
U.U.D.M. Project Report 2022:28

Examensarbete i matematik, 15 hp
Handledare: Stephan Wagner
Examinator: Martin Herschend
Juli 2022

Department of Mathematics
Uppsala University

Ramsey’s Theorem

Leo Berggren





Abstract

In a set of six individuals there is always a group of three people that either all 
know each other or where all are strangers to each other. This is a special case of 
Ramsey’s theorem, a theorem published by the mathematician Frank P. Ramsey. In 
Ramsey theory we look for when a substructure becomes inevitable as we increase 
the size of the main structures. Ramsey theory is a large area of combinatorics which 
uses a large variety of techniques stemming from many areas of mathematics, and in 
return the results of it are important not only in graph theory and combinatorics, 
but also in areas such as set theory, logic, analysis, algebra as well as geometry.

This thesis will mainly discuss Ramsey’s theorem and Ramsey numbers and aim 
to give a somewhat overarching depiction of how far this area of mathematics has 
come. For completion and to not give the false impression that Ramsey theory only 
deals with Ramsey’s theorem and its subsequent generalizations, we will include 
statements and proofs of two other theorems of Ramsey theory, namely Van der 
Waerden’s theorem as well as the Hales-Jewett theorem.
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1 Introduction

This thesis has two goals. First, serve as an introduction into Ramsey theory, under-
standable by someone not previously familiar with the topic. This will mostly be fulfilled
in this introduction. The second purpose is to provide a proof for Ramsey’s theorem, and
give an intuition to some of the problems in Ramsey theory as well as some of the uses. We
will go through some of the Ramsey numbers that have been determined, proving some of
them, and showing the difficulty of proving others.

Frank Plumton Ramsey was born in 1903, and died in 1930 at the young age of twenty-
six. Yet at that time he had managed to make major contributions to philosophy, eco-
nomics, and what will be our focus here, mathematics. It is more specifically his 1930 paper
“On a problem of formal logic”[7] that included what is now called Ramsey’s theorem(s),
that is of interest to us.

In combinatorial mathematics, Ramsey theory could be described as “the study of or-
der that must arise in large enough structures”. This could include structures such as a
set of integers and/or a graph, although we will be primarily focused on graph structures.
This area has since Ramsey’s original publication been greatly expanded, but its roots
can be said to derive from the following statement: “Given two positive integers, s and
t, Ramsey’s theorem states that there exists a finite least integer R(s, t) = n such that
a two-colouring of the edges of a complete graph with n vertices yields a monochromatic
colouring of either a clique of order t of the one colour, or a clique of order s of the other
colour. For ease of reference, when discussing two-colourings I will use the colours red and
blue, but it should of course be understood that the choice of colour, or whatever way one
chooses to distinguish the edges, does not matter.

A common example of this principle is the six party problem. The problem asks us
what the smallest number of people is you need to invite if you want to guarantee that
either three people all know each other or three people are all strangers. In other words,
the answer is the integer R(3,3) which happens to be six.

Although the majority of this thesis shall deal with Ramsey’s theorem, we will observe
some theorems such as Van der Waerden’s theorem and the Hales-Jewett theorem, that
predates Ramsey’s theorem and is closely related to the area.

2 Graph theoretic definitions

In this section I will go through some necessary notation and definitions of concepts
that will be used throughout the thesis. To begin with graphs will be assumed to be
undirected and simple, i.e. without any loops, for the entirety of the thesis. Furthermore
when we talk about coulorings of graphs, this will refer to the edges of the graph being
coloured, not the vertices.
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A clique has the following definition.

Definition 1. A clique is an induced subgraph of a graph, such that the resulting subgraph
is complete, i.e. H is a clique if W ⊂ V (G) and G[W ] = H = Kn for some integer n.

A Ramsey number, commonly denoted in the two-colour case as R(s, t), has the fol-
lowing definition with a blue-red colouring.

Definition 2. R(s, t) is equal to the smallest integer n such that the complete graph Kn

gives, for every blue-red colouring of Kn, a blue-coloured Ks or a red-coloured Kt.

Definition 3 (Diagonal Ramsey number). When a ramsey number can be denoted R(s, s)
it is often called a diagonal ramsey number and simply denoted R(s).

For the cases when we want to use more colours we use an analogous definition.

Definition 4. R(n1, . . . , nk) is equal to the smallest integer n such that the complete graph
Kn gives, for every k-colouring of Kn, a clique Kni

coloured only with colour i, for some
i ∈ {1, . . . , k}.

3 Ramsey’s Theorem

Ramsey’s theorem states that for any s, t ≥ 2, R(s, t) is finite. To prove this we will
arbitrarily use the colours red and blue, so that in the above case the s stands for a Ks

graph with only red edges. For the method of proof we will use induction with the base
case of s + t = 4 ⇔ s = 2, t = 2. If we start with the minimal graph that has an edge
i.e. a graph with an order of 2 we already see that that will be sufficent for R(2, 2). As
shown below we only have the one edge and we have to decide what colour it should have,
so either it is blue, and we have that there is a blue-coloured K2 of the graph, or it will be
red and we have the same but red-coloured.

1 2

1 2

So we see quite immediately that R(2, 2) = 2 <∞. With the base case checked we will
proceed with the assumption that R(s, t) <∞ for s+ t ≤ n−1 and using that assumption
we will show that:

R(s, t) ≤ R(s− 1, t) +R(s, t− 1), (1)

a result first shown by Erdős and Szekeres. This will be sufficent in showing that Ramsey’s
theorem holds, since our assumption shows that R(s− 1, t) and R(s, t− 1) are both finite.
We now prove this property:
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R(s− 1, t) +R(s, t− 1) = R

Let KR be the complete graph with |KR| = R, and let x ∈ V (KR), so the number of
vertices adjacent to x is R− 1.

Now consider the two sets:

A = {the vertices adjacent to x via a red edge}

B = {the vertices adjacent to x via a blue edge}

Then one of the following must hold:

(1) : |A| ≥ R(s− 1, t)

(2) : |B| ≥ R(s, t− 1)

Since these cases are symmetric we can assume one of them holds and prove that
case without any loss of generality. We assume that (1) holds. We could then consider
something like below where the ai are the vertices in A.

x a1

a2a3

a4

a5

Then we have that |A| ≥ R(s− 1, t), i.e., the set A holds at least as many vertices as the
minimum amount needed for that property. So if we consider all ai in the set A we know
that it can hold a Kt graph with all blue edges, as for instance below.

x

a1

a2

a3

a4

a5

If it does we are done, since we have shown that a subgraph of the KR graph contains
a Kt blue-coloured subgraph.

Otherwise we see that it must be able to hold a Ks−1 graph with only red edges.
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x

a1

a2

a3

a4

a5

Then since we have that all the edges in A are adjacent to x with a red edge, we have that
A ∪ {x} can form a Ks graph.

x

a1

a2

a3

a4

a5

At this point we are done.

4 Ramsey’s Theorem generalized

What we will do now is aim to prove a more generalized version of Ramsey’s theorem,
namely using the following definition, we aim to prove the theorem below.

Theorem 1 (Generalized Ramsey’s theorem).

R(n1, n2, . . . , nk) <∞, ∀ni ∈ N, ni ≥ 2

The proof of this shall also be done by induction, but this time on the number of colours
instead of the size of n1 + · · · + nk. And as such we can use the two-colour case, proved
above, as a base case.

R(n1, n2) <∞,

which leads to our hypothesis that:

R(n1, n2, . . . , nk−1) <∞.

Now to prove the statement, we want to show the following:

R(n1, . . . , nk) ≤ R(n1, . . . , nk−2, R(nk−1, nk)),

which if true will be sufficent since the right side is finite by our induction hypothesis.
We set R(n1, . . . , nk−2, R(nk−1, nk)) = T and consider the graph KT . We see that if the
statement holds for any of the ni : i ∈ {1, . . . , k − 2}, i.e., a colouring yields a complete
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graph of order ni of the ith colour, then we are done. So what we want to consider is the
case when this does not hold for any of these ni. Then, if R(nk−1, nk) = R, the right side
says that KT holds a monochromatic coloring of a KR graph. But we can also note that
this monochromatic colouring can be instead coloured with two colours, the (k−1)-th and
k-th colour, such that there is either a Knk−1

or a Knk
graph of the respective colours. But

then we can simply replace the (k−1)-th colour of the KT graph with these two new colours
instead and we will per definition get that there is either a Knk−1

or a Knk
monochromatic

colouring of it there. This means that the complete graph with order R(n1, . . . , nk) has at
most the same order as our KT -graph with the above stated additional conditions. Since
T is by assumption finite, so is our new ramsey number, at which point we are done.

5 Upper and lower bounds of Ramsey numbers

Ramsey numbers have been famously hard to decide, growing in size remarkably fast,
as can be seen from the table at the end of Section 6. And while Ramsey’s theorem is
reassuring in that it guarantees at least finite answers, it is not much help when actually
determining the numbers. So a large part of Ramsey theory has been dedicated to deter-
mining upper and lower bounds on these elusive numbers. This is what we will discuss in
this section.

We will start this section with showing and proving the upper bound that George
Szekeres and Paul Erdős [3] showed originally. This upper bound was accompanied with
the same proof of finiteness that was shown for R(s, t) as above. The whole statement is
as follows, for s, t ≥ 2:

R(s, t) ≤ R(s− 1, t) +R(s, t− 1)

and

Theorem 2.

R(s, t) ≤
(
s+ t− 2

s− 1

)
Proof.
As we have already proved the first statement, when proving that R(s, t) < ∞ in the
’Ramsey theory’ section, we will jump immediately to the second statement. We note the
following:

R(s, 2) = R(2, s) = s,

since for aKs graph, either we can colour it entirely the first colour, or we can choose to have
at least one edge coloured the other colour. So since the inequality s ≤ (s+2−2)!

(s−1)!(s+2−2−(s−1))!
=

s!
(s−1)!

= s obviously holds, we can use it as a base case for an induction proof. We choose

our induction hypothesis to be that the statement holds for any pair (s′, t′) such that
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2 ≤ s′ + t′ < s+ t. Since the pair (s′, t′) = (s− 1, t) or the pair (s′, t′) = (s, t− 1) qualifies
with these conditions, we have by the first statement:

R(s, t) < R(s− 1, t) +R(s, t− 1)

≤
(

(s− 1) + t− 2)

(s− 1)− 1

)
+

(
s+ (t− 1)− 2

s− 1

)
=

(
s+ t− 3

s− 2

)
+

(
s+ t− 3

s− 1

)

=
(s+ t− 3)!

(s− 2)!(t− 1)!
+

(s+ t− 3)!

(s− 1)!(t− 2)!

=
(s+ t− 3)!((s− 1)!(t− 2)! + (s− 2)!(t− 1)!)

(s− 1)!(s− 2)!(t− 1)!(t− 2)!

=
(s+ t− 3)!((s− 1) + (t− 1))

(s− 1)!(t− 1)!
=

(s+ t− 3)!(s+ t− 2)

(s− 1)!(s+ t− 2− (s− 1))!

=
(s+ t− 2)!

(s− 1)!(s+ t− 2− (s− 1))!
=

(
s+ t− 2

s− 1

)

While this bound quickly proves to allow for large gaps of possibilities for the Ramsey
number, its utility lies in that it at least applies generally for all Ramsey numbers of two
colours. As for lower bounds, the only thing to go on for general two-colour Ramsey
numbers is the obvious fact that R(s′, t′) ≤ R(s, t) when s′ ≤ s and t′ ≤ t. Other than
that, we will need to consider more specific types of Ramsey numbers, such as the diagonal
Ramsey numbers, R(s, s) = R(s).

5.1 Diagonal bounds

We begin by looking at our diagonal equivalent of the upper bound we established
above:

R(s, s) ≤
(
s+ s− 2

s− 1

)
=

(2(s− 1))!

((s− 1)!)2

Using Stirling’s approximation we can get this to

R(s, s) ≤ 4s√
s
.
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Even though this is quite simple, any substantial improvements took over 50 years as the
best improvement was provided by the American mathematician Robert Wayne Thomason,
who proved the following in[3]:

Theorem 3 (Thomason 1988).

R(s, s) ≤ 22s

s

Before we move to more complex variations of the upper bound we study a lower bound
for the diagonal Ramsey numbers:

Theorem 4 (Erdős 1947).
2

s
2 ≤ R(s, s)

Proof.
First we assume that s ≥ 3 since 2 = 2

2
2 . We consider a complete graph of n vertices. To

eventually reach a contradiction we assume that n ≤ 2
s
2 . For a specific clique of s ver-

tices of this complete graph, there are
(
s
2

)
ways of colouring this clique with two different

colours. Only two of these will be monochromatic, so the probability in a random colouring

that we will gain a monochromatic clique is 21−(s
2). In combination with this we note that

there are a total of
(
n
s

)
ways of choosing these s vertices. As there is a possibility of two

monochromatic s-cliques and these could influence the probability of each other we cannot
guarantee the probability that there is a monochromatic s-clique in the two-coloured Kn

graph to be
(
n
s

)
· 21−(s

2), but we know at least, from Boole’s inequality, that it cannot be
greater.

We compute: (
n

s

)
· 21−(s

2) =
n!

s!(n− s)!
· 2

2(s
2)

=
2 · n!

s!(n− s)! · 2(s
2)

Using that n!
(n−s)! = n · (n − 1) · · · · · (n − s + 1) < ns and 2(s

2) = (2
s
2 )s−1 along with the

assumption that n ≤ 2
s
2 we get the following inequality:

2 · n!

s! · (n− s)! · 2(s
2)
≤ n! · 2
s! · (n− s)! · ns−1

<
ns · 2
s! · ns−1

=
2n

s!
≤ 21+ s

2

s!

Now we just use an induction argument to prove that this final quotient is less than 1
for all s ≥ 3.
Base case: s = 3

21+ 3
2

3!
=

4
√

2

6
=

√
32

36
< 1
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Induction hypothesis: 21+
s−1
2

(s−1)!
< 1

21+ s
2

s!
=

1

s
· 21+ s−1

2
+1/2

(s− 1)!
=

√
2

s
· 21+ s−1

2

(s− 1)!
.

Here the right side of the last product is less than 1 by our induction hypothesis, and√
2
s
< 1 for all s ≥ 3, so our conclusion is that for all s ≥ 3:

21+ s
2

s!
< 1.

So since the probability for when we have n = 2
s
2 vertices that we get a monochromatic

s-clique is less than one and thus not guaranteed, we know that the Ramsey number must
be larger than that.

5.2 Best known upper and lower bounds

These bounds that are presented below in two separate theorems, are the most recent
bounds that I have been able to ascertain as of writing this. As the proofs are quite
technical and beyond the scope of this thesis, we will not go through them. At most I
might comment about the general method if it feels relevant. This section is primarily
included to show that previous bounds have been improved upon.

Theorem 5.

[1 + o(1)]

√
2 · s
e
· 2

s
2 ≤ R(s, s) ≤ s−

c·log s
log log s · 4s

Here the upper bound of the above theorem is due to David Conlon [4] and the lower
bound is due to Joel Spencer [11]. As stated previously we will not go through the proofs,
but as both the proofs have connections to what has been already written I will simply state
that Conlon extrapolates upon Thomasson’s theorem, and Spencer uses a probabilistic
argument, like the type of argument that we used above, albeit more advanced. As the
bounds below for the Ramsey numbers differ a bit in conditions I will state them separately.
But note that these theorems both suppose sufficently large t’s.

Theorem 6. For fixed s ≥ 5, we have

c′s
t
s+1
2

(log t)
s+1
2
− 1

s−2

≤ R(s, t),

where c′s is a constant that depends on s. This lower bound is provided by Tom Bohman
and Peter Keevash [2].

Theorem 7. For s ≥ 3, we have

R(s, t) ≤ cs
ts−1

(log t)s−2
,
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where cs is a constant that depends on s. This upper bound is provided for us by Miklós
Ajtai, János Komlós and Endre Szemerédi [1].

6 Ramsey numbers

6.1 Some common numbers

As we have seen above we have the following explicit formula.

Theorem 8.
R(s, 2) = R(2, s) = s

Theorem 9 (Six people party problem).

R(3, 3) = 6

Proof. We prove this by first proving that in a K6 graph coloured in two colours there will
always be a monochromatic triangle. Then we provide a counterexample for the graph of
K5. This will be sufficent.

Consider K6 and the vertex v ∈ V (K6). Using the pigeonhole principle we colour three
edges adjacent to v in one colour, without loss of generality. Let those be connected to
the vertices {v1, v2, v3}. Then if we have any edges between these vertices (i.e. any of
v1v2, v1v3, v2v3 ∈ E(K6)) coloured the same it will form a triangle. So instead we colour
each of these edges the other colour. But this results in a monochromatic triangle of the
other colour. So we are done.

To proveR(3, 3) ≮ 6 considerK5, and let the outside edges (if V (K5) = {v1, v2, v3, v4, v5}
then the outside edges are v1v2, v2v3, v3v4, v4v5, v5v1) be coloured one colour, and the rest
be coloured the other colour. Our result is:

v1

v2

v3v4

v5

which clearly contains no monochromatic triangle.

Theorem 10.
R(3, 3, 3) = 17

Proof. To prove this we start with proving
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Lemma 1.
R(3, 3, 3) ≤ 17

Proof. Consider a three-colouring of the graph K17. Let us say the colours are red, blue
and yellow. Then from some random vertex v there are sixteen edges adjacent to it. So
by using the pigeonhole principle we know that there must be at least six edges that have
the same colour, we assume w.l.o.g. that it is red. For those six vertices adjacent with a
red edge to our vertex v, if there is a red edge between any of them we are done, since
a monochromatic triangle has then formed. So we assume that there are no red edges
between them. Instead all edges are either blue or yellow, which means that we have a
two-colouring for a clique of six vertices. And we know that R(3, 3) = 6 so we conclude
that if there are no red edges there must exist either a blue or yellow triangle. So we are
done.

Next we want to conclude our proof with proving

Lemma 2.
R(3, 3, 3) > 16

Proof. To prove this we construct a three-colouring of a K16 graph that contains no
monochromatic triangles.

First of all we choose a vertex in the graph and call it v. We note that v will have
fifteen edges, one for every other vertex. We divide these edges into three parts of five,
each coloured with a respective colour.

v

1

23

4 5

67

89

10

11 1213

14

15

Consider one part of these three parts of five. There will be five vertices all connected
to v with the same colour. So we colour the edges that go between these five vertices in
the two remaining colours, in such a way that no monochromatic triangle forms, which
is possible since K(3, 3) = 6. For clarity we just say we colour all three groups of five in
the following scheme, were the colours are interchangeable with each other and the third
colour.
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1

2 3

4 5

We will use some ”shorthands” that will ease some of the notation and our ability to
picture this. All groups of five vertices will have an identical layout as in a pentagon. I
will call two vertices ”next to” each other if they are adjacent to each other if edges are
drawn such as shown below.

v1

v2 v3

v4 v5

v1

v2 v3

v4 v5

Here we consider v1 ”next to” v2 and v3 regardless of how the edges are then drawn.

We now consider the three groups of five, in one colour, since it will not matter what
colour we choose, the layout of the groups will be the same. We ignore v for the time. We
now want to connect these groups of five to each other, using the same colour. The three
groups of five are the pentagon, the pentagram, and the empty group, we denote them
G1, G2, G3 (Note: the pentagram could be reorganized to be identical to the pentagon, but
since it is nice to have different notation, I will not do this).

G1 G2 G3

We consider the limitations each group offers. The pentagon cannot have two of its
adjacent vertices going to the same vertex, since this will automatically make a triangle.
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The pentagram has the same limitations as the pentagon, since they are isomorphic. And
the empty one, not containing any edges, has no limitations at the moment.

We start, to ease into it, with connecting the pentagon and the empty group i.e. G1, G3.
We want that each vertex v1 ∈ G1 connects to two vertices in G3 and each vertex

v3 ∈ G3 connects to two vertices in G1. Construct this by drawing two edges from one
vertex in G1, to two vertices in G3 such that they have one vertex between them, or one
that is next to both of them. Continue by taking in G1 a vertex next to the first one and
draw two edges in the same way, but such that one of the edges goes to the vertex between
the two vertices that was connected originally. Then continue this process for all of G1.
See below.

G1 G3

G1 G3

Now we include the pentagram, i.e. G2. We want to do the same thing here, when
connecting G2 and G3. But using our definition of ”next to” we instead want to draw two
edges from a vertex in G2 to two vertices in G3 that are next to each other, then we take
the next vertex and draw two edges such that one of the edges goes to the same vertex,
while the other one goes to a vertex ”next to”. Continue this process for all of G2. See
below.
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G1

G3

G2

This will leave us to connect G1 and G2 and we will only have one option, since G2

is connected to two vertices in G3 which are in turn connected to two vertices each in G1

which are all unique, so as to avoid that third edge in a triangle forming, we draw edges
to the unique vertex left in G1 corresponding to one of the vertices in G2. This results in
the following.
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G1

G3

G2

Now we are done with this colour, and would like to repeat the same process with the
other colours, which is possible since G1, G2, G3 are represented in all the colours. Since
if we count the edges adjacent to a vertex in G1, G2, G3 respectively and add them up we
get that there is a total of 14 edges, meaning that once every colour has been added that
is how many edges each vertex will have. So we are missing one edge, but this is the edge
to the vertex v that we singled out in the beginning, and since any path through that
vertex will change colour, we need not be concerned about adding it in. Which means we
are done. We have successfully constructed a graph with sixteen vertices without a single
monochromatic triangle.

So in conclusion we must have that R(3, 3, 3) = 17.

There are two variant colourings of K16 in such a way that no monochromatic triangle
is formed. They are called the twisted and untwisted colouring respectively, and regardless
which of these we choose, if we look at a subgraph of it, such that all the edges are precisely
the ones of one colour, we get the graph we have just constructed, also known as a Clebsch
graph [6].
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(a) Untwisted colouring of K16 (b) Twisted colouring of K16

To round this section off we include a table of Ramsey numbers that have been found
as well as upper and lower bounds of Ramsey numbers. Values written at the bottom and
the top of the table are upper respectively lower bounds on the numbers and if the top
entry is alone, then that is the exact value.

k
l

3 4 5 6 7 8 9 10 11 12 13 14 15

3 6 9 14 18 23 28 36 40
42

47
50

53
59

60
68

67
77

74
87

4 18 25 36
40

49
58

59
79

73
106

92
136

102
171

128
211

138
257

147
307

158
364

5 43
48

58
85

80
133

101
194

133
282

149
381

183
511

203
673

233
861

267
1082

275
1342

6 102
161

115
273

134
427

183
656

204
949

262
1352

294
1865

347
2510

-
3308

401
4305

7 205
497

219
840

252
1379

292
2134

405
3216

417
5081

511
7591

-
10899

-
15204

8 282
1532

329
2683

343
4432

457
7647

-
12728

817
20319

-
31218

873
46422

9 565
5366

581
9798

-
17445

-
30173

-
50492

-
81710

-
128132

10 798
19596

-
37051

-
67224

-
117716

-
199426

1313
327558

Note on table: This table has been retrieved from the article ”Small Ramsey Numbers”
from the Electronic Journal of Combinatorics [9], where I have combined two tables to get
the more optimal values. Furthermore, I have done some basic improvements on the upper
bounds, wherever it has been possible via the upper bound (1) established in Section 3. I
used the same formula to fill in some spaces that had been left blank by the author of the
original table.
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The aim of including this table is not to provide the best known bounds of the numbers,
rather it is to give an overview of bounds and give a sense of where the research is at
concerning finding Ramsey numbers.

Note that some table cells have the ”-” at the top accompanied with an upper bound
below. In these cases we can use the lower bound for the previous Ramsey number.

7 Important results of Ramsey theory

Ramsey theory does not only deal with Ramsey numbers, but rather has several theo-
rems and results that deal with order in structures. Some of the more famous ones will be
introduced below, to give insight into what else is studied in this field.

7.1 Van der Waerden Theorem

Before we proceed to state and prove Van der Waerden’s theorem, we will introduce
some necessary definitions.

Definition 5 (Arithmetic progression). An arithmetic progression of some length s is a
set of the form:

{a+ id : 0 ≤ i < s, d > 0}.
Definition 6 (Block). A block can be definined as an arithmetic progression with d = 1,
i.e.

{a+ i : 0 ≤ i < s}.
We will denote these blocks as 〈a, s〉 in the following.

Definition 7 (Subblock). A subblock is a block that is a subset of some larger block.

Definition 8 (Subprogression). Similarly a subprogression is a subset that fits inside some
larger block. I.e., if a progression is defined as the set {c+ id : 0 ≤ i < k, d > 0} then that
progression is a subprogression of some block 〈a, b〉 where a ≤ c and b ≥ c+ k · d.

Definition 9 (Partition). In this thesis, a partition P will refer to function that sends a
set of values A to some set {1, . . . ,m} for some m ∈ Z, where m ≤ |A|. In this case P is
more specifically a m-partition. We will reference m-colourings interchangeably with this
definition, each value of {1, . . . ,m} being equivalent to a unique colour. We will also say
somewhat carelessly ” the partition sends values to different colours” interchangeably with
this meaning.

Definition 10 (Translate of block). Given a block 〈a, s〉 we say that it is a translate to
〈a′, s〉 iff they have the same colour pattern. Equivalently, for some partition P that sends
different values to different colours, we have P (a + i) = P (a′ + i), for all 0 ≤ i < s.
Example:

{. . . , a, a+ 1, a+ 2, a+ 3, a+ 4, . . . , a′, a′ + 1, a′ + 2, a′ + 3, a′ + 4, . . .}

In this case we have two blocks of length s = 5 that are translates of each other.
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Definition 11 (Van der Waerden number). A Van der Waerden number is the least positive
integer w = w(k; r) such that for all n ≥ w, every r-colouring of {1, . . . , n} contains a
monochromatic arithmetic progression that has length k.

An example of this could be the Van der Waerden number of w(3; 2). Here we want the
smallest n such that no matter the colouring of {1, . . . , n} with two colours, the set contains
an arithmetic progression that is of length 3 and is monochromatic. Our claim will be that
this number is equal to 9. In order to avoid an exhaustive proof for a minor result we
will not prove this example in its entirety, rather we will be satisfied with seeing that the
set {1, 2, 3, 4, 5, 6, 7, 8} can be coloured in such a way that it contains no monochromatic
arithmetic progression. See below.

{1, 2, 3, 4, 5, 6, 7, 8}
Note that no matter if we add a red 9 or a blue 9 here, it will form an arithmetic

progression of {1, 5, 9} or {7, 8, 9}. So while not a proof it might serve as an indication.

Theorem 11 (Van der Waerden’s theorem). For every s, r ≥ 2, w(s; r) exists.

Proof. This proof follows from George Mills proof, see[8]. We can note that for two colours
the theorem is equivalent to the statement that for a partition C : 〈b, u〉 → {0, 1} there
exists a subprogression of 〈b, u〉 of length t where C is constant. We note that the relation
between a block and a translate of this block forms an equivalence relation, where the
equivalence classes correspond to the possible ways of colouring t elements. If we consider
a subblock 〈a, t〉 for example, we get that (as we only consider two colours currently)
there are a maximum of 2t equivalence classes. To prove the theorem we want to build
progressions of these translate blocks such that we have

(1) : 〈a+ jd, t〉 ⊆ 〈b, u〉 for 0 ≤ j ≤ s

(2) : 〈a, t〉 ≡ 〈a+ jd, t〉 for 0 ≤ j < s

Here the notation ≡ means that the two blocks are part of the same equivalence class,
i.e. the partition C sends the blocks to the same set with the same sequence of colours.
Equivalrently, these blocks are coloured the same. We call blocks that satisfy the conditions
(1) and (2) d, s-translatable. These conditions imply that any subblock of these will also
be translatable in the same way. We define the following new function V:

Definition 12. Vs(t) = V (s, t) = smallest u such that for any C : 〈b, u〉 → {0, 1}, there
exist a, d such that 〈a, t〉 is d, s-translatable in 〈b, u〉.
In other words it is the smallest u such that for any two-colouring of the block 〈b, u〉 there
exists some subblock that is d, s-translatable.

The proof of Van der Waerden’s theorem for two colours is equivalent to proving that
the above number exists for all s when t = 1. We will prove this however for all t, by
induction on s.
We see that V (1, t) = t + 1, since condition (2) will automatically be satisfied, we only
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need that 〈a+ d, t〉 ⊆ 〈b, u〉. If d = 1 and a = b the smallest length of 〈b, u〉 is t+ 1. Now
for s ≥ 1 we proceed with our induction hypothesis, namely that for some s ≥ 1, Vs(t)
exists for all t.

This is when we take into consideration the number of equivalence classes again and
note that for blocks of length t there are a maximum of n = 2t. Now we make some
definitions:

t0 := t

ti+1 := Vs(ti)

V (i)
s (t) := Vs(ti)

u := 2 · V (n)
s (t)

Pn := 〈b, tn〉,

where Pn is a block. We construct smaller blocks Pi = 〈ai, ti〉 with ti defined as above
and we choose corresponding integers di > 0 for i = n − 1, n − 2, . . . , 2, 1, 0, and ai such
that Pi is di, s-translatable in Pi+1. These choices of integers are possible since we have

defined ti+1 = V
(i+1)
s (t) = Vs(ti) as the smallest integer, so that for a two-partition C, there

exists integers ai and di such that 〈ai, ti〉 is di, s-translatable in 〈ai+1, ti+1〉.
I will try to do a somewhat comprehensive illustration of this construction for some n.

In the figure below, the horizontal dots on the row for Pn−1 imply that we can keep finding
up to a total of s translates of Pn−1.

b u

Pn
b

u
2

= tn

Pn−1

an−1 tn−1
an−1

+ dn−1

tn−1
+ dn−1

P0

a0 t0 = t

We do one last construction for 0 ≤ i ≤ n:

bi = a0 + s(d0 + d1 + · · ·+ di−1)

Since our upper bound of the number of equivalence classes for blocks of length t is 2t, we
can use the pigeonhole principle to get that there must exist 0 ≤ p < q ≤ n = 2t such
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that 〈bp, t〉 ≡ 〈bq, t〉. Our aim will be to show that 〈bp, t〉 is d, (s + 1)-translatable, where
d = dp + . . .+ dq−1.

For some 0 ≤ j < s, we use the fact that Pi is di, s-translatable in Pi+1 to get the
following:

The block 〈b0 = a0, t〉 equals P0, so by d0, s-translatability we get that 〈b0 +sd0, t〉 ⊆ P1.

Then since a subset of some di, s-translatable block is also di, s-translatable we get that
〈a0 + sd0 + sd1, t〉 ⊆ P2. By the same principle we see that this block is d2, s-translatable
in P3 and continuing on we get that 〈a0 + s(d0 + · · ·+ dp−1), t〉 = 〈bp, t〉 ⊆ Pp which in turn
gives us that 〈bp + jdp, t〉 ⊆ Pp+1, by dp, s-translatability. Since 〈bp + jdp + · · ·+ jdq−1, t〉 =
〈bp + j(dp + · · · + dq−1), t〉, then since d = dp + dp+1 + · · · + dq−1, the above gives:
〈bp + jd, t〉 ⊆ Pq ⊆ 〈b, u2 〉

Since 〈bp, t〉 is dp, s-translatable (where s > j), 〈bp, t〉 ≡ 〈bp + jdp, t〉, and continuing
with repeatedly using the property of dk, s-translatability for k = p + 1, . . . , q − 1 we
get that 〈bp, t〉 ≡ 〈bp + jd, t〉. Let j = s and the inclusion 〈bp + jd, t〉 ⊆ Pq will still
hold, but in addition, by our definition of bi we get 〈bp + sd, t〉 = 〈bq, t〉. So to make the
final step and show that it is in fact d, (s + 1)-translatable we put j = s + 1 such that
〈bp + (s+ 1)d, t〉 = 〈bq + d, t〉, and we note the following:

b < bp + sd+ t ≤ b+
u

2
bp > b0 = a0

〈a0, t〉 = P0 ⊆ P1 ⊆ . . . ⊆ Pn = 〈b, tn〉
bp − b > 0

0 < d <
u

2
〈bq + d, t〉 ⊆ 〈b, u〉

Now since the second condition for d, s-translatability states that 〈a, t〉 ≡ 〈a+jd, t〉 for 0 ≤
j < s, i.e. not neccessarily for j = s, we have shown that 〈bp, t〉 is d, (s+ 1)-translatable in

〈b, u〉. This is then satisfactory to show that there exists an upper bound Vs+1(t) ≤ 2V
(n)
s (t)

so that we get s+ 1 equivalent blocks which is what we wanted.
To conclude the proof we note that the exact same proof works for any number of colours

simply by changing our value of n from n = 2t to, in the case of r colours, n = rt.

Note that with V defined as in the proof above, V3(1) ≡ w(3; 2), i.e., the Van der
Waerden number for two colours and a progression of length 3. We have stated above that
that number is 9. We now use some properties that we reiterate below ((a)− (d)), as well
as our proven upper bound to get our own upper bound for this number. We note that
t = 1 and n = 2t, and we remind ourselves that V1(t) = t+ 1, so that for s+ 1 = 3 we get
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the following

(a)n = 2t

(b)ti+1 = Vs(ti)

(c)V (n)
s (t) = Vs(tn)

(d)V1(t) = t+ 1

V3(1) ≤ 2 · V (2)
2 (1) = 2 · V2(V2(1))

V2(1) ≤ 2 · V (21)
1 (1) = 2(V1(V1(1))) = 6

V2(6) ≤ 2 · V (26)
1 (6) = 2 · V1(V1(. . .))︸ ︷︷ ︸

64 times

= 2 · (6 + 64) = 140

V3(1) ≤ 2 · 140 = 280

So for the Van der Waerden number W (3; 2) = 9 we get an upper bound of 280 using
this method. Which indicates that this area faces just as big a problem as the Ramsey
numbers in establishing tight upper bounds.

7.2 Hales-Jewett Theorem

The Hales-Jewett theorem, named after the mathematicians Alfred W. Hales and
Robert I. Jewett who proved the theorem, concerns the structure that can be assumed
to exist in high-dimensional cubes.

Although it was Jewett and Hales that proved the theorem, we will further down, when
we start proving it, follow the proof by Shelah [5, 10] in 1988 who also established a much
better upper bound with his proof.

We will use the notation [k] to mean the same as the set {1, . . . , k}.

Definition 13 (Higher dimensional cubes). A higher dimensional cube of dimension n and
size k is the set of all (x1, . . . , xn) with xi ∈ [k].

Definition 14 (Combinatorial line). For some n-dimensional cube, a combinatorial line
L is a subset such that there exist some nonempty subset I and integers ai : i /∈ I such that

L = {(x1, . . . , xn) : xi ∈ [k], xi = ai for i /∈ I and xi = xj for i, j ∈ I}

I.e., there is an active coordinate set I such that it is only coordinates in that active set
that change between each element in the combinatorial line, and when they do they are held
equal to each other. The coordinates not in that set are held constant among all elements
in the combinatorial line.

Definition 15 (Root). A root is mentioned in reference to a combinatorial line, and can
be used to describe the line. A root is defined as an element in the combinatorial line where

22



each coordinate that belongs to the active set is replaced by some sort of placeholder. We
will use ” ∗ ”, to indicate that these are the changing coordinates.

An example of a combinatorial line is (a1, ∗, ∗, a4, ∗, a5) where the ∗ takes the place
of the coordinates that belong to the active set. We denote the root as τ and describe a
combinatorial line as rooted in τ if τi = ∗ for every i ∈ I, where I is the active set of the
combinatorial line.

We also talk about τ as a root of the combinatorial line.

Definition 16 (Neighbours). Let a = (a1, . . . , an) and b = (b1, . . . , bn) where a, b ∈ [k]N .
Then a and b are neighbours if for some fixed i ∈ {1, . . . , n} we have that

aj = bj ∀j 6= i

ai = k

bi = k − 1

Definition 17 (The Hales-Jewett number/threshold). The integer HJ(c, k) is the smallest
dimension n such that a a colouring with c colours on the n-dimensional cube of size k,
always yields a monochromatic combinatorial line (i.e., a line whose elements are all the
same colour).

Theorem 12 (The Hales-Jewett Theorem). For all c and k, there exists a positive number
N such that for every n ≥ N and every c-colouring of the n-dimensional cube of size k,
there exists a monochromatic combinatorial line.

Proof. For each fixed number of colours c we will use induction on the size of our sets [k].
We see trivially for k = 1 that the theorem holds. We assume it holds for k − 1 and c
colours and set

n := HJ(c, k − 1)

and we define a sequence of dimensions N1, . . . , Nn where Nk−1 ≤ Nk in such a way that

N1 := ck
n

and

Ni := ck
n+

∑i−1
j=1

Nj

.

We put N := N1 + . . . + Nn, and we will show that this N has the property that
HJ(c, k) ≤ N . We show this by considering a c-colouring, χ : [k]N → [c] of the [k]N cube,
and trying to show that at least one combinatorial line must be monochromatic.

For a sequence a = a1a2 . . . an over [k], and a sequence of n roots such as τ = τ1τ2 . . . τn,
where the i-th component has length Ni, we let τ(a) = τ1(a1)τ2(a2) . . . τn(an). Here τ(a)
denotes the sequence that comes from replacing all ∗ in τi with ai for all τi that make up
τ . We note that the sequence τ(a) has the length N .

To continue we make the following claim:
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Claim. There exists a sequence of n roots τ = τ1τ2 . . . τn as above, such that χ(τ(a)) =
χ(τ(b)) for any two neighbours a, b ∈ [k]n.

We will see where this leads us before proving the claim. Using the colouring χ of the
N -cube [k]N we define the colouring χ

′
of the n-dimensional cube ([k]/{k})n by

χ
′
(a) := χ(τ(a))

where τ is taken as in the claim. By our induction hypothesis that HJ(c, k−1) = n we
also see that since [k]/{k} = [k−1], we can argue by the hypothesis that for this colouring
χ
′

there exists a root
v = v1v2 . . . vn ∈ (([k]\{k}) ∪ {∗})n

such that the combinatorial line

Lv = {v(1), v(2), . . . , v(k − 1)}

is monochromatic. We consider the string

τ(v) = τ1(v1)τ2(v2) . . . τn(vn)

Then since v is a root and as such has at least one ∗, this implies that τ(v) is also a
root, and a root of length N as well. We now make the claim that the combinatorial line
corresponding to τ(v) is also monochromatic, i.e., the line

Lτ(v) = {τ(v(1)), τ(v(2)), . . . , τ(v(k))}

with respect to our original colouring χ is monochromatic.
This is since χ

′
assigns the same colour to v(1), . . . , v(k−1) it follows from the definition

of χ
′

that χ colours τ(v(1)), . . . , τ(v(k − 1)) the same way. Then it remains to show that
τ(v(k)) is also the same colour. If there is just a single ∗ in v then v(k − 1) and v(k) are
neighbours and by the claim they are coloured the same way. If there are more than one
∗ then we can find w1, . . . , wj such that τ(w1) is a neighbour to τ(v(k − 1)) and τ(wi) is
a neighbour to τ(wi−1) and τ(wi+1) so that τ(wj) is a neighbour to τ(v(k)), and by the
claim these must all have the same colour. See below for a visual demonstration of the
construction of neighbours.

τ(v(k)) = . . . k . . . k . . . k . . . . . . k . . . k . . . . . .

τ(wj) = . . . k − 1 . . . k . . . k . . . . . . k . . . k . . . . . .

τ(wj−1) = . . . k − 1 . . . k − 1 . . . k . . . . . . k . . . k . . . . . .

...

τ(w2) = . . . k − 1 . . . k − 1 . . . k − 1 . . . . . . k . . . k . . . . . .

τ(w1) = . . . k − 1 . . . k − 1 . . . k − 1 . . . . . . k − 1 . . . k . . . . . .

τ(v(k − 1)) = . . . k − 1 . . . k − 1 . . . k − 1 . . . . . . k − 1 . . . k − 1 . . . . . .

So the whole line Lτ(v) is then monochromatic.
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So we need now only prove our claim.

Proof of claim. So what we want to do is to find a sequence of n roots τ = τ1τ2 . . . τn,
where the i-th one has length Ni and such that for any neighbours a, b ∈ [k]n, we have
χ(τ(a)) = χ(τ(b)).

We make the proof by reverse induction on i by assuming we have already defined
τi+1, . . . τn. We let Li−1 :=

∑i−1
j=1Nj be the length of the initial segment of the desired

sequence of roots τ1 . . . τi−1. The length of τi is Ni.
We define Ws for s = 0, 1, . . . , Ni as the following sequence of length Ni:

Ws := k − 1, . . . , k − 1︸ ︷︷ ︸
s

, k, . . . , k︸ ︷︷ ︸
Ni − s

Now for s = 0, 1, . . . , Ni we define the c-colouring χs of all sequences in [k]Li−1+n−i such
that

χs(x1x2 . . . xLi−1
yi+1 . . . yn) = χ(x1 . . . xLi−1

Wkτi+1(yi+1) . . . τn(yn))

This construction gives us Ni + 1 colourings (χ0, χ1, . . . , χNi
) where each of them must be

chosen from the maximum number of unique colourings that is calculated by

cnumber of sequences = ck
Li−1+n−i

≤ ck
Li−1+n

=︸︷︷︸
by definition

Ni

So by the pigeonhole principle we have that two colourings must coincide, i.e., χr = χs.
We assume for ease of notation that r < s and we finally define the root τi by

τi := k − 1 . . . k − 1︸ ︷︷ ︸
r

∗ . . . ∗︸ ︷︷ ︸
s− r

k . . . k︸ ︷︷ ︸
Ni − s

To see that τi defined in such a way indeed satisfies the claim we can take two neighbours
a, b

a = a1 . . . ai−1(k − 1) ai+1 . . . an

b = b1 . . . bi−1k bi+1 . . . bn

such that, since τi(k − 1) = Ws and τi(k) = Wr,

τ(a) = τ1(a1)τ2(a2) . . . τi−1(ai−1)Wsτi+1(ai+1) . . . τn(an)

τ(b) = τ1(b1)τ2(b2) . . . τi−1(bi−1)Wrτi+1(bi+1) . . . τn(bn)
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and using the definition of χs and that we choose χr so that χr = χs, we get

χ(τ(a)) = χ(τ1(a1) . . . τi−1(ai−1)Wsτi+1(ai+1) . . . τn(an))

= χs(τ1(a1) . . . τi−1(ai−1)ai+1 . . . an)

= χr(τ1(a1) . . . τi−1(ai−1)ai+1 . . . an)

= χ(τ1(a1) . . . τi−1(ai−1)Wrτi+1(ai+1) . . . τn(an)) = χ(τ(b))

which effectively proves the claim and in turn proves the Hales-Jewett theorem.
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