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There are many imaging techniques that generate three-dimensional volume images today. 
With higher precision in the image acquisition equipment, storing and processing these im-
ages require increasing amount of data processing capacity. Traditionally, three-dimensional 
images are represented by cubic (or cuboid) picture elements on a cubic grid.  

The two-dimensional hexagonal grid has some advantages over the traditionally used 
square grid. For example, less samples are needed to get the same reconstruction quality, it is 
less rotational dependent, and each picture element has only one type of neighbor which 
simplifies many algorithms. The corresponding three-dimensional grids are the face-centered 
cubic (fcc) grid and the body-centered cubic (bcc) grids.  

In this thesis, image representations using non-standard grids is examined. The focus is on 
the fcc and bcc grids and tools for processing images on these grids, but distance functions 
and related algorithms (distance transforms and various representations of objects) are defined 
in a general framework allowing any point-lattice in any dimension. Formulas for point-to-
point distance and conditions for metricity are given in the general case and parameter opti-
mization is presented for the fcc and bcc grids. Some image acquisition and visualization 
techniques for the fcc and bcc grids are also presented. More theoretical results define dis-
tance functions for grids of arbitrary dimensions.  

Less samples are needed to represent images on non-standard grids. Thus, the huge amount 
of data generated by for example computerized tomography can be reduced by representating 
the images on non-standard grids such as the fcc or bcc grids.  

The thesis gives a tool-box that can be used to acquire, process, and visualize images on 
high-dimensional, non-standard grids.  
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Sammanfattning på svenska

Det blir allt vanligare med tredimensionella volymsbilder, till exempel an-
vänds datortomografi flitigt i medicinska tillämpningar och allt mer i indus-
triella tillämpningar. Detta leder till att mängden data som lagras och behand-
las blir allt större.
För att representera de tredimensionella bilderna används oftast en struktur
där varje bildelement representeras av en kub eller ett rätblock.
Att representera tvådimensionella bilder med ett hexagonalt gitter har flera
fördelar jämfört med den kvadratiska struktur som är standard idag. Till exem-
pel kan ett glesare gitter användas, det hexagonal gittret är mindre rotations-
känsligt och varje bildelement bara har en granne, vilket förenklar många bild-
analysmetoder. De tredimensionella motsvarigheterna till det hexagonala git-
tret är det kubiska ytcentrerade (fcc) gittret och det kubiskt rymdcentrerade
(bcc) gittret. Dessa delar många egenskaper med det hexagonala gittret. De
borde alltså ur många synpunkter vara bättre än det kubiska gittret. Till exem-
pel behövs nästan 30 procent färre bildpunkter för att representera en isotrop,
bandbegränsad signal på ett bcc-gitter jämfört med ett kubiskt gitter. Det har
visats att bcc-gittret är optimalt ur den aspekten. En illustration av dessa gitter
finns i Figur 1.
I avhandlingen presenteras ett antal verktyg som kan användas för att be-
handla bilder representerade på till exempel ett fcc- eller bcc-gitter. Många
resultat är verifierade med teoretiska resonemang och vissa satser är bevisade
för godtyckliga gitter.
Fokus ligger på avståndsfunktioner för punkter i gitter, men även resultat
om bildtagning, hur bilder kan representeras och visualisering presenteras.
Länken mellan de teoretiska resultaten för avståndsfunktioner och
bildbehandling är avståndstransformer, där varje punkt i ett objekt tilldelas
avståndet till den närmsta punkten i bakgrunden. Avståndstransformen har
många tillämpningar inom datoriserad bildanalys. Två kapitel i avhandlingen
handlar om just avståndstransformer.
Kapitlet om avståndsfunktioner är fokuserat på avstånd definierade som
den kortaste vägen mellan två punkter. I den euklidiska geometrin definieras
avståndet mellan två punkter som längden av det räta linjestycket mellan
punkterna. Eftersom en rät linje (i euklidisk mening) inte nödvändigtvis består
av sammanhängande element, se Figur 2(a), passar den definitionen inte i den
digitala geometrin.
Ett exempel på en avståndsfunktion i två dimensioner som är definierad som
den kortaste vägen mellan två punkter är city-block-avståndet, där på varandra
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(a) (b) (c)

(d) (e)

Figur 1: Bollar packade enligt ett kvadratiskt gitter (a), hexagonalt gitter (b), kubiskt
gitter (c), fcc-gitter (d) och ett bcc-gitter (e).

följande pixlar i den kortaste vägen som definierar avståndet delar en sida,
se Figur 2(b). City-block-avståndet mellan (0,0) och punkten (x,y) ∈ Z

2 är
|x|+ |y|. Nackdelar med city-block-avståndet är dess rotationsberoende och
att vägen som definierar avståndet ej alltid är unikt – antalet vägar kan vara
stort, se Figur 2(c).
Om man tillåter vägar där på varandra följande pixlar är diagonala grannar,
så får man en annan avståndsfunktion, chessboard-avståndet. Chessboard-
avståndet mellan (0,0) och punkten (x,y) ∈ Z

2 är max{|x|, |y|}, se Figur 2(d).
Rotationsberoendet kan minskas genom att vikta avståndet mellan grannarna
i de vägar som definierar avståndet.
En annan möjlighet är att använda en sekvens av grannrelationer, där di-
agonala grannar inte tillåts i alla steg. I avhandlingen tittar vi närmare på en
avståndsfunktion som definieras av både vikter och en omgivningssekvens.
Med en omgivningssekvens som tillåter vägar med diagonala grannar endast i
vart tredje steg definierar vägen i Figur 2(d) avståndet mellan de två punkterna
unikt.
För att definiera de vägbaserade avståndsfunktionerna ovan behövs ett gitter
och grannrelationer. I avhandlingen definieras avståndsfunktioner för bland
annat fcc- och bcc-gittren. I Figur 3 illustreras vägar i fcc- och bcc-gitter.
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(a) (b)

(c) (d)

Figur 2: Ett linjestycke som definierar det euklidiska avståndet (
√
82+22 ≈ 8.25)

mellan två punkter (a). De pixlar vars centrum skär den räta linjen kan ses i (a). Två
möjliga vägar som definierar city-block avståndet (10) mellan punkterna illustreras i
(b) och (c). Vägen i (d) definierar chessboard-avståndet (8).

(a) (b)

Figur 3: En väg i fcc (a) och i bcc (b).

Avståndsfunktioner definieras för godtyckliga gitter. I avhandlingen presen-
teras bland annat formler för avstånd mellan två godtyckliga punkter, vikter
och omgivningssekvenser som minimerar rotationsberoendet, och villkor för
när avståndsfunktionerna är metriker.
Olika typer av algoritmer för att beräkna avståndstransformer ges tillsam-
mans med bevis för att de ger avståndstransformer utan fel.
Avståndstransformerna kan användas för att extrahera representationer av
objekt som består av en bråkdel av objektspunkterna i det ursprungliga objek-
tet. Ett antal olika representationer med olika egenskaper presenteras i avhan-
dlingen.
Målet med avhandlingen är att presentera ett antal grundläggande verktyg
som kan användas för att möjliggöra bildbehandling på bilder representerade
på gitter som inte är de traditionella kvadratiska eller kubiska gittren. Följande
steg diskuteras i mer eller mindre detalj: bildtagning/bildgenerering, olika sätt
att representera bilder, bildbehandling och visualisering av bilder. Således ut-
gör avhandlingen en bas för att utveckla bildbehandlingsverktyg för bilder
representerade på fcc- eller bcc-gittren.
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1. Introduction

Research on digital image processing started in the 1960’s when some
fundamental properties of digital images were addressed. It turned out
that it is not trivial to define even the most basic geometrical properties
for the discrete structure of digital images. For example, one of the first
attempts to define a straight line in an image was published in 1965, see
[Bresenham, 1965]. This, and related, issues are still an active research area
[Uscka-Wehlou, 2008, Coeurjolly et al., 2001, Ibanez et al., 2001]. There are
different approaches to define straight lines using, e.g., analytic expressions
and algorithmic approaches. Also, the generalization to three (and higher)
dimensions is not trivial. A straight line in Z

3 can be defined by, e.g., the
intersection of digital planes or by its projections onto the xy-, yz-, and
zx-planes.
In the 1960’s, it was also noted that the Euclidean distance is not always
well-suited for digital images. However, by using the discrete structure of the
image to define the distance functions leads to efficient algorithms that re-
turn well-defined and predictable results. In the first papers on this subject,
[Rosenfeld and Pfaltz, 1966, Rosenfeld and Pfaltz, 1968, Montanari, 1968], a
cost between neighboring picture elements (pixels) is considered and the dis-
tance functions are defined as minimal cost-paths.
There are two approaches to tackle problems in image processing. We need
to put the images into a framework that is easy to handle – a model for the
images. One approach is to assume that the images can be modeled using the
Euclidean geometry and processed in a similar way as a function defined for
continuous space. Since the images are discrete by definition, a discretization
of the methods using approximations is needed at some step.
Another approach is to develop methods on the digital grid without resort-
ing to the Euclidean geometry. This is the digital geometry approach. By not
making the assumption that the image can be processed using the Euclidean
geometry, the problems that arise from approximation errors are avoided.
As an example, consider the computation of a distance transform (DT), the
mapping defined by setting each object grid point to the distance to the closest
background grid point. A method that assumes that the Euclidean geometry
can be used is the fast-marching method [Sethian, 1999]. With this method, a
differential equation (the Eikonal equation) is approximated using finite dif-
ferences. The errors that are produced due to these approximations are large,
see [Bærentzen, 2001] and Chapter 5 in this thesis.
A distance function defined as a minimal cost-path between two points be-
longs to the digital geometry framework. We do not assume that the Euclidean
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geometry can be used, and the distance values assigned to the grid points are
correct according to the definition by using one of the algorithms presented in
Chapter 4.
In this thesis, the main focus is on path-based distance functions, but dis-
tance functions developed using both the Euclidean geometry approach and
the digital geometry approach are considered. The theory for path-based dis-
tance functions is presented and the distance functions are defined in a gen-
eral setting that allows also non-standard grids. The basic idea is to give a
toolbox, verified by theoretical arguments, that can be used to process and an-
alyze images on these grids. The main focus is on distance functions and their
properties in image processing. Medial representations, such as thinning and
skeletonization, and resolution pyramids are also discussed.

1.1 Digital images
A digital image is in its simplest form a set of grid points, each addressed by
two integer values, called coordinates and each associated with a binary value.
The grid points are visualized by the corresponding picture elements (pixels).
A digital image is often defined on a Cartesian grid with grid points having
integer coordinates (x,y), where 0 ≤ x < xmax and 0 ≤ y < ymax. The pixel
resolution is the number of grid points, in this case xmax · ymax. This simple
form can be generalized in many ways:
• Gray-scale images
When the grid points are given integer values in some interval, e.g.,
{0, . . . ,N−1}, the image is a gray-scale image with N intensities (the
gray-scale resolution is N).
• Spectral images
A color image consists usually of three components, the red, green, and
blue components. The components (bands) define the amount of red, green,
and blue in each pixel. Multi-spectral images have more than three bands,
where each band corresponds to the amount of light reflected in a certain
wave-length interval.
• Temporal images
A sequence of digital images can be viewed as an object captured at dif-
ferent times. The temporal resolution is the time interval between two sub-
sequent images.
• High dimensional images
The images captured by, e.g., a CT-scanner are three-dimensional. Such im-
ages are often acquired on the cubic grid in which each grid point has three
integer coordinates. Higher-dimensional generalizations are also possible –
three-dimensional temporal images can be considered as four-dimensional
images.
• Images on non-Cartesian grids
There are, as we will see, several reasons to consider non-Cartesian grids
for image processing. Examples of such non-Cartesian grids are the two-
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dimensional hexagonal grid or the three-dimensional face-centered cubic
(fcc) grid and body-centered cubic (bcc) grid.

In this thesis, n-dimensional gray-scale images are considered. A digital image
in this sense is a mapping from a set of grid points G to the set of intensities.
Given an n-dimensional grid G, the Voronoi region of an element p ∈G is the
set

{q ∈ R
n : ∀r ∈G, |p−q| ≤ |r−q|} ,

where | · | is the Euclidean norm. For two-dimensional images, the Voronoi re-
gions are denoted picture elements or pixels for short. In three dimensions, the
Voronoi regions are called volume picture elements, voxels. There is no stan-
dard notation for higher dimensional picture elements; hyxel (hyper-volume
picture element) is used in, e.g., [Borgefors, 2003]. Other names found in the
literature are cell and spel (spatial element). The shape of the Voronoi regions
for the fcc and bcc grids are shown in Figure 1.1.
A function f associates each element p in G with the intensity of p. In a
standard image processing environment, the grid G is Z

n, i.e., the set Z×
. . .×Z, where Z is the set of integers. The Voronoi region is then a hypercube
with side-length 1. The most commonly used grid for image processing is the
two-dimensional square grid, where each pixel is a square. When visualizing
the intensity value f (p) associated with an element p in the square grid, the
corresponding pixel (square) is given the gray scale-value corresponding to
f (p). Usually, the range of the function f is limited to integers between 0 and
2m−1. For example, m = 8 gives an 8-bit image with 256 gray scale-values,
where m is the number of bits needed to store the value in the computer.

(a) (b)

Figure 1.1: Voronoi regions (voxels) for the fcc grid (a) and bcc grid (b).

1.2 Contributions
Traditionally, Zn is used to represent images, but there are many reasons why
other structures should be considered instead of Zn. Note that a grid is nothing
but a collection of points. We restrict the discussion in this thesis to grids that
can be defined by a basis. Such a structure is called a point-lattice, but in the
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(a) (b)

(c) (d)

Figure 1.2: Images on the hexagonal grid with increasing pixel resolution. The border
of each pixel is shown for clarity. The image in (a) is sampled to the hexagonal grid
with 238 (b), 950 (c), and 3800 (d) grid points.

image processing community this notion is rarely used so we use the more
general “grid” which is common in the literature. In Figure 1.2, the use of
the hexagonal grid for representing an image is illustrated. In Figure 1.3, the
use of a hexagonal grid is compared with the use of a square grid using the
same number of grid points (15300). Each pixel is assigned the mean gray
scale-value that it covers.
In this thesis, we give some tools for processing images on the fcc and bcc
grids. The main contributions are based on the development of distance func-
tions on point-lattices. In Chapter 3, we give a theory for path-based distance
functions using both weights and neighborhood sequences in a general frame-
work. Some of the most interesting results that have been derived during the
PhD studies are presented: formulas for point-to-point distance and conditions
for metricity in the general setting and computation of the optimal parameters
(weights and neighborhood sequence) for the special case of the fcc and bcc
grids. The results from the general framework are also applied to the square
grid and to high-dimensional generalizations of the hexagonal, fcc, and bcc
grids. We also give some results for the cubic grid.
In Chapter 4, we show how the general framework for the distance func-
tions can be used in image processing by formally and in detail describe how
to compute the distance transform (DT). Given a binary image consisting of
background pixels and object pixels, the DT labels each object grid point
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with the distance to the closest background grid point. It is well-known, see
[Rosenfeld and Pfaltz, 1966], that the DT can be computed in two raster scans
when the weighted distance on Z

2 is used. We show under which conditions
this is the case for any point-lattice (in any dimension) and that two scans
are not enough for path-based distance functions in general. Algorithms and
conditions for the algorithm to give correct results are given.
The computation of a DT using the Euclidean distance function is consid-
ered in Chapter 5. Two different approaches for computing the Euclidean DT
are presented. The algorithms are not error-free. A thorough error-analysis is
given and conditions for (almost) error-free DTs are given for the fcc, bcc, and
cubic grids.
Some methods for image acquisition and visualization are given in Chap-
ter 2. This is important since with such methods, the images can be represented
on the fcc or bcc grids without using the cubic grid in any step of the image
analysis chain. We will see that fewer samples are needed when the fcc and
bcc grid are used for representing images.
Two different ways to represent images on the fcc and bcc grids are pre-
sented – resolution pyramids and medial representations. In a resolution pyra-
mid, images with lower resolutions are associated with the original image.
Figure 1.2 and 1.3 show a multiscale representation (resolution pyramid) of
an image on the hexagonal grid. The generalization of this concept to the fcc
and bcc grids is discussed.
Another representation that is discussed is the medial representation. A me-
dial representation is a thin subset of an object. It is a tool that can be used
for shape representation. There are many approaches to compute the medial
representation; it can be, e.g.,
• a curve representation,
• a surface representation (in three-dimensional images), or
• a reversible representation
of the object. We consider two approaches that have been used in the litera-
ture for computing the medial representation – using local maxima (centers of
maximal balls) and by thinning.
A ball in an object is maximal if it is not contained in any other ball in the
object. The set of centers of the maximal balls is a sparse representation of an
object which can reduce the computational load, since processing this sparse
representation is faster than processing the original object.
The set of maximal balls will be used to compute a reversible, centered, and
connected medial representation, a skeleton.
In Chapter 7, the results are summarized and we illustrate that the tools pre-
sented in this thesis can be used to acquire, represent, process, and visualize
images on a number of non-standard grids. Image processing on the fcc and
bcc grids is more efficient compared to the standard cubic grid since fewer
samples are needed on these grids. The tools that are presented makes it pos-
sible to develop methods directly on these grids in a wide variety of image
analysis applications.
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(a)

(b)

Figure 1.3: The image in Figure 1.2(a) represented by the hexagonal grid (a) and the
square grid (b) with 15300 grid points.
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2. The face- and body-centered cubic
grids

The standard grids for image processing are the square and cubic grids. In
this chapter, we discuss some properties of three-dimensional non-standard
grids – the fcc and bcc grids. The hexagonal grid can be obtained by
intersecting Z

3 with a plane. By intersecting Z
4 with a hyperplane, an fcc

grid is obtained. The bcc grid can be represented by generalizing another
representation of the hexagonal grid using intersecting planes. Following
[Strand and Nagy, 2008a], this is explained in detail in Section 2.1.1.
In Section 2.1.2, the fcc and bcc grids are used to construct resolution pyra-
mids for image processing with three-dimensional images. Multi-resolution
representations (resolution pyramids) can be used, e.g., to reduce the com-
putation time in image processing algorithms and, as we will see, has many
applications.
In Section 2.2, we describe how images can be generated on the fcc and bcc
grids and in Section 2.3, some results about object visualization are presented.

2.1 The structure of the fcc and bcc grids
The grids considered in this thesis are all point-lattices.

Definition 1. The point-latticeG spanned by the linearly independent vectors
v1,v2, . . . ,vN ∈ R

N is

G =

{
p : p= 0+

N

∑
k=1

λkvk, λk ∈ Z

}
.

Any set of N linearly independent vectors in R
N defines a point-lattice. Let

v1,v2, . . . ,vN be N such linearly independent vectors defining the point-lattice
G. The matrix

VG =



| | |
v1 v2 · · · vN
| | |




is the matrix generating the point-lattice G. The point-lattices G1 and G2

generated by the matrices VG1 and VG2 are reciprocal [Ibanez et al., 1996] if

V−1
G1

= VTG2 . (2.1)
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The cubic grid Z
3 is the point-lattice generated by

V
Z3 =



1 0 0

0 1 0

0 0 1


 .

For this grid, we have V−1
Z3

= VT
Z3
. A matrix that generates an fcc grid is

VF =



1 1 0

1 0 1

0 1 1


 . (2.2)

The structure of the grids is invariant under similarity mappings1. It is easy to
verify that the reciprocal of the fcc grid defined above is the grid generated by

V−T
F

=
1
2




1 1 −1
1 −1 1

−1 1 1


 .

This is in fact a bcc grid, hence the fcc grid and bcc grid are reciprocal. We
consider the bcc grid generated by

VB = 2V−T
F

. (2.3)

The hexagonal grid H is generated by

VH =

( √
3/2 0

1/2 1

)
.

Grids that are not point-lattices have been also been considered for image
processing. Some of them are:
• The triangular grid – the Voronoi regions are triangles. This grid
is composed by regular polygons2 and is considered in, e.g.,
[Tanimoto et al., 1984, Nagy, 2007].
• The diamond grid – the structure of the three-dimensional grid of Carbon
atoms in the diamond crystal, see [Nagy and Strand, 2008].
• Irregular isothetic grids – grids where the pixels are not
the Voronoi regions, but parallel rectangles of different size
[Coeurjolly and Zerarga, 2006, Vacavant et al., 2006].
• A semiregular grid – a grid composed by triangles and squares
[Borgefors, 1990].

1A similarity mapping is composed of translation, rotation, uniform scaling, and reflection.
2A regular polygon is an n-sided polygon in which the sides are all of the same length and all
angles between sides are equal.
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2.1.1 Three-dimensional generalizations of the hexagonal grid
Consider the following three measures of grids [Conway et al., 1988]:
• Packing density: The fraction of a volume filled by a given collection of
solids. Given a large number of equal (Euclidean) balls centered in the grid
points, this quantity says how efficiently they are packed.
• Kissing number: The number of neighboring balls that each ball touch.
• Covering: The least dense way to cover the space with equal overlapping
balls.

In two dimensions, arranging balls (discs) such that the centers form a
hexagonal grid is the optimal point-lattice in these three aspects. The fcc
grid is the three-dimensional point-lattice with highest packing density and
largest kissing number. The bcc grid is the three-dimensional point-lattice
with optimal covering. Thus, the fcc and bcc grids are generalizations of
the hexagonal grid, from this aspect. In this section, we will see that this
generalization can be explained in another way. Some of these results are
from [Strand and Nagy, 2008a].
When the fcc grid F and the bcc grid B, generated by (2.2) and (2.3), are
used, we have:

F = {(x,y,z) : x,y,z ∈ Z and x+ y+ z≡ 0 (mod 2)} and (2.4)

B = {(x,y,z) : x,y,z ∈ Z and x≡ y≡ z (mod 2)}. (2.5)

This gives three integer coordinates for the grid points. Also the
points in the hexagonal grid can be addressed by two integers
[Luczak and Rosenfeld, 1976]. There is another solution using three
coordinate values with zero sum reflecting the symmetry of the grid as
described in [Her, 1995b]. Similarly the triangular grid can be described with
three values [Nagy, 2004a, Nagy, 2004b]. The description of an fcc grid by
four coordinate values is found in [Her, 1995a]. The four coordinate values
are obtained by the points in Z

4 that intersect a hyperplane. We will describe
how also the diamond and bcc grids can be represented in a similar way.

Representations using Z
3

Let Qn = {(x,y,z) ∈ Z
3 : x+ y+ z = n}. We denote the projection of Qn, for

n= 3m+ i for some m and i ∈ {0,1,2}, onto the plane x+y+ z= 0 along the
normal (1,1,1) by Pn. We get, for any integer m, the following sets:

P3m = {(r,s,−r− s) : r,s ∈ Z}

P3m+1 = {(r− 1
3
,s− 1
3
,1− r− s− 1

3
) : r,s ∈ Z}

P3m+2 = {(r− 2
3
,s− 2
3
,2− r− s− 2

3
) : r,s ∈ Z}.
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All of these sets form hexagonal grids. Let D denote the union of a number of
projections. We note that, for any integer m,

D (m,m+1,m+2) = Pm∪Pm+1∪Pm+2

(
=
⋃

i∈Z

Pi

)

is also a hexagonal grid, see [Nagy, 2004a].
The triangular grid can also be described using Z

3. One way of doing so
is to take the union Pn ∪Pk, where ⌊n3⌋ 6= ⌊ k3⌋. The union D (0,1) = P0 ∪P1
consists of the following set of grid points:

{
(r,s,−r− s) : r,s ∈ Z

}
∪
{

(r− 1
3
,s− 1
3
,1− r− s− 1

3
) : r,s ∈ Z

}
,

which is a triangular grid. To move to higher dimensions we use the following
definition from [Nagy, 2004a].

Definition 2. The generalized triangular grid with n-hyperplanes in the m
dimensional space is the part of Zm+1 in which the sum of the m coordinate-
values of each point is in the set {0,1, . . . ,n−1}.

This definition will now be used to obtain non-standard three-dimensional
grids.

Representations using Z
4

In this section we present analogous results using Z
4 and some non-standard

three-dimensional grids showing that they are triangular grids with
n-hyperplanes in the four-dimensional space for some n.
We modify the notation from the previous section: {(x,y,z,w)∈Z

4 : x+y+
z+w= n} is from now on denotedQn. By projectingQn, where n= 4m+ i for
some i ∈ {0,1,2,3}, onto the hyperplane x+ y+ z+w = 0 along (1,1,1,1),
we get

P4m = {(r,s, t,−r− s− t) : r,s, t ∈ Z}

P4m+1 = {(r− 1
4
,s− 1
4
, t− 1
4
,1− r− s− t− 1

4
) : r,s, t ∈ Z}

P4m+2 = {(r− 1
2
,s− 1
2
, t− 1
2
,2− r− s− t− 1

2
) : r,s, t ∈ Z}

P4m+3 = {(r− 3
4
,s− 3
4
, t− 3
4
,3− r− s− t− 3

4
) : r,s, t ∈ Z}.

We note that

P0 contains (0,0,0,0),(1,0,0,−1),(0,1,−1,0),(0,0,−1,1)

P1 contains
1
4
(3,−1,−1,−1), 1

4
(−1,3,−1,−1),

1
4
(−1,−1,3,−1), 1

4
(−1,−1,−1,3)
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P2 contains
1
2
(1,1,−1,−1), 1

2
(1,−1,−1,1),

1
2
(−1,−1,1,1), 1

2
(−1,1,1,−1)

P3 contains
1
4
(−3,1,1,1), 1

4
(1,−3,1,1), 1

4
(1,1,−3,1), 1

4
(1,1,1,−3)

Consider the orthogonal transformation matrix3

A=
1
2




1 −1 −1 1

−1 1 −1 1

1 1 −1 −1
1 1 1 1


 . (2.6)

By transforming the points above using A, we get

P′0 contains (0,0,0,0),(0,−1,1,0),(0,1,1,0),(−1,1,0,0).

P′1 contains
1
2
(1,−1,1,0), 1

2
(−1,1,1,0), 1

2
(−1,−1,−1,0), 1

2
(1,1,−1,0).

P′2 contains (0,0,1,0),(1,0,0,0),(0,0,−1,0),(−1,0,0,0).

P′3 contains
1
2
(−1,1,−1,0), 1

2
(1,−1,−1,0), 1

2
(1,1,1,0),

1
2
(−1,−1,1,0).

Since the last coordinate is everywhere zero, we analyze the vectors obtained
by only the first three coordinates. These coordinates contain the information
about the structure of the grids.
In this section, given a grid point p ∈G we call the grid points closest to p
the 1-neighbors and the closest and second closest grid points the 2-neighbors.

One projected hyperplane

The set of points defined by P′i for some i defines an fcc grid using the
first three coordinates. This is easy to see from P′0, since the vectors
(0,−1,1),(0,1,1),(−1,1,0) is a basis for an fcc grid. Since each P′i is
just a translation of the grid points in P′0, all of them are fcc grids. See
Figure 2.1(a) and 2.2(a).

Two projected hyperplanes

Two different grids can be obtained by using two projected hyperplanes. Con-
sider first P′0 ∪P′1. We get two fcc grids, each given by the basis (0,−1,1),
(0,1,1), (−1,1,0), where one is translated by the vector

(
−12 ,−12 ,−12

)
. This

is not a point-lattice. This grid is usually called the diamond grid, see Fig-
ure 2.1(b) and 2.2(b). Note that the 1-neighbors correspond exactly to the
directions of the bonds of the diamond crystal.

3A matrix A is orthogonal if ATA= I. The corresponding transformation is either a rigid rota-
tion or a rotoinversion (a rotation followed by a reflection).
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The diamond grid shares some properties with the 2D triangular grid: Since
the diamond grid is not a point-lattice, it can not be represented by a set of
basis vectors and there are two reflection-symmetric local neighborhoods.
Another choice is to consider Pm ∪ Pm+2. With m = 0, we get two fcc
grids, each given by the basis (0,−1,1),(0,1,1),(−1,1,0), where one
is translated by the vector (0,0,1). This is a cubic grid illustrated in
Figure 2.1(c) and 2.2(c).

Three projected hyperplanes

If we consider P0∪P1∪P2, we get the union of the standard cubic grid and an
fcc grid translated by the vector

(
−12 ,−12 ,−12

)
. This is also not a point-lattice.

Moreover, the neighborhood relations of the points vary – some points (the
points in the cubic grid) have four closest neighbors and some (the points in
the fcc grid) have eight closest neighbors. The grid we obtain here is the dual
grid (the grid obtained by using the vertices of the fcc voxels as grid points) of
the fcc grid. We used this grid in a marching-cubes like visualization algorithm
defined for the fcc grid in [Strand and Stelldinger, 2007].

Four projected hyperplanes

The grid points in P0∪P1∪P2∪P3 are given by the basis 12(1,1,1), 12(1,1,−1),
1
2(1,−1,−1), which defines a bcc grid. See Figure 2.1(d) and 2.2(d).

(a) (b) (c) (d)

Figure 2.1: Neighbors in some three-dimensional grids. The grid points represent an
fcc grid (a), a diamond grid (b), a cubic grid (c), and a bcc grid (d). Light and dark
gray points correspond to 1- and 2-neighbors, respectively.

(a) (b) (c) (d)

Figure 2.2: Voronoi regions (voxels) in an fcc grid (a), a diamond grid (b), a cubic
grid (c), and a bcc grid (d).
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2.1.2 Resolution pyramids
Data structures based on resolution pyramids can be used to improve both
the computation time and the quality in image analysis applications, e.g.,
matching [Borgefors, 1988], segmentation [Rezaee et al., 2000], and image
coding [Shusterman and Feder, 1994, Munteanu et al., 1999]. When using the
two-dimensional square grid or the three-dimensional cubic grid, partition-
ing is straightforward, [Rosenfeld, 1984]. This is illustrated in Figure 2.3.
Resolution pyramids have been considered also for the hexagonal grid, see
[Burt, 1980, Lucas and Gibson, 1984, Tanimoto et al., 1984, Ahuja, 1983].
In [Entezari et al., 2004], a chain of point-lattices is used to get a hierarchi-
cal representation where the number of grid points is increased by four in each
step. To achieve this without interpolation (i.e., only by adding grid-points in
each step), the fcc and bcc grids are used. In [Linsen et al., 2004], other three-
dimensional point-lattices were used in the intermediate steps.
Given a point-lattice in the N-dimensional space generated by

V=



| | |
v1 v2 · · · vN
| | |


 ,

a hierarchy of k levels suited for a resolution pyramid is obtained by
2k−1V,2k−2V, . . . ,21V,V. In Figure 2.3, some levels are illustrated with this
hierarchy for some grids.
One problem with the above hierarchy is that the density of grid points in
the grids is increased by 2N (where N is the dimension) between each consec-
utive levels. Thus, a voxel in 2Z3 (see Table 2.1) is represented by eight voxels
in Z

3. See also Figure 2.3. This large step between levels can sometimes give
low accuracy, [Entezari et al., 2004]. One solution in Z

2 is to remove half of
the grid points to get the next level. This is the quincunx partitioning, which
gives a rotated square grid with an increase of density by a factor two instead
of four. See Figure 2.4. For the hexagonal grid, a partitioning giving a ratio
1 : 7 is suggested in [Burt, 1980], see Figure 2.5. One problem is that the grid
is rotated by arctan

(√
3/5
)
in each step of the hierarchy.

We proved the following property of the fcc and bcc grids in
[Strand and Borgefors, 2005b]: If the same structure is required in each
step of the hierarchy, then the density is increased by at least eight for
two consecutive layers. We present here the subdivision schemes for
three-dimensional point-lattices such that the number of grid points is
increased by four in each step. See also [Entezari et al., 2004].
We note that 4Z3 ⊂ 2F⊂ B⊂ Z

3 (see Table 2.1). This gives a hierarchy of
point-lattices, where each point-lattice is the subset of any point-lattice higher
in the hierarchy. In Table 2.2, the maximal and average distance from a point
in R

3 to the closest grid point is found for these grids. Also, the volumes
of the Voronoi regions are listed. The density of the point-lattice one step
higher in the hierarchy is four times the density at present level. For example,

31



the volume of a Voronoi region in B is four times the volume of a Voronoi
region in Z

3 (see Table 2.2) and the volume of the Voronoi regions is inversely
proportional to the density of grid points. Thus, to descend in the hierarchy,
we remove 3/4 of the grid points.

Table 2.1: Definition of the point-lattices considered here.

Point-lattice Spanned by

kZ3 (1,0,0)k (0,1,0)k (0,0,1)k

kF (1,1,0)k (0,1,1)k (1,0,1)k

kB (1,1,1)k (1,1,−1)k (1,−1,1)k

Table 2.2: Efficiency of the different point-lattices.

Point-lattice Max dist. Average dist. Volume of Voronoi region

kZ3
√
3
2 k ∼ 0.48k k3

kF k ∼ 0.59k 2k3

kB
√
5
2 k ∼ 0.74k 4k3

2kZ3
√
3k ∼ 0.96k 8k3
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Figure 2.3: Examples of hierarchies for resolution pyramids on the (top to bottom)
square, hexagonal, cubic, fcc, and bcc grids. The pixels/voxels correspond to 4G (left),
2G (middle), and G (right). The set of pixels/voxels in the middle column can be
represented by one (scaled) pixel/voxel in the left column. The Voronoi regions in
each level are equal up to scaling.
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Figure 2.4: The quincunx hierarchy. Top row: Grid points. Bottom row: The corre-
sponding Voronoi regions.

Figure 2.5: An alternative partitioning for the hexagonal grid.
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2.2 Generating images on the fcc and bcc grids
In this thesis, some tools are given to process images on the fcc and bcc grids.
As we will see, fewer samples are needed and the processing time is therefore
decreased when images are acquired on these grids directly. If the images are
obtained by interpolating from, e.g., the cubic grid, then the gain from using
the fcc and bcc grids is marginal since interpolation destroys information.
To take advantage of the fcc and bcc grids, we need to acquire images di-
rectly on these grids. In this section, a number of techniques to generate im-
ages on these grids are considered.

2.2.1 Properties of the fcc and bcc grids
A sampling process using a point-lattice generated by V gives a replication
of the signal spectrum in the frequency domain on the reciprocal point lattice
generated by V−T . If the spectra do not overlap after replication, then the
continuous signal can be restored. The minimum number of samples in the
spatial domain is obtained when a grid with optimal packing density is used
in the frequency domain. We conclude that the optimal sampling grid for an
n-dimensional signal is the reciprocal of a grid with highest packing density.
See also [Hamitouche et al., 2005].
The fcc grid is the densest three-dimensional point-lattice
[Conway et al., 1988] and its reciprocal is the bcc grid. In number theory
[Conway et al., 1988], the fcc grid is usually denoted D3 and is a special case
of the point-lattice Dn, here referred to as the n-dimensional fcc grid. The
reciprocal of this point-lattice is D∗n, here called the n-dimensional bcc grid.
The n-dimensional fcc grid is the densest point-lattice in three, four, and five
dimensions [Conway et al., 1988]. Thus, the n-dimensional fcc and bcc grids
are potentially important for high-dimensional image processing. Distance
functions defined on these n-dimensional generalizations of the fcc and bcc
grids are considered in Section 3.3.3.
If we have an isotropic, two-dimensional signal with a spectrum with maxi-
mum frequency Fc, the spectral support is in a circle of radius Fc. The packing
density for the hexagonal grid is

√
3π/6 and the packing density for the square

grid is π/4. It follows that to sample the function without loosing information,
we can use a hexagonal grid with (π/4)/(

√
3π/6) =

√
3/2 ≈ 0.87 times the

samples (grid points) needed in the square grid.
The packing densities for the cubic, fcc, and bcc grid are 0.524, 0.741, and
0.680, respectively. Since the fcc and bcc grids are reciprocal (an fcc grid in
the spatial domain corresponds to a bcc grid in the frequency domain and vice
versa), only (in higher precision) 0.524/0.741 = 0.707 and 0.524/0.680 =
0.770 of the number of samples in the cubic grid are needed for the bcc and
fcc grids, respectively, to fulfill the Shannon sampling theorem.
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Most image acquisition techniques can be modified to acquire images di-
rectly on the fcc or bcc grids and, hence, allow us to take advantage of the high
packing densities of the fcc and bcc grids. In Section 2.2.2, we explain how
some well-known image acquisition techniques can be modified to generate
images on some non-standard grids.

2.2.2 Tomography
When generating images using computed tomography (CT), objects are re-
constructed from a number of projections. There are several ways to do this,
e.g., algebraic methods, often called iterative methods, and transform methods
including, e.g., the filtered backprojection method (FBM) and direct Fourier
methods (DFM), see, e.g., [Cheung and Lewitt, 1991].
In [Matej and Lewitt, 1995], it is shown that the bcc grid is optimal for an
iterative method, the algebraic reconstruction technique. The reason is that the
bcc grid in the spatial domain corresponds to the densest packing point-lattice
in the frequency domain, the fcc grid. They use spherically-symmetric volume
elements, “blobs”, centered on grid points on the fcc and bcc grids.
When constructing images using the FBM, the interpolation to the grid that
should be used to represent the image is done in the very last step. Therefore,
generalizing these methods to non-standard grids is straight-forward. For the
FBM, projections corresponding to the Radon transform are used. By the pro-
jection slice theorem, each of these projections corresponds to a slice in the
frequency domain. Therefore, each of these 1D slices can be filtered sepa-
rately in the frequency domain. The 1D inverse Fourier transform is applied
to the slices and when backprojecting the corresponding slices in the spatial
domain, the grid points gets their values.
In the DFM, after filtering the 1D slices, the interpolation is done in the
frequency domain. To get the image in the spatial domain, a 2D inverse Fourier
transform is performed.
The FBM is the CT reconstruction technique that is most frequently
used. The reason is that it is easier to reconstruct accurate images
with a straight-forward implementation using FBM compared to DFM,
[Cheung and Lewitt, 1991]. However, with high-precision (not necessarily
computationally expensive) data sampling and interpolation, DFM is
faster and less memory demanding than other reconstruction techniques,
[Cheung and Lewitt, 1991]. Now, using the fact that the reciprocal of the
hexagonal grid is a hexagonal grid, it is possible to define the DFM for a
3D grid with embedded hexagonal grid. In such a grid, the interpolation in
each plane of projections can be adjusted to give samples on a hexagonal
grid. The Fourier transform of the samples will end up in a hexagonal grid
and the 3D grid is obtained by piling such hexagonal grids. We outlined tools
needed for applying DFM on 3D grids with embedded hexagonal grids in
[Strand, 2006].
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2.2.3 Digitization schemes
Another approach to generate images on the fcc and bcc grids is to digitize
an object. Usually this is done when the object is defined by, e.g., an analytic
expression.

Supercover digitization

Given a grid where each grid point is associated with a pixel/voxel,
the supercover of an object is the grid points corresponding to the
pixels/voxels that meet (have a non-empty intersection with) the object. This
digitization method, also called square quantization (cube quantization)
or outer Jordan digitization, has been considered for the square grid
in, e.g., [Jonas and Kiryati, 1997, Freeman, 1970], see Figure 2.6. In
[Linh et al., 2004], we defined the supercover digitization for the fcc grid by
using a number of projections onto the xy-, yz-, and zx-planes.

Gauss digitization

For an object S in R
n, let X = S∩G, i.e., the grid points that are in the ob-

ject S. The set X is the Gauss digitization of S. See Figure 2.6 for an ex-
ample with the square grid and Figure 2.6 and 2.7 for examples with some
three-dimensional grids. In [Stelldinger and Strand, 2006], we presented some
properties on topology-preserving digitization on the fcc and bcc grids of an
object in R

3 when the Gauss digitization is used.
Given an object S in R

3 and its digitization X in G. The digitization of S on
G is topology preserving if S and the voxel representation of X are homeomor-
phic4. In [Stelldinger and Strand, 2006], we proved that both the fcc and bcc
grids are better in this aspect compared to the cubic grid. Our results show that
fewer samples are needed when they are arranged according to an fcc or bcc
grid. In [Strand and Stelldinger, 2007], we showed that this is also the case
when a marching cubes-like algorithm (see Section 2.3) is used to represent
the surface of X .

4Two objects are homeomorphic if they can be deformed into each other by a bicontinuous,
invertible mapping
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(a) (b) (c)

(d) (e)

Figure 2.6: Supercover in Z
2 of a line (a) and a circle (b). Gauss digitization in Z

2 of
a disc (c). Gauss digitization of a Euclidean ball of radius seven in F (683 voxels) (d)
and B (339 voxels) (e).
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Figure 2.7: A torus represented on the cubic (top row), fcc (middle row), and the
bcc (bottom row) grids. The objects contain approximately 500 (left column), 4000
(middle column), and 14500 (right column) voxels.
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2.3 Visualizing objects on the fcc and bcc grids
In this section, some of the results that we published in
[Strand and Stelldinger, 2007] are presented.
The marching cubes algorithm introduced in [Lorensen and Cline, 1987] is
a well-known algorithm for surface extraction. The basic idea on the cubic grid
is to consider 2×2×2 configurations of grid points. Each local configuration
results in a set of (planar) surface patches. The union of the surface patches is
a representation of the surface of the object.
Algorithms based on the marching cubes algorithm (marching-algorithms)
have been developed also for other grids than the cubic grid, for example
the bcc grid [Carr et al., 2003, Treece et al., 1999] and the fcc grid
[Takahashi and Yonekura, 2002, Strand and Stelldinger, 2007].
When extracting surfaces using a marching-algorithm, local configurations
of grid points are considered. From these configurations, it is decided which
surface patch should be used to locally separate the background grid points
from the object grid points. For the original marching cubes algorithm,
the dual grid is used for the local configurations. This dual grid is now
considered for configurations on the fcc and bcc grids. This partitioning,
consisting of tetrahedra and octahedra configurations in fcc, is used also in
the marching-algorithm for the fcc grid in [Takahashi and Yonekura, 2002],
see Figure 2.8(a) and (b). The dual grid of the bcc grid is considered for a
marching-algorithm on the bcc grid in [Carr et al., 2003].
We remark that black and white grid points correspond to object and back-
ground grid points, respectively, in Figure 2.9 and 2.10. Observe that the com-
plementary cases are not shown explicitly, but obtained by switching object
grid points to background grid points and vice versa. The figures show all the
possible configurations up to rotational symmetry, reflection symmetry, and
complementarity.

(a) (b) (c)

Figure 2.8: The configurations for the dual grids on the fcc ((a) and (b)) and the bcc
(c) grids. In this illustration, a voxel is used to represent one of the grid points in the
configurations.
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The dual of an fcc grid consists of octahedra and tetrahedra and the
possible configurations are shown in Figure 2.9 and 2.10. This partitioning
and the configurations in Figure 2.9 and 2.10 are also considered in
[Takahashi and Yonekura, 2002]. The dual of a bcc grid consists of
tetrahedra, which means that the configurations in Figure 2.10 can be used
also for the bcc grid.
The resulting surfaces from the marching-algorithms using the configura-
tions in Figure 2.9 and 2.10, when applied to the digitization of a “potplant”,
are shown in Figure 2.11.
For the marching cubes algorithm (on the cubic grid), the expected num-
ber of triangles is Ntri = 2.85N

2
3 (see [Stelldinger et al., 2007]), where N is

the number of grid points in the image domain (the number of samples). This
can be compared with the expected number of triangles for the algorithm on
the fcc grid presented here: 3.99N

2
3 . The number of grid points N is set such

that the Shannon sampling theorem is fulfilled for an isotropic signal with the
same cut-off frequency for the two grids. Thus, when considering the Shan-
non sampling theorem, the algorithm presented here is less efficient compared
to the marching cubes algorithm on the cubic grid. Using the estimation of
the number of triangles needed for a marching-algorithm on the bcc grid in
[Carr et al., 2003], we conclude that also the bcc grid is less efficient com-
pared to the cubic grid in this sense. For the bcc grid, with the configurations
in Figure 2.10 the expected number of triangles per tetrahedron is 1.43, and we
expect six tetrahedra per sample. We get (in higher precision) (0.707 ·6)2/3 ·
1.43N

2
3 ≈ 3.75N 23 expected number of triangles when the Shannon sampling

theorem is fulfilled. (See [Carr et al., 2003, Strand and Stelldinger, 2007] for
details about the calculations.) Note that the algorithm is more efficient on an
fcc or bcc grid since there are fewer possible configurations to consider on
these grids.
If the topological sampling theorems (see [Stelldinger and Strand, 2006,
Strand and Stelldinger, 2007]) for the fcc grid and the cubic grid instead are
considered, 3.67 and 3.8 times fewer sampling points can be used for the
fcc and bcc grid, respectively, compared to the cubic grid to guarantee topol-
ogy preservation. The expected number of triangles is 2.85N

2
3 for the march-

ing cubes on the cubic grid, 2.00N
2
3 on the fcc grid, and 1.94N

2
3 on the bcc

grid. The number of grid points N is set so the grids have the same topology-
preserving properties. See [Strand and Stelldinger, 2007] for details.
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(a) (b) (c)

(d) (e) (f)

Figure 2.9: The octahedra cases used by the marching-algorithm on the fcc grid.

(a) (b) (c)

Figure 2.10: The tetrahedra cases used by the marching-algorithms on the fcc and bcc
grids.
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(a) (b)

(c) (d)

Figure 2.11: Triangulation of a potplant. Voxel representation ((a) fcc, 4431 voxels,
and (c) bcc, 2240 voxels) and the triangulation using the dual grid partitioning ((b)
fcc, 12756 triangles and (d) bcc, 9616 triangles).
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3. Distance theory

A distance function is as a function that assigns a non-negative real value
to pairs of elements in a set. Distance functions can be designed to find the
distance between elements in any set. What we focus on here is the distance
between any two points in a point-lattice (or grid). In the Euclidean geometry,
the shortest distance between two points is a straight line. In the digital geom-
etry, a straight line is usually defined as a path such that consecutive points in
the path are connected, see Figure 3.1.
Path-based distance functions in digital geometry are defined by connected
paths and the path in Figure 3.1(b) defines the city-block distance between
the two points. Note that, because of the high rotational dependency of the
distance function, the path in Figure 3.1(c) also defines the city-block distance
between these points.
The history of digital geometry started in the 1960’s when some basic dis-
tance functions, the city-block distance and the chessboard distance, were
defined for the square grid in [Rosenfeld and Pfaltz, 1966]. The distance be-
tween the points 0= (0,0) and p= (x,y) ∈ Z

2 such that x≥ y≥ 0 is
d1,2 (0,p) = x+ y (city-block distance)

d1,1 (0,p) = x (chessboard distance).

The city-block distance is also called the rectilinear distance, L1 distance, taxi-
cab distance, or Manhattan distance and the chessboard distance is sometimes
called the L∞ distance or the Chebyshev distance. Note that, by symmetry and
translation invariance, the formula above can be used to calculate the distance
between any two points p1 = (x1,y1) and p2 = (x2,y2) by calculating the dis-
tance between 0 and p= (max{|x2− x1|, |y2− y1|} ,min{|x2− x1|, |y2− y1|}).

(a) (b) (c)

Figure 3.1: A Euclidean straight line defining the Euclidean distance (
√
82+22 ≈

8.25) between two points (a). In (a), the pixels corresponding to grid points that inter-
sect the Euclidean straight line are shown. Two paths that both define the city-block
distance (10) between the two points are shown in (b) and (c).
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In [Montanari, 1968], a generalization of the chessboard and city-block
distances, the weighted distance, is introduced. With this distance function,
the different local steps have different weights and the distance between two
points is defined as the minimal cost-path between the points. For the distances
in [Montanari, 1968], each step is weighted by the corresponding Euclidean
length. The weighted distance between 0= (0,0) and the point p= (x,y)∈Z

2

such that x≥ y≥ 0 (using the weight ω1 for city-block steps and ω2 for chess-
board steps that are not city-block steps) is

dω1,ω2 (0,p) = (x− y) ·ω1+ y ·ω2,

where the weights ω1 and ω2 are restricted to ω1 = 1 and ω2 =
√
2 in

[Montanari, 1968]. In [Borgefors, 1984], the integer approximations ω1 = 3
and ω2 = 4 are suggested. Integer weights are better suited for, e.g., fast
computations. The use of weighted distances in mathematical morphology is
examined in [Nacken, 1994].
In [Rosenfeld and Pfaltz, 1968] another generalization of the city-block and
chessboard distance functions, the octagonal distance, is introduced. With oc-
tagonal distances, a sequence of neighborhood relations defines the distance
function. In the case of the square grid, the neighborhood sequence defines
which steps are restricted to edge neighbors (city-block steps) and in which
steps the vertex neighbors (chessboard steps that are not city-block steps) are
allowed. The resulting discs are octagonal-shaped. In this thesis, the name
distance based on neighborhood sequences (ns-distances) is used instead of
octagonal distance (since the balls are in general not octagonal).
In this chapter, we will see that the ns-distance between 0 = (0,0) and the
point p= (x,y)∈Z

2 such that x≥ y≥ 0 using a neighborhood sequence Bwith
elements 1 and 2, where 1 corresponds to an edge neighbor and 2 corresponds
to a vertex neighbor, is

d1,1 (0,p;B) =min
{
k

∣∣∣k ≥max
{
x,x+ y−2kB

}}
,

where 2kB is the number of 2:s in B up to position k. Ns-distances have been
the subject of many papers. In [Yamashita and Honda, 1984], conditions for
metricity were given. Distances defined by periodic neighborhood sequences
are examined in [Yamashita and Honda, 1984, Yamashita and Ibaraki, 1986,
Das et al., 1987, Das and Chakrabarti, 1987, Das and Chatterji, 1990b,
Das and Chatterji, 1990a]. In [Nagy, 2001, Nagy, 2003, Nagy, 2007,
Strand and Nagy, 2007], ns-distances for the non-periodic case were
considered for standard and non-standard grids.
In [Yamashita and Ibaraki, 1986], the first results on weighted ns-distances
are given. The weighted ns-distance is defined as the minimal cost-path be-
tween two points, where the path is restricted by a neighborhood sequence
(ns) and each local step is weighted. This distance function is examined in de-
tail in this thesis. We will see that the weighted ns-distance between 0= (0,0)
and the point p= (x,y) ∈ Z

2 such that x≥ y≥ 0 using a ns B is
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dω1,ω2 (0,p;B) = (2k− x− y) ·ω1+(x+ y− k) ·ω2
where k = min

k
: k ≥max

(
x,x+ y−2kB

)
.

Note that this formula is a generalization of the formulas for the simple dis-
tance functions. Using B = (2,2, . . .) gives the weighted distance and with
ω1 = ω2 = 1, we have the ns-distance.
In this chapter, we will give, e.g., formulas for the distance between two
points, optimal parameters (minimizing the rotational dependency), and
conditions for metricity. Chapter 4 is devoted to algorithms for computing
the distance transform with weighted ns-distances. Many of the results
presented here are also found in [Strand, 2007a] for the square grid and
in [Strand, 2007b, Strand and Nagy, 2008c, Strand and Nagy, 2008b] for
the face-centered cubic (fcc) and body-centered cubic (bcc) grids and in
[Strand, 2008] for the general case of point-lattices used here. Some results
for weighted ns-distances are presented in [Hajdu et al., 2007].

3.1 Weighted distance
In the following, we will consider point-lattices. We recall that a point-lattice
is a grid that can be defined by a basis, i.e., a set of linearly independent
vectors. Both the fcc and bcc grids are point-lattices, using, e.g., basis
{(1,1,0),(1,0,1),(0,1,1)} and {(1,1,1),(1,1,−1),(1,−1,1)}, respectively.
We can define the grid G spanned by the vectors v1,v2, . . . ,vn as the set

G =

{
p ∈ R

n : p= 0+
n

∑
k=1

λkvk,λk ∈ Z

}
.

Given a point pi with n Cartesian coordinates, we use the notation
pi = (pi(1), pi(2), . . . , pi(n)) and for points with three Cartesian coordinates,
we use the notation pi = (xi,yi,zi). We use p,q,r for points and v,w,u for
vectors.

Remark 3.1. The grids considered here are point-lattices, hence it is natural
to consider them as affine spaces, i.e., the difference of two points p,q∈G is a
vector v=−→qp= p−q. We will use the same notationG for the corresponding
discrete vector space and write v ∈ G meaning p ∈ G for some p such that
v=
−→
0p.

Definition 3 (Chamfer mask). Given a neighborhoodN of elements (vectors)
inG, a chamfer maskCN is a finite set of weighted vectors {(vk,ωk)k∈{1,...,m} :
vk ∈ N and ωk ∈ R} which contains a basis of G and satisfies the following
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(a) (b) (c)

Figure 3.2: Chamfer masks in Z
2 (a), F (b), and B (c). The 1-neighbors (with weight

ω1) are shown in light gray and strict 2-neighbors (with weight ω2) are shown in
white.

properties:

(positive weights) ∀k ωk ∈ R
+ and vk 6= 0

(symmetry) (v,ω) ∈ CN ⇒ (−v,ω) ∈ CN

See Figure 3.2 for illustrations of some chamfer masks.
Intuitively, we speak about a distance between two points as the cost of the
minimal cost-path between these points. In the case of weighted distances, we
restrict the possible local steps in the paths to those allowed by the chamfer
mask. The following definition is illustrated in Figure 3.3.

Definition 4 (Path). Given a chamfer maskCN = {(vk,ωk)k∈{1,...,m} ∈G×R}
and two points p,q ∈ G, a path Pp,q from p to q is a sequence of grid points
p = p0,p1, . . . ,pN = q such that ∀i ∈ {1, . . . ,N},pi−pi−1 ∈ N . The path is
denoted Pp,q = 〈p= p0,p1, . . . ,pN = q〉.
Given a path Pp,q = 〈p = p0,p1, . . . ,pN = q〉 of local steps vi = pi−pi−1
from the chamfer mask CN , we define the function

ΓPp,q : v 7→
∣∣ j ∈ {1, . . . ,N} : v= p j−p j−1

∣∣ ,

i.e., the number of times the local step v occurs in the path Pp,q.
If Pp,q is a path from p to q, then, since the order of the vectors in the sum
is arbitrary, we can write

q−p=
m

∑
k=1

ΓPp,q (vk)vk,

where vk are vectors of the mask CN .

Definition 5. The cost C{ωk} (Pp,q) of a path Pp,q is defined by:

C{ωk} (Pp,q) =
m

∑
k=1

ΓPp,q (vk)ωk.

48



(a) (b) (c)

Figure 3.3: A path in Z
2 (a), F (b), and B (c). If the chamfer masks in Figure 3.2 are

used, then the cost of the paths are 3ω1+ω2.

Since a mask CN contains a basis of G, and is symmetric, such a path
always exists for any pair of points p,q with positive coefficients.

Definition 6 (Weighted distance). The weighted distance dCN associated with
a chamfer mask CN between two points p and q in G is the minimum cost of
all paths Pp,q from p to q.

dCN (p,q) =min
Pp,q

{
C{ωk} (Pp,q)

}

Definition 7 (R-sector). Given a set of n independent vectors of the
n-dimensional grid G, {vk}k∈{1,...,n}, the R-sector 〈〈v1,v2, . . . ,vn〉〉 is the
region of Rn spanned by the vectors v1,v2, . . . ,vn, i.e.,

〈〈v1,v2, . . . ,vn〉〉=
{
p ∈ R

n : p= 0+
n

∑
k=1

λkvk, λk ∈ R
+
0

}

Definition 8 (G-sector). The G-sector 〈〈v1,v2, . . . ,vn〉〉∗ is the set of points
belonging to G which are included in the R-sector 〈〈v1,v2, . . . ,vn〉〉, hence
〈〈v1,v2, . . . ,vn〉〉∗ = G∩〈〈v1,v2, . . . ,vn〉〉.

Definition 9 (G-wedge). A wedge W (of N ) is a G-sector formed by a set{
vik
}
k∈{1...n} of n vectors from the neighborhood N such that W does not

contain any other vectors from N .

An illustration of wedges is shown in Figure 3.4.

Definition 10 (G-basis-sector). AG-sector 〈〈v1, . . . ,vn〉〉∗ is aG-basis-sector
if {vk}k∈{1...n} is a basis of G.

A G-basis-wedge is a wedge that is also a G-basis-sector. By the definition
of a basis, aG-basis-sector corresponds exactly to the set of points p such that
p= 0+∑nk=1λkvk,λk ∈ N.
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Figure 3.4: Two of the eight R2 sectors (top) and the corresponding Z
2-basis-wedges

(bottom) of the chamfer mask for Z2 showed in Figure 3.2 (a).

Given a set F = {vk}k∈{1,...,n} of n independent vectors, we define ∆0F ∈ R

∆0F = det(v1,v2, . . . ,vn) =

∣∣∣∣∣∣∣∣∣∣

v1(1) v2(1) · · · vn(1)
v1(2) v2(2) · · · vn(2)
...

...
. . .
...

v1(n) v2(n) · · · vn(n)

∣∣∣∣∣∣∣∣∣∣

.

Moreover, ∀k ∈ {1, . . . ,n}, we consider the function ∆kF :

{
G−→ R

p 7−→ ∆kF (p)

such that:

∆kF (p) = det(v1, . . . ,vk−1,p,vk+1, . . . ,vn) =
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=

∣∣∣∣∣∣∣∣∣∣

v1(1) · · · vk−1(1) p(1) vk+1(1) · · · vn(1)
v1(2) · · · vk−1(2) p(2) vk+1(2) · · · vn(2)
...

. . .
...

...
...

. . .
...

v1(n) · · · vk−1(n) p(n) vk+1(n) · · · vn(n)

∣∣∣∣∣∣∣∣∣∣

.

Lemma 3.1. A set F = {vk ∈G}k∈{1,...,n} is a basis of G, iff

∀p ∈G, ∀k ∈ {1, . . . ,n} 1
∆0F
·∆kF (p) ∈ Z.

Proof. The proof for Z2 can be found in [Hardy and Wright, 1978]. Its exten-
sion to modules is found in [Remy, 2001, Fouard et al., 2007].
By definition of a basis, a set F = {vk}k∈{1,...,n} is a basis of G iff ∀p ∈

G, ∃a1,a2, . . . ,an ∈ Z such that
−→
0p = ∑nk=1 akvk. If the vectors of F are not

independent, F is not a basis of G, and as ∆0F = 0, ∀p ∈G, 1
∆0
F

∆kF (p) 6∈ Z.

If F is a set of independent vectors, F is a basis of Rn and ∃a1,a2, . . . ,an ∈
R such that

−→
0p= ∑nk=1 akvk. This can be written:




p(1)

p(2)
...

p(n)




=




v1(1) v2(1) · · · vn(1)
v1(2) v2(2) · · · vn(2)
...

...
. . .

...

v1(n) v2(n) · · · vn(n)




︸ ︷︷ ︸




a1

a2
...

an




.

MF

As the vectors in F are independent, ∆0F = det(MF ) 6= 0 and the matrixMF

can be inverted such that



a1

a2
...

an




=




v1(1) v2(1) · · · vn(1)
v1(2) v2(2) · · · vn(2)
...

...
. . .

...

v1(n) v2(n) · · · vn(n)




−1


p(1)

p(2)
...

p(n)




.

InvertingMF using Cramer’s rule leads to

∀k ∈ {1, . . . ,n}, ak =
1

∆0F
·∆kF ,

and F is a basis of G iff ∀k ∈ {1, . . . ,n}, ak ∈ Z.

For Zn, a set F of vectors is a Z
n-basis-sector iff ∆0F =±1. This property is

called cone regularity in [Remy and Thiel, 2000b]. For the bcc grid, we have
the following result:
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Lemma 3.2. A set F = {v1,v2,v3} of vectors of B is a basis of B iff
∆0F = det(v1,v2,v3) =±4.

Proof. First, we prove that any determinant of three vectors v1,v2,v3 of B is
a multiple of 4. Indeed, given a vector vi = (xi,yi,zi), vi ∈ B iff there exists
ai,bi ∈ Z such that yi = xi+2ai and zi = xi+2bi. Then the determinant of v1,
v2, and v3 is

det(v1,v2,v3) =

∣∣∣∣∣∣∣

x1 x2 x3

y1 y2 y3

z1 z2 z3

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

x1 x2 x3

x1+2a1 x2+2a2 x3+2a3
x1+2b1 x2+2b2 x3+2b3

∣∣∣∣∣∣∣
=

= 4

∣∣∣∣∣∣∣

x1 x2 x3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣
︸ ︷︷ ︸
∈ Z

We obtain for any point p= (x,y,z) = (x,x+2a,x+2b) of B:

1

∆0F
·∆1F (p) =

1

4

∣∣∣∣∣∣∣

x1 x2 x3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣

·4

∣∣∣∣∣∣∣

x x2 x3

a a2 a3

b b2 b3

∣∣∣∣∣∣∣

and 1
∆0
F

·∆1F (p) ∈ Z iff

∣∣∣∣∣∣∣

x1 x2 x3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣
= ±1 which means ∆0F = ±4. The

same result applies for 1
∆0
F

·∆2F (p) and 1
∆0
F

·∆3F (p). By Lemma 3.1 we get that

F is a basis of B iff ∆0F =±4.

Lemma 3.3. A set F = {v1,v2,v3} of vectors of F is a basis of F iff
∆0F = det(v1,v2,v3) =±2.

Lemma 3.3 can be proved using the technique in the proof Lemma 3.2 by
noting that for any (x,y,z) ∈ F, there is a a ∈ Z such that z= x+ y+2a.
The normalized chamfer mask polytope of a chamfer mask is now defined.
Each set of vectors vi, i ∈ {1, . . . ,n} defining a G-basis-wedge also defines a
simplex by the n+1 points corresponding to these vectors normalized by the
corresponding weight (0+vi/ωi) and 0. The union of the simplices is the nor-
malized chamfer mask polytope. With integer weights in Z

3, the normalized
chamfer mask polytope is called the rational ball in [Remy and Thiel, 2000b].
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Definition 11 (Normalized chamfer mask polytope). Each wedge
〈〈vi1 , . . . ,vin〉〉∗ of N together with the corresponding weights given
by chamfer mask CN = {(vk,ωk)k∈{1,...,m} ∈ G × R} defines an
n-dimensional simplex formed by 0 and the n points 0 + ṽik , where
ṽik = 1

ωik
vik , k ∈ {1, . . . ,n}.

We call the polytope of Rn that is the union of the n-dimensional simplices
the normalized chamfer mask polytope, denoted BCN . Note that ṽik might not
be in G.

Lemma 3.4. If the normalized polytope BCN is convex, the weighted distance
between 0 and any point p lying inside a G-basis-wedge 〈〈vi1 , . . . ,vin〉〉∗ of a
chamfer maskCN = {(vk,ωk)k∈{1,...,m} ∈G×R} depends only on the weights
ωi1 , . . . ,ωin .

Proof. This proof can be found in [Nacken, 1994] for Z2. We give the proof
for n-dimensional modules, see also [Fouard et al., 2007].
If p= 0, the proof is obvious. Let a point p 6= 0, p ∈ 〈〈vi1 , . . . ,vin〉〉∗ be given.
As F = {vi1 , . . . ,vin} is a G-basis, there exists a path P0,p containing only
local steps of F . The cost of this path is C{ωk}

(
P0,p

)
= ∑mk=1ΓP0,p (vk)ωk.

Thus

−→
0p=

(
m

∑
l=1

ΓP0,p (vl)ωl

)
·
m

∑
k=1

ΓP0,p (vk)ωk

∑ml=1ΓP0,p (vl) ·ωl
· 1

ωk
vk = C{ωk}

(
P0,p

)
uP0,p

with

uP0,p =
m

∑
k=1

ΓP0,p (vk)ωk

∑ml=1ΓP0,p (vl)ωl
ṽk.

Since uP0,p is a convex combination of the n normalized vectors of F :∀k ∈
{1, . . . ,n}, 0≤

ΓP0,p
(vk)ωk

∑nk=1ΓP0,p
(vk)ωk

≤ 1 and ∑nk=1
ΓP0,p

(vk)ωk

∑nk=1ΓP0,p
(vk)ωk

= 1, 0+uP0,p lies

on BCN . Moreover, as the faces of BCN are convex (n−1-dimensional poly-
tope with n vertices) 0+ uP0,p also lies on the face formed by the set F of
BCN , i.e., on the boundary of BCN .
Let us now consider another path Q0,p containing arbitrary local steps of N .
We will now prove that C{ωk}

(
Q0,p

)
≥ C{ωk}

(
P0,p

)
. Indeed,

−→
0p=

(
m

∑
k=1

ΓQ0,p (vk)ωk

)
m

∑
k=1

ΓQ0,p (vk)ωk

∑mk=1ΓQ0,p (vk)ωk
· 1

ωk
vk = C{ωk}

(
Q0,p

)
uQ0,p

with

uQ0,p =
m

∑
k=1

ΓQ0,p (vk)ωk

∑mk=1ΓQ0,p (vk)ωk
ṽk.

Since uQ0,p is a convex combination of m normalized vectors of
CN , 0 + uQ0,p lies within the convex polytope BCN . Moreover, we
have

−→
0p = C{ωk}

(
P0,p

)
uP0,p = C{ωk}

(
Q0,p

)
uQ0,p . Also uP0,p and
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uQ0,p are parallel vectors and are defined with positive coefficients.

C{ωk}
(
P0,p

)∣∣∣uP0,p
∣∣∣ = C{ωk}(Q0,p)

∣∣∣uQ0,p
∣∣∣, where | · | is the Euclidean vector

norm. As 0+ uQ0,p lies within BCN and 0+ uP0,p lies on the boundary of

BCN and BCN is centered in 0, if
∣∣∣uQ0,p

∣∣∣>
∣∣∣uP0,p

∣∣∣, 0+uQ0,p would be farther
from the origin than a point of the boundary, and thus outside BCN , we have∣∣∣uP0,p

∣∣∣≥
∣∣∣uQ0,p

∣∣∣ .

Therefore, C{ωk}
(
P0,p

)
≤ C{ωk}

(
Q0,p

)
and dCN (p) = C{ωk}

(
P0,p

)
. Since

Q0,p was chosen arbitrary, this completes the proof.

Example 3.1. Consider the square grid with chamfer mask defined by the
weighted vectors (up to change of sign and permutation of the coordinates)
((1,0),ω1), ((1,1),ω2), and ((2,1),ω3). The wedges in the first quadrant are
shown in Figure 3.5(a)-(d).
When all weights are 1, the polytope is not convex, see Figure 3.5(e). The
point (6,1) is in the wedge spanned by (1,0) and (2,1), but the distance be-
tween (0,0) and (6,1) is not defined by a path using only local steps (1,0)
and (2,1). A minimal cost path (of cost 3) is 〈(2,1),(4,2),(6,1)〉, i.e., using
only the local steps (2,1) and (2,−1).
In [Borgefors, 1986], the weights ω1 = 5, ω2 = 7, and ω3 = 11 is sug-
gested for this chamfer mask. The resulting (convex) polytope is shown in
Figure 3.5 (f).

Figure 3.6 shows the convex polytopes formed by using unit weights for the
chamfer masks in Figure 3.2 (b) and (c) for the fcc and bcc grids and integer
weights suggested in [Strand and Borgefors, 2005a].

Definition 12 (Restricted chamfer mask). A chamfer mask CN is restricted if
it satisfies the following properties:

(positive weights) ∀k, ωk > 0 and vk 6= 0 (3.1)

(symmetry) (v,ω) ∈ CN =⇒ (−v,ω) ∈ CN (3.2)

(Organized in G-basis-wedges)
∀p ∈G,∃W of N such that

p ∈W andW is a G-basis-wedge.
(3.3)

(
Convex normalized

chamfer mask polytope

)
BCN = conv(BCN ) (3.4)

Two matrices U and V generate the same point-lattice if and only if there
is a transformation A that is linear and unimodular (det(A) = ±1) such that
U= AV, [Weisstein, 2008]. We make the following observation.

Remark 3.2. Let 〈〈v1, . . . ,vn〉〉∗ and 〈〈w1, . . . ,wn〉〉∗ be any two G-basis-
wedges of a restricted chamfer mask. Then

det(v1, . . . ,vn) = det(w1, . . . ,wn) .

54



(a) (b) (c) (d)

(e) (f)

Figure 3.5: This figure illustrates Example 3.1. See text.

The formula in the following theorem will be used when defining distances
based on neighborhood sequences in the next section.

Theorem 3.1. Given a restricted chamfer mask CN ={
(vk,ωk)k∈{1,...,m} ∈G×R

}
, defined as in Definition 12, the

weighted distance between any points p and q lying in a wedge

〈〈vi1 , . . . ,vin〉〉∗ can be expressed by:

dCN (p,q) =
1

∆0F
·
n

∑
k=1

∆kF (0+−→pq)ωik , (3.5)

where F = {vi1 , . . . ,vin}.

Proof. This formula was given for Z
3 in [Fouard and Malandain, 2005] and

we proved it for modules in [Fouard et al., 2007]. Let p be a point of G ly-
ing in the wedge W = 〈〈vi1 , . . . ,vin〉〉∗ of N . As vi1 , . . . ,vin is a basis of
G (condition 3.3 of Definition 12) there exists a path P0,p such that ∀k ∈
{1, . . . ,n},ΓP0,p (vk) = 1

∆0
F

·∆kF (p) and the proof of Lemma 3.4 gives that the

cost of P0,p is minimal. Thus dCN (0,p) = C{ωk}
(
P0,p

)
= 1

∆0
F

∑nk=1∆kF (p)ωik .

The genral case follows by translation invariance.
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(a) (b) (c) (d)

Figure 3.6: Convex chamfer mask polytopes in the fcc (a)–(b) and bcc (c)–(d) grids.
The chamfer masks in Figure 3.2 (b) and (c) with ω1 = 1 and ω2 = 1 (a), ω1 = 2 and
ω2 = 3 (b), and ω1 = 1 and ω2 = 1 (c), ω1 = 4 and ω2 = 5 (d).

3.1.1 Metricity
Definition 13. A function d : G×G→ R is a metric on G if it satisfies the
following conditions:
• ∀p,q ∈G : d(p,q)≥ 0 and d(p,q) = 0 iff p= q (positive definiteness)
• ∀p,q ∈G : d(p,q) = d(q,p) (symmetry)
• ∀p,q,r ∈G : d(p,q)+d(q,r)≥ d(p,r) (triangular inequality).

Theorem 3.2. A weighted distance defined by a restricted chamfer mask is a

metric on G.

Proof. • Positive definiteness – Since all weights are positive and the vec-
tors are organized in G-basis-wedges, there is a path between any two
points. The cost of the path is strictly positive iff the points are distinct.
• Symmetry – Follows from the symmetry of the mask.
• Triangular inequality – Given a path Pp,q = 〈p = p0,p1, . . . ,pn = q〉
defining the distance between p and q, any path between p and q
containing a point r has either higher or equal cost (since otherwise is Pp,q
not of minimal cost). Therefore, the triangular inequality holds.
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3.1.2 Parameter optimization
The rotational dependency of weighted distances can be reduced by choosing
proper weights. Several approaches have been used to find optimal (integer)
weights by minimizing some error functions. In [Borgefors, 1984], the max-
imum absolute difference between the weighted distance and the Euclidean
distance is minimized using the constraint x = K for some K. This approach
is used with larger neighborhoods in [Borgefors, 1986] and higher dimen-
sions in [Borgefors, 1996, Svensson and Borgefors, 2002, Borgefors, 2003].
In [Verwer, 1991], the maximum absolute difference and the mean square er-
ror between the weighted distance and the Euclidean distance is minimized
using the constraint x2+ y2 = K2 for some K, i.e., on a Euclidean circle.
As a weighted distance is obtained by computing the minimal cost of sev-
eral paths between two points, the first improvement to obtain a weighted dis-
tance with high rotational invariance is to allow a larger number of directions
for the local steps in the paths. This means increasing precision by increasing
the number of weighted vectors of the chamfer mask.
To increase rotational invariance, suitable weights are needed for mask
vectors. This issue has often been addressed in the literature. The first
optimal chamfer weights computation was performed for a 3× 3 mask in Z

2

[Borgefors, 1984]. Then authors computed optimal weights with different
optimality criteria [Verwer, 1991, Fouard and Malandain, 2005], for larger
masks [Borgefors, 1986, Verwer, 1991, Svensson and Borgefors, 2002]
and for anisotropic grids [Coquin and Bolon, 1998, Mangin et al., 1994,
Sintorn and Borgefors, 2004].
The computation of optimal chamfer weights is usually performed in the
same way:
1. First, a chamfer mask is built and decomposed into wedges.
2. Then, the final weighted distance from the origin to an arbitrary point of
the grid is expressed. The variables corresponding to the mask weights are
unknown, but variables corresponding to vector coordinates are known. In
the general case, given a chamfer mask defined as in Definition 12, and a
point p ∈ G lying in the wedge W = 〈〈vi1 ,vi2 , . . . ,vin〉〉∗ the value of the
weighted distance at this point is

dCN (0,p) =
1

∆0F
·
n

∑
k=1

∆kF (p) ·ωik ,

where F = {vi1 ,vi2 , . . . ,vin}.
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3. In the same way, the Euclidean distance from the origin to this point p is
expressed. In the general case, given a gridG⊂R

n, the Euclidean distance
between the origin and the point p can be expressed in the following way:

|p|=
√
n

∑
i=1

p(i)2.

4. After these three steps, the error between the weighted and the Euclidean
distance can be expressed for any point p∈G. This error can be either abso-
lute (the difference between these two values) [Borgefors, 1986] or relative
(the difference is divided by the Euclidean distance) [Verwer, 1991]. The
absolute error can be expressed as follows:

E(p) = dCN (0,p)−|p|

=
1

∆0F
·
(
n

∑
k=1

∆kF (p) ·ωik

)
−
√
n

∑
i=1

p(i)2.

The general relative error can be expressed as follows:

Erel(p) =
dCN (0,p)−|p|

|p| =
∑nk=1∆kF (p) ·ωik
∆0F ·

√
∑ni=1 p(i)

2
−1.

5. These error functions are n-dimensional functions of the coordinates
p(1), p(2), . . . , p(n) of p. To reduce the number of variables and
be able to find extrema, the maximal error is computed either on
a hyperplane or on a sphere. For example, in three dimensions,
the error can be computed on a plane X = K,Y = K, or Z = K
[Borgefors, 1986, Fouard and Malandain, 2005] or on the sphere
of radius K [Malandain and Fouard, 2005]. This error function is
continuous on a compact set (the n− 1 polytope formed by the n points
0+ vik , k ∈ {1, . . . ,n} defined by the wedge W). Thus it is bounded and
attains its bounds. These bounds can be located either at the vertices of the
polytope or inside (including other bounds such as edges) the polytope.

6. Computing the derivatives of the error function gives the point pmax at
which the error is maximal (due to the sign of the derivatives) inside the
wedge. In this way, the maximum error Emax = E(pmax) within the wedge
can be obtained (if pmax lies within the wedge).

7. The other extrema (minima) E1,E2, . . . ,En are obtained for the n vectors
delimiting the wedge (the vertices of the n−1 polytope). When computing
the error on a sphere of radius R, in the general case, the extrema can be
expressed in the following way (∀l ∈ {1, . . . ,n}):

El = (ωl−|vl|) and Erell =

(
ωl
|vl|
−1
)

.
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8. Minimizing the maximum error leads to computing optimal real weights
with the following equation: Emax =−E1 =−E2 = . . . =−En.

9. A depth-first search in an integer weights tree taking the error
into account can lead to optimal integer weights for a given mask
[Fouard and Malandain, 2005, Malandain and Fouard, 2005].

3.1.3 Weighted distances for the fcc and bcc grids
We will now compute optimal chamfer masks for the fcc and bcc grids using
the steps above. Integer weights that approximate the optimal values are given
and for each set of integer weights, the scaling factor that minimizes the error
is calculated.
Tables 3.1 and 3.2 give sets of integer chamfer mask weights for the fcc and
bcc grids with the scale factor minimizing the rotational dependency of the
distance functions. They also give the maximum relative error that can occur
between the weighted and the Euclidean distance. For the two first cases, we
also give the (rounded) optimal real weights computed using the equations
listed above. Balls obtained using different number of weights (shown in bold
below) are shown in Figure 3.7.
The cubic grid is not considered in this optimization, but optimal weights
have been calculated for this grid by other authors. In [Verwer, 1991], the error
function we use in this section is used to find the error for the cubic grid with
three neighborhood relations. When optimal real weights are used, the error is
6.02 percent.
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1. One weight
For the mask corresponding to the 12-neighborhood, using only one
weight, the equations in Section 3.1.2 give the following result:
vector weight real weights

(1 1 0) ω1 1.172 1

Scale factor 1 1.172

Error (%) 17.16 17.16

2. Two weights
vector weight real weights

(1 1 0) ω1 1.271 1 1 2

(2 0 0) ω2 1.798 1 2 3

Scale factor 1 1.464 1.172 0.636

Error (%) 10.10 26.79 17.16 10.10

3. Three weights
vector weight weights

(1 1 0) ω1 1 1 2 2 4 6 7 11 15

(2 0 0) ω2 1 2 3 3 6 9 10 16 22

(2 1 1) ω3 2 2 3 4 7 10 12 19 26

Scale factor 1.464 1.172 0.694 0.636 0.325 0.226 0.191 0.121 0.0887

Error (%) 26.79 17.16 15.04 10.10 7.94 7.76 6.19 6.16 5.95

Optimal error (%): 5.93

4. Four weights
vector weight weights

(1 1 0) ω1 1 1 2 3 5 5 9 12

(2 0 0) ω2 2 2 3 4 7 7 13 17

(2 1 1) ω3 2 2 4 5 9 9 16 21

(2 2 2) ω4 2 3 5 7 12 13 23 30

Scale factor 1.268 1.172 0.651 0.472 0.274 0.272 0.150 0.113

Error (%) 26.79 17.16 7.94 5.57 5.15 4.64 4.63 4.07

Optimal error (%): 3.98

Table 3.1: Weights minimizing the maximum relative error for weighted distances on
the fcc grids

60



1. One weight
For the mask corresponding to the 8-neighborhood, using only one weight,
the equations in Section 3.1.2 give the following result:
vector weight real weights

(1 1 1) ω1 1.547 1

Scale factor 1 1.268

Error (%) 26.79 26.79

2. Two weights
vector weight real weights

(1 1 1) ω1 1.547 1 2 3 4 5 6 13 19

(2 0 0) ω2 1.786 2 3 4 5 6 7 15 22

Scale factor 1 1.268 0.731 0.504 0.383 0.308 0.256 0.119 0.081

Error (%) 10.69 26.79 15.59 12.70 11.60 11.07 10.78 10.72 10.71

3. Three weights
vector weight weights

(1 1 1) ω1 1 2 4 5 6 13 19 26 33

(2 0 0) ω2 2 2 5 6 7 15 22 30 38

(2 2 0) ω3 2 3 7 8 10 22 31 43 54

Scale factor 1.268 0.899 0.396 0.325 0.270 0.125 0.0857 0.0626 0.0494

Error (%) 26.79 10.10 8.50 7.94 6.39 6.34 6.12 6.12 6.11

Optimal error (%): 6.02

4. Four weights
vector weight weights

(1 1 1) ω1 1 2 4 5 6 9 15 26

(2 0 0) ω2 2 2 4 6 7 10 17 29

(2 2 0) ω3 2 3 6 8 10 14 24 41

(3 1 1) ω4 3 4 7 10 12 17 29 50

Scale factor 1.268 0.899 0.460 0.334 0.275 0.194 0.113 0.0662

Error (%) 26.79 10.10 7.94 5.57 4.73 4.21 4.00 3.99

Optimal error (%): 3.96

Table 3.2: Weights minimizing the maximum relative error for weighted distances on
the bcc grids
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(a) (e)

(b) (f)

(c) (g)

(d) (h)

Figure 3.7: Balls using weighted distances on the fcc and bcc grids. Figure (a)–(d)
show fcc balls with one (a), two (b), three (c), and four (d) weights. Figure (e)–(h)
show bcc balls with one (e), two (f), three (g), and four (h) weights. The weights
written in bold in Tables 3.1 and 3.2 are used. All balls have radius 20.
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3.2 Distances based on neighborhood sequences
The weighted distance on the square grid can be seen as a generalization of the
simple city-block and chessboard distances. Another generalization is the dis-
tance based on neighborhood sequences (ns-distances), which are considered
in this section. Here, only unit weights are used, but the size of the neighbor-
hood allowed in each step varies along the paths. The obtained distance func-
tion has lower rotational dependency compared to the city-block and chess-
board distances, but still it attains all positive integers and the distance values
along any minimal cost-path of length N between two points are 1,2, . . . ,N.
With the ns-distance, the spheres (the points of equal distance from a single
point) are connected and separate the grid into two connected components.
These properties do not hold for weighted distances or the Euclidean distance
on a grid.
The ns-distances are here presented in the general framework of point-
lattices. Some of the results in this section are found also in [Strand, 2008]. To
be able to derive formulas for the distances, the neighborhoods that are used
are restricted by the following definition.
We denote the set of 1-neighbors N1, the set of strict 2-neighbors N2, and
the set of 2-neighbors N1,2 = N1 ∪N2. Two grid points p1,p2 ∈ G are 1-
neighbors if p2− p1 ∈ N1 and 2-neighbors if p2− p1 ∈ N1,2. Neighbors of
higher order can also be defined, but in this section, we will use only 1- and 2-
neighbors. The points p1,p2 are adjacent if p1 and p2 are r-neighbors for some
r. The 2-neighbors which are not 1-neighbors are called strict 2-neighbors.

Definition 14. Given a point-lattice G, let the set of 1-neighbors be N1 =
{vi ∈G}ni=1 and the set of strict 2-neighbors be N2 = {wi ∈G}mi=1. IfN1 and
N2 are such that
• C1 = {(vi,1)}ni=1 and C2 = C1 ∪ {(wi,1)}mi=1 are restricted chamfer
masks,
• ∀w ∈N2,∃u,v ∈N1 : w= u+v, and
• each G-basis-wedge of N1 is the union of some G-basis-wedges of N1,2,
then G is a point-lattice wedge-2-generated by N1 and N2.
We note that, by Remark 3.2, the determinant of all wedges must be equal
(up to change of sign).

Example 3.2. Examples of point-lattices and sets N1 andN2 such that G is a
point-lattice wedge-2-generated by N1 and N2 are
• The square grid Z

2 with N1 = {(±1,0),(0±1)} and N2 = {(±1,±1)}.
• The fcc grid F with

N1 = {(±1,±1,0),(±1,0±1),(0,±1,±1)}
N2 = {(±2,0,0),(0,±2,0),(0,0,±2)} .

• The bcc grid B with

N1 = {(±1,±1,±1)}
N2 = {(±2,0,0),(0,±2,0),(0,0,±2)} .
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An example of a point-lattice and N1 and N2 such that G is not wedge-2-
generated by N1 and N2 is Z

3 with

N1 = {(±1,0,0),(0,±1,0),(0,0,±1)}
N2 = {(±1,±1,0),(±1,0,±1),(0,±1,±1)},

since F = {(1,1,0),(1,0,1),(0,1,1)} is not a basis
(∣∣∆0F

∣∣= 2 6= 1
)
, C2 can

not be organized in G-basis-wedges such that the normalized chamfer mask
is convex and is therefore not a restricted chamfer mask.

Notation 3.1. The neighborhoodsN1 andN2 defined for the square, fcc, bcc,
and cubic grids in Example 3.2 are called the natural neighborhood relations.

The natural neighborhoods defined above are shown in Figure 3.2 for Z
2,

F, and B, where N1 is shown in light gray and N2 is shown in white. In
Figure 3.8, the natural neighborhood for Z3 is shown.
A neighborhood sequence (ns) B is a sequence B = (b(i))∞

i=1, where
each b(i) denotes a neighborhood relation in G. If B is periodic, i.e., if for
some fixed l ∈ Z

+, b(i) = b(i+ l) is valid for all i ∈ Z
+, then we write

B= (b(1),b(2), . . . ,b(l)).
The concatenation of two paths Pp0,pn and Qq0,qm such that pn and q0 are
adjacent is Pp0,pn ·Qq0,qm = 〈p0,p1, . . . ,pn,q0,q1, . . . ,qm〉.
A path 〈p0,p1, . . . ,pn〉 is a B-path of length n if, for all i ∈ {1,2, . . . ,n},
pi−1 and pi are b(i)-neighbors. The notation 1- and (strict) 2-steps will be
used for a step to a 1-neighbor and step to a (strict) 2-neighbor, respectively.
The number of 1-steps and strict 2-steps in a given path P is denoted 1P and
2P , respectively and the length of the path is L(P) = 1P +2P .

Definition 15. Given the ns B, the ns-distance d(p0,pn;B) between the points
p0 and pn is the length of (one of) the shortest B-path(s) between the points.

Figure 3.8: The natural neighborhood for Z
3. The set N1 is shown in light gray and

N2 is shown in white.
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The following notation is used for the number of 1s and 2s in the ns up to
position k:

1kB = |{i : b(i) = 1,1≤ i≤ k}| and
2kB = |{i : b(i) = 2,1≤ i≤ k}|.

Now we recall some results from [Strand, 2008].

Lemma 3.5. Let G be a point-lattice wedge-2-generated by N1 and N2 and
let p,q ∈ G. Let also Pp,q be a shortest path using only local steps from N1.
Then there is a shortest path Qp,q using only local steps from N1,2 such that

L(Pp,q) = 1Pp,q = 1Qp,q+2 ·2Qp,q . (3.6)

Proof. We consider the case p = 0. The general case follows by translation
invariance. By Definition 14, there are wedges W1 = 〈〈v1, . . . ,vn〉〉∗ of N1
and W2 = 〈〈w1, . . . ,wn〉〉∗ of N1,2 such that q is in W2 and W2 ⊂W1. The
point q is uniquely represented by vectors of W1 and by vectors of W2. By
the convexity of the normalized chamfer mask polytopes, the corresponding
paths are shortest. Since each 2-step in W2 is the sum of two 1-steps in W1,
the formula follows.

In Theorem 3.3 from [Strand, 2008], a general formula to compute the ns-
distance between any two points in a grid wedge-2-generated by N1 and N2
is given. These formulas can be useful in both theory and in applications.
The computation is given for Zn in [Das and Chakrabarti, 1987] for the peri-
odic case and in [Nagy, 2008, Nagy, 2007, Nagy, 2005] for the general (not
necessarily periodic) case. We derived formulas for the fcc and bcc grids in
[Strand and Nagy, 2007].
Let dC1 be the distance function obtained by using the chamfer mask C1
and dC2 be the distance function obtained by using the chamfer mask C2.

Theorem 3.3 (ns-distance in G wedge-2-generated by N1 and N2). Let G

wedge-2-generated by N1 and N2, the ns B and the points p,q ∈G be given.

Then

d(p,q;B) =min
{
k

∣∣∣k ≥max
{
dC2 (p,q) ,dC1 (p,q)−2kB

}}
.

Proof. First of all, we note that the distance d(p,q;B) is such that dC2 (p,q)≤
d(p,q;B)≤ dC1 (p,q). If B allows, the number of 2-steps inQp,q is dC1−dC2
and thus d(p,q;B) = dC2(p,q) in this case. Since each strict 2-step can be
exchanged for two 1-steps by Lemma 3.5, the distance is increased by one for
each missing 2 in B. The formula in the theorem follows.

Theorem 3.1 can now be used to obtain the following formula that makes
it straightforward to derive formulas for the distance in, e.g., the square, fcc,
and bcc grids. See also [Strand, 2008].
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Corollary 3.1. Let G wedge-2-generated by N1 and N2, the ns B, and the
point p ∈ G such that p ∈ 〈〈vi1 , . . . ,vin〉〉∗ of N1 and p ∈ 〈〈w j1 , . . .w jn〉〉∗ of
N1,2 be given. Let F1 =

{
vik
}
and F2 =

{
w jk
}
.

d(0,p;B) =min

{
k

∣∣∣∣∣k ≥max
{
1

∆0F1
·
n

∑
j=1

∆
j
F1

(p),
1

∆0F2
·
n

∑
j=1

∆
j
F2

(p)−2kB

}}
.

Now, formulas for the ns-distance in the square, fcc, and bcc grids using
the natural neighborhood relations are derived using Corollary 3.1. The for-
mulas below (from [Strand, 2008]) presented here are equivalent to the for-
mulas we presented in Theorem 5 in [Strand, 2007a] and Theorem 2 and 5 in
[Strand and Nagy, 2007].

Corollary 3.2 (ns-distance in Z
2). Let the ns B and the point p = (x,y) such

that x≥ y≥ 0 be given. Then

d(0,p;B) =min
{
k

∣∣∣k ≥max
{
x,x+ y−2kB

}}
.

Proof. ConsiderF1 = {(1,0),(0,1)} and F2 = {(1,0),(1,1)}, then p= (x,y)
is in 〈〈(1,0),(0,1)〉〉∗ and 〈〈(1,0),(1,1)〉〉∗ when x≥ y≥ 0 and thus

1

∆0F1
·
n

∑
k=1

∆kF1(p) =

∣∣∣∣∣
x 0

y 1

∣∣∣∣∣+
∣∣∣∣∣
1 x

0 y

∣∣∣∣∣= x+ y

and

1

∆0F2
·
n

∑
k=1

∆kF2(p) =

∣∣∣∣∣
x 1

y 1

∣∣∣∣∣+
∣∣∣∣∣
1 x

0 y

∣∣∣∣∣= x− y+ y= x

Corollary 3.3 (ns-distance in F). Let the ns B and the point p= (x,y,z) such
that x≥ y≥ z≥ 0 be given. Then

d(0,p;B) =min

{
k

∣∣∣∣k ≥max
{
x+ y+ z

2
,x−2kB

}}
.

Proof. Consider firstF1= {(1,1,0),(1,0,1),(0,1,1)} andF2=F1, then p=
(x,y,z) is in 〈〈(1,1,0),(1,0,1),(0,1,1)〉〉∗ when x ≥ y≥ z≥ 0 and x ≤ y+ z.
We get

n

∑
k=1

∆kF1(p) =

∣∣∣∣∣∣∣

x 1 0

y 0 1

z 1 1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 0

1 y 1

0 z 1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 1 x

1 0 y

0 1 z

∣∣∣∣∣∣∣
=−x− y− z

and
n

∑
k=1

∆kF2(p) = −x− y− z.
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The vectors in F1 and F2 are bases of F and we get ∆0F1 = ∆0F2 =−2.
Note that when x ≤ y+ z, we have (x+ y+ z)/2 ≥ x ≥ x− 2kB for any k,
hence the distance here is (x+ y+ z)/2.
Now consider F1 = {(1,1,0),(1,0,1),(1,−1,0)} and
F2 = {(1,1,0),(1,0,1),(2,0,0)}, then p = (x,y,z) is in
〈〈(1,1,0),(1,0,1),(0,1,1)〉〉∗ and 〈〈(1,1,0),(1,0,1),(2,0,0)〉〉∗
when x≥ y≥ z≥ 0 and x≥ y+ z. We get

n

∑
k=1

∆kF1(p) =

∣∣∣∣∣∣∣

x 1 1

y 0 −1
z 1 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 1

1 y −1
0 z 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 1 x

1 0 y

0 1 z

∣∣∣∣∣∣∣
= 2x

and

n

∑
k=1

∆kF2(p) =

∣∣∣∣∣∣∣

x 1 2

y 0 0

z 1 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 2

1 y 0

0 z 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 1 x

1 0 y

0 1 z

∣∣∣∣∣∣∣
= x+ y+ z.

Now, since F1 and F2 are bases of F, we get ∆0F1 = ∆0F2 = 2. This gives the
formula in Corollary 3.3.

Corollary 3.4 (ns-distance in B). Let the ns B and the point p= (x,y,z) such
that x≥ y≥ z≥ 0 be given. Then

d(0,p;B) =min

{
k

∣∣∣∣k ≥max
{
x+ y

2
,x−2kB

}}
.

Proof. Consider F1 = {(1,1,1),(1,−1,−1),(1,1,−1)} and
F2 = {(1,1,1),(1,1,−1),(2,0,0)}, then p = (x,y,z) is in
〈〈(1,1,1),(1,−1,−1),(1,1,−1)〉〉∗ and 〈〈(1,1,1),(1,1,−1),(2,0,0)〉〉∗
when x≥ y≥ z≥ 0. We get

n

∑
k=1

∆kF1(p) =

∣∣∣∣∣∣∣

x 1 1

y −1 1

z −1 −1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 1

1 y 1

1 z −1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 1 x

1 −1 y
1 −1 z

∣∣∣∣∣∣∣
= 4x

and

n

∑
k=1

∆kF2(p) =

∣∣∣∣∣∣∣

x 1 2

y 1 0

z −1 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 2

1 y 0

1 z 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 1 x

1 1 y

1 −1 z

∣∣∣∣∣∣∣
= 2(x+ y).

Since F1 and F2 are bases of B, we get ∆0F1 = ∆0F2 = 4. This gives the formula
in Corollary 3.4.
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The following two remarks give interesting properties for ns-distances on
the bcc grid, which do not hold for the fcc grid.

Remark 3.3. The distance in the bcc grid does not depend on the value of the
coordinate with the lowest value in the absolute difference of the points.

Remark 3.4. The bcc grid has the following property: If a grid point (x,y,z)
is such that a path from (0,0,0) can consist of either only 1-steps or only strict
2-steps, the path with 1-steps can be shorter than the path with strict 2-steps.
(For example (x,y,z) = (2,2,2).)

The formula in Theorem 3.3, but not Corollary 3.1, is valid also for the
cubic grid Z

3 with the natural neighborhoods (see Notation 3.1). To give a
formula for the ns-distance between two points in the cubic gird, we need for-
mulas for the distances dC1 and dC2 . As stated in Corollary 3.5, the grid points
in Z

3 that are not in F must be treated separately. The following corollary can
be derived from Theorem 3.3.

Corollary 3.5 (ns-distance in Z
3). Let the ns B and the point p= (x,y,z) such

that x≥ y≥ z≥ 0 be given. Then

d(0,p;B) =





min
k

{
k ≥max

{
x+y+z
2 ,x+ y+ z−2kB

}} if x< y+ z

and (x,y,z) ∈ F

min
k

{
k ≥ 1+max

{
x+y+z−1
2 ,x+y+z−1−2kB

}} if x< y+ z

and (x,y,z) /∈ F

min
k

{
k ≥max

{
x,x+ y+ z−2kB

}}
if x≥ y+ z.

Proof. The natural neighborhood relations are used, hence
when x ≥ y + z we consider F1 = {(1,0,0),(0,1,0),(0,0,1)}
and F2 = {(1,0,0),(1,1,0),(1,0,1)}, then p = (x,y,z) is in
〈〈(1,0,0),(0,1,0),(0,0,1)〉〉∗ and 〈〈(1,0,0),(1,1,0),(1,0,1)〉〉∗. We get

n

∑
k=1

∆kF1(p) =

∣∣∣∣∣∣∣

x 0 0

y 1 0

z 0 1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 0

0 y 0

0 z 1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 0 x

0 1 y

0 0 z

∣∣∣∣∣∣∣
= x+ y+ z

and ∆0F1(p) = 1. Also,

n

∑
k=1

∆kF2(p) =

∣∣∣∣∣∣∣

x 1 1

y 0 1

z 1 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 x 1

0 y 1

0 z 0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

1 1 x

0 0 y

0 1 z

∣∣∣∣∣∣∣
=−x

and ∆0F2(p) =−1.
When x < y+ z, the point (x,y,z) is in the wedge spanned by the vec-
tors (1,1,0),(1,0,1),(0,1,1). This is not a basis for Z

3, but it is a basis
for F. If (x,y,z) ∈ F, then (x,y,z) = a1(1,1,0) + a2(1,0,1) + a3(0,1,1) for
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some non-negative integers a1,a2,a3, hence the distance is given by using
{(1,0,0),(0,1,0),(0,0,1)} for dC1 and {(1,1,0),(1,0,1),(0,1,1)} for dC2
calculated in Corollary 3.3. If (x,y,z) /∈ F, a 1-step is needed to reach (x,y,z),
hence (x,y,z) = (1,0,0)+ a1(1,1,0)+ a2(1,0,1)+ a3(0,1,1) for some non-
negative integers a1,a2,a3. Therefore, the shortest path has length as given in
the corollary.

3.2.1 Metricity
Following [Strand, 2008], we will now derive conditions for metricity of the
distance functions that we presented in the previous section. For the distance
function generated by a ns B to be a metric, some conditions on B must be
fulfilled. Necessary and sufficient conditions for metricity for periodic neigh-
borhood sequences on Z

n is presented in [Das and Chakrabarti, 1987] and for
non-periodic neighborhood sequences in Z

n in [Nagy, 2003]. In this section,
conditions for metricity for distances based on neighborhood sequences on
point-lattices wedge-2-generated by N1 and N2 are derived.

Definition 16. Let B1 and B2 be two neighborhood sequences. The relation
B1 ⊒∗ B2 (B1 is faster than B2) is defined as

d(p,q;B1)≤ d(p,q;B2) ∀p,q ∈G. (3.7)

Observe that the distance function is used in the definition of the relation.
We will now see that it is possible to decide whether a ns B1 is faster than B2
without calculating the actual distances of all possible point-pairs. It is easy to
check that the relation depend only on the neighborhood sequences (and not
on the actual distances between points).

Theorem 3.4. For any grid wedge-2-generated by N1 and N2, a ns B1 is
faster than a ns B2 if and only if

j

∑
i=1

b1(i)≥
j

∑
i=1

b2(i) for all j ∈ N.

This can be written in the following, equivalent, condition:

2
j
B1
≥ 2 jB2 for all j ∈ N. (3.8)

Proof. This theorem follows directly from Theorem 3.3.

The notion of shifted sequence in the following definition was introduced
in [Nagy, 2001].

Definition 17. For any ns B = (b(i))∞
i=1, the sequence B( j) = (b(i))∞

i= j is
called the j-shifted sequence of B.
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Theorem 3.5. The distance function based on a ns B is a metric onG, wedge-

2-generated by N1 and N2, if and only if B(i)⊒∗ B for all i ∈ N.

Proof. The positive definiteness in Definition 13 is trivially fulfilled.
The symmetry in Definition 13 follows from the symmetry of the restricted
chamfer masks C1 and C2.
The triangular inequality is now considered. Assume, for some fixed
j ∈ Z, B( j) is not faster than B. Then there are points p,q,r ∈ G such that
(p = p0),p1, . . . ,p j−2,(r = r0),r1,r2, . . . ,(rk = q) is a shortest B-path
between p and q and such that (by assumption) d(r,q;B) < d(r,q;B( j)).
Now, d(p,q;B) = d(p,r;B)+d(r,q;B( j)) > d(p,r;B)+d(r,q;B).
Assume now that B(i) ⊒∗ B for all i ∈ N. Let p,q,r ∈ G and the
B-path Pp,r · Pr,q = (p = p0),p1, . . . ,p j−2,(r = r0),r1,r2, . . . ,(rk = q)
be such that Pp,r is a shortest B-path and Pr,q is a shortest
B( j)-path. By Definition 16, d(r,q;B) ≥ d(r,q,B( j)). Now,
d(p,q;B) = d(p,r;B)+d(r,q;B( j))≤ d(p,r;B)+d(r,q;B).

The order of the elements b(i) in B is of importance for the metricity of the
distance. This is illustrated in the following example.

Example 3.3. Let B1 = (1,2) and B2 = (2,1). Now, B1 generates a metric but
B2 does not. We use the bcc grid in this example:

3= d((0,0,0),(4,0,0);B2) >

d((0,0,0),(2,0,0);B2)+d((2,0,0),(4,0,0);B2) = 2,

so the triangular inequality is not fulfilled for B2. We use Theorem 3.5 to show
that d(·, ·;B1) is a metric. We see that B1 = B1(2k+ 1) and B1(2) = B1(2k),
hence we only need to check that B1(2)⊒∗ B1, which is trivially fulfilled.
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(a)

(b) (c)

Figure 3.9: Balls of radius 20 in the square grid with B= (1,1,2,1,2) (a), the fcc grid
with B= (1,1,1,1,2) (b), and the bcc grid with B= (1,1,2,1,2) (c).
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3.3 Weighted distances based on neighborhood
sequences
In this section, the weighted distance from Section 3.1 and the ns-distance
from Section 3.2 are combined by defining a distance function that uses both
weights and a ns. The distance functions are called weighted distances based
on neighborhood sequences (weighted ns-distances).
Let the real numbers α and β (the weights) and a path P of length n, where
exactly l (l ≤ n) adjacent grid points in the path are strict 2-neighbors, be
given. The cost of the (α,β )-weighted B-path P is (n− l)α + lβ . The B-path
P between the points p0 and pn is a minimal cost (α,β )-weighted B-path
between the points p0 and pn if no other (α,β )-weighted B-path between the
points has lower cost than the cost of the (α,β )-weighted B-path P .

Definition 18. Given the ns B and the weights α,β , the weighted ns-distance
dα,β (p0,pn;B) is the cost of (one of) the minimal cost (α,β )-weighted B-
path(s) between the points.

Remark 3.5. Hereafter, we will mainly consider two weights α and β as real
numbers α and β such that 0< α ≤ β ≤ 2α . This is natural since
• a 2-step should be more expensive than a 1-step because strict 2-neighbors
are intuitively at a larger distance than 1-neighbors and
• two 1-steps should be more expensive than a 2-step – otherwise no 2-steps
would be used in a minimal cost-path.

The following lemmas are from [Strand, 2008]. Lemma 3.6 states that for
any p,q there are shortest B-paths that are also minimal cost B-paths when
α ≤ β ≤ 2α . The number of 1-steps and 2-steps in such a path P , i.e., 1P and
2P , respectively are given in Lemma 3.7.

Lemma 3.6. Let G wedge-2-generated by N1 and N2, the ns B, the weights
α , β such that 0 < α ≤ β ≤ 2α , and the points p,q ∈ G be given. There is

a shortest B-path Pp,q such that Pp,q is also a minimal cost (α,β )-weighted
B-path.

Proof. Let Pp,q be a shortest B-path such that (3.6) from Lemma 3.5 is ful-
filled. Assume that there is a B-path P ′p,q such that the cost of the (α,β )-
weighted B-path P ′p,q is lower than the cost of the (α,β )-weighted B-path
Pp,q.
Since Pp,q is a shortest B-path, we have L(Pp,q)≤ L

(
P ′p,q

)
.

The cost of the (α,β )-weighted B-pathP ′p,q is 1P ′p,qα +2P ′p,qβ . By assump-
tion,

1P ′p,qα +2P ′p,qβ < 1Pp,qα +2Pp,qβ . (3.9)
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We get the following cases:
i 2Pp,q > 2P ′p,q
Since the length of a shortest path using steps from N1 is 1Pp,q + 2 · 2Pp,q
by Lemma 3.5, we have 1Pp,q+2 ·2Pp,q ≤ 1P ′p,q+2 ·2P ′p,q . Thus,

1P ′p,q−1Pp,q ≥ 2
(
2Pp,q−2P ′p,q

)
(
1P ′p,q−1Pp,q

)
α ≥ 2

(
2Pp,q−2P ′p,q

)
α.

Rewriting assumption (3.9) gives
(
1P ′p,q−1Pp,q

)
α <

(
2Pp,q−2P ′p,q

)
β .

Thus 2
(
2Pp,q−2P ′p,q

)
α ≤

(
1P ′p,q−1Pp,q

)
α <

(
2Pp,q−2P ′p,q

)
β , which

implies 2α < β .
ii 2Pp,q < 2P ′p,q

1P ′p,qα +2P ′p,qβ < 1Pp,qα +2Pp,qβ by (3.9) and(
L(Pp,q)−2P ′p,q

)
α +2P ′p,qβ <

(
L(Pp,q)−2Pp,q

)
α +2Pp,qβ

since L
(
P ′p,q

)
≥ L(Pp,q) and L(Pp,q) = 1Pp,q+2Pp,q . We have

(
2P ′p,q−2Pp,q

)
β <

(
2P ′p,q−2Pp,q

)
α

β < α since 2Pp,q < 2P ′p,q .

This proves that assumption (3.9) implies 2Pp,q = 2P ′p,q . Rewriting (3.9) with

2Pp,q = 2P ′p,q gives L
(
P ′p,q

)
<L(Pp,q), which contradicts the fact that Pp,q is

a shortest B-path (i.e., that L
(
P ′p,q

)
≥ L(Pp,q)). Therefore (3.9) is false and

it follows that
(n′− l′)α + l′β ≥ (n− l)α + lβ ,

which means that Pp,q is a minimal cost (α,β )-weighted B-path.

Lemma 3.7. Let G wedge-2-generated by N1 and N2, the ns B, the weights
α , β such that 0< α ≤ β ≤ 2α , and the points p,q ∈G be given. There is a

minimal cost (α,β )-weighted B-path with the following property:

1Pp,q = 2d(p,q;B)−dC1(p,q) and (3.10)

2Pp,q = dC1(p,q)−d(p,q;B). (3.11)

Proof. LetQp,q be a shortest path using only 1-steps (a shortest 1-path) and let
Pp,q be shortest B-path that fulfills (3.6) in Lemma 3.5. We have dC1 (p,q) =
1Qp,q = 1Pp,q+2 ·2Pp,q and d(p,q;B) = 1Pp,q+2Pp,q . The formulas (3.10) and
(3.11) follow. This path is of minimal cost by Lemma 3.6.
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The following Theorem 3.6 is obtained by summing up the results from
Lemma 3.6 and 3.7.

Theorem 3.6 (Weighted ns-distance in G wedge-2-generated by N1 and N2).
Let G wedge-2-generated by N1 and N2, the ns B, the weights α , β such that
0< α ≤ β ≤ 2α , and the points p,q ∈G be given. Then

dα,β (p,q;B) =
(
2d(p,q;B)−dC1(p,q)

)
α +

(
dC1(p,q)−d(p,q;B)

)
β .

Now we use the results from Corollary 3.2, 3.3, and 3.4 in Theorem 3.6
to get the following corollaries. The formulas derived here are from
[Strand, 2008] and are equivalent to the formulas we presented as Theorem 8
in [Strand, 2007a] and Theorem 1 and 2 in [Strand, 2007b].

Corollary 3.6 (weighted ns-distance in Z
2). Let the ns B, the weights α , β

s.t. 0< α ≤ β ≤ 2α , and the point (x,y) ∈ Z
2, where x≥ y≥ 0, be given. The

weighted ns-distance between 0 and (x,y) is given by

dα,β (0,(x,y);B) = (2k− x− y) ·α +(x+ y− k) ·β
where k = min

k
: k ≥max

(
x,x+ y−2kB

)
.

Corollary 3.7 (weighted ns-distance in F). Let the ns B, the weights α , β s.t.
0 < α ≤ β ≤ 2α , and the point (x,y,z) ∈ F, where x ≥ y ≥ z ≥ 0, be given.
The weighted ns-distance between 0 and (x,y,z) is given by

dα,β (0,(x,y,z);B) =

{
k ·α if x≤ y+ z

(2k− x) ·α +(x− k) ·β otherwise,

where k = min
k
: k ≥max

(
x+ y+ z

2
,x−2kB

)
.

Corollary 3.8 (weighted ns-distance in B). Let the ns B, the weights α , β s.t.
0 < α ≤ β ≤ 2α , and the point (x,y,z) ∈ B, where x ≥ y ≥ z ≥ 0, be given.
The weighted ns-distance between 0 and (x,y,z) is given by

dα,β (0,(x,y,z);B) = (2k− x) ·α +(x− k) ·β

where k = min
k
: k ≥max

(
x+ y

2
,x−2kB

)
.

To illustrate the discrete distance functions, balls of radius 20 in the fcc grid
with α = 1, β = 1.5, and B= (1,2) and in the bcc grid with α = 1, β = 1.2,
and B= (1,2) are shown in Figure 3.10.

3.3.1 Metricity
In this section, conditions on the weights and ns to define a weighted-ns dis-
tance function that is also a metric is given. See also [Strand, 2008]. The fol-
lowing examples show that some restrictions on the parameters are needed.
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(a)

(b) (c)

Figure 3.10: Balls of radius 20 in the square grid with B = (1,2,1,2,2) and α = 1,
β = 1.2 (a), the fcc grid with α = 1, β = 1.5, and B= (1,2) (b) and the bcc grid with
α = 1, β = 1.22, and B= (1,2) (c).

Example 3.4. Let B= (2,2,1), α = 2, and β = 3. For the points p1= (0,0,0),
p2 = (4,0,0), and p3 = (6,0,0) in fcc or bcc, we have

dα,β (p1,p3;B) = 10> 9= 6+3= dα,β (p1,p2;B)+dα,β (p2,p3;B),

so the triangular inequality is violated and therefore, d2,3 (·, ·;(2,2,1)) is a
metric on neither F nor B.
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Example 3.5. Let B = (2,1,1), α = 3, and β = 2, i.e., weights that do not
satisfy the inequalities in Remark 3.5. Consider the points p1 = (0,0,0), p2 =
(2,0,0), and p3 = (2,2,0) in fcc or bcc. We have

dα,β (p1,p3;B) = 3+3= 6> 4= 2+2= dα,β (p1,p2;B)+dα,β (p2,p3;B)

on both the fcc and bcc grids. Again, the triangular inequality is violated and
therefore, d3,2 (·, ·;(2,1,1)) is a metric on neither F nor B.
It is obvious that the distance functions are positive definite for positive
weights. They are also symmetric since the chamfer masks C1 and C2 formed
by N1 and N2 are symmetric (since they are restricted chamfer masks). Left
to prove to establish the condition of metricity is the triangular inequality. As
Example 3.4 and 3.5 show, the triangular inequality is related to the weights
and the number of occurrences of elements 1 and 2 and their positions in the
ns. We keep the weights within the interval 0 < α ≤ β ≤ 2α . To prove the
result about metricity, Theorem 3.7, we need some conditions also on the ns,
namely the faster than relation in (3.8). We now follow [Strand, 2008] to show
that this relation also gives a relation between the weighted ns-distances which
can be used for the conditions for metricity.

Lemma 3.8. Let G wedge-2-generated by N1 and N2, the weights α,β such
that 0 < α ≤ β ≤ 2α and the points p,q ∈ G be given. If B1 ⊒∗ B2 (B1 is
faster than B2), then

dα,β (p,q;B1)≤ dα,β (p,q;B2) .

Proof. By Definition 16 it follows that d(p,q;B1) = d(p,q;B2)−L for some
non-negative integer L. Using the formula in Theorem 3.6, we get

dα,β (p,q;B1) =
(
2d(p,q;B1)− k̂

)
α +

(
k̂−d(p,q;B1)

)
β

=
(
2d(p,q;B2)− k̂

)
α +

(
k̂−d(p,q;B2)

)
β +(β −2α)L

≤
(
2d(p,q;B2)− k̂

)
α +

(
k̂−d(p,q;B2)

)
β

= dα,β (p,q;B2),

where k̂ = dC1(p,q).

Theorem 3.7. The distance function dα,β (·, ·;B) is a metric on a point-lattice
G wedge-2-generated by N1 and N2 if

B(i)⊒∗ B ∀i ∈ N and

0< α ≤ β ≤ 2α.

Proof. The positive definiteness and symmetry follow from the properties of
restricted chamfer masks. A restricted chamfer mask has positive weights and
is symmetric. We prove the triangular inequality. Let p,r,q ∈G be given.
Let the B-path Pp,q = 〈p, . . . ,r, . . . ,q〉 be such that Pp,r = 〈p, . . . ,r〉 is a
minimal cost (α,β )-weighted B-path and Pr,q = 〈r, . . . ,q〉 is a minimal cost
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(α,β )-weighted B(L(Pp,r)+1)-path. Let alsoQr,q be a minimal cost (α,β )-
weighted B-path between r and q. By Lemma 3.8,

Cα,β (Pr,q) = dα,β (r,q;B(L(Pp,r)+1))≤ dα,β (r,q;B) = Cα,β (Qr,q) .

Now,

dα,β (p,q;B) ≤ Cα,β (Pp,q) = Cα,β (Pp,r)+Cα,β (Pr,q)
≤ Cα,β (Pp,r)+Cα,β (Qr,q)
= dα,β (p,r;B)+dα,β (r,q;B).

Note that using the natural conditions for the weights α and β , the condi-
tion of metricity is exactly the same as for the non-weighted case (see Theo-
rem 3.5). Thus, verifying that a weighted ns-distance function is a metric can
be done with the same efficiency as for the non-weighted case.

3.3.2 Parameter optimization
In [Das and Chatterji, 1990b, Das and Chatterji, 1990a, Das, 1992,
Danielsson, 1993, Mukherjee et al., 2000a], the ns that gives the least
rotational dependent distance function is calculated by considering the
asymptotic shape of balls obtained by the ns-distances. In this section,
parameters giving minimal rotational dependency of the distance functions
on the square, fcc, and bcc grids are derived. The asymptotic case will
be considered since the effect of the ns on the shape of the balls for
short distances is limited. For example, the first step is always a 1-step
or a 2-step, hence the influence of the neighborhood sequence for
short distances is small. For the fcc and bcc grids, we will, however,
analyze also the behavior for short distances. When only the asymptotic
behaviour is analyzed, the error for short distances might be large. In
[Hajdu and Nagy, 2002, Hajdu and Hajdu, 2004], neighborhood sequences
that minimize some error functions also for short distances are calculated. In
[Nagy and Strand, 2006] the optimal neighborhood sequences are found for
ns-distances on the fcc and bcc grids using the following error functions:
absolute error, relative error, compactness ratio, maximal inscribed ball, and
minimal covering ball. In this section, we roughly follow the optimization
presented in [Strand, 2007a, Strand and Nagy, 2008b]. The optimal weights
and neighborhood sequences for the fcc and bcc grids are calculated using
relative error, compactness ratio, maximal inscribed ball, and minimal
covering ball. Errors for short distances are also presented.
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Parameter optimization for Z
2

For x≥ y≥ 0, the following distance function is considered:
dα,β (0,(x,y);γ) = (2k− x− y) ·α +(x+ y− k) ·β ,

where k = min
k
: k ≥ x+max(0,y− (1− γ)k) ,

where x,y,k ∈R and γ ∈R, 0≤ γ ≤ 1 is the fraction of the steps where 2-steps
are not allowed (so 1kB and 2

k
B corresponds to γk and (1− γ)k, respectively).

In this way we get a distance function valid for all points (x,y) where x ≥
y ≥ 0 in R

2 that behaves as the distance function in discrete space Z
2 does

asymptotically. By considering

dα,β (0,(x,y);γ) = r, (3.12)

the points on a circle of constant radius are found.
Since y− (1− γ)k is decreasing with respect to k and 0 ≤ x+max(0,y)
(i.e., when k = 0), k = x+max(0,y− (1− γ)k) has a solution k ∈ R, we can
simplify and rewrite the expression for k:

dα,β (0,(x,y);γ) = (2k− x− y) ·α +(x+ y− k) ·β ,

where k = x− (1− γ)k+max(y,(1− γ)k) .

There are two cases:
i y≥ (1− γ)k

k = x− (1− γ)k+ y⇒ k =
x+ y

2− γ
, giving

dα,β (0,(x,y);γ) = (1− γ)k ·β +(k− (1− γ)k) ·α

= (1− γ)
x+ y

2− γ
·β + γ

x+ y

2− γ
·α

and
ii y≤ (1− γ)k
k = x− (1− γ)k+(1− γ)k⇒ k = x, giving

dα,β (0,(x,y);γ) = y ·β +(x− y) ·α.

Together with (3.12), this describes the portion of a polygon satisfying x≥ y≥
0. By using symmetry, the entire polygon is described. This polygon is a circle
generated by the proposed distance function with vertices (up to permutation
of the coordinates)

(
± r 1

β (1− γ)+αγ
,± r 1− γ

β (1− γ)+αγ

)
and

(
± r

α
,0
)

.

In Figure 3.11, the shape of the polygon given by radius 1 is shown for α = 1
and some values of β and γ .
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Figure 3.11: Shapes of discs for α = 1 and some values of β and γ . Top to bottom:
β = 1,1.25,1.5,1.75,2. Left to right: γ = 0,0.25,0.5,0.75,1.

Using the formula for the shape of discs with the proposed distance func-
tion, we can derive the area (A) and perimeter (P) of the discs. This is used in
the following error function:

E =
P2

A

1
4π
−1,

where P and A is the perimeter and area of a disc, respectively. The closed
formula of E for arbitrary α,β ,γ is lengthy and is therefore omitted. Using
this error function, often denoted the compactness ratio, the optimal values of
β and γ are computed for α = 1. The error function, which equals 0 only for
Euclidean discs, is differentiable for 1< β < 2, 0< γ < 1, hence its minimum
is derived by standard minimization techniques. It has its minimal value for
weighted ns-distance with α = 1 for

β = 3−
√
3 and

γ = 1−
√
3
3
giving the error

E =
12
(
3−
√
3
)

π
(
3+
√
3
) −1≈ 0.0235.
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(a) (b) (c)

Figure 3.12: The optimal shapes of discs using weighted distance (a), ns-distance (b),
and weighted ns-distance (c).

This should be compared with the case with weighted distance (γ = 0) and
ns-distance (β = 1). The optimal values are then

weighted distance ns-distance

α = 1 α = 1

β =
√
2 β = 1

γ = 0 γ = 2−
√
2

E =
8
(√
2−1

)

π
−1≈ 0.0548 E =

8
(√
2−1

)

π
−1≈ 0.0548

The shapes of the corresponding discs are shown in Figure 3.12.

Parameter optimization for F and B

Similar to the previous section, the optimization is carried out inR
3, by finding

the best shape of polyhedra corresponding to balls of constant radii using the
weighted ns-distance on the fcc and bcc grids. The formulas for the point-
to-point distance for the fcc and bcc grids from Section 3.2 are stated in a
more general form valid for all points (x,y,z) ∈ R

3, where x≥ y≥ z≥ 0. The
following distance functions are considered:

d
f cc

α,β (0,(x,y,z);γ) =

{
k ·α if x≤ y+ z

(2k− x) ·α +(x− k) ·β otherwise,

where k = min
k
: k ≥max

(
x+ y+ z

2
,x− (1− γ)k

)

and

dbccα,β (0,(x,y,z);γ) = (2k− x) ·α +(x− k) ·β

where k = min
k
: k ≥max

(
x+ y

2
,x− (1− γ)k

)
,
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where k∈R and γ ∈R, 0≤ γ ≤ 1. Again, these distance functions are valid for
all points (x,y,z) where x≥ y≥ z≥ 0 in continuous space R

3. By considering

d
f cc

α,β (0,(x,y,z);γ) = r and dbccα,β (0,(x,y,z);γ) = r, (3.13)

the points on a sphere of constant radius are found.

Remark 3.6. For a fixed point (x,y,z), (x + y + z)/2 and (x + y)/2
are constant and x − (1 − γ)k is decreasing w.r.t. k and when
k = 0, 0 ≤ max

(
x+y
2 ,x

)
≤ max

(
x+y+z
2 ,x

)
. Therefore both

k = max
(
x+y+z
2 ,x− (1− γ)k

)
and k = max

(
x+y
2 ,x− (1− γ)k

)
has

a solution k ∈ R. Thus, when k ∈ R,

k =min
k
: k ≥max

(
x+y+z
2 ,x− (1− γ)k

)
⇔ k =max

(
x+y+z
2 ,x− (1− γ)k

)

k =min
k
: k ≥max

(
x+ y

2
,x− (1− γ)k

)
⇔ k =max

(
x+ y

2
,x− (1− γ)k

)

Reformulation of d f cc

Using Remark 3.6, the expression for d f cc
α,β is rewritten:

d
f cc

α,β (0,(x,y,z);γ) =

{
k ·α if x≤ y+ z

(2k− x) ·α +(x− k) ·β otherwise,

where k = max

(
x+ y+ z

2
,x− (1− γ)k

)
.

We get two cases:
i)

x+y+z
2 ≥ x− (1− γ)k

k = x+y+z
2 ⇒

d
f cc

α,β (0,(x,y,z);γ) =

{
x+y+z
2 ·α if x≤ y+ z

(y+ z) ·α +
(
x−(y+z)
2

)
·β otherwise.

ii)
x+y+z
2 < x− (1− γ)k
k = x− (1− γ)k⇒ k = x

2−γ

d
f cc

α,β (0,(x,y,z);γ) =

{
x
2−γ ·α if x≤ y+ z (⋆)(

2 x2−γ − x
)
·α +

(
x− x

2−γ

)
·β otherwise.

Observe that when x ≤ y+ z, x+y+z2 ≥ x ≥ x− (1− γ)k. Thus the case (⋆)
will not occur.
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Reformulation of dbcc

Using Remark 3.6, the expression is rewritten also for dbccα,β :

dbccα,β (0,(x,y,z);γ) = (2k− x) ·α +(x− k) ·β

where k = max

(
x+ y

2
,x− (1− γ)k

)
.

Again, there are two cases:
i)

x+y
2 ≥ x− (1− γ)k

k = x+y
2 ⇒

dbccα,β (0,(x,y,z);γ) = (y) ·α +

(
x− y
2

)
·β

ii)
x+y
2 < x− (1− γ)k
k = x− (1− γ)k⇒ k = x

2−γ

dbccα,β (0,(x,y,z);γ) =

(
2
x

2− γ
− x
)
·α +

(
x− x

2− γ

)
·β .

Together with (3.13), this describes the portions of polyhedra satisfying x ≥
y≥ z≥ 0 and by symmetry, the entire polyhedra are described.
For any triplet α,β ,γ (α,β > 0 and 0≤ γ ≤ 1), (3.13) defines a polyhedron
P in R

3. The shape of the polyhedra obtained for some values of α,β ,γ are
shown in Figure 3.13 and 3.14 for the fcc and bcc grids, respectively. Let
AP be the surface area and VP the volume of the (region enclosed by the)
polyhedron P. The vertices of the polyhedra, derived using (3.13) together
with the expressions for d f cc

α,β and d
bcc
α,β above, satisfying x≥ y≥ z≥ 0 are

1
γα +β −βγ

(2− γ,γ,0)r and

(
1
α

,
1
α

,0

)
r for d f cc and

1
γα +β −βγ

(2− γ,γ,γ)r and

(
1
α

,
1
α

,
1
α

)
r for dbcc.

Let Br be a Euclidean ball of radius r. The following error functions are
considered

E1 = max
p,q∈∂P

( |p|
|q|

)
−1 (relative error) (3.14)

E2 =
A3P
V 2P

1
36π
−1 (compactness ratio) (3.15)

E3 = min
r:Br⊂P

(VP/VBr)−1 (maximal inscribed ball) (3.16)

E4 = min
r:P⊂Br

(VBr/VP)−1 (minimal covering ball) (3.17)
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Figure 3.13: Shapes of balls for d f cc
α,β (·, ·,B) for α = 1, r = 1 and (left to right) γ =

0,0.25,0.5,0.75,1 and (top to bottom) β = 1,1.25,1.5,1.75,2.
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Figure 3.14: Shapes of balls for dbccα,β (·, ·,B) for α = 1, r = 1 and (left to right) γ =

0,0.25,0.5,0.75,1 and (top to bottom) β = 1,1.25,1.5,1.75,2.
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The error functions attain their minimum value 0 when AP is the surface
area and VP is the volume of a Euclidean ball. The values of α , β , and γ that
minimize the error functions are computed. All error functions attain a min-
imum value within the domain 0 < α ≤ β ≤ 2α , 0 ≤ γ ≤ 1, hence the com-
putation can be done with standard optimization methods (when an analytic
solution could not be found, the Nelder-Mead simplex method was used). For
the relative error on the fcc grid, the optimum is obtained on a region as shown
in Figure 3.15. The optimal values are found in Table 3.3 and illustrated by
the shape of the corresponding polyhedra in Figure 3.18.
In Figure 3.16 and 3.17, the asymptotic behavior is shown by letting α = 1
and β be constant and for each k, 1 ≤ k ≤ 1000 using a ns B of length k that
approximates the optimal fraction γ . Neighborhood sequences obtained by the
following recursive formula are used

b(k+1) =

{
1 if 1kB < γk,

2 otherwise.

The value of γ is shown in Table 3.3. For the cases when γ is not uniquely
defined, we use constant values within the allowed interval. The same thing
applies to β .
In Table 3.3,C1 can be any value in the range

√
2≤C1 ≤ 5/3. (3.18)

Moreover, C3 can be any value in the range 0 ≤C3 ≤ 2(
√
2− 1) and C2 any

value satisfying the following inequalities (see also Figure 3.15):
√
C23+2−2C3−C3
1−C3

≤C2 ≤min
(√
3−C3

(
1
2

√
3+1

)

1−C3
,
5
3

)
. (3.19)

We note that the value of the error function is lower for the weighted
ns-distance compared to when only weights (γ = 0 or B = (2)) or only
the ns (α = β = 1) is used. The weighted distances and ns-distances are
special cases of the proposed distance function and the results in Figure 3.18
and Table 3.3 are similar (not equivalent since another error function is
used) to the weights obtained by the optimization in Section 3.1.2 (see
also [Strand and Borgefors, 2005a, Fouard et al., 2007]) and equal to the
neighborhood sequences obtained in [Strand and Nagy, 2007]. When γ = 0
(the left columns in Figure 3.13 and 3.14), weighted distances are obtained
and when α = 1 and β = 1 (the top rows in Figure 3.13 and 3.14), the
ns-distance is obtained. For the fcc and bcc balls in Figure 3.10(b)-(c),
the ns B = (1,2) is used. This corresponds to γ = 0.5, which is a good
approximation of the optimal value.
In the optimization, we let γ represent the fraction of 1:s in the ns. We
note that when γ is fixed to 0 (for weighted distances), this corresponds to
a ns with only 2:s. This can be attained for a ns of any length. Therefore,

85



1 1.25 1.5 1.75 2
0

0.25

0.5

0.75

1

C
2

C
3

Figure 3.15: The domain forC2 andC3 in Table 3.3

in this case the optimum is not asymptotic and thus, the error is valid also for
short distances (between, e.g., neighboring grid points). When γ is also subject
to optimization, i.e., when the ns is used to define the distance function, the
error functions have an asymptotic behavior. However, some of the optima
for the relative error (E1) are located on regions where E1 is constant. For
example, E1 for the weighted ns is optimal when γ = 0, i.e., for the weighted
distance, and therefore the optimum is attained for any ns consisting of only
2:s. See Figure 3.16 and 3.17 and Figure 3.15. This indicates that this error
function, which has been widely used in the literature, is not well-suited for
finding the optimal weights and ns here. The reason that E1 is minimal on
a region (and not a point) is that there are, up to symmetry, two vertices (at
maximal distance) and two surfaces (at minimal distance). Thus, there are
more degrees of freedom than the restrictions in the optimization process. For
the other error functions (E2–E4), differentiable functions are defined and they
have all a single minimum, see Table 3.3.
We note that the error functions E2 (compactness ratio) and E3 (maximal
inscribed ball) give the same asymptotic optimal result for the bcc grid and
the same for ns-distances on the fcc grid, see Table 3.3. However, as seen in
Figure 3.16 and 3.17, the error functions perform different for finite neigh-
borhood sequences. This illustrates that the error functions are different, even
though they all are used to approximate the Euclidean distance. Different ap-
plications require different aspects of the “roundness” of the balls.
Analyzing the plots in Figure 3.16 and 3.17, we see that the error converges
quite fast and that a ns of length (period) 10 is sufficient in general.
The application in which the distance function will be used should influ-
ence the choice of error function. Also, by using Theorem 3.5 and 3.7, it is
easy to find neighborhood sequences such that the resulting distance func-
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tions are metrics, which is preferable in many applications. Intuitively, the
polyhedra that best approximate the Euclidean ball are given by a distance
function where both γ and β are non-trivial, see Figure 3.13 and 3.14. From
the “optimal shapes” in Figure 3.18, we see that this is what, e.g., the compact-
ness ratio E2 favors. Thus, without any specific application in mind, we sug-
gest the parameters B= (1,2), (α,β ) = (2,3) for the fcc grid and B= (1,2),
(α,β ) = (5,6) for the bcc grid, see Figure 3.10. This gives E2 = 0.1279 for
the fcc grid (the optimum is 0.1276) and E2 = 0.1590 (the optimum is 0.1578)
for the bcc grid. We thus conclude that we get a good approximation of the
optimal values also with a short ns.
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Table 3.3: Performance of weighted distance based on neighborhood sequences (wns),
weighted distance (w), and distance based on neighborhood sequences (ns) using the

error functions E1−E4 defined in the text. The optimal values are attained whenever
t is a strictly positive real number. The values shown in bold are fixed in the optimiza-

tion. The parameters C1, C2, and C3 are related as is shown in (3.18) and (3.19).

Relative error, E1
fcc bcc

Name α β γ E1 α β γ E1

w t C1t 0 0.225 t 1.155t 0 0.239

ns 1 1 0.845 0.239 1 1 [1/3,2−
√
2] 0.225

wns t C2t C3 0.225 t t [1/3,2−
√
2] 0.225

Compactness ratio, E2
fcc bcc

Name α β γ E2 α β γ E2

w t 1.530t 0 0.137 t 1.281t 0 0.182

ns 1 1 0.845 0.279 1 1 2−
√
2 0.215

wns t 1.486t 0.487 0.127 t 1.220t 0.453 0.158

Maximal inscribed ball, E3
fcc bcc

Name α β γ E3 α β γ E3

w t (5/3)t 0 0.133 t 1.281t 0 0.182

ns 1 1 0.845 0.279 1 1 2−
√
2 0.215

wns t (5/3)t 0.328 0.156 t 1.220t 0.453 0.158

Minimal covering ball, E4
fcc bcc

Name α β γ E4 α β γ E4

w t
√
2t 0 0.423 t 1.155t 0 0.571

ns 1 1 0.741 0.445 1 1 1/3 0.386

wns t 1.218t 0.543 0.327 t t 1/3 0.386

88



E1

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

β = 1,γ = 0.8453 β = 1.5, γ = 0

E2

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

β = 1,γ = 0.8453 β = 1.4862,γ = 0.4868

E3

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

β = 1,γ = 0.8453 β = 5/3,γ = 0.3280

E4

0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9
3

0 0.5 1 1.5 2 2.5 3
1

1.5

2

2.5

3

3.5

4

0
1.1
1.2
1.3
1.4

0.5
1.6
1.7
1.8
1.9
1

0 0.5 1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

β = 1,γ = 0.7408 β = 1.2179,γ = 0.5425

Figure 3.16: Optimal values of E1–E4 (vertical axis) on the fcc grid for neighborhood
sequences of length k (0< k≤ 1000, horizontal axis showing log10 k) with α = 1. See
Table 3.3 for asymptotic optima.
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Figure 3.17: Optimal values of E1–E4 (vertical axis) on the bcc grid for neighborhood
sequences of length k (0< k≤ 1000, horizontal axis showing log10 k) with α = 1. See
Table 3.3 for asymptotic optima.
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E1

fcc bcc

β =
√
2 β = 1 β = 1.5 β = 1.1547 β = 1 β = 1

γ = 0 γ = 0.8453 γ = 0.3 γ = 0 γ = 2−
√
2 γ = 2−

√
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β = 1.5302 β = 1 β = 1.4862 β = 1.2808 β = 1 β = 1.2199

γ = 0 γ = 0.8453 γ = 0.4868 γ = 0 γ = 2−
√
2 γ = 0.4525

E3

fcc bcc

β = 5/3 β = 1 β = 5/3 β = 1.2808 β = 1 β = 1.2199

γ = 0 γ = 0.8453 γ = 0.3280 γ = 0 γ = 2−
√
2 γ = 0.4525
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√
2 β = 1 β = 1.2179 β = 1.1547 β = 1 β = 1

γ = 0 γ = 0.7408 γ = 0.5425 γ = 0 γ = 1/3 γ = 1/3

Figure 3.18: Shapes of balls using α = 1 and values of β and γ that minimize E1–E4,
see Table 3.3.
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3.3.3 Distance functions on other grids
In this section, formulas are given for the distance between two arbitrary
points in generalizations of the fcc and bcc grids to n dimensions. Also, a
3D grid where the Voronoi regions are hexagonal prisms will be considered.

The n-dimensional fcc grid

We use the following definition of the n-dimensional fcc grid:

F
n = {p ∈ Z

n : p(1)+ p(2)+ . . .+ p(n)≡ 0 (mod 2)} .

This grid has the highest packing density in three, four, and five
dimensions, [Conway et al., 1988]. The straightforward generalization of
the neighborhoods in the three-dimensional grid F = F

3 are used to get the
natural neighborhoods N1 and N2 for Fn:

N1 =
{
v ∈ F

n : max{|v(i)|}= 1 and ∑ |v(i)|= 2
}

N2 =
{
v ∈ F

n : max{|v(i)|}= 2 and ∑ |v(i)|= 2
}

.

The following lemma can be proved using the technique in the proof of
Lemma 3.3 by noting that for any point p ∈ F

n, there is an integer a such that
p(1) = ∑ni=2 p(i)+2a.

Lemma 3.9. A set F = {v1,v2, . . . ,vn} of vectors in F
n is a basis of Fn iff

∆0F = det(v1,v2, . . . ,vn) =±2

Remark 3.7. The systems of equations



1 1 1 · · · 1 1 1

1 0 0 · · · 0 0 0

0 1 0 · · · 0 0 0
...
...
...
. . .

...
...

0 0 0 · · · 1 0 0

0 0 0 · · · 0 1 −1







a1

a2

a3
...

an−1
an




=




p(1)

p(2)

p(3)
...

p(n−1)
p(n)




and 


1 1 1 · · · 1 1 2
1 0 0 · · · 0 0 0
0 1 0 · · · 0 0 0
...
...
...
. . .

...
...

0 0 0 · · · 1 0 0
0 0 0 · · · 0 1 0







b1

b2

b3
...

bn−1
bn




=




p(1)

p(2)

p(3)
...

p(n−1)
p(n)
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have solutions

a1 = p(2)

a2 = p(3)
...

an−2 = p(n−1)

an−1 =
p(1)+ p(n)− (p(2)+ . . .+ p(n−1))

2

an =
p(1)− (p(2)+ p(3)+ . . .+ p(n))

2
and

b1 = p(2)

b2 = p(3)
...

bn−1 = p(n)

bn =
p(1)− (p(2)+ p(3)+ . . .+ p(n))

2

respectively, which are all non-negative when p(1) ≥ p(2) ≥ . . . ≥ p(n) and
p(1)≥ p(2)+ p(3)+ . . .+ p(n).

Lemma 3.10. For any point p ∈ F
n such that p(1) ≥ p(2) ≥ . . . ≥ p(n)

and p(1) ≤ p(2) + p(3) + . . . + p(n), the following al-

gorithm terminates in (p(1)+ p(2)+ . . .+ p(n))/2 steps.

Initially, let j = 1 and q j = p.
⋆ Decrease the two largest coordinate values in q j by 1, increase j
by 1 and let the result be q j.
Repeat ⋆ until q j = 0.

Proof. Since the sum of coordinates is an even number by definition,
(p(1)+ p(2)+ . . .+ p(n))/2 is an integer. It follows from p(1) ≤ ∑ni=2 p(i)
that, if qi 6= 0, there will always be at least two coordinates with positive
values: Assume that this is not the case, then at some step qi = (b,0,0, . . . ,0),
where b > 0. Since the coordinate with the largest value is decreased in each
step, p(1) = b+∑ni=2 p(i). But this contradicts that p(1)≤ ∑ni=2 p(i).

Corollary 3.9 (ns-distance in F
n). Let Fn be wedge-2-generated by N1 and

N2 and let the ns B and the point p= (p(1), p(2), . . . , p(n)) such that p(1)≥
p(2)≥ . . .≥ p(n)≥ 0 be given. Then

d(0,p;B) =min

{
k

∣∣∣∣k ≥max
{
p(1)+ p(2)+ . . .+ p(n)

2
, p(1)−2kB

}}
.

93



Proof. First the case p(1)≥ p(2)+ p(3)+ . . .+ p(n) is considered. With the
neighborhoods N1 and N1,2, we use

F1 =





(1, 1, 0, · · · , 0, 0, 0)

(1, 0, 1, · · · , 0, 0, 0)
...

(1, 0, 0, · · · , 0, 0, 1)

(1, 0, 0, · · · , 0, 0, −1)





and

F2 =





(1, 1, 0, · · · , 0, 0, 0)
(1, 0, 1, · · · , 0, 0, 0)

...

(1, 0, 0, · · · , 0, 0, 1)
(2, 0, 0, · · · , 0, 0, 0)





.

Using Lemma 3.9 and Remark 3.7, we conclude that the set F1 defines the
wedge of N1 and F2 defines the wedge of N1,2 for a point p such that p(1)≥
p(2) ≥ . . . ≥ p(n) and p(1) ≥ p(2) + p(3) + . . . + p(n). Remark 3.7 gives
the number of local steps needed to reach the point p, i.e., dC1 (0,p;B) =

∑ai = p(1) and dC2 (0,p;B) = ∑bi = (p(1)+ p(2)+ . . .+ p(n))/2. Using
Theorem 3.3, we get the formula in Corollary 3.9.
For the case p(1)≤ p(2)+ p(3)+ . . .+ p(n), we have not found the wedges
in the general n-dimensional case. It is, however, clear that the ns-distance is
(p(1)+ p(2)+ . . .+ p(n))/2 independent of the ns B (using only local steps
from N1) as Lemma 3.10 shows.
Since p(1) ≤ p(2) + p(3) + . . . + p(n), the path 〈q j,q j−1, . . . ,q1〉
obtained by the algorithm in Lemma 3.10 is a path of length
(p(1)+ p(2)+ . . .+ p(n))/2 using only local steps from N1. Also,
(p(1)+ p(2)+ . . .+ p(n))/2 ≥ p(1) ≥ p(1)− 2kB for any B and k, hence the
formula in Corollary 3.9 is valid.

In the algorithms for computing the distance transform, presented in the
next chapter, we will use wedges. Therefore, we give the complete set of
wedges for F

4. The wedges for the case p(1) ≥ p(2) ≥ p(3) ≥ p(4) and
p(1) ≥ p(2)+ p(3)+ p(4) are given in the proof of Corollary 3.9. The fol-
lowing remark gives the wedges for the case p(1) < p(2)+ p(3)+ p(4).

Remark 3.8. The system of equations



1 1 0 0

1 0 1 0

0 1 1 1

0 0 0 1







a1

a2

a3

a4


=




p(1)

p(2)

p(3)

p(4)
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has the solution

a1 =
p(1)+ p(2)− p(3)− p(4)

2

a2 =
p(1)− p(2)+ p(3)− p(4)

2

a3 =
−p(1)+ p(2)+ p(3)− p(4)

2
a4 = p(4).

The solutions a1,a2,a3,a4 are non-negative when p(1)≥ p(2)≥ p(3)≥ p(4),
p(1) ≤ p(2) + p(3) + p(4), and p(2) + p(3) ≥ p(1) + p(4). The system of
equations 



1 1 1 0

1 0 0 0

0 1 0 1

0 0 1 1







d1

d2

d3

d4


=




p(1)

p(2)

p(3)

p(4)




has the solution

d1 = p(2)

d2 =
p(1)− p(2)+ p(3)− p(4)

2

d3 =
p(1)− p(2)− p(3)+ p(4)

2

d4 =
−p(1)+ p(2)+ p(3)+ p(4)

2
.

The solutions d1,d2,d3,d4 are non-negative when p(1)≥ p(2)≥ p(3)≥ p(4),
p(1)≤ p(2)+ p(3)+ p(4), and p(2)+ p(3)≤ p(1)+ p(4).

It follows that the following wedges can be used:

{(1,1,0,0),(1,0,1,0),(0,1,1,0),(0,0,1,1)} when p(2)+ p(3)≥ p(1)+ p(4)

{(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,0,0,1)} when p(2)+ p(3)≤ p(1)+ p(4).

Corollary 3.10 (weighted ns-distance in F
n). Let Fn be wedge-2-generated

byN1 andN2 and let the ns B, the weights α , β s.t. 0< α ≤ β ≤ 2α , and the
point p = (p(1), p(2), . . . , p(n)) ∈ F

n, where p(1) ≥ p(2) ≥ . . . ≥ p(n) ≥ 0,
be given. The weighted ns-distance between 0 and p is given by

dα,β (0,p;B) =

{
k ·α if p(1)≤ ∑ni=2 p(i)

(2k− p(1)) ·α +(p(1)− k) ·β otherwise,

where k = min
k
: k ≥max

(
p(1)+ p(2)+ . . .+ p(n)

2
, p(1)−2kB

)
.
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Proof. We use Theorem 3.6. By the proof of Corollary 3.9, we know that
d (0,p;B)= dC1 (0,p)= (p(1)+ p(2)+ . . .+ p(n))/2 when p(1)≤∑ni=2 p(i).
For the case p(1) ≥ ∑ni=2 p(i), both d (0,p;B) and dC1 (0,p) are given in the
proof of Corollary 3.9.

The n-dimensional bcc grid

An n-dimensional generalization of the bcc grid is

B
n = {p ∈ Z

n : p(1)≡ p(2)≡ . . .≡ p(n) (mod 2)} .

This grid is the reciprocal of the n-dimensional fcc grid,
[Conway et al., 1988]. We use the straightforward generalizations
of the neighborhoods in the three-dimensional grid B = B

3 to get the natural
neighborhoods N1 and N2 for Bn:

N1 = {v ∈ B
n : |v(i)|= 1 for all 1≤ i≤ n}

N2 =
{
v ∈ B

n :∑ |v(i)|= 2
}

.

Remark 3.9. We note that in the four-dimensional bcc grid, the Euclidean
distance of the 1-neighbors are the same as the 2-neighbors. In higher dimen-
sions the 2-neighbors have less Euclidean distance, therefore it seems to be
fruitful to consider weights also in the interval β < α . This is left for future
research.

The following lemma can be proved using the technique in the proof of
Lemma 3.2 by noting that for any point p ∈ B

n, there are integers a j such that
p( j) = p(1)+2a j for all j > 1.

Lemma 3.11. A set F = {v1,v2, . . . ,vn} of vectors in B
n is a basis of Bn iff

∆0F = det(v1,v2, . . . ,vn) =±2n−1

Remark 3.10. The systems of equations



1 1 1 · · · 1 1 −1
1 1 1 · · · 1 −1 −1
...
...

...
. . .

...
...

1 1 −1 · · · −1 −1 −1
1 −1 −1 · · · −1 −1 −1







a1

a2
...

an−1
an




=




p(1)

p(2)
...

p(n−1)
p(n)
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and 


1 1 1 · · · 1 1 2

1 1 1 · · · 1 1 0

1 1 1 · · · 1 −1 0
...
...

...
. . .

...
...

1 1 −1 · · · −1 −1 0
1 −1 −1 · · · −1 −1 0







b1

b2
...

bn−1
bn




=




p(1)

p(2)
...

p(n−1)
p(n)




have solutions

a1 = p(1)+p(n)
2 ,a2 = p(n−1)−p(n)

2 ,a3 = p(n−2)−p(n−1)
2 , . . . ,an = p(1)−p(2)

2 and

b1 = p(2)+p(n)
2 ,b2 = p(n−1)−p(n)

2 ,b3 = p(n−2)−p(n−1)
2 , . . . ,bn = p(1)−p(2)

2 ,

which are all non-negative when p(1)≥ p(2)≥ . . .≥ p(n).
Corollary 3.11 (ns-distance in B

n). Let Bn be wedge-2-generated by N1 and
N2 and let the ns B and the point p= (p(1), p(2), . . . , p(n)) such that p(1)≥
p(2)≥ . . .≥ p(n)≥ 0 be given. Then

d(0,p;B) =min

{
k

∣∣∣∣k ≥max
{
p(1)+ p(2)

2
, p(1)−2kB

}}
.

Proof. With the neighborhoods N1 and N1,2, we use

F1 =





(1, 1, 1, · · · , 1, 1, −1)
(1, 1, 1, · · · , 1, −1, −1)

...

(1, 1, −1, · · · , −1, −1, −1)
(1, −1, −1, · · · , −1, −1, −1)





and

F2 =





(1, 1, 1, · · · , 1, 1, −1)
(1, 1, 1, · · · , 1, −1, −1)

...

(1, 1, −1, · · · , −1, −1, −1)
(2, 0, 0, · · · , 0, 0, 0)





.

Using Lemma 3.11 and Remark 3.10, we conclude that the set F1 defines
the wedge of N1 and F2 defines the wedge of N1,2 for a point p such that
p(1)≥ p(2)≥ . . .≥ p(n). Remark 3.10 gives dC1 (0,p;B) = ∑ai = p(1) and

dC2 (0,p;B) = ∑bi =
p(1)+p(2)
2 . Using Theorem 3.3, we get the formula in

Corollary 3.11.
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Corollary 3.12 (weighted ns-distance in B
n). Let Bn be wedge-2-generated

byN1 andN2 and let the ns B, the weights α , β s.t. 0< α ≤ β ≤ 2α , and the
point p = (p(1), p(2), . . . , p(n)) ∈ B

n, where p(1) ≥ p(2) ≥ . . . ≥ p(n) ≥ 0,
be given. The weighted ns-distance between 0 and p is given by

dα,β (0,p;B) = (2k− p(1)) ·α +(p(1)− k) ·β

where k = min
k
: k ≥max

(
p(1)+ p(2)

2
, p(1)−2kB

)
.

Proof. Both d (0,p;B) and dC1 (0,p) are given in (and in the proof of) Corol-
lary 3.11. Applying the formula in Theorem 3.6 gives the result.

The 3D hexagonal grid

In [Brimkov and Barneva, 2005], a generalization of the hexagonal grid to 3D
is examined. This grid is obtained by piling hexagonal grids on top of each
other. In [Brimkov and Barneva, 2005], this structure is called the 3D honey-
comb model. Here we use the name the 3D hexagonal grid instead and denote
it by H

3. The Voronoi regions are hexagonal prisms, see Figure 3.19.
The grid point (0,0,0) in H

3 has 1-neighbors

N1 =
{

(±1,0,0) ,
(
±1/2,±

√
3/2,0

)
,(0,0,±1)

}

and strict 2-neighbors

N2 =
{

(±1,0,±1) ,
(
±1/2,±

√
3/2,±1

)}
.

See Figure 3.19 for an illustration of the eight 1-neighbors (face neighbors)
and twelve strict 2-neighbors (edge neighbors).
By symmetry, it is enough to consider the subset of H

3 defined by{
(x,y,z) : 0≤ y

x
≤ 1√

3
,z≥ 0

}
. The wedge of N1 defining the distance in this

region isW1 = 〈〈(1,0,0),
(
(1/2,

√
3/2,0

)
,(0,0,1)〉〉∗. The following wedges

of N1,2 are needed: W2 = 〈〈(1,0,0),(1,0,1),
(
(1/2,

√
3/2,1

)
〉〉∗,

W3 = 〈〈(1,0,0),
(
(1/2,

√
3/2,0

)
,(1,0,1)〉〉∗, and W4 =

〈〈(0,0,1),(1,0,1),
(
(1/2,

√
3/2,1

)
〉〉∗.

We get the following corollary by using the formula in Corollary 3.1.

Corollary 3.13 (ns-distance in H
3). Let H3 be wedge-2-generated byN1 and

N2 and let the ns B and the point p= (x,y,z) ∈H
3, where 0≤ y

x
≤ 1√

3
,z≥ 0

be given. The ns-distance between 0 and p is given by

d (0,p;B)=





min
k
: k ≥max

(
x+

1√
3
y,x+

1√
3
y+ z−2kB

)
if x+ 1√

3
y≥ z

min
k
: k ≥max

(
z,x+

1√
3
y+ z−2kB

)
otherwise
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Figure 3.19: Neighborhoods used for the 3D hexagonal grid. The 1-neighbors N1 are
shown in light gray and the strict 2-neighbors N2 are shown in white.

Proof. The following formulas are derived using Corollary 3.1 with
∑nk=1∆kF (p) for sets F that correspond to the vectors that span the wedges.
For any point p ∈W1, we have

dC1 (0,(x,y,z)) = x+
1√
3
y+ z.

For the distance defined by C2, we have

dC2 (0,(x,y,z)) = x+
1√
3
y if (x,y,z) ∈W2

dC2 (0,(x,y,z)) = x+
1√
3
y if (x,y,z) ∈W3

dC2 (0,(x,y,z)) = z if (x,y,z) ∈W4.

The following corollary is obtained by applying Theorem 3.6.

Corollary 3.14 (weighted ns-distance in H
3). Let H3 be wedge-2-generated

by N1 and N2 and let the ns B, the weights α , β s.t. 0 < α ≤ β ≤ 2α , and
the point p = (x,y,z) ∈ H

3, where 0 ≤ y
x
≤ 1√

3
,z ≥ 0 be given. The weighted

ns-distance between 0 and p is given by

dα,β (0,p;B) =

(
2k− x− 1√

3
y− z

)
·α +

(
x+

1√
3
y+ z− k

)
·β ,

where

k =




mink : k ≥max

(
x+ 1√

3
y,x+ 1√

3
y+ z−2kB

)
if x+ 1√

3
y≥ z

mink : k ≥max
(
z,x+ 1√

3
y+ z−2kB

)
otherwise.
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4. Computing the distance transform
with path-based distances

Given an object and a distance function, the distance transform (DT) is ob-
tained by assigning to each object grid point the distance to its closest back-
ground grid point. In its simplest form, this transform has quadratic time
complexity, i.e., for an image with N grid points, the time it takes to com-
pute the DT is bounded by cN2 for some constant c. There are, as we will
see, algorithms that are substantially faster. For weighted distances, a two-
scan algorithm with linear time complexity has been proved to be sufficient
in Z

2 [Rosenfeld and Pfaltz, 1966, Montanari, 1968] and for any point-lattice
[Fouard et al., 2007]. For ns-distances, three scans are needed in Z

2 and four
scans are needed for the cubic, fcc, and bcc grids [Strand et al., 2006]. In this
chapter, we prove that this is also true for the case with weighted ns-distances.
Other aspects of DTs using path-based distance functions have been consid-
ered in [Borgefors, 1984, Borgefors, 1986, Hajdu et al., 2007].
The distance transform is used in many applications, such as
• matching [Borgefors, 1988],
• mathematical morphology [Nacken, 1994]
• medial representation, see Chapter 6,
• shape-based interpolation [Herman et al., 1992, Grevera and Udupa, 1996],
• image registration [Cai et al., 1999],
• human motion tracking [Knossow et al., 2008],
• segmentation of the heart in CT images [Moreno et al., 2008],
• narrow-band computation in level set methods [Krissian and Westin, 2005].
It is possible to the compute distance transform in linear time for the path-
based approach. We can prove that the DT is correct by proving that the algo-
rithm is able to propagate a path that defines the distance for all points in the
object. When a neighborhood sequence is used, we keep track of not only the
cost of the minimal cost-paths, but also the length to know which neighbor-
hood is allowed in each step. We will see that, by using a look-up table, this
extra information (the length) is not needed, so the distance transform with
weighted ns-distance can be computed quickly.
When the Euclidean distance function is considered, the distance is not de-
fined as a path between two points, but as the length of the Euclidean straight
line segment between the points. Therefore, this distance function is not as
well-suited for algorithms that propagate distance values along a path com-
pared to the path-based distance functions. The Euclidean distance is slightly
slower to compute and requires more memory than the weighted distances,
[Fouard et al., 2004]. We will analyze the behavior of two algorithms for com-
puting the Euclidean DT in Chapter 5.
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4.1 Distances based on neighborhood sequences
When computing the distance transform, this is of course done in a finite sub-
set of the grid, the image domain IG.

Definition 19 (Image). The image domain is a finite subset of G denoted IG.
We call the function F : IG −→ R

+
0 an image.

Note that real numbers are allowed in the range of F .

Definition 20 (Object and background). We denote the object X and the back-
ground X . These sets have the following properties:
1. X ⊂ IG and X ⊂ IG

2. X ∩X = /0
3. X ∪X = IG.

We denote the distance transform for path-based distances with DTC , where
the subscript indicates that costs are computed.

Definition 21. The distance transform DTC of an object X ⊂ IG is the map-
ping

DTC : IG → R
+
0 defined by

p 7→ d
(
p,X

)
, where

d
(
p,X

)
= min

q∈X
{d (p,q)} .

For weighted ns-distances, the size of the neighborhood allowed in each
step is determined by the length of the minimal cost-paths (not the cost), so
this value is also is needed when propagating distance information. We define
the transform DTL that holds the length of the minimal cost path at each point.

Definition 22. The transform DTL of an object X ⊂G is the mapping

DTL : IG → N defined by

p 7→ d1,1 (p,q;B) , where

q is such that dα,β (q,p;B) = dα,β

(
p,X ;B

)
.

See Figure 4.1 for an example showing DTC and DTL of an object. Note
that the distance function in Figure 4.1 is not a metric.
When α = β = 1, DTC = DTL. One obvious problem is that DTL is not al-
ways uniquely defined when α 6= β , see Example 4.2. We will see that despite
this, the correct distance values are propagated by natural extensions of well-
known algorithms when both DTC and DTL are used to propagate the distance
values.
We now introduce the notion of distance propagating path.
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Figure 4.1: Distance transforms for B = (2,1) and α ≤ β ≤ 2α . The background is
shown in white, DTC is shown in (a) and DTL is shown in (b).

Definition 23. Given an object grid point p ∈ X , if there is a background grid
point q ∈ X and a minimal cost B-path Pq,p = 〈q = p0,p1, . . . ,pn = p〉 such
that

(i) Cα,β (〈p0, . . . ,pi〉) = DTC (pi) for all i and

(ii) pi,pi+1 are b(DTL (pi)+1)−neighbors for all i,

then this path is a distance propagating B-path.

If property (i) in the definition above is fulfilled, then we say that Pp,q is
represented by DTC and if property (ii) is fulfilled, then Pp,q is represented
by DTL. Note that when α = β , then (i) implies (ii).
If we can guarantee that there is such a path for every object grid point,
then the distance transform can be constructed by locally propagating dis-
tance information from q ∈ X to p ∈ X . Now, a number of definitions will be
introduced. Using these definitions, we can show that there is always a dis-
tance propagating path when the ns- or weighted ns-distance function is used.
The following definitions are illustrated in Example 4.1, 4.2, and 4.3.

Definition 24. Let α,β such that 0 < α ≤ β ≤ 2α , a ns B, an object X , and
a point p ∈ X be given. A minimal cost B-path Pq,p, where q ∈ X , such that
dα,β (p,q;B) = dα,β

(
p,X ;B

)
is a minimal cost B-path with minimal num-

ber of 2-steps if, for all paths Qq′,p with q′ ∈ X such that Cα,β

(
Qq′,p

)
=

Cα,β (Pq,p), we have
2Pq,p ≤ 2Qq′,p .

In other words, if there are several paths defining the distance at a point
p, the path with the least number of 2-steps is a minimal cost B-path with
minimal number of 2-steps. See Example 4.1, 4.2 and 4.3.
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Figure 4.2: Distance transform using (α,β ) = (1,1) and B= (1,1,2) for an object in
Z
2, see Example 4.1.

Remark 4.1. A minimal cost-path with minimal number of 2-steps is a mini-
mal cost-path of maximal length.

Definition 25. Let α,β such that 0 < α ≤ β ≤ 2α , a ns B, and
points p,q ∈ G be given. The minimal cost (α,β )-weighted B-path
Pp,q = 〈p = p0,p1, . . . ,pn = q〉 is a fastest minimal cost (α,β )-weighted
B-path between p and q if there is an i, 0≤ i≤ n such that

2〈p0,p1,...,pi〉 = 2
i
B and 2〈pi+1,pi+2,...,pn〉 = 0.

In other words, the minimal cost path between two points in which the
2-steps occur after as few steps as possible is a fastest minimal cost (α,β )-
weighted B-path. See Example 4.1, 4.2 and 4.3.

Example 4.1. See Figure 4.2(a) for a minimal cost (1,1)-weighted (1,1,2)-
path not represented by DTC . In (b), a fastest minimal cost B-path with min-
imal number of 2-steps is shown. The path in (b) is a distance propagating
path, but the path (a) is not.

Example 4.2. This example illustrates that a path that is not a fastest path is
not necessarily represented by DTL. Consider the (part of the) object showed
in Figure 4.3(a)–(f). The parameters (α,β ) = (2,3) and B= (2,2,1) are used.
Any one of the DTL in (d)–(f) are correct according to Definition 22. The path
in (a) has minimal number of 2-steps, but it is not a fastest path and is not
represented by the DTL in (e). The path in (b) has not minimal number of
2-steps. The path in (c) is a fastest path with minimal number of 2-steps and
is also represented by all DTL in (d)–(f). The paths shown in (b) and (c) are
distance propagating paths, and the path in (a) is not for the DTL in (e).
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Figure 4.3: Distance transform using (α,β ) = (2,3) and B= (2,2,1) for a part of an
object in Z

2, see Example 4.2.
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Figure 4.4: Distance transform using (α,β ) = (3,4) and B= (2,2,1) for a part of an
object in Z

2, see Example 4.3.

Example 4.3. In Figure 4.4(a)–(c), B= (2,2,1) and (α,β ) = (3,4) are used.
In (a), the DTC of an object and a minimal cost (α,β )-weighted B-path with
minimal number of 2-steps that is not distance propagating is shown. A dis-
tance propagating fastest minimal cost (α,β )-weighted B-path with minimal
number of 2-steps is shown in (b). The DTL that corresponds to DTC in (a)–(b)
is shown in (c).

The following theorem says that a path satisfying Definition 24 and 25 is a
distance propagating path as defined in Definition 23. The theorem is proved
in Section 4.1.1 below.

Theorem 4.1. Given a pont-lattice G wedge-2-generated by N1 and N2, if
the B-path Pq,p (p ∈ X, q ∈ X such that dα,β

(
p,X

)
= Cα,β (Pq,p)) is a fastest

minimal cost B-path with minimal number of 2-steps then Pq,p is a distance
propagating B-path.

Intuitively, in the non-weighted case of ns-distances (α = β ), any path with
as few 2-steps as possible (minimal number of 2-steps) such that the 2-steps
that can not be avoided appear after as few steps as possible (fastest B-path) is
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a distance propagating B-path. For the case with weighted ns-distances (α <
β ≤ 2α), we want the path to be of maximal length (B-path with minimal
number of 2-steps, see Remark 4.1) and among the paths with this property,
the path such that the 2-steps appear after as few steps as possible (fastest
B-path). The algorithms we present will always be able to propagate correct
distance values along such paths.
Lemma 4.1 will be used in some proofs and is a direct consequence of
Theorem 3.6.

Lemma 4.1. Given G wedge-2-generated by N1 and N2, α,β such that 0 <
α ≤ β ≤ 2α , the ns B, the points p,q, and an integer k ≥ 1, we have

dα,β (p,q;B)≤ dα,β (p,q;B(k))+(2α−β )(k−1).

4.1.1 Proof of Theorem 4.1
In this section, we will use the following notation: Given a fixed path Pp,q =
〈q= p0,p1, . . . ,pn = p〉, Ppi,p j = 〈pi,pi+1, . . . ,p j〉 for any 0≤ i≤ j ≤ n.

Proof of Theorem 4.1 for ns-distances

The following Lemma 4.2 gives the proof of the Theorem 4.1 for ns-distances.
See Example 4.1 for an illustration of the conditions in Theorem 4.1.

Lemma 4.2. Given G wedge-2-generated by N1 and N2, a ns B, an ob-
ject X, weights α = β = 1, and a point p ∈ X. Let the B-path Pq,p = 〈q =
p0,p1, . . . ,pn = p〉 (for some q ∈ X such that d1,1

(
p,X ;B

)
= L(Pq,p)) be a

fastest minimal cost path with minimal number of 2-steps. Then this path is a
distance propagating path, i.e.,

d1,1
(
pi,X ;B

)
= L

(
Pp0,pi

)
∀i : 0≤ i≤ n. (4.1)

Proof. Let p ∈ X be given and let Pq,p = 〈q= p0,p1, . . . ,pn = p〉 be a fastest
minimal cost B-path with minimal number of 2-steps such that L(Pq,p) =
d1,1

(
p,X ;B

)
. We will show that this path is such that (4.1) is fulfilled.

Assume (4.1) is not fulfilled, then there is a j such that

L
(
〈q= p0,p1, . . . ,p j−1〉

)
= d1,1

(
p j−1,X ;B

)
= j−1

L
(
〈q= p0,p1, . . . ,p j−1,p j〉

)
6= d1,1

(
p j,X ;B

)
.

Since p j−1,p j are b( j)-neighbors, 〈q= p0,p1, . . . ,p j〉 is a B-path. Therefore,
d1,1

(
p j,X ;B

)
< d1,1 (p j,q;B) = d1,1

(
p j−1,q;B

)
+1(= j).

Then there is another point q′ ∈ X such that d1,1 (p j,q′;B) = d1,1
(
p j,X ;B

)
=

d1,1 (p j,q;B)−L= j−L for some positive integer L. By Lemma 4.1,
d1,1 (p j,p;B( j+1−L))≤ d1,1 (p j,p;B( j+1))+L,
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so

d1,1
(
p,X ;B

)
= d1,1 (p,q;B)≤ d1,1

(
p,q′;B

)
=

d1,1
(
q′,p j;B

)
+d1,1 (p j,p;B( j+1−L)) ≤

d1,1 (q,p j;B)−L+d1,1 (p j,p;B( j+1))+L = d1,1
(
p,X ;B

)
.

Therefore, d1,1
(
p,X ;B

)
= d1,1 (q

′,p;B). It follows that there is a pathQq′,p =
〈q′ = p′0,p′1, . . . ,p′k = p j,p

′
k+1, . . . ,p

′
n = p〉 such that

L
(
Qq′,p j

)
< L

(
Pq,p j

)
and

L
(
Qp j,p

)
> L

(
Pp j,p

)
.

Also, since L
(
Qp j,p

)
> L

(
Pp j,p

)
, we have 2Qp j ,p < 2Pp j ,p .

Case i: 2 jB = 0
Then Pq,p is not a B-path with minimal number of 2-steps, since Qq′,p is a
B-path of the same length as Pq,p, but with less number of 2-steps.
Case ii: 2 jB > 0
Since Pq,p is a fastest B-path and 2Pp j ,p > 0, it follows that 2 jB = 2Pq,p j ≥
2Qq′,p j

. Now,

2Qq′,p = 2Qq′,p j
+2Qp j ,p < 2Pq,p j +2Pp j ,p = 2Pq,p ,

which means that Qq′,p is a B-path of the same length as Pq,p, but with less
number of 2-steps. This contradicts that Pq,p is a path with minimal number
of 2-steps.

Proof of Theorem 4.1 for weighted ns-distances

We now consider the case α 6= β . Lemma 4.3 and Lemma 4.4 gives the proof
of Theorem 4.1 for weighted ns-distances.

Lemma 4.3. Let G wedge-2-generated by N1 and N2, the weights α,β such
that 0< α < β ≤ 2α , the ns B, and the point p ∈ X be given. Any fastest min-
imal cost (α,β )-weighted B-path Pq,p = 〈q = p0,p1, . . . ,pn = p〉 (for some
q ∈ X such that dα,β

(
p,X

)
= Cα,β (Pq,p)) satisfies (i) in Definition 23, i.e.,

dα,β

(
pi,X ;B

)
= Cα,β

(
Pp0,pi

)
∀i : 0≤ i≤ n. (4.2)

Proof. First we note that there always exists a q ∈ X such
that there is a fastest minimal cost (α,β )-weighted B-path
Pq,p = 〈q= p0,p1, . . . ,pn = p〉. To prove (4.2), assume that there is a q′ ∈ X
and a pathQq′,p = 〈q′ = p′0,p′1, . . . ,p′k = pi,p′k+1, . . . ,p′n = p〉 for some i such
that

Cα,β (Pq,pi) > Cα,β

(
Qq′,pi

)
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Case i: L
(
Qq′,pi

)
< L(Pq,pi)

Case i(a): 2Qq′,pi
> 2Pq,pi

Since Pq,p is a fastest path, 2Ppi,p = 0. This implies that Ppi,p is a minimal cost
(α,β )-weighted B-path for B= (1) and since, by Lemma 3.8, any ns generates
distances less than (or equal to) B = (1), Cα,β (Qpi,p) ≤ Cα,β (Ppi,p). Thus,
Cα,β

(
Qq′,p

)
= Cα,β

(
Qq′,pi

)
+ Cα,β (Qpi,p) < Cα,β (Pq,pi) + Cα,β (Ppi,p) =

Cα,β (Pq,p). This contradicts that Pq,p is a minimal cost-path, so this case can
not occur.
Case i(b): 2Qq′,pi

≤ 2Pq,pi
Since L

(
Qq′,pi

)
= L(Pq,pi)−L for some positive integer L, we have

1Qq′,pi
+2Qq′,pi

= L
(
Qq′,pi

)
= L(Pq,pi)−L= 1Pq,pi +2Pq,pi −L.

Using 2Qq′,pi
≤ 2Pq,pi and α ≤ β , we get

1Qq′,pi
α +2Qq′,pi

β ≤ 1Pq,piα +2Pq,piβ −Lα.

Thus, Cα,β

(
Qq′,pi

)
≤ Cα,β (Pq,pi) − Lα . By Lemma 4.1,

Cα,β (Qpi,p)≤ Cα,β (Ppi,p)+(2α−β )L.
We use these results and get Cα,β

(
Qq′,p

)
= Cα,β

(
Qq′,pi

)
+Cα,β (Qpi,p) ≤

Cα,β (Pq,pi)−Lα + Cα,β (Ppi,p)+ (2α−β )L = Cα,β (Pq,pi)+ Cα,β (Ppi,p)+
(α−β )L< Cα,β (Pq,p) .
This contradicts that Pq,p is a minimal cost-path.
Case ii: L

(
Qq′,pi

)
≥ L(Pq,pi)

Now, 2Qq′,pi
< 2Pq,pi ≤ 2

i
B.

Construct the path (not a B-path)Q′
q′,p= 〈p′0,p′1, . . . ,p′k = pi,pi+1, . . . ,pn=

p〉 of length n′ = L
(
Qq′,pi

)
+L(Ppi,pn) ≥ L(Pq,pn) = n. We have 2Q′

q′,pn
=

2Qq′,pi
+ 2Ppi,pn < 2iB+ 2n−i

B(i+1) = 2nB ≤ 2n
′
B . This means that there is a B-path

Q′′
q′,pn (obtained by permutation of the positions of the 1-steps and 2-steps in

Q′
q′,pn) of length n

′ such that Cα,β

(
Q′′
q′,pn

)
< Cα,β (Pq,pn), which contradicts

that Pq,pn is a minimal cost path.
The assumption is false, since a contradiction follows for all cases.

Left to prove of Theorem 4.1 is that there is a path fulfilling the previous
lemma that is represented by DTL. This is necessary for the path to be propa-
gated correctly by an algorithm.

Lemma 4.4. Let G wedge-2-generated by N1 and N2, the weights α,β such
that 0 < α < β ≤ 2α , the ns B, and the point p ∈ X be given. Any fastest
minimal cost (α,β )-weighted B-path with minimal number of 2-steps Pq,p =
〈q= p0,p1, . . . ,pn = p〉 (for some q ∈ X such that dα,β

(
p,X

)
= Cα,β (Pq,p))

satisfies (ii) in Definition 23, i.e.,

pi,pi+1 are b(DTL (pi)+1)−neighbors for all i.

108



Proof. Given a p ∈ X , assume that there is a fastest minimal cost
(α,β )-weighted B-path Pq,p with minimal number of 2-steps such that
Cα,β (Pq,p) = dα,β (p,X) and a K < n such that Pq,pK is not represented
by DTL, i.e., that pK−1,pK are not b(DTL(pK−1) + 1)-neighbors.
(Otherwise the value Cα,β (Pq,pK ) is propagated from DTC(pK−1).) It
follows that the values of DTC(pK−1) and DTL(pK−1) are given by a path
Qq′,p = 〈q′ = p′0,p

′
1, . . . ,p

′
k = pi,p

′
k+1, . . . ,p

′
n = p〉 for some i and some

q′ ∈ X such that
Cα,β

(
Pq,pK−1

)
= dα,β (pK−1,q;B) = dα,β

(
pK−1,q′;B

)
= Cα,β

(
Qq′,pK−1

)

and
L
(
Pq,pK−1

)
6= L

(
Qq′,pK−1

)
.

We follow the cases in the proof of Lemma 4.3:
Case i: L

(
Qq′,pK−1

)
< L

(
Pq,pK−1

)

Case i(a): 2Qq′,pK−1
> 2Pq,pK−1

We get Cα,β

(
Qq′,p

)
= Cα,β (Pq,p) from the proof of Lemma 4.3 and

Cα,β

(
Qq′,pK−1

)
= Cα,β

(
Pq,pK−1

)
by construction. Since Pq,p is a fastest

path, pK−1,pK is a 1-step, so it is also a b(DTL(pK−1)+ 1)-step. Therefore,
pK−1,pK are b(DTL(pK−1)+1)-neighbors. Contradiction.
Case i(b): 2Qq′,pK−1

≤ 2Pq,pK−1
Following the proof of Lemma 4.3, we get Cα,β

(
Qq′,p

)
< Cα,β (Pq,p).

Case ii: L
(
Qq′,pK−1

)
> L

(
Pq,pK−1

)

This leads to a longer B-path Q′′
q′,p with lower (or equal) cost by the

construction in the proof of Lemma 4.3, so this case leads to a contradiction
since Pq,p is a B-path of maximal length (see Remark 4.1) by assumption.
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4.1.2 Restrictions on the image domain
In the implementations, only a subset of G, the image domain IG, is be con-
sidered. It might then be the case that the distance propagating path has some
elements that is not in the image domain. To avoid this situation, we introduce
some restrictions on the image domain in this section.
The wedgeW translated by p is

W (p) =
{
p+
−→
0p′, where p′ ∈W

}
.

Definition 26 (N1-wedge-preserving image domain). The image domain is
called N1-wedge-preserving if ∀p,q ∈ IG, there is a wedge W of N1 such
that
• p ∈W(q) and
• all minimal cost (1)-paths Pq,p using local steps from
{v ∈N1 : 0+v ∈W} are completely in IG.

The conditions on the image domain in Lemma 4.5 are useful when the fcc
and bcc grids are used. See also Figure 4.5.

Lemma 4.5. The image domain is N1-wedge-preserving if there are integers
Li and Ui such that Li <Ui and

IF = {(x,y,z) ∈ F| L1 ≤ x+ y+ z≤U1, L2 ≤ x+ y− z≤U2,
L3 ≤ x− y− z≤U3, and L4 ≤ x− y+ z≤U4}

IB = {(x,y,z) ∈ B| L1 ≤ x+ y≤U1, L2 ≤ y+ z≤U2, and L3 ≤ x+ z≤U3} .

Proof. Let q,p ∈ IG and Pq,p = 〈q= p0, . . . ,pn = p〉 be a minimal cost (1)-
path. Assume that Pq,p has elements not in IG and let i be the smallest index
such that such that pi /∈ IG.
For B, N1 can be divided into the wedges (up to permutation of the coordi-
nates)

W1 spanned by {(1,1,1),(1,−1,1),(1,1,−1)}
W2 spanned by {(1,−1,−1),(1,−1,1),(1,1,−1)}
W3 spanned by {(−1,1,1),(−1,−1,1),(−1,1,−1)}
W4 spanned by {(−1,1,1),(−1,−1,1),(−1,1,−1)}

Now, p ∈Wk(q) for some k. Since q ∈ IB and pi /∈ IB

• pi(1)+ pi(2) >U1 can occur when p ∈Wk(q) for k = 1 or k = 2 since
then the step (1,1,1) or (1,1,−1) might be used,
• pi(2)+ pi(3) >U2 can occur for k= 1, k= 3, or k= 4 since then the step
(1,1,1) or (−1,1,1) might be used,
• pi(1)+ pi(3) >U3 can occur for k= 1 or k= 2 since then the step (1,1,1)
or (1,−1,1) might be used,
• pi(1) + pi(2) < L1 can occur for k = 3 or k = 4 since then the step
(−1,−1,1) might be used,

110



(a) (b) (c) (d)

Figure 4.5: The image domains defined in Lemma 4.5 with Li =−10 andUi = 10 for
all i. An image domain in the fcc grid is illustrated in (a) and (b) and in the bcc grid
in (c) and (d). Each grid point in the image domain is represented by a dot in (a) and
(c). The convex hull of IG is shown in (b) and (d).

• pi(2) + pi(3) < L2 can occur for k = 2 since then the step (1,−1,−1)
might be used,
• pi(1) + pi(3) < L3 can occur for k = 3 or k = 4 since then the step
(−1,1,−1) might be used.

For all these cases, for any local local step in {v ∈N1 : 0+v ∈Wk} between
pi and pi+1, these inequalities are valid also for pi+1. Therefore p j /∈ IG for
all j ≥ i, which contradicts p ∈ IG.
For F, the wedges in N1 are, up to permutations and change of sign of
the coordinates W1 spanned by {(1,1,0),(1,0,1),(0,1,1)} and W2 spanned
by {(1,1,0),(1,0,1),(1,−1,0)}. The proof is similar to the case for the bcc
grid.

Definition 27 (Image border point). All grid points p ∈ IG such that there is
an adjacent grid point q /∈ IG are called image border points.

Lemma 4.6. Let the weights (α,β ) and the ns B be given. Let also q ∈ X,
p ∈ X, and Pq,p be a distance propagating B-path. If either
(A) all image border points are in the background or
(B) the image domain is N1-wedge-preserving,
then Pq,p is in IG.

Proof. When condition (A) is fulfilled: Let Pq,p be a distance propagating
B-path defining dα,β (p,X ;B). Let L(Pq,p) = n and assume that pi /∈ IG for
some i : 0 < i < n. Then there is a positive integer L such that pi+L ∈ X , and
thus dα,β

(
pi+L,X ;B

)
= 0. But since Pq,p is a distance propagating B-path,

0< dα,β (q,pi+L;B) = dα,β

(
pi+L,X ;B

)
. Contradiction.

When condition (B) is fulfilled: Since any point in wedge W of N1, any
wedge W ′ of N1,2 is also in IG since W ′ ⊂W . By Definition 14, it follows
that there is a distance propagating, minimal cost B-path is in IG.

Figure 4.6 shows an example of a DTC when the image domain is not N1-
wedge-preserving.
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4.1.3 The distance transform by wave-front propagation

Algorithm 1: Computing DTC and DTL for weighted ns-distances by
wave-front propagation.

Input: B, α,β , neighborhoods N1 and N2, and an object X ⊂G.
Output: The distance transforms DTC and DTL.
Initialization: Set DTC(p)← 0 for grid points p ∈ X and DTC(p)← ∞
for grid points p ∈ X . Set DTL = DTC . For all grid points p ∈ X
adjacent to X : push (p,DTC(p)) to the list L of ordered pairs sorted by
increasing DTC(p).
Notation: ωv is α if v ∈N1 and β if v ∈N2.
while L is not empty do

foreach p in L with smallest DTC(p) do
Pop (p,DTC(p)) from L;
foreach q: q,p are b(DTL(p)+1)-neighbors do
if DTC(q) > DTC(p)+ωp−q then
DTC(q)← DTC(p)+ωp−q;
DTL(q)← DTL(p)+1;
Push (q,DTC(q)) to L;

end

end

end

end

Theorem 4.2. Let G wedge-2-generated by N1 and N2, let 0< α ≤ β ≤ 2α ,
the ns B, and the object X be given. If the image domain IG be such that

either

(A) all image border points are in the background or
(B) the image domain is N1-wedge-preserving
then Algorithm 1 gives DTC as defined in Definition 21.

Proof. This follows from Theorem 4.1 and Lemma 4.6.

The time complexity of Algorithm 1 is O(N logN), where N is the number
of grid points in the image domain. There are N grid points to visit and for
each grid point that is inserted in the list, it takes (in the worst case) logN time
to keep the list sorted. If integer weights are used, the sorting can be done in
constant time (by bucket sort). Therefore, the time complexity is O(N) when
integer weights are used.
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Figure 4.6: Distance transforms for B = (1,2,2) and (α,β ) = (2,3) for an image
on Z

2 with the natural neighborhoods such that the image domain is not wedge-
preserving. In (a), the DTC produced by Algorithm 1 is shown, and in (b), the correct
DTC (according to Definition 21) is shown.

The constrained distance transform

The distance transform is obtained by labeling each object grid point with
the distance to the closest background grid point. When (A) or (B) in The-
orem 4.2 are not fulfilled, then the wave-front Algorithm 1 gives the con-
strained distance transform. We say that grid points not in IG are obstacle
grid points. See Figure 4.6 for an illustration.
In Figure 4.8, constrained distance transforms (cDTs) from a single pixel
are shown for some distance functions. Note that the limitation of using only
one source pixel is not used in (and thus not needed for) the algorithm for
path-based distance functions. It is, however, used in the algorithm for the Eu-
clidean metric presented in [Coeurjolly et al., 2004]. In Figure 4.7, the con-
strained distance transform is illustrated for the fcc and bcc grids.
First, we consider the square grid and the neighborhood sequences B1= (1),
B2 = (2), B3 = (1,2), B4 = (1,2,1,2,2) and the ns B5 defined recursively as

b5(k+1) = 1 if 1kB5 <
(
1−
√
3/3
)
k

b5(k+1) = 2 otherwise.

In this way, B5 will approximate the value of 1−
√
3/3 (which is the optimal

value derived in Section 3.1.2) as closely as possible and

lim
k→∞

1kB5
k

= γ and lim
k→∞

2kB5
k

= 1− γ .
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(a) (b) (c)

Figure 4.7: The constrained distance transform on the fcc and bcc grids. Figure (a)
shows the shape of the obstacle – a cube with a single tunnel. Inside the cube, there is
a source grid point. The grid points with a constrained distance less than a threshold T
is shown in (b) and (c) for the fcc and bcc grids, respectively. For the fcc grid, T = 38,
B= (1,2), α = 2, and β = 3 are used and for the bcc grid, T = 110, B= (1,2), α = 5,
and β = 6 are used.

The following distance functions are considered:
Distance function Name of the distance function

d1(·, ·) = d1,1(·, ·;B1) city-block distance

d2(·, ·) = d1,1(·, ·;B2) chessboard distance

d3(·, ·) = d3,4(·, ·;B2) 3-4 weighted distance

d4(·, ·) = d1,1(·, ·;B3) octagonal distance

d5(·, ·) = d2,3(·, ·;B3) weighted ns-distance

d6(·, ·) = d4,5(·, ·;B4) weighted ns-distance

d7(·, ·) = d1,3−
√
3(·, ·;B5) optimal weighted ns-distance

In Figure 4.8, Algorithm 1 is applied to compute the cDT using d1–d7 de-
fined above.
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Object d1 d2

d3 d4 d5

d6 d7

Figure 4.8: Constrained DT on the object (the source pixel is marked by a cross in
the upper left figure and the constraints are the white lines) for the distance functions
defined in the text. Each pixel is displayed using the remainder of the distance value
divided by some integer as gray value.
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4.1.4 The distance transform by raster scanning
In the previous section, the wave-front propagation technique was explained
for weighted ns-distances. In this section, we describe how the DT can be
computed using a fixed number of scans with a pre-defined scanning order.
Since a fixed number of scans are used and the time complexity is bounded
by a constant for each visited grid point, the time complexity is linear in the
number of grid points in the image domain.

Definition 28 (Scanning mask). Given a chamfer mask CN and a set N ′ ⊂
N , a scanning maskMCN ,N ′ = {(vk,ωk) ∈ CN : vk ∈N ′} is the set of vec-
tors from the origin to some grid points adjacent to 0 and the corresponding
weights.

Definition 29 (Scanning order). A scanning order (so) is an enumeration of
the M = card(IG) distinct points in IG, denoted p1,p2, . . . ,pM .

For a scanning mask to propagate distances efficiently, it is important that,
in each step of the propagation, the values at the points in IG to which the
mask can propagate distances have not already been visited. This is guaranteed
if each point that can be reached by the scanning mask either has not been
visited or is outside the image.

Definition 30 (Mask supporting a scanning order). Let p1,p2, . . . ,pM ∈ IG be
a scanning order andMCN ,N ′ a scanning mask. The scanning maskMCN ,N ′

supports the scanning order if

∀pi,∀v ∈N ′,
((
∃i′ > i : pi′ = pi+v

)
or (pi+v /∈ IG)

)
.

It is well-known that a two-scan algorithm is sufficient in Z
2 for the

weighted distance, see [Rosenfeld and Pfaltz, 1966]. The following example
shows that this is not the case for ns-distances.

Example 4.4. Consider the initial image in Z
2 shown in Figure 4.9(a). The

setsN 1 andN 2 are such that they propagate distances in the directions shown
in Figure 4.9(b) by dashed and solid lines, respectively. The correct distance
transforms for B = (1) (city block), B = (2) (chessboard), and B = (1,2)
(octagonal) are shown in Figure 4.9(c), 4.9(d), and 4.9(e), respectively. For
B = (1) and B = (2), a two-scan algorithm is sufficient to propagate the dis-
tance between the two pixels in gray.
As illustrated in Figure 4.9(e), two scans are not enough for B= (1,2). The
reason is that the distance value that is propagated depends only on distance
values that have already been propagated. Thus, if local steps from N 2 are
needed before local steps from N 1 (as in Figure 4.9(e)), then two scans are
not enough.

Since Algorithm 2 only propagates distances from mask i in scan i, there
must be a distance propagating B-path satisfying the condition in Proposi-
tion 4.1 below for each pair of grid points in IG for the propagation of dis-
tances to be sufficient.
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Figure 4.9: Distance transforms of (a) for B= (1), B= (2), and B= (1,2) are shown
in (c), (d), and (e), respectively. Examples of minimal cost B-paths are shown in (c)–
(e) over the DTs. Directions supported by the masksN 1 andN 2 are shown as dashed
and solid lines, respectively. The directions supported by the masks are shown in (b).

Proposition 4.1. Given a neighborhood sequence B and weights α,β , if for
each q,p∈IG there is a distance propagating B-path 〈q= p0,p1, . . . ,pn = p〉
in IG between q and p of length n and integers T0,T1, . . . ,TL s.t.

pi−pi−1 ∈





N 1 if 0= T0 < i≤ T1
N 2 if T1 < i≤ T2

...

N L if TL−1 < i≤ TL = n

then Algorithm 2 returns a distance transform DTC .

The proof of this proposition is obvious: the first scan propagates the T1 first
steps of the path, the second scan propagates the steps T1+1, . . . ,T2 and so on
until the last scans propagates the steps TL−1+1, . . . ,TL.
Now, conditions for the sets N i to fulfill the condition in Proposition 4.1
are derived.
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Algorithm 2: Computing DTC and DTL for weighted ns-distances by
raster scanning.

Input: B, α,β , neighborhoods N1 and N2, and an object X ⊂G.
Output: The distance transforms DTC and DTL.
Initialization: Set DTC(p)← 0 for grid points p ∈ X and DTC(p)← ∞
for grid points p ∈ X . Set DTL = DTC .
Comment: The image domain IG is scanned L times using scanning
orders such that the scanning maskMCN1,2

,N i supports the scanning

order soi, i ∈ {1, . . . ,L}.
Notation: ωv is α if v ∈N1 and β if v ∈N2.
for i= 1 : L do
foreach p ∈ IG following soi do

if DTC(p) < ∞ then
foreach v ∈N i do
if p and p+v are b(DTL(p)+1)-neighbors then
if DTC(p+v) > DTC(p)+ωv then
DTC(p+v)← DTC(p)+ωv;
DTL(p+v)← DTL(p)+1;

end

end

end

end

end

end

Theorem 4.3. Let G be wedge-2-generated by N1 and N2 and let the image
domain IG be such that either

(A) all image border points are in the background or
(B) the image domain is N1-wedge-preserving.
If eachWi ofN1 is represented by at least one scanning maskMCN1,2

,N j and

the scanning masks support the scanning orders, then Algorithm 2 returns a

distance transform DTC for any B and weights such that α ≤ β ≤ 2α .

Proof. By Lemma 4.6, we know that there is a distance propagating B-path
defining DTC is in the image domain. Since the masks are supported by the
scanning orders, this path is propagated. The correctness follows from the
correctness of Algorithm 1 proved in Theorem 4.2.

Proposition 4.2. For the square, fcc and bcc grids, if each configuration sym-

metric to the configurations shown in Figure 4.10 is included in at least one

scanning mask supporting the scan orders used in Algorithm 2, then Algo-

rithm 2 will produce correct distance transforms.
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Figure 4.10: Configurations in Z
2, F, and B. The Voronoi regions are color-coded as

in Figure 3.2. See text.

Proof. This is a consequence of the fact that for these grids, for each pair of
points p,q, there is a distance propagating B-path of minimal cost containing
only one of the local step fromN2 (one type of 2-neighbor) and since the order
of the 1-steps is arbitrary, there is always a minimal cost B-path propagated
by Algorithm 2.

Note that, in the proof above, we based the argument for the fcc and bcc
grids on the fact that only one 2-neighbor is in each wedge. This is the case
also for Fn and B

n, so we expect that these grids also are efficient in this sense.

Example 4.5. Consider F, the neighborhood sequence B = (1,2,1,1,2) and
the grid point p= (6,2,0). A minimal cost B-path between 0 and p is

0= (0,0,0),(1,1,0),(3,1,0),(4,1,−1),(5,1,0),(6,2,0) = p.

The local steps in this path are

v1 = (1,1,0), v2 = (2,0,0), v3 = (1,0,−1), v4 = (1,0,1), v5 = (1,1,0).

The B-paths between 0 and p with the following local steps are also minimal
cost B-paths.

v1 = (1,1,0), v2 = (2,0,0), v3 = (1,1,0), v4 = (1,0,−1), v5 = (1,0,1)

v1 = (1,0,1), v2 = (2,0,0), v3 = (1,0,−1), v4 = (1,1,0), v5 = (1,1,0).

Thus, any order of the local steps corresponding to 1-neighbors results in min-
imal cost B-paths.

Sets of masks that, by Proposition 4.2, can be used in Algorithm 2 are shown
in Figure 4.11.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.11: The masks above (color-coded as in Figure 3.2) can be used to get
correct results from Algorithm 2. (a)–(d) F and (e)–(h) B.

4.1.5 The look-up table approach
The look-up table LUTv(k) gives the value to be propagated in the direction
v from a grid point with distance value k. We will see that by using this ap-
proach, the additional distance transform DTL is not needed for computing
DTC . Thus, we get an efficient algorithm in this way. In this section, we as-
sume that integer weights are used.
The LUT-based approach to compute the distance transform first appeared
in [Normand and Viard-Gaudin, 1995]. The distance function considered in
[Normand and Viard-Gaudin, 1995] uses neighborhood sequences, but is non-
symmetric. The non-symmetry allows to compute the DT in one scan. The
same LUT-based approach is used for binary mathematical morphology with
convex structuring elements in [Normand, 2003]. This approach is efficient
for, e.g., binary erosion in one scan with a computational per-pixel cost inde-
pendent of the size of the structuring element.
For the algorithm in [Normand and Viard-Gaudin, 1995, Normand, 2003]
the following formula is used in one raster scan:

DTC (p) = min
v∈N

(LUTv (DTC (p+v))) ,

where N is a non-symmetric neighborhood. In this section, we will extend
this approach and allow the (symmetric) weighted ns-distances by allowing
more than one scan.
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Construction of the look-up table

Given a distance value k, the look-up table at position k with subscript-vector
v, LUTv(k), holds information about the maximal distance value that can be
found in a distance map in direction v. See Example 4.6.

Example 4.6. For a distance function on G defined by α = 2,
β = 3 and B = (1,2), the LUT with Dmax = 10 is the following:

j 0 1 2 3 4 5 6 7 8 9 10

v ∈N1: LUTv( j) 2 3 4 5 6 7 8 9 10 11 12

v ∈N2: LUTv( j) 4 4 5 6 7 9 9 10 11 12 14

For a distance function on G defined by α = 2, β = 3
and B = (2,2,1), the LUT with Dmax = 10 is the following:

j 0 1 2 3 4 5 6 7 8 9 10

v ∈N1: LUTv( j) 2 3 4 5 6 7 8 9 10 11 12

v ∈N2: LUTv( j) 3 4 5 6 7 8 10 10 11 12 13

Only the values that are underlined are attained by the distance functions.
See also Figure 4.12. The values in the look-up tables can be extracted from
these DTs by, for each distance value 0 to 10, finding the corresponding max-
imal value in the subscript-direction.

The values in the LUT are given by the formula in Lemma 4.7.
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Figure 4.12: Each pixel above is labeled with the distance to the pixel with value 0. To
the left B= (1,2), (α,β ) = (2,3) is used and to the right B= (2,2,1), (α,β ) = (2,3)
is used. See also Example 4.6.
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Lemma 4.7. LetG wedge-2-generated byN1 andN2, α,β such that 0< α ≤
β ≤ 2α , the ns B, and the integer value k be given. Then

max



v∈N1
p: dα ,β (0,p;B)=k





(
dα,β (0,p+v;B)− k

)
= α and

max



v∈N2
p: dα ,β (0,p;B)=k





(
dα,β (0,p+v;B)− k

)
=





2α
if ∃n : b(n+1) = 1

and k = 1nBα +2nBβ

β else.

Proof. When v is a 1-step, then the maximum difference between
dα,β (0,p+v;B) and dα,β (0,p;B) is α by definition. There is a local step
v ∈N1 that increases the length of the minimal cost B-path (for any B) by 1,
so the maximum difference α is always attained.
When v is a strict 2-step, v ∈ N2 is the sum of two local steps from N1.
Intuitively, if there are “enough” 2s in B, then the maximum difference is β .
Otherwise, two 1-steps are used and the maximum difference is 2α . To prove
this, let P0,p = 〈0= p0,p1, . . . ,pn = p〉 be a minimal cost B-path and let p be
in the wedgeW1 of N1 andW2 of N2. We have the following conditions on
B:
(i) b(n+1) = 1 and
(ii) dα,β (0,p;B) = 1nBα +2nBβ .
We note that (i) implies that P0,p ·〈p+w〉 is a B-path iffw∈N1 and a minimal
cost B-path if w ∈W1. Also, (ii) implies that the number of 2:s in B up to
position n equals the number 2-steps in P0,p.
If both (i) and (ii) are fulfilled, since b(n + 1) = 1, the 2-step v of
W2 is divided into two 1-steps of W1 giving a minimal cost B-path, so
dα,β (0,p+v;B) = dα,β (0,p;B)+2α .
If (i) is not fulfilled, then there is a v of W2 such that P0,p · 〈p+ v〉 is a
minimal cost B-path of cost dα,β (0,p+v;B) = dα,β (0,p;B)+β .
If (i), but not (ii) is fulfilled, then for any minimal cost B-pathQ0,p, we have

k = 1Q0,pα +2Q0,pβ 6= 1
L(Q0,p)
B α +2

L(Q0,p)
B β .

It follows that 2Q0,p < 2
L(Q0,p)
B . Therefore, there is a 1-step inQ0,p that can be

swapped with the 2-step v giving a minimal cost B-path of cost dα,β (0,p;B)+
β .

The formula in Lemma 4.7 gives an efficient way to compute the look-up
table, see Algorithm 3. The algorithm gives a correct LUT by Lemma 4.7. The
output of Algorithm 3 for some parameters is shown in Example 4.6.
Lemma 4.8 shows that the distance values are propagated correctly along
distance propagating paths by using the look-up table.
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Algorithm 3: Computing the look-up table for weighted ns-distances.

Input: Neighborhoods N1, N2, weights α and β (0< α ≤ β ≤ 2α), a
ns B, and the largest distance value Dmax.

Output: The look-up table LUT .
for k = 1 : Dmax do
foreach v ∈N1 do
LUTv(k)← k+α;

end

foreach v ∈N2 do
LUTv(k)← k+β ;

end

end

n← 0;
while 1nBα +2nBβ ≤ Dmax do
if b(n+1) == 1 then
LUTv(1

n
Bα +2nBβ )← (1nB+2)α +2nBβ ;

end

n← n+1;
end

Lemma 4.8. Let Pp0,pn = 〈p0,p1, . . . ,pn〉 be a distance propagating B-path.
Then

Cα,β (〈p0,p1, . . . ,pi+1〉) = LUTpi+1−pi
(
Cα,β (〈p0,p1, . . . ,pi〉)

)
∀i< n.

Proof. Assume that the lemma is false and let i be the minimal index such that

Cα,β

(
Pp0,pi+1

)
6= LUTpi+1−pi

(
Cα,β

(
Pp0,pi

))
.

Then there is a path Qq0,q j = 〈q0,q1, . . . ,q j〉 such that
Cα,β

(
Pp0,pi

)
= Cα,β

(
Qq0,q j

)
and L

(
Pp0,pi

)
6= L

(
Qq0,q j

)

defining the value in the LUT, i.e.,

Cα,β

(
Qq0,q j · 〈q j+v〉

)
= LUTv

(
Cα,β

(
Pp0,pi

))
,

where v = pi+1−pi. Since the LUT stores the maximal local distances that
are attained,

Cα,β

(
Qq0,q j · 〈q j+v〉

)
> Cα,β

(
Pp0,pi+1

)
.

It follows from Lemma 4.7 that v is a strict 2-step and that
LUTv

(
Cα,β

(
Pp0,pi

))
= 2α and

Cα,β

(
Pp0,pi+1

)
−Cα,β

(
Pp0,pi

)
= β .
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Since Pp0,pi is a distance propagating B-path and v is a strict 2-step,

2
L(Pp0,pi)
B = 2Pp0,pi (4.3)

and 2
L(Pp0,pi+1)
B = 2Pp0,pi+1 .

case i L
(
Pp0,pi

)
> L

(
Qq0,q j

)

It follows that 2Pp0,pi < 2Qq0,q j ≤ 2
L

(
Qq0,q j

)

B ≤ 2L(Pp0,pi)
B which contradicts

(4.3).
case ii L

(
Pp0,pi

)
< L

(
Qq0,q j

)

This implies that 2Pp0,pi > 2Qq0,q j . Then Qq0,q j · 〈q j + v〉 is not a distance
propagating path (there are more elements 2 in B than 2-steps in the path).
It follows from Lemma 4.7 that there is a distance propagating path from q0
to q j+ v of cost Cα,β

(
Qq0,q j

)
+ β . Since Qq0,q j is arbitrary, it follows that

LUTv
(
Cα,β

(
Pp0,pi

))
= LUTv

(
Cα,β

(
Qq0,q j

))
= β . Contradiction.

Computing the DT using look-up tables

In this section, we give algorithms that can be used to compute the distance
transform using the LUT-approach. Since the same paths are propagated using
this technique, the same conditions on the masks, scanning orders, and image
domain are needed for Algorithm 4 and 5 to produce distance transforms with-
out errors as when the additional distance transformDTL is used. Note that Al-
gorithm 4 and 5 derive from the work in [Normand and Viard-Gaudin, 1995,
Normand, 2003], but here, symmetrical distance functions are allowed due to
the increased number of scans.

Algorithm 4: Computing DTC for weighted ns-distances by wave-front
propagation using a look-up table.
Input: LUT and an object X ⊂G.
Output: The distance transform DTC .
Initialization: Set DTC(p)← 0 for grid points p ∈ X and DTC(p)← ∞
for grid points p ∈ X . For all grid points p ∈ X adjacent to X : push
(p,DTC(p)) to the list L of ordered pairs sorted by increasing DTC(p).
while L is not empty do

foreach p in L with smallest DTC(p) do
Pop (p,DTC(p)) from L;
foreach v ∈N1,2 do
if DTC(p+v) > LUTv (DTC(p)) then
DTC(p+v)← LUTv (DTC(p));
Push (p+v,DTC(p+v)) to L;

end

end

end

end
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Algorithm 5: Computing DTC for weighted ns-distances by raster scan-
ning using a look-up table.
Input: LUT and an object X ⊂G.
Output: The distance transform DTC .
Initialization: Set DTC(p)← 0 for grid points p ∈ X and DTC(p)← ∞
for grid points p ∈ X .
Comment: The N1-wedge-preserving image domain IG is scanned L
times using scanning orders such that the scanning mask defined by N i
supports the scanning order soi, i ∈ {1, . . . ,L}
for i= 1 : L do
foreach p ∈ IG following soi do

if DTC(p) < ∞ then
foreach v ∈N i do
if DTC(p+v) > LUTv (DTC(p)) then
DTC(p+v)← LUTv (DTC(p));

end

end

end

end

end

We remark that the computational cost of Algorithm 3 is linear w.r.t. the
maximal radius Dmax and that the LUT can be computed on the fly when
computing the DT. In other words, if it turns out during the DT computation
that the LUT is too short, it can be extended by using Algorithm 3 with the
modification that the loop variable starts from the missing value. Note also
that for short neighborhood sequences, the LUT can sometimes be replaced
by a modulo operator. For example, when (α,β ) = (4,5) and B= (1,2), then
by propagating distances to 2-neighbors only when DTC (p) is not divisible
by nine gives a very fast algorithm the computes a DT with low rotational
dependency.

4.1.6 The cubic grid
Asmentioned in Chapter 3, the cubic grid does not fit in the framework we use.
The reason is that (1,1,0),(1,0,1),(0,1,1) is not a basis of Z3 and therefore,
the chamfer mask C2 using N1,2 defined in Notation 3.1 is not restricted.
The wedges that are used are (up to symmetry) W1 =
〈〈(1,0,0),(0,1,0),(0,0,1)〉〉∗, W2 = 〈〈(1,0,0),(1,1,0),(1,0,1)〉〉∗,
and W3 = 〈〈(1,1,0),(1,0,1),(0,1,1)〉〉∗. The wedge W1 is needed for the
distance dC1 and obviously, the image domain is N1-wedge-preserving if

I
Z3 = {(x,y,z) : L1 ≤ x≤U1,L2 ≤ y≤U2,L3 ≤ z≤U3,}

for some integers Li <Ui.
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Figure 4.13: Configuration for the cubic grid. The voxels are color-coded as in Fig-
ure 3.8. See text.

Since this grid with the natural neighbors does not meet the conditions to be
wedge-2-generated, the correctness of the algorithms can not be proved using
the techniques we used for grids wedge-2-generated by some N1 and N2. In
[Strand et al., 2006], we proved that if the configuration shown in Figure 4.13
and the configurations symmetric (up to rotation and reflection) to this is in-
cluded in at least one scanning mask, then there is always a shortest B-path in
any N1-wedge-preserving image domain defining DTC . In Figure 4.14, scan-
ning masks that can be used are shown.
Note that weighted ns-distances can be defined for, e.g., Z

3 with three
neighborhood relations. The framework used here allows only two neighbor-
hood relations. Four scans are, however, sufficient for the cubic grid also when
three neighborhood relations are used, see [Strand et al., 2006].

N 1 N 2

N 3 N 4

Figure 4.14: Scanning masks to be used when computing the DT for weighted ns-
distances on the cubic grid.
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4.2 Weighted distances
In this section, any point-lattice is allowed, so the restriction that the point-
lattices should be wedge-2-generated by N1 and N2 is not used here. The
reason is that the theory for weighted distances presented in Section 3.1 al-
lows large neighborhoods with many different weights. We will assume that
the chamfer masks are restricted. We will put some restrictions on the image
domain also for the weighted distances, but the restrictions are weaker com-
pared to the case with (weighted) ns-distances. The reason is that anyminimal
cost path is a distance propagating path for weighted distances. This allows the
use of less restricted image domains.

Definition 31. Given a= (a1,a2, . . . ,an), where a1,a2, . . . ,an ∈R and σ ∈R,
let

T aσ ,� = {p ∈G : a1p(1)+a2p(2)+ . . .+anp(n)�σ} ,

where � is one of the relations <,≤,=,≥, or >.

For example, T aσ ,= is (the grid points intersecting) a hyperplane and T aσ ,<,
T aσ ,≤, T aσ ,>, and T aσ ,≥ are half-spaces separated by the hyperplane T aσ ,=.
Now we prove that, in a distance transform DTC , for any point p′ on a
path defining the distance between p ∈ X and its closest background point
q ∈ X , the value in the distance transform at point p′ is given by DTC(p′) =
dCN (q,p′). In other words, one of the closest points in the background from
p′ is q and thus any minimal cost path is distance propagating.

Lemma 4.9. Let p ∈ X and q ∈ X be such that dCN (p,q) = dCN (p,X). Let
Pq,p = 〈q = p0,p1, . . . ,pn = p〉 be a minimal cost path defining dCN (p,q).

For any point p′ in Pq,p, dCN (p′,X) = dCN (q,p′).

Proof. Assume that dCN (p′,X) < dCN (q,p′). Then there is a point
q′ ∈ X such that dCN (p′,X) = dCN (q′,p′). Since p′ is in Pq,p,
we have dCN (p,X) = dCN (q,p) = dCN (q,p′) + dCN (p′,p) >

dCN (q′,p′)+dCN (p′,p)≥ dCN (q′,p)≥ dCN (p,X). Contradiction.

To assure that the propagation does not depend on points outside the image
domain, we use similar conditions as for (weighted) ns-distances, i.e., border
points in the background and wedge-preserving image domain.

Definition 32 (Border point). Given a chamfer mask CN , a point p ∈ IG is a
border point if

∃v ∈N : p+v /∈ IG.

Lemma 4.10. If for all border points r ∈ IG,r ∈ X, then for all p ∈ X ,q ∈ X
such that dCN (p,X) = dCN (p,q), all points in any minimal cost path between
q and p are in IG.
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Proof. Assume that a point p′ in a minimal cost path between q and p is
not in IG. Then, since all border points are in the background, there is a back-
ground grid point in all paths between p′ and p. Since dCN (p,p′) < dCN (p,q),
it follows that there must be a border point p′′ ∈ X such that dCN (p,p′′) <

dCN (p,p′) < dCN (p,q) which contradicts dCN (p,q) = dCN (p,X).

Definition 33 (N -wedge-preserving half-space). Given a neighborhood N
and σ ∈ R, a1,a2, . . . ,an ∈ Z such that ∃p ∈ G : p ∈ T aσ ,=. The half-spaces
T aσ ,≥ and T aσ ,≤ are N -wedge-preserving if

∀p ∈ T aσ ,=,∀W of N , either
(
W (p)⊂ T aσ ,≤

)
or
(
W (p)⊂ T aσ ,≥

)
.

Definition 34 (N -wedge-preserving image). Given a neighborhood N , the
image IG is N -wedge-preserving if it is the intersection of wedge-preserving
half-spaces.

Lemma 4.11. If an image IG isN -wedge-preserving, then for any two points
q,p ∈ IG such that p ∈W (q), where W = 〈〈v1,v2, . . . ,vn〉〉∗ is a wedge of
N , all points in any minimal cost path of local steps v1,v2, . . . ,vn between q
and p defining dCN (q,p) are in IG.

Proof. Let IG be N -wedge-preserving. For any q,p ∈ IG, there is a
path Pq,p = 〈q = p0,p1, . . . ,pn = p〉 such that all local steps are in the
set {v ∈N : 0+v ∈W}. Assume that there is a k such that pk ∈ IG and
pk+1 /∈ IG.

By the definition of wedge-preserving, either
(
W (q)⊂ T aσ ,≤

)
or

(
W (q)⊂ T aσ ,≥

)
for all half-spaces defining IG. It follows that, for all local

steps vi ∈ {v ∈N : 0+v ∈W}, either 0+vi ∈ T a0,≤ or 0+vi ∈ T a0,≥. Without
loss of generality assume 0+ (pk+1−pk) ∈ T a0,<. This implies that all local
steps vi ∈ {v ∈N : 0+v ∈W}, 0+ vi ∈ T a0,≤, thus 0+ (pl−pk) ∈ T a0,< for
any l > k. Therefore, pk+1 /∈ IG⇒ p /∈ IG. Contradiction.

Definition 35 (Hyperplane-separated scanning masks). Let a chamfer mask
CN be given. Let also a1,a2, . . . ,an ∈ Z defining the hyperplane T a0,= such
that

{
v ∈N : 0+v ∈ T a0,=

}
= /0 be given. Let

N 1 =
{
v ∈N : 0+v ∈ T a0,<

}

N 2 =
{
v ∈N : 0+v ∈ T a0,>

}
.

The hyperplane-separated scanning masks with respect to CN are defined as

MCN ,N 1 =
{
(vk,ωk) ∈ CN : vk ∈N 1

}

MCN ,N 2 =
{
(vk,ωk) ∈ CN : vk ∈N 2

}
.
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Algorithm 6: Computing DTC for weighted distances by wave-front
propagation.
Input: Chamfer mask CN and an object X ⊂G.
Output: The distance transform DTC .
Initialization: Set DTC(p)← 0 for grid points p ∈ X and DTC(p)← ∞
for grid points p ∈ X . For all grid points p ∈ X adjacent to X : push
(p,DTC(p)) to the list L of ordered pairs sorted by increasing DTC(p).
while L is not empty do

foreach p in L with smallest DTC(p) do
Pop (p,DTC(p)) from L;
foreach vi ∈N do
if DTC(p+vi) > DTC(p)+ωi then
DTC(p+vi)← DTC(p)+ωi;
Push (p+vi,DTC(p+vi)) to L;

end

end

end

end

Proposition 4.3. Given a hyperplane-separated scanning maskMCN ,N ′ and

an image IG, there is a scanning order such thatMCN ,N ′ supports the scan-

ning order.

Proof. We present here a constructive proof. Let T a0,= such that{
v ∈N : 0+v ∈ T a0,=

}
= /0 be the hyperplane defining MCN ,N 1 and

MCN ,N 2 . For each point p, let σi be the unique value such that p ∈ T aσi,= and
sort the points w.r.t. increasing σi.
We will see that this procedure gives a scanning order that satisfies Defi-
nition 30: Given any point pi ∈ IG and any element v j ∈ N 1, by construc-
tion, pi ∈ T aK1,= and pi+ v j ∈ T

a
K2,=
implies that K1 < K2. This means that if

pi+v j ∈ IG, then the index i′ of this point pi′ = pi+v j is i′ > i.

Theorem 4.4. If either

• all border points are in X or
• IG is N -wedge-preserving,
then Algorithms 6 and 7 produce distance transforms as defined in Defini-

tion 21.

Proof. The masks support the scanning orders by Lemma 4.9, so a minimal
cost path is propagated. Also, by Lemma 4.10 or Lemma 4.11, there is a min-
imal cost path between any two points p,q ∈ IG with all points in IG.

In Figure 4.15, an example with an image that is not wedge-preserving is
shown. This illustrates the need for the conditions in Theorem 4.4.

129



Algorithm 7: Computing DTC for weighted distances by raster scan-
ning, the chamfer algorithm.
Input: Chamfer mask CN and an object X ⊂G.
Output: The distance transform DTC .
Initialization: Set DTC(p)← 0 for grid points p ∈ X and DTC(p)← ∞
for grid points p ∈ X .
Comment: The image domain IG is scanned 2 times using scanning
orders such that the hyperplane-separated scanning maskMCN ,N k

supports the scanning order sok, i ∈ {1, . . . ,2}.
for k = 1 : 2 do
foreach p ∈ IG following sok do

if DTC(p) < ∞ then

foreach vi ∈N k do
if DTC(p+vi) > DTC(p)+ωi then
DTC(p+vi)← DTC(p)+ωi;

end

end

end

end

end
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Figure 4.15: The mask CN =
{
((0,±1),1),((±

√
3/2,±1/2),1)

}
for the hexago-

nal grid is illustrated in (a). The hyperplane-separated scanning masks MCN ,N 1

andMCN ,N 2 in (b) and (c) are defined by N 1 =
{
(1,0),(1/2,±

√
3/2
}
and N 2 ={

(−1,0),(−1/2,±
√
3/2
}
. In (d), an image IH with one a single pixel in X is shown.

Since IH is not wedge-preserving, the two-scan algorithm does not produce correct
result. Figure (e) and (f) show the result after the first and the second scan, respec-
tively. The image in (g) is wedge-preserving and the result after the first and second
scan is shown in Figure (h) and (i), respectively.
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5. Computing the distance transform
with the Euclidean distance

For applications where low rotational dependency of the distance function
is of great importance, the Euclidean distance is often considered. There are
some different approaches for computing the Euclidean distance transform.
In this chapter, the vector propagation and the fast-marching methods will be
considered for the cubic, fcc, and bcc grids.
A pioneering work in this field is [Danielsson, 1980], where a
vector-propagation algorithm that uses four scans of the image is presented.
We call such methods vector propagation methods (VPM). Algorithms based
on VPM are not completely error-free. The VPM in [Danielsson, 1980] has
been subject of several extensions and generalizations. In [Borgefors, 1984],
a generalization to three dimensions is presented and to any dimension in
[Ragnemalm, 1993]. In [Ragnemalm, 1993], an algorithm that uses 2n scans
in Z

n is presented. For the special cases of two and three dimensions, 3- and
4-scan algorithms are presented, respectively. The algorithm generalized
to anisotropically scaled grids Z

2 and Z
3 and the errors produced by it is

analyzed in [Mullikin, 1992]. In [Strand, 2005b], we applied the algorithm to
the fcc and bcc grids.
There are also VPM-algorithms that use wave-front approaches for propa-
gating the vectors, see, e.g., [Cuisenaire and Macq, 1999, Ragnemalm, 1992,
Eggers, 1998]. Here, a list contains the points in the wave-front and the corre-
sponding vectors. The list is updated by removing the point with the minimal
distance value and adding its non-visited neighbors to the list. This is repeated
until all grid points have been visited. Another way to propagate the distance
values in the wave-front is to use a parallel algorithm, see [Yamada, 1984,
Eggers, 1996].
When the fast-marching method (FMM) is used, the resulting DT is an
approximation of the solution to a differential equation, the Eikonal equa-
tion. We use an implementation in which the DT is computed by numerically
simulating an evolving wave-front. A neighborhood is used to approximate
the arrival time at a grid point using neighbors that have already been up-
dated. The errors here are due to the digital grids and in general these errors
are not neglectible, see [Bærentzen, 2001]. In [Sethian, 1999], a second-order
scheme is used to minimize the errors in the DT obtained by FMM and in
[Hassouna and Farag, 2007], a rotated neighborhood (corresponding to diag-
onal neighbors) is used in conjunction with the standard neighborhood (the
five-point stencil). See also the survey [Jones et al., 2006]. The FMM is in its
original form consistent and stable, so by using a dense grid, the errors can be
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low. In general, the computational complexity is O(N logN), where N is the
number of grid points in the image domain, for both the wave-front VPM and
the FMM. It is O(N) for the raster scanning VPM.
Both the VPM and the FMM [Sethian, 1999] give errors in the DT. As we
will see, the nature of the errors that appear are different. For the VPM, the DT
contains errors if some local configurations of grid points are present. A thor-
ough error analysis is performed in Section 5.1.2. Many different approaches
to extend the VPM algorithm in order to make the DTs error-free have been
considered. One way is to employ extra processing in regions where errors
are likely to appear, see, e.g., [Cuisenaire and Macq, 1999], where the neigh-
borhoods are enlarged or [Ragnemalm, 1992], where extra iterations are per-
formed. One way to make the wave-front propagation algorithm error-free is
to keep the propagation chain convex by splitting it when it loses its convexity,
see [Vincent, 1991].
In [Forchhammer, 1989], the Euclidean distance transform is computed by
post-processing a weighted distance transform using a look-up table.
There is another family of algorithms for computing the Euclidean
distance transform introduced in [Saito and Toriwaki, 1994]. These
algorithms use the fact that the squared Euclidean distance is separable.
Therefore, each dimension can be scanned separately. For Z

2, each row
is scanned to get correct distance values along each row. Then this result
is used when each column of the image is scanned. By modifying the
algorithm in [Saito and Toriwaki, 1994], algorithms with time complexity
that is linear in the number of object grid points have been obtained in
[Maurer et al., 2003, Breu et al., 1995, Guan and Ma, 1998].
Yet another approach to compute the Euclidean DT is to use gray-scale
morphology. By dilating a binary image with a (large) structuring element,
the Euclidean DT is obtained. When a circular cone is used, the Euclidean
distance is obtained [Shih and Mitchell, 1992] and when a circular paraboloid
is used [Huang and Mitchell, 1994], the resulting DT is based on the squared
Euclidean distance. In [Mehnert and Jackway, 1999], a theory unifying these
two approaches is presented. By decomposing the structuring element into
3×3 structuring elements, efficient algorithms can be obtained.
As noted in [Mehnert and Jackway, 1999], the structuring element decom-
position technique can be applied to the hexagonal grid by adding “dummy”
grid points to the hexagonal grid and applying the algorithm on the resulting
square (rectangular) grid. As a final step, the dummy grid points are disre-
garded. In this way, a DT on the hexagonal grid is obtained. In three dimen-
sions, by noting that the fcc and bcc grids are subsets of a cubic grid, the same
reasoning applies. Any of the algorithms for computing the DT can be applied
to the fcc and bcc grids by adding dummy grid points to get a cubic grid,
compute the DT on the cubic grid and then disregarding the dummy points.
For an image domain on the fcc grid with N grid points, the image domain
on the cubic grid has 2N grid points, so there is a factor two in the complexity
of the algorithms. For the bcc grid the factor is four. Thus, an algorithm with
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linear time complexity on the cubic grid has trivially linear time complexity
also for the fcc and bcc grids by using the following procedure:
• A binary object in an fcc/bcc grid is given.
• Add dummy object grid points to get a cubic grid.
• Compute the distance transform.
• Remove the dummy grid points.
It is obvious that this method introduces a lot of extra processing. We will
present algorithms based on the VPM and FMM that are designed for the fcc
and bcc grids without using the cubic grid.
In this chapter, we will consider the natural neighborhoods (1- and
2-neighborhoods defined in the previous chapter) for the fcc and bcc
grids. Since, for the cubic grid, N1,2 contains the wedge spanned by
(1,1,0),(1,0,1),(0,1,1) and these vectors is not a basis for the cubic
grid, we will instead use the 1- and 3-neighborhoods for this grid. The
3-neighborhood is the set of (26) vectors (up to permutation and change of
sign of the coordinates) (1,0,0),(1,1,0),(1,1,1).

5.1 Computing the distance transform by vector
propagation
In this section, an extension of the raster scanning algorithm for path-based
distances described in the previous chapter is presented. Some of the results
presented here are from [Strand, 2005b]. The extension is to propagate a vec-
tor pointing at the closest background grid point instead of a scalar value rep-
resenting the distance. With this algorithm, the Euclidean DT can be com-
puted. In the previous chapter, the values in the distance transform correspond
to minimal cost paths and therefore, the subscript C was used for the dis-
tance transform DTC . Since we do not compute the costs of paths when the
Euclidean distance is considered, we use DTE , where E stands for Euclidean,
to denote the distance transform in this chapter. We now reformulate Defini-
tion 23 for the case of Euclidean distance.

Definition 36. Given an object grid point p, if there is a background grid point
q such that there is a path Pq,p = 〈q= p0,p1, . . . ,pn = p〉 such that

|q−pi|= DTE (pi) for all i ∈ {0,1, . . . ,n},

then this path is a distance propagating path.

For the case with path-based distances examined in the previous chapter,
we proved that if there is a distance propagating path for each object grid point,
then it is possible to construct an algorithm such that the minimal distance is
propagated to all object grid points by using a local neighborhood at each
step. This is, as we will see, not the case when the Euclidean distance is used
and vectors are propagated. Algorithm 8 will now be analyzed. There are two
major differences compared to the path-based distances:
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• The distance propagating path may not be connected, see Example 5.1, and
• if there is a point q′ ∈ X such that |pi−q′| = |pi−q| for some i, then it
might be the case that the wrong distance is propagated, see Example 5.2.

Algorithm 8: Computing the distance transform for Euclidean distance
by raster scanning.
Input: An object X ⊂G and a neighborhood N .
Output: The distance transform DTE .
Initialization: Set DTE(p)← (0,0,0) for grid points p ∈ X and
DTE(p)← (∞,∞,∞) for grid points p ∈ X .
Comment: The image domain IG is scanned L times using scanning
orders such that the scanning mask defined by N i supports the
scanning order soi, i ∈ {1, . . . ,L}.
for i= 1 : L do
foreach p ∈ IG following soi do

if DTE(p) < ∞ then
foreach v ∈N i do
if |DTE(p+v)|> |DTE(p)+v| then
DTE(p+v)← DTE(p)+v;

end

end

end

end

end

Example 5.1. This example is illustrated in Figure 5.1(a). The square grid Z
2

with neighborhoodN = {(±1,0),(0,±1)} is used. Assume thatN is divided
into scanning masks that support the scanning orders that are used. We have
the following distances between the points in the figure:

|p1−q1|= |p2−q2|= 2

|p1−q|= |p2−q|=
√
5

|p−q1|= |p−q2|= 3

|p−q|= 2
√
2.

Obviously, q is closest to p, but since q1 is closest to p1 and q2 is closest to
p2, this distance value can not be propagated to p. Thus, the distance value at
p will be 3 instead of 2

√
2, an error of 3/

√
8−1≈ 6.07 percent.

Note that in Figure 5.1(a) since, e.g., the path 〈q,r0,r1,p1,p〉 is not a dis-
tance propagating path, the correct distance value is not propagated.

Example 5.2. This example is illustrated in Figure 5.1(b). The square grid Z
2

with neighborhoodN = {(±1,0),(0,±1)} is used. Assume thatN is divided
into scanning masks that support the scanning orders that are used. We have
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the following distances between the points in the figure:

|p1−q1|= |p2−q2|= 1

|p1−q|= |p2−q|= 1

|p−q1|= |p−q2|= 2

|p−q|=
√
2.

Now, q is closest to p and q1 and q are closest to p1 and q2 and q are closest
to p2. The correct distance value might not be propagated to p, depending on
the scanning order. If the scanning order is such that, e.g., the vector pointing
at q is stored at either p1 or p2, then the correct distance will be propagated
to p. Otherwise, the distance value at p will be 2 instead of

√
2, an error of√

2−1≈ 41.42 percent.

Since a local neighborhood is used by the algorithms considered here and
two consecutive points in a distance propagating paths can be far (i.e., no
neighborhood is big enough), these algorithms can not be guaranteed to be
free from errors.
We will now examine two aspects of the vector propagation method:
• How can we guarantee that, given a neighborhood N , all wedges of N are
used to propagate vectors? This is done in Section 5.1.1, where the con-
struction of the masks is considered. In Section 5.1.1, we will also show
how many scans are needed to get sufficient propagation of vectors. Fig-
ure 5.2 illustrates that two scans are not enough.
• For which configurations is there a pair of points p ∈ X , q ∈ X such that
there is no distance propagating pathPq,p with the given connectivity? This
will be examined in detail in Section 5.1.2.

pp
1

q
1

r
1

r
0

q

p
2

q
2

(a)

pp
1

q
1

q p
2

q
2

(b)

Figure 5.1: Illustrations for Example 5.1 and 5.2. The grid points and the correspond-
ing Voronoi regions are shown. In (a), a case where the wrong distance is propagated
to p is shown and in (b), the wrong distance might be propagated to p, depending on
the scanning order.
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(a)

(b) (c)

(0,0)

(0,0)

(d) (e)

Figure 5.2: Illustration of computing the Euclidean DT with vector propagation in
two scans. The mask is shown in (a) and the directions supported by the two scanning
masks are shown as dashed and solid lines in (a), respectively. The original image
is shown in (b) and the results after one and two scans are shown in (c) and (d),
respectively. The pixels that get a vector pointing at the background grid point to the
right and left are light gray and dark gray, respectively. A path that is required to be
distance propagating (but is not) for the 2-scan algorithm to be correct is shown in (e).

5.1.1 Construction of the masks
When the weighted distance is used, two scans are sufficient to get a distance
transform without errors (in any dimension). For the weighted distance, given
a distance propagating path, any permutation of the local steps still gives a
distance propagating path. This implies that as long as each element ofN is in
(at least) one mask, the correct distance value will be propagated. With some
restrictions on the scanning orders, this can be accomplished in two scans in
any dimension, see Section 4.2.
For the Euclidean distance using the VPM, each wedge of N should
be in at least one mask, resulting in an increased number of scans. See
[Danielsson, 1980, Ragnemalm, 1993] for results on Z

n.
Let us assume that we have a neighborhood N that can be organized in

G-basis-wedges. To examine the number of scans needed and what masks
that should be used in each scan, we need to ensure that all wedges of N are
represented. This can be done by using the Unfolded Cube Graph (UCG). The
UCG was introduced in [Ragnemalm, 1993]. Using the UCG, it is possible to
analyze which neigbors that are needed for the propagation in each image
scan.
The UCG is used here to guarantee that all directions are covered. This is the
case when each wedge is represented in at least one mask. Given a mask, the
corresponding UCG is constructed by unfolding a cube in R

3 with the central
grid point centered in the cube. The directions that are supported by the mask
are mapped onto the cube. In two dimensions, this is done by considering the
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unit circle. Since it is hard to visualize the complete surface of a sphere, a cube
is used in the three-dimensional case.
We will consider image domains that are wedge-preserving in the sense
of Definition 34 or such that the border points are in the background
and standard scanning orders, i.e., up to symmetry, plane-by-plane and
row-by-row from top to bottom. The scanning order x+y+z+ denotes the
scanning order obtained by:

i← 0
for(x= 1 : xmax)
for(y= 1 : ymax)
for(z= 1 : zmax)
pi = (x,y,z)
i← i+1
end

end

end

When the Euclidean distance is used, it might be the case that there are
consecutive points in a distance propagating path that are not adjacent (this is
the case with any neighborhood relation). This fact will be used in the error-
analysis section below. By the results in the previous chapter, we can guaran-
tee that the distance propagating path is in the image domain, but it might be
the case that it contains consecutive points that are not adjacent.
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The part of the UCG that is covered by each wedge is shown in Figure 5.3
for the fcc grid and Figure 5.4 for the bcc grid. In Figure 5.5, the UCGs of the
following masks are shown (from left to right):

mask so{
(0,0,−2), (0,±1,−1), (±1,0,−1),

(±1,−1,0), (0,−2,0), (−2,0,0)

}
(z+y+x+)

{
(0,0,2), (0,±1,1), (±1,0,1),

(±1,−1,0), (0,−2,0), (−2,0,0)

}
(z-y+x+)

{
(−2,0,0), (−1,±1,0), (−1,0,±1),
(0,1,±1), (0,2,0), (0,0,−2)

}
(x+y-z+)

{
(2,0,0), (1,±1,0), (1,0,±1),

(0,1,±1), (0,2,0), (0,0,−2)

}
(x-y-z+)

In Figure 5.6, the UCGs of the following masks are shown (from left to
right):

mask so{
(0,0,−2), (±1,±1,−1), (0,−2,0), (−2,0,0)

}
(z+y+x+)

{
(0,0,2), (±1,±1,1), (0,−2,0), (−2,0,0)

}
(z-y+x+)

{
(2,0,0), (1,±1,±1), (0,−2,0), (0,0,2)

}
(x-y+z-)

{
(0,2,0), (±1,1,±1), (−2,0,0), (0,0,−2)

}
(y-x+z+)

Since the masks in Figure 5.5 and 5.6 fill the UCG, we remark that four scans
in Algorithm 8 are sufficient for both the fcc and bcc grids.
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(0,0,−1)

(−1,0,0)

(1,0,0)

(0,−1,0) (0,0,1)(0,1,0)

(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Unfolded cube graphs for the fcc grid. Each 2-neighbor of the center
allowed in the mask (see text) is represented by a diamond in (b). (c) shows the
corresponding unfolded cube graph. The directions covered by the wedges spanned
by {(0,0,−2),(−1,0,−1),(0,−1,−1)}, {(1,0,−1),(−1,0,−1),(0,−1,−1)}, and
{(−1,−1,0),(−1,0,−1),(0,−1,−1)} are shown in (d), (e), and (f), respectively.
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(0,0,−1)

(−1,0,0)

(1,0,0)

(0,−1,0) (0,0,1)(0,1,0)

(a) (b)

(c) (d)

(e) (f)

Figure 5.4: Unfolded cube graphs for the bcc grid. Each 2-neighbor of the center
allowed in the mask (see text) is represented by a diamond in (b). (c) shows the
corresponding unfolded cube graph. The directions covered by the wedges spanned
by {(0,0,−2),(−1,1,−1),(−1,−1,−1)}, {(0,0,−2),(−1,−1,−1),(0,−2,0)}, and
{(1,−1,−1),(−1,1,−1),(−1,−1,−1)} are shown in (d), (e), and (f), respectively.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.5: Unfolded cube graphs and the corresponding masks for the fcc grid.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.6: Unfolded cube graphs and the corresponding masks for the bcc grid.
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Computing the distance transform by wave-front propagation

When using a wave-front propagation algorithm to compute the Euclidean
distance transform, the vector pointing at the nearest background grid point
is propagated. In the first step, a dynamic list of all contour grid points,
i.e., the object grid points with an adjacent grid point in the background,
is constructed. All grid points in the list are processed by propagating the
vector to the closest background grid point to its adjacent neighbors. The
neighbors are now put in a new list and in the next iteration, only the
grid points in the new list are considered. The algorithm terminates when
a vector pointing at the closest background grid point has been assigned
to all object grid points. Pseudo-code is given in Algorithm 9. See also
[Vincent, 1991, Ragnemalm, 1992, Cuisenaire and Macq, 1999].
The wave-front algorithm technique is easy to generalize to the fcc and bcc
grids. The only errors that appear are those examined in the following section.
Note that, opposed to the case with path-based distances, the wave-front
propagation technique is not suited for computing the constrained distance
transform when vectors are propagated. The reason is that the vector that is
propagated might correspond to a straight Euclidean line that pass through an
obstacle.

Algorithm 9: Computing the distance transform for Euclidean distance
by wave-front propagation.
Input: An object X ⊂G and a neighborhood N .
Output: The distance transform DTE .
Initialization: Set DTE(p)← (0,0,0) for grid points p ∈ X and
DTE(p)← (∞,∞,∞) for grid points p ∈ X . For all grid points p ∈ X
adjacent to X : push (p,DTE(p)) to the list L of ordered pairs sorted by
increasing |DTE(p)|.
while L is not empty do

foreach p in L with smallest |DTE(p)| do
Pop (p,DTE(p)) from L;
foreach v ∈N do
if |DTE(p+v)|> |DTE(p)+v| then
DTE(p+v)← DTE(p)+v;
Push (p+v,DTE(p+v)) to L;

end

end

end

end
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5.1.2 Error analysis
In this section, the grid is considered as a subset of R3. Because of the discrete
structure of the grid, the configurations that produce errors are not present for
all objects. Therefore, together with the theoretical maximum error in R

3 cal-
culated in, e.g., [Danielsson, 1980] for Z2 and [Mullikin, 1992] for Z2 and Z

3,
a configuration in the grid that actually gives the maximum error is presented.
To be sure that the maximum error is found, we need some calculations in R

3.
The error analysis is performed, up to symmetry, on each wedge. By per-
forming the error analysis on every wedge, all directions are considered. Thus,
the maximum error is obtained.
An error can occur in grid point 0 when one of its adjacent grid points
does not contain the address to the closest background grid point from 0. To
find the configurations of grid points that give an error, the conditions derived
in [Mullikin, 1992] are used. Given a grid point q in the wedge spanned by
p1,p2,p3, an error can occur at the origin 0 if there are grid points q1,q2,q3
such that

|qi−pi| ≤ |q−pi| for i ∈ {1,2,3} (5.1)

|q|< |qi| for i ∈ {1,2,3}. (5.2)

If strict inequality is attained in (5.1), then an error is propagated, see Exam-
ple 5.1, and if the equality is attained, then an error might be propagated, see
Example 5.2 and 5.4.
This can be reformulated: Let q be a grid point and p1,p2,p3 be three vec-
tors defining a wedge. Let B(p,r) be the Euclidean ball with center p and
radius r. If there is a grid point in the interior of each of the regions (in R

3)

Ri = B(pi,ri)\B(0,s) for i ∈ {1,2,3}, (5.3)

where ri = |q−pi| and s= |q|, then an error is produced by this configuration
of grid points. These conditions are illustrated in Figure 5.7 with p1= (1,0,1),
p2 = (0,1,1), p3 = (1,1,0), and q = (1,1,2). The balls B(0,s), B(p1,r1),
B(p2,r2), and B(p3,r3) are denoted B1, B2, B3, and B4, respectively.
Using these conditions, the maximum relative error for a given q in a grid

G in the region spanned by p1, p2 and p3 is

E(q) = min
i∈{1,2,3}

(
min

q′∈(G∩Ri)∪{q}

( |q′|
|q|

)
−1
)

. (5.4)

We now give an upper boundU (q) of the relative error:

E(q)≤U(q) = min
i∈{1,2,3}

( |pi|+ |q−pi|
|q| −1

)
. (5.5)
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Figure 5.7: The conditions in equation (5.3), see text.

Equation (5.5) is derived as follows

min
q′∈(G∩Ri)∪{q}

(
|q′|
)
≤ sup
q′∈Ri

(
|q′|
)

= sup
q′∈Ri

(
|pi|+ |q′−pi|

)
= |pi|+ |q−pi|,

i.e., the maximum distance from 0 to a point in Ri equals the distance to the
center of B(pi,ri) plus the radius ri. Observe that the error in a grid is equal
to zero for most q. This is not true forU(q) sinceU(q) > 0 andU(q)→ 0 as
|q| → ∞.
In Figure 5.8, the regions are illustrated for the object in Figure 5.1(a).
With q at any distance from the origin, (5.5) is used to derive the following
conditions for q when the error is maximized

|p1|+ |q−p1|= |p2|+ |q−p2|= |p3|+ |q−p3|. (5.6)

The maximum error is thus found along a curve q= l(t), t ∈ R
+
0 .

An error in a wedge is obtained by finding the q closest to the origin that
gives an error. This is done by considering only grid points within a given ra-
dius from the origin. If there are grid points in each of the regions Ri defined
in (5.3), then we get a configuration that gives an error. The error E(q) is cal-
culated using (5.4). First, a region defined by a small radius is examined, and
then the procedure is repeated for a slightly larger radius until a configuration
of grid points that gives an error is found.
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Figure 5.8: The different regions (defined in the text) for the example in Figure 5.1(a).
Note that q2 ∈R2.

Then, the value of t = t0 such that the upper bound of the error at l(t0),
U(l(t0)), is equal to E(q) is calculated. Since the maximum error in R

3 is
found along l(t), it is enough to consider the grid points at a distance to the
origin smaller than |l(t0)|. This is implied by the fact that the grid is a subset
of R3. Since the maximum error in R

3 at a distance greater than |l(t0)| never
can be larger than E(q), this is also true in the grid.
This procedure is explained by an example.

Example 5.3. Consider Z3, using the 1-neighborhood. By symmetry it is suf-
ficient to consider p1 = (1,0,0), p2 = (0,1,0), and p3 = (0,0,1). We com-
pute that with q = (1,1,1), the grid points closest to the origin that fulfill
(5.2) and where Ri, i ∈ {1,2,3} in (5.3) are all non-empty are q1 = (2,0,0),
q2 = (0,2,0), and q3 = (0,0,2). Now, (5.4) gives E(q) = 2/

√
3−1≈ 0.1547.

By solving (5.6) for these p1, p2, and p3, l(t) = (t, t, t)/
√
3. Using (5.5), we

get that with t0 = 2
√
3,U(l(t0)) = 2/

√
3−1. Thus, the maximum relative er-

ror is found within a radius of 2
√
3 from the origin. For these grid points, the

maximum error is calculated and the maximum among these is the maximum
error in the grid with this neighborhood-size.
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The maximum relative errors for fcc and bcc are listed in Table 5.1 and 5.2
for strict and non-strict inequlity in (5.1), respectively. Errors resulting from
the non-strict inequalities might occur in a wave-front propagation algorithm
and errors resulting from strict inequalities occur for all algorithms considered
here, see Example 5.4. For comparison, Z3 is also included in the tables. Note
that for any mask, it is possible to find configurations giving errors in the DT.
Therefore, to guarantee a DT free from errors, a mask of the same size as the
image is needed.

Example 5.4. Consider Z3, using the 1-neighborhood. By symmetry it is suf-
ficient to consider p1 = (1,0,0), p2 = (0,1,0), and p3 = (0,0,1). We compute
that with q = (1,1,0), q1 = (2,0,0), q2 = (0,2,0), and q3 = (0,0,2) are the
grid points closest to the origin that fulfills (5.2). In this case, (5.1) is attained
with equality. Thus, (0,0,0) might get the wrong distance value, depending
on the propagation order.
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Table 5.1: Maximum relative error for Euclidean DTs using VPM for some wedges.
Here, strict inequalities in (5.1) are considered.

Wedge

spanned max error q q1 q2 q3

by

Z
3

(1,0,0)

(0,1,0) 15.47% (1,1,1) (2,0,0) (0,2,0) (0,0,2)

(0,0,1)

(1,0,0)

(1,1,0) 1.02% (6,3,2) (7,0,−1) (5,5,0) (5,4,3)

(1,1,1)

F

(1,1,0)

(1,0,1) 2.06% (4,4,4) (5,5,0) (5,0,5) (0,5,5)

(0,1,1)

(1,1,0)

(1,0,1) 6.07% (4,0,0) (3,3,0) (3,0,3) (3,0,−3)
(1,0,−1)
(1,1,0)

(1,0,1) 1.04% (8,4,4) (7,7,0) (7,0,7) (10,−1,−1)
(2,0,0)

B

(1,1,1)

(1,1,−1) 9.29% (6,0,0) (3,3,5) (3,3,−5) (3,−5,3)
(1,−1,1)
(1,1,1)

(1,1,−1) 2.06% (6,6,0) (5,5,5) (5,5,−5) (9,−1,−1)
(2,0,0)

(1,1,1)

(0,2,0) 2.06% (6,6,0) (5,5,5) (−1,9,−1) (9,−1,−1)
(2,0,0)
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Table 5.2: Maximum relative error for Euclidean DTs using VPM for some wedges.
Here, non-strict inequalities in (5.1) are considered.

Wedge

spanned max error q q1 q2 q3

by

Z
3

(1,0,0)

(0,1,0) 41.42% (1,1,0) (2,0,0) (0,2,0) (−1,−1,2)
(0,0,1)

(1,0,0)

(1,1,0) 1.18% (8,4,2) (9,−1,−2) (7,6,−1) (6,6,4)

(1,1,1)

F

(1,1,0)

(1,0,1) 15.47% (1,1,2) (1,3,0) (2,0,2) (0,2,2)

(0,1,1)

(1,1,0)

(1,0,1) 41.42% (2,0,0) (2,2,0) (2,0,2) (2,0,−2)
(1,0,−1)
(1,1,0)

(1,0,1) 15.47% (2,1,1) (2,2,0) (2,0,2) (3,0,−1)
(2,0,0)

B

(1,1,1)

(1,1,−1) 73.21% (2,0,0) (2,2,2) (2,2,−2) (2,−2,2)
(1,−1,1)
(1,1,1)

(1,1,−1) 22.47% (2,2,0) (2,2,2) (2,2,−2) (4,0,0)

(2,0,0)

(1,1,1)

(0,2,0) 22.47% (2,2,0) (2,2,2) (0,4,0) (4,0,0)

(2,0,0)
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5.2 The fast-marching method
The fast-marching method (FMM) described in [Tsitsiklis, 1995,
Sethian, 1996, Sethian, 1999] can be used to compute an approximation of
the Euclidean DT. The FMM gives an approximate solution to the Eikonal
equation. Similarly to Algorithm 1, 4, 6, and 9, the DT is computed by
wave-front propagation starting at the border of the object. The FMM does
not try to find paths that define the distances in X . Instead, the arrival time
of a (locally) planar wave is approximated at each object grid point. Since
the distance values only depend on values at neighboring grid points that
have strictly smaller distance values (causality) and the “travel-time” is
non-decreasing (monotonicity), the DT can be computed by a wave-front
technique. In its original form, though the algorithm is consistent and stable,
the DT obtained by FMM contains errors. In [Sun and Fomel, 2000] it is
verified by experiments that the FMM on a face-centered cubic grid gives
higher accuracy compared to the FMM on a cubic grid.
There are two approaches for implementing the fast-
marching method: approximating differential equations
[Sethian, 1999] and approximating the arrival time of a planar
wave [Tsitsiklis, 1995, Sun and Fomel, 2000, Lin, 2003], see Example 5.5.
We present here methods for applying the FMM on the face-centered cubic
grid and the body-centered cubic grid using the latter approach. The FMM is
given by the pseudo-code in Algorithm 10.

Example 5.5. Consider the illustration for Z2 in Figure 5.9. In the stencil to
the left, the arrival-time at the central grid point is 1/

√
2 ≈ 0.71 if the speed

of the planar wave is 1. In the stencil to the right, the planar wave will arive
at the central grid point at the time ∼ 0.84 since the arrival time at the point
(1,0) is 0.3.

0

0

(a)

0

0.3

(b)

Figure 5.9: Illustration of a planar wave in the square grid. The central grid point in
the stencil in (a) gets value 1/

√
2≈ 0.71 and in (b) ∼ 0.84.
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Algorithm 10: Computing the distance transform for Euclidean distance
by the fast-marching method.
Input: An object X ⊂G and a neighborhood N .
Output: The distance transform DTE .
Initialization: Set DTE(p)← 0 for grid points p ∈ X and mark these
grid points as frozen. Set DTE(p)← ∞ for grid points p ∈ X . For all
grid points p ∈ X adjacent to a frozen grid point: push (p,DTE(p)) to
the list L of ordered pairs.
while L is not empty do

foreach p in L do
Update DTE(p) using frozen grid points adjacent to p;

end

foreach p in L with smallest DTE(p) do
Mark p as frozen;
Pop (p,DTE(p)) from the list L;
foreach v ∈N do
if p+v is not frozen then
Push (p+v,DTE(p+v)) to L;

end

end

end

end

The Eikonal equation
(

∂T

∂x

)2
+

(
∂T

∂y

)2
+

(
∂T

∂ z

)2
= s2 (5.7)

is approximated using a wave-front propagation technique. The grid points
for which the values are known are called frozen grid points. The wave-front
is propagated by calculating values at non-frozen grid points adjacent to at
least one frozen grid point. Only values at frozen grid points are used to up-
date values at non-frozen grid-points. The non-frozen grid point with minimal
distance value is frozen. This is repeated until all points are frozen.

The cubic grid

The dual of the cubic grid is again a cubic grid, see Figure 5.10(a). The cubes
are divided into tetrahedra as illustrated in Figure 5.10(b). To propagate dis-
tance information to a grid point (a,b,c), values at neighboring grid points
are used. We denote the set {(1,0,0),(0,1,0),(0,0,1)} by F

Z3 . We use the
set of 1-neighbors in the approximation, hence the smallest distance value de-
rived from the local configurations defined by F

Z3 and its seven symmetric
configurations (up to the sign of the coordinate values) is used.
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Consider the case when F
Z3 is used to update the arrival time T at (a,b,c).

In this example, let s= 1, so the wave is evolving with constant speed. Let the
arrival time of the planar wave at (x,y,z) be T (x,y,z). We define the functions

g= t1+ t2+ t3−1 (5.8)

and

f = T (a+1,b,c)t1+T (a,b+1,c)t2+T (a,b,c+1)t3
+ |(a+1,b,c)t1+(a,b+1,c)t2+(a,b,c+1)t3|.

Under this assumption, the optimization problem

min
g=0

( f )

gives (the approximation of) the arrival time of a planar wave evolving with
constant speed at the point (a,b,c). See also [Lin, 2003].
The method is now explained in detail for the case (a,b,c) = (0,0,0). Given
the configuration F

Z3 , let v be a convex combination of the three vectors
(1,0,0),(0,1,0),(0,0,1) ofF

Z3 , i.e., v= (1,0,0)t1+(0,1,0)t2+(0,0,1)t3 for
some t1, t2, t3 such that t1+ t2+ t3 = 1. An approximate value of T at 0+v is
obtained by interpolating the values of T at the three points (1,0,0), (0,1,0),
and (0,0,1). We get T (0+v) ≈ T (1,0,0)t1+T (0,1,0)t2+T (0,0,1)t3. The
arrival time of the wave-front at (0,0,0) is now

T ((0,0,0)) = min
t1, t2, t3 :

t1+ t2+ t3 = 1

(T (0+v)+ |v|) ,

which is the formula presented above.

Example 5.6. When T (1,0,0) = 0, T (0,1,0) = 0, and T (0,0,1) = 0 is used
to update T at (0,0,0) on the cubic grid, t1 = t2 = t3 = 1/3 minimize f under
the constraint t1+ t2+ t3−1= 0 (by symmetry). The value that is propagated
to (0,0,0) is thus T (0,0,0) = 1/

√
3.

The value that is stored is the minimum approximation of (5.7) among the
eight configurations symmetric to F

Z3 .

The face-centered cubic grid

The dual of the fcc grid consists of two kinds of polyhedra – octahedra and
tetrahedra, see Figure 5.10(c) and (e). The octahedra are divided into tetrahe-
dra as illustrated in Figure 5.10(d). To propagate distance information to the
grid point (a,b,c), we consider two local configurations:

F1F = {(1,1,0),(1,0,1),(0,1,1)}

and
F2F = {(1,1,0),(1,0,1),(1,−1,0)} .
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(a) (b)

(c) (d) (e)

(f)

Figure 5.10: The duals of the cubic, fcc, and bcc grids. The local dual configurations
for a voxel in the cubic grid are illustrated in (a). The cubes are divided into tetrahedra
as shown in (b). The local dual configurations for a voxel in the fcc grid are illustrated
in (c) and (e). For the implementation, the octahedron in (c) is divided into tetrahedra
symmetric to the tetrahedron in (d). The local dual configurations for a voxel in the
bcc grid are illustrated in (f).

Note that all configurations that can be obtained using the 1-neighborhood
are symmetric to one of the two configurations above.
Consider now the fcc grid, the local configuration F1

F
defined above. Again,

let the arrival time of the planar wave at (x,y,z) be T (x,y,z). We define the
function

f = T (a+1,b+1,c)t1+T (a+1,b,c+1)t2+T (a,b+1,c+1)t3
+ |(a+1,b+1,c)t1+(a+1,b,c+1)t2+(a,b+1,c+1)t3|

Under this assumption, the optimization problem

min
g=0

( f )

gives (the approximation of) the arrival time of a planar wave evolving with
constant speed at the point (a,b,c).
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For the configuration F2
F
, together with the constraint g = 0, we minimize

the following function

f = T (a+1,b+1,c)t1+T (a+1,b,c+1)t2+T (a+1,b−1,c)t3
+ |(a+1,b+1,c)t1+(a+1,b,c+1)t2+(a+1,b−1,c)t3|

to get the arrival time at (a,b,c).

The body-centered cubic grid

The dual of the bcc grid consists of tetrahedra, see Figure 5.10(f). Thus, to
propagate distance information to the grid point (a,b,c), we use the configu-
rations symmetric to

FB = {(1,1,1),(1,1,−1),(1,−1,1)} .

For the bcc grid and the configuration FB, we minimize

f = T (a+1,b+1,c+1)t1+T (a+1,b+1,c−1)t2+T (a+1,b−1,c+1)t3
+ |(a+1,b+1,c+1)t1+(a+1,b+1,c−1)t2+(a+1,b−1,c+1)t3|

under the constraint g= 0 to get the arrival time at (a,b,c).

5.2.1 Experiments and evaluation
The FMM is applied to the fcc and bcc grids by modifying the original algo-
rithm to these grids. The values are updated using the a planar wave-approach
described in this chapter. In the implementation, the method of Lagrange mul-
tipliers is used for the optimizations.
To evaluate the different approaches and grids, we define the error function

E(x,y,z) =

∣∣∣
√
x2+ y2+ z2−T (x,y,z)

∣∣∣
T (x,y,z)

.

To illustrate the evaluation, the FMM approximation of the Euclidean distance
from (0,0,0) is computed. Values of E on a Euclidean sphere are computed
by interpolating values of E from neighboring grid points. In Figure 5.11, the
normalized values (for each sphere, the values are scaled to be in the interval
[0,1]) on the sphere are shown. The distribution of errors in the figure suggests
that the error is minimal in the direction of the basis vectors. The maximum
errors that occur when computing the distance from a single grid point on
a subset of G are found in Table 5.3. Note that for arbitrary objects, errors
greater than those in Table 5.3 are expected, since this only shows the special-
case of computing the distance from a single point.
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Table 5.3: Maximum value of E (defined in the text) on a 30× 30× 30 subset of G
using the FMM.

grid maxE attained at

cubic 24.18% (1,1,1)

fcc 17.16% (2,0,0)

bcc 26.79% (2,0,0)

(a) (b) (c)

y

z

x

(d)

Figure 5.11: Errors for the planar wave approach on the cubic grid (a), fcc grid (b),
and bcc grid (c). Black means small error and white means large error. The direction
of the axis in the 3D Cartesian coordinate system is shown in (d).
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5.3 Discussion
The fast-marching method has been defined for the fcc and bcc grids. An im-
plementation of the FMM on the fcc grid is found in [Sun and Fomel, 2000],
where it is illustrated that using the fcc grid gives increased accuracy. We note
that the results obtained by FMM and VPM are (almost) always different. The
VPM attempts to, for each object grid point, find the closest background grid
point and label the object grid point with the corresponding distance value.
This agrees with the definition of DT (Definition 21) we use in this thesis.
The FMM, on the other hand, computes the arrival time of a (locally) pla-
nar wave, i.e., with linear interpolant, at each object grid point. Therefore, if
(1,0,0),(0,1,0),(0,0,1) all have distance value 0, the point (0,0,0) will get
the distance value 1 when VPM is used and 1/

√
3 (see Example 5.6) when

FMM is used.
The errors that appear when the VPM is used are summarized in Table 5.4
using Table 5.1 and 5.2. Table 5.4 shows the maximum errors that can be
found in a distance transform when the VPM is used.

Table 5.4:Maximum errors resulting from the VPM-algorithms for the different grids.

Grid strict inequality non-strict inequality

F, 1-neighborhood 6.07% 41.42%

F, 2-neighborhood 2.06% 15.47%

B, 1-neighborhood 9.29% 73.21%

B, 2-neighborhood 2.06% 22.47%

Z
3, 1-neighborhood 15.47% 41.42%

Z
3, 3-neighborhood 1.02% 1.18%

Non-strict inequality in (5.1) gives overall large errors for the VPM, see
Table 5.4. These configurations can be avoided when designing the scanning
order in a raster scanning algorithm. They can not (easily) be avoided with
a wave-front propagation algorithm – consider the configuration in Exam-
ple 5.2 and 5.4. On the other hand, with strict inequality in (5.1), the maxi-
mum error is small for most masks, see Table 5.4. We note that large errors
are produced by the VPM when small masks are used.
In Figure 5.12, the VPM algorithm (by raster-scanning) and the FMM al-
gorithms are used to compute the DT of an object. The object is scaled by 3

√
2

for the fcc grid and 3
√
4 for the bcc grid. The scale factors correspond to the

difference in voxel size in the different grids. By doing this scaling, the num-
bers of object grid points (voxels) are approximately the same for the three
grids: 16426, 16319, and 16502 voxels for the cubic, fcc, and bcc grids, re-
spectively. The distance transformed objects in Figure 5.12 are thresholded at
2 (cubic), 2 3

√
2 (fcc), and 2 3

√
2 (bcc). The number of voxels in the object in

the thresholded images are 3365, 3189, and 5645 (VPM) and 3296, 3327, and
3250 (FMM) for the cubic, fcc, and bcc grids, respectively.
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For all three grids, the VPM algorithm (by raster scanning) computes error-
free DTs for the object in Figure 5.12. The FMM does not give error-free DTs
in the sense of Definition 21, the maximum absolute error is 0.5752, 0.5253,
and 0.9750 for the cubic, fcc, and bcc grids respectively. The mean error is
computed to 0.1734, 0.2294, and 0.4011, respectively, for the three grids.
Again, note that errors only occur for some rare grid point configurations
for VPM. No such configurations are present in the objects in Figure 5.12.
The DT is usually defined by labeling each object grid point with the distance
to the closest background grid point. The VPM computes the exact DT for
the objects in Figure 5.12, whereas the FMM performs quite bad with this
definition of the DT.

5.3.1 Comparison with DTs by path-based distances
For the 3D grids that are the focus of this thesis, the fcc and bcc grids, the
number of scans needed for weighted ns-distances and Euclidean distance is
four while two scans are enough when weighted distances are used. This is
the case also for the cubic grid. Since we showed that two scans are sufficient
for the weighted distance on any point-lattice, it comes as no surprise that two
scans are enough for these grids. The number of scans needed for the weighted
ns-distance and the Euclidean distance is perhaps not as obvious.
For the errors in the Euclidean DT to be restricted to those in Table 5.4, it
is required that the wedges of the masks fill the unfolded cube graph resulting
in four-scan algorithms. A sufficient condition for the weighted ns-distance
is that each wedge of N1 should be in at least one mask. This condition can
not be fulfilled for, e.g., the cubic grid with four scans. We derived weaker
conditions on the masks for the fcc, bcc, and also the cubic grid – each config-
uration symmetric to the configurations in Figure 4.10 and 4.13 should be in
at least one mask. This also gives a four-scan algorithm, but not for the same
reason as for the case with the Euclidean distance.
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Figure 5.12: Left to right: Original object, thresholding the Euclidean DT by VPM and
FMM, respectively. Top to bottom: The cubic grid, the fcc grid, and the bcc grid. The
DTs are thresholded at 2 (cubic), 2 3

√
2 (fcc), and 2 3

√
2 (bcc). The object is obtained by

interpolation from a high-resolution image downloaded from the IAPR TC18 home
page, http://www.cb.uu.se/˜tc18/.
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6. Medial representations

6.1 Definitions and notation
A shape descriptor called the medial axis was introduced in [Blum, 1967].
The basic idea is to represent the object with its centerline. Medial (axis)
representations is a widely used concept in image processing. Many results
on Z

2 and Z
3 using different methods have been published with applications

in, e.g., description, recognition, collision detection, navigation, and anima-
tion, see [Lam et al., 1992, Jones et al., 2006]. A medial representation can
be, e.g., a simple curve-representation of a path centered in an object between
two points [Bitter et al., 2001] or a topology-preserving, reversible surface-
representation of an object [Svensson, 2001]. In general, the medial represen-
tation is well-suited for representing elongated objects.
We will consider an approach to extract the medial representation in which
the medial representation is a set of grid points in the object, each associated
with the corresponding value in the DT.
In Section 6.5, we use the so-obtained medial representation to construct a
skeleton of the object by iteratively assigning border grid points to the back-
ground. We will see that, by removing only simple points, the number of con-
nected components, cavities, and tunnels of X and X remain unchanged.
In other approaches for computing the skeleton, e.g., Voronoi diagrams and
repulsive force fields are used. Some approaches are defined for continuous
objects in R

n, see the survey [Cornea and Min, 2007]. Since the objects we
consider here are defined on discrete grids, they are not continuous in R

n, and
these methods are therefore not considered here.
A ball in an object X is maximal if it is not contained in any other ball in
X . The original object can be recovered from the set of centers of maximal
balls (CMBs) together with the corresponding radii. We say that such a repre-
sentation is reversible. We call a medial representation that is connected and
reversible a skeleton.
We make the following definition of medial representations in 2D and 3D.

Definition 37. A medial representation of an object is a subset of the object
having some of the following properties:
1. It has the same number of components, cavities, and tunnels as the object.
2. It is centered within the object.
3. It is reversible.
4. It includes the set of CMBs.
5. It is unit-wide.
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In Section 6.2–6.4, different aspects of local maxima and CMBs will be
derived for the path-based distance functions that have been defined in the
previous chapters. The CMBs in a discrete grid are in general not connected.
There is a number of concepts related to the set of CMBs that will be consid-
ered:
• The set of CMBs.
• Local maxima in the distance transform.
• Maximal path-points. (A maximal path-point is a point that does not prop-
agate distance information when computing the distance transform.)

We will see that the set of CMBs and the set of local maxima together with the
corresponding values in the DT give reversible representations of the object,
so the resulting representations are compact representations of the original ob-
ject. This is, as we will see, true also for maximal path-points when a distance
function with non-unit weights is used.
CMBs and local maxima in DTs using the weighted dis-
tance have been used for, e.g., skeletonization algorithms
[Sanniti di Baja and Thiel, 1996, Svensson, 2001], object decompo-
sition [Svensson and Sanniti di Baja, 2002], and resolution pyramids
[Borgefors et al., 1999]. Local maxima in DTs obtained using ns-distances
[Kumar et al., 1996] have also been considered in applications such as
discrete shading [Mukherjee et al., 1999], computing the cross-section
of 3D objects [Mukherjee et al., 2000b], and normal approximation
[Mukherjee et al., 2002].
When using simple path-based distances (such as the city-block and chess-
board distances), the set of CMBs can be obtained by finding the local maxima
in the DT. For weighted distances, the local maxima in the DT are the points
that do not propagate distance information to neighboring grid points when
computing the DT. When non-unit weights or a neighborhood sequence of
length>1 is used, there are local maxima that are not CMBs. This problem
can be solved for some distance functions by relabeling the distance values,
see [Arcelli and Sanniti di Baja, 1988]. Some authors use look-up tables to ex-
tract the set of CMBs, see [Arcelli and Sanniti di Baja, 1988, Borgefors, 1993,
Remy and Thiel, 2002, Normand and Évenou, 2008]. Another issue is that the
set of local maxima and the points that do not propagate distance information
when computing the DT are not always equal. Here, the points that do not
propagate distance information are called maximal path-points. We will see
in Section 6.3 that when ns-distances (with unit weights) are used, the set
of maximal path-points together with the cost of the maximal paths is not a
reversible representation of the object. When a weighted ns-distance with non-
unit weights is used, the object X can be computed from the set of maximal
path-points together with the costs of the maximal paths(!).
The following representations will be examined:
• Local maxima: To check if a point is a local maximum in the discrete grids
considered here, a neighborhood needs to be defined. When the local max-
ima are extracted, a neighborhood of fixed size is used for this purpose.
• Maximal path-points.
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• Local B-maxima: When a neighborhood sequence is used to define the dis-
tance, the size of the neighborhood at a point p is given by b(DTL (p)+1),
i.e., the neighborhood that is used when computing the distance transform,
can be used to check for local maxima, this is the local B-maxima.
• Relabeling of the distance transform: Relabeling will be considered for
both local maxima and local B-maxima.
• CMBs by look-up table.
• Reducing the number of points in a reversible medial representation: By
removing superfluous points in the representation, a sparse representation
is obtained that is still reversible.
The obtained medial representations can be used to construct a skeleton.
We will iteratively assign border grid points to the background and use the set
of CMBs as anchor-points. A grid point in an object X in a 2D grid that can be
assigned to X without changing the number of connected components, cavi-
ties, or tunnels in X and X is a simple grid point. It follows that, by removing
only simple grid points, a connected representation is obtained.
We will use the “fish”-object in Figure 6.1 to illustrate the different shape
representations in this chapter.

Figure 6.1: Object in Z
2 used to illustrate the shape representations in this chapter.

6.2 Local maxima for metrics
Since the union of all maximal balls equals the object X , the set X can be
recovered from the set {(p,DTC(p)) : p is a CMB}. For simple path-based
distance functions such as the city-block and chessboard distances, but not
for general weighted ns-distances, the set of local maxima equals the set of
CMBs. In this section, a neighborhood of constant size is used when finding
the local maxima. We will see that the set of local maxima together with the
corresponding distance values can be used as a reversible representation of an
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object. We will also see that the number of local maxima depends on the size
of the neighborhood that is used to find local maxima.
To define the local maxima in a DT, we compare the distance values at each
point with some neighboring grid points. For this purpose, we use a neighbor-
hood Ncheck of elements (vectors) in G.

Definition 38. Given a set Ncheck, a point p ∈ X is a local maximum w.r.t.
Ncheck if

dα,β (p,p+v;B)+DTC (p) > DTC (p+v) ∀v ∈Ncheck.

Let the ball obtained by weighted ns-distances with radius r ∈ R
+ be

Bα,β (p,r;B) =
{
q : dα,β (p,q;B) < r

}
. Theorem 6.1 proves that the set of

local maxima together with the corresponding distance values is a reversible
representation of the object X .

Theorem 6.1. Given weights and a neighborhood sequence B generating a

metric, if

dα,β

(
p,p′;B

)
+DTC (p)≤ DTC

(
p′
)

(6.1)

then

Bα,β (p,DTC (p) ;B)⊂ Bα,β

(
p′,DTC

(
p′
)
;B
)
.

Proof. Given a point q ∈ Bα,β (p,DTC (p) ;B), i.e., dα,β (q,p;B) < DTC (p),
since dα,β (·, ·,B) is a metric and fulfills the triangular inequality, we have

dα,β

(
q,p′;B

)
≤ dα,β (q,p;B)+dα,β

(
p,p′;B

)
<

DTC (p)+dα,β

(
p,p′;B

)
≤ DTC

(
p′
)
.

This implies that q ∈ Bα,β (p′,DTC (p′) ;B), so Bα,β (p,DTC (p) ;B) ⊂
Bα,β (p′,DTC (p′) ;B) .

Theorem 6.1 can be used to get reversible representations of an object by
defining a Ncheck and, for all points p in the object X , check for local maxima
by using (6.1) with p′ = p+v for all v ∈Ncheck.
Figure 6.2 illustrates the sets of local maxima using some different Ncheck
for an object in Z

2. In the figure, B= (1,2,1,2,2) and (α,β ) = (4,5) are used.
We use N icheck =

{
p ∈ Z

2 : d1,1 (0,p)≤ i
}
for i= 1,3,5.

Note that any size ofNcheck gives reversible representations, but the number
of local maxima is in general large for small neighborhoods.
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Figure 6.2: Sets of local maxima for two objects using different sizes of Ncheck. Top
row: DTC of an object using B = (1,2,1,2,2) and (α,β ) = (4,5). Second and third
row: local maxima of the objects using the sets (left to right) N 1check,N 3check,N 5check
shown in the fourth row. The objects are shown in gray and the local maxima in black.
The number of local maxima in the “fish”-object is (left to right) 303, 263, 254.
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6.2.1 Relabeling the distance values
When weights are used, some distance values do not occur. For example,
when the weighted distance with weights (α,β ) = (3,4) is used, the distance
values 1,2,5 are not present in the DT. In [Arcelli and Sanniti di Baja, 1988,
Borgefors, 1993], it is noted that a relabeling of the DT can be used to reduce
the set of local maxima representing an object. The basic idea is to decrease
each distance value in the DT to the minimal distance value that defines the
same ball. For simple weighted distances such as with weights (α,β ) = (3,4)
in Z

2, the local maxima in the relabeled DT is equivalent to the set of CMBs
[Arcelli and Sanniti di Baja, 1988]. This is, however not true for any weighted
distance [Borgefors, 1993, Remy and Thiel, 2002].
Given integer weights α,β and a neighborhood sequence B, the relabeled
DTC , DT ′C , is defined as

DT ′C(p) = argmink∈Z

{
Bα,β (p,k;B) = Bα,β (p,DTC (p) ;B)

}
.

Example 6.1. For B= (1,2,1,2,2) and (α,β ) = (4,5), the following values
can be attained by DTC : 4,8,9,12,13,16,17,18,20 and every integer above
20. These values are relabeled to 1,5,9,10,13,14,17,18,19 and no integer
above 20 is relabeled. The relabeling is illustrated in Figure 6.3

A general formula for the relabeling when the weights are such that β =
α +1 is given in Section 6.3.2. Now we note that, since

dα,β (q,p;B) < DTC (p) =⇒ dα,β (q,p;B) < DT ′C (p) ,

the proof of Theorem 6.1 holds also for the following corollary.

Corollary 6.1. Given weights and a neighborhood sequence B generating a

metric, if

dα,β

(
p,p′;B

)
+DT ′C (p)≤ DT ′C

(
p′
)

then

Bα,β

(
p,DT ′C (p) ;B

)
⊂ Bα,β

(
p′,DT ′C

(
p′
)
;B
)
.

In Figure 6.3, the DT shown in Figure 6.2 is relabeled. The local maxima
obtained for the “fish”-object using the relabeled DT is shown in Figure 6.4.
The following example shows that the conditions in Theorem 6.1 for local
maxima in a DT (or the relabeled DT′) generated by a neighborhood sequence
and weights that do not define a metric is not always enough to reconstruct the
object.
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Figure 6.3: Relabeled DT of the object in row 1 and 2 in Figure 6.2

Figure 6.4: Local maxima in the relabeled DTC , DT ′C , of the “fish”-object in Fig-
ure 6.2. The sets (left to right) N 1check,N 3check,N 5check are used to compute the local
maxima. The number of local maxima are (left to right) 198, 175, 169.
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Figure 6.5: Left: A background grid point is shown in white. Middle: DTC with
Bα,β (p1,DTC (p1) ;B) shown in dark grey. Right: DTC with Bα,β (p2,DTC (p2) ;B)
shown in dark grey. The parameters (α,β ) = (2,3) and B= (2,1,1,1,1,1,1) are used.
See Example 6.2.

Example 6.2. This example is illustrated in Figure 6.5. Let
B = (2,1,1,1,1,1,1) and (α,β ) = (2,3). Note that, by The-
orem 3.7, a non-metric distance function is generated. If
q = (0,0) is the only background grid point, then DTC ((1,7)) =
d2,3 ((0,0),(1,7);B) = 15 and DTC ((0,6)) = d2,3 ((0,0),(0,6);B) = 12.
Now, 15 = d2,3 ((1,7),(0,6);B) + DTC ((0,6)) ≤ DTC ((1,7)) = 15, but
B2,3 ((0,6),DTC ((0,6)) ;B) is not contained in B2,3 ((1,7),DTC ((1,7)) ;B)
since (−3,3) ∈ B2,3 ((0,6),DTC ((0,6)) ;B) (d2,3 ((−3,3),(0,6);B) = 11) and
(−3,3) /∈ B2,3 ((1,7),DTC ((1,7)) ;B) (d2,3 ((−3,3),(1,7);B) = 15).

6.3 Maximal path-points for path-based distances
When extracting CMBs for weighted distances, there is a correspondence be-
tween the points that do not propagate distance information and the local max-
ima in the DT , [Remy and Thiel, 2002]. Since we have examined the points
that propagate distance information using the notion of distance-propagating
paths, we can define this correspondence also for the distances that are defined
by neighborhood sequences. In an object X , the end-point of a distance prop-
agating path of maximal length is called a maximal path-point, defined below.
A local B-maximum is a local maximum obtained by using the neighborhood
that is used to propagate distance information at that point as Ncheck, i.e., the
neighborhood defined by b(DTL (p)+1) at the point p.
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Figure 6.6: Two distance propagating paths, both containing the point labeled 8, defin-
ing different neighborhoods at the point.

Definition 39. A point p∈ X is called a maximal path-point if there is a q∈ X
and a path Pq,p = 〈q= p0,p1, . . . ,pn = p〉 such that the following statements
both hold:
• Pq,p is a distance propagating B-path of length n defining DTC(p) and
• there is no p′ such that 〈p0,p1, . . . ,pn = p,p′〉, i.e., Pq,p · 〈p′〉 is a min-
imal cost (α,β )-weighted B-path of length n+ 1 such that DTC(p′) =
Cα,β (〈p0,p1, . . . ,pn = p,p′〉).

The path Pq,p is called a maximal path.

We denote the set of maximal path-points by MP. It is clear that the set of
maximal path-points are the points that do not propagate distance informa-
tion to neighboring grid points when computing DTC . In Theorem 6.2, we will
prove that under some conditions the set of local B-maxima and the set MP
are equivalent. To check if a grid point p is a local B-maximum, the size of the
neighborhood at p is used. Since the size of the neighborhood at p is deter-
mined by DTL (p) and DTL in its original form is not unique for some objects,
we need to put an additional constraint on DTL. This problem is illustrated in
the following example.

Example 6.3. Consider B = (1,2,2,2) and (α,β ) = (2,3). In Figure 6.6,
two minimal cost (2,3)-weighted B-paths from X to the point p labeled 8
are shown. Since they are of different lengths, different neighborhoods are
considered at p. Therefore, p propagates distance information for the path in
Figure 6.6(b), but not in Figure 6.6(a).
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The definition of local B-maxima in a DT for weighted ns-distances is

Definition 40. Let the ns B and the weights (α,β ) such that α ≤ β ≤ 2α be
given. A point p ∈ X is a local B-maximum if for all its 1-neighbors ri:

DTC(r
i) < DTC(p)+α

and, if b(DTL(p)+1) = 2, for all its strict 2-neighbors r j:

DTC(r
j) < DTC(p)+β .

We will now prove that, when DTL satisfies the following definition, then
the set of maximal path-points and the set of local B-maxima are equivalent.

Definition 41. For an object X , DTL associated with DTC holds information
about the smallest neighborhoods if it holds information about the minimal
cost-path with smallest size of the neighborhood at each point of X .

Theorem 6.2. Consider a grid G wedge-2-generated by N1 and N2. When a
DTL that holds information about the smallest neighborhoods is used in Defi-

nition 40, then Definition 40 and Definition 39 define the same set of points.

Proof. Let p∈X be a maximal path-point. Then there is a q∈X and a distance
propagating B-path Pq,p such that all b(L(Pq,p)+1)-neighbors r are such
that

DTC (r) < Cα,β (Pq,p · 〈r〉) = Cα,β (Pq,p)+ω,

where ω is α if p,r are 1-neighbors and β if p,r are 2-neighbors. This holds
for any neighborhood smaller than or equal to b(L(Pq,p)+1), so it holds for
the smallest neighborhood. This implies that p is a local B-maximum.
If, on the other hand, p∈ X is a local B-maximum, then there is a q∈ X and
a distance propagating B-path Pq,p with smallest neighborhood at p such that
DTC (p) = Cα,β (Pq,p). For this path, all b(L(Pq,p)+1)-neighbors r are such
that

DTC (r) < Cα,β (Pq,p · 〈r〉) = Cα,β (Pq,p)+ω,

where ω is α if p,r are 1-neighbors and β if p,r are 2-neighbors. Therefore,
p is also a maximal path-point.

In Figure 6.6, two distance propagating paths are shown. If information
about the smallest neighborhoods is not used, then the point labeled 8 is a
maximal path-point, but not a local B-maximum. Therefore, this restriction is
needed in Theorem 6.2.
We now analyze how well-suited the set of maximal path-points is when
representing the object X . We want to answer the question when can X be
recovered from the set {(p,DTC(p)) : p ∈MP}?
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Lemma 6.1. Let G wedge-2-generated by N1 and N2, the ns B, the two
weights α,β such that either
• B= (1) or B= (2), or
• 0< α < β ≤ 2α
and the two points q,p ∈G be given. If Pq,p = 〈q= p0,p1, . . . ,pn = p〉 is an
(α,β )-weighted minimal cost B-path, then

dα,β (p,pi,B) > dα,β (p,pi+1,B) for any i such that 0≤ i< n.

Proof. There is a wedge W of N1 such that p ∈W (pi) for all i : 0 ≤ i ≤ n
and each local step in Pq,p is either v j or v j+v j′ ofW . Thus, pi+1 ∈W (pi)
for all i : 0≤ i≤ n. This implies that

dC1 (pi,p) > dC1 (pi+1,p)

dC2 (pi,p) ≥ dC2 (pi+1,p) . (6.2)

(Strict inequality for (6.2) when B= (2).) It follows from Theorem 3.3 that

d (pi,p;B)≥ d (pi+1,p;B) .

We also have
dC1 (pi,p)≥ d (pi,p;B)≥ dC2 (pi,p) ,

where the left equality is attained when B = (1) since then Pq,p is a 1-path
and the right equality is attained when B= (2) since then Pq,p is a 2-path.
Therefore, when β > α , we get

dα,β (pi,p;B) =
(
2d (pi,p;B)−dC1 (pi,p)

)
α +

(
dC1 (pi,p)−d (pi,p;B)

)
β

= dC1 (pi,p)(β −α)+d (pi,p;B)(2α−β )

≥
(
dC1 (pi+1,p)+1

)
(β −α)+d (pi+1,p;B)(2α−β ) (6.3)

=
(
2d (pi+1,p;B)−dC1 (pi+1,p)

)
α +

(
dC1 (pi+1,p)−d (pi+1,p;B)

)
β +(β −α)

= dα,β (pi+1,p;B)+(β −α)

> dα,β (pi+1,p;B) . (6.4)

Note that when α = β , both the case B = (1) (d (pi,p;B) = dC1 (pi,p)) and
the case B= (2) (d (pi,p;B) = dC2 (pi,p)) lead to strict inequality in (6.3) and
equality in (6.4). Therefore, the lemma holds also for these cases.

Example 6.4. This example shows that Lemma 6.1 does not hold when α =
β . Consider the fcc grid and let B = (1,2) and α = β = 1 and p0 = (0,0,0),
p1 = (1,1,0), and p2 = (3,1,0). The path (p0,p1,p2) is an (α,β )-weighted
minimal cost B-path, but

dα,β (p2,p1;B) = dα,β (p2,p0;B) = 2.
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Figure 6.7: Two objects in Z
2 where each point p in X is labeled with DTC(p) using

B = (1,2). The top row shows the DT of two objects and the set MP in dark grey
when (α,β ) = (1,1). Since the sets MP are equal, the sets are not reversible. The
bottom row shows the DT of two objects and the set MP in dark grey when α < β .
In this case, the sets MP are not equal, and the original object can be obtained from
{(p,DTC (p)) : p ∈MP}.

Theorem 6.1 also does not hold for the bcc grid. Consider, e.g., the path
〈(0,0,0),(1,1,1),(3,1,1)〉 for a counterexample. See also Figure 6.7 for a
counterexample in Z

2.

We are now ready to say when X can be recovered from the set
{(p,DTC(p)) : p ∈MP}.

Theorem 6.3. Let G be wedge-2-generated by N1 and N2, the ns B, the two
weights α,β such that either
• B= (1) or B= (2), or
• 0< α < β ≤ 2α .
Then

X =
⋃

p∈MP
Bα,β (p,DTC (p) ;B) .

Proof. Let p′ ∈ X . The point p′ is in a distance propagating, minimal cost B-
path with end-point p ∈MP. By Lemma 6.1, dα,β (p,p′;B) < dα,β (p,q;B) =
DTC(p). This means that p ∈ Bα,β (p,DTC (p) ;B).
Let p′ /∈ X . Then, for any p ∈ X , dα,β (p′,p;B) ≥ DTC (p). Therefore, p′ /∈
Bα,β (p,DTC (p) ;B) for any p∈ X , so p /∈⋃p∈MP

{
Bα,β (p,DTC (p) ;B)

}
.
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The one-scan Algorithm 11 below can be applied to all distance functions
presented here. Note that for ns-distances (when (α,β ) = (1,1)), the set of
maximal path-points together with the radii is not a reversible representation
of X .

Algorithm 11: Algorithm for finding the set of maximal path-points.

Input: B, (α,β ), DTC , the DTL that holds information about the
smallest neighborhoods

Output: The set MP
For each point p in X : Assign p toMP if the conditions in Definition 40
are fulfilled.

6.3.1 Reducing the set MP
In [Borgefors and Nyström, 1997], an algorithm that can be used to reduce the
setMP is presented. The idea is to iteratively remove the maximal path-points
that correspond to balls that are covered by the union of all other balls in MP.
This is done by, for each p∈X , computing howmany balls B (q,DTC(q))with
center q ∈ MP that meet p. If all points in a ball B (q,DTC(q)) with center
q ∈MP meet at least two balls, then q can be removed from MP. Repeating
this procedure for increasing distance values gives a representation of X that
consist of few points. We call the obtained representation the reduced MP.
Note that the reduced MP obtained in this way might not be the optimal set
and that this algorithm is computationally heavy and is used here mainly to
illustrate the efficiency of the other methods.
In Figure 6.8, the set MP and the reduced set MP are shown. In this case,
the set MP equals the set of CMBs. Note that the ball that corresponds to
the point in MP that is not in reduced MP is a CMB, but is not needed for
reconstructing the object.

B= (2), (α,β ) = (1,1)

MP Reduced MP
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Figure 6.8: The set MP (equal to the set of CMBs) and the set of reduced MP when
the chessboard distance is used.
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6.3.2 Relabeling the DT
In this section, we restrict the weights to β = α + 1. In this way, we get a
theory that includes, e.g.,
• the (3,4)-weighted distances on Z

2 derived in [Borgefors, 1984],
• the (2,3)-weighted distance on Z

2 from in [Verwer, 1991],
• the (2,3)-weighted distances on F and the (4,5)-weighted distances in B

suggested in [Strand and Borgefors, 2005a] and Section 3.1.2,
• the (2,3)-weighted ns-distances with B = (1,2) on F and the

(5,6)-weighted ns-distances with B = (1,2) on B suggested in
[Strand, 2007b, Strand and Nagy, 2008b] and Section 3.3.2,
• the (4,5)-weighted ns-distance with B = (1,2,1,2,2) on Z

2 suggested in
[Strand, 2007a] and Section 3.3.2

Under this restriction, we have the following Lemma.

Lemma 6.2. Given a neighborhood sequence B and weights α,β such that
β = α +1, the relabeling

aα +bβ 7→
{

(a−1)α +2a−1B +1 if 2a−1B < α−1 and b= 0

aα +bβ otherwise

gives the minimal distance value that defines the same ball as aα +bβ .

Proof. It is clear that all distance values nα , for any positive integer n
are attained for any B. Given a fixed value n, min

(
2n−1B ,α−1

)
different

distance values d such that (n − 1)α < d < nα can be obtained by
subtracting αs and adding β s. When 2n−1B < α , the distance values d
such that (n− 1)α ≤ d ≤ nα that are attained are (n− 1)α,(n− 2)α +
β ,(n − 3)α + 2β , . . . ,

(
n−2n−1B −1

)
α + 2n−1B β ,nα . Using β = α + 1

gives (n − 1)α,(n − 1)α + 1,(n − 1)α + 2, . . . ,(n − 1)α + 2n−1B ,nα . It
follows that the largest distance value d such that d < nα that is attained is
(n− 1)α + 2n−1B , so the relabeling nα 7→ (n− 1)α + 2n−1B + 1 gives a radius
that defines the same ball.

Let DT ′C be DTC relabeled using the mapping in Lemma 6.2.

Definition 42. We define the set MP′ as the points p in X that are local B-
maxima in DT ′C , i.e., the points p ∈ X is such that for all its 1-neighbors ri:

DT ′C(r
i) < DT ′C(p)+α

and, if b(DTL(p)+1) = 2, for all its strict 2-neighbors r j:

DT ′C(r
j) < DT ′C(p)+β .
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Lemma 6.3. MP′ ⊂MP.

Proof. We prove that if p /∈MP, then p /∈MP′. If p /∈MP, then there is a point
p′ such that DTC (p′) =DTC (p)+ω , where ω is α if p,p′ are 1-neighbors and
β if p,p′ are strict 2-neighbors.
If DTC (p) = DT ′C (p), then by the relabeling in Lemma 6.2, DTC (p′) =
DT ′C (p′), so this means that p /∈MP′.
Now, the case p /∈ MP and DTC (p) 6= DT ′C (p) is considered. By
Lemma 6.2, DTC (p) = aα and 2a−1B < α−1.
Case i p,p′ are 1-neighbors.
Since p /∈ MP, DTC (p′) = (a+ 1)α . We have 2aB ≥ 2a−1B . It follows by
Lemma 6.2 that DT ′C (p′)≥ DT ′C (p)+α , so p /∈MP′.
Case ii p,p′ are 2-neighbors.
Since p /∈ MP, either DTC (p′) = aα + bβ (b 6= 0) or (DTC (p′) = aα and
2a−1B ≥ α−1).
We have DT ′C (p′) = DTC (p′) = DTC (p)+β > DT ′C (p)+β , so p /∈MP′.

Lemma 6.4. Let G wedge-2-generated by N1 and N2, the ns B and
weights α,β such that β = α + 1 be given. If p ∈ (MP\MP′), then
Bα,β (p,DT ′C (p) ;B)⊂ Bα,β (p′,DT ′C (p′) ;B) for some p′ adjacent to p.

Proof. Let p ∈ (MP\MP′) and Pq,p = 〈q= p0,p1, . . . ,pn = p〉 be a minimal
cost (α,β )-weighted B-path defining DTC (p). Since p ∈ MP and p /∈ MP′,
there is a point p′ such that p,p′ are b(DTL (p)+1)-neighbors and

DTC (p) > DTC
(
p′
)
−ω

DT ′C (p) ≤ DT ′C
(
p′
)
−ω,

where ω is α if p,p′ are 1-neighbors and β if p,p′ are strict 2-neighbors. Now,

DT ′C
(
p′
)
−DT ′C (p)≥ ω > DTC

(
p′
)
−DTC (p)

is fulfilled only when DT ′C (p) < DTC (p). Therefore Pq,p consists of only 1-
steps by Lemma 6.2. Also, since DT ′C (p) =DTC (p) when 2DTL(p)−1

B ≥ α−1,
we have 2DTL(p)−1

B < α−1.
Let Pq′,p′ = 〈q′ = p′0,p′1, . . . ,p′m = p′〉 be a minimal cost (α,β )-weighted
B-path defining DTC (p′). We show that p1 ∈ Bα,β (p′,DT ′C (p′) ;B) by con-
sidering the different cases that can occur. It follows that also p2, . . . ,pn ∈
Bα,β (p′,DT ′C (p′) ;B).
Case i(a) p,p′ are 1-neighbors and Pq′,p′ consists only of 1-steps:
We have DTC (p) = a1α and DTC (p′) = a2α for some a1,a2, so

a1α = DTC (p) > DTC
(
p′
)
−α = (a2−1)α

since p is not in MP. It follows that a1 ≥ a2. Also, by Lemma 6.2, we have
(a1−1)α +2a1−1B +1= DT ′C (p)≤ DT ′C

(
p′
)
−α = (a2−2)α +2a2−1B +1.
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This gives

(a2−1)α +2a1−1B +1≤ (a2−2)α +2a2−1B +1≤ (a2−2)α +2a1−1B +1,

i.e., that 1≤ 0, so this case can not occur since we get a contradiction.
Case i(b) p,p′ are 1-neighbors and Pq′,p′ consists not only of 1-steps:
We have DTC (p) = a1α and DTC (p′) = a2α +b2β for some a1,a2 and b2 >
0. By Lemma 6.2, we have DT ′C (p′) = DTC (p′) and DT ′C (p) = (a1− 1)α +

2
a1−1
B +1. The path

Pq,p′ = Pq,p · 〈p′〉= 〈q= p0,p1, . . . ,pn = p,p′〉

consists of only 1-steps and is thus a B-path. It follows that

dα,β

(
p1,p

′;B
)
≤ Cα,β (Pq,p)= a1α < a1α +2a1−1B +1=DT ′C (p)+α ≤DT ′C

(
p′
)
.

In other words,
p1 ∈ Bα,β

(
p′,DT ′C

(
p′
)
;B
)
.

Case ii(a) p,p′ are 2-neighbors and Pq′,p′ consists only of 1-steps:
We have DTC (p) = a1α and DTC (p′) = a2α for some a1,a2. By Lemma 6.2,
we have DT ′C (p′) = (a2−1)α +2a2−1B +1 and DT ′C (p) = (a1−1)α +2a1−1B +
1. Also, a1α =DTC (p) >DTC (p′)−β = a2α−β = (a2−1)α−1, i.e., a2−
1≤ a1. It follows that

(a1−1)α +2a1−1B +1 = DT ′C (p)≤ DT ′C
(
p′
)
−β =

= (a2−2)α +2a2−1B ≤ (a1−1)α +2a1B , (6.5)

i.e., 2a1−1B < 2a1B , which means that b(a1) = 2 and 2a1−1B = 2a1B +1 gives equal-
ity in (6.5), which implies a2 = a1+1.
The 1-path

〈p′,r,p= pn,pn−1, . . . ,p1〉

between p′ and p1 has cost (a1+1)α . Since b(a1) = 2, the path

〈p′,r,p= pn,pn−1, . . . ,p3,p1〉

is a B-path of cost (a1−1)α +β = a1α +1. It follows that

dα,β

(
p1,p

′;B
)
≤ a1α +1.

We collect the results and get:

dα,β

(
p1,p

′;B
)
≤ a1α +1< a1α +2a2−1B +1= (a2−1)α +2a2−1B +1=DT ′C

(
p′
)
.

This means that
p1 ∈ Bα,β

(
p′,DT ′C

(
p′
)
;B
)
.
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Case ii(b) p,p′ are 2-neighbors and Pq′,p′ consists not only of 1-steps:
Now we have DTC (p) = a1α and DTC (p′) = a2α + b2β for some a1,a2 and
b2 > 0. By Lemma 6.2, we have DT ′C (p′) = DTC (p′) and DT ′C (p) = (a1−
1)α +2a1−1B +1.
Since DTC (p′) < DTC (p)+β , we have a2α +(b2−1)β < a1α . If b2 = 1,
we have a2α ≤ (a1−1)α which gives
(a1−1)α +2a1−1B +1=DT ′C (p)≤DT ′C

(
p′
)
−β = a2α−β ≤ (a1−1)α−β .

Contradiction. Therefore b2 > 1, which gives 2a2+b2B ≥ 2 and 2a2+b2−1B ≥ 1.
We have also

a1α = DTC (p) > DTC
(
p′
)
−β = a2α +(b2−1)β > (a2+b2−1)α,

i.e., a2+b2−1< a1. This gives 1≤ 2a2+b2−1B ≤ 2a1B .
Similar to Case ii(a), a 1-path between p′ and p1 of cost (a1+ 1)α
can be constructed and since 1 ≤ 2a1B , a B-path between p′ and p1 of cost
(a1−1)α +β = a1α +1 is obtained. Collecting the results gives

dα,β (p1,p
′;B)≤ a1α +1< a1α +2a1−1B +2= (a1−1)α +2a1−1B +1+β =

= DT ′C (p)+β ≤ DT ′C (p′)

and we get
p1 ∈ Bα,β

(
p′,DT ′C

(
p′
)
;B
)
.

Theorem 6.4. Let G be wedge-2-generated by N1 and N2, and let the ns B,
the two weights α,β such that β = α +1 be given. Then

X =
⋃

p∈MP′
Bα,β

(
p,DT ′C (p) ;B

)
.

Proof. This follows from Lemma 6.3 and 6.4.
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6.4 The look-up table approach
In [Remy and Thiel, 2000a, Remy and Thiel, 2002], an algorithm for finding
a look-up table (LUT) that can be used to extract the set of CMBs for weighted
distances is presented. The LUT-approach for extracting the set of CMBs first
appeared in [Borgefors, 1993]. In [Remy and Thiel, 2002] it is proved that,
in the general case, the size of the neighborhood needed to find the set of
CMBs does not equal the size of the mask used when computing the distance
transform. The algorithm presented in [Remy and Thiel, 2002] also finds the
neighbors that are needed. The basic idea is the following:
Given a neighborhood N :
• For distance values d = 1 :Dmax: For each vi ∈N : find argmink :B (0,d)⊂
B (0+vi,k) and add these values to the LUT.
• For distance values d = 1 : Dmax: If there are “CMB”s detected by LUT in
the object X = B (0,d) different from 0, increase N and start over.

The LUT obtained by this algorithm gives the set of CMBs, since
each ball is represented by a single grid point. The time complexity
of this algorithm is quite high and a faster algorithm is presented in
[Normand and Évenou, 2008].
In Table 6.1–6.2, we give LUTs for some different distance functions on
the square, fcc, and bcc grids. We note that the values in Table 6.1(right)
correspond exactly to the conditions presented in [Kumar et al., 1996] for ns-
distances. For the distance functions on the square grid used here, the set of
1-neighbors and 2-neighbors is sufficient for the LUT. For the weighted ns-
distances on the fcc and bcc grids, an additional neighbor is needed, we use
(±2,±2,±2).
The LUT is used to check for CMBs as follows: A point p is a CMB if and
only if the value of DTC (p+v) is less than the value in the LUT in the column
corresponding to v for distance value DTC (p).
In [Arcelli and Sanniti di Baja, 1988], it is proved that the local (B-)maxima
in the relabeled DT equals the set of CMBs when using weights α = 3 and
β = 4 on the square grid. Thus, the set of CMBs shown in Figure 6.12 can be
obtained by two different algorithms.
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Table 6.1: Values up to 40 in the look-up table for finding the set of CMBs for B =

(1,2,1,2,2) and (α,β ) = (4,5) in Z
2 (left) and values up to 15 in the look-up table

for finding the set of CMBs for B= (1,2) and (α,β ) = (1,1) in Z
2 (right)

Distance 1- 2-

value neighbors neighbors

4 5 9

8 9 10

9 13 14

12 14 18

13 17 18

16 18 19

17 21 22

18 22 23

20 23 24

21 25 26

22 26 27

23 27 28

24 28 32

25 29 32

26 30 32

27 31 32

28 32 33

29 33 34

30 34 35

31 35 36

32 36 37

33 37 41

34 38 41

35 39 41

36 40 41

37 41 42

38 42 43

39 43 44

40 44 45

Distance 1- 2-

value neighbors neighbors

1 2 3

2 3 3

3 4 5

4 5 5

5 6 7

6 7 7

7 8 9

8 9 9

9 10 11

10 11 11

11 12 13

12 13 13

13 14 15

14 15 15

15 16 17
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Table 6.2: Values up to 23 in the look-up table for finding the set of CMBs for B =
(1,2) and (α,β ) = (2,3) in F (left) and values up to 40 in the look-up table for
finding the set of CMBs for B= (1,2) and (α,β ) = (5,6) in B (right). The additional

neighbors are (±2,±2,±2) for both grids.
Dist. 1- 2- additional

val. neigh. neigh. neigh.

2 3 5 7

4 5 6 9

5 7 8 11

6 8 10 11

7 9 10 13

8 10 11 13

9 11 12 15

10 12 13 15

11 13 15 17

12 14 15 17

13 15 16 19

14 16 17 19

15 17 18 21

16 18 20 21

17 19 20 23

18 20 21 23

19 21 22 25

20 22 23 25

21 23 25 27

22 24 25 27

23 25 26 29

Dist. 1- 2- additional

val. neigh. neigh. neigh.

5 6 11 11

10 11 12 16

11 16 17 21

15 17 22 22

16 21 22 26

20 22 23 27

21 26 27 31

22 27 28 32

25 28 33 33

26 31 33 36

27 32 33 37

30 33 34 38

31 36 37 41

32 37 38 42

33 38 39 43

35 39 44 44

36 41 44 46

37 42 44 47

38 43 44 48

40 44 45 49
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6.4.1 Examples
In Figure 6.9–6.13, sets MP, MP′, reduced MP, and sets of CMBs are shown
using some distance functions. Figure 6.9 shows the result for the city-block
distance, 6.10 for the chessboard distance, 6.11 for the octagonal distance
with B = (1,2) and (α,β ) = (1,1), 6.12 for the 3-4-weighted distance, and
6.13 weighted ns-distance with B = (1,2,1,2,2), (α,β ) = (4,5). Note that,
the set of maximal path-points in Figure 6.11 is not reversible. Examples for
the fcc and bcc grids are shown in Figure 6.14.

B= (1), (α,β ) = (1,1)

MP Reduced MP

113 pixels 91 pixels

Figure 6.9: Shape representations for the city-block distance.

B= (2), (α,β ) = (1,1)

MP Reduced MP

138 pixels 96 pixels

Figure 6.10: Shape representations for the chessboard distance.
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B= (1,2), (α,β ) = (1,1)

MP Reduced MP

249 pixels 72 pixels

Errors in reconstructed object

CMBs by LUT

143 pixels

Figure 6.11: Shape representations for ns-distance.
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B= (2), (α,β ) = (3,4)

MP Reduced MP

263 pixels 66 pixels

MP′ (MP by relabeling) CMBs by LUT

169 pixels 169 pixels

Figure 6.12: Shape representations for weighted distance.

B= (1,2,1,2,2), (α,β ) = (4,5)

MP Reduced MP

249 pixels 72 pixels

MP′ (MP by relabeling) CMBs by LUT

176 pixels 147 pixels

Figure 6.13: Shape representations for weighted ns-distance.
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FCC BCC

CMBs by LUT

Reduced set of MP

Figure 6.14: Reversible representations of the object (of size 16319 (fcc) and 16502
(bcc) voxels) in Figure 5.12. For the representations in the top row, the parameters
α = 2, β = 3, B= (1,2) (fcc) and α = 5, β = 6, B= (1,2) (bcc) are used. The sets of
CMBs by LUT contain 3067 (fcc) and 3471 (bcc) voxels and the sets of reduced MP
contain 2861 (fcc) and 2577 (bcc) voxels.
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6.5 Computing skeletons with anchor-points
An application using the representations in Section 6.2–6.4 is skeletonization.
We follow the approach in [Svensson et al., 1999, Svensson, 2001] and use
the set of CMBs obtained in the previous section as anchor-points to get a
reversible representation of the object. By removing only simple points (see
[Kong, 1989, Kong and Rosenfeld, 1989, Kong et al., 1992, Kong, 1995]), the
number of components, cavities, or tunnels in the object and background do
not change. To get a medial representation that is centered in the object, bor-
der points are iteratively removed from the object. This is done by using the
DT and removing simple grid points with increasing distance values. Algo-
rithm 12 gives pseudo-code for obtaining the skeleton. In Figure 6.15, the re-
sulting skeletons for the fish-object using some path-based distance functions
are shown. Note that the distance transform is used both for extracting the set
of CMBs and to decide the order in which the points should be removed.

Algorithm 12: Skeletonization algorithm using a distance transform and
anchor-points.
Input: An object X , its distance transform, DTC , and the set of

anchor-points.
Output: A connected, centered, and reversible skeleton
repeat

foreach distance value k in DTC (increasing values) do

foreach point p ∈ X do
if DTC (p) == k then
Mark p for removal if p is not an anchor-point and p is
simple;

foreach point p marked for removal do
If p is still simple, remove p from X ;

until no points are removed in one iteration ;

The skeletons obtained by this algorithm are not unit-wide. Thin skeletons
can be obtained using the algorithm in [Arcelli and Sanniti di Baja, 1996].
Note that the reversibility of the representation is no longer guaranteed if
CMBs are removed.
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Skeletons by simple points and CMBs by LUT

B= (1), (α,β ) = (1,1) B= (2), (α,β ) = (1,1)

B= (2), (α,β ) = (3,4) B= (1,2), (α,β ) = (1,1)

B= (1,2,1,2,2), (α,β ) = (4,5)

Figure 6.15: Connected, reversible, and centered shape representations for some
weighted ns-distances.
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6.5.1 Skeletons in three dimensions
A reversible skeleton in three dimensions can consist of both curve segments
and surface patches. The set of CMBs is in general not connected, so
skeletonization by keeping anchor-points and removing simple points as in
Algorithm 12 gives a skeleton with many branches, see [Svensson, 2001]. In
[Svensson, 2001], extra conditions are used to preserve surfaces for objects in
Z
3. We developed a similar algorithm for computing skeletons on the fcc and
bcc grids in [Strand, 2004]. Definitions of simple points on the fcc and bcc
grids are found in [Gau and Kong, 1999, Strand, 2004, Brunner et al., 2008].
We proved that the removal of a simple point from an object on the bcc
grid does not change the number of components, cavities, and tunnels in
X and X in [Brunner et al., 2008] and it was proved for the fcc grid in
[Gau and Kong, 1999].
Skeletonization in higher dimensions is an active area of research. One
problem is to get a skeleton that represents the shape of the original object
without too many insignificant branches. Compare the anchor-points used
for the 2D skeletons in Figure 6.15 and the set of anchor points that was
obtained for the 3D object in Figure 6.14. It is obvious that the set of
anchor-points should be reduced for the objects in Figure 6.14. There is
a number of different approaches to simplify the 3D skeleton: We did a
classification (in Z

3) of the set of CMBs in [Strand, 2005a] by computing
the number of regions in which each CMB meet the border of the object.
In [Svensson and Sanniti di Baja, 2003], curve skeletons are simplified by
pruning branches that are not significant, and in [Borgefors et al., 2000],
surface skeletons are simplified.
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7. Concluding remarks

In this last chapter, the results in this thesis are summarized.

7.1 Achievements
We have presented a number of tools for processing images defined on
point-lattices. The main focus has been on distance functions and distance
transforms for processing images on the fcc and bcc grids, but we have
also given tools for acquiring, representing, and visualizing images on
non-standard grids. Most of the results on distance functions and transforms
are also valid for standard grids.
The distance transforms and the medial representations presented in the the-
sis provide powerful tools for analyzing elongated structures. An example of
an application where methods similar to the ones presented in this thesis are
used is found in, e.g., [Hong et al., 1996, Bitter et al., 2001, Wan et al., 2001],
where methods are given to analyze the colon virtually by using a CT im-
age of the colon instead of doing a colonoscopy. First of all, in Section 2.2,
we presented some results that can be useful for generating CT images di-
rectly on non-standard grids. Since these grids have higher packing density,
fewer samples are needed. The colon wall is visualized using a marching
cubes-algorithm in [Hong et al., 1996]. For the fcc and bcc grids, the marching
cubes-like algorithms in Section 2.3 can be used. The colon wall is inspected
by traversing the colon following its centerline. In [Bitter et al., 2001], this is
done by topology-preserving thinning guided by the distance transform from
the colon wall. The method they present is general in the sense that any elon-
gated structure could be traversed in this way.
The overall goal of this thesis has been to give a set of tools that can be
used in image processing on non-standard grids. We summarize the results
that have been presented, starting with the first step in an image analysis-
application, image acquisition and proceeding with image representation, im-
age processing, and image visualization. The intention of this summary is to
show that this thesis is a step towards image processing on non-standard grids.

Acquiring images on non-standard grids

In Section 2.2, we outlined some image acquisition techniques that can
be used to generate images on, e.g., the fcc and bcc grids. The fcc and
bcc grids have higher packing densities compared to the traditionally
used cubic grid. Therefore, fewer samples are needed to fulfill the
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Shannon and topological sampling theorems when the fcc and bcc grids
are used. In [Stelldinger and Strand, 2006], we proved that the fcc grid
obtained by removing half of the grid points in a cubic grid Z

3 has better
topology-preserving properties than the cubic grid Z

3(!).

Representing images on non-standard grids

Results about resolution pyramids were outlined in Section 2.1.2. We used
a representation based on intersecting hyperplanes in Z

4 and a hierarchy of
grids where the fcc, bcc, and cubic grids are used to represent intermediate
levels in a multiresolution representation.
Results about medial representations were presented in Chapter 6. A num-
ber of different reversible representations for path-based distances were de-
fined on grids wedge-2-generated by someN1 andN2, i.e., the general setting
that was used in Chapter 3 and 4. We proved results about reversible represen-
tations using local maxima and centers of maximal balls. Efficient versions
using relabeling of the distance values, look-up tables, and minimization of
the number of local maxima were given and it was proved that the original
object can be obtained by the medial representations.
Comparing the algorithms given in Chapter 6, a sparse reversible represen-
tation is obtained by reducing the set of maximal path-points using the algo-
rithm in Section 6.3.1. This algorithm is, however, computationally heavy and
should be used only when the computation-time is not important. The look-up
table approach in Section 6.4 gives the set of centers of maximal balls using
a neighborhood that is quite small, at least for the examples given here. This
approach requires that a look-up table (LUT) is constructed. The algorithm for
computing the LUT is also computationally heavy, but it needs to be computed
only once for a given distance function and object smaller than (the maximal
distance value in the distance transform (DT) is less than) some value. For a
general distance function defined by a neighborhood sequence and weights,
the local B-maxima with relabeled DT also gives an efficient representation.

Processing images on non-standard grids

In Chapter 3, the theory for path-based distances was developed by presenting
results valid for any point-lattice in the case of weighted distances and point-
lattices with some restrictions on the neighborhoods in the case of (weighted)
distance based on neighborhood sequences. Formulas for point-to-point dis-
tance and conditions for metricity were given in the general case. Also, pa-
rameter optimization for the square, fcc, and bcc grids were presented.
It is easy to construct a distance function that is also a metric using the
conditions in Theorem 3.5 and 3.7. In the optimization in Section 3.3.2, we
found that the (2,3)-weighted ns-distances with B= (1,2) on F and the (5,6)-
weighted ns-distances with B = (1,2) on B have low rotational dependency.
Also, the (4,5)-weighted ns-distance with B = (1,2,1,2,2) is a good choice
for Z2.
In Chapter 4, results about the computation of DTs for path-based dis-
tances for binary images defined on point-lattices were presented. Conditions
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on the image domain, scanning masks, and scanning orders were given and
we proved that correct distance maps are obtained when these conditions are
met.
The weighted distance (with fixed neighborhood size) is best suited for DT-
computation. Two scans are sufficient in any point-lattice and, also, the re-
strictions on the image domain are weaker compared to when (weighted) ns-
distances are used. Given a chamfer mask, each vector in the mask should be
represented by at least one scanning mask for weighted distances. We showed
in Chapter 4 that this is insufficient for (weighted) ns-distances.
An approach using a LUT for computing the DTwith weighted ns-distances
was presented. With this approach, the additional DT, DTL, is not needed.
Again, both the maximal value in the DT and the parameters (the neighbor-
hood sequence and weights) must be known when computing the LUT. Once
the LUT is computed, the computation of the DT is efficient. With the for-
mula given in Lemma 4.7, the LUT can be computed efficiently using Algo-
rithm 3 or on the fly, i.e., if the LUT is too short while computing the DT,
then the missing values can be computed using a slightly modified version of
Algorithm 3. Note also that for short neighborhood sequences, the LUT can
sometimes be replaced by a modulo operator which gives efficient algorithms.
The DT computation on the three-dimensional fcc, bcc, and cubic grids
using the Euclidean distance was the topic of Chapter 5. For example, results
about errors in the DT were presented for two different algorithms – the vector
propagation and fast-marching methods.
For the vector propagation method, each wedge of the neighborhood should
be represented by at least one scanning mask, which is more restrictive than
the conditions needed for the weighted distance. The fast-marching method
does not compute the DT in the sense of Definition 21, since the computa-
tion is based on simulating a planar wave and not trying to find the closest
background grid point.

Visualizing images on non-standard grids

In Section 2.3, marching cubes-like algorithms for the fcc and bcc grids were
presented. In [Strand and Stelldinger, 2007], two additional partitionings
of the fcc grid were presented, giving other local configurations. Three
algorithms using other partitionings also for the bcc grids are found in
[Carr et al., 2003]. In [Strand and Stelldinger, 2007], we proved that given
any smooth object, an fcc grid can be found such that the surface generated
by the marching cubes-like algorithm and the surface of the original object
are homeomorphic. The number of expected triangles per object grid point
is higher on the fcc and bcc grids compared to the cubic grid. Since fewer
samples are needed to fulfill the Shannon sampling theorem for the fcc and
bcc grids, the difference is not as big and when the topological sampling
theorem is considered, both the fcc and bcc grids perform better than the
cubic grid. Another advantage of the marching cubes-like algorithms on the
fcc and bcc grids is that there are not as many configurations on these grids
compared to the algorithm for the cubic grid.
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7.2 Future work
There are several open problems related to the results in this thesis that are left
for future work. Some of them are listed here.
• Examine weighted ns-distances with β < α on B

n.
In Remark 3.9, we noted that in high-dimensional bcc grids, the
2-neighbors have smaller Euclidean distance than the 1-neighbors and
therefore it seems to be fruitful to consider weights also in the interval
β < α . Note that B

n is quite exotic – it consists of the two hypercubic
grids Z

n and 12(1,1, . . . ,1)+Z
n and, when n > 4, the closest neighbors of

each point in B
n belong to the same hypercubic grid. If the distance is

defined as the minimal cost as in Definition 18, then since two 2-steps are
cheaper than two 1-steps, some restrictions are needed in the definition to
get the appropriate distance function.
• Examine weighted ns-distances with β < α on Z

2.
In [Hajdu and Tóth, 2008], non-metrical Minkowski distances in 2D are
approximated using the minimum of two weighted distance functions.
Using β < α in Corollary 3.6 gives non-metric distance functions that
also approximate the non-metrical distance functions considered in
[Hajdu and Tóth, 2008].
• Allow larger number of neighborhood relations.
In the results we have presented for weighted ns-distances,
only two kinds of neighbors are allowed. Weighted ns-
distances using larger number neighbors (as used in, e.g.,
[Yamashita and Ibaraki, 1986, Hajdu et al., 2007]) give lower rotational
dependency and it would be interesting to define also such distance
functions in a general setting allowing non-standard grids.
• Apply the LUT approach to compute the DT with wave-front propagation.
By not using a LUT explicitly, but restrict the propagation to a small neigh-
borhood for some distance values (given by, e.g., a modulo function), we
get the fastest way to compute constrained DT with such low rotational de-
pendency the author is aware of. This is potentially interesting for a number
of applications.
• Examine other high-dimensional non-standard grids.
The n-dimensional fcc and bcc grids can be written Z

n⋃
i

(
1
2vi+Z

n
)
,

where the n-dimensional fcc grid is obtained when vi have 2 ones and
n− 2 zeros and the n-dimensional bcc grid is obtained when vi have n
ones. What about vi:s with n−1,n−2, . . . ,3 ones in the general case?
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A. List of notations and abbreviations

We give a list of symbols that are frequently used in this thesis. Note that not
all symbols are listed here.

B The neighborhood sequence (b(1),b(2), . . .).

B( j) The j-shifted sequence, B( j) = (b(i))∞
i= j.

B The bcc grid. The generalization to n dimensions is denoted
B
n.

B A ball: Br is a Euclidean ball of radius r with center 0, B (p,r)
is a Euclidean ball of radius r with center c, and Bα,β (p,r;B)
is a weighted ns-ball of radius r.

BCN Normalized chamfer mask polyhedron. See Definition 11

CN A chamfer mask consisting of weighted vectors of N .
C1, C2 Chamfer masks of N1 and N1,2, respectively with unit

weights.

C{ωk} (Pp,q) The cost of the path Pp,q using weights ω1,ω1, . . . ,ωk.

The notation Cα,β (Pp,q) is used for weighted ns-distances.
d (·, ·) A distance function: dα,β (p,q) denotes a weighted distance,

d (p,q;B) denotes a ns-distances, and dα,β (p,q;B) denotes a
weighted ns-distance.

dCN (·, ·) The distance function defined by the chamfer mask CN .

dα,β (p,q;γ) Distance function defined for points in R
n where γ corre-

sponds to the fraction of 1-steps.

DTC The distance transform using path-based distances: Each ob-
ject grid point is given the distance to the closest background
grid point.

DT ′C Relabeled distance transform.

DTE The distance transform using the Euclidean distance: Each ob-
ject grid point is given the distance to the closest background
grid point.

DTL The transform assigning to each object grid point the length of
a minimal cost path to the closest background grid point.

E An error function.

F The fcc grid. The generalization to n dimensions is denoted
F
n.
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F A set of vectors {v1,v2, . . . ,vn}.
G Any point-lattice.

H The hexagonal grid. The three-dimensional grid in which each
Voronoi region is a hexagonal prism is denoted H

3.

IG The image domain: a subset of G.

L(Pp,q) The length of the path Pp,q.
MCN ,N ′ A scanning mask with the vectors of N ′ ⊂N

MP The set of maximal path-points.

N A neighborhood. For weighted ns-distances N1 is the set of
1-neighbors and N2 is the set of strict 2-neighbors. The set of
2-neighbors is N1,2 =N1∪N2.

Pp,q A path 〈p= p0,p1, . . . ,pN = q〉 between p and q.
p,q,r Points. In dimensions n > 3, we write p =

(p(1), p(2), . . . , p(n)). In three and two dimensions,
p= (x,y,z) and p= (x,y), respectively, is used.

R The set of real numbers. We use R
+ = {x ∈ R : x> 0} and

R
+
0 = {x ∈ R : x≥ 0}.

Ri Intersection of balls, used in Section 5.1.2.
so A scanning order: an enumeration of the grid points in IG.

T aσ ,� The intersection of a grid and a half-space or hyperplane. See
Definition 31.

Z The set of integers. We use Z
+ = {1, . . .} and N = {0,1, . . .}.

Z
n The n-dimensional cartesian grid. Special cases are the square
grid Z

2 and the cubic grid Z
3.

V A matrix generating a point-lattice.

v,w,u Vectors.

W A wedge of a neighborhood N is the region spanned by the
vectors v1, . . . ,vn ∈N with non-negative coefficients. The no-
tationW = 〈〈v1, . . . ,vn〉〉∗ is used.

X An object in IG. The background is denoted X .
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α,β ,ωk Weights. In general in R
+.

ΓPp,q (v) The number of occurences of the local step v in the path Pp,q.
∆0F The determinant of the elements in F .

∆kF (p) The determinant of the elements in F = {v1,v2, . . . ,vn} with
vk replaced by p.

1kB, 2
k
B The number of elements 1 and 2, respectively, in B up to posi-
tion k.

1Pp,q , 2Pp,q The number of 1- and 2-steps, respectively, in the path Pp,q.

⊒∗ The faster than-relation for neighborhood sequences. See Def-
inition 16.

List of abbreviations

A list of the abbreviations used in this thesis is given here.
bcc Body-centered cubic

CMB Center of maximal ball

CT Computed tomography

DFM Direct Fourier method

DT Distance transform

FBM Filtered backprojection method

fcc Face-centered cubic

FMM Fast-marching method

LUT Look-up table

ns Neighborhood sequence

UCG Unfolded cube graph

VPM Vector propagation method

1D, 2D, 3D One-dimensional, two-dimensional, three-dimensional
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