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Abstract

In this degree project we define elementary notions of differential topology as
well as n-dimensional k-handles and relate these to Morse theory. Moreover,
we define integral Morse homology and reference its equivalence to singular
homology. We then go on to state the Schönflies conjecture and prove it for
n > 5 by induction over the Morse chain complex using handle slides and the
Whitney trick. Having completed the proof, we relate the Schönflies conjec-
ture to the h-cobordism theorem and the generalised Poincaré conjecture.
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1 Introduction

Diffeomorphism and isotopy are two different equivalence relations on smooth
manifolds. While diffeomorphism is the natural isomorphism in the category
Man∞ of infinitely differentiable manifolds, the notion of isotopy requires
some sort of ambient space to function and is therefore really an equiva-
lence relation on submanifolds and not manifolds in general. If we also view
diffeomorphisms in the light of this particular ambient space then isotopy
is in general a stronger property. Another important notion that is weaker
than isotopy is what is called homotopy equivalence, and what is meant by
weaker here is that every isotopy is a homotopy equivalence. In some set-
tings though, the converse might also hold true, and this is precisely what this
degree project concerns itself with. Building on earlier work by Schönflies,
Barry Mazur conjectured in 1959 that given any smooth manifold M ⊂ Rn

of codimension 1 such that M is homotopy equivalent to Sn−1 then it is also
true that M is isotopic to Sn−1 when Sn−1 ⊂ Rn is the standard sphere,
and for most dimensions this conjecture has already been proven to be true
[7]. However, in the case of M ⊂ R5 with M being homotopy equivalent to
S4 and M ⊂ R4 with M being homotopy equivalent to S3 this is still an
open problem. As with many other problems in topology, these low dimen-
sions are particularly troublesome. In this paper, I will present a proof of
this conjecture when n > 5 using Morse theory and the Whitney trick and
present essential theory to understanding the arguments. Moreover, we will
see how the failure of the Whitney trick in lower dimensions prevents us from
using the same approach in these cases. Throughout, some familiarity with
differential topology will be greatly beneficial to the reader, but some of the
more advanced concepts such as the Whitney trick in Morse theory will be
thoroughly explained (although perhaps not proven) before they are imple-
mented. Additionally, some elementary definitions of notions in differential
topology will be given.
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2 Elementary differential topology

As mentioned in the introduction, differential topology is the study of smooth
manifolds and maps between them. In terms of category theory, we can view
this as the study of the categoryMan∞ of infinitely differentiable (or smooth)
manifolds. Instead of studying the more general setting of topological spaces
or the slightly more restrictive notion of topological manifolds, in differential
topology we equip our manifolds with a smooth structure. One massive
upshot of this is that the presence of a differentiable structure enables us
to generalise and use powerful techniques from calculus in our study. As
an illustrative example of this point, the Gauss-Bonnet theorem would not
work on a topological 2-manifold because we do not have a notion of Gaussian
curvature in that setting.

2.1 Basic definitions

Firstly, we need to briefly define some of the most important concepts in dif-
ferential topology in order to avoid any potential ambiguity later on. These
definitions are quite widely agreed upon, so if you look elsewhere you are un-
likely to find definitions contradicting these. We begin by defining homotopy
and isotopy using the definitions in [13] and [6] as guidelines.

Definition 2.1.1: We say that two smooth maps f0 : X → Y and f1 :
X → Y are homotopic, and write f0 ∼ f1, if there exists a smooth map
F : X × [0, 1] → Y such that F (x, 0) = f0(x) and F (x, 1) = f1(x) for all
x ∈ X.

Having defined homotopy of maps, we can now move on to define the notion
of isotopy for manifolds embedded in, for example, Euclidean n-space Rn.

Definition 2.1.2: We say that two submanifolds M,N ⊂ Rn are isotopic
(or ambient isotopic) if there is a smooth map F : M × [0, 1] → Rn such that
F (·, t) is a diffeomorphism onto its image for each t ∈ [0, 1], F (·, 0) is the
identity map on M and F (M, 1) = N .

Definition 2.1.3: We say that two manifolds M,N are homotopy equiv-
alent if there are continuous maps f : M → N and g : N → M such that
f ◦ g ∼ IdN and g ◦ f ∼ IdM .
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The definitions given above are extremely central to this project (and central
to differential topology in general). Having said that, they are of course in
no way exhaustive.

2.2 The Jordan-Brouwer separation theorem

The Jordan-Brouwer separation theorem generalises the Jordan curve the-
orem and allows for a way to disassemble Euclidean space into two con-
nected components using a higher-dimensional analogue of a Jordan curve.
Of course, this is interesting in a multitude of topological setting, but in
particular we will use it when proving the Schönflies conjecture. For this
reason the theorem [12, p13] is stated below, although the proof is omitted
for brevity (it is somewhat standard topology and therefore not as interesting
as the proof of the main conjecture).

Theorem 2.2.1: Let n > 1, and assume X is a compact and connected
smooth submanifold of Rn with codimension 1 where n > 1. Then the com-
plement Y = Rn \ X consists of exactly two connected components, one of
which is bounded. Moreover, the closure of the bounded component is a
smooth manifold with boundary X.

2.3 k-handles and surgery

Definition 2.3.1: Dk ×Dn−k is called an n-dimensional k-handle. This can
be thought of as a smooth analogue of a k-cell.

Example 2.3.2: A 3-dimensional 1-handle would simply be a filled in cylin-
der in R3 as shown in figure 1. This is especially practical because we can
visualise it.

Definition 2.3.3: Given an n-manifold M with boundary, we call an em-
bedding φ : Sk−1 × Dn−k ↪→ ∂M the attaching map of the following way
of attaching a k-handle on M along φ: Start by taking the disjoint union
M ⊔ (Dk × Dn−k) and identify x ∈ Sk−1 × Dn−k with φ(x). Then round
the corners to make everything smooth. The process of rounding the cor-
ners is not difficult to do in a way such that the result is canonical up to
diffeomorphism. We denote this new manifold by M(φ).
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Figure 1: An n-dimensional k-handle Dk × Dn−k with k = 1, n = 3. The
submanifold Sk−1 ×Dn−k is being highlighted in yellow.

Example 2.3.4: Let M = D2 be a 2-dimensional disk in R2. Suppose we
want to attach a 1-handle, D1 × D1 = [−1, 1] × [−1, 1], to this ball, given
the attaching map φ : S0 × D1 ↪→ ∂D2 = S1 sending (−1, x) and (1, x) to
disjoint (however connected) submanifolds of S1. Then, our resulting M(φ)
could look something like figure 2.

Figure 2: The result of attaching a 1-handle to a 2-dimensional disk.

This, of course, is just an annulus in R2 up to homeomorphism (and diffeo-
morphism because the corners have been rounded). Additionally, the general

6



idea of attaching k-handles extends to produce several surgery like operations
on manifolds; however, we will not concern ourselves much with these.
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3 Morse theory

A somewhat less elementary, yet immensely important, topic in differential
topology is Morse theory. The central idea of Morse theory is that we can
study smooth manifolds by studying certain kinds of functions f ∈ C∞(M,R)
which we call Morse functions. Sometimes we might write C∞(M) instead of
C∞(M,R) when it is clear from context what is meant. Importantly, the set
of Morse functions is dense (and open) in the set of all smooth functions on
a manifold M [9, p14]. This is actually pretty convenient because it means
that we have lots of freedom if we ever want to choose a Morse function
satisfying a certain property.

3.1 Basic definitions and lemmas

Definition 3.1.1: Let M be a smooth manifold. We call f ∈ C∞(M) a
Morse function if all of its critical points are non-degenerate, that is for a
local coordinate system {xi} around any critical point the Hessian matrix

( ∂2f
∂xi∂xj

) has non-zero determinant.

When working with Morse functions it is sometimes useful or necessary to
describe them in local coordinates, and a good choice of such a coordinate
system can vastly facilitate computations. Therefore it is of great impor-
tance to be able to say how Morse functions look in certain nice coordinate
systems, and the following central lemma, known as the Morse lemma, gives
information about precisely that.

Lemma 3.1.2: Let p be a non-degenerate critical point of f ∈ C∞(M).
Then there exist local coordinates (x1, ..., xn) around p such that

f(x1, ..., xn) = f(0)− x2
1 − ...− x2

i + x2
i+1 + ...+ x2

n

where i is called the index of the critical point p.

The notion of index is well-defined since the number i is independent of choice
of coordinates. Note that the Morse lemma as stated above does in fact not
require f to be a Morse function, but only uses the non-degeneracy condi-
tion around the critical point of f that we are dealing with. We could just
as well replace the explicit non-degeneracy condition with f being a Morse
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function in the first place, and the additional non-degeneracy conditions then
imposed on the other critical points would of course not be important in our
local coordinates, so this is a rather unimportant subtlety.

Proof: See Milnor [8, p6-7].

One of the most important results in Morse theory is how critical points
of a Morse function f : M → R relates to the topology of M . Essentially,
the topology of the sub-level sets of a Morse function only changes when we
pass through critical values of f , and when we do, then we know exactly how
it changes. Let us make this precise by stating a few theorems.

Theorem 3.1.3: Let f : M → R be a Morse function and, for a, b ∈ R,
denote by Ma and M b the sub-level sets f−1((−∞, a]) and f−1((−∞, b]),
respectively. Moreover, assume f has no critical points in f−1([a, b]) and
f−1([a, b]) is compact. Then, it will be the case that Ma ∼= M b.

Proof: See Fushida-Hardy [1, p12] and Milnor [8, p12-13].

Theorem 3.1.4: Let f : M → R be a Morse function on a smooth mani-
fold M , and c be a critical value to an index k critical point of f such that
there are no other critical values in the interval (c − ε, c + ε). Then M c+ ε

2

is diffeomorphic to M c− ε
2 with an n-dimensional k-handle attached along an

embedding φ : ∂Dk ×Dn−k ↪→ ∂M c− ε
2 = f−1(c− ε

2
).

Proof: See Milnor [8, p14-19].

3.2 Whitney trick

When it comes to classifying manifolds we just saw that Morse functions
can be incredibly important. A Morse function essentially determines the
manifold we are considering, so it makes sense to want to understand what
Morse functions can be thought of as being roughly the same. To find this
equivalence, it would be prudent to attempt to cancel critical points against
one another to create a Morse function with fewer critical points (but with,
potentially, different indices). The Whitney trick provides a realisation of
this idea, although it is not immediately obvious how it needs to be applied
to a Morse function. We have the following proposition [3, p29-30] carrying
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the name of American mathematician Hassler Whitney:

Proposition 3.2.1: Let A and B be oriented, smooth submanifolds of an
oriented n-manifold M that intersect transversely, and write a = dimA and
b = dimB. Suppose the following hold:

1. a+ b = n

2. n ≥ 5, a ≥ 1, and b ≥ 3

3. p, q ∈ A ∩B have opposite sign

4. When a is 1 or 2, then the map π1(M \B) → π1(M) is injective.

5. There are embedded paths sA and sB from p to q in A and B, respec-
tively, with interiors disjoint from A∩B, such that sAsB is contractible
in M .

Then there is an isotopy ht : M → M for t ∈ [0, 1] such that h0 = IdM and
h1(A) ∩B = A ∩B \ {p, q}.

In the above proposition, sB is simply obtained by reversing sB, and π1, of
course, denotes the fundamental group. This makes it obvious that topology
is interconnected in the sense that it is difficult to deal with any substantially
deep results in differential topology without concerning oneself with at least
a little bit of algebraic topology, and vice versa. We will not prove this propo-
sition, however we will be using it as a central building block in proving the
main conjecture (for n > 5). Note that the second condition includes n ≥ 5.
This is basically the reason behind why we are only considering the higher
dimensions when proving the Schönflies conjecture, and it also justifies the
existence of the area of mathematics known as low-dimensional topology. As
pointed out previously, the formulation of the Whitney trick here concerns
itself with homotopy of submanifolds rather than Morse functions, so we will
in fact need quite a bit more heavy machinery in order to be able to use this
on Morse function. In particular, we will need some more algebraic topology,
namely a homology theory called Morse homology.
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3.3 Morse homology

For our intents and purposes we will need to define integral Morse homology,
i.e. Morse homology with coefficients in the ring Z. Obviously, the first step
in doing this is to define the integral Morse complex. Then we will need
to define its boundary maps ∂k, and the k-th homology group is defined, as
always, to be ker ∂k/ im ∂k+1. Let us define these notions a bit more precisely
using some auxiliary definitions on the way. We begin with the definition of
negative pseudo-gradients adapted to certain functions as stated in [1, p10].

Definition 3.3.1: Let f : M → R be a smooth function on a manifold
M . We say that a vector field X is a negative pseudo-gradient adapted to f
if the following properties hold:

1. (df)x(X) ≤ 0 with equality if and only if x is a critical point of f

2. In a Morse chart around a critical point x (this is a chart where f has
a local coordinate expression as in the Morse lemma), X = −∇f for
the canonical metric on Rn.

Let f be a Morse function on a compact manifold M and X be a negative
pseudo-gradient adapted to f . We will also need the pair (f,X) to be what is
known as Morse-Smale, i.e. all stable and unstable manifolds (we will define
these in a moment) of critical points intersect transversely. Moreover, we let
Critk(f) denote the set of critical points of Morse index k. The ring we are
working with is R = Z, so we can define the abelian group of formal linear
combinations of critical points of index k as

Ck(f,Z) := {
∑

c∈Critk(f)

acc : ac ∈ Z}

which we will sometimes write as Ck. In general this will be a free R-module,
but this simplifies in our case since Z-modules are just abelian groups. The

boundary map Ck+1(f,Z)
∂k+1→ Ck(f,Z) of our Morse complex can be defined

by linear extension if we simply define how it acts on the critical points
1 · ck+1 ∈ Ck+1(f,Z). Specifically, we define

∂k+1(ck+1) =
∑

ck∈Critk(f)

NX(ck+1, ck)ck
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Then, our Morse complex is

. . . → Ck+1
∂k+1→ Ck

∂k→ Ck−1 → . . .

which is what we are computing the homologies of, as described above. Now,
we have yet to define what NX(ck+1, ck) is. Firstly, we obviously need it to
be an integer. The idea is that we want this to represent some sort of signed
cardinality of the number of trajectories going between the critical points
ck+1 and ck.

Definition 3.3.2: Let X be a negative pseudo-gradient adapted to f : M →
R and c be a critical point of f . Then we define the stable manifold W s(c)
of c as the set of all points x ∈ M whose trajectories (i.e. vector flows of X)
end up at c as t → ∞. Similarly, if we denote the trajectories as φt, then we
define the unstable manifold of c as W u(c) := {x ∈ M : limt→−∞ φt(x) = c}.

To see that W u(c) and W s(c) are manifolds we can use that X is a negative
pseudo-gradient adapted to f , and in fact they are both disks (and hence
orientable). We also have that, in a Morse chart around c, W s(c) and W u(c)
are the sets where x1 = x2 = ... = xi = 0 and xi+1 = xi+2 = ... = xn = 0
respectively (assuming that i is the Morse index of c). Therefore it is clear
that they intersect transversely at c, and we even have that the normal bun-
dle of W u(c) is the tangent bundle of W s(c).

Definition 3.3.3: Let ck+1 and ck be critical point of f of index k + 1 and
k, respectively, with W s(ck) ⋔ W u(ck+1). Then we define L(ck+1, ck) as the
0-dimensional manifold of trajectories from ck+1 to ck. In the language of
our previous definition we have L(ck+1, ck) := (W s(ck)∩W u(ck+1))/R, where
the modulo R means we are identifying points on the same trajectories. We
can also define L(b, a) for critical points of non-adjacent index, however the
manifold will not be 0-dimensional in that case.

We will make this notion of signed cardinality precise by first choosing an
orientation of all stable manifolds W s(c) (which will turn out to not matter
in the end anyway) and then using this to eventually induce an orientation
on TxL(ck+1, ck) through the use of two short exact sequences. First, we
make the definition M(ck+1, ck) := W s(ck) ∩W u(ck+1) as we will make use
of its tangent space. Now, take x ∈ M(ck+1, ck) and consider the short exact
sequence
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0 → TxM(ck+1, ck) → TxW
s(ck) → NxW

u(ck+1) → 0

Because all short exact sequences of vector spaces split we have the iso-
morphism TxW

s(ck) ∼= TxM(ck+1, ck) ⊕ NxW
u(ck+1). At the same time,

Nck+1
W u(ck+1) is canonically isomorphic to Tck+1

W s(ck+1), thus making the
vector spaces NxW

u(ck+1) and TxW
s(ck+1) have the same orientation. This

induces an orientation on M(ck+1, ck) through the isomorphism TxW
s(ck) ∼=

TxM(ck+1, ck)⊕TxW
s(ck+1) because the stable manifolds have already been

given orientations. Moreover, there is also a short exact sequence

0 → R → TxM(ck+1, ck) → TxL(ck+1, ck) → 0

and if we let R be oriented in the standard way (i.e. the positive direction is
that of increasing value) then we get an induced orientation on TxL(ck+1, ck).
This is, again, because all short exact sequences of vector spaces split. Note
that if we flip the choice of orientation of some stable manifold W s(c), then
since both NX(c, b) and NX(d, c) will change precisely by sign we get that
the isomorphism classes of the integral Morse homology will be independent
of the choice of orientation of the stable manifolds. [1, p21]

Although it is not immediately obvious, the (integral) Morse homology de-
pends only on the manifoldM even though we have used both f andX in our
definition. Recall that we did impose some restrictions on the pair (f,X), so
intuitively this might not be very surprising after all. Furthermore, the Morse
homology of smooth manifolds is in fact isomorphic to singular homology [1,
p28-30], and this will be of major importance for our purposes. It is easy to
think this is because the singular homology of n-spheres is well-known (and
therefore also known for anything homotopy equivalent to Sn), while Morse
homology allows us to relate this to the trajectories between critical points of
our manifold. Although this is almost true (it certainly captures the essence
of why it is important), the small distinction is that, in reality, we are going
to be working with the homology of something whose boundary is homotopy
equivalent to Sn, so finding that homology is not going to be quite as easy
as just stating a homotopy equivalence.
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4 History and precise statement

There are several different equivalent formulations of the Schönflies conjec-
ture. The one that will be used in this degree project is the following:

Conjecture 4.1: Let M ⊂ Rn be a smooth submanifold of codimension
1 that is homotopy equivalent to Sn−1. Then M is isotopic to Sn−1 ⊂ Rn.

Another commonly used name for essentially the same thing is the gener-
alised Schönflies theorem, due to it being a generalisation of the Schönflies
problem (or Schönflies theorem). Although Arthur Moritz Schönflies was
first to prove the original problem (which already is a generalisation of the
Jordan-curve theorem), the generalisation to the conjecture which we are
dealing with in this degree project is due to Barry Mazur in 1959 [7]. The
(perhaps) more common, but not exactly equivalent, formulation is what fol-
lows.

Conjecture 4.2: Suppose we have a locally flat embedding Sn−1 ↪→ Sn.
Then the pair (Sn, Sn−1) is homeomorphic to the pair (Sn, E) where E is the
equator of the n-sphere.

The precise definition of locally flat is unimportant for us because, as stated
above, we will be using the formulation of conjecture 4.1. Note that these
two statements are related partly because Sn is the one-point compactifica-
tion of Rn. More importantly, the second conjecture requires the topological
Poincaré conjecture to be proven (and is therefore way more inconvenient for
us to use).
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5 Proof for n > 5

In this section we will prove the previously stated conjecture, the Schönflies
conjecture, for dimensions higher than 5. Therefore, let n > 5 and M ⊂
Rn be a smooth submanifold of codimension 1 that is homotopy equivalent
to Sn−1. Using this information we will show that M is isotopic to Sn−1.
The proof is quite extensive, and it will therefore be divided into several
subheadings for the sake of clarity.

5.1 Application of the Jordan-Brouwer separation the-
orem

By assumption M is a smooth submanifold of Rn with codimension 1, and
hence by applying the Jordan-Brouwer separation theorem stated in the sec-
tion on elementary differential topology we know that Rn \M consists of two
connected components (one of which is bounded) with common boundary
M . We will denote the bounded region by B̊, and its closure by B. So, to
reiterate before we go on to the next section, what we have now is a compact
n-dimensional manifold B ⊂ Rn such that ∂B = M .

5.2 Admission of an initial Morse function

Now, we want to admit a Morse function f : B → [0, n + 1
2
] such that

f |∂B = n + 1
2
. In practice we only need to show that such a Morse function

exists, fix one and then deal with it in the abstract sense (without knowing
the details of the function). As stated in the section on Morse theory, we
know that the set of Morse functions is dense in the set of smooth functions.
Intuitively, this means that if a smooth function is not already Morse, then
we can perturb it slightly to make it become Morse.

Let ∂Bε denote the set of points with distance strictly less than ε from some
point in ∂B = M with the Euclidean metric. By the tubular neighborhood
theorem, there exists some ε such that ∂Bε ∼= (−ε, ε)×∂B. Now, given a dif-
feomorphic association like this, we let f1 : ∂B

ε → (−ε, ε) be the projection
map onto the first coordinate. Note that, without loss of generality, f1 can be
taken to increase in the outward pointing direction of B since reflection in the
first coordinate is a diffeomorphism. We continue to define f2 := f1 + n+ 1

2

for technical reasons. Let b∂ : Rn → [0, 1] be a smooth bump function with
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supp(b∂) = ∂Bε and such that for some 0 < ε′ < ε we have b∂(∂B
ε′) = 1.

Define the function f := b∂ · f2, which is obviously Morse in ∂Bε′ , but also
nowhere Morse on B \ ∂Bε. Since Morse functions are dense [9] in the set of
all smooth functions we can perturb f slightly (arbitrarily little) on B \∂Bε′′

for 0 < ε′′ < ε′ to make it Morse. For convenience, we use the same name
f for this new function restricted to B. Hence, we now have a Morse func-
tion f on B that reaches its maximum of n + 1

2
on the boundary ∂B = M .

Because this is a standard result and because the details are quite techni-
cal, we leave them out; a good reference for the interested reader is [9, p9-19].

For technical purposes having to do with the Whitney trick and doing han-
dle slides in the subsequent section, we would now like to make this Morse
function self-indexing (i.e. such that f(p) = index(p) for every critical point
p of f). This is easier than what follows, but a fairly standard result and not
as interesting as all the wonderful mathematics having to do with Morse ho-
mology and the Whitney trick, so we shall reference a theorem from Milnor’s
lectures on the h-cobordism theorem [9, p44], namely the alternative version
of theorem 4.8 in the book.

Theorem 5.2.1: Given any Morse function on a triad (W ;V0, V1), i.e. a
smooth manifold W with ∂W = V0 ⊔ V1, there exists a new Morse function
f which has the same critical points, each with the same index, such that
f(V0) = −1

2
, f(V1) = n+ 1

2
and f(p) = index(p) at each critical point p of f .

We can apply the above theorem to obtain our desired result by noting that
we can view what we are working with as a manifold triad (B;∅,M).

5.3 Handle slides, the Whitney trick and cancellation

We are now in the position of having a self-indexing Morse function f : B →
R on the n-manifold B with value n + 1

2
on the boundary ∂B = M , also

having no critical points on M . Because B is compact, f has a minimum on
B which is a critical point that necessarily has index 0. Thus, f does not
admit negative values. An almost identical argument for maxima leads to
the conclusion that we can also not obtain values higher than n+ 1

2
. Hence

the image of f is [0, n + 1
2
]. At this point, we are not quite ready to start

applying the Whitney trick, but here is where the really exciting part begins.
We begin by proving an important fact.
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Lemma 5.3.1: The fundamental group of B is trivial, i.e. π1(B) = π1(B̊) =
1.

Proof: Note that Rn is the union of the open and path connected spaces
B̊ and M ε ∪ (Rn \ B). Moreover, B̊ ∩ (M ε ∪ (Rn \ B)) ̸= ∅ and it is path
connected. Therefore, using the Seifert-Van Kampen theorem [5, p211] we
get the isomorphism of groups π1(Rn) ∼= π1(B̊) ∗π1(Mε∩B̊) π1(M

ε ∪ (Rn \B)).

However, because M ε∩ B̊ deformation retracts onto M , which is simply con-
nected by being homotopy equivalent to Sn−1, then we get that π1(M

ε ∩ B̊)
is trivial, and so the free product simply loses its amalgamation. Hence, as
π1(Rn) = 1, then π1(B̊) will also be trivial, as claimed.

Another important fact that we need to know is the (singular) homology
(or reduced homology which will allow us to put things in nicer terms) of B.
Because of the isomorphism we mentioned earlier between singular integral
homology and integral Morse homology this will allow us to do precisely what
we will need. We have the following:

Lemma 5.3.2: The reduced integral homology of B is trivial, H̃∗(B) = 0.
Equivalently, Hn(B) = 0 for n ̸= 0 and H0(B) = Z.

Proof: To begin, it is clear that H0(B) = Z because B consists of one
connected component. Now, Alexander duality [2, p254] states that if X is a
compact, locally contractible subspace of Sn, then for all q ≥ 0 we have the
isomorphism H̃q(S

n \ X) ∼= H̃n−q−1(X). Recall that Sn is the Alexandroff
one-point compactification of Rn, and so we can make a diffeomorphic asso-
ciation of M and B to submanifolds of Sn such that B does not contain the
point at infinity. The homology of M ≃ Sn−1 is free and finitely generated,
and thus the (reduced) homology and cohomology are isomorphic. Now let
us consider the remaining cases, i.e. q > 0, for M embedded in Sn in this
canonical way. We have

H̃q(S
n \M) ∼= Hq(S

n \M) ∼= H̃n−q−1(M)

but M is homotopy equivalent to Sn−1 so the reduced homology is Z at po-
sition n− 1 and zero elsewhere. Of course, by assumption q > 0 here so we
get Hq(S

n \M) = 0 for q > 0. Note that Sn \M consists of two connected
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components and in order for the q-th homology group to be zero, we will need
both components to have trivial homology at that position. This is because
the homology of a disjoint union is the direct sum of the homologies of the
components. Specifically, the q-th homology of the connected component
not containing the point at infinity, for which we have a canonical way of
diffeomorphically associating B to, will have to be zero. But this is the same
as the homology of B ⊂ Rn. This concludes the proof of the claim.

Now we consider the integral Morse complex associated with the Morse func-
tion f : B → [0, n+ 1

2
] with the properties described above and the negative

pseudo-gradient vector field X adapted to f .

. . . → 0 → Cn
∂n→ Cn−1

∂n−1→ Cn−2 → . . . → C2
∂2→ C1

∂1→ C0

Of course, the Ci here are simply formal linear combinations over Z of the
index i critical points of f , and so they are really just the direct sum of Z as
many times as however many critical points we happen to have at that level
in our original function f . Let us use the notation Ck = Zdk for convenience,
where dk is the number of index k critical points of f . Moreover, let us also
stick with this very natural choice of critical points as our basis from now
on.

Now, the general idea here is that we want to recognise that handle slides
correspond to changes of bases in the free Z-modules Zdk and repeatedly use
this to obtain something resembling a Smith normal form. Then we want
to repeatedly use the Whitney trick together with another cancellation the-
orem to remove entries of ±1 from the matrices of ∂k+1, which corresponds
to canceling critical points to f of index k and k + 1 against each other.
The Whitney trick is used to reduce the number of trajectories between the
critical points that this ±1 corresponds to down to one. Then we will be
able to apply the following theorem:

Theorem 5.3.3: Assume we have a self-indexing Morse function f with crit-
ical points ck+1 and ck and a negative pseudo-gradient vector field X adapted
to f . Moreover, assume (f,X) is Morse-Smale and there is a single trajectory
T going from ck+1 to ck. Then we can modify (f,X) to another Morse-Smale
pair (f ′, X ′) such that f ′ is self-indexing and has the same critical points as
f except for ck+1 and ck, and X ′ is a negative pseudo-gradient adapted to f ′.
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Proof: The proof follows from theorem 5.4 in [9, p48], and uses an explicit
geometric construction that is similar in nature to the one used when making
Morse functions self-indexing.

Eventually, we should end up with a Morse function on B with exactly one
critical point of index 0, and a negative pseudo-gradient adapted to this.
Then we will go on to use this in the subsequent sections of the proof to
conclude our argument.

We will implement the idea lined out above by working our way from left to
right in the Morse complex while keeping in mind what the homology must
be (again, because singular and Morse homology theories are isomorphic).

5.3.1 Removing index n critical points

We can easily realise that, geometrically, there are at most two trajectories
going from a critical point of index n to a critical point of index n− 1. This
is because the stable manifold of each critical point cn−1 is one dimensional
and therefore only two gradient trajectories go into that critical point. This
means thatNX(cn, cn−1) can only take on the values 0,±1 and±2. Therefore,
these are precisely the entries in the matrix of ∂n if we again choose a basis
consisting of the critical points for both Cn and Cn−1. Since the homology
is supposed to be zero, then Hn(B) = ker ∂n/{0} = ker ∂n = 0. Therefore,
the matrix of ∂n cannot consist of only zeros, unless Cn is trivial (in which
case we would have an empty matrix anyway). There are now two remaining
cases - the matrix of ∂n can either contain at least one ±1, or consist entirely
of 0 and ±2. We start by considering the case where we have no entries of ±1.

Recall that we had Ck
∼= Zdk , and so this means that all the groups in our

chain complex are torsion free. By known singular homology, we had that
Hn−1(B) = ker ∂n−1/ im ∂n is trivial, and by having only 0 and ±2 as en-
tries in its matrix representation, we know that im ∂n has to be of the form
2 times something. Now to reach Hn−1(B) = 0 we need ker ∂n−1 to be of
this form as well. In other words, there is some element e ∈ Cn−1 such that
∂n−1(2e) = 0 while ∂n−1(e) ̸= 0. Using linearity, we then have ∂n−1(e) ̸= 0
satisfying 2∂n−1(e) = 0, but this contradicts the fact that Cn−2

∼= Zdn−2 has
no torsion. Hence, this cannot happen.
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Suppose we have a ±1 somewhere. Note that an algebraic number of tra-
jectories that is ±1 corresponds to exactly one geometric trajectory because
since we can have at most two, using both would make us land on either 0
or ±2. If we can show that we can modify f and X such that we remove
the critical points this one trajectory goes between (without creating any
new critical points), then we can inductively apply this whole argument to
remove all index n critical points, i.e. get Zdn = 0 and ∂n = 0. But this is
a prefect opportunity to apply theorem 5.3.3 which directly implies that we
can remove this ±1 by modifying (f,X) while still fulfilling the Morse-Smale
condition and all other necessary criteria. This is precisely what we wanted.

5.3.2 Removing index n− 1 critical points

Now we have trivialised our Morse complex around Cn, so really Cn = 0
if we use the modified (f,X) when defining Cn(f,Z) and ∂n from now on.
Therefore Hn−1(B) = ker ∂n−1/{0} = ker ∂n−1, and since n − 1 ̸= 0 because
n > 5 by assumption, then this is supposed to be trivial. Now, ideally, we
would like to use this to remove critical points of index n−1 from our Morse
function. This is in fact quite tricky and a bit technical to do from first
principles, so instead, we will cleverly apply theorem 8.1 from [9, p100]. The
theorem states the following:

Theorem 5.3.4: Let (W n;V0, V1) be a smooth manifold triad with a self
indexing Morse function g. Furthermore, assume n ≥ 5 and W and V0 are
simply connected. Then, if g has no critical points of index 0, we can modify
g in such a way that a critical point of index 1 is exchanged for a critical
point of index 3.

We apply this by recalling that our f is a Morse function on the manifold
triad (B;M,∅). Now, instead of considering f , we consider the function
n − f , which is also self-indexing. Because f has no critical points of index
n, we can draw the conclusion that n−f has no critical points of index 0. Of
course, n ≥ 5 (we even have strict inequality here), and since M is homotopy
equivalent to Sn−1 it will be simply connected as we have mentioned before.
Since we have already proved that π1(B) = 1, this puts us in a position
where we can apply theorem 5.3.4 to transform every index 1 critical point
of n−f to a critical point of index 3. But this is exactly the same as trading
index n − 1 critical points of f for critical points of index n − 3. Thus we
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have eliminated all index n − 1 critical points of f (and we have of course
not accidentally recreated any index n critical points in the process).

5.3.3 Induction over k for Hk(B)

Assume that we have modified f and X such that the chain complex is trivial
to the left of Zdk , where n − 1 > k > 2. As before we know that we must
have Hk(B) = 0. Now let us consider the trajectories going from a critical
point ck of index k to a fixed critical point ck−1 of index k− 1, together with
another critical point c′k of index k. The point that we want to make here is
that, by doing certain operations called handle slides, we can modify f and
X in such a way that it corresponds to adding or subtracting one column
from another in the matrix of ∂k, i.e. the matrix of the new ∂k with respect
to the basis of critical points is simply the matrix of the previous ∂k with a
column operation performed on it.We do this in the following way:

Begin by changing f (and X to stay adapted to f) around c′k by subtracting
ε times a bump function in a neighborhood around c′k in such a way that no
new critical points are introduced. Now, consider the level set f−1(k − ε

2
).

As we know, when we pass an index k critical point, the topology of the
sub-level set changes by attaching a k-handle. If we only consider the critical
points ck and c′k for a moment, then the sub-level set at k − ε

2
will already

have a k-handle from the c′k attached. When we get to attaching the k-handle
originating from the critical point ck, we can stretch the attaching sphere of
ck with an isotopy to tightly squeeze around the attaching sphere of c′k as in
figure 3, and this is what is known as a handle slide.

Now, this sliding operation on the attaching sphere can be realised by mod-
ifying X because it is an isotopy on the level set f−1(k− ε

2
). What we mean

here by a tight squeeze is that we can make it as tight as we need, i.e. arbi-
trarily close to the attaching sphere of c′k. Recall that (f,X) is Morse-Smale,
meaning that W s(ck−1) and W u(c′k) intersect transversely, and therefore the
new trajectories that are potentially added from ck to ck−1 will be precisely
those going from c′k to ck−1, provided the squeeze is sufficiently tight. After-
wards, f can be adjusted to be self-indexing again. There are two ways of
doing this procedure of handle slides, each resulting in opposite sign on every
new trajectory, and thus we have the option of adding any integer multiple
of a column to another in the matrix of ∂k. Of course, we also have the
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Figure 3: Handle slides correspond to certain base changes in the matrix
representation of ∂k. The level sets in the picture are those for k and k − 1

2
.

option of swapping any two columns (or rows for that matter) by reordering
our basis critical points in Zdk (or Zdk−1). But by considering −f and handle
slides corresponding to that Morse function we can also make handle slides
corresponding to row operation on our matrix. By applying the Euclidean
algorithm to a column, we can make all entries equal to zero, except for one
of them that is equal to the greatest common divisor of all column entries.
Now, this has to be ±1 because if it is not, and let us call this number m,
then the image of ∂k will have to be of the form of a direct sum of mZ and the
image of all other critical points. Then, because the k-th homology is trivial,
the kernel of ∂k−1 will have to be of the same form, but this is impossible
because the groups in our Morse complex are torsion free (this argument is
very similar to the one we used when removing index n critical points).

By the above we may thus assume that we have two critical points ck and
ck−1 with NX(ck, ck−1) = ±1, and we can now use the Whitney trick to make
the geometric count of trajectories agree with this algebraic one. If these do
not already agree, then we have trajectories of different signs going from our
critical point ck of index k to our critical point ck−1 of index k − 1. We now
consider the intersection of the unstable manifold W u(ck) with the level set
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f−1(k− 1
2
) and the intersection of the stable manifold W s(ck−1) with the level

set f−1(k− 1
2
), and note that these are spheres. By (f,X) being Morse-Smale,

these intersect transversely (seen as submanifolds of f−1(k− 1
2
)) in a (finite)

number of points whose sign correspond exactly to the sign of the trajecto-
ries passing through them. For shorter notation, define N := f−1(k − 1

2
),

S := W s(ck−1) ∩N and U := W u(ck) ∩N .

When applying proposition 3.2.1, the Whitney trick, N will play the role of
M , and S and U will play the roles of A and B in the proposition (which
one will be which might change depending on k). A short remark here is
that we of course do not want to give S or U the name B because this al-
ready has a different meaning (a manifold with ∂B = M). Obviously, we
have dimN = n − 1, dimS = n − k and dimU = k − 1, and thus we easily
realise that the first assumption, dimS +dimU = dimN , in the proposition
is satisfied because n − k + k − 1 = n − 1. Moving on to check the other
assumptions, it is clear that dimN = n − 1 ≥ 5 since n ≥ 6 by assump-
tion. Also, by assumption n − 1 > k > 2 which means that dimS ≥ 2
and dimU ≥ 2, and since they have to sum up to at least 5, then either
dimS ≥ 3 or dimU ≥ 3 (and the other one will of course be at least one),
as per by the requirement. Now we consider the third assumption of the
proposition, i.e. that we have two points p, q ∈ S ∩ U with opposite sign.
Note that if the algebraic cardinality (signed count) of intersection points is
±1 but the geometric is not, then we must have points of both signatures
that cancel each other. Therefore we can choose points p, q ∈ S ∩ U of op-
posite sign. Let us now move on to the fourth condition of the Whitney trick.

The fourth requirement states that if dimS is 1 or 2, then the map π1(N \
U) → π1(N) should be injective - and, likewise, if dimU is 1 or 2, then the
map π1(N \ S) → π1(N) should be injective. Now, there are only two cases
when this condition is non-vacuous, namely k = 3 and n− k = 2. In both of
these cases, what we are removing from N when computing the fundamental
group to the left of the arrow is a sphere of codimension 2 embedded into N ,
and recall that N is at least 5-dimensional. Now, we will need to use that the
fundamental group ofN is trivial, i.e. π1(N) = 1. The basic idea to show that
π1(N) = 1 is that we can construct B from N by attaching i-handles where
i ≥ 3, and because attaching handles of these dimensions does not change
the fundamental group we can conclude that π1(N) = π1(B) = 1. A crucial
point to the argument is the duality between i-handles and (n − i)-handles
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that we get by considering the Morse functions f and n−f respectively, and
since n > 5 at least one of the numbers i and n− i will be at least 3. I will
refer to [9, p104-106] for the details. Now, the only way for this map to be
injective is for the fundamental group to the left of the arrow to be trivial too.

The cases k = 3 and n− k = 2 are both very similar, so let us consider only
k = 3 to get a model of how things will work out. Following the proof of
theorem 6.4 in Milnor [9, p72-73] and the surrounding discussion, it is clear
that we will get π1(N \ S) = 1, thus fulfilling the fourth condition. This is
because, by the same logic as we used when showing that level sets of f are
simply connected, we can prove that f−1([7

2
, 3
2
]) is too. Hence, the arguments

in the proof become applicable to the triad (f−1([7
2
, 3
2
]); f−1(3

2
), f−1(7

2
)) since

it also satisfies the simple connectedness condition. A subtlety that we will
have to keep in mind when showing that π1(f

−1(3
2
)) is trivial is that this only

works if there are no index 1 critical points. However, this will be resolved
by applying theorem 5.3.4 first.

The fifth and last assumption that has to be satisfied is that there are em-
bedded paths sS and sU from p to q in S and U , respectively, with interiors
disjoint from S∩U , such that sSsU is contractible in N . First of all, note that
S and U are spheres, and hence path connected. Additionally, if the interiors
of these paths were not disjoint from S ∩ U , then we could choose p and q
again, making progressively better and better choices with fewer redundant
intersection points on the way, such that, eventually, this condition will be
met (since p and q have opposite sign, then any other point in S ∩ U along
one of these embedded paths will have the opposite sign of either p or q). The
second part of this condition becomes trivial, since, as we mentioned earlier,
π1(N) can be shown to be trivial, and hence any closed loop, including sSsU
will be contractible.

This means that we can apply the Whitney trick to find an ambient isotopy
in N moving either S or U such that we can cancel intersection points of dif-
ferent signs against each other, which corresponds to canceling trajectories
of opposite signs against each other. As we saw earlier, we can now modify
X to have precisely this effect on S and U without changing anything else of
importance. Applying this argument several times will eventually bring us
down to a single (geometric) trajectory of sign ±1, whichever the algebraic
count was. Now, precisely as we did before, we can apply theorem 5.3.3 to
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remove this trajectory, thus cancelling the critical points ck and ck−1 against
each other.

The point here is that, by repeatedly applying the above argument with
handle slides, the Whitney trick and the geometric cancellation theorem in
Milnor [9], we can remove all critical points of index k. By induction, we can
therefore remove all critical points of index > 2, and the remaining part of
the proof where we are modifying Morse functions and our negative pseudo-
gradient is just a collection of some remaining special cases.

5.3.4 Remaining special cases

Now that we have removed all critical points of index > 2 the remainder of
our Morse complex looks as follows:

. . . → 0 → Zd2 ∂2→ Zd1 ∂1→ Zd0 → 0

Now, using the exact same argument as in the top dimensional case and
applying our knowledge that H0(B) = Z, we can reduce the complex further
to look like

. . . → 0 → Zd2 ∂2→ Zd1 ∂1→ Z → 0

Thus, we must have im ∂1 = 0 in order for the 0-th homology to be Z/ im ∂1 =
Z. But this also means that we have an isomorphism Zd2 ∼= Zd1 , so removing
critical points of index 2 corresponds to removing critical points of index
1, and since d2 = d1 to begin with removing all critical points of index 2
corresponds to removing all critical points of index 1 and vice versa. Let us
approach this by cancelling the critical points of index 2 (and of those of index
1 as well in the process). But we can actually do this in a cleaner way. In fact,
using theorem 5.3.4 on the manifold triad (f−1([ε, n+ 1

2
]);M, f−1(ε)) with the

self-indexing Morse function f restricted to this new manifold f−1([ε, n+ 1
2
])

we can actually trade all critical points of index 1 for critical points of index
3. This works because

1. f |f−1([ε,n+ 1
2
]) does not have any critical points of index 0 (we removed

the only one).

2. f−1(ε) is just an n− 1-sphere, and is thus simply connected.
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For this reason, our chain complex will, after this modification, look as fol-
lows:

. . . → 0 → Zd1 → Zd2 → 0 → Z → 0

Now for the finishing touch: By applying what we already did in the inductive
step for k = 3 we can remove all critical points of index 3. Then, position 2
in the chain complex will be the a direct sum of copies of Z. But since we
know that H2(B) = 0, then this direct sum must be empty. Hence f does
not have any critical points of index 2 either after this modification, but only
one critical point which has index 0.

5.4 Gradient flow isotopy

Now we have a negative pseudo-gradient vector field X adapted to a Morse
function f : B → R with precisely one critical point of index 0. The idea
here is that we can construct an isotopy by letting M , the boundary of B,
flow along the vector field X such that it eventually encloses a region in Rn

that is convex. In fact it will be an even better idea to let M flow along the
vector field Y = − X

df(X)
. This way dfx(Y ) = −1 for all x, and we will be

changing M continuously through the level sets of f . In fact, this is quite
similar to the proof of theorem 3.1.3. Anyway, let us now think about how
this works out in detail. The trajectory of any point on M along Y is of
course well-defined and if we have two different points on M , then their tra-
jectories can never merge before we get to our critical point of f . This is
because −Y is also a smooth vector field that has no zeros except for that
of Y , i.e. the critical point of our f , and so we must have well-defined tra-
jectories of −Y . Since this means we can not have branching of trajectories
of −Y , then we can not either have two trajectories of Y merging, because
trajectories of Y and −Y are the same (but played in reverse). Therefore we
have absolutely no doubt that flowing along Y yields an isotopy (see figure 4).

Recall that, by the Morse lemma (and the fact that f is self-indexing), there
exists a neighborhood around our index 0 critical point p where our Morse
function has the coordinate expression f(x1, ..., xn) =

∑n
i=1 x

2
i . This means

that when have flown M along Y sufficiently close to the critical point p, i.e.
into this Morse chart, then we will actually just get a sphere in this coordinate
system because the level set that we get will be f(x1, ..., xn) = x2

1+...+x2
n = ε.

Now, by virtue of being a chart, we have a diffeomorphism φ between the
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Figure 4: We get an ambient isotopy by flowing M along Y .

Morse neighborhood and an open subset of Rn. By Taylor expanding we
get φ(x) = p + Ax + O(||x||2) where A is an n × n-matrix. Therefore, by
making ε > 0 arbitrarily small (we still have a sphere of radius ε in the Morse
chart) we can disregard O(||x||2), and since affine maps preserve convexity,
the sub-level set f−1([0, ε]) (which is precisely what is enclosed by what we
have flown M to) will be convex because it is the image of a ball (which is
very much convex) in the Morse chart. Let us denote this submanifold by
M ′ := f−1(ε) ⊂ Rn for convenience.

5.5 Finalisation of the isotopy

At this point we have found an ambient isotopy deforming M such that every
ray from p (we have got a lot more choices than p, but we only need one)
intersects it at exactly one point. Now, starting from this new submanifold,
we want to find an isotopy connecting us to Sn−1 ⊂ Rn. By composing
these we will of course still have an isotopy, and thus we will have proven
that M ⊂ Rn and Sn−1 ⊂ Rn are isotopic, concluding the proof of the
theorem. To begin, let us first make a smooth translation taking p to the
origin. Of course p /∈ M ′, but the point here is that we smoothly subtract
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the vector p, translating everything to an appropriate location in Euclidean
space. Obviously, this will be an isotopy. Now for this last part, let us denote
the manifold resulting from the translation as M ′′. Recall that the standard
embedding of the n−1-dimensional sphere in n-dimensional Euclidean space
is given by Sn−1 = {(x1, ..., xn) ∈ Rn : x2

1+ ...+x2
n = 1}. It is clear that given

any ray from the origin, it will intersect Sn−1 and M ′′ at exactly one point
each. Therefore the standard linear homotopy moving every point along a ray
between these submanifolds will also be an isotopy. Explicitly, for x ∈ M ′′

and t ∈ [0, 1], this isotopy is given by the following:

F (x, t) = (1− t)x+ t
x

||x||

This concludes the proof of the Schönflies conjecture for n > 5.
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6 Generalisations

Let us now discuss some of the generalisations of this result. Initially, I
was going to be focusing on showing some of the applications of what we
have been doing in this paper. However, I was enlightened that looking
at applications (as in finding a few corollaries of Schönflies conjecture and
proving them) would potentially not be as fruitful as looking at more general
results because what we have done here is already quite far down the chain
of implications. In spite of this, many of the techniques utilised here are
customary in other problems in topology.

6.1 The h-cobordism theorem

As the work in this project is largely based on Milnor’s Lectures on the h-
cobordism theorem [9], it should not come as a surprise that the two are
closely related. In fact, what we have done here follows pretty much im-
mediately from the h-cobordism theorem. Let us state (without proof) the
h-cobordism theorem for the category of smooth manifolds. Firstly, though,
we need to define what an h-cobordism is.

Definition 6.1.1: Let W be a compact smooth manifold with ∂W = V0⊔V1

such that both boundary components are deformation retracts of W . Then
we say that W is an h-cobordism between the manifolds V0 and V1.

Theorem 6.1.2: Let W be an h-cobordism between V0 and V1. Then,
if V0 and V1 are simply connected and of dimension greater than or equal to
5, then W ∼= V0 × [0, 1].

6.2 The generalised Poincaré conjecture

The famous Poincaré conjecture is an important result in mathematics that
most undergraduates who have taken an elementary course in topology have
probably heard of. Originally proven by Perelman [10] [11] in the early
twenty-first century, it asserts the following:

Theorem 6.2.1: Every simply connected, closed 3-manifold is homeomor-
phic to S3, the 3-sphere.
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This is such a beautiful result that I just had to include it, however the
higher dimensional version (usually referred to as the generalised Poincaré
conjecture) is much more related to what we have done. We present the
statement as done by Milnor [9, p109], the proof being due to Smale.

Theorem 6.2.2: LetM be an n-dimensional smooth manifold that is closed,
simply connected and has the same integral homology as Sn. Then M is
homeomorphic to Sn. Moreover, if n = 5 or n = 6, then we instead have the
stronger result that M and Sn are diffeomorphic.

Note that, as is famously proven by Milnor, there are exotic differentiable
structures on S7 [4, p180]. Therefore, we can only have homeomorphism
in the case n = 7 and do not have the luxury of having diffeomorphism im-
plied. The theorem does, however, not state anything about this relationship
between homeomorphism and diffeomorphism in dimensions n > 7.
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