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1 Introduction
When we think about the field of mathematical logic, we usually think of questions such as
”is this possible?”, ”can this be proven?” and similarly. Questions about probability, such as
”how likely is this property to hold?” or ”can we expect this to be true in a randomly chosen
structure?”, may not seem quite as familiar in the field. This, however, is exactly the topic we
will analyze in this paper. The questions we will analyze can be roughly formulated as:

1. Given a fixed finite domain and a randomly chosen structure, what is the probability
of a property to hold in said structure?

2. Will the probability from the former question converge when the size of the domain
tends to infinity? If so, what does it converge towards?

3. Given a first order formula ϕ, can we find a quantifier free formula ψ such that ϕ and
ψ hold for the same elements in almost every finite structure?

It is worth noting that we won’t answer the first question in precise terms, but rather give an
implicit approximation by answering the second question. You may calculate it precisely by
counting the number of models for a given sentence of a certain cardinality. However even
if we assume that the vocabulary only consists of a 2-ary relation the number of structures
to consider of cardinality n will be 2n2

, and thus this procedure is very inefficient.
We limit ourselves to properties expressible in first order logic and the language of Lω∞ω,

which we will later define more precisely. We will also restrict ourselves to relational struc-
tures and relational vocabularies and a uniform probability distribution when randomly
choosing structures. With these restrictions we will obtain the so-called 0-1 law for first
order logic and Lω∞ω, which roughly states that the probability of any sentence in either lan-
guage converges towards 1 or 0 in a randomly chosen structure with domain D , when the
size of D tends to infinity. Another way of putting it is that if the domain is sufficiently large,
then almost all or almost no structures will satisfy a given sentence.

While using the same restrictions as for the 0-1 law we will also prove that every first
order formula ϕ is ”almost” equivalent to a formula ψ without any quantifiers, that is, the
probability that ϕ and ψ holds for the exact same tuples in a random structure converges to
1. This can be used in applications to simplify formulas, since for a formula with quantifiers
it may be required that you search through the entire domain of the structure to verify the
truth value, while the evaluation of a quantifier free formula is very straightforward.

Proofs of the 0-1 law for first order logic were independently given by Glebskij, Logan,
Liogonkij and Talanov in 1969 who used almost sure quantifier elimination [3] and Fagin in
1976 who used the completeness of the theory of extension axioms [1]. Versions of both of
these proofs will be presented in this paper.
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2 Preliminaries
We will start by mentioning some notation and conventions.

For this entire paper we will assume that τ is a finite vocabulary with only relation sym-
bols. As such, definitions and theorems using function and constant symbols will be mod-
ified to only use relation symbols. If τ is a vocabulary, then FO(τ) denotes the set of first
order sentences generated by τ. If M and N are said to be structures then M and N de-
notes their respective universes. Furthermore, tuples will often be denoted as strings, that is
(a1, ..., an) may be written as a1...an , since this allows for a notation-wise simpler concatena-
tion of tuples. If a formula is denoted asϕ(x1, ..., xn) we will assume that every free variable in
the formula are among x1, ..., xn , however this does not necessarily mean that each of these
variables are contained in the formula.

We will now introduce a theorem which will be used to prove the first instance of the 0-1
law. However, since the proof is quite extensive and only serves a minor purpose in our case,
we will refer to the proof given in [4].

Proposition 2.1. ([4], Proposition 5.15, p. 206) Let T be a first order theory with only infinite
models which is κ-categorical for some infinite cardinal κ. Then the deductive closure of T is
complete.

Proof. See [4].

In this paper we will prove the 0-1 law for two different logical languages, first order logic
and Lω∞ω. While the reader is expected to be familiar with first order logic before reading
this, we will define Lω∞ω below.

Definition 2.2. ([2], p. 40, 47) The class of L∞ω-formulas over τ is given by the following:

1. L∞ω contains all atomic first order formulas over τ.

2. If ϕ is a formula of L∞ω then so is ¬ϕ.

3. If ϕ is a formula of L∞ω and x a variable, then ∃xϕ is a formula of L∞ω.

4. IfΨ is a set of formulas of L∞ω then
∨
Ψ is a formula of L∞ω.

The class of Ls∞ω-formulas is the class of L∞ω-formulas which only contains the variables
x1, ..., xs . Furthermore we define

Lω∞ω := ⋃
s≥1

Ls
∞ω

For practical reasons we will also extend L∞ω into L∗∞ω for lemma 2.9 using the following
additional rule:

1. IfΨ is a set of formulas of L∗∞ω then
∧
Ψ is a formula of L∗∞ω.

We now move forward by introducing the notion of quantifier rank, which will be used
in several parts of this paper.

Definition 2.3. Let ϕ be a formula of first order logic or L∞ω. Then the quantifier rank of ϕ,
qr(ϕ) is defined as:
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1. qr(ϕ) = 0 if ϕ is atomic.

2. qr(ϕ∧ψ) = qr(ϕ∨ψ) = qr(ϕ→ψ) = qr(ϕ↔ψ) = max(qr(ϕ),qr(ψ)).

3. qr(¬ϕ) = qr(ϕ).

4. qr(∃xϕ) = qr(ϕ)+1.

We will later use isomorphisms of different sorts to prove the 0-1 laws, among other
things we will use it to show categoricity after which we will be able to apply proposition
2.1. For this we need to define the different kinds of isomorphisms which we will use and
also show some of the basic properties which said isomorphisms satisfy. First off we define
the most basic type of isomorphisms between structures.

Definition 2.4. Let M and N be structures. A map p : M → N is said to be an (entire) iso-
morphism if it is a bijection and if for every n-ary relation symbol R ∈ τ and every tuple
a1, ..., an ∈ M we have M Í R(a1, ..., an) if and only if N Í R(p(a1), ..., p(an)). If an isomor-
phism exists we say that M and N are isomorphic and write M∼=N.

The following type of isomorphism will later be used to extend functions into entire iso-
morphisms.

Definition 2.5. ([2], Definition 2.2.1, p. 15) Assume M and N are structures. A map p with
dom(p) ⊆ M , r an(p) ⊆ N is said to be a partial isomorphism from M to N if

1. p is injective

2. for every n-ary R ∈ τ, ā = a1, ..., an ∈ D(p), b̄ = b1...bn where p(ai ) = bi , it holds that
R(ā) iff R(b̄).

The set of all partial isomorphisms M→N is denoted Part(M,N).

We shall now define what a literal is, which we will use to more easily define some types
and sets of formulas.

Definition 2.6. A literal is a formula which is either atomic or the negation of an atomic
formula. For a universe M , a literal sentence is a literal evaluated in a tuple of M , that is, for
a literal L(x̄) and a tuple ā ∈ M , L(ā) is a literal sentence.

We continue by defining a method of simplifying formulas, that is disjunctive and con-
junctive normal form. The idea is that we want to show that any quantifier free first order
formula can be written on either of these forms.

Definition 2.7. A formula written in disjunctive normal form (DNF) is a formula of the form∨
i

∧
j

Li j

and a formula written in conjunctive normal form (CNF) is of the form:∧
i

∨
j

Li j

Where all Li j are literals.
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In order to prove that any quantifier free formula can be written in these forms we will
first prove a special case. It is worth acknowledging that some steps of the proof are sketched
and can be found fully in [4].

Lemma 2.8. ([4], Lemma 1.56, p. 28) Let ϕ and ψ be formulas written in DNF and CNF re-
spectively. Then ¬ϕ and ¬ψ are equivalent to formulas written in CNF and DNF respectively.

Proof. Note that ¬ϕ is equivalent to a formula of the form

¬∨
i

∧
j

Li j ≡∧
i
¬∧

j
Li j ≡∧

i

∨
j
¬Li j

which is in CNF. A similar argument can then be used for ¬ψ.

Note that the following lemma and proof is a modified version of Theorem 1.57 from [4]. It
will be useful for the proof of the next lemma and for the proof of the final theorem of this
paper.

Lemma 2.9. Every quantifier free formula of first order logic or L∞ω is equivalent to a formula
of first order logic of L∗∞ω, respectively, written in DNF and a formula written in CNF.

Proof. For first order logic, we may show this using induction on the complexity of formulas.
Furthermore, since {¬,∧} is a functionally complete set of connectives, we may assume that
all formulas not in DNF is written with only these two connectives. Note that, as a base case,
every atomic formula is trivially written in DNF and CNF.

Assume then that ϕ ≡ ϕ1 ≡ ϕ2 and ψ ≡ ψ1 ≡ ψ2 where ϕ1 and ψ1 are written in DNF
andϕ2 andψ2 are written in CNF. Using the previous lemma we know that ¬ϕ1 and ¬ϕ2 are
equivalent to formulas written in CNF and DNF respectively, that is ¬ϕ is equivalent to both
those formulas. What remains is to show that χ = ϕ∧ψ is equivalent to formulas written
in DNF and CNF. Since ϕ1 ∧ψ1 clearly is in DNF and χ ≡ ϕ1 ∧ψ1 this will be a suitable
representation of χ in DNF. Now, using the fact that ϕ2 and ψ2 are in CNF we may write
them as follows:

ϕ2 =
∨

i
Ai

ψ2 =
∨

j
B j

Where every Ai and B j is a conjunction of literals. Then

χ≡ϕ2 ∧ψ2 =
∨

i
Ai ∧

∨
j

B j ≡
∨

i

(∨
j

(Ai ∧B j )

)

Since this is a disjunction of conjunctions of literals, we have finished the proof for first
order logic. To prove the lemma for L∞ω, we start by noting that a formula in L∞ω on the
form

∨
i ϕi can be rewritten in L∗∞ω using only {¬,∧} as ¬∧

i ¬ϕi . What remains is to replace
ϕ2 and ψ2 in the final step by a set of DNF formulas ϕi

2 and assume χ ≡ ∧
i ϕ

i
2. From there

we may proceed as we did with first order logic.
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We finally prove the following lemma which will be useful later when proving a theorem
essential to the 0-1 law in Lω∞ω. From this point on, for tuples ā = a1...an and b̄ = b1...bn , we
mean by ā 7→ b̄ the function which maps ai to bi for every 1 ≤ i ≤ n.

Lemma 2.10. ([2], Remarks 2.2.2, p. 15) For structures M and N and tuples ā = a1...as ∈ M s ,
b̄ = b1...bs ∈ N s , the following are equivalent.

1. ā 7→ b̄ is a partial isomorphism.

2. ā and b̄ satisfy the same quantifier-free formulas of first order logic and L∞ω in M and
N respectively.

3. ā and b̄ satisfy the same formulas written in DNF of first order logic and L∞ω in M and
N respectively.

4. ā and b̄ satisfy the same first order atomic formulas in M and N respectively.

Proof. We first note that 2 and 3 are equivalent due to lemma 2.9. The equivalence of 1 and
4 is a direct consequence of Definition 2.5. It is also clear that 2 implies 4, since every atomic
formula is quantifier-free. We now simply have to prove that 4 implies 3. Note that if 4 holds,
then ā and b̄ will satisfy the same literals in M and N respectively and thus also the same
conjunctions of literals in M and N respectively. Furthermore, since every formula written
in DNF is a disjunction of conjunctions of literals, we clearly get that ā and b̄ will satisfy the
same formulas in M and N respectively which are written in DNF. Thus 4 implies 3.
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3 The 0-1 Law
The central idea of the 0-1 law is to look at the probability of sentences being true in a ran-
dom structure. In order to analyze this, we will begin by formally defining this probability.
With [n] we denote the set {1, ...,n}.

Definition 3.1. ([2], p. 71) Let the class of τ-structures with universe [n] be denoted Sn . With
Pn we denote the uniform probability measure on Sn , that is if X ⊆ Sn then Pn(X ) = |X |

|Sn | .
For a property K , if the sequence (Pn(K ))∞n=1 converges we define the labeled asymptotic
probability of K, denoted P(K ), as the limit of the sequence, i.e.

P(K ) := lim
n→∞Pn(K )

A classΨ of sentences in a logic is said to satisfy the labeled 0−1 law if for everyϕ ∈Ψ either
P(ϕ) = 1 or P(ϕ) = 0.

3.1 The 0-1 law in first order logic
In this section we will prove that the set of first order sentences with a finite relational vo-
cabulary satisfies the 0-1 law. We begin by stating a lemma which is crucial to calculating
probabilities of sentences. Before stating the following lemma, we should remind ourselves
that the notation P(A|B) is the conditional probability that A holds, granted that B holds.

Lemma 3.2. Let n ∈N, B = {L1, ...,Lk } be a consistent set of literal sentences. Furthermore, let
L be a literal sentence which is not contradicted by B. Then

(a) Pn(B) = (1
2

)k
,

(b) Pn(L|B) = 1
2 .

What this lemma tells us is that in order to choose an arbitrary structure from Sn uni-
formly, one must simply randomize the truth values of the relations with probability 1

2 for
each outcome.

Proof. (a) We first note that a structure is uniquely determined by which atomic formulas
are satisfied by which tuples. LetΩB be the set of structures in Sn satisfying B . We define the
function f : Sn →ΩB to send any structure M in Sn to the unique structure N in ΩB which
has the same truth value as M for every literal sentence except for, possibly, the ones in B .
Note that there are 2k ways of choosing truth values for the literal sentences in B and that for
any choice of the truth values for B there will be a unique structure M such that f (M) =N,
that is, for any structure N ∈ΩB there are exactly 2k structures M ∈ Sn such that f (M) =N.
This implies that Pn(B) = |ΩB |

|Sn | =
1

2k .
(b) Note first that B ∪ {L} is a consistent set of k +1 literal sentences, that is Pn(B ∪ {L}) =

1
2k+1 . Using the definition of conditional probability we derive that

Pn(L|B) = Pn(B ∪ {L})

Pn(B)
=

(1
2

)k+1(1
2

)k
= 1

2
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To prove that both first order logic and Lω∞ω satisfies the 0-1 law, the following set of
sentences will be very useful.

Definition 3.3. ([2], Example 3.2.11, p. 44) Let τ be relational. For r ≥ 0, let

∆r+1 := {ϕ(x1, ..., xr+1) | ϕ is atomic and xr+1 occurs in ϕ(x1, ..., xr+1)}

For a set φ⊆∆r+1 with φC :=∆r+1 \φ the sentence:

χφ :=∀x1...∀xr

( ∧
1≤i< j≤r

xi ̸= x j →∃xr+1

( ∧
1≤i≤r

xi ̸= xr+1 ∧
∧
ϕ∈φ

ϕ∧ ∧
ϕ∈φC

¬ϕ
))

is called an extension axiom. The set of extension axioms of τ is denoted Trand(τ).

The set of extention axioms expresses that given any x1, ..., xr then there exist a xr+1 sat-
isfying any arbitrary sequence of truth values for the set of relations expressed by ∆r+1.

Example 3.3.1. Let τ= {R1,R2} where R1 is unary and R2 is 3-ary. Then the set ∆3 will be:

∆3 = {R1(x3),

R2(x3, x3, x3),R2(x3, x3, x2),R2(x3, x2, x3),R2(x2, x3, x3),R2(x3, x3, x1),

R2(x3, x1, x3),R2(x1, x3, x3),R2(x3, x2, x2),R2(x2, x3, x2),R2(x2, x2, x3),

R2(x3, x2, x1),R2(x3, x1, x2),R2(x2, x3, x1),R2(x1, x3, x2),R2(x2, x1, x3),

R2(x1, x2, x3),R2(x3, x1, x1),R2(x1, x3, x1),R2(x1, x1, x3)}

We will now prove that any extension axiom holds in almost all finite structures. This will
be useful as a lemma for proving the FO 0-1 law.

Lemma 3.4. ([2], Lemma 4.1.2, p. 73) For any extension axiom χ it holds that P(χ) = 1.

Proof. Given φ ⊆ ∆r+1, let A be a structure chosen uniformly from Sn and let (a1, a2, ..., ar )
be any tuple of distinct elements in A. Note that by lemma 3.2, for any a ∈ A, the probability
that (a1, ..., ar , a) satisfies

∧
φ∧∧

{¬ϕ | ϕ ∈φC } is exactly δ := 2−|∆r+1|, which is strictly greater
than 0.

We will now use that P(χφ) = 1 is equivalent to P(¬χφ) = 0. For ¬χφ to hold in A it is
required that there exist a tuple (a1, ..., ar ) for which there is no a such that (a1, ..., ar , a)
satisfies

∧
φ∧∧

{¬ϕ | ϕ ∈ φC }. There are clearly less than nr ways of choosing distinct el-
ements a1, ..., ar from {1, ...,n} and there are exactly n−r ways of choosing a given the previ-
ous r elements. Since the probability for any given choice of a1, ..., ar and a to fail to satisfy∧
φ∧∧

{¬ϕ | ϕ ∈φC } is 1−δ, we may conclude that:

Pn(¬χφ) ≤ nr (1−δ)n−r

Since |1−δ| < 1 we get that nr (1−δ)n−r → 0 as n →∞, that is P(¬χφ) = 0 and thus P(χφ) =
1.

Corollary 3.4.1. Let ϕ be a first order sentence.
(a) If Trand(τ) Íϕ then P(ϕ) = 1;
(b) If Trand(τ) Í¬ϕ then P(ϕ) = 0.
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Proof. (a) If Trand(τ) Í ϕ then by the compactness theorem there exist a finite T ′ ⊆ Trand(τ)
such that T ′ Í ϕ, implying that P(

∧
T ′) ≤ P(ϕ). Since T ′ is a finite set of extension axioms,

we get that P(
∧

T ′) = 1, and thus P(ϕ) = 1.
(b) If Trand(τ) Í¬ϕ then by (a) P(¬ϕ) = 1 and thus P(ϕ) = 0.

We shall now prove that every first order sentence or its negation can be derived from
the theory of extension axioms. This will allow us to finally prove the 0-1 law in first order
logic.

Lemma 3.5. Trand(τ) is ω-categorical.

Proof. Let M and N be any two countable models of Trand(τ). Since both M and N are
countable we may begin by labelling the elements of their universes as Ml abel = {u0,u1, ...}
and Nl abel = {x0, x1, ...}. To prove this lemma we will find a sequence of substructures M0 ⊆
M1 ⊆ ... ⊆M and N0 ⊆N0 ⊆ ... ⊆N such that

• there exist an isomorphism fi :Mi →Ni for every natural number i ,

•
⋃∞

i=0 Mi = M and
⋃∞

i=0 Ni = N .

This will ensure that f =⋃∞
i=0 fi is an entire isomorphism from M to N.

For that purpose, let M0 = {u0}. By the extention axioms generated by ∆1 there exist an
element b ∈ N which satisfies the exact same unary relations in N as u0 satisfies in M. Let
b0 be the earliest such element in Nl abel and let N0 = {b0}. Then clearly the substructures
induced by M0 and N0 respectively are isomorphic. We now use the following two steps of
extending the partial isomorphism.

a) Assume that we have extended our partial isomorphism to the induced substructures
of Mk = {a0, a1, ..., ak } and Nk = {b0,b1, ...,bk }. Let bk+1 be the lowest indexed element in
Nl abel which is not contained in Nk . Then, the extention axioms guarantees an element
ak+1 ∈ Ml abel such that MÍϕ(a0, ..., ak+1) if and only if NÍϕ(b0, ...,bk+1) for every atomic
τ-formula ϕ, that is a0a1...ak ak+1 7→ b0b1...bk bk+1 is a partial isomorphism.

b) Let ak+2 be the lowest indexed element in Ml abel not contained in Mk+1. By the same
argument as in a), there exist an element bk+2 such that MÍϕ(a0, ..., ak+2) if and only if NÍ
ϕ(b0, ...,bk+2) for every atomic τ-formula ϕ and thus the induced substructures on Mk+2 =
{a0, a1, ..., ak+2} and Nk+2 = {b0,b1, ...,bk+2} are isomorphic.

By alternating between a) and b) we can extend our partial isomorphism indefinitely and
for every k ∈N the elements uk and xk are guaranteed to occur in M2k and N2k respectively,
implying that every element in the structures will be included in the eventual isomorphism.
Thus the limit of the isomorphism created between Mk and Nk will be an entire isomor-
phism between M and N and thus M and N are isomorphic.

As a direct consequence of this lemma we get the following two corollaries.

Corollary 3.5.1. The deductive closure of Trand(τ) is a complete theory.

Proof. The statement follows from the previous lemma and proposition 2.1.

Corollary 3.5.2. If ϕ is a first order τ-sentence then either Trand(τ) Íϕ or Trand(τ) Í¬ϕ.

Proof. The statement follows directly from the definition of a complete theory.

With this, we are finally able to state the first major theorem of this paper with a one-liner
proof.

Theorem 3.6. Let τ be finite and relational. Then FO(τ) satisfies the labeled 0−1 law.

Proof. The theorem is a direct consequence of corollaries 3.4.1 and 3.5.2.
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3.2 The 0-1 law of Lω∞ω

We begin this section by defining elementary equivalence over a language.

Definition 3.7. Let L be a class of sentences. Two structures, M and N are said to be ele-
mentarily equivalent over L, denoted M≡L N, if they satisfy the same sentences in L.

For this section, we will use an altered version of the Ehrenfeucht-Fraïsse game, however
in order to understand said version it may still be useful to define the original game.

Definition 3.8. ([2], p. 16) Let M, N be τ-structures, m ∈ N, ā ∈ M s and b̄ ∈ N s . The
Ehrenfeucht-Fraïsse game Gm(M, ā,N, b̄) is played between the spoiler (S) and duplicator
(D) using the following rules.

1. The game consists of m moves.

2. The i :th move starts with S choosing either an element ei ∈ M or an element fi ∈ N .
D then finishes the move by choosing any element from the other structure, that is
if S chose an element ei ∈ M then D will choose an element fi ∈ N and vice versa.
This ensures that the game ends with two tuples of elements; ē = e1e2...em ∈ M m and
f̄ = f1 f2... fm ∈ N m .

3. D wins if āē 7→ b̄ f̄ ∈ Part(M,N). Otherwise S wins.

D is said to win Gm(M, ā,N, b̄) if D has a winning strategy. That is, D wins if regardless of
the choices made by S, D can always make moves assuring that D wins.

What follows is the altered version of the Ehrenfeucht-Fraïsse game. We may call it the peb-
ble game.

Definition 3.9. ([2], p. 50) LetM,Nbe τ-structures and assume that the symbol∗ is not con-
tained in M or N . For ā = a1a2...as ∈ (M ∪ {∗})s let the support of ā be defined by supp(ā) :=
{i | ai ̸= ∗}. With ā′ we denote the subsequence of ā containing only elements of M and
similarly with b̄′ for b̄ ∈ (N ∪ {∗})s . Furthermore, let ā a

i denote the tuple a1...ai−1aai+1...as .
If ā ∈ (M ∪ {∗})s and b̄ ∈ (N ∪ {∗})s then we say that ā 7→ b̄ is an s-partial isomorphism if
supp(ā) = supp(b̄) and the map ā′ 7→ b̄′ is a partial isomorphism.

Assume M, N are structures, ā ∈ (M ∪ {∗})s , b̄ ∈ (N ∪ {∗})s and supp(ā) = supp(b̄). The
pebble game G s

m(M, ā,N, b̄) is played as follows.

1. The game is played between S and D and consists of m moves as in the previous game.

2. The game is played on two boards, Board A with a square for each element of M and
a square for ∗ and board B with a square for each element of N and a square for ∗.

3. s pebbles, α1, ...,αs , are initially placed on the squares for a1, ..., as respectively and s
corresponding pebbles, β1, ...,βs are placed on the squares for b1, ...,bs .

4. On move j , S selects a pebble from one of the boards and moves it to any other square
on that board. D then takes the pebble from the other board with the same index as
the pebble chosen by S and moves it to any square on that board. For example, if S
moves αi to a square on board A then D will have to move βi to a square on board B .

11



5. D wins if for every j ≤ m the map ē 7→ f̄ is an s-partial isomorphism where ē = e1...es ,
f̄ = f1... fs are the elements of M and N corresponding to the squares marked by peb-
bles α1, ...,αs and β1, ...,βs respectively after round j .

From the position ē we may denote moving pebble αi to an element a with ē a
i and similarly

with pebble βi from the position f̄ .
We say that D wins G s

m(M, ā,N, b̄) if D has a winning strategy, as in the original version
of the Ehrenfeucht-Fraïsse game. The game G s∞(M, ā,N, b̄) is defined similarly but with
infinitely many moves instead of m moves. If ā and b̄ only consist of ’*’, we may denote
G s

m(M, ā,N, b̄) as G s
m(M,N) and similarly G s∞(M, ā,N, b̄) as G s∞(M,N).

In order to fully utilize the pebble game a type of isomorphism shown below, which cor-
responds to the properties of the game, will be defined.

Definition 3.10. ([2], p. 51, Definition 3.3.8) Two structures M and N are said to be s-
partially isomorphic, denoted M∼=s

par t N, if there exist a non-empty set I ⊆ Part(M,N) sat-
isfying the following:

1. (Forth property) For every ā 7→ b̄ ∈ I , 1 ≤ i ≤ s and a ∈ M there is b ∈ N such that
ā a

i 7→ b̄ b
i ∈ I

2. (Back property) For every ā 7→ b̄ ∈ I , 1 ≤ i ≤ s and b ∈ N there is a ∈ N such that ā a
i 7→

b̄ b
i ∈ I

For such I we write I :M∼=s
par t N.

For the following theorem, the set W s∞(M,N) is defined as the set of winning starting iso-
morphisms of the pebble game, that is W s∞(M,N) = {ā 7→ b̄ ∈ Part(M,N) | D wins G s∞(M, ā,N, b̄)}
This theorem will take us one step closer to proving the 0-1 law in Lω∞ω.

Theorem 3.11. ([2], Theorem 3.3.9, p. 52) Let ā ∈ (M ∪ {∗})s and b̄ ∈ (N ∪ {∗})s and assume
supp(ā) = supp(b̄). Then the following are equivalent.

1. D wins G s∞(M, ā,N, b̄)

2. ā 7→ b̄ ∈W s∞(M,N) and W s∞(M,N) :M∼=s
par t N

3. There is a set I ⊆ Part(M,N) such that ā 7→ b̄ ∈ I and I :M∼=s
par t N

4. For every formula ϕ in Ls∞ω, MÍϕ(ā′) if and only if NÍϕ(b̄′).

Proof. Condition 1 implies 2 since if D wins G s∞(M, ā,N, b̄) then not only must ā 7→ b̄ ∈
W s∞(M,N) but W s∞(M,N) must also satisfy the back- and forth properties, since these prop-
erties are in direct correspondence to the moves of the pebble game. Condition 2 implies 3
trivially. Furthermore, a set I with ā 7→ b̄ ∈ I and I : M∼=s

par t N may be considered as a win-

ning strategy for D of G s∞(M, ā,N, b̄), that is if S makes the move ē a
i then there will, by the

back- and forth properties from Definition 3.10, be an element b ∈ N such that D can make
the move f̄ b

i and get an s-partial isomorphism ē a
i 7→ f̄ b

i ∈ I . Thus condition 3 implies 1, and
1,2,3 are hence equivalent.

Now, let I be as in 3. We will use induction on the quantifier rank to prove that

MÍϕ(ē ′) if and only if NÍϕ( f̄ ′) for ē 7→ f̄ ∈ I (1)

12



We know from lemma 2.10 that for any quantifier free formula ϕ and any ē 7→ f̄ ∈ I , M Í
ϕ(ē ′) if and only if NÍϕ( f̄ ′). Given a quantifier rank, the class of formulas satisfying (1) is
clearly closed under ¬ and

∧
, thus we have our base case. Let ϕ(x1, ..., xs) = ∃xiψ(x1, ..., xs),

that is xi is not a free variable in ϕ, and assume that ψ satisfies (1). We may assume without
loss of generality that M Í ϕ(ē ′) for ē 7→ f̄ ∈ I . By the construction of ϕ there is an a ∈ M
such that MÍψ(ē a

i
′). By the forth property there is a b ∈ N such that ē a

i 7→ f̄ b
i ∈ I , which by

(1) implies that N Íψ( f̄ b
i
′
). This further implies that N Í ϕ( f̄ ′), that is for any ē 7→ f̄ ∈ I , if

MÍϕ(ē ′) then NÍϕ( f̄ ′). This finishes the inductive proof and we have thus shown that 3
implies 4.

Now, assume that 4 holds and let I be the set of all s-partial isomorphisms ē 7→ f̄ such
that M Í ϕ(ē ′) iff N Í ϕ( f̄ ′) for all Ls∞ω-formulas ϕ. Clearly ā 7→ b̄ ∈ I by 4. We will now
proceed to show that I satisfies the back- and forth properties. Let ē 7→ f̄ ∈ I , a ∈ M and
i ≤ s. For every b ∈ N such that there exist an Ls∞ω-formula ϕ satisfying

MÍϕ(ē
a

i

′
) and NÍ¬ϕ( f̄

b

i

′
) (2)

let ϕb be such a formula. If such a formula does not exist, let ϕb = ⊤, that is ϕb is always
true. We define Φb := {ϕb | b ∈ N }. Observe that MÍ ∧

Φb(ē a
i
′) and thus MÍ ∃x

∧
Φb(ē x

i
′),

so by 4 we have N Í ∃x
∧
Φb( f̄ x

i
′), that is there exist a b′ ∈ N such that N Í ∧

Φb( f̄ b′
i

′
). In

particular we have MÍϕb′(ē a
i
′) and NÍϕb′( f̄ b′

i

′
), so ϕb′ =⊤ and thus there is no formula

ϕ such that (2) is satisfied by b′. Thus ē a
i satisfy the same formulas in M as f̄ b′

i satisfy in N.
This implies that I satisfies the forth property. The back property is proven similarly. This
finishes the proof.

As a direct consequence from this theorem, using the trivial s-partial isomorphism ∗...∗ 7→
∗...∗, we get the following corollary.

Corollary 3.11.1. ([2], Corollary 3.3.10, p. 52) The following are equivalent.

1. D wins G s∞(M,N)

2. M∼=s
par t N

3. M≡Ls∞ω N.

As with the first order 0-1 law, we want to use the property that every extension axiom holds
in almost all finite structures to prove the 0-1 law in Lω∞ω. For this to work, we need the
following lemma.

Lemma 3.12. Let ϵs be the conjunction of all r -extension axioms, for r ≤ s and let M and N
be two models of ϵs . Then M≡Ls∞ω N.

Proof. We prove this by inductively showing that there is a set I of s-partial isomorphisms
such that I : M ∼=s

par t N and using the previous corollary. First, let ∗...∗ 7→ ∗...∗ ∈ I so I is

non-empty. Now, assume that ā 7→ b̄ ∈ I and let a ∈ (M ∪{∗}). For any truth values which the
set of formulas As = {R(ē) | r an(ē) ⊆ r an(ā a

i ), R is a relation symbol} may take on inM there
will be an extension axiom contained in ϵs which ensures the existence of a b ∈ (N∪{∗}) such
that the set Bs = {R( f̄ ) | i m( f̄ ) ⊆ i m(b̄ b

i )} takes on the exact same truth values as As , that is,

for any a ∈ (M ∪ {∗}) there is a b ∈ (N ∪ {∗}) such that ā a
i 7→ b̄ b

i is an s-partial isomorphism.

13



Thus by letting ā a
i 7→ b̄ b

i ∈ I we can ensure that I satisfies the forth property. We can similarly
ensure that I satisfies the back-property. Thus there is a set I such that I : M ∼=s

par t N and

hence M≡Ls∞ω N.

Using the definition of elementary equivalence over a language, we obtain the following
corollary.

Corollary 3.12.1. Let ϵs be defined as in lemma 3.12. Then for every Ls∞ω-sentence ϕ, either
ϵs Íϕ or ϵs Í¬ϕ.

Furthermore, we get a second corollary as a direct consequence of the first one.

Corollary 3.12.2. For every Lω∞ω-sentence ϕ there exist a natural number s such that either
ϵs Íϕ or ϵs Í¬ϕ.

With this, we are finally able to present a proof of the 0-1 law in Lω∞ω.

Theorem 3.13. Lω∞ω satisfies the 0-1 law.

Proof. Note that, since ϵs is a conjunction of finitely many extension axioms, P(ϵs) = 1 by
lemma 3.4. The theorem then follows immediately from the previous corollary.
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4 Almost certain quantifier elimination
The goal of this section is to prove that any formula is ”almost” equivalent to a formula
without quantifiers. From this point on, we will usually abbreviate ϕ(x1, ..., xn) by ϕ and
similarly. Additionally we will abbreviate x1, ...xn with x̄ and ∀x1∀x2...∀xn with ∀x̄.

We may now begin this section by defining the notion of almost always equivalent for-
mulas.

Definition 4.1. Let ϕ and ψ be formulas and let κ(ϕ,ψ) := ∀x̄(ϕ(x̄) ↔ ψ(x̄)). ϕ and ψ are
said to be almost always equivalent (a.a.e) if P(κ(ϕ,ψ)) = 1.

To work with this concept it is worth noting some of its main properties, which we do in
the following two corollaries.

Corollary 4.1.1. Assume ϕ and ψ are a.a.e to ϕ′ and ψ′, respectively, and let □ be any logical
connective of first order logic. Then

1. ¬ϕ is a.a.e to ¬ϕ′

2. ϕ□ψ is a.a.e to ϕ′□ψ′

3. ∃yϕ(x1, ...x j−1, y, x j+1, ..., xn) is a.a.e to ∃yϕ′(x1, ...x j−1, y, x j+1, ..., xn) for every j ∈ [n].

Proof. We will only prove the first property and note that the other properties can be proven
similarly.

Note that if ϕ and ψ are satisfied by the same elements in a structure, then ¬ϕ and ¬ψ
are also satisfied by the same elements. Thus, if κ(ϕ,ψ) holds in a structure, then so does
κ(¬ϕ,¬ψ), that is if P(κ(ϕ,ψ)) = 1 then P(κ(¬ϕ,¬ψ)) = 1.

Corollary 4.1.2. Let ϕ be a.a.e to ψ and ψ be a.a.e to χ. Then ϕ is a.a.e to χ.

Proof. Note that if ϕ is a.a.e to ψ and ψ is a.a.e to χ then P(κ(ϕ,ψ)) = 1 and P(κ(ψ,χ)) = 1
and thus P(κ(ϕ,ψ)∧κ(ψ,χ)) = 1. Thus P(∀x̄((ϕ↔ ψ)∧ (ψ↔ χ))) = 1. However, note that
for every structure where ϕ↔ ψ and ψ↔ χ we also have that ϕ↔ χ, that is P(κ(ϕ,χ)) =
P(∀x̄(ϕ↔χ)) ≥P(∀x̄((ϕ↔ψ)∧(ψ↔χ))) = 1. Thus P(κ(ϕ,χ)) = 1 and we have thatϕ is a.a.e
to χ.

With this we may move on to stating and proving the final theorem of this paper.

Theorem 4.2. Let τ be finite and relational. Then every FO(τ)-formula is almost always
equivalent to a quantifier free formula.

Proof. Assume first that ϕ=ψ∨χ and both ψ and χ are a.a.e to the quantifier free formulas
ψ′ and χ′ respectively. Then by corollary 4.1.1ϕ is a.a.e toψ′∨χ′. We can similarly simplifyϕ
if it is of any of the forms ¬ψ,ψ∧χ,ψ→χ orψ↔χ. We may then prove the statement by in-
duction on the quantifier rank of a formula. Thus, assume thatϕ(x̄) is of the form ∃yψ(x̄, y).
By the induction hypothesis, ψ is a.a.e to a quantifier free formula ψ′, so by corollary 4.1.1
ϕ(x̄) is a.a.e to ∃yψ′(x̄, y). Sinceϕ is a.a.e to a formula of quantifier rank 1, we simply have to
show that any formula of quantifier rank 1 is a.a.e to a quantifier free formula. Assume thus
that ϕ(x̄) =∃yψ(x̄, y) where ψ is quantifier free. Thus, by lemma 2.9 there exist a formula ψ′

written in DNF which is equivalent to ψ, that is:

ϕ(x̄) ≡∃yψ′(x̄, y) =∃y
∨

i
ψi (x̄, y) ≡∨

i
∃yψi (x̄, y)
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where each ψi is a conjunction of literals. As such, we now only have to prove that we can
eliminate the quantifier from a formula on the form ∃yψ(x̄, y) where ψ is a conjunction of
literals. Note that there are two possibilities for such ψ. Either there exist a literal A such
that both ¬A and A are contained in the conjunction or there does not exist such A. In the
first case, ψ contains a contradiction and will thus never hold in any structure, so ψ is then
equivalent to A∧¬A, which is in turn equivalent to ⊥ which is quantifier free.

Assume then that no such A exists. Let ψ1 be the conjunction of all literals in ψ which
does not contain y . If there is no such literal, letψ1 =⊤. We also letψ2 be the conjunction of
all literals in ψ containing y . Note that ∃yψ is then equivalent to ψ1 ∧∃yψ2. Note now that
there exist an extention axiom χφ such that all positive literals in ψ2 is contained in φ while
none of the negative literals are. Thus, if a structure M is a model of the extension axiom
χφ then also M Í ∀x̄∃yψ2. This implies that if M Í χφ and ā is a sequence of elements
from M of the same length as x̄, then M Í ψ1(ā) ∧∃yψ2(ā) is equivalent to M Í ψ1(ā).
Thus MÍ∀x̄((ψ1 ∧∃yψ2) ↔ψ1), or equivalently MÍ∀x̄(∃yψ↔ψ1), that is if MÍχφ then
M Í ∀x̄(∃yψ↔ψ1), so P(∀x̄(∃yψ↔ψ1)) ≥ P(χφ) = 1. Since ψ1 is a quantifier free formula
which is a.a.e to ∃yψ, we have now proven the theorem.

To end this paper we now show a different method of proving the 0-1 law in first order
logic - as a corollary to this theorem.

Corollary 4.2.1. Let τ be relational. Then FO(τ) satisfies the labeled 0−1 law.

Proof. Note that by the previous theorem every FO(τ)-sentence is a.a.e to a quantifier free
sentence. The only quantifier free sentences are ⊤ and ⊥, so for any FO(τ)-sentence ϕ,
either P(ϕ↔⊤) = 1, in which case clearly P(ϕ) = 1, or P(ϕ↔⊤) = 0, in which case P(ϕ) =
0.
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