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II

Abstract

The Black–Scholes model is a fairly simple model used to price European options by
solving a linear partial differential equation. When transaction costs are considered, the
Black–Scholes model fails due to unbounded transaction costs. The most famous alter-
native models to price options including transaction costs are the Leland model and its
generalization, the Hoggard–Whalley–Wilmott model. The vast majority of the models
with transaction costs lead to some nonlinear partial differential equations, where the
nonlinear term incorporates the transaction costs. This thesis introduces to the reader
the outline theory related to option pricing inclusive of transaction costs. This includes a
review of the Black–Scholes model and its formula, subsequently follows by the presen-
tation of the necessary change to be able to generalized the Black–Scholes equation under
transaction costs. This thesis also considers the derivation of the previously mentioned
models, further deepen by the investigation of some associated extensions such as cost
structures, alternative models or ill-posedness.

Keywords: Option pricing, Transaction costs, Financial models, Black–Scholes, Hedging
portfolio, Leland model.
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Introduction 1

1 Introduction

Over the last century, the financial market has exponentially grown. Several billions
of dollars circulate in this economy every day. The financial market is composed of
a multitude of financial instruments such as stocks, futures, swaps, bonds, options,
forwards, etc. Some of those financial instruments are part of a family called derivatives.
A derivative is a contract whose value depends on the value of another asset. The most
famous and traded derivatives are the options. There exist several types of options. In
this thesis, only the vanilla European call and put options are of interest. The first one
gives the holder of the option, the right to buy at a predetermined price and date the
underlying asset, whereas the second gives the right to sell it. An option is difficult
to price, because its value depends on the future value of the underlying asset which
remains unknown until maturity. Therefore, the problem on how to price this type of
contract, as fairly as possible is of great interest for many researchers.

In 1973, a breakthrough in the theory of option pricing is made by two economists.
Fischer Black and Myron Scholes [8] propose a financial model to price European call
and put option. Their model is constructed on the foundation of several assumptions,
such as constant risk-free rate and volatility, frictionless market (no transaction costs)
and log-normal distribution of the stock’s return. Based on those assumptions, Black
and Scholes, with the idea of hedging an option with a self-financing and admissible
portfolio invested in the underlying asset, obtain a partial differential equation, the so-
called Black–Scholes equation. The solution to this equation gives the pricing function
of the option. The derivation of the Black–Scholes equation lies in the arbitrage argu-
ment, which states that two contracts or investments yielding identical cash flows at the
future time should have an equal price today. Therefore, by constructing a self-financing
portfolio invest in the underlying asset and in the bank, an investor can continuously
rebalance its investment such that it delivers the same payoff than the option at maturity.
By the no-arbitrage argument, the value of the option must equal the initial investment
of the replicating portfolio.

In the Black–Scholes model, rebalancing the portfolio is assumed to be cost less. How-
ever, this is an assumption. In reality, every transaction in the underlying asset incurs
some transaction costs. By the infinite variation of the stock price process following
a geometric Brownian motion, in the presence of transaction costs, continuous read-
justment of the portfolio generates unbounded transaction costs. The Black–Scholes
approach to option pricing using the arbitrage argument with transaction costs fails
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Introduction 2

and perfect hedging is no longer possible. An alternative to the Black–Scholes model is
necessary to price European options inclusive of transaction costs. This model would
need to fulfill some requirements due to the incorporation of transaction costs. Firstly,
the model should be in a discrete time framework to limit the amount of rehedging
and therefore bound the total size of the transaction costs. Secondly, a repercussion
of discrete time model is to cause a hedging error. This error can be quite significant
for infrequent revision of the portfolio. Hence, the model should consider the existing
trade-off between hedging error and transaction costs which are negatively correlated
with respect to the amount of revision. Several approaches are studied to cover the lack
of option price when transaction costs are considered.

On one side, there is the financial engineering approach. Given the problem of hedging
the option using a portfolio where the transactions are subject to cost, one has to find a
hedging strategy such that the risk is eliminated. Then, the option is priced according to
this strategy. This approach leads mainly to solve a linear or nonlinear partial differential
equation which does not consider neither risk-preference nor optimality of the strategy.
The models based on this approach have the advantage to be simpler to implement.
Some of them even have explicit solutions and in the absolute, approximation of the
solutions are effortlessly computed using numerical methods. This type of models is
usually preferred in practice thanks to their efficiency. However, the strategies have
the disadvantage to not be optimal and their performances are usually not the best.
On another side, there is the utility-based approach. It focuses on finding an optimal
hedging strategy, maximizing the expected utility generated by the wealth of an investor
invests and not in the option. The option price is estimated by determining the com-
pensation that an investor should receive to trade in the option. This approach has the
advantage to lead to better performance in the hedging of the option, however it is also
more laborious to solve.

In 1985, an advancement in the financial engineering approach is made by Hayne Leland
[20]. Leland develops a model to price European call and put options inclusive of trans-
action costs. His approach is quite similar to the one made by Black and Scholes, at the
exception that Leland considers an extra term in the replicating portfolio which account
for the transaction costs. His derivation leads to the Black–Scholes equation with an
adjusted volatility. Hence, the Black–Scholes formula is still used to compute explicitly
the price of a European option in the presence of transaction costs. The main results ob-
tained by Leland are then a valuation model and a hedging strategy different to the one
of Black and Scholes, referred to as Leland’s theorem. Leland claims that his replicating
strategy converges to the payoff of a European option as the amount of revision tends to
infinity without to meticulously prove it. Eventually, Lott [23], Kabanov and Safarian
[19] demonstrate that the Leland’s theorem holds only under certain conditions. Lott
[23] proves that the Leland’s theorem is valid if the rate of transaction costs decreases as
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the time between revision tends to 0. In other words, as more transactions are made as
less expensive become the transaction costs. However, Kabanov and Safarian [19] prove
that the Leland’s theorem fails for a constant rate of transaction costs and present an
explicit limit to the hedging error. Lépinette [21] suggests a modification to the Leland’s
strategy to resolve the convergence error discovered by Kabanov and Safarian.

The work of Leland is a great progress on the topic of transaction costs, bringing the
subject to light and leading researchers to dedicate more time to it. Hoggard et al. [40]
generalizes the Leland model to any payoff. They obtain one of the first nonlinear
partial differential equation in financial mathematics with a nonlinear term with respect
to the Γ of the option. Boyle and Vorst [10] extend the Cox-Ross-Rubinstein binomial
model to an option pricing model inclusive of transaction costs with several periods.
Their approach is based on the original approach made by Merton [29]. They consider
option pricing under proportional transaction costs in a discrete time framework with a
perfect replication of the contingent claim. Similarly as in the continuous case study by
Leland, Boyle and Vorst obtain a modified variance used in the Black–Scholes formula
to compute the price of the option. Avellaneda and Parás [24] study the ill-posedness
problem of the Leland and Hoggard et Al. partial differential equations. An obstacle
problem is proposed at the place of the partial differential equation problem to avoid
the ill-posedness. Moreover, a new hedging strategy and price of the option is estimated
by solving the obstacle problem. Their strategy combined static and dynamic hedging
over different time intervals such that the contingent claim is super replicated.

Four years after Leland’s paper, the first model based on the utility approach is de-
veloped by Hodges and Neuberger [16]. The authors propose a model incorporating
optimality of the hedging strategy by using maximization of expected utility of the
investor over the life of the option. They obtain a stochastic optimal control problem
describes by a Bellman-Hamilton-Jacobi equation to compute the price of the option.
This problem does not have any closed-form solution and requires numerical methods to
solve it. When solved, the optimal strategy appears to perform better than the Leland’s
strategy. Davis, Panas and Zariphopoulou [14] work on a similar approach than Hogdes
and Neuberger. However, they derive a modified version of Hodges and Neuberger
model. In their new version, it is required to solve not one but two stochastic optimal
control problems to estimate the price of the option. Zakamouline [42] extends the
framework developed by Davis et al. for both fixed and proportional transaction costs.
A numerical implementation is given to compute the exact option prices and hedging
strategies of the initial Davis et al. model. Furthermore, they compare their results to
the asymptotic hedging strategy proposed by Whalley and Wilmott [37] of Davis et al.
model. Barles and Soner [3] consider an asymptotic analysis of the model proposed by
Hodges and Neuberger. It leads to a nonlinear Black–Scholes equation with a modified
volatility, where the risk aversion of the investor is incorporated with a free parameter.
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Numerical solutions to the equation proposed by Barles and Soner [3] are studied by
Company et al. in [12]. They investigate the different properties of the solutions.

Further investigation of the utility approach is found in Clewlow and Hodges [11], An-
dersen and Damgaard [2], and of the financial engineering approach in Amster, Mariani
and Rial [1], Ševčovič and Žitňanská [34], Bensaid, Lesne and Pagès [6]. Some simulation
analysis of the different models are studied by Martellini and Priaulet [28], Mohamed
[30], Wei, Erlangga and Zhumakhanova [36].

In this thesis, the main goal is to introduce the reader to the concept of financial models
to price option inclusive of transaction costs. This topic is usually not covered in aca-
demic courses. Hence, this thesis made the subject accessible to students who would
like to have an insight beyond the Black–Scholes model without the need of gathering
dozens of articles. Furthermore, this thesis discusses the major researches made in the
field of transaction costs in option pricing. The approach is to bring enough theoretical
background to the reader to understand the classical Black–Scholes model and its prop-
erties, and furthermore the different necessary steps to develop an alternative model
fulfilling the lack of the Black–Scholes model under transaction costs. A reader with
some rigorous knowledge in mathematics, and some basic understanding of financial
mathematics should be able to follow, and understand the thesis reasonably well and
get a good overview of the theory of option pricing with and without transaction costs.

The thesis is organized as follows. In Section 2, the reader is introduced to the mathe-
matical and financial theory necessary to understand the derivation of financial models.
This includes the basis of stochastic calculus such as differentiation and integration of
stochastic processes, and the theory of financial markets and arbitrage. In Section 3, the
Black–Scholes model is reviewed with its derivation and important theorems such as the
risk-neutral valuation and Black–Scholes formula. Section 4 presents the most common
models and theories related to financial theory inclusive of transaction costs such as
Leland and Hoggard et al. models. Section 5 summarizes the thesis and proposes further
research.
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2 Theory

This chapter focuses on the necessary theory to understand the derivation of both
financial models with and without transaction costs. The first section introduces the
pure mathematical concepts related to stochastic calculus, whereas the second section
introduces the financial concepts. All the theory and proofs presented in this thesis
exist in the d-dimensional case, however for simplicity only the one-dimensional case is
presented. Regarding the d-dimensional case, the reader can find information in [32],
[7],[4] and [35]. Those references are also the one used in this thesis for all the proofs,
propositions, definitions an theorems.

2.1 Mathematical theory

A probability space is a measure space defined by the triple (Ω,F , P). The set Ω is the
sample space, or also the set of all possible outcomes. The set F is a σ-algebra, where the
elements are a set of outcomes in Ω. Those sets are called events. Finally, the probability
measure P is a function such that for any set E ∈ F , P : E → [0,1] and has the property
P(Ω) = 1.

Definition 1. Given the set Ω, F is a σ–algebra on Ω, if

1. ∅ and Ω ∈ F ,

2. E ∈ F =⇒ Ec ∈ F , where Ec = Ω\E is the complement of E on Ω,

3. E1, E2, ... ∈ F =⇒ ∪∞
i=1Ei ∈ F .

Hence, the pair (Ω,F ) is referred to, as a measurable space.

Definition 2. A probability measure P on a measurable space (Ω,F ) is a function
P : F → [0,1] which must satisfies:

1. P(∅) = 0,

2. P(Ω) = 1,

3. P (∪∞
i=1Ei) = ∑∞

i=1 P(Ei), for any collection of sets pairwise disjoints, E1, E2, ... ∈ F .

Definition 3. A stochastic process is a collection {Xt}t∈T of random variables defined on
a probability space (Ω,F , P) and assuming values in R. A stochastic process is denoted
by Xt = Xt(ω) = X(t,ω). The parameter space T is usually [0,∞).
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Stochastic processes are related to events which are random and occur usually in time.
Any random phenomena happening in time could be described as a stochastic process.
As an example, the price of a stock market is a stochastic process. For each time t of
a given period, the stock has a price denoted by St which is not predictable, hence a
random variable for any given time t.

Definition 4. A filtration on (Ω,F , P) is a family {Ft}t≥0 of increasing sub–σ–algebras
Ft ⊂ F such that

0 ≤ s < t =⇒ Fs ⊂ Ft.

It is important to define the filtration generated by a stochastic process Xt. It is de-
noted FX

t , the smallest set of σ-algebra generated by Xt such that Xt belong to FX
t .

It represents all information generated by X over an interval [0, t]. A set A is said to
be FX

t -measurable, or A ∈ FX
t , if it is possible to know whether or not the event A

has occurred given the observations {Xs;0 ≤ s ≤ t}. Furthermore, if a stochastic pro-
cess Y is such that Yt ∈ FX

t for all t ≥ 0, we say that Y is adapted to the filtration {FX
t }t≥0.

The main use of stochastic processes is to create a mathematical tool to be able to simulate
as closely as possible observable random phenomenon. In financial mathematics, to
investigate the present and expected behavior of the stock price, it is usually simulated
with a dynamics composed of two parts, a deterministic one and a stochastic one. The
most commonly used stochastic process to create randomness in the study of stock
prices, is the so-called Brownian motion.

Definition 5. A stochastic process Wt is a Brownian motion if it satisfies the following:

1. W0 = 0.

2. It has independent increments, i.e. if r < s ≤ t < u then Wu − Wt and Ws − Wr are
independent.

3. It has increments Wt − Ws normally distributed N (0, t − s) for s < t.

4. {Wt} has continuous trajectories.

5. {Wt} is Ft-measurable.

Remark 1. FW
t is the smallest σ–algebra generated by {Ws : s ≤ t}, the filtration of the

Brownian motion.

Definition 6. [4] A function f is said to be Hölder continuous of order α if there exists a
constant M such that

| f (t)− f (s)| ≤ M|t − s|α.

The paths of the Brownian motion are continuous by definition, however, they are
nowhere differentiable. This is due to the fact that the paths of Brownian motion are
Hölder continuous only of order α < 1/2.
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Theorem 1. A Brownian motion trajectory is with probability one nowhere differentiable, and it
has locally infinite total variation.

The proofs that the paths of Brownian motion are Hölder continuous of order α < 1/2
and nowhere differentiable can be found in the chapter 7 of [4].

The Brownian motion has the particularity to have an important property, which is to be
martingale. This property is fundamentally important in financial mathematics to create
dynamics for stock prices with realistic properties. It ensures that given the historical
prices of a stock, the expected price of this stock in the future is equal to its price today.
It is realistic to think that a stock price follows this property. This is motivated by the
fact that if the expected value of a stock is either higher or lower than the present value,
the investors would take advantage of it by buying or selling the stock today with the
thinking to make a profit tomorrow. However, by the economic equilibrium principle,
doing so would rise or lower the stock price such that a new equilibrium price is met.
Therefore, profits would no longer be possible.

Definition 7. A stochastic process (Xt)t≥0 on a probability space (Ω,F ,P) is a martingale
with respect to {Ft}t≥0 if for all t,

1. Xt is Ft-measurable,

2. E[|Xt|] < ∞,

3. E[Xt|Fs] = Xs where 0 ≤ s ≤ t.

The condition (3) of the Definition 7 requires the understanding of conditional expecta-
tion of a random variable with respect to a σ-algebra. A good definition of conditional
expectation is found in the Appendix of [4]. The conditional expectation of Xt given Fs,
written E[Xt|Fs] is interpreted as the best approximation to Xt using random variables
that are measurable with respect to Fs. In other words, the best expected value of Xt

knowing what have already happened up to time s.

As mentioned earlier, the Brownian motion is indeed a martingale. The proof is rather
simple and is as follows.

Proof. A Brownian motion is a martingale if it satisfies the three conditions of the
Definition 7. It is easy to see that by definition of the Brownian motion, that the first
condition holds. Furthermore, Wt is normally distributed with mean 0 and variance t,
therefore by the symmetry of the normal probability density function, E[|Wt|] < ∞. It
remains to prove the last condition, E[Wt|Fs] = Ws, achieved by the following:
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E[Wt|Fs] = E[Wt − Ws + Ws|Fs]

= E[Wt − Ws|Fs] + E[Ws|Fs]

= Ws,

using the independence of increments and that Wt − Ws is N (0, t − s).

Any complex stochastic processes to be stochastic have to rely on one or several stochastic
components, as for example the Brownian motion. Most well known stochastic processes
used to construct more complex one are part of a family called the Lévy processes. There
exist some alternatives to the Brownian motion, such as the Poisson process or the
Gamma process. In this thesis, only the Brownian motion is used. Hence, some of the
simpler stochastic processes constructed using the Brownian motion are the Brownian
motion with drift and the Geometric Brownian motion.

Definition 8. Let a stochastic process Xt be given by the following,

dXt = µdt + σdWt, (2.1)

where µ and σ are constants and Wt is a Brownian motion. Then given an initial value x,

Xt = x + µt + σWt, (2.2)

is a Brownian motion with drift.

Definition 9. Let a stochastic process Yt be given by

dYt = µYtdt + σYtdWt, (2.3)

then given an initial value y, the solution of the differential equation is

Yt = yexp
[(

µ − σ2

2

)
t + σWt

]
. (2.4)

A stochastic process Yt following the dynamics (2.4) is called a Geometric Brownian
motion (GBM). The derivation of the solution to the differential equation (2.3) is shown
afterward because it requires an additional theorem, the Itô’s formula.

With the introduction of stochastic processes, arise the question of differentiation of
functions with stochastic variables. Consider the function f (x) to be C1 and Zt = f (Wt)

where Wt is a Brownian motion. An intuitive thinking would be to differentiate Zt using
the traditional chain rule derivation of calculus. Hence, the derivative should be given
by the following:

dZt = d f (Wt) =

(
dWt

dt
· d f (Wt)

dWt

)
dt. (2.5)
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However, by Theorem 1, it is known that Wt is nowhere differentiable. Therefore, it is
required to have an alternative to the chain rule applicable to stochastic processes. This
counterpart to the chain rule in stochastic calculus is the Itô’s formula.

Theorem 2. (Ito’s formula)
Let Xt be a stochastic process given by

dXt = µdt + σdWt,

where Wt is a Brownian motion, then Zt = f (t, Xt) where f is C1,2 satisfies

dZt =
∂ f
∂t

dt +
∂ f
∂x

dXt +
1
2

∂2 f
∂x2 (dXt)

2, (2.6)

or alternatively,

dZt =
(∂ f

∂t
+ µ

∂ f
∂x

+
σ2

2
∂2 f
∂x2

)
dt + σ

∂ f
∂x

dWt (2.7)

according to the rules (dt)2 = 0, (dWt)2 = dt and dt · dWt = 0. Note that the variables (t, Xt)

is dropped on the functions µ, σ and f to simplify the notation.

Going back to the Definition 9 of the Geometric Brownian motion, it is now possible
to prove the solution process to the differential equation (2.3) using Itô’s formula as
follows.

Proof. [Proof of eqn. (2.4)]
Consider the following differential equation with given initial value,dXt = µXtdt + σXtdWt,

X0 = x0,
(2.8)

and let Zt = ln (Xt), then by the Itô’s formula,

dZt =
1

Xt
dXt −

1
2X2

t
(dXt)

2 (2.9)

= (µ − σ2

2
)dt + σdWt. (2.10)

Moreover, by integrating both sides of the equation, the process Zt is recovered under
the new form,

Zt = ln (x0) +

(
µ − σ2

2

)
t + σWt. (2.11)

Finally, by taking the exponential of Zt, the stochastic process Xt is obtained as follows,

Xt = x0 exp
[(

µ − σ2

2

)
t + σWt

]
. (2.12)
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The two differential equations (2.1) and (2.3) used as examples for the dynamics of
stochastic processes belong to a class of differential equation called Stochastic Differential
Equations (SDEs). The Definition 10 defines this type of equation in the case of a single
Brownian motion component. It is important to note that a SDE can be driven by
several Brownian motions correlated or independent of each other, nevertheless only
the one-dimensional case is studied in this thesis.

Definition 10. A SDE driven by a one-dimensional Brownian motion is an equation of
the form,

dXt = µ(t, Xt)dt + σ(t, Xt)dWt. (2.13)

where µ and σ are respectively called the drift coefficient and the diffusion coefficient. When
given an initial value X0 = x ∈ R, the corresponding integral equation is obtained,

Xt = X0 +
∫ t

0
µ(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (2.14)

A stochastic process Xt that is solution to (2.13) is called a diffusion process.

Similarly, as for ordinary and partial differential equations, not all SDEs have a solution.
Thus, it is necessary to know when a SDE actually have or not a solution and moreover
if this solution is also unique. Theorem 3 guarantees the existence and uniqueness of a
solution to a SDE of the form (2.13) if µ(t, Xt) and σ(t, Xt) satisfy some conditions.

Theorem 3. (Existence and Uniqueness)
Let µ : [0, T]× R → R and σ : [0, T]× R → R be measurable function. If µ(t, x) and σ(t, x)

satisfy for all t ∈ [0, T], and for all y and x ∈ R,

∥µ(t, x)− µ(t,y)∥+ ∥σ(t, x)− σ(t,y)| ≤ C∥x − y∥ (Lipschitz condition) (2.15)

and
∥µ(t, x)∥+ ∥σ(t, x)∥ ≤ C(1 + ∥x∥) (Linear Growth condition) (2.16)

for some constant C, then the stochastic initial value problem dXt = µ(t, Xt)dt + σ(t, Xt)dWt,

X0 = x ∈ R,
(2.17)

has a unique continuous solution Xt ∈ L2[0, T]. Additionally, the process Xt is FW
t –adapted.

Proof. The proof of this theorem is out of the scope of this thesis, requiring deeper
knowledge in measure theory. Therefore, the reader is referred to [32] for a complete
proof.

Now that a SDE is defined as well as the conditions that µ and σ need to satisfy for a
unique continuous solution to exist. It is necessary to understand the different parts that
compose a typical solution to a SDE. A solution in its form (2.14) to a SDE is composed
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of the initial start, a deterministic integral and a stochastic integral. If the deterministic
integral lean on basic calculus, the latest integral of the form

∫ t

0
gsdWs (2.18)

where g is a stochastic process satisfying some assumptions, cannot be estimated from
the theory of calculus. Therefore, some researchers such as Kiyoshi Itô extend the theory
of stochastic processes by defining new concepts of derivation and integration applicable
to stochastic processes. More precisely, Kiyoshi Itô invents the concept of stochastic
integration. His theory, including Ito’s lemma, Itô processes and other properties are
grouped into the so-called Itô calculus. Others researchers work on the subject, such as
Ruslan Stratonovich, who even proposes an alternative theory to Itô calculus. In this
thesis, only the theory related to Itô calculus is presented. For the stochastic integral
(2.18) to exist, the process g needs to satisfy some assumptions defined as the class L2.

Definition 11. A stochastic process g belongs to L2[a,b] if

1.
∫ b

a E
[
g2

s
]

ds < ∞,

2. gt is FW
t –adapted.

The process g belongs to L2 if g ∈ L2[0, t] for all t > 0.

Hence, for any process g belonging to L2, the existence of the stochastic integral (2.18) is
guaranteed. It remains to define the stochastic integral by Itô calculus.

Definition 12. Consider the process g ∈ L2[a,b]. The stochastic integral is defined when
g is assumed to be simple and when g is assumed to be a general function.

Firstly, if g is simple such that gs = gtk for s ∈ [tk, tk+1) with discretization a = t0 < t1 <

t2 < · · · < tn = b then the stochastic integral is defined by

∫ b

a
gsdWs =

n−1

∑
k=0

gtk [Wtk+1 − Wtk ].

Secondly, if g is a general function, it is proved that g can be approximated by a sequence
of simple processes {gn} such that

lim
n→∞

∫ b

a
E
[
(gn

s − gs)
2]ds → 0,

then the stochastic integral is defined by

∫ b

a
gsdWs := lim

n→∞

∫ b

a
gn

s dWs.

With the definition of stochastic integral, some nice properties arises. Those properties
are frequently used in financial mathematics to compute the expectation of a stock price.
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The following propositions are respectively the vanishing expectation, the Itô isometry
and the measurability of the stochastic integral when g belong to the class L2.

Proposition 1. Assume g ∈ L2[a,b], then

1. E
[∫ b

a gsdWs

]
= 0,

2. E
[(∫ b

a gsdWs

)2
]
=
∫ b

a E
[
g2

s
]

ds,

3.
∫ b

a gsdWs is FW
b − measurable.

In financial modeling, stochastic processes and SDEs are part of the foundation of most
models. Another type of equations appearing recurrently in financial mathematics are
Partial Differential Equations (PDEs), where one or several of the variables are stochastic
processes. One of the famous proposition linked with PDEs is the Feynman-Kac formula
which gives a solution to a certain type of boundary value problem strongly present in
financial modeling.

Proposition 2. (Feynman-Kac formula with discounting factor)
Let Xt be a stochastic process given by dXs = µ(s, Xs)ds + σ(s, Xs)dWs,

Xt = x.
(2.19)

Assume that the process e−rsσ(s, Xs)
∂F
∂x (s, Xs) is in L2 and F : [0, T]× R → R satisfies the

boundary value problem ∂F
∂t (t, x) + µ(t, x) ∂F

∂x (t, x) + 1
2 σ2(t, x) ∂2F

∂x2 (t, x)− rF(t, x) = 0,

F(T, x) = ϕ(x),
(2.20)

then
F(t, x) = e−r(T−t)Et,x[ϕ(XT)]. (2.21)

The proof of the Feynman–Kac formula is left to the reader. An approach to the proof
is to consider a stochastic process Zs = e−r(s−t)F(s, Xs) where F(s, x) is assumed to be
a solution to the PDE. By Itô’s formula, one can compute the derivative of Zs, then by
integration over [t, T] find an expression for ZT. Finally, by taking the expectation of
ZT and using the vanishing expectation property, one sees that E[ZT] = F(t, x), hence
the equation (2.21) is recovered. For a more rigorous proof, see [32]. The Feynman–Kac
formula is an important proposition used in finance in the risk-neutral valuation theorem
associated with Black–Scholes model.
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2.2 Financial theory

This section introduces several useful definitions and propositions commonly used in
financial mathematics. It is natural to start by explaining what is a financial market.

A financial market is a marketplace to trade financial securities also called assets. There
exists a broad range of assets such as stocks, bonds, financial derivatives, currencies and
commodities. Those assets are usually divided in two categories: the risky assets involv-
ing uncertainty about their future prices and therefore representing risky investments,
and the risk-free assets for which the future prices is deterministically estimated.

Definition 13. Let a financial market of (n + 1) assets be an F (m)
t –adapted (n + 1)–

dimensional Itô process Xt = (Bt,S1
t , · · · ,Sn

t ) for t ∈ [0, T] which is assumed to follow,

dBt = ρ(t,ω)Btdt; B0 = 1 (2.22)

and

dSi
t = µi(t,ω)dt +

m

∑
j=1

σij(t,ω)dW j
t ; Si

0 = xi (2.23)

for 1 ≤ i ≤ n ∈ N.

The elements of Xt are the price processes of the different assets at time t for one share
of each asset. The price process Bt is the price evolution of a risk-free asset due to the
absence of randomness, usually corresponding to a bank account. Whereas, the price
processes Si

t are related to risky assets, as for example, stocks. Moreover, the function
µi and σi are respectively known as the rate of return and volatility of the stock price
Si. From this financial market, an investor invests in the different elements of Xt to
construct a so-called portfolio.

Definition 14. A portfolio in the market {X(t)} is an (n + 1)–dimensional (t,ω)– mea-
surable and F (m)

t –adapted stochastic process

θ(t,ω) =
(

θ0(t,ω),θ1(t,ω), · · · ,θn(t,ω)
)

where the value process of the portfolio at time t is

Vθ(t,ω) = θ0
t Bt +

n

∑
i=1

θi
tS

i
t

for 0 ≤ t ≤ T. The components θi
t correspond to the number of shares held at time t for

each asset i.

In financial mathematics, it is common that the portfolio must have a specific feature
which is to be self-financing. In simple terms, a self-financing portfolio is a portfolio
such that the variations in its value are only due to variations in the prices of the assets.
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This also means that no money is injected neither withdraw, in and out of the portfolio.
The mathematical definition of a self-financing portfolio is as follows.

Definition 15. A portfolio θt is said to be self-financing if

∫ T

0
{|θ0

s ρsBs +
n

∑
i=1

θi
sµ

i
s|+

m

∑
j=1

[
n

∑
i=1

θi
sσ

ij
s ]

2}ds < ∞ a.s. (2.24)

and

dVθ
t = θ0

t dBt +
n

∑
i=1

θi
tdSi

t = θtdXt, (2.25)

or in integral form

Vθ
t = Vθ

0 +
∫ t

0
θsdXs, (2.26)

where (2.24) is required for (2.26) to be well-defined.

Oksendal [32] shows that for any given θ1
t ,θ2

t , · · · ,θn
t , it is always possible to make the

portfolio θt = (θ0
t ,θ1

t , · · · ,θn
t ) self-financing by choosing the right θ0

t . He also shows that
it is virtually possible to generate from a self-financing portfolio any terminal value
Vθ

T with initial value Vθ
0 = 0. This is later shown as an arbitrage opportunity and goes

against the assumptions of financial markets. Therefore, there exists an additional
condition that the portfolio must satisfy which is the admissibility condition.

Definition 16. A self-financing portfolio θt is said to be admissible if the value process
Vθ(t,ω) satisfies

Vθ(t,ω) ≥ −K for a.a. (t,ω) ∈ [0, T]× Ω,

for some constant K < ∞. Therefore, the value process is required to be (t,ω) lower
bounded a.s.

This gives a view on the attitude of an investor toward risk. It would not be reasonable
for an investor to enter any trading strategy, if the possible loss of this strategy would be
unbounded, whatever the risk preference of an investor is. A risk-averse investor would
choose a lower K such that the value of the portfolio does not become too negative and
gives him the possibility to repay his borrowing, whereas a risk-lover might be more
tolerant with a larger K.

Definition 17. An arbitrage on a financial market is a self-financing and admissible
portfolio θt such that

Vθ(0) = 0,

P(Vθ(T) ≥ 0) = 1,

P(Vθ(T) > 0) > 0.

(2.27)

A market is said to be arbitrage free if there are no arbitrage opportunities.
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In others words, an arbitrage is the possibility for an investor to gain a guaranteed
risk-free profit at a later time without an initial investment. The arbitrages exist mainly
as a consequence of mispricing of financial instruments. In practice, it is possible for an
investor to find arbitrage opportunities, however in the theory, the financial markets
are usually assumed to be arbitrage-free. The motivation is that if there were to be any
arbitrage opportunity, the investors would take advantage of it until the price meets a
new equilibrium where the arbitrage is no longer profitable. There exists a condition
under which a financial market is guaranteed to be arbitrage-free. This condition is
stated in the Fundamental Theorem of Asset Pricing, a key pillar of the theory of financial
mathematics.

Let
{

Xt
}
= (Bt,S1

t , · · · ,Sn
t ) be the normalization of the financial market {Xt}t∈[0,T] of

Definition 13 given by,

Bt ≡ 1, (2.28)

Si
t =

Si
t

Bt
for 1 ≤ i ≤ n, (2.29)

and govern by the probability measure P.

Theorem 4. (The First Fundamental Theorem of Asset Pricing)
A financial market {Xt}t∈[0,T] is arbitrage–free if and only if there exists a probability measure
Q such that Q ∼ P and such that the normalized price process

{
Xt
}

t∈[0,T] is a local martingale
under Q. Then Q is called an equivalent local martingale measure.

Proof. A sketch of the proof can be found in [7] and [32].

As mention earlier, there exists a multitude of financial instruments. However, in this
thesis, only the European option is of interest and defined as follows.

Definition 18. A European call or put option on an underlying asset S with strike price K
and exercise date T, is a contract which gives the holder the right, but not the obligation
to respectively buy or sell one share of the underlying asset at the predetermined price
K at time T.

It is important to note that the contract is an agreement between two parties made
today also refereed as time t = 0, for an unknown payoff in the future. One of the most
investigated topics in financial mathematics is to determine what would be the fair price
of such a contract at time t = 0, such that there exists no arbitrage opportunity.

Definition 19. Consider a financial market with vector price process S. A contingent
claim with exercise date T, is any random variable X ∈ F S

T . A contingent claim is said to
be simple if X = ϕ(ST) for some contract function ϕ. The price of a contingent claim is
denoted by πt(X ).
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This means that an investor owning the contingent claim would receive X at the time of
expiration T. A European call and put options are indeed simple contingent claims with
respective contract functions,

ϕ(ST) = (ST − K)+, ϕ(ST) = (K − ST)
+.

Definition 20. A claim X is said to be replicable if there exists a self-financing and
admissible portfolio θt called the replicating portfolio such that

P(Vθ
T = X ) = 1,

or alternatively that

X = Vθ
T = Vθ

0 +
∫ T

0
θtdXt a.s,

where Vθ
0 represent the initial cost of setting the replicating portfolio. Furthermore, a

self-financing portfolio θt such that

P(Vθ
T ≥ X ) = 1,

is called a super-replicating portfolio.

Definition 21. A financial market is said to be complete if every contingent claim can be
perfectly replicated.

The necessary condition for a financial market to be complete is provided by the Second
Fundamental Theorem of Asset Pricing. If a financial market is complete and arbitrage-
free then it guarantees that any contingent claim has a unique price. An idea of the proof
is found in [7].

Thus far with the given information, it remains undetermined what would be the fair
price of a contingent claim. However, the definition of replicating portfolio combined
with the no-arbitrage principle gives a powerful statement useful to price contingent
claims. In fact, if a contingent claim X can be replicated by a self-financing and ad-
missible portfolio θt, an investor that would buy the contingent claim or invest in the
replicating portfolio at time t would receive the exact same amount at time t = T. Hence,
the following proposition is given.

Proposition 3. Suppose that the claim X can be replicate by a portfolio θt. Then the only
arbitrage-free price of the contingent claim X at time t is given by πt(X ) = Vθ

t where

Vθ
t = Vθ

0 +
∫ t

0
θsdXs.

and Xt is the financial market from Definition 13.
Hence, Vθ

0 represents the initial amount of money require to replicate the claim at time t = 0 and
the integral represents the trading strategy to replicate the claim from time 0 to time t.
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The motivation of this proposition, according to the non-arbitrage principle is straight-
forward. If the price of the contingent claim and the replicating portfolio at time t
are different, an investor would sell the most expensive one and buy the cheaper one,
therefore making a free-lunch profit of the difference of the prices.

Hence, all the theory necessary to construct and understand a basic financial model
is introduced to the reader in this chapter. There exists a large amount of additional
theory in financial mathematics excluded of this thesis to keep focus on the essential.
The following chapters introduce the reader to financial models used to price contingent
claims such that arbitrage opportunity are avoided.
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3 Financial model without transaction costs:
The Black–Scholes model

In financial mathematics, the Black–Scholes model [8] is the simplest and most famous
model without transaction costs to price European options. This model is used as a
reference in this thesis to introduce later on financial models with transaction costs,
which are based on a similar approach. This financial model sets some fundamentals in
the financial modeling world. Most of the new financial models are inspired or derived
from the Black-Scholes model by weakening one or several of the assumptions made by
the authors. Indeed, this thesis investigates the case when the assumption 1.1 is relaxed.

3.1 Assumptions of the model

Assumptions 1. [Assumptions by J. Hull [17]]
The Black–Scholes model is defined with the following assumptions:

1. The market is frictionless. All the transactions are exempt of transaction costs such
as commission or bid-ask spread cost. Lending and borrowing are subject to the
same interest rate. Finally, the assets are perfectly divisible and accessible at any
time.

2. The stock price follows a geometric Brownian motion where the coefficients µ and
σ are assumed to be constant for 0 ≤ t ≤ T. See Definition 9.

3. Trading in the assets is done continuously.

4. There are no dividends paid during the period 0 ≤ t ≤ T.

3.2 The Black-Scholes equation

Definition 22. In the Black-Scholes model, the financial market contains two assets, a
risk-free asset Bt and a risky asset St, usually a bank account and a stock. The price
processes Bt and St have the following dynamics, dBt = rBtdt,

dSt = µStdt + σStdWt,
(3.1)

where r, µ, σ are constants and r is the risk-free interest rate.
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The Black–Scholes model is arbitrage–free. A proof that the model satisfies the First
Fundamental Theorem of Asset Pricing is proposed in [7]. Furthermore, it is assumed
that the extended market (Bt,St,πt(X )) is free of arbitrage and that πt is a tradable asset.

Remark 2. The Black-Scholes model is complete. As seen previously, this means that
any contingent claim X can be replicated by a portfolio. The proof requires further
probability theory and is left out. However, the reader can find in [7] that every simple
contingent claim can be replicated under the Black-Scholes model.

Hence, by the no-arbitrage and completeness of the financial market given by the Black-
Scholes model, it is possible to price any simple contingent claim by portfolio replication.

The main idea is to estimate the value process πt(ϕ) of a given simple contingent claim
X = ϕ(St) such that the market (St, Bt,πt) is arbitrage-free. This is done by creating a
replicating portfolio θt of the stock St and the bank account Bt such that the contingent
claim is replicated. Then, by the Proposition 3, the price of the contingent claim has to
equal the price of the replicating portfolio.

Consider the portfolio θt = (θ0
t ,θ1

t ) where the variables are respectively the amount of
shares invested in the bank account and in the stock at time t. By the Definition 4.2, the
value process of the portfolio is

Vθ
t = θ0

t Bt + θ1
t St. (3.2)

The strategy is to replicate the contingent claim X with price process πt(ϕ) such that

πt(ϕ) = Vθ
t for 0 ≤ t ≤ T. (3.3)

It is reasonable to see that no investment of money and neither any withdrawal is
required to hold the contingent claim. This means that a payment is made to obtain
the contingent claim and a payment is made when selling it, but there is no transfer of
money happening during the time of possession. Therefore, the replicating portfolio
must have the same feature, which is to be self-financing. Moreover, the portfolio must
also be admissible to apply the Proposition 3 and to compare the value Vθ

t to πt(ϕ).

On one side, by the Definition 15 of the self-financing portfolio, the change in the value
process of the portfolio is given by

dVθ
t = θ0

t dBt + θ1
t dSt, (3.4)

= (θ1
t µSt + θ0

t rBt)dt + θ1
t σStdWt. (3.5)
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On the other side, assume the price process πt(ϕ) has the form πt(ϕ) = F(t,St), then by
Itô’s formula,

dπt =
∂F
∂t

dt +
∂F
∂S

dS +
1
2

∂2F
∂S2 (dS)2,

=

(
∂F
∂t

+ µS
∂F
∂S

+
1
2

σ2S2 ∂F2

∂S2

)
dt + σS

∂F
∂S

dWt.

The subscript t of St is dropped for simplicity of notation. By matching the coefficients
with respect to dt and dWt, the both value processes remains equal for all t ∈ [0, T] and
the claim is replicated. It is straightforward to see that

θ1
t =

∂F
∂S

(3.6)

and that
∂F
∂t

+ µS
∂F
∂S

+
1
2

σ2S2 ∂F2

∂S2 = µS
∂F
∂S

+ θ0
t rBt. (3.7)

Using the equations (3.2) and (3.3), θ0
t Bt is expressed as

θ0
t Bt = F − S

∂F
∂S

. (3.8)

Then, replacing θ1
t and θ0

t B in (3.7) results in

∂F
∂t

+
σ2S2

2
∂F2

∂S2 + rS
∂F
∂S

− rF = 0, (3.9)

which is known as the Black–Scholes equation.

The contingent claim X with maturity time T, as in Definition 19, is F S
T -measurable.

Therefore, the price of the contingent claim at time T must equal its payoff to satisfy the
assumption of no-arbitrage. Hence, the condition F(T,S) = ϕ(S) must also be satisfied
by the function F(t, s). The solution to the partial differential equation (3.9) with terminal
value F(T,S) = ϕ(S) is then the price process of the contingent claim for t ∈ [0, T].

It is interesting to see that by the expression of θ0
t and θ1

t , the portfolio must be rebal-
anced continuously to replicate the contingent claim. In fact, the stock price St fluctuate
continuously and in consequence the amount θ1

t = ∂F/∂S of shares invested in the stock
needs to be re-evaluated continuously. This remains feasible in theory, however, it is
not realistic in practice and only discrete time rebalancing is possible. Moreover, this
hedging strategy is called the Delta-hedging strategy, where ∂F/∂S is denoted by the
Greek letter, ∆.

The results from the derivation are summarized in the following theorem.

© Uppsala University Jeremy Auffredic



Financial model without transaction costs: The Black–Scholes model 21

Theorem 5. (Black–Scholes Equation)
Consider a financial market defined by (4.38). The only arbitrage-free price of a simple contingent
claim X = ϕ(St) is the price process πt(X ) = F(t,St) which solves the following boundary
value problem in [0, T]× R+:

∂F
∂t

(t,S) + rS
∂F
∂S

(t,S) +
1
2

S2σ2 ∂2F
∂S2 (t,S)− rF(t,S) = 0, (3.10)

F(T,S) = ϕ(S). (3.11)

3.3 Risk–neutral valuation

The Black-Scholes equation is a very important theorem in finance to compute the price
process of a contingent claim X . However, the most important result is actually to find
the solution to this equation. It is observed that the Black–Scholes equation is precisely of
the same form as the equation (2.20) given by the Proposition 2, the Feyman–Kac formula.

Theorem 6. (Risk Neutral Valuation)
The arbitrage–free price of a contingent claim X = ϕ(St) is F(t,St), where

F(t,St) = e−r(T−t)Et,s[ϕ(ST)], (3.12)

and S has the dynamics  dSu = rSudu + σSudWQ
u ,

St = s,
(3.13)

where WQ is a Q–Wiener process.

The dynamics of the process S given by (3.13) differ from the initial dynamics of S in
(4.38). The local rate of return µ is replaced by the risk-free interest rate r. To avoid any
confusion between the two dynamics, the probability measure governing the model
(4.38) is denoted by P, where the dynamics of the price process S is called the P–dynamics.
Whereas the probability measure governing a model where S has the dynamics (3.13) is
denoted by Q, and S is said to follow the Q–dynamics.

3.4 The Black–Scholes formula

The Risk–Neutral valuation principle is a useful equation to solve the Black–Scholes
equation given any payoff function ϕ(ST). However, the equation (3.12) depends on
the expected value of the payoff function at time T, which for some complex payoffs
might require numerical methods to compute F(t,St). Therefore, F. Black and M. Scholes
focused on finding an analytical solution to the Black-Scholes equation for the most
commonly used payoff, ϕ(ST) = (ST − K)+, a European call option. The solution to
the Black–Scholes Equation in case of a European call option is usually denoted C(t,S),
replacing F(t,S).
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Proposition 4. (Black–Scholes Formula)
The price of a European call option with payoff ϕ(ST) = (ST − K)+ is given by π(t) = C(t,St)

where
C(t, s) = sN [d1(t, s)]− e−r(T−t)KN

[
d1(t, s)− σ

√
T − t

]
. (3.14)

Here N is the cumulative distribution function of the standard normal distribution and

d1(t, s) =
1

σ
√

T − t

{
ln

s
K
+

(
r +

1
2

σ2
)
(T − t)

}
. (3.15)

The proof of the Black–Scholes formula (3.14) is mainly straightforward, but include a
lot of steps and basic calculations to compute the expected value of the payoff. An idea
of the proof can be found in [32]. Intuitively, it is easy to see using equation (2.4) that

ST = sez, (3.16)

where

z =
(

r − σ2

2

)
(T − t) + σ(WT − Wt), (3.17)

and that z is normally distributed

N
[(

r − 1
2

σ2
)
(T − t),σ

√
T − t

]
. (3.18)

Hence, C(t, s) can be rewrite

C(t, s) = e−r(T−t)
∫ ∞

−∞
(sez − K)+ f (z)dz,

where f is the probability density function of z. Finally, this integral can be split into
two integrals both of them reducible to integrals of the standard normal distribution.
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4 Financial models with transaction costs

The Black–Scholes model seen in the previous chapter, is rather simple to derive and
convenient to price financial derivatives. In the more specific case of a call and a put
European option, it is rather straightforward to compute the price of such a derivative
using the Black–Scholes Formula. Moreover, the Black–Scholes Equation is a linear PDE,
hence even in the case of a more complex payoff, a solution can be easily approximated
with numerical methods such as finite difference method or Monte-Carlo method. One of
the drawbacks of this model, is the assumptions made to construct it. Those assumptions
help in an extend to make the model as simple as it is today. If mathematically those
assumptions are correct, their are not perfectly applicable to the real world. Therefore,
one way of investigating beyond the Black–Scholes model, is to weaken one or several
of those assumptions and construct a new model closer to the reality. In this chapter,
the frictionless assumption is dropped. In other words, it is now considered that each
trading in the stock is subject to transaction costs. This has a direct consequence to
contradict the assumption of trading continuously. In fact, in the presence of transaction
costs, the replicating strategy of the Black–Scholes model which is to own ∆ shares of
stock, would lead to an infinite amount of transaction costs. Hence, an investor has to
review his hedging strategy and can no longer rebalance his portfolio as easily. Therefore,
the discrete hedging approach needs to be introduced.

4.1 Discrete hedging

In the theory of the Black–Scholes model, a portfolio continuously rehedge using the
∆-shares strategy could perfectly replicate any contingent claim. However, as mentioned,
this is in practice not feasible. Therefore, the consequences of hedging in a discrete time
framework on the replicating portfolio have to be investigated. One of the impacts of
discrete hedging is the rise of a hedging error, a difference between the change in the
portfolio and the change in the contingent claim. It is common to use a constant time
interval between rehedging (e.g. every day at closing time), denoted by δt. Smaller is δt
and more often the portfolio is rehedged. The transaction costs are not included in this
section, the focus is on the difference between continuous and discrete hedging.

The main focus in the discrete case of the Black–Scholes model is to study the hedging
error, how large can this error become relative to the frequency of revision or even
what could be its distribution. Boyle and Emanuel [9] investigate the distribution of
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this hedging error, that Leland reviews [20] when investigating replicating portfolio
including transaction costs. Wilmott [39] went even further by proposing a correction
to the Black–Scholes Delta strategy to reduce the variance of the change in the hedging
portfolio and leads to an adjusted option price different from the Black–Scholes Formula.

Derivation of the hedging error

In discrete hedging, the discrete time version of the Geometric Brownian motion is
considered. Over an interval δt, the dynamic of the stock price is given by,

δS = µSδt + σSϕ
√

δt, (4.1)

where ϕ is normally distributed with mean zero and variance one. As seen in the
derivation of the Black-Scholes equation in the continuous time, the objective is to create
a portfolio replicating the contingent claim. Consider the discrete version of the portfolio
(3.2). The change in the portfolio over an interval δt is,

δV = θ0rBδt + θ1δS. (4.2)

Recall from (3.14) that C(t, s) is the value process of a European call option and solve the
Black–Scholes equation,

∂C
∂t

+ rS
∂C
∂S

+
1
2

S2σ2 ∂2C
∂S2 − rC = 0. (4.3)

Here, Ito’s formula cannot be applied because of the discrete time framework. Thus, it is
replaced by Taylor’s expansion and δC is then

δC =
∂C
∂S

δS +
∂C
∂t

δt +
1
2

∂2C
∂S2 (δS)2 (4.4)

where the terms of order higher than δt are not considered, such as (δS)2 and δSδt which
are O(δt

3
2 ).

Let HR denote the hedging error on an interval δt. The hedging strategy is the same as
in the continuous case, where

θ0B = C − S
∂C
∂S

,

θ1 =
∂C
∂S

,
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at each rehedging time interval. The hedging error is then estimated by

HR = δC − δV

=
∂C
∂S

δS +
∂C
∂t

δt +
1
2

∂2C
∂S2 (δS)2 − r(C − S

∂C
∂S

)δt − ∂C
∂S

δS

=

(
∂C
∂t

− rC + rS
∂C
∂S

)
δt +

1
2

∂2C
∂S2 (δS)2

= −
(

1
2

S2σ2 ∂2C
∂S2

)
δt +

1
2

∂2C
∂S2 σ2S2ϕ2δt

=
1
2

S2σ2 ∂2C
∂S2 (ϕ

2 − 1)δt

where (δS)2 is approximated by σ2S2ϕ2δt. Thus, HR is of order term O(δt).

Remark 3. HR is only an approximation of the hedging error due to the absence of the
terms of order higher than δt. Therefore, the remaining terms are only the leading terms
of the hedging error.

It is straightforward to see that ϕ2 is chi-squared distributed with one degree of freedom
and mean E[ϕ2] = 1. Hence, HR is also chi-squared distributed with mean

E[HR] =
1
2

S2σ2 ∂2C
∂S2 (E[ϕ

2]− 1)δt = 0,

and variance of order O(δt2).

Leland [20] concluded that the hedging errors produced over different time intervals are
uncorrelated and thus the variance of the total hedging error is given by,

Var

[
∑
δt

HR

]
=O

[
T
δt
(δt)2

]
=O(δt).

Thus, by the Law of Large Numbers for Martingales,

lim
δt→0

Var

[
∑
δt

HR

]
→ 0 a.s.

In the absence of transaction costs, the total hedging error converges to zero almost surely
as the time between revision decreases to zero. The best trading strategy in the discrete
time case without transaction costs, is therefore to rehedge the portfolio to ∆-shares
as often as possible to keep the total hedging error small. Whereas, in the presence of
transaction costs, each rehedging generates a transaction cost. The sum of all those costs
grows without bound as the time between revision decrease to zero. As a consequence,
there exists a trade-off between the hedging error and the transaction costs which are
inversely correlated with respect to δt. A small δt corresponds to a small hedging error,
but large transaction costs, and the opposite for a large δt. More information about
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the distribution of the hedging error is presented in [9]. The authors analyses more
rigorously the deterministic and stochastic parts of the hedging error. They show that
the distribution of the return of the hedging portfolio is positively skewed and with
positive kurtosis. Therefore, discrete hedging has a strong tendency to under-replicate
the contingent claim.

4.2 Transaction costs

It is necessary to give an explanation of what are the transaction costs before to introduce
a financial model including transaction costs. The transaction costs are all the costs that
an investor has to pay due to a transaction in a stock, by buying or selling it. The two
largest costs account in the transaction costs are:

1. The bid-ask spread. It is the difference of price between the lowest price for which
an investor can buy the stock and the highest price an investor can sell the stock.
The bid-ask spread is usually small. However, for some illiquid assets or markets,
the bid-ask spread can become quite significant. Moreover, the bid-ask spread cost
cannot be reduced by any mean, therefore when rehedging a portfolio frequently,
this cost can rapidly grow.

2. The brokerage fees. Any investor must use a brokerage house as intermediary to
buy or sell any assets in the financial market. A brokerage house is a company that
is licensed to execute orders on a stock exchange. Therefore, the brokerage house
takes a commission or a fee or both to allow the transaction. This cost can be of
several structures such as a fixed price paid for each transaction, it can be a cost
proportional to the size of the transaction or together.

It is important to know that all investors are not subject to the same transaction costs.
Large investors might have the possibility to negotiate the fees down. Thus, leading to
several prices for a same option. This is a clear opposition to the Black–Scholes model
where the value of an option is unique. Moreover, there exists a multitude of other
transaction costs such as taxes and levies or securities lending with borrowing costs, but
are not considered in this thesis.

4.3 Leland model

Leland [20] is the first author to have developed a financial model similar to the Black–
Scholes model, but including the impact of the transaction costs when pricing a European
option. His approach is identical to the one of Black and Scholes, with the idea of
replicating the contingent claim using a portfolio. However, Leland incorporates a new
variable in the change of the replicating portfolio corresponding to the transaction costs.
Leland model is a pioneer model in the theory of option pricing including transaction
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costs. More complex models including transaction costs are commonly inspired or
derived partially from the Leland model. Hence, a strong focus is dedicated to this
model. Leland [20] does not include the derivation of his results in his paper. The
derivation of the Leland model presented in this thesis is initiated from the generalized
Leland model for any arbitrary payoffs derived by Hoggard, Whalley and Wilmott [40]
and presented in [39]. It is only when the payoff is restricted to the European option that
the results of Leland are recovered. Other derivations can be found in [24], [20], [34],
[25].

4.3.1 Hoggard, Whalley and Wilmott model

As mention earlier, the hedging is made only by rebalancing the replicating portfolio
at regular time interval of length, δt. This time interval cannot be arbitrarily small to
avoid unbounded transaction costs. In this model, the stock price is assumed to follow
the discrete time version of the Geometric Brownian motion given by (4.1). Finally, the
transaction costs are incorporated in the model by subtracting κ|ν|S in the change of
the replicating portfolio, where S is the price of the stock, ν is the amount of shares to
sell or buy to rebalance the portfolio and κ is the rate of the transaction costs. Thus,
the transaction costs are proportional to the value traded to rebalance the portfolio and
refered to as proportional transaction costs in the literature.

From the derivation of the discrete hedging strategy presented in Section 4.1, the change
in the contingent claim δC over an interval δt is given by,

δC =
∂C
∂S

δS +
∂C
∂t

δt +
1
2

∂2C
∂S2 (δS)2 (4.5)

=

(
∂C
∂t

+ µS
∂C
∂S

+
1
2

σ2S2ϕ2 ∂2C
∂S2

)
δt + σSϕ

∂C
∂S

√
δt. (4.6)

Moreover, the change in the replicating portfolio, including the transaction costs is now
given by,

δV = θ0rBδt + θ1δS − κ|ν|S (4.7)

=
(

θ1µS + θ0rB
)

δt + θ1σSϕ
√

δt − κ|ν|S, (4.8)

where κ|ν|S account for the transaction costs. As in the Black–Scholes model, the
replicating portfolio must be self-financing and admissible. For the portfolio to replicate
the contingent claim, the change in the contingent claim should equal the change in the
replicating portfolio,

δC = δV.
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Following the same trading strategy as in the Black–Scholes derivation, such that θ0B
and θ1 are respectively replaced by C − SCs and Cs, gives(

∂C
∂t

+
1
2

σ2S2ϕ2 ∂2C
∂S2

)
δt = r

(
C − S

∂C
∂S

)
δt − κ|ν|S. (4.9)

It would be beneficial, if the transaction cost term would also depend on the time interval
δt, thus the equation (4.9) would reduce to a partial differential equation. The amount of
shares necessary to rebalance the portfolio after an interval δt is

ν = θ1(t + δt,S + δS)− θ1(t,S) (4.10)

=
∂C
∂S

(t + δt,S + δS)− ∂C
∂S

(t,S). (4.11)

By Taylor’s expansion for small δS and δt,

∂C
∂S

(t + δt,S + δS) =
∂C
∂S

(t,S) +
∂2C
∂S2 (t,S)δS + · · · (4.12)

≈ ∂C
∂S

(t,S) + σSϕ
√

δt
∂2C
∂S2 (t,S) (4.13)

where the terms of order higher than O(
√

δt) are disregarded. Hence, the change in the
amount of shares to hold is approximated by,

ν ≈ ∂C
∂S

(t,S) + σSϕ
√

δt
∂2C
∂S2 (t,S)−

∂C
∂S

(t,S) (4.14)

≈ σSϕ
√

δt
∂2C
∂S2 (t,S). (4.15)

Replacing ν in the equation (4.9) results in

∂C
∂t

+
1
2

σ2S2ϕ2 ∂2C
∂S2 − rC + rS

∂C
∂S

+
κσS2
√

δt

∣∣∣∣ϕ ∂2C
∂S2

∣∣∣∣ = 0, (4.16)

depending on some randomness due to the variable ϕ. The random variable is cleared
out by taking the expectation of the latest equation leading to a partial differential
equation of the same form than the Black–Scholes equation with an extra term,

∂C
∂t

+
1
2

σ2S2 ∂2C
∂S2 − rC + rS

∂C
∂S

+ κσS2

√
2

πδt

∣∣∣∣∂2C
∂S2

∣∣∣∣ = 0, (4.17)

because E[|ϕ|] =
√

2
π and E[ϕ2] = 1. This equation is now in an expectation environment.

Thus, the interpretation is that the expected change in the contingent claim should equal
the expected change in the replicating portfolio when solving the equation (4.17). The
solution to this equation should also satisfy the same terminal condition than in the
Black–Scholes equation, C(T,S) = Φ(S). A proof of the existence of solutions to the
Hoggard et al. nonlinear partial differential equation is presented in [18].
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Remark 4. The second derivative of the option price with respect to the stock price,
denoted Γ, gives information on the change of ∆ for a small change in the stock price. In
financial mathematics, ∆ and Γ are risk sensitivity measures belonging to the family of
the Greeks.

In the presence of transaction costs, the Black–Scholes equation is extended to a non-
linear partial differential equation where the non-linear term is there to compensate the
lost caused by the transaction costs. It is important to note that for κ,δt and σ constant,
the transaction costs are entirely dependent on the path of the stock price, and Γ, the
amount of rehedging happening at the next time step.

4.3.2 Leland model

In the absence of transaction costs, the Γ of a European call option is strictly positive for
all price S. A proof is found in [17]. Assume that it is also the case in the presence of
transaction costs. Then the absolute value of the second derivative is no longer necessary
and the equation (4.17) becomes

∂C
∂t

+
1
2

S2 ∂2C
∂S2

(
σ2 + 2κσS2

√
2

πδt

)
− rC + rS

∂C
∂S

= 0, (4.18)

or
∂C
∂t

+
1
2

σ̂2S2 ∂2C
∂S2 − rC + rS

∂C
∂S

= 0, (4.19)

where

σ̂2 = σ2

(
1 +

2κ

σ

√
2

πδt

)
. (4.20)

The non-linear partial differential equation (4.17) in the case of a European call option
reduced to the original Black–Scholes equation with a modified volatility σ̂2. This
results are identical to the one obtained by Leland [20] presented without the derivation.
Because the equation is of the form of the Black–Scholes equation, the Black–Scholes
formula (3.14) is applied to compute explicitly the price of a European call option in
the presence of transaction costs. The solution to the equation (4.18) corresponds to
the value of a call option from a selling position. To obtain the price of a call option
from the buyer side, it is necessary to change all the signs of the equation except for the
transaction costs term. This is due to the fact that the transaction costs have the effect of
reducing the value of the replicating portfolio in both the buyer and seller sides. Thus,
the partial differential equation for a long position is given by,

∂C
∂t

+
1
2

σ̂2S2 ∂2C
∂S2 − rC + rS

∂C
∂S

= 0, (4.21)

where

σ̂2 = σ2

(
1 − 2κ

σ

√
2

πδt

)
. (4.22)
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Remark 5. The adjusted volatilities presented in this thesis are slightly different than the
one obtained by Leland, where the second term is not scaled by 2. However, most of the
derivations of the Leland model made by other authors lead to the same results than
here.

Those results are quite intuitive. The volatility has a positive correlation with the option
price, meaning that as the volatility increases, more expensive becomes the option and
vice versa. Thus, the price of a call option for a short position including transaction
costs is computed with a higher volatility than the original. The price of the option
is then higher than the classical Black–Scholes price. Whereas for a long position, the
volatility is decreased and the option price is lower than the Black–Scholes price. It
makes sense that in the presence of transaction costs, a seller would sell the option
more expensive, to cover the transaction costs in the case of hedging. Similarly, a buyer
would buy the option cheaper for the same reason. In the rest of the thesis, the price of a
European call option computed using the adjusted Leland volatility is denoted by Ĉ(t,S).

4.3.3 Discrepancy in Leland’s theorem

In the absence of transaction costs, the valuation model proposed by the Black–Scholes
model and its replicating delta strategy lead to great results. However, Leland observes
that in the presence of transaction costs, the Black–Scholes trading strategy fails to
replicate the contingent claim. The hedging error does not converge to zero even if
the time interval between revision is made arbitrarily small. Thus, he proposes an
alternative replicating strategy based on his model, stated in the following theorem.

Theorem 7. Following the replicating strategy θ0 = Ĉ − ∂Ĉ/∂S and θ1 = ∂Ĉ/∂S, where Ĉ is
the adjusted volatility Black–Scholes price, yields (S−K)+ almost surely inclusive of transaction
costs, as δt → 0.

He claims that his theorem holds if κ is a constant independent of the time revision and
also if κ is a variable decreasing to zero as δt → 0. However, he does not provide any
mathematically rigorous argument to support his claim. He concludes that in the pres-
ence of transaction costs, the expected value of the total hedging error is O(

√
δt) and its

variance is O(δt). Thus, he affirms that his replicating strategy converges almost surely
to the payoff of a European option as the time between revision become arbitrarily small.
Contrarily to the Black–Scholes strategy where the transaction costs are unbounded as
δt → 0, Leland’s strategy based on the modified volatility have the effect to bound the
transaction costs. As δt → 0, the modified volatility σ̂ → ∞ and the price of the call
option converges to the stock price, thus δt can be made arbitrarily small without that
the transaction costs explode.

Lott [23] is the first author to present a rigorous proof of the theorem claimed by Leland
in the case where κ is decreasing to zero, also proved by Kabanov and Safarian in [19].
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If the Leland’s theorem holds in the study of Lott [23], Kabanov and Safarian discover
in [19] that the Leland’s theorem fails when κ is constant. In this section, the reader is
introduced to the convergence of the replicating portfolio proposed by Kabanov and
Safarian in the two different cases of transaction cost rate. The number of revisions is
denoted by n, κ0 is a non negative constant and the maturity time T is equal to 1, without
lost of generality.

Let ti = i/n for i = 0,1, · · · ,n, be the discretization of the time interval [0,1] and θn
t be

the amount of shares of the stock own at time t, given by

θn
t = Ĉs(ti−1,Sti−1), (4.23)

for t ∈]ti−1, ti].

By the Proposition 3, the value of the portfolio at time t inclusive of the transaction costs
is,

Vt(θ
n) = Ĉ(0,S0) +

∫ t

0
θn

udSu − κ ∑
ti≤t

Sti |θn
ti
− θn

ti−1
|.

Kabanov and Safarian propose the following theorems.

Theorem 8. Assume that κ = κn = κ0n−α where α ∈]0,1/2], κ0 > 0. Then

P − lim
n→∞

V1(θ
n) = (S1 − K)+. (4.24)

Theorem 9. Let κ = κ0 > 0 be a constant. Then

P − lim
n→∞

V1(θ
n) = (S1 − K)+ + J1 − J2 (4.25)

where
J1 := min{K,S1}, (4.26)

J2 = J2(κ0) :=
1
4

∫ ∞

0

S1√
v

G(S1,v,κ0)exp

{
−v

2

(
ln(S1/K)

v
+

1
2

)2
}

dv, (4.27)

G(S1,v,κ0) :=
1√
2π

∫ ∞

−∞

∣∣∣∣x − 2κ0 ln(S1/K)√
2πv

+
κ0√
2π

∣∣∣∣ e−x2/2dx. (4.28)

By Theorem 9, it is shown that the Leland’s strategy fails to converge to the option’s
payoff when the transaction costs are constant. The extra term in (4.25), J1 − J2, is proved
in [19] to be strictly negative, leading the replicating portfolio to always under replicate
the contingent claim at time to maturity. Theorem 8 and Theorem 9 are proved rigorously
in [19] using rather elementary mathematical tools and stochastic calculus.

Emmanuelle Lépinette [21], based on the discovery of Kabanov and Safarian, proposes
an alternative hedging strategy where the hedging error converges to zero for κ constant.
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In comparison to Leland model, Lépinette uses the same modified volatility as Leland,
obtains the same initial value of the portfolio Vn

0 , but rehedges the replicating portfolio
at revision time to a corrected version of the Leland’s ∆̂. Hence, the replicating portfolio
converges perfectly to the contingent claim payoff at time to maturity. The modified
hedging strategy proposed by Emmanuelle Lépeniette is given by

θn
t = Ĉs(ti−1,Sti−1)−

∫ ti−1

0
Ĉst(tu,Su)du for t ∈]ti−1, ti]

replacing the original hedging strategy (4.23). A proof of the convergence is presented in
[21]. The rate of convergence and the associated limit distribution of the hedging error
are also found in [22]. Another solution to the problem of convergence is proposed by
Pergamenshchikov [33], but left for the reader if interested.

4.4 Different costs structure

In the Leland model, the rate of transaction cost κ is considered to be constant. Leland
does not investigate the impact of other alternative form of κ. Therefore, it can be
interesting to investigate how different cost structures of κ affect the Hoggard et al.
partial differential equation. The variable κ is now defined as a function with respect to
ν, the size of the transaction, such that κ = κ(ν). A general transaction costs structure is
introduced by Whalley and Wilmott [38] to incorporate fixed costs (κ1), costs proportional
to the volume traded (κ2ν) and costs proportional to the value traded (κ3νS). Hence, the
amount of transaction costs for one revision is κ1 + κ2ν + κ3νS. Under this transaction
cost structure, the option value is obtained by solving the following partial differential
equation,

∂C
∂t

+
1
2

σ2S2 ∂2C
∂S2 + rS

∂C
∂S

− rC − κ1

δt
−
√

2
πδt

σS(κ2 + κ3S)
∣∣∣∣∂2C

∂S2

∣∣∣∣ = 0,

where the original equation is recovered for κ1 = 0,κ2 = 0.

The subject is also studied by Amster et al. in [1] where the authors assume that the
rate of transaction costs is a non-increasing linear function of the form κ = a − b|ν|. It
is important to note that κ could become negative for too large ν or for small a. Hence,
the parameters a and b must be chosen carefully. Using the same approach than Leland,
they obtain the following partial differential equation,

∂C
∂t

+
1
2

σ2S2 ∂2C
∂S2 − a

∣∣∣∣∂2C
∂S2

∣∣∣∣σS2

√
2

πδt
+ bσ2S3

(
∂2C
∂S2

)2

+ r
(

∂C
∂S

S − C
)
= 0. (4.29)
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In the case of a European option payoff reduces to

∂C
∂t

+
1
2

σ̂2S2 ∂2C
∂S2 + bσ2S3

(
∂2C
∂S2

)2

+ r
(

∂C
∂S

S − C
)
= 0, (4.30)

where

σ̂2 = σ2 − 2aσ

√
2

πδt
. (4.31)

In comparison to the Leland equation, the equation (4.30) has an extra term with respect
to Γ2 leading to a tighter gap between the selling and buying price of the option. The rate
of transaction costs used by Amster et al. is a better approximation of actual transaction
costs used by the brokerage firms in the financial world than the constant one. Thus,
in practice, this model could lead to more realistic option prices. However, conversely
to the Leland model, admitting an explicit solution using the Black–Scholes formula,
here the partial differential equation is non-linear and does not have any closed-form
solution. This type of equations requires to be solved using numerical methods, thus
in a daily use the model by Leland is more efficient. Similarly, Ševčovič and Žitňanská
[34], inspired by the work of Amster et al. [1], investigated a general case for variable
transaction costs. Moreover, they presented two examples of transaction cost functions,
a piecewise linear nonincreasing function and an exponentially decreasing function.
Another example is also found in a more recent study by Bellora, Mazzei and Maurette
[5] about piecewise constant proportional transaction costs leading to a system of non-
linear partial differential equations. The transaction costs studied by Bellora et al. are the
most common transaction costs used by brokerage house and therefore an interesting
case, but inconvenient to implement into a model due to the system of equations.

4.5 Alternative model to the Leland model

The Leland model is a time-base hedging strategy because the replicating portfolio is
rebalanced with respect to fixed intervals of time. One of the alternatives to the Leland
time-based strategy is the move-based strategy. The rehedging is no longer made with
respect to time, but with respect to the path of the stock price. One such model is
presented in [39], where the rehedging to ∆ is made only if the difference between the
amount of shares own, denoted by θ and ∆, becomes large enough. By doing so, an
amount of risk remains in the hedging portfolio and must be kept acceptable. Under
this strategy, the remaining risk is approximated by the leading order of the variance of
the hedging portfolio over an interval δt given by,

σ2S2
(

θ − ∂C
∂S

)2

δt.
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One of the strategy to keep this risk acceptable, is to set a tolerance bandwidth such that
if the variance grows outside of it, a rehedging to ∆ has to take place, thus adjusting the
risk to zero. The bandwidth proposed in [39] is to have θ restricted such that

σS
∣∣∣∣θ − ∂C

∂S

∣∣∣∣ ≤ H0,

given the tolerance of the investor, H0.

Following the same derivation as the Hoggard, Whalley and Wilmott model, but using
the alternative hedging strategy lead to the following nonlinear partial differential
equation in the case of a European option,

∂C
∂t

+
1
2

σ2S2 ∂2C
∂S2 − rC + rS

∂C
∂S

− κσ2S4Γ2
√

H0
= 0. (4.32)

It is observed that the non-linear term corresponding to the transaction costs is no longer
dependent on the time interval δt, compared to the Leland model. Whalley and Wilmott
[37] extended the idea of such a strategy by proposing a hedging strategy where the no
transaction region is no longer constant, but varies in time depending on the behavior of
the stock price and the Γ of the option. Their study is an asymptotic analysis of the utility-
based model of Davis, Panas and Zariphopoulou [14], reducing a three-dimensional free
boundary problem, to an inhomogeneous diffusion equation with only two independent
variables to estimate the price of an option. By asymptotic analysis, they showed that
the boundaries of the bandwidth are given by

θ =
∂C
∂S

±
(

3
2

e−r(T−t)λSΓ2

γ

)1/3

,

where γ is the risk aversion level of the investor. The bandwidth decreases as the risk
aversion of the investor γ increases.

4.6 Ill-posed problem

For some values of parameters κ and δt, mainly in the case of a long position, the partial
differential equation of some of the models presented become ill-posed. In [20], Leland
does not investigate the different problems that could arise for specific value κ. It is
observed that for a large rate of transaction costs or for a small revision time in the long
position given by (4.21), the equation becomes ill-posed, more specially if κ > σ/

√
8πδt.

This result in a forward parabolic equation where ∂C/∂t ≥ 0, which combined with the
terminal condition C(T,S) = (S − K)+ generate the ill-posedness of the problem.

This is also the case for the nonlinear partial differential equation (4.32) where the so-
lution blows up for stock price S close to the strike price K at time to expiration for a
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long position. The non-linear term is with respect to Γ2 and become infinitely large
when the stock price is close to K at time close to maturity. In the short position, the
equation is well-posed and can be solved to estimate the upper bound of the option price.

Avellaneda and Parás [24] investigate the ill-posedness of the Hoggard et al. nonlinear
partial differential equation with the idea to find an alternative problem to estimate
a solution even in the ill-posed case. Let A =

√
2/π(κ/σ

√
δt) be the Leland number.

Their version of the Hoggard et al. equation is the following,

∂V
∂t

+
σ̃(Γ)2

2
S2 ∂2V

∂S2 + r
(

S
∂V
∂S

− V
)
= 0,

where
σ̃2(Γ) = σ2(1 + Asign(Γ)),

with final condition
V(S, T) = f (S),

and f (s) is some general payoff function.

For A < 1, the equation is well posed for all positions. However, for A ≥ 1 in the long
position with Γ > 0 or the short position when Γ < 0 the equation is ill-posed. Without
lost of generality, let the interest rate r be equal to zero and consider Γ ≤ 0. The Hoggard
et al. equation reduced to

∂V
∂t

= −1
2

σ2(1 − A)S2Γ, (4.33)

where Γ = ∂2V/∂S2.

Therefore, for A < 1, the value of the portfolio increases in time and rehedging is
necessary to actually claim this added value. However, for A ≥ 1, the transaction
costs generated by rehedging are larger than the gain in time of the portfolio. Thus
rehedging would actually decrease the value of the portfolio. Hence, Avellaneda and
Parás proposed to solve an obstacle problem at the place of the partial differential
equation to estimate the value function V(t,S). Only the obstacle problem is stated in
this thesis, but the derivation can be found in [24].

Definition 23. Given a piecewise linear payoff function ϕ(S), V(t,S) is the solution of
the obstacle problem if

V(t,S) ≥ e−r(T−t)ϕ(Ser(Tt)) (4.34)

∂V
∂t

+
σ̂2

2
S2 ∂2V

∂S2 + r
(

S
∂V
∂S

− V(t,S)
)
≤ 0 (4.35)
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for all S and t < T;

∂V
∂t

+
σ̂2

2
S2 ∂2V

∂S2 + r
(

S
∂V
∂S

− V(t,S)
)
= 0 (4.36)

on the set of points (t,S) for which V(t,S) > e−r(T−t)ϕ(Ser(T−t)), and

V(T,S) = ϕ(S). (4.37)

In the case of a convex payoff function, the solution of the obstacle problem is equal to
the solution of the Hoggard et al. equation. Hence, by Definition 23, one can estimate
the price of a contingent claim in the presence of large transaction costs.

4.7 Alternative approach: Utility-based theory

So far, all the models presented in this thesis are derived using the same approach,
focusing on the «financial engineering» side of the valuation of an option by replicating
its payoff at time to maturity. Considering a European option, one does so by construct-
ing a self-financing and admissible portfolio invested in the underlying stock and in
the bank, inclusive of transaction costs. Then, the investment necessary to own this
portfolio at a time t is equal to the price of the option at this same time. Up to this
point, the approach is to choose a hedging strategy to best replicate the option at a
single point in time and then price the option according to this hedging strategy. This
type of strategy is referred to as local-in-time, because the strategy only considers the
present moment. Several researchers show that even if the Leland model and other
models following this approach are quite convenient, their strategies are not optimal.
An alternative approach to include optimality in the strategies is studied in [16] and
[14]. The strategy is no longer focused on at a single point in time, but optimally chosen
upon the full life of the option. Further study on the subject are done in [13], [3], [11], [42].

The theory used in optimization has not been introduced to the reader and include a
lot of utility-theory. Therefore, only an overview of the approach is presented. The
reader is recommended to consult the different references in this section for deeper
knowledge. The utility-based approach is as follows. Assume that an investor already
owns an optimal portfolio. In this portfolio, the investor wants to sell an option on a
stock and hedge the risk by investing in the underlying. Inclusive of transaction costs,
there exists a trade-off between the tolerance of risk related with the amount of revision
and the transaction costs. The investor then chooses a hedging strategy such that his
expected utility is maximized and that his portfolio remains optimal. The strategy is
thus preference-dependent associated with the investor’s attitude toward risk. In this
approach, the previous arbitrage argument is replaced by an indifference argument. The
price of the option should be estimated in such a way that the investor is indifference
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to trade or not the option in his portfolio. This method of pricing is commonly used in
economics. However, when the investor actually decides to trade the option, his trading
strategy has to be adjusted to hedge the option which is a key in the estimation of the
price of the option.
The mathematical approach to the utility-based option pricing inclusive of transaction
costs introduced by Hodges and Neuberger [16] is as follows.

Let a financial market contains two assets, a bank account Bt and a stock St. The price
processes Bt and St are given by, dBt = rBtdt,

dSt = µStdt + σStdWt,
(4.38)

where r, µ, σ are constants and r is the risk-free interest rate.

The goal is to replicate the payoff of a contingent claim at time to maturity T, denoted
by C(ST), by the intermediary of a self-financing portfolio invested in the stock and in
the bank. Moreover, any transaction in the stock costs κ(ν,S) = κ|ν|S. Consider θ1

t , the
amount invested in the stock and θ0

t , the amount of money in the bank account. Without
considering any specific hedging strategy during the lifetime of the portfolio, at time T,
after selling all the remaining shares, an investor should be in possession of θ0

T. Thus, at
maturity, an investor who sold an option has a profit of

wT = θ0
T − C(ST).

Let U(wT,ST) be the utility function of an investor invested in the stock, the bank and
an option. Assume U(w, s) is defined for all w and s, that its first two derivatives exist,
and satisfy Uw > 0 and Uww < 0. The investor wants to maximize the expected utility of
his utility function by choosing an optimal hedging strategy.

Define the maximum expected utility initiated at time t by the following value function,

J(t,St,θ0,θ1) = maxE[U(wT,ST)],

where
wT = θ1ST − κ(θ1,ST) + θ0

T − C(ST),

with terminal value
J(T,ST,θ0,θ1) = U(wT,ST).

This leads to a stochastic optimization problem to solve the value function. The problem
is not presented to keep the focus on the utility-based approach of option pricing inclu-
sive of transaction costs. Solving the stochastic optimization problem gives both the
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optimal hedging strategy to replicate the contingent claim, but also a valuation function
to price the contingent claim.

By the indifference argument, an option is priced by the intermediary of two value
functions, one when the investor sells the option and one when he does not. Trading
in the option should be rewarded by a compensation to provide the same expected utility.

The value function without trading the option is given by,

J0(t,St,θ0,θ1) = maxE
[
U
(

θ0BT + θ1ST − κ(θ1,ST)
)]

whereas the value function when an option is sold is given by,

Jc(t,St,θ0,θ1) = maxE
[
U
(

θ0BT + θ1ST − κ(θ1,ST)− C(ST)
)]

.

Thus, by the indifference argument, the selling option price, denoted by C, can be
estimated by the difference in the bank account such that

Jc(t,θ0
t + C,θ1

t ,St) = J0(t,θ0
t ,θ1

t ,St).

The variable C is interpreted as a compensation payment to the investor to increase his
expected utility when he sells an option. The utility function of the investor is usually
modeled by a negative exponential function of the type U(x) = −exp(−γx), where
γ > 0 is the risk aversion measure. In the case where the transaction costs are assumed
to be zero, this approach leads to the exact same price than the Black–Scholes model.

This approach has the advantage to perform better than any other models due to the
optimality of the hedging strategy. However, most of the models following this approach
results in a problem where a Hamilton-Jacobi-Bellman equation must be solved. This
is a parabolic linear partial differential equation that in most cases does not have any
closed-form solution. Hence, the solution is computed numerically and can be time-
consuming. Several studies based on this approach results in an optimal strategy similar
to the variable hedging bandwidth strategy presented in Section 4.5. A difference is that
the rehedging is made to the closest boundary of the bandwidth and not to the delta of
the option. Some authors, in order to counter the lack of closed-form solution, focused
on a asymptotic solution to the optimization problem by considering small transaction
costs or high risk aversion. This is done in [41], [37] and [3].
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5 Conclusion

This thesis introduced the fundamentals to understand how an option is priced in the
presence of transaction costs and the related limitations that one might face in term of
hedging possibility. As opposed to the Black–Scholes model assuming continuity of the
trading, in the presence of transaction costs, rehedging too often the replicating portfolio
generates an infinity amount of transaction costs. Hence, a discrete time framework
is considered where rehedging is only made at regular time interval of size δt. This
framework keeps the amount of transaction in the stock finite, and therefore bound the
total transaction costs. A consequence of the discrete hedging is the rise of a hedging
error, the difference between the value of the replicating portfolio and the value of
the contingent claim at maturity. This hedging error over an interval δt is chi-squared
distributed with mean 0 and variance of order (δt)2. The contingent claim is no longer
perfectly replicated under the Black–Scholes strategy. There exists a trade-off between
the size of the hedging error and the size of the transaction costs with respect to the size
of δt. Following a similar approach than the one made by Black and Scholes, but now
in a discrete time environment and with transaction costs, leads to a modified Black-
Scholes equation. This equation is the original Black-Scholes equation with an extra
nonlinear term compensating for the transaction costs and depending on the absolute
value of the Γ of the option. This equation combined with a terminal condition gives
a solution to estimate the price of the option in the presence of transaction costs. This
equation is the Hoggard-Whalley-Wilmott equation and is generalized for any arbitrary
payoffs. In the case of European option, this equation reduced to a Black–Scholes type
equation with a modified volatility which is solved using the Black–Scholes formula. The
transaction costs have always a negative impacts, and therefore the modified volatility
is different with respect to the position. The volatility on the buyer side is smaller than
the original, whereas the volatility on the seller side is higher. Thus, the price of the
option is no longer unique and a bid-ask spread is generated. Based on these results, an
alternative hedging strategy is proposed, claiming to replicate the contingent claim even
in the presence of transaction costs. This strategy is later on shown to be valid only for
decreasing rate of transaction costs, and a corrected hedging strategy is proposed for the
case of constant rate of transaction costs. European option pricing with transaction costs
is further investigated in the context of different cost structure. The rate of transaction
costs is modeled by some non-increasing arbitrary function, resulting in some new
nonlinear partial differential equations. Some alternative models to the Leland model
are presented. For example, the bandwidth hedging model where the rehedging is made
with respect to the path of the ∆ of the option. Rehedging happen only if the difference
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between the amount of shares hold and ∆ become large enough. The ill-posedness of
the Leland and Hoggard et al. equation is also analyzed and an obstacle problem is
proposed as an alternative to price an option with transaction costs when faced with the
ill-posedness problem. Finally, the utility-based approach to option pricing inclusive of
transaction costs is introduced to the reader where the main idea and the formulation of
the problem is discussed. The mathematical content is reduced to the minimal to avoid
some utility-theory unseen in this thesis.

A further extension of this thesis could be done by investigating the topic of financial
models including transaction costs under a stochastic volatility environment. Mariani
and Sengupta [25],[26],[27], [15] devoted several articles to the subject and even de-
veloped a model resulting in a nonlinear partial differential equation and proved the
existence of a strong solution. Moreover, Nguyeny and Pergamenshchikov [31] also
extended the Leland model in a context of general stochastic volatility market in the
presence of constant transaction costs. Those are interesting papers that could be a
foundation for a new thesis deepening the subject of transaction costs in option pricing.
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