberg algebra is as an algebra defined as the path-algebra of the quiver with
vertices given by the spheres in Λ and arrows given by the Reeb chords, with coefficients in Z2.
In particular, CE∗(Λ) contains idempotents εv for each Λv, which we will call formal Reeb chords.
These satisfy the relations εvεw = δvwεv, and εvc = δwvc and cεv = cδuv for c ∈ Cwu (Λ). Note that
we are here using the convention of composing the chords from left to right. We will call a word of
Reeb chords composable if it is non-zero in CE∗(Λ). We define the differential of a chord c0 ∈ C (Λ)
as

dc0 =
∑

c=c+0 c
−
1 ...c

−
i

[Msy (c)]c1 . . . ci

where the sum is taken over all composable words, and we let

[Msy (c)] :=
{
nc1 . . . ci if dim Msy = 0
0 if dim Msy 6= 0

for a generic cylindrical almost complex structure on the symplectization, where n is the algebraic
number of components of the moduli space of rigid symplectizations disks anchored in X. The
differential extends to the whole algebra by linearity and the Leibniz rule.

Proposition 5.1. The differential satisfies d2 = 0.

Proof. The proof uses a standard technique for proving algebraic relations in pseudo-holomorphic
curve theory. If c0 is a Reeb chord, the terms of d2 will by definition correspond to pairs of
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symplectization disks, two level holomorphic buildings, where the input of the second curve, is a
chord in the output of the first. They should be thought of as living in two copies of Y ×R on top of
each other meeting at ±∞. If a building outputs a word c1 . . . ci, it can be identified with a boundary
point of a compactification of the 1-dimensional space Msy (c), where c = c+

0 c
−
1 . . . c

−
i . One should

think of the compactification as letting the curves in Msy (c) break into two-level buildings at ±∞.
This identification of boundary points and two-level buildings is one-to-one. Thus, if a building takes
c as input and outputs c1 . . . ci it is a boundary point of some component of the compactification
of Msy (c). It is therefore cancelled by the term coming from the building at the other boundary
point of this component, so it follows that d2 (c) = 0. We refer to [Ekh19] for the proof of this
compactifications existence. �

∂ = +

Figure 9. At infinity, the symplectization disks break into holomorphic buildings
consisting of two symplectization disks.

The Chekanov-Eliashberg algebra is in general only invariant up to quasi-isomorphism under
Legendrian isotopy. The quasi-isomorphism type is also independent of the Liouville and almost
complex structure. We are interested in the relationship between CE∗ (Λ) and CW ∗ (C). However,
CE∗ (Λ) can be defined in other contexts, for example of non-sphere Legendrians in contact R2n−1.

5.1. CE∗ (Λ) for surfaces. When dimX = 2, we can describe CE∗ (Λ) combinatorially. The
boundary of X is a disjoint union of circles, with contact form dθ, so the Reeb chords are counter-
clockwise curves with endpoints on Λ, which is a disjoint union of 0-spheres i.e. pairs of points. For
a chord c we will denote its starting point as s(c) and its endpoint as t(c). If we fix a base point
on each component of Y , a Reeb chord is uniquely determined by its endpoints i and j, and p, the
number of times it passes through the base point. We denote such a Reeb chord as cpij . For example,
if Y only has one component we can label the points of Λ as 1, . . . , 2n going counter-clockwise from
the base point, and then have the Reeb chords,

c0
ij for 1 ≤ i < j ≤ 2n,
cpij for 1 ≤ i, j ≤ 2n and p ≥ 1.

Let Xc and Yc be the component and boundary component, respectively, which c lies in. The
differential is given by the following proposition.

Proposition 5.2. Let Λ be a Legendrian link in the boundary of a Liouville surface X. Write

d = d0 + d−1.

with d0 and d−1 corresponding to the unanchored and anchored curves respectively. Let cpij ∈ C (Λ).
Then,

d0(cpij) =
∑
m,p

climc
p−l
mj .
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with the sum taken over all m, l and p such that clim and cp−lmj exist. For d−1 we have

d−1(cpij) =
{
ei if i = j, p = 1, and Xcp

ij
is subcritical

0 otherwise
Both d0 and d−1 are 0 on the formal chords εv corresponding to the idempotents.

Proof. The rigid disks are illustrated in Figure 10. If a non-anchored disk outputs a word consisting
of more than two chords, it is non-rigid. Let c = cpij . An anchoring disk can only exist if Xc is
subcritical and i = j, and if c winds more than once around Yc, the anchoring disk has a branched
point and is hence not rigid. �

c1
iicpij

clim cp−lmj

Figure 10. The two types of curves in 0-dimensional Msy (c) when dimX = 2.

Example 5.3. Let X = D2 and Λ = Λ1, as in Example 3.2. We have the generators
c0

12, c
1
11, c

1
12, c

2
11, c

2
12 . . .

c1
21, c

1
22, c

2
21, c

2
22, c

3
21 . . .

The first few differentials are
d(c0

12) = 0
d(c1

11) = ε+ c0
12c

1
21

d(c1
12) = c0

12c
1
22 + c1

11c
0
12

d(c2
11) = c0

12c
2
21 + c1

11c
1
11 + c1

12c
1
21

d(c1
21) = 0

d(c1
22) = ε+ c1

21c
0
12

d(c2
21) = c1

21c
1
11 + c1

22c
1
21

d(c2
22) = c1

21c
1
12 + c1

22c
1
22 + c2

21c
0
12

In this example, it has been shown in [EL19], Proposition 14, that the cohomology of CE∗ (Λ) is
the de Rham polynomial ring:

H∗CE (Λ) ∼= Z2[t, t−1].
As stated in the proof above, the reason that d2 = 0, is that we for any generator c can see the
two level pseudo-holomorphic curves contributing to the terms of d2 (c), as the boundaries of the
compactifations of the 1-dimensional moduli spaces of symplectization disks with c as input. For
example, we have d2 (c1

12) = d (c0
12c

1
22 + c1

11c
0
12) = c0

12c
1
21c

0
12 + c0

12c
1
21c

0
12 + c0

12 + c0
12 = 0. Here, the first

and second terms cancel because they are the output of two broken disks which form the boundary
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of the 1-dimensional moduli space Msy(c1
12

+
c0

12
−
c1

21
−
c0

12
−), and in the same way the third and forth

term correspond to the boundary of Msy(c1
12

+
c0

12
−). The breaking is illustrated in Figure 11.

∂

c1
21 c1

21

c1
12

c0
12 c0

12c0
12

c0
12

=

c1
12

c1
21 c0

12
c1

21

c1
21

c0
12

c0
12

c0
12

c1
21 c0

12

c0
12

c1
12

+

∂

c1
12

c0
12

c0
12

=

c1
12

+ c0
12

c1
12

c1
11

c1
11

c1
22c0

12

c1
12

c0
12c1

11 c1
22

c1
22

c0
12 c0

12c1
11 c1

22

∂ = +

∂ = +

c1
12

c1
12c1

12c1
12

c1
12

c0
12

Figure 11. The boundaries of the 1-dimensional moduli spaces Msy with input c1
12.

Holes in the curves represent anchors.

Computation of the cohomology of CE∗ (Λ). We will now compute the cohomology of CE∗ (Λ),
when dimX = 2 and Λ is a non-stabilised union of spheres. To simplify the notation, we will write
A := CE∗ (Λ).

Definition 5.4. We call a Reeb chord short if it is not the concatenation of any other (non-formal)
chords. In particular, the formal chords are short. For a word c, we define its total concatenation
ctc to be the word obtained by concatenating the chords of c at every point where the start- and
endpoints of two adjacent chords in c coincide. We define its total splitting cts as the unique word
consisting only of short chords, such that (cts)tc = ctc, i.e. the word obtained by splitting the chords
of c at each possible point. If c = ctc we call c unconcatable.

Let A0, be the subspace spanned by the set of words c such that c is unconcatable and only
consist of short chords, and let A+ be the space spanned by all other words, so that A = A0 ⊕A+.
We have

d0(A+) ⊆ A+, d0(A0) = 0,
and if Λ is non-stabilised, we also have

d−1(A0) = 0.

The reason is that when X has a disk component with precisely one point of Λ in its boundary,
then Λ is stabilised. Hence, in the non-stabilised case the chords that go once around the boundary
are never short.

Proposition 5.5. Let Λ ⊆ Y be a non-stabilised Legendrian link. Then the canonical inclusion
ι : A0 → A is a quasi-isomorphism of chain complexes.
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Note that ι is not an algebra homomorphism. The proof relies on the action filtration of A. The
action of a chord c is defined as

a (c) =
∫
c
λ.

The action of a word is the sum of the action of its chords. One can think of the action of a chord
as its length in some Riemannian metric. We will let X be normalized so that a(c1

ii) = 1, for every
i ∈ Λ. The filtration is defined by letting Aq be the subspace spanned by words of action q, and

FqA =
⊕
p≤q

Ap.

Note that this filtration is bounded from below, and that we have

d0 (Aq) ⊆ Aq d−1 (Aq) ⊆ Aq−1,

The action q is not necessarily an integer, but if we let [q] = {p ∈ R | p − q ∈ Z}, and let
A[q] =

⊕
[p]=[q]Ap, then A[q] is invariant under d0, d−1, and d, so we can think of FqA as an ordinary

Z-filtration. We write A+
q := A+ ∩Aq and A0

q := A0 ∩Aq. Our goal is to apply Theorem 2.5 to the
mapping cone of ι, with respect to this filtration. For any word c ∈ Aq we have,

d2 (c) = d2
0 (c) + (d0 ◦ d−1 + d−1 ◦ d0) (c) + d2

−1 (c)

so d2
0 (c) = 0, (d0 ◦ d−1 + d−1 ◦ d0) (c) = 0, and d2

−1 (c) = 0.

Aq Aq Aq

Aq−1 Aq−1

Aq−2

d0

d−1

d0

d−1

d0

d−1

For an unconcatable word c = ctc, we define Cc as the span of words c such that ctc = c. If c ∈ Aq
then Cc ⊆ Aq, and

Aq =
⊕

c∈Aq ,ctc=c
Cc.

with d0 (Cc) ⊆ Cc. We can introduce a grading | · |q on Aq, by letting |c|q, be the number of points
in which one needs to concatenate the total splitting cts in order to obtain c. This gives (Aq, d0)
the structure of a chain complex.

Lemma 5.6. The inclusion
(
A0
q , d0

)
→ (Aq, d0) is a quasi-isomorphism of chain complexes.

Proof. By our observations above A = A0 ⊕A+ as chain complexes, and d0 is zero on A0
q , so what

need show is that
(
A+
q , d0

)
is acyclic. This in turn reduces down to showing that each (Cc, d0) with

c ∈ A+
q is acyclic. We will do this by constructing a nullhomotopy. Let m ≥ 1 be the number of

concatenation points of c. A word in Cc can then be represented by a tuple s ∈ {0, 1}m, where
1 represents that the word is concatenated at the corresponding point and 0 that it is not. The
differential d0 acts on such a tuple s = (s1, . . . , sm) by,

s 7→
∑

d0,i (s)

where

d0,i (s) =
{

0 if si = 0
(s1, . . . , si−1, 0, si+1, . . . , sm) if si = 1.
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We pick some 1 ≤ j ≤ m, and define hj , by

hj (s) =
{

(s1, . . . , sj−1, 1, sj+1, . . . , sm) if sj = 0
0 if sj = 1.

We then have,
d0 ◦ hj (s) =

∑
i

d0,i ◦ hj (s) = d0,j ◦ hj (s) +
∑
i 6=j

d0,i ◦ hj (s)

hj ◦ d0 (s) =
∑
i

hi ◦ d0,i (s) = hj ◦ d0,j (s) +
∑
i 6=j

hj ◦ d0,i (s) .

If i 6= j then hj ◦ d0,i (s) = d0,i ◦ hj (s), and

d0,j ◦ hj (s) =
{
s if si = 0
0 if si = 1

hj ◦ d0,j (s) =
{

0 if si = 0
s if si = 1.

Thus, d0,j ◦ hj (s) + d0,j ◦ hj (s) = s, so hj is a homotopy between the identity and zero maps. �

Remark 5.7. The proof above can be interpreted in terms of algebraic topology. For the definitions,
we refer to [Bre97]. The complex (Cc, d0) is almost the simplicial complex of the standardm-simplex,
with tuples of grade 1 corresponding to 0-simplexes, tuples of grade 2 to 1-simplexes, and so on.
The difference is that the tuple consisting only of zeros does not correspond to any simplex. This
is what causes (Cc, d0) to be acyclic, while the simplicial complex has non-trivial homology in the
0th-degree. The algebraic nullhomotopies constructed in the proof above roughly correspond to the
geometric homotopies obtained by contracting the m-simplex to one of its m vertices.

Proof of Proposition 5.5. We consider the mapping cone C = Cone (ι) of ι:
C = A0[1]⊕A.

Since the differential vanishes on A0, the cone has the differential

dC =
(

0 0
ι d

)
Since ι preserves the q-filtration, C is naturally q-filtered. Applying Theorem 2.5 we then have

Eq0
∼= GqC = A0

q [1]⊕Aq
with

[dC ]GqC =
(

0 0
ι d0

)
The complex GqC is A0

q [1]⊕Aq = A0
q [1]⊕A0

q ⊕A+
q with differential

[dC ]GqC =

0 0 0
ι 0 0
0 0 d0 |A+

q


Thus, H (GqC) = 0 by Lemma 5.6, so by Proposition 2.2, the inclusion is a quasi-isomorphism. �

6. Wrapped Floer Cohomology

We will now define the A∞-algebra CW ∗ (C), again following [EL17]. Note that these A∞-
algebras have been described combinatorially in work by Haiden-Katzarkov-Kontsevich; see [HKK17].
As before XΛ is the Weinstein manifold obtained through surgery at Λ, with cocores C =

⋃
v∈I Cv.

The underlying Z2-module of CW ∗ (C) will be freely generated by the intersection points in C0∩C1
and Reeb chords in YΛ with endpoints on Γ, i.e

CW ∗ (C) := Z2〈C (Γ) , C0 ∩ C1〉.
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Note that we neither include words of chords nor any formal chords, in contrast to the construction
of CE∗ (Λ). To define the A∞-operations, we consider a word c = c1 . . . ci of generators in C (Γ)
and C0 ∩ C1 We will let

µi(c) := µ′i (c) + µ′′i (c)
where µ′i takes values in the intersection points and µ′′i takes values in the Reeb chords. We define
µ′i by

µ′i (c) =
∑

c′=c0c
[Mfi (c′)]c0

where the sum is taken over all intersection points c0, and

[Mfi (c′)] :=
{
n if dim Mfi (c′) = 0
0 if dim Mfi (c′) 6= 0

where n is the algebraic number of components of the moduli space. We then define µ′′i to be

µ′′i (c) =
∑

c′=c0c
[Mpb (c′)]c0

where the sum is taken over all Reeb chords c0, and

[Mpb (c′)] :=
{
n if dim Mpb (c′) = 0
0 if dim Mpb (c′) 6= 0

where n again is the algebraic number of components.

Proposition 6.1. The operations µi satisfy the A∞-relations.

Proof. As in the proof of Proposition 5.1, we identify the curve configurations contributing to µ ◦µ
with the boundaries of 1-dimensional moduli spaces. We write µ◦µ = µ′◦µ′+µ′◦µ′′+µ′′◦µ′+µ′′◦µ′′
with each term corresponding to the sum of all such compositions. If we consider Mfi (c) for a word
c making the space 1-dimensional, the curves will split in one of two ways:

(i) at an intersection point in C0 ∩ C1, into two filling disks.
(ii) at a Reeb chord into a two-level building with one level in XΛ and one in YΛ × R.

This is illustrated in the top row of Figure 12. In the first case, one of the filling disks will inherit the
output puncture from the non-rigid disk. We consider the other disk to have its output puncture at
the point at which they split. This case then corresponds to terms of µ′ ◦µ′. In the second case, the
output puncture stays in the filling disk (as it converges to an intersection point). This case then
corresponds to terms of µ′ ◦ µ′′. We next consider 1-dimensional Mpb (c). A component of Mpb (c)
will then either have rigid secondary disks or rigid primary disk. If we first consider components
with rigid secondary disks, the primary disk will break into either:

(i) a two-level building consisting of two symplectization disks, with the distinguished puncture
in the lower level.

(ii) a two-level building consisting of two symplectization disks, with the distinguished puncture
in the upper level.

The whole three-level building will then in the first case correspond to terms of µ′′ ◦ µ′′ where the
output of the first partial holomorphic building is part of the input of a secondary disk in the second
building. In the second case the buildings do not correspond to any terms of µ ◦µ; call these illegal
buildings. See the middle row of Figure 12. Finally, if we consider components with rigid primary
disk, the non-rigid filling disk will split as described above. Thus the whole building splits into
either:

(i) a two-level building having one disk in the symplectization.
(ii) a two-level building having two disks in the symplectization.
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(iii) a three-level building with two symplectization levels, where the distinguished puncture lies
in the upper symplectization level.

The first case corresponds to the terms of µ′′ ◦ µ′ and the second to terms of µ′′ ◦ µ′′ where the
output of the first partial holomorphic building is part of the input of the primary disk of the second
building. The third case corresponds to the illegal buildings above. See the final row of Figure 12.
Thus, all terms of µ ◦µ are accounted for and the illegal buildings cancel. The A∞-relations follow.

�

∂

∂

∂

=

=

=

+

+

+

1

1

1
+

Figure 12. All configurations in which 1-dimensional Mfi (c) and Mpb (c) split,
illustrated on the top and two bottom rows respectively. The 1 indicate which disk
is non-rigid. Note that we as previously consider symplectization disks with the
natural R-action quotiented out.

Example 6.2. Let X = D2, and consider the knot Λ = Λ1 from Example 3.2. The Weinstein do-
main XΛ resulting from the surgery is a cylinder and the cocore disk is a 1-dimensional submanifold
with one endpoint at each component of YΛ. The Reeb chords of Γ = ∂C, are an and bn for n ≥ 1,
where an is the chord in the first component of YΛ looping around n times, and bn is the correspond-
ing chord in the second component. Computing the A∞-relations, we have µ1 = 0, µ2 (ee) = e,
µ2 (anam) = an+m, µ2 (bnbm) = bn+m, µ2 (ean) = µ2 (ane) = an, and µ2 (ebn) = µ2 (bne) = bn, and

µ2 (anbm) =


an−m if n > m

bm−n if n < m

e if n = m.

For i ≥ 3, we have µi = 0. Thus, H∗CW (C) = CW ∗ (C) ∼= Z2[t, t−1], which together with
Example 5.3 gives evidence for the surgery formula.

Proposition 6.3. Suppose that C contains no nullhomotopic components. Then the differential on
CW ∗ (C) vanishes.

Proof. For an intersection point e, we have µ′1 (e) = 0, since each pair of the parallel copies only
intersect once. There is no partial holomorphic building taking e as input, as the primary disk
will have at least one positive puncture, converging to a Reeb chord in the input, so we also have
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an am

an+m

an

aman−m

an

an bm

am bm

e e

ee

e

ee

e

a b

Figure 13. The curves of contributing to the A∞-operations of CW ∗ (C) for Λ =
Λ1. The domain XΛ is illustrated with two parallel copies of C.

µ′′1 (e) = 0. If there is a Reeb chord c, such that µ′1 (c) 6= 0, there is a filling disk with two positive
punctures, one converging to c and the other to some Lagrangian intersection point ev. By squeezing
the parallel copies onto C, this disk then gives a nullhomotopy of the corresponding component Cv.
Similarly, if µ′′1 (c) 6= 0, there is a partial holomorphic building with c as input. This building will
consist of a symplectization disk with two negative punctures, as in Proposition 5.2, and must then
have a filling disk with only one positive puncture. This filling disk then induces a nullhomotopy
of the Lagrangian on which it has its boundary. �

The wrapped Floer cohomology is a symplectic invariant, and is up to quasi-isomorphism invariant
under Hamiltonian isotopy of C, and independent of all choices made in defining it, see [GPS20].
While we concern ourself with Lagrangians that arise as cocores, CW ∗ (C) can be defined for any
Lagrangian inside a Liouville manifold.

7. The Surgery Formula

With both the Chekanov-Eliashberg DGA and wrapped Floer cohomology defined we now con-
struct the surgery map. It is both when dimX ≥ 4 and dimX = 2 defined as the A∞-morphism
f : CW ∗(C)→ CE∗(Λ), acting on a word of generators b1 . . . bi ∈ CE∗(C)⊗i , by

fi (b1 . . . bi) =
∑

c=c1...cjzwbi...b1zv

[Mco (c)]

where c1 . . . cj is a word of generators in CE∗(Λ) connecting Λv to Λw, and the sum is taken over
all possible words. As previously,

[Mco (c)] :=
{
nc1 . . . cj if dim Mco (c) = 0
0 if dim Mco (c) 6= 0
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where n is the algebraic number of components of the moduli space.

Proposition 7.1. The map f is an A∞-homomorphism.

Proof. We use the same technique as for the A∞-relations. If Mco (c) is 1-dimensional, the curves
will split in one of the following ways:

(i) at an intersection point in L ∩ C, into two cobordism disks.
(ii) at an intersection point in C0 ∩ C1, into one cobordism disk and one filling disk of WΛ,

anchored in X.
(iii) at a Reeb chord, into a two level building with one level in the cobordism and one in the

positive symplectization end.
(iv) at a Reeb chord, into a two level building with one level in the cobordism and one in the

negative symplectization end.
The splitting is illustrated in Figure 14. The case (i) corresponds to the terms in µ2 ◦ (fi ⊗ fn−i).
Filling disks of WΛ, anchored in X, can be identified with filling disks of XΛ, so (ii) corresponds
to terms of fn−i (1⊗ µ′i ⊗ 1). The case (iii) corresponds to terms of fn−i (1⊗ µ′′i ⊗ 1) and (iv)
corresponds to terms of µ1 ◦ fn. This proves that f is an A∞-morphism. �

=∂ +

++

Figure 14. All the configurations in which 1-dimensional Mco (c) split.

In Example 7.8 bellow we compute the higher operations of f for Λ1 from Example 3.2, and give
a more concrete example of the mechanism at work in the proof.

As stated in the introduction it was proven in [EL17], that f is a quasi-isomorphism when
dimX ≥ 4. The proof uses an action filtration and shows that for words with action bellow a given
cut off, f1 is an isomorphism. The result then follows by taking a categorical limit. However, when
dimX = 2, f1 fails to be an isomorphism. We instead have the following.

Proposition 7.2. Suppose that dimX = 2, and let Λ ⊆ ∂X be a non-stabilised Legendrian link.
Then f1 is a linear isomorphism onto CE∗(Λ)0.

Proof. There is a bijection between the generators of CW ∗(C) and CE∗(Λ)0. The unique inter-
section points in C0 ∩ C1 correspond to the idempotents, i.e. the formal chords. For a chord
c ∈ CW ∗(C) it is given by shrinking the attachment region of the handles. The part of c lying in X
then converges to a word of Reeb chords with endpoints on Λ. If one follows c around the boundary
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of XΛ, it will start at a point of Γ, go down along the handle into the boundary of X, then travel
along a Reeb chord in X with endpoints on Λ. When it approaches a point of Λ it will then go
up into the handle attached at this point, and either terminate at a point of Γ, or continue down
into X at the other point of the attaching sphere of the handle. Note that two consecutive Reeb
chords on X obtained like this can be joined by traversing the handle in one direction, since they
have start and endpoint on the same sphere Λv ⊂ Λ but lying on different components. The word
corresponding to c is therefore composable, unconcatable, and only consists of short chords, i.e. is
a generator of CE∗(Λ)0.

These properties also makes it possible to perform the inverse construction: For a word c1 . . . ck ∈
CE∗(Λ)0, one constructs c ∈ CW ∗(C) by letting c start at Γ in the handle attached at the starting
point of c1, such that c goes down into the handle and travels along c1. When c reaches the endpoint
of a chord ci in the word, one lets c go up into the handle there and then down into X again at the
starting point at ci+1, or if i = k, lets it terminate when it reaches Γ in the handle.

The map f1 acts by this bijection; for every chord c ∈ CW ∗(Λ) is a unique rigid unanchored disk
as in Figure 15, outputting the corresponding word in CE∗(Λ). That Λ is non-stabilised ensures
that there are no anchored disks. For the Lagrangian intersection points, we have f1 (ev) = εv from
the triangle disk in Figure 15. �

a

Figure 15. The two types of curves contributing to the output of f1. On the top
we have WΛ2 from Example 3.2, with a cobordism disk taking as input the chord
with both endpoints on a and outputting a word consisting of two short chords. On
the bottom we have the disk in the handle giving us f1 (ev) = εv.

With this, we now arrive at the surgery formula for surfaces.
Theorem 7.3. Let X be a Weinstein surface and let Λ ⊆ ∂X be a non-stabilised Legendrian link.
Let XΛ be the Weinstein domain obtained by surgery at Λ, and let C ⊆ XΛ be the cocore disks of
the surgery. Then there is a geometrically defined A∞-quasi isomorphism f : CW ∗(C) ∼= CE∗(Λ).
Proof. Follows from Proposition 7.2 and the computations in Section 5 and 6. �

There is a theorem by Kadeishvili stating that each A∞-algebra has what is called a minimal
model. We quote this theorem as it appears in [Kel99].
Theorem 7.4. [Kel99] [Kad82] Let A be an A∞-algebra. Then there is an A∞-structure on HA,
with µ2 is induced by µA2 such that:
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(i) µ1 = 0.
(ii) there is a quasi-isomorphism f : HA→ A lifting the identity of HA.

As a corollary of Conjecture 7.6, we see that the wrapped Floer cohomology is the minimal model
of the Chekanov-Eliashberg algebra in the non-stabilised case.

Corollary 7.5. Let Λ be a non-stabilised Legendrian link in a Weinstein surface X, let C be the
cocores of the surgery at Λ. Then,

f : CW ∗(C)→ CE∗(Λ)
is the minimal model of CE∗(Λ) with the underlying vector space given by CE∗(Λ)0

We expect the surgery formula to hold also when Λ has stabilised components.

Conjecture 7.6. Let X be a Weinstein surface and let Λ ⊆ ∂X be a possibly stabilised Legendrian
link. Let XΛ be the Weinstein domain obtained by surgery at Λ, and let C ⊆ XΛ be the cocore disks of
the surgery. Then there is a geometrically defined A∞-quasi isomorphism f : CW ∗(C) ∼= CE∗(Λ).

If we let Λ0 be the union of the stabilised components of Λ, the corresponding cocores C0 are
nullhomotopic and should therefore not effect the wrapped Floer cohomology. This motivating the
following.

Conjecture 7.7. Let Λ ⊆ ∂X be a Legendrian, let Λ0 be the union of all stabilised components,
and let C0 be the corresponding cocores. Then,

H∗CE(Λ) ∼= H∗CE(Λ \ Λ0) H∗CW (C) ∼= H∗CW (C \ C0)

We will return to the stabilised case in a future paper. We finish with an example of how to
compute the higher maps of f .

Example 7.8. Let Λ = Λ1 from Example 3.2. We computed CE∗(Λ) and CW ∗(C) in Example 5.3
and 6.2. Consider the parallel copies in the handle as illustrated in Figure 4. There is small triangle
disk giving us f (e) = ε. We suppress the subscript of f as it is always the length of the input
word. Consider a word c consisting of more than one generator. Again by looking at the copies in
the handle, one sees that if c contains e, two adjacent a-chords, or two adjacent b-chords, then any
cobordism disk taking c as input is non-rigid, so f (c) = 0. The remaining words can be written as

c = cn1
1 . . . cnk

k ,

where ci ∈ {a, b}, ni ∈ Z+, and ci 6= ci+1. We view WΛ as a flat disk with two holes cut out. There is

Figure 16. The cobordism WΛ1 with ∂−WΛ1 and ∂+WΛ1 being the outer and inner
boundary respectively. We will let the a-curves and b-curves live in the left and right
component respectively.

a unique unanchored disk taking c as input, as exemplified in Figure 17. To describe its output, we
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6

6

5

5

4

43

322

1

1

Figure 17. The unanchored curve with a2b2a3 as input, outputting the word
c0

12c
1
11c

1
11c

0
12c

0
12. The numbers specify how the neighbourhoods are glued together

let (a) = c0
12 and (b) = c1

21 and for a word c1 . . . ck with all ci ∈ {a, b}, let (c1 . . . ck) = (c1)∗ . . .∗ (ck)
where ∗ denotes the concatenation of the Reeb chords in Y . Let i1 < . . . < il be the subsequence
of 1, . . . , k of all i such that ni 6= 1. Let

f̃ (c) = (c1 . . . ci1)(ci1)ni1−2(ci1 . . . ci2) . . . (cil−1 . . . cl)(cil)
nil
−2(cil . . . ck)

with the exception that if i1 = 1 we replace the factor (ci1)ni1−2 with (ci1)ni1−1 and if il = k
we replace (cil)

nil
−2 with (cil)

nil
−1. Then f̃ (c) is the output of the unanchored curve. Consider

now an anchored disk with c as input. The interior puncture then has a neighbourhood of one
of the two forms illustrated in Figure 18. If the disk has a B-neighbourhood, this neighbourhood

Figure 18. Every interior puncture has a neighbourhood of one of forms illustrated,
up to vertical reflection. We call the one to the left an A-neighbourhood, and the one
to the right a B-neighbourhood. The filled black lines indicate that this part of the
neighbourhood’s boundary is not part of the boundary of the whole disk, and instead
that the neighbourhood is connected to the rest of the disk there. Note that like the
symplectization disks earlier, the interior punctures can only wind once around the
negative end.

splits the disk into two parts, with one of them containing positive boundary punctures but no
negative boundary punctures. It must then contain another negative interior puncture. Continu-
ing this process we eventually find an A-neighbourhood. This neighbourhood can be removed to
obtain a new disk with the same output, but different input. Repeating this process one even-
tually obtains an unanchored disk. Thus, every disk can be obtained by attaching a number of
A-neighbourhoods to an unanchored disk. To describe this combinatorially, we consider (k − 1)-
tuples m = (m1, . . . ,mk−1) ∈ Nk−1. Call such a tuple an anchoring tuple if it satisfies
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(i) mj +mj+1 < nj+1 for all 1 ≤ j ≤ k − 2,
(ii) m1 < n1 and mk−1 < nk.

Given an anchoring tuple m let,
cm := cn1−m1

1 . . . c
ni−mi−1−mi

i . . . c
nk−mk−1
k .

Let mi = (0, . . . , 1, . . . , 0), where the 1 is at the ith position. We say that an A-neighbourhood
is at the ith, position if contains the ith upper boundary component. When removing such an A-
neighbourhood one obtains a disk with cmi as input. The anchoring tuples are precisely the tuples
such that one can obtain an anchored disk with input c from the unanchored disk with input cm,
by attaching A-neighbourhoods according to m. Letting A (c) be the set of anchoring tuples, the
surgery map is then given by

f (c) =
∑

m∈A(c)
f̃ (cm) .

As an example, consider the word a2b3a2. We have,
f
(
a2b3a2) = c0

12c
1
11c

1
21c

1
22c

0
12 + c0

12c
1
11c

1
22 + c1

11c
1
22c

0
12 + c1

12

We can verify the A∞-relations for this particular word, by computing
df(a2b3a2) =c0

12(c0
12c

1
21 + 1)c1

21c
1
22c

0
12 + c0

12c
1
11c

1
21(c1

21c
0
12 + 1)c0

12

+ c0
12(c0

12c
1
21 + 1)c1

22 + c0
12c

1
11(c1

21c
0
12 + 1)

+ (c0
12c

1
21 + 1)c1

22c
0
12 + c1

11(c1
21c

0
12 + 1)c0

12

+ c0
12c

1
22 + c1

11c
0
12

=c0
12c

0
12c

1
21c

1
21c

1
22c

0
12 + c0

12c
1
11c

1
21c

1
21c

0
12c

0
12

+ c0
12c

0
12c

1
21c

1
22 + c1

11c
1
21c

0
12c

0
12

+ c0
12c

1
11 + c1

22c
0
12

and
f(a2)f(b3a2) = c0

12c
0
12(c1

21c
1
21c

1
22c

0
12 + c1

21c
1
22)

= c0
12c

0
12c

1
21c

1
21c

1
22c

0
12 + c0

12c
0
12c

1
21c

1
22

f(a2b3)f(a2) = (c0
12c

1
11c

1
21c

1
21 + c1

11c
1
21)c0

12c
0
12

= c0
12c

1
11c

1
21c

1
21c

0
12c

0
12 + c1

11c
1
21c

0
12c

0
12

f(µ2(a2b3)a2) = f(ba2) = c1
22c

0
12

f(a2µ2(b3a2)) = f(a2b) = c0
12c

1
11.

We see that the terms add to zero. As another example, in Figure 19 the curve breaking from
Proposition 7.1 is illustrated for the word a2b3.
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c0
12
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a2 b3

a2 b3

a2 b3

b2 b
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c0
12

c1
11

c1
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c1
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c1
21

c1
21

c1
21

c1
21c1

11

c1
21

c1
21

c1
21c1

21

c1
21

c1
21 c0

12c0
12 c1

21c1
21c1

21

c0
12

c0
12

c0
12

c1
21c1
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c1
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21

c1
21

∂

∂

Figure 19. The curves contributing to the terms of the A∞-relations for the word a2b3.

References
[Asp20] Johan Asplund. Fiber floer cohomology and conormal stops, 2020.
[BEE12] Frédéric Bourgeois, Tobias Ekholm, and Yasha Eliashberg. Effect of Legendrian surgery. Geom. Topol.,

16(1):301–389, 2012. With an appendix by Sheel Ganatra and Maksim Maydanskiy.
[Bre97] Glen E. Bredon. Topology and geometry, volume 139 of Graduate Texts in Mathematics. Springer-Verlag,

New York, 1997. Corrected third printing of the 1993 original.
[BT82] Raoul Bott and Loring W. Tu. Differential forms in algebraic topology, volume 82 of Graduate Texts in

Mathematics. Springer-Verlag, New York-Berlin, 1982.
[CE12] Kai Cieliebak and Yakov Eliashberg. From Stein to Weinstein and back, volume 59 of American Mathematical

Society Colloquium Publications. American Mathematical Society, Providence, RI, 2012. Symplectic geometry
of affine complex manifolds.

[EGH00] Y. Eliashberg, A. Givental, and H. Hofer. Introduction to symplectic field theory. Number Special Volume,
Part II, pages 560–673. 2000. GAFA 2000 (Tel Aviv, 1999).

[Ekh19] Tobias Ekholm. Holomorphic curves for Legendrian surgery. arXiv e-prints, page arXiv:1906.07228, June
2019.

[EL17] Tobias Ekholm and Yanki Lekili. Duality between Lagrangian and Legendrian invariants. arXiv e-prints,
page arXiv:1701.01284, January 2017.
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