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ABSTRACT

We study the Chekanov-Eliashberg dg-algebra CE∗(Λ; V0; R4) of the singular Legen-drian skeleton Λ 
of a Weinstein hypersurface V in R3. It contains the Chekanov-Eliashberg algebra CE∗(∂Λ; V0) of the 
attaching spheres of V as a dg-subalgebra. We compute the cohomology of CE∗(∂Λ; V0) and use this to 
prove a result about how the cohomology of CE∗(Λ; V0; R4) changes
under Weinstein isotopy of V , i.e. an ambient contact isotopy as well as a deformation of the skele-
ton by handle-slides and introduction and cancellation of pairs of handles. We also prove that the 
cohomology of V is preserved under the operation of adding a stop to the Weinstein surface, that 
satisfies c ertain a dditional p roperties. U sing t hese r esults, w e d escribe a  t echnique o f construct-
ing a smooth non-compact Legendrian whose Chekanov-Eliashberg algebra is quasi-isomorphic to
CE∗(Λ; V0; R4). This allows us to obtain simpler models of the algebra and we identify one class of 
singular Legendrians for which these models are finite d imensional. This includes the infinite family 
of standard An-Legendrians.
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1. Introduction

We study the Chekanov–Eliashberg dg-algebra CE∗(Λ; V0;R4) of a singular 1-dimensional Leg-
endrian, arising as the skeleton Λ of a Weinstein hypersurface V ⊆ (R3, dz − ydx) of the standard
contact vector space. By this, we mean a compact and smooth surface with boundary such that
(V, α|T V ) is a Liouville form that is induced by a Weinstein structure. See Eliashberg’s work [12].
We will also be interested in the case when V is a Weinstein hypersector, which means that V has
ends of the form [0, A)q × [−B, B]p, where the restriction of α looks like −pdq. See [15] for the
definition of a Weinstein sector. We call this end a ’half-handle’ with core {p = 0}. A Weinstein
hypersector can be obtained from a Weinstein hypersurface by attaching half-handles along stops
in its boundary.

The definition of CE∗(Λ; V0;R4) is due to An–Bae [1] and Asplund–Ekholm [2]. It is generated
by Reeb chords of Λ in R3 along with Reeb chords of ∂Λ in ∂V0, where V0 is the subcritical part of
V and ∂Λ is the attaching spheres of the critical handles of V . The Chekanov-Eliashberg algebra
of ∂Λ in ∂V0, denoted as CE∗(∂Λ; V0), is therefore a dg-subalgebra of CE∗(Λ; V0;R4). We will here
work over the field K = Z2, but expect that all results can be generalized to arbitrary fields, and
will show this in future work.

The cohomology of CE∗(∂Λ; V0) has been computed for non-stabilised ∂Λ (see Definition 2.1) in
the author’s previous work [4, Proposition 5.5]. The purpose there was to prove the surgery formula
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in the sense of [3, 10] for surfaces, which computes the wrapped Floer complex of the co-cores by
the Chekanov–Eliashberg algebra of the attaching spheres.

Theorem A (Theorem 2.6). Suppose that ∂Λ is not stabilised. Then the cohomology of CE∗(∂Λ; V0)
is generated by the short Reeb chords of ∂Λ, i.e. chords which are not the concatenation of any other
chords.

In Section 2 we recap this computation and generalize it to the stabilised case. In the course of
this, we construct a geometrically induced cobordism map from CE∗(∂Λ\∂Π; V0,∂Π) to CE∗(∂Λ; V0),
where V0,∂Π is the Weinstein surface obtained by handle attachment at a union ∂Π of components
of ∂Λ.

Theorem B (Theorem 2.8). Let V be a Weinstein surface with skeleton Λ and let ∂Π be a union of
attaching spheres of ∂Λ. Consider ∂Λ \ ∂Π as embedded in V0,∂Π. There is a geometrically induced
dg-algebra morphism,

fV0,∂Π : CE∗(∂Λ \ ∂Π; V0,∂Π) → CE∗(∂Λ; V0),
which is a quasi-isomorphism onto CE∗(∂Λ; V0)[∂Λ \ ∂Π, ∂Λ \ ∂Π].

The algebra CE∗(∂Λ; V0)[∂Λ \ ∂Π, ∂Λ \ ∂Π] is here the subalgebra of CE∗(∂Λ; V0) consisting of
words without an endpoint on ∂Π.

In Section 3, we construct CE∗(Λ; V0;R4) and study how it changes under Weinstein isotopy,
during which the handle decomposition can be altered by handle-slides and introduction and can-
cellation of pairs of handles. Using the cobordism map above, we prove the following theorem.

Theorem C (Theorem 3.4). Let V and V ′ be a Weinstein hypersurfaces, with respective skeleta Λ
and Λ′, where V ′ is obtained from V by the introduction of a handle, and let Π′ be the core of this
new handle. There is then a geometrically induced dg-algebra map,

F : CE∗(Λ; V0;R4) → CE∗(Λ′; V ′
0 ;R4)

which is a quasi-isomorphism onto CE∗(Λ′; V ′
0 ;R4)[Λ′ \ Π′, Λ′ \ Π′].

As above, CE∗(Λ′; V ′
0 ;R4)[Λ′ \Π′, Λ′ \Π′] is the subalgebra of CE∗(Λ′; V ′

0 ;R4) consisting of words
with no endpoint on Π′.

In Section 4, we prove a result stating that the so called relative Chekanov–Eliashberg algebra
CE∗(Λ; V0,∂Ω;R4) of a Weinstein surface V with a half-handle with core Ω attached at a stop
∂Ω ⊂ ∂V0, is quasi-isomorphic to the ordinary algebra CE∗(Λ; V0;R4).

Theorem D (Theorem 4.5). Under additional hypotheses concerning the behavior of the core Ω of
the half-handle, there is a quasi-isomorphism

CE∗(Λ; V0,∂Ω;R4) → CE∗(Λ; V0;R4).

The relative algebra is a version of the dg-algebra defined by Asplund–Ekholm [2, Section 6.1],
in which we have Reeb chord generators of ∂Λ in ∂V0,∂Ω instead of ∂V0, where V0,∂Ω is the algebra
obtained by attaching a half-infinite strip at the stop ∂Ω. This stopped algebra has the advantage
of being finitely generated.

Finally, in Section 5 we describe a technique of constructing a smooth non-compact Legendrian
Σ2n#Γ whose Chekanov–Eliashberg algebra is isomorphic to CE∗(Λ; V0,∂Ω;R4).

Theorem E (Theorem 5.1). There is an isomorphism,
CE∗(Λ; V0,∂Ω;R4) → CE∗(Σ2n#Γ).

The algebra CE∗(Σ2n#Γ) is here the Chekanov–Eliashberg algebra for Legendrians with bound-
ary on a convex hypersurface, defined in [7]. By the previous result, CE∗(Λ#Σ2n) is then also
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quasi-isomorphic to CE∗(Λ; V0;R4). We can use the isotopy invariance of CE∗(Σ2n#Γ) to ob-
tain simpler models of the algebra. For a class of singular Legendrians which we call permutation
Legendrians, this yields models with finite dimension, making it possible to compute both the co-
homology and the higher A∞-operations of the minimal model. This includes the infinite family of
the standard An-Legendrians.

Example 1.1 (Example 5.6). Let Λ be the standard An-Legendrian illustrated for n = 3, in Figure 1
(see Section 5 for the general definition). The cohomology of CE∗(Λ; V0;R4) is as an associative

Figure 1. Front projection of the standard singular A3-Legendrian and a Weinstein
isotopic version of the same Weinstein hypersurface.

algebra quasi-isomorphic to the path algebra of the An-quiver
n• n−1• . . .

3• 2• 1•α2αn−1 α3αn−2 α1

bound by the relations αi+1αi = 0 for 1 ≤ i < n. Since this algebra does not support any higher
operations, this path algebra is in fact also the minimal model of CE∗(Λ; V0;R4).

Partial computations for the An-Legendrians were done by An-Bae in [1]. Since the A2-Legendrian
is Weinstein isotopic to the so-called Legendrian Θ-graph, the result is expected in view of com-
putations by Nadler [18]. In fact, the An-Legendrians that we present here can be seen to corre-
spond to a stop in the boundary of B4 that is induced by the Milnor fiber p−1(t) for p(x, y) =
x2 + y(y − 1)(y − 2)...(y − n) and t ≫ 0. The corresponding partially wrapped Fukaya category was
computed by Ganatra-Pardon-Shende using a different technique in [15].

Acknowledgments. I would like to thank my supervisor Georgios Dimitroglou Rizell for suggest-
ing this research direction and taking the time to answer all my questions.

2. Chekanov–Eliashberg algebras in the boundary of a Weinstein surface

In this section we construct the Chekanov–Eliashberg algebra CE∗ (∂Λ; V0) of a Legendrian in
the boundary of a Weinstein surface. We define what it means for ∂Λ to be stabilised and recap the
computation of H∗CE (∂Λ; V0) in the non-stabilised case from [4]. We then construct a cobordism
map which allows us to compute H∗CE (∂Λ; V0) also for stabilised Legendrians.

2.1. Construction of CE∗ (∂Λ; V0). Let V be a Weinstein surface i.e. a compact Liouville surface
with boundary, which can be obtained by Weinstein handle attachment from some subcritical V0.
See [6] and [12] for details. We denote the skeleton of V as Λ and denote the individual cores of the
critical handles by Λ1,. . . ,Λk. We let ∂Λ = ∂Λ1 ∪ . . . ∂Λk ⊆ ∂V0 be the 0-dimensional Legendrian
attaching spheres of the critical handle of V . We will also consider the case when V is a Weinstein
sector obtained from V0 by attaching a number of half-handles with cores Ω (a number of half-open
intervals) along stops ∂Ω ⊂ V0 (a number of points).
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We define CE∗ (∂Λ; V0) in three steps: first the algebra structure, then the grading, and last the
differential.

2.1.1. The algebra. The associative algebra structure is defined as the path algebra over the field K
of the quiver with one vertex v for each attaching sphere ∂Λv and one arrow from v to u for each
Reeb cord in ∂V0 with starting point and endpoint on ∂Λv and ∂Λu respectively. We denote by ev

(or when it is more convenient, eΛv ) the idempotent corresponding ∂Λv.
The induced contact form on ∂V0 is λ := dθ, making the Reeb chords counter-clockwise curves

in ∂V0, inconsistent with [1], but consistent with [4],[2], and [13]. The composition of arrows into
paths will be from from right to left, inconsistent with [4], but consistent with [1],[2], and [13].
Given two subsets of attaching spheres ∂Πi, ∂Πj ⊆ ∂Λ we define CE∗(∂Λ; V0)[∂Πi, ∂Πj ] to be the
subspace spanned by words with starting point on ∂Πi and endpoint on ∂Πj .

There are two different notations that can be used for Reeb chords in V0. The first works by
choosing a base point not in ∂Λ of each component of ∂V0. The Reeb chords are then denoted as
cp

ij where i and j are the starting point and endpoint respectively, and p is the number of times the
chord passes some fixed base point. We will use this notation when working with general ∂Λ. The
second notation also works by choosing a base point of each component of ∂V0, but we here also
choose a letter t, s, r, . . . for each component. We then label the points of ∂Λ on each component
of ∂V0, by the natural numbers 1, 2, 3, . . ., going counter-clockwise from the base point. The Reeb
chords are then denoted as tp

ij , sp
ij , rp

ij , . . ., where the letter indicates the component of ∂V0, p the
number of times the chord passes the base point, and i and j the labels of the starting point and
endpoint. We will use this notation when working with concrete ∂Λ.

2.1.2. The grading. To define the grading, we embed V0 as a unit disc in R2. We perform an isotopy
of ∂Λ so that the points of ∂Λ are close to the x-axis. The tangent planes of any chord cp

ij then
form a loop in the Lagrangian Grassmannian of R2 and we define the grading as,

|cp
ij | := −µ(cp

ij) + 1 + m(j) − m(i),

where µ(cp
ij) is the Maslov index of the loop of tangent planes along cp

ij , and where m(i) ∈ Z are
the values at the endpoints of the chord of auxiliary choices of Maslov potentials of ∂Λ. Note that
µ(cp

ij) here simply measures the number of times cp
ij passes though the y-axis. There is another

grading which is often used, for example in [2], given by
|cp

ij | := −2p + 1 + m(j) − m(i).
It can be recovered from the above if one moves all points of ∂Λ to the same side of the y-axis and
places the base point on the other side.

2.1.3. The differential. The differential is defined by a count of rigid pseudo-holomorphic discs.
These are discs in the symplectization (∂V0) ×R of ∂V0, which converge to a Reeb chord generator
cp

ij at +∞, and to a word of generators in CE∗(∂Λ; V0) at −∞. We allow the discs to have anchors in
V0. Combinatorially, the value of ∂ on a generator cp

ij can be described as ∂(cp
ij) = ∂0(cp

ij)+∂−1(cp
ij),

where
∂0(cp

ij) =
∑

cp−q
kj cq

ik,

with the sum taken over all k and q such that the chords on the left hand side exist, and
∂−1(cp

ij) = δijδ1pev,

where ev is the idempotent of the component of ∂Λ of i = j. The terms ∂0 and ∂−1 correspond to
unanchored and anchored discs respectively. For details of how this description of ∂ arises from a
count of geometric discs inside the symplectization, see [4, Proposition 5.2]. The differential is then
extended to the entire algebra by K-linearity and the Leibniz rule ∂(ab) = ∂(a)b + a∂(b) for any
words a and b.
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The geometric reason that ∂2 = 0 is as usual that the moduli space of non-rigid symplectization
discs of dimension 1 has a compactifiction whose boundary points correspond to terms of ∂2, see [9]
for a proof, or [4, Proposition 5.1] for an illustration. That ∂ is of degree 1 follows from the dimension
formula in [5]. Both of these facts are also easy to verify using the combinatorial description.

As ∂ preserves endpoints, each CE∗(∂Λ; V0)[Πi, Πj ] is a subcomplex and we have

CE∗(∂Λ; V0) =
⊕

v,u∈I

CE∗(∂Λ; V0)[Λv, Λu],

as chain complexes.

2.1.4. Critical domains. The Chekanov–Eliashberg algebra can more generally be defined in the
boundary of any Weinstein surface, i.e. also in critical domains. In our setup, this is a domain
V0,∂Π obtained by handle attachment on V0 at a subset ∂Π of the attaching spheres in ∂Λ. The
algebra CE∗(∂Λ \ ∂Π, V0,∂Π) is defined in the same manner as CE∗(∂Λ; V0), and the combinatorial
description of the differential is also the same, with the exception that anchors can only exist in
components of V0,∂Π which are homeomorphic to a disc, so

∂−1(cp
ij) =

{
δijδ1pεv, if the chord lives in a component of V0,∂Π that is a disc,
0 otherwise.

The term ∂0 and the grading remain the same.

2.2. Stabilised attaching spheres. The attaching spheres ∂Λ of the handles Λ, come in two main
types, non-stabilised and stabilised. The essential property of stabilised attaching spheres is that
they are redundant in the sense that neither the topology nor cohomology changes when attaching
a handle at a stabilised attaching sphere, and their corresponding co-cores in V are null-homotopic.

Definition 2.1. Consider a collection Λ of handles and let ∂Γ be an attaching sphere of a handle
Γ ⊆ Λ. If ∂Γ has one point which lies on a component of ∂V0 that contains no other point of an
attaching sphere, we say that ∂Γ is isolated. When considering an attaching sphere ∂Γ of ∂Λ \ ∂Π
in the boundary of a critical domain V0,∂Π, we additionally require that the component of p is a
disc in order for ∂Γ to be isolated. If ∂Γ is isolated when considered in V0,∂Λ\∂Γ, we say that ∂Γ is
stabilised (with respect to the handles of Λ). We call a union ∂Λ of attaching spheres stabilised if
it contains a stabilised attaching sphere.

The main properties of stabilised attaching spheres are listed in the following proposition.

Proposition 2.2. Let ∂Λ be a collection of Legendrian attaching spheres as above.
(i) Every isolated attaching sphere is stabilised.

(ii) If ∂Π is a sub-collection of the attaching spheres of the handles Λ, and Γ is a handle in
Λ \ Π, then ∂Γ is stabilised (with respect to Λ \ Π) when considered in V0,∂Π if and only if
it is stabilised (with respect to Λ) when considered in V0.

(iii) If ∂Γ is an attaching sphere of ∂Λ, then the co-core C∂Γ in V dual to Γ is null-homotopic
relative the boundary if and only if ∂Γ is stabilised.

(iv) If ∂Λ contains a stabilised attaching sphere then it also contains an isolated attaching sphere.
(v) If ∂Γ is an isolated attaching sphere, then e∂Γ is exact, making all words with endpoints on

∂Γ vanish in H∗CE(∂Λ; V0).

Proof.
(i) Follows immediately from the definition.

(ii) Follows immediately from the definition.
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(iii) By a null-homotopy of C∂Π relative the boundary, we mean a contraction of C∂Π in V
keeping ∂C∂Π on ∂V . If both points of ∂Π lie on the same component of V0,∂Λ\∂Π then ∂Π
is non-stabilised, and the two endpoints of C∂Π will lie on different components of ∂V , so C∂Π
is then not null-homotopic. If the points of ∂Π lie on different components of ∂V0,∂Λ\∂Π,
then C∂Π will be null-homotopic if and only if one of these two components are. It is a
standard fact of algebraic topology that a closed loop on a surface is null-homotopic if and
only if it bounds a disc, see [17] for a proof. It thus follows that C∂Π is null-homotopic if
and only if ∂Π is stabilised.

(iv) From (v) we know that a co-core C∂Π is stabilised if and only if it is null-homotopic and
this is in turn equivalent to C∂Π, together with a segment of ∂V , bounding a subset U∂Π of
V , such that U is homeomorphic to a disc. From this perspective, the attaching sphere ∂Π
is isolated if and only if there is such a U which does not contain any other components of
C. If ∂Λ is stabilised it contains a stabilised attaching sphere Π and we can find such a disc
U∂Π bound by C∂Π and a segment of ∂V . If U∂Π does not contain any other component of
C, ∂Π is isolated. Otherwise, we let Γ be a component of C in U∂Π. This component is
then null-homotopic in U∂Π, so we can choose U∂Γ to be a subset of U∂Π. Since C only has
a finite number of components, the result now follows by induction.

(v) Follows is immediately from the construction of CE∗(∂Λ; V0).
□

The converse of (v) is not true; by Proposition 2.11 below, eΓ is exact if and only if ∂Γ is stabilised.

2.3. Cohomology of CE(∂Λ; V0). We here compute H∗CE(∂Λ, V0) for non-stabilised ∂Λ, follow-
ing [4] with some improvements. Some parts of this section are valid also for stabilised Legendrians,
so we will not make a standing assumption that ∂Λ is non-stabilised, but instead explicitly state
this when necessary. For simplicity, we will here write A := CE∗(∂Λ; V0).

Definition 2.3. Given two Reeb chords cp
ik and cq

kj whose endpoint and starting point agree, their
concatenation is

cq
kj ∗ cp

ik := cp+q
ij .

A chord is called short if it is not the concatenation of any other chords. We will also consider the
idempotents to be short chords. Let c = cpm

imjm
. . . cp1

i1j1
∈ A be a word of chords, and let l1, . . . , lk

be the subsequence of 1, . . . , m − 1 of all lh such that jlh ̸= ilh+1. The total concatenation, ctc, of c
is the word

ctc := (cpm
imjm

∗ . . . ∗ c
plk+1
ilk+1jlk+1

) . . . (c
plh+1
ilh+1 jlh+1

∗ . . . ∗ c
plh
ilh

jlh
) . . . (cpl1

il1 jl1
∗ . . . ∗ cp1

i1j1
)

i.e. the word obtained by concatenating all adjacent chords in c whose respective starting point
and endpoint agree. The total splitting, cts of c is the unique word consisting only of short chords
such that (cts)tc = ctc, i.e. the word obtained by splitting the chords of c into two whenever they
pass a point of ∂Λ. A word c is called unconcatable if c = ctc. We define A0 ⊆ A to be the
subspace spanned by all unconcatable words consisting only of short chords, i.e. all words c such
that c = ctc = cts. In particular, A0 contains the idempotents. We let A+ ⊆ A be span of all other
words, so that A = A0 ⊕ A+.

We define the action of a chord c to be the integral∫
c
λ,

where λ is the contact form on ∂V0. It can be thought of as the length of the chord in some
Riemannian metric. We here let V0 be normalized so that the action of a chord going once around
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a component of ∂V0 is 1. The action of a word is defined as the sum of the action of its chords. We
define Aq to be the span of words of action q and have,

A =
⊕

q

Aq.

The action filtration of A is then defined as FqA =
⊕

p≤q Ap. We have,

∂0(Aq) ⊆ Aq, ∂−1(Aq) ⊆ Aq−1,

and
∂0(A+) ⊆ A+, ∂0(A0) = 0.

Additionally, by Proposition 2.2 we have
∂−1(A0) = 0,

if and only if Λ is non-stabilised. Since
∂2

0(Aq) ⊆ Aq, (∂0 ◦ ∂−1 + ∂−1 ◦ ∂0)(Aq) ⊆ Aq−1, ∂2
−1(Aq) ⊆ Aq−2,

it follows that ∂2
0 = ∂0 ◦ ∂−1 + ∂−1 ◦ ∂0 = ∂2

−1 = 0. We can thus think of (A, ∂0, ∂−1) as a double
complex. (One can define a bi-grading, but we will not use it here.)

Aq Aq Aq

Aq−1 Aq−1

Aq−2

∂0

∂−1

∂0

∂−1

∂0

∂−1

Lemma 2.4. The inclusion ι : (A0, ∂0) → (A, ∂0) is a quasi-isomorphism of chain complexes.

Proof. We need to show that A+ is ∂0-acyclic. For a word c, let C(c) = {c̃ ∈ A | c̃tc = ctc}. These
are ∂0-invariant subspaces and A+ =

⊕
c=ctc∈A+ C(c), so it suffices to show that C(c) is acyclic for

each c = ctc ∈ A+. Each word in C(c) can be obtained from cts by a series of concatenations of
adjacent chords, and can therefore be represented as a tuple s ∈ {0, 1}m, where m is the number
possible concatenation points in cts, and 1 and 0 represent that the word has or has not been
concatenated in the corresponding point. In other words, C(c) has a natural basis indexed by such
tuples. The differential is then

∂0 =
m∑

i=1
∂0,i

where each ∂0,i acts on a tuple (s1, . . . , sm) ∈ {0, 1}m by,

∂0,i (s) =
{

0 if si = 0,

(s1, . . . , si−1, 0, si+1, . . . , sm) if si = 1.

We now see that the complex C(c) is isomorphic to the tensor product of m copies of the exact
complex,

0 K K 0.∼

Since we are working over a field, it then follows from the Künneth formula that C(c) also is
exact. □

Lemma 2.5. Suppose that ∂Λ is not stabilised. Then the inclusion ι : A0 → A is a quasi-
isomorphism of chain complexes.
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Proof. We consider the mapping cone,
C := Cone (ι) = A0[1] ⊕ A.

Since ∂Λ is not stabilised, the differential vanishes on A0 and the cone then has the differential,

∂C =
(

0 0
ι ∂

)
.

As ι preserves the action, C inherits the action filtration from A. We let Ep,q
r be the spectral

sequence arising from the filtration. Since the filtration is bounded from below it will converge to
H∗(C). The first page is

Eq
1

∼= GqC = A0
q [1] ⊕ Aq,

with
[dC ]GqC =

(
0 0
ι ∂0

)
.

We see that Ep,q
1 is isomorphic to the mapping cone of the inclusion in Lemma 2.4, so the sequence

vanishes on the second page, making ι a quasi-isomorphism. □

Using this lemma, we can prove the following theorem, which describes H∗CE(∂Λ; V0) as a path
algebra.

Theorem 2.6. Let V be a Weinstein surface with skeleton Λ, and suppose that ∂Λ is not stabilised.
Then H∗CE(∂Λ; V0) is naturally isomorphic to the subset A0 of cycles as a vector space. As an
associative algebra, H∗CE(∂Λ; V0) is isomorphic to the path algebra of the quiver with one vertex
for each handle in Λ and the short chords as arrows, bound by the relations,

cq
kjcp

ik = ∂−1(cq
kj ∗ cp

ik),

for each pair of short chords cp
ik and cq

kj whose endpoint and starting point agree.

Proof. It follows from Lemma 2.5 that the cohomology is generated by the short chords. The
concatenation cq

kj ∗cp
ik of two short chords with matching endpoint and starting point has differential

∂(cq
kj ∗ cp

ik) = cq
kjcp

ik + ∂−1(cq
kj ∗ cp

ik), and from this the relations follow. □

Remark 2.7. This theorem remains true for CE∗(∂Λ \ ∂Π; V0,∂Π) with ∂−1 adjusted as above.

It is a corollary of the surgery formula from [4] that the minimal model of CE∗(∂Λ, V0) for non-
stabilised ∂Λ is given by the wrapped Floer cohomology of the co-cores of the handles of V . It will
typically have higher A∞-operations, so the path algebra above is generally not the minimal model
of CE∗(∂Λ, V0).

2.4. The cobordism map. We here construct a dg-algebra map which relates the Chekanov–
Eliashberg algebra of ∂Λ in V0 to the one of ∂Λ \ ∂Π considered in V0,∂Π. As a corollary, we will be
able to compute H∗CE(∂Λ; V0) for stabilised ∂Λ.

Theorem 2.8. Let V be a Weinstein surface with skeleton Λ and let ∂Π be a union of attaching
spheres of ∂Λ. Consider ∂Λ \ ∂Π as embedded in V0,∂Π. There is a geometrically induced dg-algebra
morphism,

fV0,∂Π : CE∗(∂Λ \ ∂Π; V0,∂Π) → CE∗(∂Λ; V0),
which is a unital quasi-isomorphism onto CE∗(∂Λ; V0)[∂Λ \ ∂Π, ∂Λ \ ∂Π].

Proof. Let W∂Π := (∂V0 × [0, 1])∂Π be the Weinstein cobordism obtained by considering ∂Π as
embedded in the positive end of the symplectization of ∂V0, and attaching a Weinstein handle at
each attaching sphere in ∂Π, as in Figure 2. This cobordism has convex and concave boundary
given by

∂+W∂Π = ∂V0,∂Π, ∂−W∂Π = ∂V0.
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For each attaching sphere ∂Λv of ∂Λ not in ∂Π, let Lv := (∂Λv) × [0, 1] ⊆ (∂V0) × [0, 1]. By letting
the attachment regions in the handle attachment be sufficiently small, each Lv becomes embedded
in W∂Π. For each attaching sphere ∂Λv in ∂Π, we define Lv := ((∂Λv) × [0, 1]) ∪ Λv ⊆ W∂Π. We let
L =

⋃
v∈I Lv, which is an exact Lagrangian cobordism from ∂−L = ∂Λ to ∂+L = ∂Λ\∂Π. According

∼=

Figure 2. The cobordism W∂Π, obtained by attaching a Weinstein handle to (∂V0)×
[0, 1] at ∂Π, with L illustrated in blue.

to the principles of Symplectic Field Theory [11], L gives rise to a unital dg-algebra morphism from
CE∗(∂Λ \ ∂Π; V0,∂Π) to CE∗(∂Λ; V0). See [8] for more details. Here we get a map fV0,∂Π defined
on a generator c ∈ CE∗(∂Λ \ ∂Π; V0,∂Π) by counting rigid cobordism discs, possibly anchored in V0,
and with boundary on L, which take c as input and output a word in CE∗(∂Λ; V0).

To show that fV0,Π is a dg-algebra morphism we argue as usual, and consider the moduli spaces
of dimension 1. At ±∞, they will split into one rigid cobordism disc and one rigid symplecti-
zation disc either in (∂V0) × [0, 1] or (∂V0,∂Π) × [0, 1], corresponding to terms of ∂− ◦ fV0,∂Π and
fV0,∂Π ◦ ∂+ respectively, where ∂+ and ∂− are the respective differentials of CE∗(∂Λ \ ∂Π; V0,∂Π)
and CE∗(∂Λ; V0). We therefore have ∂− ◦ fV0,∂Π = fV0,∂Π ◦ ∂+.

We now want to show that fV0,∂Π is a quasi-isomorphism onto CE∗(∂Λ; V0)[∂Λ \ ∂Π, ∂Λ \ ∂Π].
Write A0 and B0 for the respective subspaces of CE∗(∂Λ\Π; V0,∂Π) and CE∗(∂Λ; V0)[∂Λ\∂Π, ∂Λ\
∂Π] consisting of unconcatable words of short chords. Given a word c ∈ A0 we can shrink the handles
of the cobordism and the part of c which lies inside the symplectization (outside of the handles)
will then converge to a word c′ ∈ B0. Conversely, if we consider a word c′ ∈ B, the respective
starting point and endpoint of any adjacent pair of chords in c′ together form an attaching sphere
in Λ. If this attaching sphere is in Π we can connect the adjacent chords into one chord of Λ \ Π
going through the corresponding handle. Doing this for all such adjacent pairs of chords produces
a chord c ∈ A0. These are inverse constructions, so we have a one-to-one correspondence between
words in A0 and B0. Note that words in A0 consisting of a single chord correspond to words in
B0 for which all starting points and endpoints of the chords of the word are in Π, except the ones
which are the starting point and endpoint of the entire word.

We now look at the cobordism discs. The contact form is exact, so it follows from Stokes’ theorem
together with the positivity of the symplectic area of pseudo-holomorphic curves that if the handles
attached at ∂Π are shrunk sufficiently, the unanchored discs come close to preserving the action.
We therefore let the limit action of a chord the limit of the action of the chord when shrinking
the handles. A topological consideration shows that the unanchored discs then preserve the limit
action. Typically, there will also be anchored cobordism discs, which will output words of strictly
lower (limit) action than the input.

Next, we claim that an unanchored disc with a short chord as input can only have short chords
as outputs. Indeed, if there is a chord of the output that is not short, this chord passes though
a point of Λ. If this point is in Λ \ Π, then the input must be non-short, a shown to the left in
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Figure 3. If the point is in Π, then it is possible to cut out a region of the disk as shown to the right
in Figure 3, and obtain a new unanchored disc with the same input but with an output of strictly
lower action, which contradicts the unanchored discs being action preserving.

Figure 3. If there is a chord in the output of an unanchored disc that is not short,
there is a component of L in the interior of the disc. To the left is the case when the
non-short chord in the output passes through a point of Λ\Π, and to the right is the
case when it passes through a point of Π. The punctures of the disc are drawn in
black, and the points that map to L are drawn in blue. The interior points mapping
to L are dashed.

The output of an unanchored disk taking a chord c ∈ A0 as input can hence only consist of
short chords, and it is easy to see that this means that the output must be the corresponding word
c′ = ck . . . c1 ∈ B0. We can form a closed loop by going along c, then down along the component
of L corresponding to the endpoint of c, then following c1, then up through the core of the handle
connecting the endpoint of c1 to the starting point of c2, and so on, until we reach the endpoint
of ck and go up along L to the starting point of c. This loop is contractible, and thus bounds a
simply connected region. The Riemann mapping theorem then implies that there exists a unique
unanchored disc with input c and output c′.

The action preserving part of fV0,∂Π thus acts as an isomorphism between A0 and B0. If we filter
the mapping cone of fV0,∂Π by limit action and apply Lemma 2.4, the result then follows. □

Remark 2.9. We expect that the higher dimensional generalization of this theorem can be proven
using the same argument as in [10, Theorem 83]. One can there perturb all chords to be short, so
the analog of Lemma 2.4 is trivial.

Proposition 2.10. Let fV0,∂Π be as in Theorem 2.8 above. Consider a partition ∂Π = ∂Π1 ⊔ ∂Π2,
where both ∂Π1 and ∂Π2 are unions of attaching spheres in ∂Λ. Then,

fV0,∂Π = fV0,∂Π1 ◦ fV0,∂Π1 ,∂Π2 .

Proof. The sought identity is a standard property of the dg-algebra morphism induced by the
cobordisms in the SFT-setting. See [11] as well as [8]. We proceed to provide a sketch of the proof.
Each term term of fV0,∂Π corresponds a cobordism disc in (∂V0 × [0, 1])∂Π, taking one generator as
input and outputting a word. The terms of fV0,∂Π1 ◦ fV0,∂Π1 ,∂Π2 correspond to buildings consisting
of one cobordism disc in (∂V0,∂Π1 × [0, 1])∂Π2 , with one additional cobordism disc in (∂V0 × [0, 1])∂Π1
for each output puncture of the first disc, see Figure 4. These are in one-to-one correspondence, so
the equality follows. □

With this, we can now compute the cohomology in the stabilised case.

Proposition 2.11. Let V be a Weinstein surface with skeleton Λ. Let ∂Π be the union of all
stabilised attaching spheres of ∂Λ. The map

fV0,∂Π : CE∗(∂Λ \ ∂Π; V0,∂Π) → CE∗(∂Λ; V0).
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Figure 4. The cobordism (∂V0 × [0, 1])∂Π on the right, (∂V0,∂Π1 × [0, 1])∂Π2 on the
top left and (∂V0 × [0, 1])∂Π1 on the bottom left.

is then a quasi-isomorphism.

Proof. We give the attaching spheres in ∂Π an ordering ∂Π = ∂Π1 ∪ . . . ∪ ∂Πm, such that each
∂Πi is isolated when considered in V0,∂Π<i

, where ∂Π<i = ∂Π1 ∪ . . . ∪ ∂Πi−1. This is possible by
Proposition 2.2. By Proposition 2.10 we have,

fV0,∂Π = fV0,∂Π1 ◦ . . . ◦ fV0,∂Π<i
,∂Πi

◦ . . . ◦ fV0,∂Π<m ,∂Πm .

For each cobordism map fV0,∂Π<i
,∂Πi

, the codomain CE∗(∂Λ \ ∂Π<i; V0,∂Π<i
) is the direct sum of

CE∗(∂Λ \ ∂Π<i−1; V0,∂Π<i
) and the subcomplex of words with either endpoint on ∂Πi. From Theo-

rem 2.8, we know that fV0,∂Π<i
,∂Πi

is a quasi-isomorphism onto the former, and the latter is acyclic
since ∂Πi is isolated in V0,∂Π<i−1 making the idempotent ε∂Πi

exact in CE∗(∂Λ \ ∂Π<i; V0,∂Π<i
).

Thus each fV0,∂Π<i
,∂Πi

, and thereby fV0,∂Π, is a quasi-isomorphism. □

2.5. Non-spherical components. It is possible to let ∂Λ be with partitioned into components
which are not necessarily 0-spheres. As mentioned in [13], it is in principle possible for any such
partition to arise in the internal dg-algbra defined by Ekholm-Ng in [14], but the most important case
are components consisting of a single point, so called stops. Lemma 2.4 remains true for arbitrary
partitions, so Theorem 2.6 is still true if ∂−1 vanishes on all short chords. We have seen how to deal
with isolated spheres in Proposition 2.11. This is even simpler for a stop; if there is a stop of Λ that
is isolated in the sense that it is the only point of Λ on its component of ∂V0, then the inclusion
of the subalgebra generated by chords without endpoints on this stop is a quasi-isomorphism. If Λ
only consists of spheres and stops, we can therefore always compute the cohomology.

3. Chekanov-Eliashberg algebras of singular Legendrians

In this section we define the Chekanov-Eliashberg algebra of a singular Legendrian. This invariant
has been introduced by An–Bae [1] for Legendrians in R3 and generalized by Asplund–Ekholm [2],
to the Legendrian skeleton of a Weinstein hypersurface V in the ideal contact boundary ∂W of a
general Weinstein domain W . For W = R4, the constructions agree. When ∂W is the contactization
of a Weinstein domain P , one can compute CE∗(Λ; V ; W ) by using the canonical projection to P
and counting discs there [2, Subsection 7.1]. We will limit ourselves to the case when W = R4 and
P = R2, and use the Lagrangian projection to define CE∗(Λ; V0;R4).
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3.1. Construction of CE∗(Λ; V0;R4). Let V ⊆ R3 be a Weinstein hypersurface, by which we
mean an embedding for which α|T V is a Liouville form that is induced from a Weinstein structure.
In particular, this means that the Liouville domain (V, α|T V ) has an isotropic skeleton. We can
assume that the skeleton is an embedded Legendrian graph as defined in [1]. For short, we will call
this a singular Legendrian. We equip each handle in Λ with an orientation.

As for CE∗(∂Λ; V0), we first define the associative algebra, then the grading, and last the differ-
ential.

3.1.1. The algebra. We call the Reeb chords in V with endpoints on Λ double points, and the Reeb
chords in ∂V0 with endpoints on the attaching spheres ∂Λ, vertex chords. The algebra structure
of CE∗(Λ; V0;R4) is then defined to be the path algebra with one vertex for each component of
Λ, and the double points and vertex chords as arrows. It thus contains CE∗(∂Λ; V0) as a unital
dg-subalgebra.

3.1.2. The grading. We will use the same grading scheme as in [1] but with a change of sign, giving
us cohomological grading, i.e. differential of degree +1. Consider the Lagrangian projection of Λ to
R2. We perform an isotopy so that the ends of the cores of the handles are close to being parallel
with the x-axis. For a component ∂Π of ∂Λ, we let ∂+Π be the positively oriented end and ∂−Π
the negatively oriented end. The tangent spaces along Π then form a loop Π̂ in Gr(1;R2). We pick
a Maslov potential m : ∂Λ → Z such that,

m(∂+Π) − m(∂−Π) = µ(Π̂),

where µ is the Maslov index. For the vertex chords, we then use the same grading as in the
construction of CE∗(∂Λ; V0).

For a double point a, let Γ+ be the target of a and Γ− the source, and let ∂+a and ∂−a be the
endpoint and starting point respectively. We define γ± as the path in Gr(1;R2) going from T∂±aΓ±
along the tangent spaces of Γ± to T∂+Γ±Γ±. We let ã be the clockwise rotation from T∂−aΓ− to
T∂+aΓ+. We let â := γ−1

− ∗ ã ∗ γ+, which then goes from T∂+Γ−Γ− to T∂−aΓ− then to T∂+aΓ+, and
then to T∂+Γ+Γ+ Since the cores are close to being parallel with the x-axis we can consider â as a
loop in Gr(1;R2). We then define the degree as,

|a| = −µ(â) + m(∂+Γ+) − m(∂+Γ−).

3.1.3. The differential. The differential is defined much like in the classic Chekanov-Eliashberg
algebra. The general definition in [2] involves counting pseudo-holomorphic discs in a Weinstein 4-
manifold. In our case, it is possible (see [2, Subsection 7.1]), to compute the differential by counting
admissible discs in the Lagrangian projection, and we will take this as our definition. We proceed
by giving a sketch of the construction, following An–Bae [1].

Let π : R3 → R2 be the Lagrangian projection, and let R2
V0

:= (R2 \ π(V0)) ∪ (∂V0 × (−∞, 0]),
i.e the Liouville manifold obtained by cutting out π(V0) from R2 and replacing it with the negative
end of the symplectization of ∂V0, glued on along ∂π(V0). The Reeb chords of Λ are then the
self-intersections of π(Λ \ (Λ ∩ V0)), while the Reeb chords of CE∗(∂Λ; V0) live in the negative end
of R2

V0
. We decorate the quadrants in R2

V0
around each self intersection of π(Λ \ (Λ ∩ V0)) with Reeb

signs according to Figure 6.
Let D2

m+1 be the standard pseudo-holomorphic disc D2 with m + 1 punctures ζ0, . . . , ζm. Given
a double point c0 of Λ, and a word c1 . . . cm of generators in CE∗(Λ; V0;R4), we define

M(c0, c1 . . . cm)

to be the moduli space of pseudo-holomorphic maps u : (Dm+1, ∂Dm+1) → (R2
V0

, π(Λ \ (Λ ∩ V0))),
such that

(i) u maps ∂Dm+1 onto π(Λ \ (Λ ∩ V0))
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Figure 5. The cobordism R2
V0

, with π(Λ \ (Λ ∩ V0)) drawn in blue.

++
−

−

Figure 6. The quadrants of a crossing decorated with Reeb signs.

(ii) u converges to c0 near γ0, and maps a neighborhood of γ0 onto a quadrant of c0 with positive
Reeb sign.

(iii) u converges to ci near γi, for 1 ≤ i ≤ m, and, if ci is a double point, maps a neighborhood
of γ0 onto a quadrant of c0 with negative Reeb sign.

We then define ∂ as,
∂(c0) :=

∑
c1...cm

[M(c0, c1 . . . cm)]c1 . . . cm,

where the sum is taken over all possible words and

[M(c0, c1 . . . cm)] =
{

|M(c0, c1 . . . cm)| if dimM(c0, c1 . . . cm) = 0,

0 if dimM(c0, c1 . . . cm) ̸= 0.

The differential is extended to the entire algebra via the Leibniz rule. There is some analysis needed
to show that this is well-defined, see [10, 9]. That ∂2(c0) = 0 as usual follows by identifying the
rigid discs with the boundary of (compactified) one-dimensional M(c0, c1 . . . cm). The differential
being of degree 1 follows from the dimension formula in [5].

We give an example of how to compute CE(Λ; V0;R4). It is is adapted from [1, Section 4.6.2].

Example 3.1. Let V be a Weinstein thickening of the Legendrian Λ illustrated in Figure 7. We
here have µ(Λ̂2) = µ(Λ̂2) = 0, so we can give each point of ∂Λ equal Maslov potential, and then get
the degrees

|a1| = −1,

|a2| = −1,

|b| = −1,

|c1| = −1,

|c2| = 1,

|d| = 0,

|tp
ij | = −2p + 1.

Counting the discs, we get the differential,
∂(a1) = c1c2t0

12 + t0
12 + e1,

∂(a2) = dc2c1 + t0
23c1 + d + e2,

∂(b) = dt0
34 + e2,

∂(c1) = 0,

∂(c2) = 0,

∂(d) = 0.

The discs contributing to ∂a1 are illustrated in the Figure 7.
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t

a1

a2

bc1 c2

e1

e2

d

e2

+

+++

+

+

Figure 7. Lagrangian projection of a singular Legendrian and the discs contributing
to the output of the chord a1 under ∂.

3.2. The action filtration. Like for the vertex chords, one can define the action of a double point
by integrating the contact form along the chord, and obtain a filtration of CE∗(Λ; V0;R4). We
consider the vertex chords in this filtration be of action 0. In contrast to the filtration of the vertex
chords, each term in the differential of a double point a is always of strictly lower action than a. If
one considers the spectral sequence arising from the filtration, the differential on the zeroth page
will therefore be induced by the differential of CE∗(∂Λ; V0) on the vertex chords.

3.3. Invariance and the handle decomposition. There are two main notions of isotopy of V .
The first is Weinstein isotopy, which is an isotopy of V though Weinstein hypersurfaces; see [12].
For a generic Weinstein isotopy, the skeleton undergoes an isotopy, together with handle-slides and
introduction and cancellation of pairs of handles. The second notion is that of Legendrian isotopy,
which is a Weinstein isotopy preserving the handle decomposition of V . In other words, this is an
isotopy of the isotropic skeleton of V induced by an ambient contact isotopy, which also can be seen
as a Legendrian isotopy of the skeleton seen as a singular Legendrian. The important difference
between these two notions is that the CE∗(Λ; V0;R4) is invariant under Legendrian isotopy, but not
Weinstein isotopy.

Theorem 3.2 (An–Bae[1], Asplund–Ekholm[2]). The dg-algebra CE∗(Λ; V0;R4) is up to quasi-
isomorphism invariant under Legendrian isotopy of Λ.

Proof. This is a weaker statement of [1, Theorem 5.1], and can also be seen using the Asplund–
Ekholm definition, as it then essentially follows from the definition, using the invariance for smooth
Legendrians. □

For an illustration of how invariance fails for Weinstein isotopy, see [2, Example 7.4, Example
7.5]. We will prove a theorem that relates the dg-algebras of Weinstein isotopic surfaces.

Definition 3.3. Let V be a Weinstein hypersurface and let t be an n-valent vertex of the skeleton
Λ. Let V ′ be a surface which is Weinstein isotopic to V , whose handle decomposition is obtained
from the handle decomposition of V by replacing the vertex t with two vertices s and r of respective
valencies m + 1 and k + 1 where m + k = n, as illustrated in Figure 8. We say that V ′ and its
skeleton Λ′ are obtained by from V and Λ by introducing a handle at t. Conversely, we say that V
and Λ are obtained from V ′ and Λ′ by contracting a handle between s and r. Note that m and k
can take the values 0 or 1, leading to the introduction or contraction of a 1- or 2-valent vertex.

The Chekanov-Eliashberg dg-algebras of V and V ′ are related by the following theorem.
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∼−−→

Figure 8. Introducing a handle in the decomposition of the V .

Theorem 3.4. Let V and V ′ be a Weinstein hypersurfaces, with respective skeletons Λ and Λ′,
where V ′ is obtained from V by the introduction of a handle, and let Π′ be the core of this new
handle. There is then a geometrically induced dg-algebra map,

F : CE∗(Λ; V0;R4) → CE∗(Λ′; V ′
0 ;R4),

which is a unital quasi-isomorphism onto CE∗(Λ′; V ′
0 ;R4)[Λ′ \ Π′, Λ′ \ Π′].

Proof. As the algebras are invariant under Legendrian isotopy, we can without loss of generality
assume that the isotopy between V and V ′ does not affect V and V ′ outside of a neighborhood as
in Figure 8. There is thus an identification of the double points of Λ and Λ′, and we let F act by
this identification. Note that there are no double points with any endpoints on Π′.

To define F on the vertex chords, we let let V0 and V ′
0 be the respective subcritical parts. We

can then identify V0 with the Weinstein surface obtained by attaching the handle Π′ to V ′
0 , i.e.

V0 = V ′
0,∂Π′ . By Theorem 2.8, we then have the dg-algebra morphism,

fV ′
0 ,∂Π : CE∗(∂Λ; V0) → CE∗(∂Λ′; V ′

0).

so we define F as fV ′
0 ,∂Π on the vertex chords.

Since fV ′
0 ,∂Π is a dg-algebra morphism we have F ◦ ∂ = ∂′ ◦ F on the vertex chords. For the

double points we need to show that F ◦ ∂ = ∂′. This is illustrated in Figure 9. To show that F is a

∼=

a2

a1 a2

e1 e2
t

∼=

Λ(h) Λ(h′)Π(h′)

∂Λ(h′)∂Λ(h′)

∂Λ(h)

∼=

Λ(h) Λ(h′)Π(h′)

∂Λ(h′)∂Λ(h′)

∂Λ(h)

∼=

Figure 9. Terms of F ◦ ∂ correspond to buildings on the left, and terms of ∂′ to
discs on the right. These are in one-to-one correspondence.

quasi-isomorphism, we proceed as in the proof of Lemma 2.5 and we construct a spectral sequence
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from a filtration of the mapping cone. We write A := CE∗(Λ; V0;R4) and A′ := CE∗(Λ′; V ′
0 ;R4)[Λ′ \

Π′, Λ′ \ Π′], and consider the mapping cone C := Cone(F ) ∼= A[1] ⊕ A′, with differential,

∂C =
[

∂ 0
F ∂′

]
It inherits the action filtration of the double points from A and A′, with FqC = FqA⊕FqA′, and we
consider the spectral sequence Ep,q

r arising from this filtration. The first page is then isomorphic to
the mapping cone of F̃ , where F̃ is the map equal to F in the category of sets, but considered as going
between the complexes (A, ∂V ) and (A′, ∂′

V ), where ∂V and ∂′
V are are the differentials only applied

to the vertex chords. By Theorem 2.8, the map fV ′
0 ,∂Π and thereby also F̃ are quasi-isomorphisms,

so Ep,q
r vanishes on the second page. Thus, F is a quasi-isomorphism. □

Corollary 3.5. Let V ⊆ R3 be a Weinstein hypersurface with skeleton Λ, and let V ′ be the Weinstein
hypersurface with skeleton Λ′ obtained by contracting all stabilised handles of V . Then the map,

F : CE∗(Λ; V0;R4) → CE∗(Λ′; V ′
0 ;R4),

from Theorem 3.4 is a quasi-isomorphism.
Proof. Follows from Proposition 2.11. □

4. Stops and products

In this section we consider the operations of attaching a stop to a Weinstein surface, and of
connecting two unlinked Weinstein surfaces with a handle.

4.1. Stop removal. Consider an embedded Liouville sector V ⊆ R3 with boundary contained inside
a hypersurface which is convex in the sense of Giroux [16]. We say that V is a Weinstein hypersector
if α|T V is a Liouville form for a Weinstein sector with half-handles of the form [0, A)q × [−B, B]p
where α|T V = −pdq, whose skeleton is disjoint from the hypersurface, while the cores of the half-
handles limit to a point in the convex hypersurface. (This point is the so-called symplectic boundary
of the sector, using the terminology of [15].) Also see [7]. Here we will restrict ourselves to the case
when the convex hypersurface is a plane of the form {x = x0} which is contained either to the right
or to the left of Λ.

We will further suppose that this skeleton consists of some number of handles with cores Λ, and
a single half-handle with core Ω attached at the stop ∂Ω. We will assume that there are no Reeb
chords of Λ ∪ Ω with an endpoint on Ω. Any Λ ∪ Ω is isotopic to a Legendrian for which this is the
case, so we lose no generality.
Proposition 4.1. Under the assumptions above, i.e. that Λ is a singular Legendrian that corre-
sponds to a Weinstein hypersurface (i.e. without any stops) and Ω is an embedded core of a half-
handle of the singular Legendrian Λ ∪ Ω where the half handle limits to the hyper surface {x = x0}
which is disjoint from Λ, there is a quasi-isomorphism,

CE∗(Λ ∪ Ω; V0;R4) → CE∗(Λ; V0;R4).
Moreover, the restriction to the dg-subalgebra CE∗(Λ ∪ Ω; V0;R4)[Λ, Λ] is surjective in cohomology.
Proof. We perform an isotopy of Λ ∪ Ω as in Figure 10, supported in the complement of the hy-
persurface {x = x0}, which adds a generator a such that ∂a = eΩ. Theorem 3.2 then says that
there exists a quasi-isomorphism from the Chekanov–Eliashberg algebra before the isotopy to the
one after the isotopy. Let I be the ideal of CE∗(Λ ∪ Ω; V0;R4) generated by all chords with at least
one endpoint on ∂Ω. There is a short exact sequence

0 → I → CE∗(Λ ∪ Ω; V0;R4) → CE∗(Λ; V0;R4) → 0.

Since eΩ is exact, the complex I is exact, so considering the long exact sequence in cohomology, we
get a quasi-isomorphism CE∗(Λ ∪ Ω; V0;R4) → CE∗(Λ; V0;R4). Every word in CE∗(Λ ∪ Ω; V0;R4)
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with an endpoint on Ω is contained in I, so the restriction of this map to CE∗(Λ ∪ Ω; V0;R4)[Λ, Λ]
is surjective in cohomology. □

Π

a

Π

Λ Λ∼=

Figure 10. Isotopy of Λ ∪ Ω introducing a double point a with ∂a = eΩ.

Remark 4.2. The theorem fails if Λ already has stops as we then do not have the freedom
necessary to perform the isotopy. For a counterexample, let V be a disc with one stop and
let V ′ be a disc with two stops. If these are embedded in R3 without double points we have
CE∗(Λ; V0;R4) ∼= CE∗(∂Λ; V0) and CE∗(Λ′; V0;R4) ∼= CE∗(∂Λ′; V ′

0), and then H∗CE(∂Λ; V0) van-
ishes while H∗CE(∂Λ′; V ′

0) does not.

Remark 4.3. There might be several non-Weinstein isotopic ways of attaching the stop.

We next consider the relative Chekanov–Eliashberg algebra CE∗(Λ; V0,∂Ω;R4) as defined in [2,
Section 6], which we refer to as the algebra of Λ stopped at ∂Ω, where Ω is the core of a half-handle
attached at the stop ∂Ω as above. This is a version of the algebra where the attaching spheres are
embedded in the boundary of a critical domain V0,∂Ω, which in our case is obtained by attaching
the half-handle with core Ω to V0 at the point ∂Ω ⊆ ∂V0. We will not define it in full generality, but
in this case it is the subalgebra of CE∗(Λ; V0;R4) consisting of all long Reeb chords of Λ and the
chords of ∂Λ which do not pass through the half-handle. If we place the base point near the stop
∂Ω, these are the chords of the form c0

ij . In order for this to be a dg-algebra we have to assume
that the differential of a long Reeb chord never contains a letter that passes through the stop; this
is e.g. the case under the above assumptions, when Ω has no long Reeb chords, and when the stop
is contained in the convex hypersurface {x = x0}.

Proposition 4.4. Under the above assumptions, there is a natural quasi-isomorphism,
CE∗(Λ; V0,∂Ω;R4) → CE∗(Λ ∪ Ω; V0;R4).

Proof. The proof of Theorem 2.6 can be generalized to show that H∗CE(∂Λ; V0,∂Ω) is generated
by the short chords, so the inclusion CE∗(∂Λ; V0,∂Ω) → CE∗(∂Λ ∪ ∂Ω; V0) (which can be seen as a
version of the map in Theorem 2.8) is a quasi-isomorphism onto the subcomplex of words without
endpoints on ∂Ω. It follows by an action filtration argument analogous to the one in the proof of
Theorem 3.4, that the inclusion CE∗(Λ; V0,∂Ω;R4) → CE∗(Λ ∪ Ω; V0;R4) is a quasi-isomorphism
onto the subcomplex of words without endpoints on Ω. However, as we have seen in Proposition 4.1
above, the cohomology of CE∗(Λ ∪ Ω; V0;R4) is concentrated in this subcomplex, which means that
the inclusion is a quasi-isomorphism onto the whole algebra. □

Combining these two results, we obtain the following theorem which is natural in view of the
surgery formula (cf.[2, Corollary 5.5]).

Theorem 4.5. Under the above assumptions, there is a natural quasi-isomorphism,
CE∗(Λ; V0,∂Ω;R4) → CE∗(Λ; V0;R4).
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Proof. The result follows from Proposition 4.4 and Proposition 4.1. □

This result is useful for computations, as CE∗(Λ; V0,∂Ω;R4) is finitely generated, while CE∗(Λ; V0;R4)
is not. It will be one of our be one of the main tools in the next section. We here demonstrate
how it can be used to compute the cohomology of the unknot. Note that this has been done in [2,
Example 7.4] with different methods.
Example 4.6. Let Λ be the unknot illustrated in Figure 11.

s
a

Figure 11. The Lagrangian projection of the unknot.

The differential of CE∗(Λ; V0;R4) is given by,
∂a = e + s0

12.

There is up to equivalence only one Maslov potential and the grading is
|a| = −1, |s0

12| = |s1
21|, = 0 |e| = 0.

Using Theorem 4.5 we get a quasi-isomorphism A := CE(Λ; V0,∂ΩR4) ∼= CE(Λ; V0;R4). The algebra
A is generated by a and s0

12, and there is a double complex ∂ = ∂s + ∂e, where ∂s(a) = s0
12 and

∂e(a) = e. The bigrading (p, q) is given by letting q be the negative of the word length, and p be
the total degree minus the q degree. Consider the spectral sequence with first page Ep,q

1 = Hq
∂s

(Aq)
and second page Ep,q

2 = Hp
∂e

Hq
∂s

(A), arising from this double complex. Destabilizing the complex
(A, ∂s), we have H∗

∂s
(A) ∼= ⟨e⟩ ∼= K. Since the complex is concentrated in bidegree (0, 0) it stabilizes

on the first page, and we have H∗CE(Λ; V0;R4) ∼= H∗(A) ∼= K.
4.2. Products. We here consider a Weinstein hypersurface V with skeleton Λ1 ∪ Π ∪ Λ2, such that
Λ1 and Λ2 are unlinked, and ∂+Π ∈ ∂V0,∂Λ1 and ∂−Π ∈ ∂V0,∂Λ2 . As above, we can up to isotopy
assume that there are no Reeb chords of Λ1 ∪ Π ∪ Λ2 with any endpoints on Π.
Theorem 4.7. There is a quasi-isomorphism,

CE∗(Λ1 ∪ Π ∪ Λ2; V0;R4) → CE∗(Λ1; V 1
0 ;R4) × CE∗(Λ2; ∪V 2

0 ;R4)
where ’×’ denotes the product algebra.

Figure 12. Two unlinked Legendrians connected by a handle with core Π.

Proof. The proof is essentially the same as for Proposition 4.1. One can perform an isotopy as
shown in Figure 13, introducing a double point a, with ∂a = eΠ, after which we use Theorem 3.2.
Letting I be the ideal of CE∗(Λ1 ∪ Π ∪ Λ2; V0;R4) generated by all chords with an endpoint on Π,
we get a short exact sequence,

0 → I → CE∗(Λ1 ∪ Π ∪ Λ2; V0;R4) → CE∗(Λ1; V0;R4) × CE∗(Λ2 : V0;R4) → 0,
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Figure 13. A Legendrian isotopic to Λ1 ∪ Π ∪ Λ2, with a chord a such that ∂a = eΠ.

and the result then follows by considering the long exact sequence in cohomology. □

As in Remark 4.3, given two surfaces V 1 and V 2, there are typically several non-Weinstein isotopic
ways of attaching the handle Π.

Example 4.8. Consider the Legendrian Λ illustrated in Figure 14.

a2a1
s t

Figure 14. The Lagrangian projection of Λ.

Combining Theorem 4.7 with Example 4.6, we conclude that CE∗(Λ; V0;R4) ∼= K × K. We can
contract the handle Π to obtain a Legendrian Λ′ as in Figure 15.

a1 a2t

Figure 15. The Lagrangian projection of Λ′.

By Theorem 3.4, there is a quasi-isomorphism CE∗(Λ′; V ′
0 ;R4) → CE∗(Λ; V0;R4)[Λ \ Π, Λ \ Π],

and since eΠ is exact, this extends to a quasi-isomorphism onto all of CE∗(Λ; V0;R4), so we also
have CE∗(Λ′; V ′

0 ;R4) ∼= K × K.

5. Stopped Legendrians as non-compact smooth Legendrians

In this section we describe a way of constructing a non-compact smooth Legendrian whose
Chekanov–Eliashberg algebra is isomorphic to that of a given stopped singular Legendrian. We
apply this to compute the cohomology of a class of singular Legendrians which we call permutation
Legendrians.

5.1. Stopped Legendrians as non-compact smooth Legendrians. Consider the relative
Chekanov–Eliashberg algebra CE∗(Λ; V0,∂Ω;R4) of a Weinstein surface V stopped at a point ∂Ω ⊆
∂V0. We assume that V0 is connected so that Λ only has one singularity and let n be the number of
handles of V . We construct a non-compact Legendrian Σ2n#Γ with Chekanov–Eliashberg algebra
isomorphic to CE∗(Λ; V0,∂Ω;R4) as follows.
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We begin by performing an isotopy of V so that the singular point is placed at the origin and the
rest of Λ lies in {(x, y, z) ∈ R3 | x > 0}, with the core Ω of the half-handle attached at ∂Ω being
parallel to the negative half of the x-axis. We define Γ to be the non-compact smooth Legendrian
with endpoints on the convex hypersurface x = 0, obtained by applying the operation illustrated
in Figure 16 to Λ. Note that this does not introduce any new long chords. Next, let Σ2n be the

Figure 16. The construction of Γ from Λ in the front projection on the top and
Lagrangian projection on the bottom. Note that ∂z/∂x is negative at all endpoints
of Γ and that the slope at the endpoints is increasing with respect to the ordering
of the endpoints induced by the z-coordinate. The z- and y-axes are dotted and the
core Ω of the half-handle is drawn in red.

non-compact smooth Legendrian consisting of 2n components with one left cusp each, as shown in
Figure 17, realizing a so called negative half-twist of these 2n strands. We then define Σ2n#Γ to be

1
2
3
4
5
6

1
2
3
4
5
6

1
2
3
4
5
6

1
2
3
4
5
6

Figure 17. The front and Lagrangian projections of the Legendrian Σ2n for n = 3.
Using a front as in [19, Prop 2.2] we make the front and Lagrangian projection agree.
Note that ∂z/∂x is negative at the lower 2n endpoints of Γ and positive at the upper
2n endpoints, and that the slope at the endpoints is increasing with respect to the
ordering of the endpoints induced by the z-coordinate.

the non-compact smooth Legendrian with boundary on the hypersurface x = 0, obtained by joining
Γ to Σ2n at the lower 2n endpoints of Σ2n, as shown in Figure 18.
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Figure 18. The Legendrian Σ2n#Γ. Using a front as in [19, Prop 2.2] we make the
front and Lagrangian projection agree.

The Chekanov–Eliashberg algebra has been defined for smooth non-compact Legendrians with
boundary on a convex hypersurface in [7] and we denote this algebra of Σ2n#Γ as CE∗(Σ2n#Γ).
The algebra has one generator for each Reeb chord of Λ and one generator aij from the i:th to the
j:th component for each for 1 ≤ i < j ≤ n, with degree |aij | = i−j +1+µ(j)−µ(i). The differential
can as usual be computed by counting discs in the Lagrangian projection and acts by,

∂aij =
∑

i<k<j

akjaik.

Theorem 5.1. There is an isomorphism,
CE∗(Λ; V0,∂Ω;R4) → CE∗(Λ#Σ2n).

Proof. Label the points of ∂Λ as 1, 2, . . . , 2n going counter-clockwise from the stop. The algebra
CE∗(∂Λ, V0,∂Ω) is then generated by a finite number of chords c0

ij for 1 ≤ i < j ≤ n, so we define
the isomorphism by letting c0

ij 7→ aij and identifying the other chords in the obvious way. It is
clear from Lagrangian projection in Figure 18 that this commutes with the differential. Note that
we have used a front projection similarly to the one used in [19, Prop 2.2], which implies that the
Lagrangian projection and the Legendrian projection can be identified (there are no left cusps in
this part of the diagram). □

5.2. Permutation Legendrians. One advantage of considering Σ2n#Γ is that one can use the
isotopy invariance of CE∗(Σ2n#Γ) and cancel the long chords corresponding to vertex chords under
the isomorphism in Theorem 5.1, and thus obtain simpler models of the algebra. The permutation
Legendrians are a class of Legendrians for which this yields models with computable cohomology.

Definition 5.2. Consider the set {1−, 1+, 2−, 2+, . . . , n−, n+}. A handle permutation of order n is
a bijection,

σ : {1−, 1+, 2−, 2+, . . . , n−, n+} → {1, 2, . . . , 2n},

such that σ(i−) < σ(i+) for each i, and σ(i−) < σ(j−) for all i < j.

Definition 5.3. Let σ be a handle permutation of order n. We consider standard unknots of size
k, by which we mean standard unknots centered at the origin, such that the horizontal tangencies
lie on the z-axis, the cusps lie on the x-axis, and the distance from each horizontal tangency and
cusp to the origin is k. We construct a smooth link with n components where the i:th component
is a copy of the standard unknot of size σ(i+) − σ(i−), translated so that its center is at the point
(0, 0, (σ(i+) − σ(i−))/2).
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Consider the part of this link with positive x-coordinate. It forms a Legendrian with boundary
on the hypersurface x = 0. We perform a small perturbation near each boundary point, in such
a way that the slope, or equivalently the y-coordinate, at each endpoint becomes negative, and is
increasing if we order the points according to their z-coordinate. We call the Legendrian obtained
through this construction the positive smooth permutation Legendrian w.r.t. σ, denoted as Γ+(σ).

Similarly, we define the negative smooth permutation Legendrian w.r.t. σ, denoted as Γ−(σ),
to be the Legendrian obtained by considering the part of the link with negative x-coordinate and
performing a perturbation near the endpoints such that that the slope at the endpoints becomes
positive, and the slope is increasing if we order the endpoints according to their z-coordinate.

Finally, we define the singular permutation Legendrian w.r.t. σ, denoted as Λ(σ), to be the
singular Legendrian obtained from Γ+(σ) by performing the operation in Figure 16 in reverse.

Figure 19. From left to right, the positive, negative, and singular σ-Legendrians,
here drawn for the A3-permutation.

Each Λ(σ) can be stopped so that Theorem 5.1 gives an isomorphism,
CE∗(Λ(σ); V0,∂Ω;R4) ∼= CE∗(Σ2n#Γ+(σ)).

The singular permutation Legendrians generalize the so called An-Legendrians which we obtain by
letting σ act as i− 7→ i and i+ 7→ 2i. We call this σ the An-permutation. The singular Legendrian
is illustrated in Figure 19 is the A3-Legendrian.

Proposition 5.4. There is an isotopy Σ2n#Γ+(σ) ∼ Γ−(σ) that is fixed outside of a compact
subset. In particular there is a quasi-isomorphism,

CE∗(Σ2n#Γ+(σ)) ∼= CE∗(Γ−(σ)).

Proof. Recall the Legendrian Reidemeister moves I, II, and III illustrated in Figure 20. Performing
any of these on the front diagram of a Legendrian preserves the isotopy type, see [21]. Consider a
loop as in the move I within some larger front diagram where there might be other strands crossing
the loop. We say that it is unlinked if each strand either has greater slope than the loop at each
crossing between the strand and the loop, or smaller slope than the loop at each crossing.

Given an unlinked loop, we can perform a move as in Figure 21 by repeatedly applying the moves
II and III, and then I. This preserves the isotopy type and we denote this move as I∗.

Now consider the Legendrian Σ2n#Γ+(σ). Each component has a single loop as in move I and
if these are removed we obtain the Legendrian Γ−(σ). Since we constructed Σ2n#Γ+(σ) from
standard unknots we can perturb Σ2n#Γ+(σ) with a planar isotopy so that the slope is close to
±1 away from the cusps and horizontal tangencies. A move I-type loop in Σ2n#Γ+(σ) will then
be unlinked if there are no horizontal tangencies of Σ2n#Γ+(σ) inside the loop. By construction,
the horizontal tangency of the j:th component will be inside the loop of the i:th component if and
only if σ(i+) > σ(j−) > σ(i−). Since this implies that j > i, the loop of the n:th handle must be
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Figure 20. The three Reidemeister moves I, II, and III. Applying these preserve
the isotopy type. Reflexions of these moves are also allowed.

Figure 21. Example of the move I∗.

free from horizontal tangencies. We remove it with the move I∗, and repeat this process n times to
obtain Γ−(σ). □

Figure 22. The isotopy between Σ2n#Γ+(σ) and Γ−(σ) for the A3-permutation.

Combining the results above we obtain the following theorem.

Theorem 5.5. There is a quasi-isomorphism
CE∗(Λ(σ); V0;R4) ∼= CE∗(Γ−(σ)).

Proof. Follows from Theorem 4.5, Theorem 5.1, and Proposition 5.4. □



24 MARTIN BÄCKE

While the algebra CE∗(Λ(σ); V0;R4) is infinite dimensional, CE∗(Γ−(σ)) is always finite dimen-
sional. It is has n idempotents and one Reeb chord aij from i to j for each pair i, j such that
σ(i−) < σ(j−) < σ(i+), with degree |aij | = i − j + 1 + µ(j) − µ(i). The differential acts by

∂α =
∑

k

akjaik

where the sum is taken over all k for which the chords akj and aik exist, i.e. all k such that
σ(i−) < σ(k−) < σ(i+) and σ(k−) < σ(j−) < σ(k+). The finite dimensionality means that both
the cohomology and the higher operations of the minimal model are computable.
Example 5.6. Let σ be the An-permutation acting by σ(i−) = i, σ(i+) = 2i so that Λ(σ) is the
An-Legendrian. The algebra CE∗(Γ−(σ)) is generated by chords aij for all 1 ≤ i < j ≤ n, with

∂aij =
∑

i<k<j

akjaik

This is essentially the same differential as ∂0 in Lemma 2.4, and one can use the same argument
to see that the cohomology is generated by chords of form ai,i+1 for 1 ≤ i < n, with vanishing
multiplication. In other words, the cohomology of CE∗(Γ−(σ)) is isomorphic to the path algebra
of the An-quiver

n• n−1• . . .
3• 2• 1•α2αn−1 α3αn−2 α1

bound by the relations αi+1αi = 0 for 1 ≤ i ≤ n − 1. This is then by Theorem 5.5 also the
cohomology of CE∗(Λ(σ); V0;R4), and since path algebra does not support any higher operations,
it is the minimal model.

Partial computations for the An-Legendrians were done by An–Bae [1, Section 8] were they
expected this result. Since the standard An-Legendrians are Weinstein isotopic to the θ-graph
(when n = 2) and its generalizations (when n > 2), see Figure 23, the result is also expected in
view of computations by Nadler [18].

Figure 23. A Weinstein isotopy of singular Legendrians. The first two steps are
Legendrian isotopies constructed from singular Legendrian Reidemeister moves as in
[20], while the last step is a Weinstein isotopy in which the handle with the left cusp
is contracted.

Example 5.7. For each n, let σ be the permutation acting by,
σ(1−) = 1, σ(i−) = 2i − 2, σ(n−) = 2n − 2,

σ(1+) = 3, σ(i−) = 2i + 1, σ(n−) = 2n,

for i ̸= 1, n. The negative and singular permutation Legendrians w.r.t. σ are illustrated in Figure 24.
The algebra CE∗(Γ−(σ)) has one generator ai,i+1 for each 1 ≤ i < n, and the differential vanishes,
so H∗CE(Γ−(σ)) ∼= CE∗(Γ−(σ)). This can be seen as the path algebra of the An-quiver

n• n−1• . . .
3• 2• 1•α2αn−1 α3αn−2 α1

without any relations. As in the previous example, this is then also the cohomology (and minimal
model) of CE∗(Λ(σ); V0;R4).
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Figure 24. The front projections of Γ−(σ) and Λ(σ) for n = 4.
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