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1 Introduction

An effective field theory (EFT) describes the dynamics of a microscopic system in a cer-
tain regime of interest by considering a subset of its original degrees of freedom (see
e.g. refs. [1, 2]). Often, this regime is the low-energy limit of a quantum field theory
(QFT). Hydrodynamics is an effective field theory [3–9] of long-range and late-time dy-
namics of certain microscopic systems, which, according to its most general contemporary
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meaning,1 applies not only to liquids and gases but can also be extended to other phys-
ical states, including solids [11–17]. The theory of hydrodynamics is constrained by the
symmetries of its underlying QFT (as every EFT). Moreover, hydrodynamics is an EFT
of the globally conserved quantities, such as energy, momentum and charges (also those
arising from higher-form symmetries [18–23] or more exotic symmetries [24, 25]), which
govern the low-energy limit. More precisely, it is formulated in terms of a perturbative
gradient expansion with an infinite number of unknown coefficients parametrising the lost
(integrated-out) microscopic information. In equilibrium (at zeroth order in gradients),
these coefficients correspond to the thermodynamic variables, such as the energy density,
pressure, temperature, etc., and the relation among them is the equation of state. At
higher orders in the gradient expansion, the coefficients are called the hydrodynamic trans-
port coefficients: for example, shear and bulk viscosity, conductivity, etc. The equation of
state and transport coefficients must be directly determined in terms of the microscopic
dynamics and cannot be derived within the EFT description.

Since hydrodynamics describes the time-dependent collective properties of quantum
systems near equilibrium, it is very natural to ask questions of the following type: how fast
or slow can a quantum system relax? Similarly, how fast or slow can excitations propagate
in a system? In the language of hydrodynamics, such and similar questions can be trans-
lated into the discussion of the existence, meaning, reasons for, and universality of upper
and lower bounds on relaxation times, speeds, diffusion constants, conductivities, viscosi-
ties, and various other transport coefficients. For a very inexhaustive list of references on
these and similar questions, see refs. [26–52]. Importantly, many of these bounds are based
on intuitive, phenomenological or heuristic arguments, which are difficult to derive from
fundamental physical principles. Moreover, the aim of these bounds is often to provide uni-
versal statements about all states in ‘nature’. A different approach to an analogous family
of problems is to temporarily abandon physical principles (at least those that we understand
well) and instead concentrate on the mathematical structures that describe the physical
observables of interest and explore how much information can be extracted from them.

In this spirit, ref. [53] recently proposed a complex analytic method for deriving exact
upper and lower bounds on properties of transport by utilising known theorems and in-
equalities from the theory of univalent functions, where a univalent function is a complex
analytic (holomorphic) and injective function. These inequalities can be used to bound
diffusion constants, the speed of sound, and higher-order coefficients that appear in the
dispersion relations of hydrodynamic modes ω(q), where ω and q are the frequency and
the wavevector. Unlike the usual discussions of transport bounds, which focus on general
arguments, these bounds should be seen as applying exact and rigorous inequalities (or
bounds) to certain families of QFTs that satisfy the specified sufficient conditions. These
conditions turn out to be certain univalence properties of ω(q).

What is known is that in classical (infinite-order) hydrodynamics, the dispersion
relations are complex analytic (holomorphic) functions with a finite radius of conver-

1In this sense, hydrodynamics is not synonymous with fluid dynamics discussed, for example, in ref. [10].
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gence [54, 55].2 The univalence properties of physical theories, however, are very poorly
understood. The reason for this is that we have very limited intuition into the physical
meaning of injectivity of an observable. In an attempt to better understand the role of
univalence in physics, in particular in EFTs such as hydrodynamics, this work is intended
at contributing a few new observations to the emerging picture. In particular, we will ask
questions of the following type: how large are the ‘typical’ regions of univalence of dis-
persion relations ω(q) in classical hydrodynamics? Are dispersion relations also univalent
beyond the disk of convergence? Moreover, how strong can the bounds that follow from
univalence be? One aspect of this work is therefore to find further evidence for qualitative
properties of diffusion and sound dispersion relations found in ref. [53] and to establish
whether the univalence methods are generically applicable for constraining transport. An-
other aspect is to provide new connections between univalence and the complex spectral
curves introduced in refs. [54, 55]. For these purposes, in this work, we will explicitly ex-
amine univalence in a well-known family of holographic theories with broken translational
invariance called the ‘holographic axion models’ (for a review, see ref. [62]).

This paper is organised as follows: in section 2, we review ref. [53] by introducing the
relevant aspects of the theory of univalent functions and their applicability to establishing
bounds on dispersion relations in linearised classical hydrodynamics. In section 3, we
briefly introduce two families of holographic axion models: one with explicitly and one with
spontaneously broken translational symmetry in the dual boundary QFT. In section 4, we
analyse the properties of energy diffusion in the longitudinal channel of the ‘linear axion
model’ with explicitly broken translations. Then, in section 5, we examine univalence
in a theory (a ‘holographic solid’) with spontaneously broken translations, which exhibits
diffusive and sound modes in the longitudinal channel and independent sound modes in the
transverse channel. Particular attention in this model is also paid to the speeds of sound of
these modes in relation to the conformal speed of sound bound proposed by [42, 43]. Finally,
in section 6, we collect and summarise our main observations. Three appendices, one
discussing in greater detail the local breaking of univalence in sound modes (appendix A),
one discussing a collision between two hydrodynamic modes (appendix B) and one showing
the behaviour of the radius of convergence in an example of a holographic solid model
(appendix C) are added at the end of the work.

2 Univalent functions and the role of univalence in hydrodynamics

2.1 Univalent functions and inequalities

Consider a function f(z) defined in the complex z plane or, more generally, a Riemann
surface. This function is said to be univalent in some region z ∈ U if it is both holomorphic
(analytic) and injective. The condition of injectivity means that for all pairs of z = z1 and
z = z2 such that z1 6= z2, f(z1) 6= f(z2). The mathematical theory of univalent functions,
which are frequently studied in the context of conformal maps, has been thoroughly devel-
oped (see for example refs. [63–65]). A particularly powerful aspect of univalent functions

2For other works on related questions, see refs. [56–61].
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is that they obey stringent constraints on their growth. Here, we briefly review some of the
results (inequalities) and corresponding theorems that were used in ref. [53] to constrain
the hydrodynamic series.

Showing that a holomorphic function is univalent can be a difficult task. Technically,
it is very hard to compare all possible pairs of f(z1) and f(z2) and find regions where
f(z1) 6= f(z2). For this reason, numerous conditions for univalence have been developed
in the literature. Commonly used conditions first derived by Nehari in 1949 [66] can be
stated in terms of the Schwarzian derivative of f(z) defined as3

{f(z), z} ≡ f ′′′(z)
f ′(z) −

3
2

(
f ′′(z)
f ′(z)

)2
. (2.1)

The following inequality is then a necessary condition for a holomorphic function f(z) to
be univalent on an open unit disk D ≡ {z | |z| < 1}:

|{f(z), z}| ≤ 6
(1− |z|2)2 , (2.2)

whereas the inequality
|{f(z), z}| ≤ 2

(1− |z|2)2 (2.3)

is a sufficient condition for univalence on D. For adaptations of the latter statement, see
for example ref. [67].

A different sufficient condition that can be more easily adapted to the language of
hydrodynamics was used in ref. [53]. The condition was originally derived by Noshiro in
1934 [68] and by Warschawski in 1935 [69], and can be stated as follows. If a holomorphic
function f(z) has the property that

Ref ′(z) > 0, for z ∈ U, (2.4)

where U is an open convex region in the complex plane, then f(z) is univalent in U . It is
easy to understand how this statement relates to univalence. Consider two points z1 and z2
in a convex region U . Then the line segment connecting the two points γ(τ) = z1+(z2−z1)τ ,
where 0 ≤ τ ≤ 1 also lies entirely in U (by assumption of convexity). Hence, it follows that
for z1 6= z2,

f(z1)− f(z2) = (z1 − z2)
[∫ 1

0
Ref ′(γ(τ)) dτ + i

∫ 1

0
Imf ′(γ(τ)) dτ

]
6= 0 (2.5)

if Ref ′(z) > 0. As can be seen, one could also equivalently use the imaginary part in the
univalence condition. Assuming now that univalence has been established in U , then the
region can be mapped to an open unit disk D in the complex ζ-plane via a conformal map
ϕ : U → D so that ζ = ϕ(z) and z = ϕ−1(ζ). This is ensured by the Riemann mapping
theorem. The function f(ζ) is now univalent in ζ ∈ D. We further normalise f(ζ) so that

3Here, and in the rest of the manuscript, primes stand for derivatives, e.g. f ′(z) ≡ df(z)/dz.
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f(0) = 0 and f ′(0) = 1. Univalence then implies a number of powerful inequalities on the
function. Firstly, it implies the growth theorem:

|ζ|
(1 + |ζ|)2 ≤ |f(ζ)| ≤ |ζ|

(1− |ζ|)2 , (2.6)

as well as a number of related statements regarding the growth of the derivatives of f . An-
other, even more striking statement that stems from univalence is the so-called de Branges
theorem, originally known as the Bieberbach conjecture (for the 1985 proof of the state-
ment, see ref. [70]). It can be stated as follows. A univalent function f(ζ) in D with the
normalisation f(0) = 0 and f ′(0) = 1 admits a convergent power series expansion:

f(ζ) = ζ +
∞∑
n=2

bnζ
n. (2.7)

The de Branges theorem then constrains each of the individual coefficients of the series as

|bn| ≤ n, for all n ≥ 2. (2.8)

An even more restrictive set of inequalities can be established if the univalent function
on the open unit disk satisfies a further condition

Ref ′(ζ) > 0, for ζ ∈ D. (2.9)

It is important to note that eq. (2.4), which applies to general convex domains, does not
imply eq. (2.9). However, for an important class of special cases whereby Ref ′(z) > 0 on
the entire convergence disk |z| < R, the property Ref ′(ζ) > 0 is automatically implied.
This is because the relevant conformal map from the original univalent domain to a unit
disk |ζ| < 1 is a special case of the Möbius map, which is a simple rescaling of z. For
functions that do satisfy eq. (2.9), MacGregor showed in 1962 that [71]

− |ζ|+ 2 ln (1 + |ζ|) ≤ |f(ζ)| ≤ −|ζ| − 2 ln (1− |ζ|) , (2.10)

and that the coefficients of such a series (2.7) satisfy a stricter set of inequalities than (2.8):

|bn| ≤
2
n
, for all n ≥ 2. (2.11)

The latter two equations are a simple consequence of a lemma proven by Caratheodory
(for the statement of the lemma and relevant references, see ref. [71]). We will frequently
refer to the equations (2.10) and (2.11) as the log bounds.

Ref. [53] showed how these inequalities can be used in the context of effective field
theory, in particular, hydrodynamics. Provided that one can establish the univalence of an
observable that is naturally expanded in a series, then the coefficients of the series can be
bounded. In hydrodynamics, such a procedure can bound for example the coefficients of
the dispersion relations. Along similar lines, one can also put bounds on the coefficients of
the Wilsonian effective action which are entering into the scattering amplitudes computed
in QFT [72].
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2.2 Hydrodynamic dispersion relations

In this work, as in [53], we focus on hydrodynamic dispersion relations, namely, the diffusive
and sound dispersion relations. Their generic form follows from the Puiseux theorem ap-
plied to the hydrodynamic constitutive relations and the resulting conservation laws [54, 55]
(see also [56, 73, 74]). These considerations lead to a specific structure of the complex spec-
tral curve in Fourier space P (ω,q2), where ω is the frequency and q is the wavevector
(sometimes called momentum), which is a spatial 3-vector. The fact that P depends on
q2 is therefore a result of the assumption that, here, for simplicity, we consider only rota-
tionally invariant systems. The modes in the spectrum are the solutions of the equation
P (ω,q2) = 0, typically solved for ω(q2) and expressed as a power series in the (scalar)
expansion parameter q2 — the small wavevector. The series has a finite radius of conver-
gence determined by critical points of the curve; in the simplest case with ∂ωP (ω,q2) = 0
and ∂2

ωP (ω,q2) 6= 0 [54, 55].4 For the diffusive mode, we can choose z ≡ q2 and also define
q ≡

√
q2 = |q| for future use. The dispersion relation then has the form

ω(z ≡ q2) = −i
∞∑
n=1

cnz
n, (2.12)

where c1 = D is the diffusivity and, in general, all cn ∈ R. While the sign of c1 = D ≥ 0
is fixed by the positivity of the entropy production, the signs of the remaining coefficients
cn≥2 have not been fixed. This means that ω is purely imaginary for real z and the mode
is not propagating. The series (2.12) converges on the disk of radius R:

DR = {z | |z| < R}. (2.13)

The value of R is (at least)5 as large as R = |z∗|, where z∗ is determined by the leading
critical point of the associated complex spectral curve [54, 55]. Note that the choice of
z = q2 is only a matter of convenience. This will be the choice that we make in section 4.
However, in section 5, where we also study diffusion, but one that couples to sound modes,
it will prove more useful to use the complexified z ≡ q instead.

For sound modes, it is most convenient for present purposes to use the complex variable
z ≡

√
q2. The pair of the dispersion relations then

ω±(z ≡
√

q2) = −i
∞∑
n=1

an e
± iπn2 zn, (2.14)

4For earlier numerical work studying a specific holographic example of a charged fluid where the con-
vergence of a hydrodynamic series was explicitly observed, as was the fact that the radius of convergence
is limited by a collision with a non-hydrodynamic mode at imaginary momentum, see ref. [57]. For an
explanation of certain details of [55] pertaining to the factorisation of spectral curves, ‘level-crossing’ and
‘level-touching’, see also ref. [60]. For statements regarding the convergence of linearised hydrodynamics in
position space, see ref. [59], and for a recent discussion of non-linear flows in position space, see ref. [61].

5By ‘at least’, we refer to the question of ‘level-crossing’ versus ‘level-touching’ discussed in ref. [55].
Specifically, what ‘level-touching’ implies in such a case is that the radius of convergence is determined by a
sub-leading critical point where ‘level-crossing’ occurs. See for example the analysis of the BTZ black hole
in [55]. For further discussions of these issues, see also refs. [60] and [59].
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Figure 1. Hydrodynamic sound dispersion relation ω̄(z̄), where ω̄ ≡ ω/(2πT ) and z̄ ≡ z/(2πT ),
in the N = 4 SYM theory showing the development of a cusp at z̄ = z̄g = −0.603i. The curve is
formed by writing z̄ = |z̄|eiφ and varying φ ∈ [0, 2π]. The value of ω̄(z̄g) is depicted with a red
triangle. After the formation of the cusp (i.e., for |z| > |zg|) the curve has a self-intersection.

where a1 = vs is the speed of sound and also with all an ∈ R. For real z, these propagating
dispersion relations have alternating real and imaginary parts and ω(z) is complex. The
real part determines the propagating nature of the sound wave, while the imaginary part
describes its attenuation. These properties are completely fixed by the order of the critical
point around which the series are expanded [54, 55]. In what will follow below, when we
discuss the univalence of the sound mode, we will choose ω(z) = ω+(z). Here, we also define
the concept of the group velocity,6 which will be particularly useful for the sound mode,

vg(z) ≡ ω′(z). (2.15)

Again, we consider this quantity for any complexified z ∈ C.
As argued in ref. [53], hydrodynamic dispersion relations have a finite range of uni-

valence U that includes the origin z = 0. This statement follows from the fact that since
ω′(z) 6= 0, ω(z) are by the implicit function theorem invertible and thus bijective at the
origin. One can therefore always use univalence methods to make statements about hydro-
dynamics. Moreover, what is clear from the definition of the group velocity (2.15) is that if

vg(zg) = ω′(zg) = 0, (2.16)

for some zg ∈ C, then this point certainly signals the end of univalence (see discussion
in [53]). We will refer to such points as causing local violation of univalence. Moreover, in
the language of [54, 55], such points have a clear interpretation from the point of view of
the spectral curve solutions ω(z). They can be understood as cusps that form in the ω(z)
curve at zg when plotted in the complex ω plane. We show this for the simple case of the
N = 4 supersymmetric Yang-Mills (SYM) theory with an infinite number of colours and
at infinite coupling in figure 1.

For sound modes, where these points of local univalence breaking play an important
role, we observe that they occur for purely imaginary values of zg. A simple argument that
supports this observation can be made by using the recursive reasoning of the Newton-
Raphson method. We discuss the relevant details in appendix A.

6Strictly speaking, this corresponds to a physical velocity only when z ∈ R.
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2.3 Bounds on hydrodynamics

To review the steps used in ref. [53] for deriving the hydrodynamic bounds, we focus on
the case of diffusion. Sound works in an analogous manner. In order to find bounds on D,
we need to know some region of univalence U of the dispersion relation ω(z) so that a map
to D in the ζ plane can be constructed. In addition, we also need to know the value of the
dispersion relation at a point z0 ∈ U . We denote this point as ω0 ≡ ω(z0). In terms of the
complex variable ζ after the conformal map, ζ0 ≡ ϕ(z0). It is also important to stress that
for all conformal maps used here, we take ϕ(0) = 0. We then define a new function f(ζ)
in terms of the diffusive dispersion relation ω(z) from eq. (2.12):

f(ζ) ≡ iω(ϕ−1(ζ))
D∂ζϕ−1(0) , (2.17)

which has, by construction, a power series expansion of the form of eq. (2.7). Then, using
the growth theorem (2.6), we find

|ω0| (1− |ζ0|)2

|ζ0| |∂ζϕ−1(0)| ≤ D ≤
|ω0| (1 + |ζ0|)2

|ζ0| |∂ζϕ−1(0)| . (2.18)

If Ref ′(ζ) > 0, then we can instead use the inequalities in (2.10) to find

|ω0|
|∂ζϕ−1(0)| ln

[
1

(1−|ζ0|)2 e−|ζ0|
] ≤ D ≤ |ω0|

|∂ζϕ−1(0)| ln
[
(1 + |ζ0|)2 e−|ζ0|

] . (2.19)

Higher-order coefficients can be bounded by applying either eq. (2.8) or eq. (2.11) (depend-
ing on whether only Ref ′(z) > 0 or also Ref ′(ζ) > 0) to the coefficients bn≥2, which can
be computed directly from cn and the conformal map ϕ(z) = ζ.

We note that our discussion below eq. (2.9) can now be phrased as follows. If for
diffusion, Re [iω′(z)] > 0 and ϕ is a map from a disk centred at z = 0 to a disk centred at
ζ = 0 (i.e. a simple rescaling Möbius transformation), then Ref ′(ζ) > 0 is also true. Hence,
eq. (2.19) can always be used in such cases instead of the standard univalence inequalities
in eq. (2.18).

Finally, we comment on the question of how we can think of the cases for which U

that we wish to use is larger than DR. The statement is that we can use the above bounds
despite the fact that the hydrodynamic series fails to converge outside of DR. This is
because the dispersion relation ω(z) for all z ∈ U can be thought of as the analytically
continued series representation of ω(z) from z ∈ DR. For concreteness, consider again the
diffusive hydrodynamic series (2.12). For any U that contains DR (recall that ω(z) must
be holomorphic in U), there exists an analytic continuation — a conformal map y = ψ(z)
and z = ψ−1(y) with the property ψ(0) = 0 — that maps the original region U in the z
plane into a disk D in the y plane of which the radius is still determined by the obstruction
to convergence of the original ω(z) series. The following series representation

ω(z) = ω
(
ψ−1(y)

)
= −i

∞∑
n=1

c̃n y
n ≡ ω̃(y) (2.20)

– 8 –
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now converges for all y ∈ ψ(U). In other words, the convergent domain of the series ω̃(y)
covers the entire original univalent domain z ∈ U and any coefficient c̃n depends only on
the hydrodynamic coefficients cn≤N and the map ψ. For example, using c1 = D,

c̃1 = D∂yψ
−1(0), (2.21)

c̃2 = c2
(
∂yψ

−1(0)
)2

+ 1
2D∂

2
yψ
−1(0). (2.22)

We can now apply the entire univalence discussion directly to ω̃(y). We define a conformal
map γ(y) = ζ, and y = γ−1(ζ), from the convergence disk in the y plane to a unit disk D
in the ζ plane and the function

f(ζ) ≡ iω̃
(
γ−1(ζ)

)
c̃1∂ζγ−1(0) = iω

(
ψ−1 (γ−1(ζ)

))
D∂yψ−1(0)∂ζγ−1(0) = iω

(
ϕ−1(ζ)

)
D∂ζϕ−1(0) = ζ +

∞∑
n=1

bnζ
n, (2.23)

where ζ = ϕ(z) = γ(ψ(z)) with the inverse z = ϕ−1(ζ) = ψ−1(γ−1(ζ)). Here, a composition
of two conformal maps is a conformal map mapping a univalent function into a univalent
function. Hence, what the expression shows is that the series coefficients bn in the unit
disk ζ ∈ D are the same regardless of whether they are constructed from ω(z) or ω̃(y).
All bn can be fixed in terms of derivatives of the conformal map(s) and the hydrodynamic
coefficients cn. We can therefore use the bounds regardless of whether the point ω0(z0) lies
inside or outside of DR, so long as it lies in U .

3 Holographic axion models and their hydrodynamic spectra

The holographic axion models are a class of bottom-up holographic setups in which trans-
lational invariance of the dual field theory is explicitly or spontaneously broken while the
homogeneity of the bulk geometry is retained. The simplest such model is the so-called
linear axion model with explicitly broken translations introduced in [75], which was later
generalised in [76, 77] (for a review, see ref. [62]). Here, we briefly describe certain features
of these models, in particular, of the aspects relevant to this work: the hydrodynamic exci-
tations. For an exposition of various other detailed features of the hydrodynamic excitations
in these theories and their corresponding effective field theory descriptions, see ref. [14].

The action for this class of models with four bulk (or, three boundary) spacetime
dimensions is

S =
∫
d4x
√
−g [R− 2Λ− V (X,Z)] , (3.1)

where R is the Ricci scalar and Λ = −3/L2 the negative cosmological constant that depends
on the AdS radius L. The invariants X and Z are expressed in terms of the matrix
IIJ = gµν∂µφ

I∂νφ
J that depends on the scalar fields φI (the ‘axions’), where the indices

I and J run over the spatial directions of the boundary field theory, i.e., I, J = {1, 2}.
Explicitly, X = 1

2 Tr IIJ and Z = det IIJ . Finally, V is a scalar function that has to obey
certain consistency constraints described in ref. [76].

The classical background bulk solution for the axions is given by

φI = mxI . (3.2)

– 9 –



J
H
E
P
1
1
(
2
0
2
2
)
0
3
2

The action (3.1) is invariant under the global shift symmetry φI → φI+bI , with bI constant.
However, the solution (3.2) is not invariant under translations xi → xi+ai, with ai constant,
thereby breaking the translational symmetry. For this reason, the background solution (3.2)
breaks the pair of spatial translations and the internal global shifts to their diagonal sub-
group, which ‘correlates’ the spatial and the internal indices. This is analogous to what hap-
pens in the (boundary) effective field theory constructions of elasticity discussed in ref. [78].
Whether the breaking of translations is explicit or spontaneous from the point of view of
the dual field theory depends on the specific form of the potential V in the action (3.1)
and the consequent expansion of the axion fields close to the asymptotic AdS boundary.7

The parameter m determines the ‘strength’ of the translational symmetry breaking.8

In all relevant cases, the background geometry is captured by the following ansatz:

ds2 = 1
u2

[
−f(u)dt2 − 2dtdu+ dx2 + dy2

]
, (3.3)

where {t, u, x, y} are the infalling Eddington-Finkelstein coordinates and the AdS length
scale has been fixed to unity, L = 1. In our notation, the AdS boundary is located at
u = 0 and the black brane horizon will be fixed to lie at u = uh. The emblackening factor
appearing in eq. (3.3) takes the following form:

f(u) = u3
∫ uh

u
dv

[
3
v4 −

V (m2v2,m4v4)
2v4

]
. (3.4)

The corresponding temperature of the dual theory is then

T = −f
′(uh)
4π = 6− V

(
m2u2

h,m
4u4
h

)
8πuh

, (3.5)

and the entropy density is s = 2π/u2
h. In the rest of the manuscript, we will always set

uh = 1.

3.1 The linear axion model

The linear axion model, which first appeared in the context of holography in ref. [75] (see
also [80] for its first direct generalization and [81] for the discussion of the model’s thermo-
dynamic properties), refers to the linear potential choice in eq. (3.3): namely, V (X) = X.
This is the simplest model that can account for momentum dissipation in the dual field
theory. With the specific choice of the potential V , the background profile for the axion
fields (3.2) corresponds in the standard (Dirichlet) quantisation to an external spatially de-
pendent source for the dual scalar operators. For this reason, the boundary sources, which
are directly related to φI , are responsible for explicit breaking of translational invariance
in the dual field theory and the introduction of a finite momentum relaxation rate [82].

7Spontaneous symmetry breaking could also be realised by modifying the boundary conditions of the
bulk axion fields [22, 79]. Unfortunately, this seems to result in dual field theories with a negative shear
modulus and therefore dynamical instabilities. We will not consider this option here.

8See ref. [77] for a discussion of how this theory is related to a theory of massive gravity and, in particular,
how m is related to the mass of gravitons.
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The spectrum of hydrodynamic excitations in systems without momentum relaxation
includes transverse diffusive and longitudinal sound modes. Such systems are holograph-
ically dual to the pure Einstein gravity in the bulk. Since momentum is no longer a con-
served quantity in the dual of the linear axion model, the transverse diffusive hydrodynamic
mode acquires a finite relaxation rate and therefore becomes gapped. Its dispersion rela-
tion changes from the standard diffusive expression (2.12) (i.e., ω = −iDq2 + . . ., with the
diffusivityD = η/(ε+p), where ε, p and η are the energy density, pressure and the shear vis-
cosity) to a Drude-like form ω = −iΓ+ . . ., where the relaxation rate scales as Γ ∼ m2 [82].
The spectrum of transverse fluctuations therefore contains no hydrodynamic modes.

On the other hand, because of energy conservation, the longitudinal channel does retain
a gapless hydrodynamic excitation, which is due to the momentum relaxation of a diffusive
mode instead of a familiar sound mode. We will refer to this mode as the energy diffusion
(see ref. [83] for details). This is because in the incoherent limit, where the strength of mo-
mentum dissipation Γ is the dominant scale in the system (q � T � Γ), its dispersion rela-
tion becomes that of energy diffusion ω = −iDeq

2 + . . ., with the diffusivity determined by
the Einstein relation De = κ/cV . Here, κ and cV are the thermal conductivity and the heat
capacity at constant volume, respectively. At intermediate values of momentum dissipation,
m/T ∼ 1, the model displays the so-called k-gap behaviour [84] in which the diffusive mode
collides with the first non-hydrodynamic mode at a certain critical momentum signalling
the breakdown of hydrodynamics expansion and the need for quasihydrodynamic considera-
tions [85], in which the long-lived gapped modes are included in the low-energy effective the-
ory [85, 86] (see also [87]). This diffusive mode exhibited by the longitudinal channel is the
hydrodynamic mode of which the univalence properties will be studied in detail in section 4.

3.2 Holographic solids

A second sub-class of the holographic axion models is that of the so-called holographic solids.
With this jargon, we refer to homogeneous axion models which spontaneously (instead of
explicitly) break translational invariance in the dual field theory. Such theories, which
preserve both energy and momentum, describe solid systems and their spectra contain
massless Goldstone modes, which can be associated with phonons. Holographic solids were
introduced in [88] and, in their simplest incarnation, they can be realised by a power-law
potential V (X) = XN with N > 5/2. For such sufficiently high powers of N , the axions
in eq. (3.2) can be associated with expectation values of dual scalar operators rather than
their sources (see ref. [88] for details). For simplicity and for the fact that the important
qualitative features of the holographic solid models are independent of the specific choice
of N , hereon, we will set N = 3.

In this scenario, the hydrodynamic (gapless) spectrum is more complicated than in the
linear axion model. This is because of the appearance of additional massless excitations
mentioned above, which are the transverse and the longitudinal Goldstone modes. In the
transverse sector, the Goldstone mode couples to the conserved transverse momentum to
produce a propagating sound mode known as the shear (or transverse) sound. The speed
of propagation of this mode is determined by the rigidity of the system, i.e., by its elastic
shear modulus [88]. The parameter m now controls the ‘strength’ of elasticity rather than
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the momentum relaxation rate. Interestingly, by imposing obvious constraints such as
subluminality and using the conditions forced by conformal symmetry, one finds that the
speed of transverse sound vT is at most the conformal speed [40, 89]:

0 ≤ vT ≤ vc ≡
√

1
d− 1 , (3.6)

where d is the number of the boundary spacetime dimensions.
In the longitudinal channel, the standard sound mode persists but its speed is much

larger because of the presence of finite elastic moduli [90]. Moreover, a new diffusive
mode known as crystal diffusion appears in the spectrum. As shown in ref. [91], its origin
is rooted in the global shift symmetry of the model. Importantly, because of conformal
invariance [89], the speeds of the transverse sound vT and the longitudinal sound vL always
satisfy the constraint

v2
L = v2

c + v2
T . (3.7)

In consequence, the speed of the longitudinal sound mode in these models is therefore
always above the conformal value and below the speed of light (set to c = 1) [40]:

vc ≤ vL ≤ 1. (3.8)

The full hydrodynamic structure of these models is well captured by relativistic viscoelastic
hydrodynamics discussed in refs. [22, 23], which has been shown to match the holographic
results [79, 92]. The univalence properties of transverse and longitudinal modes will be
discussed in section 5.

3.3 Summary of hydrodynamic modes present in the spectra

In the last part of this section, we summarise the types of hydrodynamic modes exhibited
by the axion models described above that we consider in this work. We also compare
the spectrum to that of the neutral thermal conformal field theories (CFTs) dual to pure
Einstein gravity in the bulk, such as for example the N = 4 SYM theory in d = 4. Those
arise in the limit of m → 0 in which the axion fields decouple from gravity and can be
consistently set to zero. All hydrodynamic types of modes are collected in table 1.

4 The linear axion model with explicitly broken translations: energy
diffusion

In the linear axion model introduced in section 3.1, it is easy to check by explicit calculation
that as in ref. [53], the dispersion relations of energy diffusion in the longitudinal channel
are univalent on the disk of convergence |z| < R for all values of the ratio m/T , where the
temperature T is given by eq. (3.5). In in our choice of units (uh = 1), it becomes

T = 6−m2

8π . (4.1)
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Spectrum of hydrodynamic modes
Model Transverse channel Longitudinal channel
pure gravity shear diffusion longitudinal sound
linear axion model 7 energy diffusion
holographic solid shear sound longitudinal sound and

crystal diffusion

Table 1. Hydrodynamic (gapless) excitations that exhibited by the models considered in this work:
the pure Einstein gravity theory with a Schwarzschild black brane solution, the linear axion model
with explicitly broken translations and the holographic solid model with spontaneously broken
translations. The symbol 7 indicates the absence of hydrodynamic modes in the particular channel.

Then, the dimensionless ratio, which we will use throughout, is

m

T
= 8πm

6−m2 . (4.2)

It is purely parametrised by m ∈ [0,
√

6]. To compute various properties of the longitudinal
channel spectrum in the dual quantum field theory, we analyse the gauge-invariant bulk
equation of motion, which can be found for example in refs. [83, 93]. In particular, we solve
eq. (3.5) in ref. [93] by using the methods developed in ref. [94].

We demonstrate the univalence on the entire disk of convergence by plotting Ref ′(ζ)
(cf. eq. (2.9)) for two chosen values ofm/T in figure 2. The function f(ζ), which is defined as

f(ζ) ≡ iω(Rζ)
DR

, (4.3)

is then univalent on the open unit disk |ζ| < 1. Here, D is the (energy) diffusion con-
stant De discussed in section 3.1 (see also table 1). We observe that Ref ′(ζ) behaves in
a qualitative manner that is analogous to the cases of momentum diffusion (in the shear
channel) in thermal theories in d = 3 (hydrodynamic theory of M2 branes) and d = 4
(N = 4 SYM) boundary dimensions dual to the corresponding Schwarzschild black brane
geometries (m = 0) studied in ref. [53].

Next, we compare the numerically computed values of the diffusion constant D for dif-
ferent m/T with the bounds that follow from the knowledge of the pole-skipping point [93,
95–97]. The butterfly velocity and the Lyapunov exponent, which feature in the leading
pole-skipping point, can be obtained analytically [93]:

λL = 2πT = 1
2

(
3− m2

2

)
, vB = 1

2

√
3− m2

2 . (4.4)

At the pole-skipping point ωp(zp), we therefore have

ωp = iλL = i

2

(
3− m2

2

)
, zp = −λ

2
L

v2
B

= −
(

3− m2

2

)
. (4.5)
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Figure 2. Plot of the univalence condition Ref ′(ζ), with ζ = |ζ|eiφ and φ ∈ [0, 2π], for energy
diffusion in the linear axion model at two different values of m/T : m/T = 50 (left panel) and
m/T = 100 (right panel). In each case, the colour gradient indicates different |ζ|, from |ζ| = 0
in red to |ζ| = 1 (corresponding to |z| = R) in blue. The function f(ζ) follows from a map of
the dispersion relation ω(z) which is obtained by a polynomial fit of order 40 to the numerically
computed quasinormal mode data.

The values of zp are negative for all m because in the longitudinal channel, qp at the
(hydrodynamic) pole-skipping point is imaginary. Since ω(z) is univalent on the disk of
convergence, this means, by the rescaling argument discussed in section 2, that we can
automatically use the tighter log bounds (2.10):

λL
R

ln

 e−λ
2
L/Rv

2
B(

1− λ2
L

Rv2
B

)2



−1

≤ D ≤ λL
R

ln

e−λ2
L/Rv

2
B

(
1 + λ2

L

Rv2
B

)2
−1

, (4.6)

where λL = 2πT . For comparison, the looser bounds that follow from the growth theo-
rem (2.6) are

v2
B

λL

(
1− λ2

L

Rv2
B

)2

≤ D ≤ v2
B

λL

(
1 + λ2

L

Rv2
B

)2

. (4.7)

As noted above, the actual value of D as well as the radius of convergence R must be
computed numerically. We present the results for different values of m/T in figure 3,
where we use the following dimensionless quantities measured in terms of the temperature:

ω̄ ≡ ω

2πT , z̄ ≡ z

(2πT )2 , D̄ ≡ 2πTD. (4.8)

Note that for small m/T , the pole-skipping point lies outside of the chosen U = DR and
therefore the bounds derived above cannot be used. The locations of the pole-skipping
points and the radii of convergence for different m/T are depicted in the left panel of the
figure 3. The right panel shows the comparison between the numerically computed D and
the univalence bounds in eq. (4.6) (and (4.7)).

It is also instructive, and possible, to enlarge the univalent region U to a disk larger
than the domain of convergence DR. To see how this works, we first note that for such
cases, Ref ′(z) > 0 no longer implies that Ref ′(ζ) > 0. Thus, in general, we can no longer
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Figure 3. Left panel: a plot of the radius of convergence R = |z̄∗|, where z∗ denotes the leading
critical point, and the absolute value of the location of the pole-skipping point |z̄p| as a function of
m/T . The point at which the pole-skipping point enters the convergence disk is denoted by a black
triangle. Eq. (4.7) can only be applied to the region on the right of the vertical dashed line. Right
panel: bounds on energy diffusion for different values of m/T using pole-skipping. The blue band
indicates the logarithmic bounds from eq. (4.6). For comparison, in red, we also show the looser
bounds from eq. (4.7). The black dots represent the actual values of D̄ computed numerically.

directly apply the log bounds (2.10) and (2.11). Following [53], let us define the univalence
region U as the disk centred at z = zc (where zc negative and real) and with the boundary
at z = zc ± zb (where zb is positive and real). The value of zb is directly determined by
the radius of convergence of the hydrodynamic series. For positive and real z∗ (where z∗
is the leading critical point), as in our case studied here, we have zc + zb = z∗. We choose
the Möbius transformation ϕ(z) = ζ to map 0→ 0 and (zc± zb)→ ±1. Note that this is a
somewhat different choice compared to the example shown in [53]. For present purposes,
this is the appropriate choice because the Möbius transformation maps the critical point
to the boundary of the unit disk. This is required in order for the series representation of
f(ζ) to remain holomorphic (and univalent) on D. Thus,

ϕ(z) = zbz

zcz + z2
b − z2

c

, ϕ−1(ζ) =
(
z2
b − z2

c

)
ζ

zb − zcζ
, (4.9)

which gives ∂nζ ϕ−1(0) = n!(zc)n−1(z2
b −z2

c )/znb . For f(z) satisfying the univalence condition
Ref ′(z) > 0 in the disk U , then

Ref ′(z) = Re
[
∂ϕ(z)
∂z

f ′(ζ)
]

= 1
zb
(
z2
b − z2

c

)Re [(zb − zcζ)2 f ′(ζ)
]
> 0, (4.10)

where by f(ζ) we really mean f(z = ϕ−1(ζ)). This means that for complex ζ ∈ D, we
cannot ascertain that, generically, Ref ′(ζ) > 0 if Ref ′(z) > 0. Hence, unless for some
reason we could check independently that Ref ′(ζ) > 0, we need to use the bounds in
eqs. (2.6) and (2.8). For the diffusion constant, and with the known point z0 again chosen
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as the pole-skipping point, we get

v2
B

λL

∣∣∣∣∣1− zcλ
2
L(

z2
b − z2

c

)
v2
B

∣∣∣∣∣
(

1− zbλ
2
L∣∣−zcλ2

L +
(
z2
b − z2

c

)
v2
B

∣∣
)2

≤ D (4.11)

≤ v2
B

λL

∣∣∣∣∣1− zcλ
2
L(

z2
b − z2

c

)
v2
B

∣∣∣∣∣
(

1 + zbλ
2
L∣∣−zcλ2

L +
(
z2
b − z2

c

)
v2
B

∣∣
)2

.

An example where this discussion is directly applicable can be demonstrated for values
of m/T with the pole-skipping point located outside of the disk of hydrodynamic conver-
gence (see the left panel of figure 3). For concreteness, we choose m/T = 10. For this
case, we show in figure 4 that ω(z) remains univalent for the largest possible disk centred
at z̄ = z̄c = −1. In fact, in this example, it is even still true that after using the map (4.9),
Ref ′(ζ) > 0. Hence, this again allows us to use the log version of the inequalities in (4.11):

zbλL(
z2
b − z2

c

) [
− zbλ

2
L

v2
B(z2

b
−z2

c)−zcλ2
L

− 2 ln
(

zbλ
2
L

v2
B(z2

b
−z2

c)−zcλ2
L

− 1
)] ≤ D (4.12)

≤ zbλL(
z2
b − z2

c

) [
2 ln

(
zbλ

2
L

v2
B(z2

b
−z2

c)−zcλ2
L

+ 1
)
− zbλ

2
L

v2
B(z2

b
−z2

c)−zcλ2
L

] .
For this specific example (see figure 4), we find the bounds on the diffusivity that now
follow from (4.12) to be

0.26 ≤ D̄ ≤ 3.99, (4.13)

while its numerically computed value is D̄ = 0.86.
It is important to note that the choice of zc (inside U) is of fundamental importance

to the derivation of these bounds. However, at present, a robust mechanism for making
the choice that would lead to ‘optimal’ bounds is missing and will have to be understood
in the future.

In some examples, it may even be possible to take −zc all the way to infinity. Then,
since zb+zc = z∗ = R remains fixed, z2

b −z2
c = (zb+zc)(zb−zc)→ −2zcR and zb/zc → −1.

Hence, in this limit, the inequalities from eq. (4.11) give

2Rv4
B

λL
(
λ2
L + 2Rv2

B

) ≤ D ≤ 2
(
λ2
L +Rv2

B

)2
λLR

(
λ2
L + 2Rv2

B

) . (4.14)

For the linear axion model, if the limit zc → −∞ is permitted, thus,

2R
6−m2 + 4R ≤ D ≤

(
6−m2 + 2R

)2
2R (6−m2 + 4R) . (4.15)

An example when this is possible and eq. (4.15) can be tested is the self-dual point
at m =

√
2 [83]. There, the hydrodynamic dispersion relation is given simply by the

expression
ω̄(z̄) = −1

2 i
(
1−
√

1− 4z̄
)
, (4.16)
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Figure 4. Left panel: a plot showing the convergence disk domain DR (black solid line) and an
example of a larger disk U = DR′ (red dashed line) where ω(z) at m/T = 10 is still univalent. The
centre of U = DR′ is at z̄c = −1, the location of the pole-skipping point is at z̄p and the critical
point limiting holomorphicity (convergence) is at z̄∗ = R/(2πT )2. Right panel: here, we show that
the dispersion relation is indeed univalent in U = DR′ by mapping it to the unit disk |ζ| < 1 via
the conformal map (4.9) and plotting Ref ′(ζ). As can be seen, Ref ′(ζ) > 0 over the entire U → D.
Thus, in principle, the stronger log bound on diffusion (2.19) could also be applied here. The colour
scheme is the same as in figure 2.

with the branch point at z∗ = R = 1/4. The bounds on diffusion for an initially chosen
(infinite) univalent disk (4.15) are then

0.1 ≤ D̄ ≤ 8.1. (4.17)

This result is weaker than the bounds derived by using the Koebe function map in ref. [53],
which gave

0.5 ≤ D̄ ≤ 4.5. (4.18)

This is not unexpected as the Koebe function maps the entire complex plane (without a
semi-infinite branch cut line) to the final unit disk D. We note that in this case, the actual
value of the diffusivity is D̄ = 1.

Next, we turn our attention to an example of bounds applied to the higher-order
coefficients cn in the diffusive dispersion relation (2.12). We again take m/T = 100 and
use the convergence disk DR as the domain of univalence U = DR (note that zb = R and
zc = 0). We refer the reader to the right panel of figure 2 where we showed that the diffusive
dispersion relation was indeed univalent in U . Because Ref ′(ζ) > 0, we can directly apply
eq. (2.11), although for comparison, we will also consider the looser eq. (2.8) based on the
de Branges theorem. Using eq. (2.8), we find

|c̄n≥2| ≤
nD̄

R̄n−1 . (4.19)

Eq. (2.11) instead implies the stronger log bounds

|c̄n≥2| ≤
2D̄

nR̄n−1 , (4.20)
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Figure 5. The univalence bounds on the series coefficients c̄n≥2 for the hydrodynamic energy
diffusion mode in the linear axion model with m/T = 100. Black dots represent the logarithms of
the absolute values of the numerically computed coefficients, i.e., ln |c̄n|. The red line represents the
logarithm of the bounds set by the de Branges theorem in eq. (4.19) (i.e., lnnD̄/R̄n−1) while the
blue line corresponds to the bounds given by the logarithms of the stronger log bounds in eq. (4.20)
(i.e., ln 2D̄/nR̄n−1).

where we have used the dimensionless coefficients c̄n ≡ (2πT )2n−1cn. R̄ is the dimensionless
radius of convergence R̄ ≡ R/(2πT )2. Numerically, we find D̄ = 0.077 and R̄ = 24.908.
We compare these bounds with the numerically computed coefficients c̄n in figure 5. The
plotted absolute values of lower and upper bounds are equal to each other.

5 Holographic solids with spontaneously broken translations: diffusion
and sound

We turn now to the second subclass of holographic axion models in which translations are
broken spontaneously in the boundary field theory, rather than explicitly. As discussed
in section 3.2, we consider a specific model with V (X,Z) = X3. The temperature T and
the parameter m/T describing the relative importance between the ‘amount’ of broken
translations and temperature are now given by

T = 6−m6

8π ,
m

T
= 8πm

6−m6 . (5.1)

Physically, in this situation, m/T represents the amount of ‘solidity’ of the boundary field
theory — the rigidity of the dual ‘solid’. To obtain the quasinormal mode frequencies
numerically and thereby determine the spectrum of the boundary field theory, we employ
a pseudo-spectral method. All equations and numerical methods used in this section are
explained in detail in refs. [90, 98, 99].

In this theory, the location of the hydrodynamic pole-skipping point in the longitudinal
channel was analysed in [100]:

λL = 2πT = 1
2

(
3− m6

2

)
, vB = 1

2

√
3− m6

2 . (5.2)
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At the pole-skipping point ωp(zp), where here, z ≡ q =
√

q2 instead of q2, we therefore have

ωp = iλL = i

2

(
3− m6

2

)
, zp = i

λL
vB

= i

√
3− m6

2 . (5.3)

We recall that in the longitudinal channel, the hydrodynamic spectrum contains a pair of
sound modes and a diffusive mode. In the transverse channel, where we will not need to
know the locations of the pole-skipping points, the hydrodynamic spectrum only contains a
pair of sound modes (see table 1). Due to the coexistence and the simultaneous discussions
of diffusion and sound, in this section, we will always use the variable z defined as z ≡ q.

The regions U that will be considered here will always be disks Dr of some radius r cen-
tred at z = 0. In most cases, both for diffusive and sound modes, we will see that the entire
disk of convergence is also univalent, i.e., that r = R. Only in one of the considered exam-
ples will the radius r be set by the local univalence breaking condition (2.16) of vanishing
group velocity. In that case, we will have r = |zg| < R, with zg imaginary, which is analo-
gous to the behaviour of the translationally invariant N = 4 SYM theory studied in ref. [53].

Firstly, we consider the longitudinal channel. We focus on three concrete values of
m/T = {3.31, 6.18, 8.37}, which we have found to be sufficient in order for us to be able
to qualitatively illustrate the univalence properties in this theory. We label these cases
as IL, IIL and IIIL, respectively. To analyse the univalence properties of the sound and
the diffusive dispersion relations in this channel, we numerically compute their respective
convergence radii Rs and Rd in terms of the z = q variable. The dimensionless counterparts
are defined as R̄s ≡ Rs/(2πT ), R̄d = Rd/(2πT ). Intriguingly, in Case IL with m/T = 3.31,
we find that the radii of convergence of the two series are equal Rd = Rs. In other words,
the leading (lowest) critical point for both types of hydrodynamic modes is given by a
single pair of critical points where the two hydrodynamic modes collide and limit each
other’s convergence. This phenomenon appears to be rather robust for ‘small’ values of
m/T and persists all the way to very small m/T → 0, where we observe that the collision
between the two hydrodynamic modes tends towards a purely imaginary wavevector value
z̄ = i/(2πT ). To the best of our knowledge, this has not been observed in other holographic
models. We discuss the details of this collision in appendix B. In each of the three cases,
we also numerically compute the speed of sound vs and the diffusion constant D, with
dimensionless D̄ ≡ 2πTD. The pole-skipping momentum is obtained analytically from
eq. (5.3). Its dimensionless absolute value is defined as |z̄p| ≡ |zp/(2πT )|. We note that in
Cases IL and IIL, the pole-skipping point lies outside of the convergence disk DR, while in
Case IIIL, it lies inside and can therefore be easily used in the chaos-type univalence bounds.

In the transverse channel, which contains a pair of sound modes, we choose two rep-
resentative values of m/T = {3.31, 10.06} and label these cases as IT , IIT . Here too, we
numerically compute the radius of convergence of the hydrodynamic sound series R̄s and
the speed of sound vs. Since there is only one type of hydrodynamic excitation present
in this channel, the collision that limits convergence of the hydrodynamic series is of the
most common type: a collision between a hydrodynamic and a gapped mode. We show an
example of such a collision in figure 6. Moreover, as will be discussed below, in Case IT ,
we also compute the (imaginary) value z̄ = z/(2πT ), denoted by zg, at which the group
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Figure 6. Plots of ω̄(z̄) for z̄ = |z̄|eiφ, with φ ∈ [0, 2π], before and approximately at the leading
collision of the pair of transverse sound modes with a pair of gapped modes in the holographic solid
model for m/T = 10.06. This collision sets the radius of convergence to R̄s = 1.92.

Holographic solid
m/T R̄s R̄d |z̄p| |z̄g| D̄ vs

Longitudinal hydrodynamic modes
Case IL 3.31 0.77 0.77 1.17 7 1.31 0.75
Case IIL 6.18 1.09 1.31 1.35 7 0.71 0.915
Case IIIL 8.37 1.36 1.78 1.51 7 0.52 0.96

Transverse hydrodynamic modes
Case IT 3.31 1.16 7 7 0.26 7 0.25
Case IIT 10.06 1.92 7 7 7 7 0.67

Table 2. Relevant quantities for the analysis of univalence in the longitudinal and the transverse
channels of the holographic solid model: convergence radii of the hydrodynamic sound and diffusive
series R̄s and R̄d, the absolute value of the pole-skipping wavevector |z̄p|, the absolute value of
the wavevector at which the group velocity of the mode vanishes |z̄g|, the diffusion constant D̄
and the speed of sound vs. All quantities (except the already dimensionless vs) are stated in their
dimensionless form, in units of 2πT . The symbol 7 indicates that the corresponding value is not
well-defined, does not exist or that it is irrelevant for the present analysis.

velocity of the mode vg vanishes and univalence is violated locally. This is the only case
in which zg exists within the disk of convergence DR. Other quantities discussed in the
longitudinal channel will play no role in the analysis of the transverse channel.

Explicit values of all relevant quantities in the longitudinal and the transverse channels
are collected in table 2.

5.1 Univalence properties in the longitudinal channel

In all three cases that we consider in the longitudinal channel (IL, IIL and IIIL), the diffusive
mode has a dispersion relation that is univalent within the entire disk of convergence
|z| < Rd. This behaviour qualitatively matches that of the longitudinal energy diffusion
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(shown in the left panels) and diffusive modes (shown in the right panels) are univalent on the
entire disks of convergence U = DR. All plots are made for ζ = |ζ|eiφ and φ ∈ [0, 2π], with
|ζ| ranging from 0 (in red) to 0.85 (in blue). The oscillations that are visible in the plots are a
numerical artefact of the interpolations (fits) of the dispersion relations and are not physical. While
the numerical uncertainties grow for larger |ζ| than those plotted here, we are confident that the
dispersion relations remain univalent all the way to |ζ| → 1.

mode in the linear axion model with explicit symmetry breaking (cf. section 4) and also
that of the transverse momentum diffusion mode in thermal CFTs without translational
symmetry breaking considered in ref. [53]. Interestingly, the same is true also for the sound
modes in this channel. This is unlike what was observed in translationally-invariant thermal
CFTs in [53], where |zg| < R and therefore, univalence was broken locally within the
(holomorphic) disk of convergence. Here, in all three cases, no point zg exists inside |z| < R

where vg = 0. We demonstrate the univalence of all six cases (three cases of diffusion and
three of sound) in figure 7 by plotting Ref ′(ζ) for |ζ| < 1 after mapping U = DR → D.

We can now also directly test the univalence bounds. For simplicity, and for the ability
to compare this model with the linear axion model discussed in section 4, we will only
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Figure 8. The formation of a cusp and eventual self-intersection for the transverse sound mode
in Case IT at m/T = 3.31. Here, the cusp of the curve ω(z) forms inside the convergence disk at
|z̄| = 0.27 < R̄s = 1.16. See appendix C. The inlay in the left panel shows the zoomed-in version of
the cusp.

consider the chaotic pole-skipping bounds on diffusion. In particular, we will only look at
Case IIIL, which contains the pole-skipping point within the convergence disk (cf. table 2).
Using the log bounds from eq. (4.6) then gives us the following lower and upper bounds on
the dimensionless diffusion constant:

0.23 ≤ D̄ ≤ 0.74, (5.4)

which is satisfied by the numerical value of the dimensionless diffusion constant D̄ = 0.52.
One may notice that the bounds appear extremely tight, in fact, tighter than those derived
on energy diffusion in section 4. Finally, we can also test the log bounds from eq. (4.20)
on the higher-order coefficients. We find that the values satisfy the bounds. Qualitatively,
the behaviour of the coefficients in comparison to the bounds is analogous to that shown
in figure 5, so for conciseness, we do not display the plot here.

5.2 Univalence properties in the transverse channel

As in all of the cases before, we also verify the univalence of the sound modes in the
transverse channel. The two cases considered here qualitatively interpolate between the
behaviour in the longitudinal channel where the sound dispersion relation was univalent
on the entire disks of convergence (U = DR in Case IIT ) to the behaviour seen for transla-
tionally invariant examples in ref. [53] with U determined by the local univalence breaking
condition (U = D|zg | in Case IT ). We show the formation of a cusp followed by a self-
intersection in figure 8. The actual value of z̄ at the cusp is z̄g = 0.27i, which is again
purely imaginary, as in the N = 4 SYM theory. For a further discussion of this fact, we
refer the reader to appendix A. We show the behaviour of the radius of convergence as a
function of m/T in appendix C.

For conciseness, here, we do not show any bounds on coefficients for these two specific
cases as their analysis directly follows all of the cases discussed above. The only property
that we investigate more closely is the speeds of sound modes in relation to the conformal
bound [42, 43]. This is done in the next section.
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5.3 The conformal bound on the speed of sound

More than a decade ago, refs. [42, 43] conjectured the possibility that certain quantum field
theories have speeds of sound bounded from above by the conformal value vc defined in
eq. (3.6), which is fixed by the tracelessness of the ideal hydrodynamic energy-momentum
tensor. The proposed bounds are therefore

0 ≤ vs ≤ vc =
√

1
d− 1 , (5.5)

where d is the number of spacetime dimensions, in our case, d = 3. Despite the numerous
subsequent studies of examples that satisfy this bound, as well as of many violations (see
e.g. [40, 101–108]), the utility, the validity, the generality and the meaning of this statement
remain unclear. Moreover, any fundamental underlying origin for the existence of this
bound also remains unknown.

Without a resolution to any of these problems, or a general proof for specific classes
of quantum field theories, ref. [53] derived a sufficient univalence condition on the sound
dispersion relation that puts a specific theory into such a class of theories satisfying the
conformal bound (5.5). As discussed in section 3.2, for holographic solids, the speed of the
transverse sound mode always satisfies the bound (5.5) while the speed of the longitudinal
sound mode always violates it (see eqs. (3.6) and (3.8)). For this reason, holographic solids
are an ideal class of models to test various claims about the bound, including those made
by appeal to univalence.

More precisely, what ref. [53] argued was the following. For a sound dispersion relation,
there always exists a finite disk z ∈ U centred at z = 0 where ω(z) is univalent. In examples
considered thus far, it appears that this disk is either limited by the radius of convergence
R (a critical point of the spectral curve) or by the local univalence violation at zg. The
growth theorem based univalence bounds on the speed of sound are then (the analogue of
the diffusion bound in eq. (2.18)):

|ω0| (1− |ζ0|)2

|ζ0| |∂ζϕ−1(0)| ≤ vs ≤
|ω0| (1 + |ζ0|)2

|ζ0| |∂ζϕ−1(0)| . (5.6)

Since we will work with maps from disk to disk (rescalings), we could in principle use the
log bounds, but we will stick to the standard growth theorem as it is more convenient
for present purposes. One can now devise an identity between the conformal map ϕ, the
number of dimensions d and a known point of the dispersion relation ω0(z0) that leads to
the conformal bound (5.5). Firstly, to guarantee that the lower bound is zero, we take
ζ0 = ϕ(z0) that are at the boundary of the unit disk D (or infinitesimally close to it). That
is, |ζ0| → 1 or, rather, ζ0 → eiφ, so that eq. (5.6) becomes

0 ≤ vs ≤
4 |ω0(z0)|
|∂ζϕ−1(0)| , (5.7)

where z0 = ϕ−1(eiφ0), with φ0 a real number between 0 and 2π. Finally, matching the
upper bound to the conformal speed of sound, we arrive at the condition:

|∂ζϕ−1(0)| = 4|ω0(z0)|
√
d− 1 = 4

∣∣∣ω0
(
ϕ−1(eiφ0)

)∣∣∣√d− 1, (5.8)
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Figure 9. A check of the sufficient condition (5.8) for the conformal bound on the speed of
sound (5.5) for the transverse sound mode in Case IT (left panel) and the longitudinal sound mode
in Case IL (right panel). The black line indicates the value of the function (5.9) with respect to the
argument of z, i.e., φ ∈ [0, 2π], specified for the relevant parameters above each plot. Every φ where
the function crosses a zero (plotted with a red dashed line) is one φ0 in eq. (5.9). Therefore, we can
see that the transverse mode depicted on the left panel satisfies the conformal bound whereas the
longitudinal mode on the right may not (and does not).

where, in our case, d = 3. This means that so long as an ω0 at z0 (or φ0) exists that satisfies
eq. (5.8), then the speed of sound will be within the conformal bound interval. This is
therefore a sufficient condition for the conformal bound [53]. Note, however, that this is not
a necessary condition, which means that if the above relation is not satisfied for a particular
choice of U , this does not automatically imply that the conformal bound is violated.

In our specific examples, we can further simplify these expressions by using that fact
that we choose ϕ to map a univalent disk U = Dr, with either r = R or r = |zg| to a unit disk
D. Therefore, ζ = ϕ(z) = z/r and z = ϕ−1(ζ) = rζ, and hence, the condition (5.8) becomes

1− 4
√

2
r

∣∣∣ω0(reiφ0)
∣∣∣ = 0. (5.9)

In other words, if we can find φ0 along the circle at the edge of the univalence disk U = Dr
such that eq. (5.9) is satisfied, then vs in that theory will satisfy the conformal bound (5.5).

We test the expression (5.9) on two examples: the transverse sound mode in Case
IT with r = |zg| = 2πT |z̄g| that satisfies the conformal bound (cf. eq. (3.6)) and the
longitudinal sound mode in Case IL with r = Rs = 2πTR̄s that violates the conformal
bound (cf. eq. (3.8)). In figure 9, we show that, indeed, the condition (5.9) is satisfied by
(two values of) φ0 for the transverse mode, while for the longitudinal mode, the condition
fails to be satisfied.

Motivated by the fact that the speed of sound in Case IL is outside the conformal
bound regime, we can also devise a sufficient univalent condition by using the bounds in
eq. (5.6) to test whether a speed of sound is outside the conformal bound regime. In
particular, for the bounds, we write

vc ≤ vs ≤ C, (5.10)

where C is some unspecified upper bound. It is easy to see that in order for (5.6) to
become (5.10), we must look for a point along the circle ζ0 = |ζ0|eiφ in the univalent ζ
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plane, such that

|ζ0| =

√
C −

(
1
d−1

)1/4

√
C +

(
1
d−1

)1/4 , (5.11)

which satisfies the following condition:

|∂ζϕ−1(0)| = 4|ω0(z0)|
C −

√
1
d−1

=
4
∣∣∣ω0
(
ϕ−1(|ζ0|eiφ0)

)∣∣∣
C −

√
1
d−1

. (5.12)

In our examples, this translates into checking the existence of the following relation:

1− 8(
2C −

√
2
)
r

∣∣∣∣∣ω0

(
2
√
C − 23/4

2
√
C + 23/4

reiφ0

)∣∣∣∣∣ = 0. (5.13)

Firstly, as a very crude check of this relation, we can use the fact that if C ≈ 1 (the
speed of light), then according to eq. (5.11), |ζ0| ≈ 0.086, which is small compared to one
(the edge of the univalence disk after rescaling from Dr). Hence, one may expect the full
dispersion relation to be reasonably well approximated by a truncated hydrodynamic series
to some ‘small’ order. In the most extreme case, if we approximate ω(z) by only the ideal
hydrodynamic term that depends on the speed of sound, ω = vsz, then the relation is
satisfied for the following speed:

vs = 1
8
(√

2 + 27/4√C + 2C
)
. (5.14)

For C ≈ 1, this expression gives vs ≈ 0.847, which indeed lies outside the conformal bound
range: (vc ≈ 0.707) < (vs ≈ 0.847) < 1.

Finally, we observe that the sufficient condition (5.13) can indeed be satisfied in Case IL
for certain choices of r < Rs and C. Therefore, the univalence condition can be correlated
with the fact that vs lies outside of the conformal bound range. We present this for a
specific choice of r and C in figure 10. We also note that the success of this particular
condition is sensitively dependent on the choice of C, which cannot be too large.

6 Summary of observations

In this work, we tested a set of complex analytic methods and inequalities developed in
ref. [53] that can be used to derive rigorous and strict bounds on various hydrodynamic
transport coefficients. These bounds are based on the theory of univalent (complex, holo-
morphic and injective) functions. Since the crucial new ingredient in these considerations
is injectivity of a hydrodynamic dispersion relation, which is a property that is poorly
understood and for which there is little obvious physical intuition, our aim was to start
building this necessary intuition and begin noticing general behaviour of univalence in hy-
drodynamics. For this purpose, we performed a number of non-trivial tests in the family
of holographic ‘axion’ models with either explicitly or spontaneously broken translational
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Figure 10. A check of the sufficient condition (5.12) for establishing the violation of the conformal
bound on the speed of sound applied to the longitudinal sound mode in Case IL. The black line
indicates the value of the function (5.13) with respect to the argument of z̄, i.e., φ ∈ [0, 2π]. The
chosen values of parameters are C = 0.8 and |r̄| = |r|/(2πT ) = 0.6R̄s (|z̄| = 0.014).

invariance. We mainly focused on studying the sizes of univalent regions and checking the
resulting inequalities.

Here, we collect some of the main observations for diffusive and sound modes based on
our examination of the holographic models in sections 4 and 5, as well as those from ref. [53]
for translationally invariant thermal CFTs. Despite their appealing simplicity and utility,
we stress that for the moment, these statements remain unproven and should therefore not
be considered as general.

In all studied examples of diffusion, we observed ω(z = q2) to be univalent on the entire
disk of hydrodynamic series convergence DR by satisfying the property that Re[iω′(z)] > 0.
Therefore, after the rescaling from the disk |z| < R to the unit disk D with |ζ| < 1, the
condition Ref ′(ζ) > 0 (cf. eq. (2.9)) is always satisfied. This implies that either the
bounds (2.6) and (2.8) or the stronger log bounds (2.10) and (2.11) can be used. Moreover,
we also observed ω(z) to be univalent over ‘large’ regions of z ∈ C (larger than DR), but not
over the entire complex plane (or rather, the Riemann surface). In these cases, ω(z) are the
exact dispersion relations, which should be considered as the analytic continuations of the
hydrodynamic series (2.12). The special case of energy diffusion in the self-dual linear axion
model studied in [53], which is univalent on the entire complex plane with the exception of
a semi-infinite cut, is an exception. Concrete examples of bounds on energy diffusion in the
linear axion model and higher-order corrections to the dispersion relation were studied in
section 4. Examples of diffusion in the longitudinal channel of the holographic solid model
were considered in section 5.1. In all studied cases, the univalence bounds were satisfied by
explicitly calculated transport coefficients. Unsurprisingly, we observed that the bounds
become stricter when a larger region U is considered. As for the choice of the known point
ω0(z0), it is presumably beneficial to choose (if possible) a point that is close to the origin
z = 0.

In all studied examples of sound modes, we observe ω(z = q) to be univalent on
the disk |z| < r where r is the smaller value of either the radius of convergence of the
hydrodynamic series R or the local univalence breaking point |zg| where the group velocity
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of the mode vg(zg) vanishes. Univalence is ensured by the condition Re[ω′(z)] > 0. As in
the diffusive examples, this implies that either the bounds (2.6) and (2.8) or the stronger
log bounds (2.10) and (2.11) can be used. The momentum zg was always found to be purely
imaginary. We discuss this in greater detail in appendix A. In the case of sound modes,
we also considered specific examples of bounds and showed that they were satisfied in the
studied longitudinal and transverse channels of the holographic solid model (see sections 5.1
and 5.2). Finally, in section 5.3, we considered the conformal bound on the speed of
sound (5.5) [42, 43] and showed that a concrete (sufficient) univalence condition derived
in ref. [53] could be successfully used to relate the univalence properties of a dispersion
relation to the conformal bound. Whether the same condition is also satisfied by all other
examples of theories that satisfy the conformal bound remains an open problem. On the
other hand, what we also saw was that a significant amount of ‘fine-tuning’ was needed to
develop a similar univalence condition that could demonstrate the violation of the conformal
bound. We see this as an important reminder that such complications may in some cases
be unavoidable when dealing with sufficient conditions. Nevertheless, with all the relevant
caveats and open problems in mind, our observations still give us some hope that in the
future, we may be able to use the univalence methods in order to understand the conformal
bound, as well as other bounds on transport, from a more fundamental perspective through
the univalence properties of QFTs.

Finally, we stress that as far as the mathematical framework discussed here is con-
cerned, the use of these methods is not restricted to the hydrodynamic effective field theory
(EFT). In fact, one should be able to use them in any EFT so long as one can argue that
a certain quantity is univalent. Moreover, if that particular quantity is expressed in terms
of some series expansion, for example, a gradient expansion (as in hydrodynamics) or a
Wilsonian EFT expansion, then the univalence methods can be used to derive bounds on
the coefficients parametrising the series. Recently, this was for example done for a Wilso-
nian expansion of crossing-symmetric scattering amplitudes in ref. [72]. We believe that
such methods will indeed be broadly useful for constraining quantum and classical effective
field theories in the future.
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A Local breaking of univalence in sound modes

In this appendix, we discuss in more detail the phenomenon of local univalence breaking
at zg (cf. eq. (2.16)). In terms of the complex spectral curve, the existence of such a point
implies a formation of a cusp or a self-intersection along the dispersion relation curve ω(z)
in the z plane (see figures 1 and 8). Here, we will focus only on sound modes where zg often
plays an important role in limiting univalence. In particular, the existence of zg inside the
radius of convergence limits the size of a univalent disk U centred at z = 0, which is the
simplest U that one can consider.

We start by discussing the observation that in cases studied so far, zg = qg is an imag-
inary (analytically continued absolute value of the) wavevector. This further implies that
ω(zg) is also imaginary. One interesting way to understand this fact is by first truncating
the sound dispersion relation series (2.14) ω(z) (note that we take ω = ω+) at order z2 by
defining

ωtrunc(z) ≡ a1z + ia2z
2, (A.1)

with an ∈ R, a1 > 0 and a2 < 0. Equation ω′trunc(z) = 0 that gives z for which the group
velocity of the truncated mode vanishes is now solved by

zg,1 = ia1
2a2

, (A.2)

which is always imaginary. We call this solution by the order of hydrodynamics at a given
truncation — in this case, first-order hydrodynamics. Starting from zg,1, one can then by
iteration construct a root of ω′(z) = 0 by the Newton-Raphson method:

zg,n = zg,n−1 −
ω′(zg,n−1)
ω′′(zg,n−1) , (A.3)

where n ≥ 2. Given the structure of the full series ω in eq. (2.14) and that zg,1 is imaginary,
it immediately follows that all zg,n are imaginary. We expect limn→∞ zg,n to (typically)
converge to the exact value of zg if zg defined by the full dispersion relation ω(z) exists
within the radius of convergence of the hydrodynamic series. It is easy to check that,
for example, zg,n→∞ in the N = 4 SYM theory indeed converges to the right value of
zg = −0.603(2πT )i (cf. figure 1). We show this in figure 11.

In the spirit of the analysis done in section 5 of ref. [60], it is also interesting to study
the behaviour of all (non-perturbative) roots of the polynomial equations given by ω′(z)
at different orders of truncation. We again label the order of truncation by the order n
of the hydrodynamic expansion it corresponds to (ideal is zeroth-order, viscous is first-
order giving (A.1), and so on). What we observe is that in the N = 4 SYM theory, with
|zg| < R = 2

√
2πT [54], one of the roots converges to the value of zg. In fact, similarly
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Figure 11. A plot showing the rapid convergence of the Newton-Raphson expression in eq. (A.3)
for |z̄g| in the N = 4 SYM theory plotted for orders n = {1, . . . , 10}. The red dashed line indicates
the exact (numerically computed) value of |z̄g| = 0.603 (see figure 1).

to our observation in figure 11, this convergence is also very fast. For example, if we
truncate the sound dispersion relation at order z3 = q3 (see e.g. refs. [55, 109]), then we
can compute zg analytically. We find z̄g = −0.608i, which is in very good agreement
with the actual value of z̄g = −0.603i. As n grows, the other spurious (unphysical) roots
organise themselves along the circle at the boundary of the convergence disk DR. On the
other hand, in Case IIIL, where |zg| > R, only the set of spurious roots organised at the
edge of the disk of convergence remains. We show these phenomena for truncations at
orders n = {1, 2, 10, 50} in figure 12.

B Collision between diffusive and sound hydrodynamic modes and the
radius of convergence

Finally, in this appendix, we provide additional details about the statements made in
section 5 that pertain to Case IL. In particular, we show that the radii of convergence
of the coupled diffusive and sound modes are equal (cf. table 2). This is because of the
collision between the two types of hydrodynamic modes, which sets the lowest critical
point of the spectral curve [54, 55]. While collisions between diffusive and sound modes
had been observed before, for example in the case of the charged Reissner-Nordstöm black
branes [110, 111], in those cases, they give rise to subleading critical points that do not
set the hydrodynamic radii of convergence. To the best of our knowledge, the longitudinal
channel of the holographic solid model is the first example of such a collision. We present
our numerical results that depict the collision for m/T = 3.31 in figure 13.

In this model, the phenomenon described here appears to be robust for small values of
m/T . We observe that this type of collision persists all the way to the limit of m/T → 0.
In fact, in that case, the critical wavevector tends towards becoming purely imaginary with
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Figure 12. The distribution of roots of the equation ω̄′(z̄) = 0 truncated at orders n = {1, 2, 10, 50}
of the hydrodynamic gradient expansion. Top panel: here, we show the example of the longitudinal
sound mode in N = 4 SYM theory. In the four plots, the red diamond represents the location of
the self-intersection point z̄g. We see that already at order n = 2, the location of one of the roots is
virtually indistinguishable from the exact value of z̄g. The spurious poles organise themselves along
the radius of convergence |z̄| = R̄ =

√
2, depicted as a red circle in the last plot (n = 50). Bottom

panel: here, we show the example of the Case IIIL of the holographic solid model (cf. table 2). The
spurious roots (all roots) converge to the boundary of DR, with R̄ = 1.36, again depicted as a red
circle in the last plot (n = 50).

the value z̄ = i/(2πT ). Instead, by increasing the value of m/T , the non-hydrodynamic
gapped modes move closer towards the origin of the complex frequency plane. In the limit
of small temperatures (m/T � 1), the crystal diffusive mode collides first with the lowest
of the purely imaginary non-hydrodynamic modes, which are a signature of the emergent
AdS2 × R2 geometry (see e.g. refs. [49, 112]).

C Radius of convergence in the transverse sector of a holographic solid
model

In this appendix, we show the radius of convergence Rs plotted as a function of the strength
of spontaneous symmetry breaking in the transverse sector (i.e., in the holographic solid
model). As is evident from figure 14, the radius of convergence does not change monotoni-
cally with the symmetry breaking scale. On the contrary, it first decreases for small values
of m/T , reaches a minimum value (which depends on the chosen potential V (X)) and then
grows at larger values of m/T . It would be interesting to understand this behaviour of Rs
and its physical meaning better and to extend this computation to the longitudinal sector,
as well as to a larger class of potentials. We defer these problems to future research.
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Figure 13. Depiction of the collision between the hydrodynamic diffusive and sound modes in the
longitudinal channel of the holographic solid model at m/T = 3.31 (Case IL), plotting ω̄(z̄) as a
function of φ in z̄ = |z̄|eiφ. The green colour corresponds to the diffusive mode and the purple
colour corresponds to the sound modes. The top two plots represent the modes’ trajectories before
the collision (a zoomed-out and a zoomed-in version at slightly different |z̄|). At the value of |z̄| that
results in a collision (a critical point), which is depicted in the bottom left plot, the curves are marked
in black after they collide because the two hydrodynamic modes cannot be distinguished. The
bottom right plot shows level-crossing of the two modes for |z̄| larger than that of the critical point.

Figure 14. Dimensionless radius of convergence R̄s plotted as a function of the symmetry breaking
parameter m/T for holographic solids (with spontaneously broken translations) with the potential
V (X) = X3.
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