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A B S T R A C T

The interest in using phase-field theories to numerically analyze fracture has sky-rocketed in the last years.
However, in phase-field fracture models are splits, or decompositions, of the strain energy density vital to
avoid interpenetration of crack surfaces and to select physically trustworthy crack paths. The most popular
decomposition strategies use either a spectral decomposition or a hydrostatic–deviatoric decomposition. Both
decompositions have significant disadvantages; the most important is that none of them can handle mixed-
mode load scenarios in compression. To circumvent these problems, a generalized decomposition method is
derived that unifies some features of the hydrostatic–deviatoric and spectral decompositions, enhanced with
a classical Mohr–Coulomb failure criterion. The derived decomposition scheme has the potential to judge
whether or not a compressive deformation field will assist in the crack driving process in brittle materials. The
enhanced decomposition is scrutinized in numerical models and revealing biaxially loaded crack experiments
in global compression. Simulations using the decomposition scheme capture the experiments in a remarkable
way: complex crack patterns are reproduced, as well as critical loads. The enhanced decomposition strategy
hence provides mechanistic insight into fracture processes in brittle materials subject to mixed-mode loads.
1. Introduction

Why and how cracks spread in materials is of essential concern in
numerous scientific disciplines and technological applications. Fracture
is often analyzed numerically within a finite element context using
either discrete or diffuse crack representations. Approaches using a
discrete representation make use of strong discontinuities embedded
at the intra-element level (Moës and Belytschko, 2002; Armero and
Linder, 2009) and require additional criteria based on stresses, strains,
or energy release rates, and special treatments such as virtual crack
closure techniques and complicated remeshing techniques. In contrast,
approaches using a diffuse crack representation (cf. Peerlings et al.,
1996; Areias et al., 2016; Miehe et al., 2010b,a; Borden et al., 2012)
retain the continuity of the displacement field, such as continuum dam-
age models and phase-field fracture models. Perhaps the most attractive
feature of phase-field fracture models is that the crack mechanics is in-
herently obtained from a minimization problem that couples the strain
and fracture energies. This enables the treatment of complex crack sce-
narios such as crack initiation, growth, merging, and branching without
any need for remeshing, which distinguish them in a remarkable way
from traditional modeling techniques. Phase-field fracture models have
quickly become popular, which is explained by their extreme versatility
(e.g. dynamics Borden et al., 2012; Larsen et al., 2010; Hofacker and
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Miehe, 2012; Carlsson and Isaksson, 2018, 2019; Schlüter et al., 2016,
or heterogeneous materials Kuhn and Müller, 2016; Espadas-Escalante
et al., 2019; Espadas-Escalante and Isaksson, 2019).

Phase-field fracture methods are based on a variational principle
closely related to the variational principles suggested by Griffith in
1921, but originated much later, in the seminal work of Francfort and
Marigo (1998), and later Bourdin et al. (2000). Decompositions, or
splits, of the strain energy density into positive (tensile) and negative
(compressive) parts are often used to avoid interpenetration of cracked
surfaces and to select physically trustworthy crack paths. Using such
decomposition method, the positive part of the strain energy density
is assumed to assist in degrading the material while the negative part
is assumed not to effect the degrading process. Today, the by far
most common methods to decompose the strain energy density use
either a hydrostatic–deviatoric decomposition (Amor et al., 2009) or a
spectral decomposition (Miehe et al., 2010b). Although these methods
sometimes show good agreement with experiments (cf. Cajuhi et al.,
2018; Zhang et al., 2017; Santillán et al., 2017; Pham et al., 2017) they
are generally not applicable to mixed-mode loading conditions. For
instance, the spectral decomposition is limited in shear-dominated load-
ings, where the material stiffness may never be completely lost even
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Fig. 1. Discrete vs diffusive crack representation.
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though a fracture is fully developed. The hydrostatic–deviatoric de-
composition is limited in mixed-mode compressive loading conditions
since all the strain energy density associated with shape deformation
may result in a complete stiffness loss even though the crack surfaces
may come in contact (i.e. the material can carry load). These features
considerably limit the capability of phase-field models to simulate
fractures subject to shear and compressive loads.

In the literature, the application of shear or compression-dominated
phase-field fractures is mainly related to rock mechanics. An attempt
to modify the spectral decomposition for mixed-mode brittle fractures
was proposed by Zhang et al. (2017), who assumed different fracture
toughnesses (or critical energy release rates) in opening and shearing
crack growth. Other similar modifications for mixed-mode fracture
have been suggested, cf. Spetz et al. (2020, 2021). However, these
modifications are not completely satisfactory, mainly because they
are based on various spectral decomposition formulations preventing
material stiffness degradation even when cracks are fully developed
under pure shear load.

The aim of this study is to formulate a decomposition strategy that
captures reliable fracture paths and material degradation in both com-
pression and shear loading scenarios, thus overcoming the aforemen-
tioned challenges. The developed decomposition is scrutinized in nu-
merical models and compared to biaxially loaded fracture experiments
in global compression on brittle rock-like materials.

2. Theory

Consider an isotropic linearly-elastic body Ω (Fig. 1) with exterior
Ω and a discrete crack Γ. In this domain, 𝜕Ω𝑻 is subject to traction

and 𝜕Ω𝒖 is subject to displacement 𝒖. The total free energy of the
ystem can be written as

(𝒖, 𝑑) = ∫Ω
Ψ𝑒dΩ + ∫Γ

𝐺𝑐d𝑠, (1)

here Ψ𝑒 is the strain energy density and 𝐺𝑐 is critical energy release
ate of the material. A damage parameter 𝑑 is introduced (0 ≤ 𝑑 ≤ 1) so
hat the material is intact when 𝑑 = 0 and fully damaged when 𝑑 = 1.

The last term in (1) represents the energy consumed by surface
reation. In the phase-field implementation, the discrete crack Γ is rep-

resented by a crack density function 𝛾(𝑑,∇𝑑), Fig. 1. The crack density
functional, typically chosen as either first order or second order in 𝑑,
can be chosen with a great freedom from the family of elliptic func-
tionals approximating the Mumford–Shah functional (Braides, 1998).
Here, a crack density functional which is linear in 𝑑 and quadratic
in ∇𝑑 (Pham et al., 2011) is used, which has the benefit of having a
distinct elastic limit. The second term in (1) can now be written as

∫Γ
𝐺𝑐d𝑠 = 𝐺𝑐 ∫Ω

𝛾(𝑑,∇𝑑)dΩ, (2)

𝛾(𝑑,∇𝑑) = 3
8𝑙
(𝑑 + 𝑙2∇𝑑 ⋅ ∇𝑑), (3)

here 𝑙 is a regularization parameter, controlling the width of the
egularized crack. Further, to prevent crack growth under compression,
he strain energy density is decomposed into a tensile/positive part
2

𝑥

nd a compressive/negative part, where only the positive part affects
amage (stiffness degradation), cf. Ambati et al. (2015), i.e.,

Ω
Ψ𝑒dΩ = ∫Ω

[(1 − 𝑑)2Ψ+
𝑒 + Ψ−

𝑒 ]dΩ. (4)

The Cauchy stress tensor 𝝈 and the consistent elastic stiffness tensor 𝐂
are given by

𝝈 = (1 − 𝑑)2
dΨ+

𝑒
d𝝐

+
dΨ−

𝑒
d𝝐

, (5)

𝐂 = (1 − 𝑑)2
d2Ψ+

𝑒

d𝝐2
+

d2Ψ−
𝑒

d𝝐2
, (6)

here 𝝐 = 1
2 [∇𝒖+ (∇𝒖)𝑇 ] is the linearized strain tensor. Now, using the

bove relations, the total energy in the body is

(𝒖, 𝑑) = ∫Ω
[(1 − 𝑑)2Ψ+

𝑒 + Ψ−
𝑒 +

3𝐺𝑐
8𝑙

(𝑑 + 𝑙2∇𝑑 ⋅ ∇𝑑)]dΩ. (7)

urther, to impose irreversibility of the crack evolution in computer
imulations, a history field  is used in place of Ψ+

𝑒 , such that  is
he maximum positive strain energy density experienced (Miehe et al.,
010b), i.e.,

(𝒖, 𝑡) = max
𝜏∈[0,𝑡]

{Ψ+
𝑒 (𝒖, 𝜏)}, (8)

here 𝑡 denotes time. The history field (8) ensures that it is the highest
train energy density experienced in the material during the loading
istory that determines the present damage state, i.e. the material
annot heal. Stresses are however reversible, and are always evaluated
ccording to (5).

The first variation of (7) should be zero according to the principle
f minimization of potential energy. The Euler–Lagrange equations of
7) with respect to the displacement and damage fields are,

∇ ⋅ 𝝈 = 0
(1 − 𝑑) − 3𝐺𝑐

16𝑙 − 3𝐺𝑐 𝑙
8 ∇2𝑑 = 0.

(9)

2.1. Spectral decomposition

The spectral decomposition was introduced by Miehe et al. (2010b),
who decomposed Ψ𝑒 using the tensile deformation states. In terms of
he Lamé parameters 𝜆 and 𝜇, the strain energy density in an isotropic
inear elastic material can be written as Ψ𝑒 =

1
2𝜆 (tr 𝝐)

2 + 𝜇 tr
(

𝝐2
)

. The
erm including 𝜆 is only related to volumetric deformation, whereas
he term associated with 𝜇 includes both volume and shape changes.
ince tr 𝝐 and tr

(

𝝐2
)

are invariants of the strain tensor, they do not
hange with any rotation of the coordinate system, which allows an
legant split of the strain energy density into positive and negative
arts using the principal strains. The first step is to express Ψ𝑒 in terms
f the principal strains 𝜖1, 𝜖2 and 𝜖3 as Ψ𝑒 = 1

2𝜆
(

𝜖11 + 𝜖22 + 𝜖33
)2 +

𝜇
(

𝜖21 + 𝜖22 + 𝜖23
)

. The strain energy density is then separated into pos-
itive and negative parts using the strictly positive and negative terms,
Ψ±
𝑒 = 1

2𝜆 ⟨𝜖11 + 𝜖22 + 𝜖33⟩ 2± + 𝜇 ⟨𝜖1⟩ 2± + 𝜇 ⟨𝜖2⟩ 2± + 𝜇 ⟨𝜖3⟩ 2±, where ⟨⋅⟩+ and
⋅⟩− selects the positive and negative parts of their argument, i.e. ⟨𝑥⟩+ =

, if 𝑥 ≥ 0; 0 if 𝑥 < 0, and ⟨𝑥⟩− = 𝑥, if 𝑥 ≤ 0; 0 if 𝑥 > 0.
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2.2. Hydrostatic–deviatoric decomposition

The hydrostatic–deviatoric decomposition was introduced by Amor
et al. (2009), who argue that crack growth is driven by shear and
tensile bulk deformation, which from a theoretical point of view is well
justified. For isotropic linear elastic materials, the bulk deformation
is one of the fundamental eigenmodes of the stiffness matrix and the
corresponding eigenvalue is the bulk modulus. This eigenmode is, in
fact, the spherical part of the strain while the other eigenmodes are
related to shear deformation and the shear modulus. The strain tensor
is decomposed into a hydrostatic and a deviatoric part as 𝝐 = 𝜖𝐾𝟏 + 𝐞
where 𝟏 is the second-order identity tensor, 𝐞 is the deviatoric strain
tensor and 𝜖𝐾 is the hydrostatic strain 𝜖𝐾 = tr 𝝐∕𝑛 (𝑛 is the number of
spatial dimensions). Using the bulk modulus 𝐾 = 𝜆 + 2𝜇∕𝑛, the strain
energy density can then be written Ψ𝑒 =

1
2𝐾 (tr 𝝐)2 + 𝜇 tr

(

𝐞2
)

and split
into a negative part Ψ−

𝑒 = 1
2𝐾 ⟨tr 𝝐⟩ 2− and a crack-driving positive part

Ψ+
𝑒 = 1

2𝐾 ⟨tr 𝝐⟩ 2+ + 𝜇 tr
(

𝐞2
)

.

2.3. Hydrostatic–spectral–deviatoric decomposition

Recall the hydrostatic–deviatoric decomposition,

Ψ+
𝑒 = 1

2𝐾 ⟨tr 𝝐⟩ 2+ + 𝜇 tr
(

𝐞2
)

, Ψ−
𝑒 = 1

2𝐾 ⟨tr 𝝐⟩ 2−. (10)

A first step is to express the deviatoric part Ψdev = 𝜇 tr
(

𝐞2
)

in terms of
the principal strains, i.e.

Ψdev = 𝜇[𝜖21 + 𝜖22 + 𝜖23 ] − 𝜇 1
𝑛 [𝜖1 + 𝜖2 + 𝜖3]2

= 𝜇 𝑛−1
𝑛 [𝜖21 + 𝜖22 + 𝜖23 ] − 𝜇 2

𝑛 [𝜖1𝜖2 + 𝜖1𝜖3 + 𝜖2𝜖3].
(11)

e separate (11) so that Ψdev = Ψ+
dev + Ψ−

dev using the spectral decom-
osition of the strain tensor into positive and negative parts (where
ross-terms of the form ⟨𝜖𝑖⟩+ ⟨𝜖𝑖⟩− naturally vanish)
+
dev = 𝜇 𝑛−1

𝑛 [⟨𝜖1⟩
2
+ + ⟨𝜖2⟩

2
+ + ⟨𝜖3⟩

2
+] − 𝜇 2

𝑛 [ ⟨𝜖1⟩+ ⟨𝜖2⟩− + ⟨𝜖2⟩+ ⟨𝜖1⟩−
+ ⟨𝜖1⟩+ ⟨𝜖3⟩− + ⟨𝜖3⟩+ ⟨𝜖1⟩− + ⟨𝜖3⟩+ ⟨𝜖2⟩− + ⟨𝜖2⟩+ ⟨𝜖3⟩− ],

(12)

Ψ−
dev = 𝜇 𝑛−1

𝑛 [⟨𝜖1⟩
2
− + ⟨𝜖2⟩

2
− + ⟨𝜖3⟩

2
−]. (13)

It is noticed that both Ψ+
dev and Ψ−

dev consist solely of invariants of the
strain tensor 𝝐 and are thus independent of any rotation of the coordi-
nate system. Using (10)–(13), a unified hydrostatic–spectral–deviatoric
split can now be formulated as

Ψ+
𝑒 = 1

2𝐾 ⟨tr 𝝐⟩ 2+ + Ψ+
dev + 𝜙Ψ−

dev,

Ψ−
𝑒 = 1

2𝐾 ⟨tr 𝝐⟩ 2− + (1 − 𝜙)Ψ−
dev,

(14)

where 𝜙 is a variable which can take the value 0 or 1. When 𝜙 = 1
the original hydrostatic–deviatoric split is recovered (10); when 𝜙 = 0,
compressive strains (13) contribute to the negative part and do not take
part in the crack growth process. It is noticed that all positive strains
and cross-terms (12) are in the positive part of the deviatoric energy
density and always contribute in the crack-driving process.

How to select 𝜙? There are several criteria suggested in the lit-
erature to judge whether or not fracture occurs under compressive
loads. The most commonly used is probably the classic Mohr failure
criterion, cf. Labuz and Zang (2012), which is a set of linear equa-
tions in principal strain (or stress) space describing the conditions for
which an isotropic material will fail. Advantages of the Mohr failure
criterion are its mathematical simplicity, clear physical meaning of the
material parameters, and general level of acceptance in the scientific
community. Without going into details, a fracture surface 𝑓 is defined
as (sorting 𝜖1 ≥ 𝜖2 ≥ 𝜖3)

𝑓 =
𝜆 + 𝜇
𝜇

𝜖1 + 𝜖3
𝜖1 − 𝜖3

sin 𝜃 − 𝑐
𝜇(𝜖1 − 𝜖3)

cos 𝜃 + 1 , (15)

where 𝑐 is an inherent cohesive stress and 𝜃 is an angle of internal
friction, Fig. 2. One may notice that the cohesive stress scales to 𝐺𝑐 ,
𝑙, and 𝜇 as 𝑐 ∼

√

𝜇𝐺 ∕𝑙.
3

𝑐

Fig. 2. Mohr diagram and failure envelopes.

Fig. 3. The shear test model.

The Mohr criterion allows a curved shape of the failure envelope,
and this nonlinear behavior is exhibited by many rock types, Jaeger
et al. (2009), however, for simplicity we stick to the linear envelope
(15) here. Using (15), crack growth take place when 𝑓 ≥ 0, wherefore
𝜙 in (14) is readily given by the present strain state according to

𝜙 = 1 if 𝑓 ≥ 0 , else 𝜙 = 0. (16)

. Models

The validity of the hydrostatic–spectral–deviatoric strain energy
ensity decomposition (14) is demonstrated using three two-dimensiona
odels with simple loading scenarios as reference.

.1. Single edge notch shear test

Consider the canonical example of global remote shear loading,
ig. 3: a two-dimensional quadratic specimen with side length 𝐿 =
mm, its lower horizontal boundary fully clamped and its upper hori-

ontal boundary displaced in the horizontal direction while constrained
n the vertical direction. The two vertical boundaries are held stress
ree. A horizontal edge crack of length 𝐿∕2 is positioned at the mid-
eight of the specimen. The material parameters are: Young’s modulus
= 210 GPa, Poisson’s ratio 𝜈 = 0.3 and the fracture toughness

𝐺𝑐 = 2700 N∕m. The two additional material parameters required in
(14) are: the cohesive strength 𝑐 = 10.5 GPa and the internal friction
angle 𝜃 = 𝜋∕6. A uniform mesh with an element edge length of ℎ = 7.5
μm is used, and the regularization length is set to 𝑙 = 2ℎ.

3.2. Flattened Brazilian disk test

Consider a flattened Brazilian disk test, Fig. 4, designed for estimat-
ing both the tensile strength and fracture toughness of rocks, cf. Yu
et al. (2021). The radius of the compressed cylinder is 𝑅 = 67.5 mm,
the load angle 𝛼 = 30◦ while the material parameters are: Young’s
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Fig. 4. Flattened Brazilian disk model.

Fig. 5. Specimen with an inclined notch.

modulus 𝐸 = 3.85 GPa, Poisson’s ratio 𝜈 = 0.2. The fracture toughness,
cohesive strength, and the internal friction angle are 𝐺𝑐 = 700 N∕m,
𝑐 = 200 MPa, and 𝜃 = 𝜋∕6, respectively. The lower horizontal boundary
of the specimen is constrained while the upper horizontal boundary is
subject to vertical displacements. The other boundaries are held stress
free. A non-uniform mesh with a maximum element edge length of
ℎ = 1 mm is used, (the mesh is denser at the center of the body) and
the regularization length is set to 𝑙 = 2ℎ.

3.3. Inclined notch

Consider uniaxial compressive loading of a brittle rock-like ma-
terial. The specimen has height 2𝐿, width 𝐿 (𝐿 = 50 mm), and a
centered straight internal notch with length 𝑎 = 12 mm, inclined 𝛼 =
45◦, Nguyen (2011). The lower horizontal boundary of the specimen is
constrained while the upper horizontal boundary is subject to vertical
displacements, Fig. 5. The vertical boundaries are held stress free.
The material parameters are: Poisson’s ratio 𝜈 = 0.18 and a Young’s
modulus 𝐸 = 5 GPa (which is reported being in the upper range of the
stiffness measured during the experiments, Nguyen, 2011). The fracture
toughness 𝐺𝑐 , cohesive strength 𝑐 and internal friction angle 𝜃 are 23
N/m, 62.8 MPa, and 𝜋∕6, respectively. The mesh is nearly uniform with
a maximum edge length ℎ = 106 μm and a regularization length 𝑙 = 2ℎ
is used.
4

Fig. 6. Flowchart of the staggered scheme used in the quasi-static simulations.

Fig. 7. Single edge notch shear test: crack paths (a) and global force–displacement
curves (b).

Fig. 8. Distributions of normalized positive and negative strain energy densities in the
last load step for the shear test.
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Fig. 9. Flattened Brazilian disk test: crack paths (a) and global force–displacement curves (b).
Source: Experimental results are taken from Yu et al. (2021).
Fig. 10. Distributions of normalized positive and negative strain energy densities in
the last load step for the Brazilian test.

4. Results and discussion

All the quasi-static simulations are solved using a staggered
Newton–Raphson scheme. For each load step 𝑡, the displacement field
𝒖 and damage field 𝑑 are solved and updated sequentially in an
iteration process until tolerances of the incremental change is suf-
ficiently small and force equilibrium prevails. For the displacement
problem, a classical out-of-balance force criterion (Bathe, 1996) is used
to determine when convergence is achieved (tolerance is 10−8). For the
damage problem, convergence is obtained when the maximum of the
incremental nodal damage field (absolute value) is less than 10−3. A
flowchart of the staggered scheme adopted is shown in Fig. 6.

Discretization is done by interpolating the displacement and phase-
field variables with standard finite element shape functions. Typical
discretization examples can be found in e.g. Espadas-Escalante et al.
(2019). All equations are solved using well-established finite element
algorithms implemented in a Matlab (MATLAB, 2021) code. Standard
bi-linear 4-node isoparametric elements assuming plane strain condi-
tions are used for all computations, in which the Lamé coefficients are
𝜇 = 𝐸∕[2(1 + 𝜈)] and 𝜆 = 𝐸𝜈∕[(1 + 𝜈)(1 − 2𝜈)]. Small deformations are
assumed to prevail and the displacement load is applied incrementally
in small steps. The imposed incremental displacements for the shear
test, the Brazilian test, and the inclined notch test are 0.1 μm, 3.4 μm
and 0.6 μm, respectively.

In all simulations, the computed damage fields were always in the
range (0 ⩽ 𝑑 ⩽ 1), thus, any problems related to damage > 1 that has
been observed in e.g. Wu et al. (2020) was not encountered.
5

4.1. Single edge notch shear test

Simulations were carried out using the three decomposition strate-
gies elaborated above. The resulting global force–displacement rela-
tions as well as the final cracks are shown in Fig. 7. Distributions of
normalized positive and negative strain energy densities for the last
load step are presented in Fig. 8. The hydrostatic–deviatoric decompo-
sition results in global stiffness loss, in strong contrast to the spectral
decomposition, which never results in complete stiffness loss even
though the crack reaches the lower edge. This non-physical behavior
of the spectral decomposition is explained by the second part of Ψ−

𝑒 ,
i.e. 𝜇[⟨𝜖1⟩2− + ⟨𝜖2⟩

2
− + ⟨𝜖3⟩

2
−]. In a material point, predominantly shear

loading (as in the lower part of the specimen, between the tip and the
right vertical edge) results in both a positive principal strain 𝜖1 > 0 and
a negative principal strain 𝜖3 < 0. Since Ψ−

𝑒 > 0 (Fig. 8), and because the
material stiffness tensor 𝐂 = (1 − 𝑑)2d2Ψ+

𝑒 ∕d𝝐
2 + d2Ψ−

𝑒 ∕d𝝐
2, one realize

that stiffness never will be lost in shear dominated scenarios, even if a
crack is fully developed (𝑑 = 1). This is observed in that the remaining
global stiffness is about 50% of the body’s initial stiffness. In sharp
contrast, the hydrostatic–deviatoric decomposition results in complete
stiffness loss as long as the hydrostatic strain ≥ 0. Similarly, the de-
veloped hydrostatic–spectral–deviatoric decomposition, enhanced with
a Mohr failure criterion, also results in complete global stiffness loss
when the crack reaches the boundary. The developed decomposition
produces results for this load case that are very close to the original
hydrostatic–deviatoric decomposition. This similarity can be seen in
the distributions of positive and negative strain energy densities in the
cracked regions for each of these methods as well (Fig. 8).

4.2. Flattened Brazilian disk test

Simulations were carried out using the three decomposition strate-
gies. The resulting global force–displacement relations as well as the
final cracks are shown in Fig. 9. Experimental results from litera-
ture (Yu et al., 2021) are shown as well. The distributions of normalized
positive and negative strain energy densities for the last load step are
shown in Fig. 10. The hydrostatic–deviatoric decomposition results in
almost instant global stiffness loss: shear cracks are developed slightly
below the contact surfaces leading to totally deteriorated material,
which in turn lead to volume expansion whereupon the negative part
of the decomposition, Ψ−

𝑒 , vanishes, which can also be judged from
Fig. 10. Since 𝑑 = 1 below the contact and 𝐂 = (1 − 𝑑)2d2Ψ+

𝑒 ∕d𝝐
2 +

d2Ψ−
𝑒 ∕d𝝐

2, the local material stiffness tensor at the contacts vanishes,
i.e. 𝐂 → 0, as is observed in Fig. 9. The behavior of the spectral
decomposition is entirely different. Also in this example, the spectral
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Fig. 11. Inclined notch. Crack paths for the experiment and the developed decomposition model (a), for the hydrostatic–deviatoric and the spectral decomposition models (b).
Global stress–strain curves (c).
Source: Experimental results are redrawn from Nguyen (2011).
decomposition never results in complete stiffness loss even though
two vertical cracks extend between the top and bottom, separating
the body into three isolated parts, Fig. 9. Similar to the discussion
of the single edge notch test, the loading results in both a positive
principal strain 𝜖1 > 0 and a negative principal strain 𝜖3 < 0. Since
Ψ−
𝑒 > 0, stiffness will never be lost. This is manifested in that the

global stiffness of the fractured body is roughly half of its initial stiffness
(as can also be interpreted in Fig. 10). In strong contrast to both the
hydrostatic–deviatoric decomposition and the spectral decomposition,
the developed decomposition produces fractures that extends diago-
nally over the cross-section, resulting in complete stiffness loss, Figs. 9
and 10. It is noted that only one diagonal crack was observed in the
experiment, probably due to the heterogeneity of a real-life specimen,
while two cracks were produced in the simulation due to perfect sym-
metry and the assumption of a homogeneous material. Nevertheless,
a similarity in crack patterns can be seen between experiment and
simulation. Further, a fairly good agreement is observed in the global
load–displacement curves in Fig. 9. Not only the developed hydrostatic–
spectral–deviatoric decomposition results in complete stiffness loss, it
also produces a kink in the global loading curve, which is linked to
onsets of crack growth, and is also observed in the experiment.

4.3. Inclined notch

Simulations were carried out using the three decomposition strate-
gies. The resulting stress–strain relations as well as the final cracks are
shown in Fig. 11. Experimental results from literature (Nguyen, 2011)
are shown as well. In Fig. 12 are the distributions of normalized positive
and negative strain energy densities for the last load step presented.
Using the hydrostatic–deviatoric decomposition, only the secondary
cracks are obtained while when using the spectral decomposition,
only the wing cracks are obtained, Fig. 11b. Similar to the two load
scenarios discussed above, the hydrostatic–deviatoric decomposition
results in an almost immediate global stiffness loss while the spectral
decomposition never results in global stiffness loss, Fig. 11c. However,
the hydrostatic–spectral–deviatoric decomposition enhanced with Mohr
6

Fig. 12. Distributions of normalized positive and negative strain energy densities in
the last load step for the inclined notch test.

failure criterion, is capable of capturing both type of cracks, i.e., both
wing cracks and secondary cracks. Fig. 12 provides an indication of all
these observations. The simulations were terminated either when global
stiffness loss was achieved or when a crack had grown sufficiently
close to a boundary (about half the distance between the initial tip and
boundary). In the simulation using the hydrostatic–spectral–deviatoric
decomposition, Fig. 11a, wing cracks nucleate (at marker 3) and grow
stably in the vertical direction until peak load (marker 4), followed by
unstable secondary cracks, which emerge horizontally on the opposite
side from the wing cracks, from the tips of the initial notch. The
propagation of secondary cracks then slows down (marker 5). The crack
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evolution is compared to the experimental sample, and they are in good
agreement, at least up to marker 6. It should be noted that this set
of experimental data (Nguyen, 2011) was used by Spetz et al. (2021)
to verify a modified decomposition in a phase-field fracture model.
Very good agreement with the experiment was obtained in their work
regarding the crack pattern, and markers 3 and 4 on the loading curve
were well captured. However, their model failed to capture marker 5
(and beyond) and resulted in complete stiffness loss. Spetz et al. (2021)
argued that the reason for the global stiffness loss after marker 5 is
related to lack of contact formulations of the crack lips of the initial
inclined notch. However, one observes that contact formulations are
not included in our model, still marker 5 and marker 6 are captured.

Finally, it should be said that the enhanced decomposition (14)
can quite easily be further extended by e.g. including separate fracture
toughnesses for opening and shearing modes, similar to e.g. Zhang et al.
(2017) or Spetz et al. (2021), following the original idea of Shen and
Stephansson (1994). However, this is beyond the scope for this study.

5. Conclusion

In phase-field fracture models are decompositions (or splits) of
the strain energy density vital to avoid interpenetration of crack sur-
faces and to select physically trustworthy crack paths. The most pop-
ular decomposition strategies use either a spectral decomposition or a
hydrostatic–deviatoric decomposition. It is illustrated that these pop-
ular decompositions can have significant disadvantages; the most im-
portant is that none of them can handle mixed-mode load scenarios in
compression.

To circumvent these problems, a generalized decomposition method
is derived that unifies some features of the hydrostatic–deviatoric and
spectral decompositions enhanced with the classical Mohr–Coulomb
failure criterion. The enhanced decomposition consists solely of invari-
ants of the strain tensor and is thus independent of any rotation of the
coordinate system. Compared to the two popular decompositions, the
enhanced decomposition requires two additional material parameters,
both connected to Mohr failure criterion: a cohesive stress (strain)
parameter and an internal friction parameter.

The derived decomposition scheme has the potential to judge
whether or not a compressive deformation field will assist in the crack
driving process in brittle materials. The decomposition is scrutinized
in numerical models and biaxially loaded crack experiments in global
compression. Simulations using the decomposition scheme capture the
experiments in a remarkable way: complex crack patterns are repro-
duced as well as critical loads. The enhanced decomposition strategy
hence provides deeper mechanistic insight into fracture processes in
brittle materials subject to mixed-mode loads. Finally, the formulation
can easily be further extended by e.g. including separate fracture
toughnesses for opening and shearing modes, following Shen and
Stephansson (1994).
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