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A series of theoretical analyses led to the identification of the crystal structure of a recently 

discovered high-pressure metallic phase in silane from a pool of plausible structures. 

Properties tested involved the band gap, phonon spectrum (dynamical stability), and enthalpy 

differences, while GW calculations allowed for a reliable test of the metallic nature 

(represented here through the Fermi surface). 
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L. Koči, D. Y. Kim, J. S. de Almeida, M. Mattesini, E. Isaev, and R.
Ahuja
J. Phys.: Condens. Matter 20, 345218 (2008).

XI Ab initio study of the pressure effects on R2Mo2O7
D. Y. Kim, S. K. Kwon, and R. Ahuja
J. Phys. Chem. Solids 69, 2245 (2008).

Reprints were made with permission from the publishers.



Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2 Density Functional Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.1 Mathematical Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 The Hohenberg-Kohn Density Functional . . . . . . . . . . . . . . . . 15

2.2.1 The First Hohenberg-Kohn Theorem . . . . . . . . . . . . . . . . 15
2.2.2 Levy–Lieb Density Functional . . . . . . . . . . . . . . . . . . . . . 16
2.2.3 The Second Hohenberg-Kohn Theorem . . . . . . . . . . . . . . 16

2.3 The Kohn-Sham Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3 Approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.1 Exchange-correlation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Born-Oppenheimer Approximation . . . . . . . . . . . . . . . . . . . . . 20
3.3 Hellmann-Feynman Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.4 Finite-temperature Calculations within DFT . . . . . . . . . . . . . . . 22

4 Ab initio Lattice Dynamics Theory . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.2 Supercell Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.3 Linear Response Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.4 Superconductivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.4.1 Attractive Interaction Between Electrons in Solid . . . . . . . 31
4.4.2 McMillan Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 Comparisons with Experiments Using Supercell Approach . . . . . . . 35
5.1 α–γ phases of cerium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
5.2 High Pressure Phases of TiO2 . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.3 Molecular Solid Oxygen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6 Ab Initio Lattice Dynamics of Hydrogen-dense Materials . . . . . . . . 47
6.1 Crystal Structure of Metallic SiH4 . . . . . . . . . . . . . . . . . . . . . . 48
6.2 Dynamical stability of metallic AlH3 at ambient pressure . . . . . 52
6.3 Superconductivity in Y and YH3 . . . . . . . . . . . . . . . . . . . . . . . 55

7 GW Calculations for Metal-Insulator Transition . . . . . . . . . . . . . . . 61
7.1 Quasiparticle Calculations in Solids . . . . . . . . . . . . . . . . . . . . . 61
7.2 Metal-insulator Transition in Solid Oxygen . . . . . . . . . . . . . . . 62
7.3 Metallic Nature of Hydrogen-dense Materials . . . . . . . . . . . . . 64

8 Svensk sammanfattning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
9 Acknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73





1. Introduction

Computational physics has become a fundamental tool of materials research
not only because experimental measurements require theoretical interpreta-
tions in many cases but also because contemporary experimental techniques
cannot reach certain desired conditions (such as extreme pressure and/or tem-
perature). Furthermore, first principle calculations, unlike empirical calcula-
tions, can potentially offer an independent source of data in condensed mat-
ter. Density functional theory (DFT) has made it possible to perform simu-
lations of materials at the quantum mechanical level much more accurately
than previous approximate theories. With increasing demand for state-of-the-
art theoretical predictions, obtaining more accurate results comparable with
experiments has become very important.

High pressure is nowadays regarded as a new dimension in condensed mat-
ter physics. Due to the development of diamond anvil cell (DAC) technique
and synchrotron source, one can easily control the pressure for systems of
interest in the range of several mega bars and observe drastic changes of
physical properties of materials including phase transitions. However, these
observables are mostly indirect measurements, such as Raman and infrared
vibrational spectra, and therefore it is extremely difficult for experimentalists
to determine atomic positions of the materials under high pressure. Moreover,
hydrogen is almost invisible to neutron/X-ray scattering experiments due to
its tiny scattering length to neutrons. Therefore, it is clear that theoretical pre-
dictions should play a key role in high pressure research.
Ab initio lattice dynamics basically deals with the study of lattice vibrations

of atoms inside crystals which can predict dynamical stability of materials.
The Born-Oppenheimer energy surface and its derivatives are calculated using
Hellmann-Feynman force theorem within DFT formalism, which is a genuine
theoretical prediction since there are no adjustable parameters in the theory.
The obtained phonon dispersion relations give information for the dynamical
stability as well as Raman/infrared frequencies of the system.

In the present thesis, α-γ cerium calculations are presented and discussed as
an important example of the precision in ab initio lattice dynamics, compared
with inelastic X-ray scattering experiments. The phase transition between α-
and γ-Ce is iso-structural with a volume collapse of 14-17 %, whereas the
mechanism of such transition has been inconclusive. Our ab initio lattice dy-
namics calculations show a good agreement with experimental data, explain-
ing the observed phase transition. Calculations for cotunnite and two cubic
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phases of TiO2 are yet another example showing good agreement with exper-
iments. We have found that dynamical stability of cotunnite TiO2 can explain
the observed quenching phenomena in experiments. Our calculations show
that the high-pressure and high-temperature phase of TiO2 would be assigned
to be fluorite rather than pyrite. Additionally, our calculated vibron mode of
solid oxygen matches well with experimental data in both of ε-ζ phases of
solid oxygen, which supports the idea that the two phases are iso-structural.
For these cases mentioned above, we have focused on comparing our theo-
retical approaches with experimental findings and the outcome has made us
confident that, for a given crystal structure, ab initio lattice dynamics gives
very reliable results.

Hydrogen, as the most abundant and lightest element in the universe, is
the object of both fundamental research (metal insulator transition and super-
conductivity) and more practically oriented applied research (in the context
of hydrogen storage). Metallization in pure hydrogen has been expected for
several decades to give rise to superconductivity with a very high supercon-
ducting transition pressure, but alas, contemporary techniques fall far short
of the required enormous pressure of around 400 GPa. In this connection, it
was suggested that pre-compression via "chemical pressure" from other ele-
ments in hydrogen-rich materials may represent a feasible approach to study
phenomena related to metallization (superconductivity) of hydrogen. For ex-
ample, GeH4 was predicted to have a Tc of 64 K at 220 GPa, SnH4 could
possesses a Tc of 80 K at 120 GPa, and superconducting behavior was pre-
dicted in layered SiH4 and AlH3.

In this thesis, we examine three hydrogen-dense materials, AlH3, SiH4, and
YH3. For these materials under high pressure, it is extremely challenging and
almost impossible to determine hydrogen sites in experiments and one can-
not expect to obtain the corresponding crystal structure. Therefore, theoretical
crystal structure prediction is necessary and along with it, dynamical stabil-
ity also should be confirmed. There are several purely theoretical prediction
methods, such as generic algorithm, meta-dynamics, and random configura-
tion searching method. Here, we concentrate on ab initio lattice dynamics
point of view for theoretically predicted crystal structures.

AlH3 currently receives increasing interest from the scientific community
with a particularly attractive feature of it being a promising hydrogen storage
material due to its large gravimetric density of 10 wt %, as well as a mate-
rial to study the related phenomena with pure hydrogen solid under extreme
pressure. For hydrogen storage applications, an often-faced problem is that
the hydrogen removal energy is too high, and so too in AlH3, scientists were
looking for ways to weaken the Al–H bond. Recently, a theoretically predicted
high-pressure metallic cubic AlH3 crystal structure, which was subsequently
also observed experimentally, possesses an effectively reduced hydrogen re-
moval energy. In this thesis, we analyze dynamical stability aspects of the
metallic phase and discuss the possibility to extend the stability of the metal-
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lic phase toward ambient pressure for industrial applications as a hydrogen
storage material.

Very recently, two successive experiments on the metallization of SiH4 have
been reported. From infrared-reflectivity measurements, Chen et al. observed
a Drude-type metallization of silane at 60 GPa and the subsequent experi-
ment by Eremets et al. discovered a metallic state of silane starting at 50 GPa.
Meanwhile, earlier theoretical works have remained focused only on the pres-
sure regime far above 200 GPa. Compared with the ground state insulating
phase of silane (I41/a), a metallic phase was predicted to be favored at 260
GPa. Others researchers have shown only a dynamically meta-stable phase or
a semi-metallic one. In this thesis, we describe a systematic theoretical test
series that was designed by us to determine the metallic phase for SiH4 from a
pool of theoretically predicted structures. At the conclusion of our elimination
process, we identify the tetragonal phase as the single most likely candidate
for metallic SiH4 at the desired pressure range. Furthermore, we have also
employed the GW approximation to the self energy Σ, which confirms the
metallic property of the tetragonal phase.

YH3, mostly in thin film form, has received great attention due to its
insulator-metal transition, known as the switchable mirror phenomenon,
sensitive to the hydrogen concentration, which was discovered in an attempt
to find high-temperature superconductivity in hydrogen dense materials.
Similarly, an insulator-metal transition in cubic YH3 was observed in
high-pressure studies near 25 GPa. Earlier calculations, that predicted
fcc-YH3, had been ruled out until recent high-pressure studies became
accessible. In this thesis, we discuss its dynamical stability and make
structural stability comparison. Most importantly, we predict high-Tc
superconductivity in transition metal hydride, fcc-YH3 with a Tc of 40 K
at 17.7 GPa, which was interestingly the original focus in yttrium hydrides
researches.

This thesis is organized as follows. In Chapter 2, a brief introduction to
DFT is given. In Chapter 3, some computational methods to implement DFT
in practice are described. In Chapter 4, two distinct ab initio lattice dynamic
theories are covered: super-cell approach and linear response method. Start-
ing with the theoretical background of the super-cell approach, details of the
linear response are explained and furthermore theories about electron-phonon
coupling are presented. The latter becomes a connection to a theory of su-
perconductivity. In Chapter 5, beginning with an introduction to super-cell
approach, some examples such as Ce, TiO2 as well as solid oxygen calcu-
lations are presented mainly to compare with experimental findings. Chapter
6 is devoted to hydrogen dense materials to calculate phonon dispersion re-
lations and electron phonon couplings. Finite-temperature effects on phonon
dispersion curves are also introduced. In the case of electron-phonon coupling
calculations, pure fcc-Y and fcc-YH3 are selected and discussed in detail. A
brief introduction to GW calculations is presented in Chapter 7 with exam-
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ples, and furthermore pressure-induced metal-insulator transition aspects of
selected materials are explained.
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2. Density Functional Theory

Density functional theory (DFT) is a technique that describes the properties
of a system of interacting electrons with its ground state distribution as re-
viewed many times thoroughly [1, 2, 3, 4]. In the theoretical approach of DFT,
the change of variables between conjugate variables (external potential and
ground state density) via Legendre transforms has been a way [5, 6, 7, 8, 9, 10]
to provide an insight for DFT. In this chapter, we follow the introduction by
S. Baroni [1].

2.1 Mathematical Background
Suppose x is the state variable and v is the external parameter of function
f (x,v), which will be later assigned to be Ψ and V , respectively. It is quite
natural to assume f has a minimum with respect to x (variational principle),

∂ f (x,v)
∂x

= 0. (2.1)

If ∂ 2 f (x,v)
∂x2 �= 0 for any x, the solution of eqn. 2.1 is unique 1. We can define

F(v) has the solution of the above equation x(v),

F(v) = min
x
f (x,v) ≡ f (x(v),v). (2.2)

The fact that F(v) follows the extrema of f (x,v) not only implies that F is an
explicit function of v and an implicit function of x but also gives its physical
description of the system, which depends on the control parameter v. One
important property of F(v) can be explained by the first derivative calculation.

F
′
(v) =

∂ f (x,v)
∂x

∣∣∣∣
x=x(v)

x
′
(v)+

∂ f (x,v)
∂v

∣∣∣∣
x=x(v)

=
∂ f (x,v)

∂v

∣∣∣∣
x=x(v)

. (2.3)

The first term of eqn. 2.3 vanishes because of eqn. 2.1. The first derivative of
F(v) is dependent on its explicit variable v not x. This is the important charac-
teristic of Hellmann-Feynman theorem, which will be described extensively

1This uniqueness theorem can be generalized to the uniqueness of the Legendre transform,
which can be proved by reductio ad absurdum.
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in a later part, force exerted on ions (F ′
(v)) depends on only ionic position R

(v, control parameter) on the Bohn-Openhemier energy surface ( f (x,v)). Un-
der the condition F ′′ is concave, suppose an auxiliary function of F(v) with
another control parameter p,

g(v, p) = F(v)− vp, (2.4)

which has a maximum at F ′
(v) = p because ∂ 2g

∂v2 = F ′′
(v) < 0. This also im-

plies that g(v, p)|F ′=p possesses a unique solution, if any.
Similar to eqn. 2.2, we can also define G(p),

G(p) = max
v

(F(v)− vp)≡ F(v(p))− pv(p)) (2.5)

G
′
(p) =

∂g(v, p)
∂ p

∣∣∣∣
v=v(p)

= −v. (2.6)

G(p) is the Legendre transform of F(v) and G′
= −v means the Legendre

transform of a concave function is convex. Also, similarly,

F(v) = min
p

(G(p)+ pv). (2.7)

The two uniquenesses between two functions via Legendre transform imply
an one-to-one correspondence between two control parameters, p and v, which
is called conjugate variables. The understanding of the above relations yields
clear concepts of DFT.

Rayleigh-Ritz Variational technique states that the Schrödinger functional,

ES[Ψ] = 〈Ψ|Ĥ|Ψ〉, (2.8)

has stationary states subject to the normalization condition,
δES
δΨ

= 0,〈Ψ|Ψ〉 = 1→ ĤΨ = εΨ, (2.9)

where ε is the Lagrangian multiplier corresponding to the energy eigenvalue
of the system. When the technique leads to the Sturm-Liouville equation with
many body Hamiltonian Ĥ, we can derive the following familiar many body
Schrödinger equation;

Ĥ = K̂+Ŵ +∑
i
V (ri). (2.10)

[
−1
2 ∑
i

∂ 2

∂r2i
+

1
2 ∑
i �= j

1
|ri− r j| +∑

i
V (ri)

]
Ψ(r1,r2, · · ·rN)

= E0[V ]Ψ(r1,r2, · · ·rN),

(2.11)
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where K̂ and Ŵ are the kinetic energy of electrons and electron-electron in-
teractions, respectively2. The existence of the ground state of the above many
body Hamiltonian with external potential V indicates that its energy is a func-
tional of the external potential:

E0[V ] = min
Ψ
ES[Ψ;V ],〈Ψ|Ψ〉 = 1 (2.12)

The corresponding electron charge density operator ρ̂(r) and its expectation
value ρ(r) becomes

ρ(r) = 〈Ψ|ρ̂(r)|Ψ〉 = 〈Ψ|∑
i

δ (r− ri)|Ψ〉 (2.13)

= N
∫

|Ψ(r,r2, · · · rN)|2 dr2 · · ·drN . (2.14)

For a spinless system, the eqn. 2.8 can be rewritten as

ES[Ψ;V ] = 〈Ψ|K̂+Ŵ 〉+
∫
V (r)ρ(r)dr (2.15)

≡ FS[Ψ]+
∫
V (r)ρ(r)dr. (2.16)

The above equation shows that the Schrödinger functional depends on V (r)
coupled linearly with ρ(r). The functional derivative of ES reads:

δES
δV (r)

= ρ(r). (2.17)

Similarly,
δE0

δV (r)
=

δES
δV (r)

= ρ(r). (2.18)

2.2 The Hohenberg-Kohn Density Functional
2.2.1 The First Hohenberg-Kohn Theorem
In the previous discussion, if a function F(X) is concave (convex), the map-
ping between its independent variables, X , and its partial derivative ∂

∂XF(X)
is invertible, which is applied to DFT as the relation between V → ρ . This is
the key idea of the so-called "first Hohenberg-Kohn theorem" [11] showing

2Here, we assumed that the ionic positions are fixed; no kinetic term and external fixed potential,
which is the essence of Born-Oppenheimer approximation. This will be discussed in the next
chapter in detail.
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that ground state electron densities of a system under two different external
potentials should be different.

E0[V ] = 〈Ψ[V ]|K̂+Ŵ |Ψ[V ]〉+
∫

ρ [V ](r)V (r)dr, (2.19)

which has the corresponding functional F [ρ ] via Legendre transform,

F [ρ ] = 〈Ψ[ρ ]|K̂+Ŵ |Ψ[ρ ]〉, (2.20)

where Ψ[ρ ] is the unique ground state. F [ρ ] is an universal functional of the
density, which is called the Hohenberg-Kohn functional.

2.2.2 Levy–Lieb Density Functional
To find the minimum of the above H-K functional, let us define Levy-Lieb
(LL) density functional following as

FLL[ρ ] = min
Ψ

〈Ψ|K̂+Ŵ |Ψ〉, (2.21)

which has a constraint, 〈Ψ|ρ̂(r)|Ψ〉 = ρ(r). If we apply Lagrange multipliers
method,

δ
(
〈Ψ|K̂+Ŵ |Ψ〉+

∫
V (r) [〈Ψ|ρ̂(r)|Ψ〉−ρ(r)]dr

)
= 0, (2.22)

where V (r) is a Lagrange multiplier. The variation with respect to V (r) gives
equation 2.21. whereas variation with respect to Ψ gives(

K̂+Ŵ +
∫
V (r)ρ̂(r)dr

)
Ψ = 0, (2.23)

which is the Schrödinger equation of a system under an external potential
V (r). This represents that FLL[ρ ] is the expectation value of K̂+Ŵ with ρ as
ground state density, if eqn. 2.21 has the minimum, at which FLL[ρ ] = FHK [ρ ].

2.2.3 The Second Hohenberg-Kohn Theorem
With the knowledge that E0[V ] is the Legendre transform of the density func-
tional F [ρ ], we can write down the following:

E0[V ] = min
ρ

(
F [ρ ]+

∫
V (r)ρ(r)dr

)
(2.24)

= F[ρ [V ]]+
∫
V (r)ρ [V ](r)dr, (2.25)
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which is called the second Hohenberg-Kohn theorem. Its differential form is
written with a Lagrange multiplier, μ :

δF
δρ(r)

+V (r) = μ , (2.26)

due to the constraint on the total number of electrons:
∫

ρ(r)dr= N.

2.3 The Kohn-Sham Equation
Even though the theory of Hohenberg and Kohn is rigorous with the help of
Legendre transform, we can not solve many important properties of the energy
functional due to the poorly known form of functionals. The Kohn and Sham
(KS) equation [12] enables us to approximate the functional within physically
reasonable roughness. The key of the KS equation is to subtract a physically
well-established quantity from the original HK functional and our ignorance
remains only in the difference, so-called stupidity term [13]. The HK func-
tional is K̂+Ŵ , kinetic term of electrons and electron-electron interactions,
respectively. For a system of non-interacting electrons, the HK functional has
merely the kinetic ground state T0. Also, we can filter out classical electron-
electron contribution known as Hartree energy [14]:

EH [ρ ] =
1
2

∫ ρ(r)ρ(r′)
|r− r′ | drdr

′
. (2.27)

Thus, HK functional can be rewritten as

F [ρ ] = T0[ρ ]+EH [ρ ]+Exc[ρ ], (2.28)

where Exc is the difference between what we can calculate (T0 and EH) and
what we cannot (Exc). The practical use of the exchange correlation (XC)
functional depends on our ability to find a proper approximation. To make the
above ansatz practical, HK variational principle of eqn. 2.21 would read:

δT0
δρ(r)

+V (r)+VH(r)+ μxc(r) = μ , (2.29)

where Hartree potential VH and exchange correlation functional μxc are,

VH(r) =
∫ ρ(r′)

|r− r′ |dr
′
, (2.30)

μxc(r) =
δExc

δρ(r)
. (2.31)
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Eqn. 2.29 is formally equivalent to the HK variational principle for a system
of non-interacting electrons under an effective potential:

VKS(r) =V (r)+VH(r)+ μxc(r). (2.32)

For the non-interacting electron system, we can derive equations and calcu-
late the ground state density,

〈Ψ|Ô|Ψ〉 =
∫
O(r)ρ(r)dr, (2.33)

ρ(r) = ∑
n
|φn(r)|2, (2.34)

where n extends over the first lower N eigenstates of the one-particle
Schrödinger equation:(

−1
2

∂ 2

∂r2
+VKS(r)

)
φn(r) = εnφn(r). (2.35)

With the solution of the one-particle Schrödinger equation’s solution, the
ground state energy can be calculated using eqn. 2.25, eqn. 2.28, and
eqn. 2.34.

E0[V ] = ∑
n

εn−
∫

μxc(r)ρ(r)dr− 1
2
EH [ρ ]+Exc[ρ ]. (2.36)

In conclusion, the Kohn-Sham ansatz changes the many-body Schrödinger
equation into an effective one-particle problem. In other words, the
ground state of a system of interacting electrons is replaced with that of
non-interacting electrons, where VKS should be determined through eqn. 2.32
and eqn. 2.34, which can be solved self-consistently.
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3. Approximations

3.1 Exchange-correlation
To make any progress from the KS equation, we need an approximation for
the exchange and correlation (XC) energy. A common approximation of the
E[ρ ] functional is that the XC energy of an electron at point r to be that of
jellium (the uniform electron gas), which we can calculate very accurately
with Quantum Monte Carlo method [15]. This approximation is called local
density approximation (LDA).

Exc[ρ ] ∼
∫

ε(ρ(r))ρ(r)dr. (3.1)

Applied to the independent-electron kinetic energy functional, the above equa-
tion gives

Exc[ρ ] = TTF [ρ ] =
3h̄2

10m
(3π)

2
3

∫
ρ(r)

5
3dr. (3.2)

In the LDA, the XC energy functional reads:

ELDAxc [ρ ] =
∫

εxc(ρ(r))ρ(r)dr, (3.3)

where εxc(ρ) is the difference between energy density of jellium and Thomas-
Fermi (TF) energy density.

Because the LDA gives reasonable results for slow varying densities, a bet-
ter correction would be expected with an expansion in powers of the density
gradients with the following form,

EGGAxc [ρ ] =
∫

εGGAxc (ρ(r),∇ρ(r))ρ(r)dr. (3.4)

while the LDA depends only on one variable (ρ), the generalized gradient
approximation (GGA) requires knowledge of two variables (ρ and ∇ρ) and
in principle, one can continue this expansion. In practice, EGGAxc [ρ ] is usually
split into its exchange and correlation parts

EGGAxc [ρ ] = EGGAx [ρ ]+EGGAc [ρ ] (3.5)

Depending on how to formulate the expansion of the gradient in the density
compared with the LDA exchange functional, typically we employ two rep-
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resentative XC functionals; PW91 [16] and PBE [17]. the former is the first
reasonable GGA with one empirical parameter that can be reliably used over
a very wide range of materials. The PBE is based on PW91 but is free of semi-
empirical parameters, which is commonly used in ab initio lattice dynamics
in this thesis.

3.2 Born-Oppenheimer Approximation
One basic and fundamental assumption to solve the many-body problem in
condensed matter physics is the adiabatic approximation, which is called the
Born–Oppenheimer (BO) approximation [18]. The main idea of the approxi-
mation is that one can decouple electronic motions and nuclear motions of a
system due to their big difference in mass. There is no heat transfer and change
of entropy so that a state n remains the same during the evolution of time even
though the corresponding eigenstates might move. According to the BO ap-
proximation, in a solid there is a many-body wave-function Ψ governing the
motions of atoms. At any instantaneous time, electrons at r see fixed nuclei at
their position R, and we can assume the separation of variables [19, 20, 21]
Ψ = Σn fn(R)ψn(r,R).

The general Hamiltonian H of a system :

H = (Tel+Vel +Vion+Vint)+Tion = Hel+Tion (3.6)

where one can write Hamiltonian equations as follows :

HΨ(r,R) = EΨ(r,R) (3.7)
Helψn = Enψn (3.8)

With the help of the separation of variables, eqn. 3.8 can be rewritten as

HΨ(r,R) = ∑
n
H fn(R)ψn(r,R) (3.9)

The fn in the above equation is solely determined by motions of ions, which
can be interpreted as harmonic vibrational motion. Using the above equation
and orthonormality condition, one can obtain the following relations,

(Tion+En) fn+∑
m
Cnm fm = E fn (3.10)
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where

Cnm = Anm+Bnm (3.11)

Anm = −∑
i

h̄2

Mi

∫
d3r(ψ∗

n(r,R)
∂

∂Ri
ψm(r,R))

∂
∂Ri

, (3.12)

Bnm = −∑
i

h̄2

2Mi

∫
d3r(ψ∗

n (r,R)
∂ 2

∂R2
i

ψm(r,R)), (3.13)

In the absence of an external magnetic field, ψ can be chosen to be real.
Then, Anm vanishes and Cnm = Bnm. Also, eqn. 3.10 tells that Cnm is respon-
sible for the mixing between two ionic states and the states are linked with
electronic states via Bnm. Not allowing the accompanying nature of electronic
states and ionic motion is possible with the condition : Cnm = Bnm = 0 when
n �=m. With this restriction, each vibrational motion is determined by only the
corresponding electronic state. In this case, eqn. 3.10 becomes

(Tion+En+Cnn) fnv = Env fnv (3.14)

As mentioned above, one criterion of the validity of the BO approximation
is the ratio of mass between electrons and nuclei. It is common to label the
parameter of the ratio to be κ . Consider a small displacement ui from equilib-
rium position of ions. We write Ri =Roi +κui. A possible formula of the κ is
(m/M)γ . In case of harmonic Hamiltonian, a quadratic term of ui expansion
should match with the kinetic terms of ions, which gives γ to be 1/4. Since
Cmn is correct within the order ofO(κ3), the corresponding correction is of the
order of κ6. In general, κ does not exceed 0.1 and adiabatic approximation is
adequate for free-electron-like system.

3.3 Hellmann-Feynman Theorem
It is stated that the force on a nuclei is expressed in terms of electrostatic
property, charge density, independent of the electron kinetic, exchange and
correlation energy. The first derivative of the eigenvalues of a Hamiltonian
Hλ , dependent of a parameter λ , is the expectation value of the derivative of
the Hamiltonian [22, 23]:

∂E
∂λ

= (〈∂Ψλ
∂λ

|Hλ |Ψ〉+ 〈Ψλ |Hλ |
∂Ψλ
∂λ

〉)+ 〈Ψλ |
∂Hλ
∂λ

|Ψλ 〉

= 〈Ψλ |
∂Hλ
∂λ

|Ψλ 〉
(3.15)

where the first two terms in the parenthesis vanish due to the stationary prop-
erty of the ground state. Whenwe apply this theorem into the BOHamiltonian,
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one can find the force theorem of its BO-energy surface.

F= −∂E(R)
∂R

= 〈Ψ|∂HBO
∂R

|Ψ〉 = −
∫
nR(r)

∂VeI(r)
∂R

dr− ∂EII
∂R

(3.16)

where Vel and EII represents electrons-nuclei interaction and nuclei-nuclei
interactions, respectively and nR is the ground state electron charge density
according to nuclei position R. This relation shows the electrostatic charac-
teristic of the Hellmann [24]-Feynman [25] force theorem. The force in the
eqn. 3.16 depends on the unperturbed electron charge density n by electrons
and nuclei interactions.

Since, we are interested in the second derivative of the BO energy surface,
which corresponds to the Hessian matrix, to obtain the force-constants, the
relations can be obtained from the first derivative.

∂ 2E(R)
∂RiR j

≡− ∂Fi
∂R j

=
∫ ∂nR(r)

∂R j
∂VeI(r)

∂Ri
dr+

∫
nR(r)

∂ 2VeI(r)
∂Ri∂R j

+
∂ 2EII(R)
∂R j∂R j

(3.17)
The second derivative of the BO energy surface requires knowledge of the
knowledge of the electron charge density n and its linear response with re-
spect to a distortion of the nuclear geometry. This relation is directly applied
to the following Hessian matrix, which is normally called inter-atomic force
constant,

det

∣∣∣∣∣ 1√
MiMj

∂ 2E(R)
∂Ri∂R j

−ω2

∣∣∣∣∣= 0. (3.18)

3.4 Finite-temperature Calculations within DFT
Density Functional Theory (DFT) is primarily a theory applicable to ground
states of interacting electrons in given external potentials, and it describes
systems in their equilibrium (i.e. minimum energy). With the help of the BO
approximation as we discussed above, in practice, we can ignore kinetic terms
of ionic motions, which much reduces our work to describe other parts of the
total Hamiltonian. However, due to the same reason, it seems that any temper-
ature effect cannot be described inherently. Finite temperature effect in DFT
is generally considered in the form of a smearing technique to accelerate the
convergence of the desired properties with fewer k-points. In this case, sev-
eral broadening schemes are commonly employed such as Gaussian smearing
[26, 27], cold smearing [28], and Methfessel-Paxton smearing [29].

Physically motivated finite-temperature formalism has been applied to sev-
eral studies: Green’s function calculations [30] with Fermi-Dirac (FD) dis-
tribution, a re-smearing scheme [31], and a linear tetrahedron method [32].
FD distribution in electronic temperature gives a change in electronic density
distribution and eventually affects ionic motions indirectly through Hellmann-
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Feynman force theorem (see eqn. 3.17). If it were not for the BO approxima-
tion, electronic temperature could mean an equivalent physical temperature of
ions and observed temperature of a system. However, due to the lack of ionic
kinetic term in DFT, a corresponding physically real temperature should be
downscaled relative to the electronic temperature.
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4. Ab initio Lattice Dynamics Theory

4.1 Introduction
The calculation of phonon frequency of the crystalline lattice is one of funda-
mental properties in the research area of phase transition and thermodynam-
ics [33, 34]. The phonon properties of crystals can be calculated mainly via
two methods, one is supercell–approach and the other is linear–response ap-
proach based on density functional perturbation theory [35]. The concept of
supercell–approach is based on the idea that the dynamic matrix of phonon
can be obtained directly using Hellmann-Feynman force calculated with stan-
dard DFT codes. One freezes a finite amplitude perturbation into the system
and compares the perturbed system with unperturbed one. This method works
nicely for originally big supercell examples such as surface, multilayer, and
point defects systems owing to its inherent nature of supercell approach.

The drawback of the supercell approach is already hinted from its name. As
the supercell size is increased, one can get more accurate results, which re-
quires more computing power. Considering the normal supercell size is 2x2x2
of its conventional unit cell, there are typically several hundreds of atoms in a
supercell. Because one needs to calculate ground state energy of a small dis-
placed position from the equilibrium position, the total calculation load could
be very expensive. Longitudinal and transverse optical modes splitting can be
obtained with additional input of effective charge but one cannot go beyond
one-phonon calculations up to now. We have have used PHONON 4.28 code
developed by Parlinski [36] to calculate phonons in supercell. The big merit
of this code is that it can import Hellmann-Feynmann force from any stan-
dard DFT code. In the sense, it can easily access standard PAW or LAPW
code. Also, it is worth to note that there is another well-known code, which is
called PHON [37] developed by Alfé. The PHONON and PHON code have the
same approach but one big technical difference is PHONON uses the crystal-
lographic unit cell to make supercell but Phon starts from the primitive one.

Phonon calculations based on density functional perturbation theory
(DFPT) is rigorously reviewed by Baroni [35] and implemented in
ABINIT [38] and QUANTUM-ESPRESSO [35]. This approach calculates the
dynamical matrix at an arbitrary phonon momentum q expressed in terms
of the inverse dielectric matrix based on the valence electron density of the
crystalline lattice [39]. For a polar material (such as ZrO2), an additional
non-analytic term appears at k = 0 due to a macroscopic electric field
[40]. This effect should be considered to calculate accurate phonon at Γ
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point especially. With supercell approach, we need to correct it with Born
effective charge tensor (usually complementary calculations are needed)
while response functional approach can handle them in one integrated
calculation. However, the linear response approach needs as many as possible
perturbations, which can be parallelized perfectly. For example, for AlH3
case, we used 8×8×8 q-points mesh, which requires 36 perturbations
considering time reversal cubic symmetry.

4.2 Supercell Approach
A displacement of an atom κ located at a supercell l (l κ)t is described as a

vector u(l k)t induces a force field F

(
m l
μ κ

)
. With proper set of linearly

independent displacements [41], we can construct and transform to orthogonal
basis with the following relations

EBO = E0 +
1
2 ∑
mlμκαβ

Φαβ

(
m l
μ κ

)
uα

(
l
κ

)
uβ

(
m
μ

)
(4.1)

Force constant matrix and the corresponding dynamical matrix are defined as

Φαβ

(
m l
μ κ

)
=

∂ 2EBO
∂uα ∂uβ

. (4.2)

ũα

(
l
κ

)
= ∑

i
Aα iui

(
l
κ

)
, (4.3)

F̃α

(
m l,
μ κ

)
= ∑

i
Aα iFi

(
m l
μ κ

)
, (4.4)

where ũα · ũβ = 0 when α �= β .
To generate a full set of the above unitary vectors, it is common to dis-

place all non-equivalent atoms with crystal symmetry. Then, the correspond-
ing force constant Φ within harmonic approximation can be written as,

Φαβ

(
m l
μ κ

)
∼= F̃α
ũα

. (4.5)
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Also the dynamical matrix is

Dαβ

(
k

μ κ

)
=

1√
MμMκ

∑
l

Φαβ

(
m l
μ κ

)
exp

[
ik ·R

(
m
μ

)
−R

(
l
κ

)]
(4.6)

The summation l runs over all atoms of the whole crystal.
The following equation tells the eigenvalues (phonon frequencies) and

eigenvector (polarization) relation of the dynamical matrix by diagonalizing
it.

ω2(k,e(k, j) = D(k)e(k, j) (4.7)

Consider a supercell L, a net force on (m, μ) can be written in,

Fα

(
m
μ

)
= −∑

L
Φαβ

(
m l+L
μ κ

)
ũβ

(
l
κ

)
(4.8)

= −Φ̂αβ

(
m l
μ κ

)
ũβ

(
l
κ

)
. (4.9)

Placing the atom (m, μ) at the center of supercell L, the extended supercell
force constant is written,

ΦSCαβ

(
m l
μ κ

)
= cl · Φ̂αβ

(
m l
μ κ

)
, (4.10)

where cl is a weight factor, considering the number of equivalent atoms on the
surfaces of the extended supercell.

For the extended supercell force constant, we also have the corresponding
dynamical matrix

DSCαβ

(
k

μ κ

)
=

1√
MμMκ

∑
l∈SC

ΦSCαβ

(
m l
μ κ

)
exp

[
ik ·R

(
m
μ

)
−R

(
l
κ

)]
(4.11)

This supercell dynamical matrix becomes equivalent with the general form of
the matrix when the interaction range is within the size of supercell (see fig.
4.1). For this, we need a sufficiently large size of the cell. The second case
is that for special k points, the phase factor at the dynamical matrix become
unity when exp(ik ·L) = 1. When the wave vector corresponds to reciprocal
space of supercell L, the phonon dispersion curve becomes exact, which is the
same reason for the exactness of frozen phonon calculation.

Quantum mechanical harmonic vibration at T=0 gives rise to the zero point
energy (ZPE):

EZPE =
1
2 ∑
i
h̄ωi =

1
2
r
∫ ∞

0
dωgi,μ(ω)h̄ω , (4.12)
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Figure 4.1: An example of well converged force constant within the size of supercell.
It shows a plot of force constants of the dynamical matrix against atomic distance for
ε-phase of solid oxygen, in which force constants are converged already around 3 Å,
which is almost half of the size of supercell (6.8 Å).

where gi,μ is the phonon density of states in the i-th Cartesian component
for μ-th particle and r is the number of degrees of freedom in the unit cell.
As shown in the above equation, there are two alternatives to calculate ZPE:
summation of vibrations at the Γ point and integration of phonon density of
states. The former should be calculated with a sufficiently large supercell to
approach the ZPE of the latter. One can approximate it with the summation
of Γ point vibration modes of bigger supercell because 1st BZ folding gives
better approximation of ZPE. This holds for non/weakly-dispersive materials.
However, for free-electron like material, which exhibits large phonon disper-
sion relation, special care for choosing size of supercell should be taken. For
a study on hydrogen related materials, the ZPE effect due to the small mass
of the hydrogen nuclei is important to consider when evaluating the relative
stability from a comparison of free energies.

When a light beam passes through a material, a part of it will be scat-
tered elastically without change in frequency. This elastic scattering is pro-
portionally increasing with polarisability of the material originated from the
dipole oscillations induced by the electro-magnetic wave [42]. This is called
Rayleigh scattering.

M= αE (4.13)
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whereM is the induced moment, α is the polarisability, and E is the incident
electric field. The α tends to fluctuate with lattice vibrations as follows :

α(t) = α0 +α
′
(exp(iω

′
t)exp(−iω ′

t))Q (4.14)

where α0 is the static polarisability, α ′ is a constant, and Q is the amplitude of
vibrations. Due to the time dependent fluctuation of polarisability, the induced
moment varies accordingly:

M(t) = E exp(iωt)α(t) (4.15)

= Eα0 exp(iωt)+Eα
′ (

exp(i(ω +ω
′
)t)+ exp(i(ω −ω

′
)t)
)
(4.16)

The first term is the elastic Rayleigh scattering and the other two terms repre-
sent a positive and a negative shift of frequency from the original vibrational
mode ω , which are two Raman modes corresponding to creation and absorp-
tion of a phonon ω . In the calculations, some of phonon modes at the Γ point
correspond to these Raman modes (Raman active). A group theoretical anal-
ysis is necessary to find out that each vibration is symmetric with respect to
origin (inversion symmetry).

4.3 Linear Response Approach
As long as phonon energy can be approximated and calculated within har-
monic approximation, its calculations are based on only second derivatives
of the BO energy that can be derived using second-order perturbation theory
[23, 35, 43].

For unperturbed external potential v(0)ext and energy E (0), they can be ex-
panded to the power of perturbation strength χ ,

vext(χ) = v(0)ext + χv(1)ext + χ2v(2)ext + . . . (4.17)

E(χ) = E(0) + χE(1) + χ2E(2) + . . . (4.18)

where E (2) is related to Raman, infrared, linear optics, and elastic constants.
The "2n+1 theorem" states that one can determine the energy to order 2n+1
with all the knowledge of the n-th order of the wavefunction from the un-
perturbed wavefunction (0-th) [44, 45]. Therefore, once we know Ψ(1), then
basically we can derive the second (in principle 3rd) order perturbative energy
that corresponds to interatomic force constant. We can deduce Ψ(1) from the
self-consistent Sternheimer equation [46],

P̂c(H0− ε0
i )P̂c|Ψ(1)

i >= −P̂cH(1)|Ψ(0)
i > (4.19)
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where, P̂c is the projector upon the unoccupied states following the identity,
P̂c = 1− ˆPocc = 1−∑Ni=1 |Ψi〉〈Ψi|.

In an independent-particle approximation, the change in the individual
independent-particle wavefunction, Ψ(1)

i , can be also written in terms of a
sum over the spectrum of the unperturbed Hamiltonian,

Ψ(1)
i (r) = ∑

n �=i
Ψn(n)

〈Ψ0
n|ΔVSCF |Ψ0

i 〉
εi− ε j

, (4.20)

where ΔVSCF is the first order correction to the self-consistent potential.
A perturbed total energy of a periodic crystal can be expanded as

EBO({Δτ}) = E0
BO+ ∑

aκα
∑
bκ ′β

1
2

⎛⎝ ∂ 2EBO
∂τaκα ∂τb

κ ′β

⎞⎠ΔτaκαΔbκ ′β + . . . , (4.21)

where Δτaκα is the displacement along direction α of the atom κ in the cell
labeled a from its equilibrium position τκ . The matrix of the interatomic force
constants (IFC) are defined as

Cκα ,κ ′β (a,b) =

⎛⎝ ∂ 2EBO
∂τaκα ∂τb

κ ′β

⎞⎠ . (4.22)

The second derivatives of the BO energy in Eqn. 4.22 are calculated from
the above "2n+1" theorem. The IFCCκα ,κ ′β (a,b) is transformed into k-space,
which is C̃κα ,κ ′β (q). For arbitrary q at which linear response approach can
calculate phonon frequencies, a relation of dynamical matrix D̃(q) and the C̃
is following,

D̃κα ,κ ′β (q) = C̃κα ,κ ′β
(
q)/(MκMκ ′

)1/2
, (4.23)

whereMκ andMκ ′ are the atomic masses, while supercell phonon calculations
rely on the size of supercell and interpolations between two calculated q points
at high symmetric positions; i.e., it is impossible for supercell lattice dynamics
to handle incommensurate perturbations.

4.4 Superconductivity
At sufficiently low temperature, many metals tend to undergo a phase tran-
sition to a zero-resistivity state, so called superconductivity, which was first
observed by Kamerlingh Onnes [47] in 1911. Unlike electrons in the vacuum,
electrons in solid can possess attractive interactions between them and form a
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bound state. One of the early attempts to explain this electron-electron attrac-
tive interactions was done by Fröhlich [48], who suggested electron-phonon
couplings as a mechanism of the attractive interaction using a second order
perturbation expansion of Hamiltonian . An electron in a solid attracts ions
and this positively charged cloud attracts other electrons nearby and effec-
tively results in a bound state between electrons if the cloud (electron-phonon
interaction) is strong enough. Fröhlich suggested that the self-energy of an
electron is affected by a result of the virtual emission and re-absorption of
phonons. This idea is strongly supported by experimental discoveries such as
the isotope effect, that is, the variation of the superconducting transition tem-
perature Tc with isotope mass, (Tc ∼M−1/2) in case of Hg [49] and Sn [50].

4.4.1 Attractive Interaction Between Electrons in Solid
Fröhlich’s theory gives a clear and simple way to understanding a bound
state between electrons in solid within perturbative method. In this theory,
the Hamiltonian consists of three main terms: electron, phonon, and electron-
phonon interaction terms [20]

HF = He+Hph+Hep, (4.24)

where

He = ∑
kσ

ε(k)c†kσckσ , (4.25)

Hph = ∑
qη
h̄ω(q,η)

[
b†qηbqη +

1
2

]
, (4.26)

Hep = ∑
kσ

∑
q,Gη

g(q+G;η)c†k+q+G,σ ckσ

[
bqη +b†−qη

]
. (4.27)

The electronic states are summed over wave-vector k and spin σ and
phonon contributions are summed over phonon wave vector q as well as its
polarization indices η , while all electron-phonon couplings are merged into
g(q+G;η).

The above Hamiltonian HF (Eqn. 4.24) can be regarded as a combination
of an original non-interacting Hamiltonian H0 (He+Hph) plus a perturbative
term αH1 (Hep),

HF = He+Hph+Hep =H0 +αH1 (4.28)

As long as the perturbation is valid, we can apply a canonical transforma-
tion to the HF ,

e−SHFeS = H̃F . (4.29)
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Under the transformation, the Hamiltonian for the electronic part, H̃e is
changed into

H̃e = ∑
kσ

ε(k)c†kσckσ +
1
2 ∑
kk′qGσσ ′

Vepc†k+q+Gσ c
†
k′−q−Gσ ′ck′σ ′ ckσ , (4.30)

where
Vep = ∑

η

h̄ω(q,η)|g(q+G;η)|2
[ε(k)− ε(k+q+G)]2− [h̄ω(q,η)]2

. (4.31)

The Vep shows the condition of attractive interaction between electrons,
|ε(k)− ε(k+q)| < h̄ω(q,η) meaning that behavior of electronic band dis-
persions near the Fermi level is an important characteristic of a superconduc-
tor.

The expression of Fermi-surface shifting Mep due to electron-phonon cou-
pling has been calculated based on ordinary second order perturbation theory
in many references [20, 48, 51, 52, 53] and its limitation to describe electron-
phonon interaction has been discussed. The Mep is diverging when the elec-
tronic excitation reaches to a typical phonon energy and implies a phase insta-
bility, which means a superconducting state cannot be obtained with ordinary
perturbation theory.

Mep(E(p)) ∝ ln
∣∣∣∣E(p)−EF− h̄ωE
E(p)−EF+ h̄ωE

∣∣∣∣ , (4.32)

where E(p) is an eigenstate that does not depend on the occupation of other
electron states, EF is Fermi energy, ωE is phonon frequency in Einstein model.

The electron-phonon interaction was carefully treated by Migdal [54] for
normal states and it was immediately extended to the superconducting state by
Eliashberg [55]. With the help of Green’s functions, they established many-
body theory for electron-phonon interactions for an arbitrary strength of cou-
plings. In brief, Eliashberg renormalized the Mep fromMigdal’s theorem. The
detailed derivation of the Eliashberg equations can be found in Refs. [20, 55].

4.4.2 McMillan Formula
McMillan [56] originally observed that ln(Θ/Tc) has a linear relation with
(1+λ)/λ in experimental data where λ is electron-phonon coupling constant
and Θ is the Debye temperature. Therefore, the superconducting transition
temperature Tc can be decided with one additional parameter μ ∗,

Tc =
Θ

1.45
exp
[
− 1.04(1+λ)

λ −μ∗(1+0.62λ)

]
, (4.33)
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with μ∗ is usually referred to the effective Coulomb interaction. Even though,
in practice, μ∗ is used to fit the formula with experiment and therefore may
be regarded as an empirical parameter, basically it contains corrections for
repulsive Coulomb interaction in the solid [20, 57],

μ∗ =
μ

1+ μ ln(ωph/ωc)
, (4.34)

where ωc corresponds to a plasma frequency and ω ph represents some upper
phonon frequency or effectively a cutoff frequency of spectral function α 2F .
Coulomb interaction μ =N(EF)Vc means electron interactions near the Fermi
level in solid with averaged Coulomb interaction Vc via Thomas-Fermi ap-
proximation [58]. The ωc/ωph is a ratio of propagation times when a time lag
occurs in the electron pairing and eventually reduces the effective Coulomb
repulsion. In this sense, μ ∗ is an effective Coulomb repulsion reduced from
the instantaneous repulsion μ .

It is worth to note that McMillan used μ∗ = 0.13 for all transition metals
and μ∗ = 0.10 for all simple metals [56]. Allen and Dynes assumed μ ∗ = 0.10
for all metals [59] and Ashcroft took μ ∗ = 0.13 for hydrogen-dense materials
[60].

For transition metals, the different assumptions of μ ∗ between McMillan
and Allen are due to a different interpretation of the ratio ωc/ωph. McMillan
[56] and Garland [61] suggested that the ratio was smaller in transition metals
as well as N(EF)Vc was larger, which gave an enhancement of μ ∗, while Allen
and Dynes [59] assumed that, based on optical measurements in Nb and Mo
[62], increment of μ = N(EF)Vc is compensated by a possible multiplying in
ωc and therefore the net effect could give a smaller μ ∗.

While the original McMillan formula is correct when λ < 1.4, Allen and
Dynes improved it in the case of λ greater than unity [59].

Tc =
ωlog
1.2

f1 f2 exp
(
− 1.04(1+λ)

λ −μ∗(1+0.62λ)

)
, (4.35)

where f1 and f2 are defined as

f1 =

[
1+
[

λ
2.46(1+3.8μ∗)

]3/2]1/3
, (4.36)

f2 = 1+
(ω2/ωlog−1)λ 2

λ 2 +[1.82(1+6.3μ∗)(ω2/ωlog)]2
, (4.37)

with the second momentum ω2 describing the shape of spectral function. This
improved McMillan formula is known to be valid for λ < 3.0. The f1 and
f2 corrections are negligible in case of λ ∼ 1 and can be approximated to be
f1 f2 ∼ 1, which is used in this thesis to calculate Y and YH3.
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Eliashberg spectral function α 2F(ω), which is normalized toVk=
∫
d2k/vk

is

α2F(ω) =
1
Vk

V
h̄(2π)3 ∑

η

∫
kF

d2k′

vk′

∣∣∣g(k,k′ ;η)
∣∣∣2 δ (h̄ω − h̄ω(q,η)), (4.38)

where g(k,k′ ;η) is the electron-phonon coupling function between k and k′

at a polarization η . This spectral function α2F(ω) gives the electron-phonon
coupling between an initial state kF and all other states on kF which have
an energy difference from the initial state by h̄ω . In terms of the normalized
weighting function h(ω) that arises in Eliashberg theory, is defined as,

h(ω) ≡ 2
λω

α2F(ω). (4.39)

The parameter λ is a dimensionless measure of the strength of α 2F :

λ ≡ 2
∫ ∞

0
dωα2F(ω)/ω . (4.40)

The coupling-weighted phonon moments ωn and the logarithmic average fre-
quency ωlog are defined as

ωn ≡
(∫ ∞

0
h(ω)ωn

)1/n
, (4.41)

ωlog ≡ lim
n→0

ωn = exp
(∫ ∞

0
dωh(ω) lnω

)
. (4.42)
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5. Comparisons with Experiments
Using Supercell Approach

In the following sections, we discuss the application of the super-cell approach
on several examples such as Ce, TiO2, and solid oxygen. Phonon dispersion
calculations for two fcc-cerium phases are presented here and are compared
with inelastic X-ray scattering experiments. For TiO2, we used the super-
cell approach to calculate phonon and Raman data. Rutile phase of TiO2 is
a well-known phase at ambient condition. The comparison of phonon density
of states of the rutile phase with neutron scattering data gives a check on the
reliability for this approach (Paper IX). We have studied three high-pressure
phases to check their dynamical stability. Lastly, we show our work on metal-
insulator transition in high-pressure solid oxygen. The relation between elec-
tronic structure and the crystallographic atomic arrangement is one of the fun-
damental questions in physics, geophysics and chemistry, since the discovery
of the atomic nature of matter and its periodic structure have remained as one
of the main questions regarding the very foundation of solid systems. Here,
we focused on the change of vibrational properties with pressure, which gives
a clear understanding for the interpretation of previous experimental findings.

5.1 α–γ phases of cerium
Cerium is the most abundant of the rare earth metals and has attracted ex-
traordinary scientific interest due to an iso-structural phase transition between
two face-centered cubic (fcc) phases, the α-phase and the γ-phase. The γ-Ce
possesses fcc crystal structure at just above room temperature under ambient
pressure. Lowering temperature, the γ-phase transforms into β -phase (double
hexagonal close-pack) and subsequently changes into another fcc phase, so
called α-Ce, while another metallic phase (α ′) exists at much higher pres-
sures. Beyond 0.7 GPa, the γ-phase directly turns into its iso-structural phase,
the α-phase, with the volume collapse of 14-17 %, and the mechanism of
which is still debated.

Figure 5.1 shows calculated phonon dispersion relations (solid lines) with
inelastic X-ray data (blue triangles). As shown in Figure 5.1 (a), the phonon
dispersion curve with trivalent potential that has one localized f electron
matches qualitatively with experiments and specifically shows the softening of
the lowest transverse acoustic (TA) mode along ΓL direction. The soft trans-
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Figure 5.1: Phonon dispersion relation of γ phase of Ce at the pressure of 4kbar and
6 kbar, respectively.

verse mode at L suggests that each atomic plane could easily slide relative to
its immediate neighboring atomic planes to form new stacking arrangements,
especially the β -Ce, which is the hexagonal phase. A similar soft-mode be-
havior has been observed in α-Pu [63] and La [64] as well as the γ-Ce [65, 66].
Although there is good qualitative agreement between theory and experiment,
the calculation with one localized f electron potential gives overestimated
phonon strength. The tetravalent potential cannot describe the softening be-
havior along ΓL nor the kink along the XΓ direction. Therefore, the trivalent
electron model gives a better account of the physical properties of the γ-Ce
than the tetravalent one.

Figure 5.1 (b) exhibits another phonon dispersions relation of the γ-Ce at
0.6 GPa, which is a closer pressure to the α-γ transition (∼0.8 GPa). Gener-
ally, the whole behavior is equivalent with that of figure 5.1 (a). It is worth to
note that the TA branch along XΓ shows a kink, suggesting a Kohn anomaly
similar to that observed in Th [67] α-Pu [63], which is further enhanced with

36



increasing pressure (see figure 5.1). By analogy with all other phonon anoma-
lies observed in metals and α-Pu, it is likely that this observed kink is orig-
inated from electronic effects because this anomaly cannot be observed with
tetravalent potential calculations in figure 5.1 (a).
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Figure 5.2: Phonon dispersion relations of α phase of Ce at the pressure of 8 kbar and
25 kbar, respectively.

Phonon dispersion calculations with tetravalent potential for the α-Ce fol-
low experimental data very well (figure 5.2), the most remarkable result being
obtained along the ΓX direction, where the complexity of the spectrum is
clearly reproduced. The agreement near X point exhibits softening TA mode
in both experiment and theory, which become enhanced with increasing pres-
sure. However, along the XΓ direction, the TA mode exhibits a difference; our
calculations predict a small hill near X point while the experiment found a
monotonic behavior. Additionally, there is no kink along the XΓ direction for
the α-Ce. A tendency for the softening TA near L shows a big discrepancy be-
tween theory and experiment even though our calculations also exhibit small
softening. It is worth to note that the softening near L point did not appear
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for the γ-Ce with tetravalent potential, which implies the α-Ce may transform
into another phase under higher pressure than 2.5 GPa.

We have tested GGA+U technique to the α-Ce at 2.5 GPa to see the influ-
ence by the on-site Coulomb repulsion U between f electrons (figure 5.2 b).
Generally, phonons become harder as increasingU and they shift up to higher
frequency, resulting in disagreement with experiments. We use U − J =4, 6,
8, and 10 eV, respectively and found that higher U − J gives higher phonon
frequency. By comparing the experimental data with our density functional
theory (DFT) calculations using the GGA+U method, we can figure out that
the inclusion of Coulomb interactionU cannot essentially describe the lattice
dynamics of the α-Ce.

5.2 High Pressure Phases of TiO2
The search for a new hard material to replace diamond continues to attract
a broad range of researchers, from the field of technology to basic sciences.
During the last decade a lot of efforts have been made to find new hard materi-
als and the most advanced experimental and theoretical techniques have been
applied. For example, our recent ab initio theory and high pressure measure-
ments have provided the discovery of the hardest known oxide, cotunnite type
TiO2 [68].

The energy flow from the sun is an enormous resource, available almost
everywhere. With growing concern about climate change and fossil fuel avail-
ability, the direct conversion of solar irradiation into electricity appears, more
than ever, an ideal alternative to conventional energy sources. The ideal mate-
rial for high-efficiency photo-electrodes must satisfy several specific require-
ments in terms of semiconducting and electrochemical properties. The most
abundant forms of TiO2 (rutile and anatase) are largely used as anti-reflection
coatings for solar cells and more in general in the development of photo-
electrodes for photochemical energy-conversion processes. Nonetheless, an
important drawback for its application as photo-electrode is related to its lim-
ited ability for light absorption due to a relative large band gap and low ef-
ficiency. It has also shown that one can stabilize a new cubic phase of TiO2
down to 9 GPa at ambient pressures [69]. This phase has an absorption three
or four order of magnitude larger than for the conventional state of the art solar
cell with anatase TiO2. Thus we have introduced a well established material
with a new structure for future generation solar cells [69, 70].

Recent X-ray diffraction experiments at a high pressure of 48 GPa success-
fully stabilized a cubic phase of TiO2 even though it is not possible to assign
the cubic phase to be a fluorite or pyrite [70]. Thus, a first principle calculation
is necessary to make it clear which is a promising phase. In Fig. 5.3, we show
the crystal structure of two cubic phases and one cotunnite phase of TiO2. The
fluorite type cubic phase (a) belongs to the space group Fm3m in which Ti
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at origin, which is surrounded by eight O ±(1/4,1/4,1/4) ions. The pyrite
phase (space group Pa3̄ has a distorted oxygen position of O ions at (x,x,x)
compared with fluorite phase. The cotunnite (space group Pnma) TiO2 in (c)
is an orthorhombic structure with three non-equivalent atomic positions of Ti,
O (1), and O (2) at the symmetry site of ±(x,1/4,z).

Figure 5.3: Unit cell views of crystal structure of three phases of TiO2. Two Cubic
phases, (a) fluorite (b) pyrite, and (c) cotunnite phase.

For the two cubic phases, phonon density of states (PDOS) gives a clear
answer for the question of which phase is dynamically stable one. In fig 5.4,
the upper panel shows the change of PDOS of pyrite phase. The imaginary
PDOS is enhanced with pressure, which clearly shows the instability of the
pyrite phase at this pressure regime. On contrary, PDOS of fluorite in the lower
panel becomes stabilized with pressure. At low pressure, the imaginary peaks
are due to mostly Ti vibrations, which move toward to real and stabilized
frequency regime. The fluorite phase is stabilized dynamically around 55 GPa.
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Figure 5.4: Phonon DOS of two cubic phases, (a) pyrite and (b) fluorite, TiO2 with
pressure. The vertical dashed line shows the boundary between real and imaginary
frequency regimes.

As one of high pressure phase of TiO2, the cotunnite phase was found in
both theoretical and experimental high pressure investigations. This phase is
well known as the hardest oxide phase [68]. In the experimental finding, au-
thors succeeded to stabilize the cotunnite phase at 60 GPa and quenched it to
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ambient pressure, which implies the cotunnite phase can exist at ambient pres-
sure even though it has higher free energy than ambient phase. In the sense,
it will be very interesting to check the dynamical stability of cotunnite phase
with pressure. The results are exhibited in Fig. 5.5
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Figure 5.5: Phonon DOS of cotunnite phase of TiO2 with pressure.

At pressures above 8 GPa, the phase appears stable in the whole frequency
range. The dynamical stability is tested up to 139 GPa as one can see Fig.
5.6. Below 6 GPa, a polarized x-directional mode of oxygen leads to a struc-
tural instability. Experimental results found that the cotunnite TiO2 can be
preserved in rapid decompression from 60 GPa to ambient pressure [68]. At
higher pressures, the PDOS at lower frequencies shifts to higher frequency
regions, which indicates the dynamical stability of the cotunnite phase. This
suggests that even though the static total energy calculation of the cotunnite
phase has a higher total energy than rutile or anatase at ambient pressure [71]
1, the dynamical stability of cotunnite shows that it can be quenched down to
a relatively low pressure (8 GPa).

A group analysis of cotunnite TiO2 gives Raman data in Fig. 5.6, which
possesses 16 Raman-active modes, Γvib = 5Ag+3B1g+5B2g+3B3g. Contrary
to other three Bg modes constantly increasing with pressure, Ag modes tend to
be softened around 160 GPa.2

Our study demonstrates that the fluorite phase is stable one not the pyrite
phase under high pressure. Therefore, based on our ab initio phonon calcula-
tions, the fluorite phase can be assigned to be the cubic phase. The PDOS of

1Our calculations also predict that the cotunnite phase has higher total energy than rutile or
anatase by 1.5 eV, which is not shown.
2Usually, strong softening of specific vibration modes may imply structural phase transition.
However, Ag modes increase again after the slight softening. Therefore, it is less probable for
this softening to be interpreted as a precursor of phase transition.
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Figure 5.6: Raman modes of cotunnite TiO2 with pressure up to 200 GPa. The four
panels show Ag, B1g, B2g, and B3g modes with pressure, respectively, as labeled in
the left-upper corner of each panel.

cotunnite phase is predicted to be stable down to 8 GPa. From the ab initio
calculation [72] and experiment [68], the cotunnite phase appears around 65
GPa under compression. However, the total energy calculations alone cannot
explain the decompression results which the cotunnite phase exhibit at around
25 GPa. It can be quenched down (rapid decompression) to ambient pressure
at 77 K. Our PDOS calculation suggests that the decompression path can fol-
low the line of a meta–stable phase at low temperature. This excellent agree-
ment with experimental findings assured us in our belief that the super-cell
approach for PDOS calculation can be an extremely valuable tool for phase
stability assertion in designing new materials, for example hard materials or
solar materials with a potential technological applications.

5.3 Molecular Solid Oxygen
Oxygen, the third most abundant element in the cosmos, is fundamental to
our world. It forms a unique molecular solid with many intriguing properties.
With increasing pressure, it undergoes a sequence of structural phase transi-
tions with the change of its magnetic property [73]. In case of the α-phase,
it has a long-range magnetic order strongly interacting with translationally
and orientationally ordered system. In the case of the β -phase, it has been
observed that a strong response of the orientational system to the change of
the long-range magnetic order by a strong short-range ordering. At 8 GPa,
the α-phase transforms into monoclinic phase, which is called as the ε-phase
[74, 75]. Under extremely high pressure (100 GPa), solid oxygen becomes
superconductor (ζ phase) [76] where we rarely expect its magnetism. Thus,
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it is natural to think that the magnetism would disappear below the pressure
regime of the ζ -phase. Thus, the key phase which has a clue of collapse of
magnetism (disappearing) is the ε-phase [77].

The ε-phase undergoes a structural phase transition at 96 GPa to the so–
called ζ -phase [78] and the previously observed metallic state of solid oxy-
gen [79] was ascribed to this transition. This new structure was proposed to
be iso–structural with the monoclinic unit cell of the ε-phase. However, in
a more recent work, through x–ray diffraction and Raman measurement, it
was shown that the metallization of solid oxygen is associated with a contin-
uous displacive phase transformation where the new structure was suggested
to be not iso-structural with the ε-phase [80], raising a question about the na-
ture of this phase transition. They have also shown that the metallic oxygen
might be molecular up to at least 120 GPa. In another Raman measurement,
a moderate decrease of vibron mode at the transition confirmed the molecular
characteristic of metallic oxygen [81] (Also see the low panel of Fig. 5.9).
Most recently, a theoretical investigation of the ζ -phase based on ab initio
evolutionary methodology for crystal structure prediction supported the iso–
structural nature of the ε-ζ transformation [82]. In that paper, the ζ -phase
remained as a molecular solid and there was no further structural transition
in the pressure range 100-250 GPa. While molecular nature of the metallic
solid oxygen appears to be a common conclusion among all the above studies,
the following questions are still prompting to further investigations. Is the ζ -
phase iso-structural with the ε-phase? Does the insulator-metal (IM) transition
accompany with the structural phase transition?

Figure 5.7 (a) shows the variation of the volume (per atom) as a function
of pressure. It is observed that, starting from the value of 8.74 Å3, the volume
of the ε-phase (solid squares with line) decreases monotonically down to 6.56
Å3 where a first-order structural phase transition occurs. After the transition,
a new phase (solid circles with line) belonging to the same space group as the
ε-phase is stabilized. The inset graph shows the magnified volume-pressure
relation around the phase transition pressure. The transformation from the ε-
phase to the new phase at 51.7 GPa shows a small, but noticeable, volume
collapse by 1.0 %, which is comparable to the experimental data [78]. They
[78] have reported a small volume collapse by less than 1.4 % in ε-ζ phase
transition with no molecular dissociation.

In figure 5.7 (b), the changes of lattice parameters are shown as a function
of pressure. As can be seen, all lattice parameters display similar decreasing
behaviors in the beginning of the compression (up to 14.5 GPa), showing an
isotropic process, at the ε-phase. As the transition pressure is approached,
trends of changes in lattice parameters are different for each parameter. The
lattice parameter a becomes nearly constant while b, c, and β keep decreas-
ing with pressure. At the transition pressure an abrupt change of a, b, and β
takes place while c keeps decreasing slightly, which indicates that the phase
transition happens in the ab plane. Since O2 molecules are aligned along c
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Figure 5.7: Pressure dependence of structural parameters. (a) Pressure dependence
of the atomic volume of O2 solid. The solid squares with eyes guide line are for the
ε-phase and the circles for the ζ -phase. The inset shows a discontinuity of volume at
the transition pressure. (b) Pressure dependence of the lattice parameters, a, b, c, and
β (lines are guides to the eyes).

axis, there is no molecular dissociation with this structural transformation.
The elongation of a and the contraction of b at the transition were shown in
previous x–ray diffraction experiments [78, 80], which is consistent with this
work. The sudden change of β by around 1.5 degrees at the transition has
been also reported in the recent experiment [83] and calculation [82], which
is a precursor for the transition to the ζ -phase.

To clarify the structural transformation with pressure, we present in Fig.
5.8 (b) and 5.8 (c) schematically the atomic positions in the ab plane and the
bonds of oxygen before and after the transition. In this structure, there are
three distinct symmetry sites for oxygen atoms labeled as O1, O2, and O3. In
Figure 5.8 (b), we define three distinct atomic distances (d1, d2, and d3), which
represent the characteristics of inter– and intra– distances of the refined struc-
ture. For the ε-phase, d1 is significantly shorter than d2 and d3 as shown in
Figure 5.8 (a) meaning that each (O2)4 cluster maintains its shape. The struc-
ture described in Figure 5.8 (b) exhibits isolated (O2)4 clusters in the ε-phase.
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Figure 5.8: Pressure dependence of interatomic distance. (a) Pressure dependence
of d1 (intra–distance of (O2)4 cluster), d2 (inter–distance of (O2)4 clusters in the ab
plane), and d3 (the distance of O3 - O3 between clusters) as schematically shown in
(b). The structure as viewed perpendicular to the ab plane (b) at 7 GPa (ε-phase) and
(c) at 51.7 GPa (ζ -phase). The dashed square line shows the boundary of unit cell.
The electron localization function image in the ab plane of the unit cell of (b) and (c)
is shown in (d) and (e), respectively.

This is consistent with previous works [83, 84] where it was proposed that the
localized electrons in oxygen clusters spread out into the ab plane making the
metallic ζ–phase. The rapid downward slope of d3 makes it overcome d1 at
the transition pressure, which shows the change of bonding in the ab plane.
The enhanced bonding along d3 makes (O2)4 clusters connected to each other
as shown in Figure 5.8 (c). After overcoming d1, d3 goes almost parallel with
d1 and makes chain–like connection along b–axis. These trends in bonding
with pressure between clusters become apparent with the help of electron lo-
calization function (ELF) images shown in Figure 5.8 (d) and (e). The Figure
5.8 (d) and (e) show the contour plots of the ELF for the dotted square area in
Figure 5.8 (b) and (c), respectively. The images reveal the distortion of (O2)4
clusters and the bonding formation between the nearest O3 atoms in the ζ–
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phase contrary to the ε-phase. It is obvious that the new bonding between O3
is the key feature of the structural phase transition.
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Figure 5.9: The highest vibron mode shift with pressure.The upper panel is from this
work and the lower panel is from the reference [81]. The dashed lines in the upper
panel is for the eye guide.

Figure 5.9 shows the changes in vibron mode with pressure. The key ex-
perimental evidence of non-iso-structural phase transition between the ε and
the ζ phase is based on the vibron mode of O2 molecule at the lower panel
of the Fig. 5.9. Even though the two plots of the lower panel shows different
discontinuity at the transition, generally they agreed that the vibron mode has
different tendency in two phases. However, it is shown by our calculations that
it is not essential to have different crystal symmetry to have a discontinuous
change of vibration mode (the upper panel of Fig. 5.9). For the ε phase, the
vibration mode increase linearly from 1620 cm−1 to 1700 cm−1. Around tran-
sition pressure, the vibron frequency is slightly saturated and eventually fol-
low the vibron mode behavior of the ζ phase. The sudden change of distance
between neighboring (O2)4 clusters makes conduction electrons delocalized
in the ab plane and these electrons screen the covalent bond of O2 molecules
and eventually the vibron modes renormalized, which is usually happen in IM
transition.

We have presented an investigation of the pressure-induced IM transition
as well as structural phase transition based on first-principles theory. The dis-
continuity of vibron mode of O2 molecule is originated from abrupt change of
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inter– and intra cluster distance while keeping the same space group. There-
fore, the ε to ζ phase transition is iso-structural.
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6. Ab Initio Lattice Dynamics of
Hydrogen-dense Materials

Hydrogen, as the most abundant and lightest element in the universe, is the
subject of both fundamental research (regarding superconductivity) and more
practically oriented applied research (in the context of hydrogen storage).
Metallization in pure hydrogen has been expected for several decades to
give rise to superconductivity with very high transition temperature, but
alas, contemporary techniques fall short of the required enormous pressure
of above 400 GPa. In this connection, it was suggested a few years ago
that pre-compression via "chemical pressure" from the group IV elements
in hydrogen-rich materials such as CH4, SiH4, and GeH4 may represent a
feasible approach to achieve metallization of hydrogen [60].

SiH4 (silane) represents a very interesting system in hydrogen-rich material
research. Here, we have identified a single phase, which possesses all required
characteristics of the recent experimental observations of the metallic phase
of silane. Based on phonon calculations with supercell-approach, we demon-
strate that a tetragonal phase can be dynamically stabilized above 43 GPa and
becomes the ground state at 97 GPa.

A metallic high-pressure phase of AlH3 was found recently in both theory
[85] and experiment [86]. Metallic AlH3 can have important consequences for
hydrogen storage applications because of its improved hydrogen desorption
properties. We explain the origin of dynamical instability in the metallic phase
at the transition pressure and suggest a possibility to stabilize it at ambient
pressure regime.

Yttrium hydrides possess very unusual physical properties, such as metal-
insulator transition driven by both hydrogen concentration [87] and pressure
[88, 89] and they are expected to be a high-Tc superconductor [88, 90]. In-
terestingly, the latter was the original motivation of the switchable mirror ex-
periment in 1996 [90]. Here, we discuss dynamical stability of fcc-YH3 un-
der pressure and predict that it becomes a high-Tc superconductor once it is
stabilized dynamically. The change of superconducting nature depending on
pressure gives a clear understanding of binding nature between Y and H.
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Figure 6.1: A schematic of the elimination scheme applied in this study. The end-
point of the arrows indicate for which criteria a certain space group failed to pass the
test. For the GW test, it is discussed in Chapter 7 in detail

6.1 Crystal Structure of Metallic SiH4
Very recently, two successive experiments on the metallization of SiH4 have
been reported [91, 92]. From infrared-reflectivity measurements, Chen et al.
observed a Drude-type metallization of silane at 60 GPa [91], while the sub-
sequent experiment by Eremets et al. discovered a metallic state of silane
starting at 50 GPa [92]. Meanwhile, earlier theoretical works have remained
focused only on the pressure regime above 150 GPa [93, 94, 95]. Compared
with the ground state insulating phase of silane (I41/a), a metallic phase was
predicted to be favored at 260 GPa [93]. Others have shown only a dynami-
cally meta-stable phase or a semi-metallic one [95].

Here, we present a systematic theoretical approach to determine a metallic
phase of silane, which matches with experimental finding. The overall process
is shown schematically in the figure 6.1.

As it is shown in fig. 6.1, we considered the following phases in our study:
P63 from Ref. [92], Pmna from Ref. [94], P2/c, I4̄2d, I41/a, C2/c(1), and
P4/nbm from Ref. [93], P21/c from Ref. [96], and C2/c(2) and Ccce from
Ref. [95]. For C2/c, there exist two different structures which we both con-
sidered; hence, it is listed twice in the fig. 6.1.

The first criterion that should be fulfilled is metallic nature of the suggested
candidates. The existence of band-gap with standard DFT means the real gap
is open because of the usual gap underestimation of standard DFT. The result
of this first test is that P2/c, P21/c, I4̄2d, Pmna, and I41/a, which all possess
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Figure 6.2: (a) Enthalpy difference as a function of pressure for the metallic candidate
structures relative to the I41/a structure. (b) Comparison of the pressure-volume rela-
tion for various structures of silane with those for silicon [97] and molecular hydrogen
[98]. Experimental data points are from Ref. [92].

a finite band gap, are eliminated. Apparently, most of them are insulators exist
as an ground state phase in a certain pressure ranges. Especially I41/a phase
is known to be a ground state phase above 50 GPa. Thus, the phase is used as
the reference phase to be compared with remained phases for further process.

The enthalpy comparison among survived phases is shown in Fig. 6.2. In the
high pressure regimes, I41/a phase is the ground state phase. Second lowest in
enthalpy are theCcce andC2/c (2) phases [95], followed by P4/nbm. Due to
too high enthalpies compared with I41/a phase, P63 and C2/c (1) are elim-
inated. since their enthalpy differences to the four phases (I41/a, P4/nbm,
C2/c(2), Ccce) are too large to be possibly overcome by zero-point energy
contributions, which are typically found to be around 0.2 eV/f.u. The Fig.
6.2 (b) shows the calculated pressure-volume relation for the P63, P4/nbm,
and I41/a phase of silane. As it is apparent, all three phases of silane display
a virtually identical change of volume with increasing pressure. The experi-
mental data from Ref. [92] for the P63 phase is, however, seen to be in stark
contrast to any of the silane phases, with a significantly reduced volume in
the analyzed pressure range. It seems that the experimental data may be more
likely to describe a phase with a stoichiometry of SiH2 rather than SiH4, since
the difference in volume between the P63 and experiment matches with the
volume of molecular H2 when the effective pressure in the system due to ad-
ditional chemical pressure is taken into account. The vertical lines in the fig.
6.2 (b) shows that the volume of H2 at each pressure is missed at the observed
volume-pressure relation. Furthermore, we find that the proposed P63 phase
is mechanically highly unstable. However, our calculations indicate that a re-
duction in stoichiometric hydrogen content can lead to a stabilized structure
with the Si atoms at the positions determined from x-ray diffraction [92].
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Figure 6.3: Phonon frequencies for P4/nbm phase (top) and I41/a phase (bottom).
The phonon density of states for the P4/nbm phase exhibits imaginary frequencies at
32 GPa pointed out the arrow.

We are thus left with only three phases, namely Ccce, C2/c(2), and
P4/nbm. Even though the former two possess smaller enthalpy differences
to I41/a than P4/nbm, we see from phonon calculations that they are
actually dynamically unstable below 100 GPa. Only P4/nbm turns out to be
dynamically stable. Fig. 6.3 shows that the phonon density of states displays
stability for pressures above 43 GPa. Below a threshold pressure that lies
in the interval 32–43 GPa, an instability appears along the Γ (0 0 0)–M
(12

1
20) symmetry line including around the Γ point. We have studied the

dynamical stability for a pressure up to 113 GPa in the P4/nbm phase and
founds no precursor that would imply a softening of modes, which confirms
that P4/nbm is indeed dynamically stabilized from 43 GPa until above 113
GPa. At lower pressure (31 GPa), the I41/a phase possesses three distinct
frequency regimes (Fig. 6.3): the lowest regime is assigned to Si vibrations
(below 15 THz), H–Si–H bending motions lie in the middle (20–45 THz),
and hydrogen stretching motions of the SiH4 unit are found in the highest
regime (above 50 THz). As the pressure is rising, the gaps between the
frequency regimes become narrower (this can also be seen in the left panel of
Fig. 6.5 which we discuss further below). Between 82 GPa and 114 GPa, the
frequencies of the highest regime increase rapidly, indicating that the isolated
SiH4 vibrations become enhanced.

When the pressure reaches 97 GPa, we find that consideration of zero-point
energy can even lead to the energetic stabilization of the P4/nbm phase com-
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97 GPa, the P4/nbm structure becomes energetically favored over the structure having
I41/a symmetry. The spacing of pressure data points was 20 GPa or denser and there
are at least two data points for each structure in the ΔHZPE < 0 regime. The curve is
a cubic-spline fit to the calculated data points.

pared to I41/a. The difference in enthalpy, defined as ΔHZPE = HZPE
P4/nbm−

HZPE
I41/a

, is around 0.15 eV/f.u. at 50 GPa and decreases monotonically with
pressure (Fig. 6.4).

Finally, we also present theoretical Raman data for metallic P4/nbm and
insulating I41/a phase. Figure 6.5 shows the evolution of Raman shifts with
pressure for two phases, namely I41/a and P4/nbm. The I41/a phase pos-
sesses 11 Raman-active modes, Γvib = 3Ag + 4Bg + 4Eg, most of which mono-
tonically increase while the three lowest modes Ag, Bg, and Eg are saturated at
961 cm−1, 528 cm−1, and 394 cm−1, respectively, and are mostly associated
with Si motions. The Raman shifts for the I41/a phase are in good agreement
with previous Raman measurements (shown as orange stars in Fig. 6.5). The
highest Ag mode, which is the breathing mode of the SiH4 unit, matches ex-
actly with experiment. The highest Ag mode is also in good agreement with
experiment, whereas other modes calculated are slightly underestimated by 50
cm−1– 120 cm−1. This deviation can be explained by the common overesti-
mation of the bond length, as it is typical for DFT calculations employing the
generalized gradient approximation. The P4/nbm phase possesses 9 Raman-
active modes, Γvib = 2A1g + 1B1g+ 2B2g + 4Eg. Contrary to the other modes,
B1g rapidly increases in the pressure interval 43–55 GPa and only thereafter
follows the overall trend. The highest mode, A1g, in P4/nbm phase is much
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Figure 6.5: Raman frequencies for I41/a (left panel) and P4/nbm (right panel) phases
as a function of pressure. The orange stars correspond to experimental Raman data
from Ref. [92] at 112 GPa.

smaller than that of I41/a phase due to delocalized electrons in the metallic
phase, which lead to a weakening of the Si-H bonds, causing the observed
shift in the Raman frequencies.

6.2 Dynamical stability of metallic AlH3 at ambient
pressure
Figure 6.6 shows the dynamical stability of the metallic cubic phase in the
high-pressure regime. The stabilized phonon modes in Fig. 6.6a are divided
into two parts: the lower band ranging up to 13 THz is mostly attributed due
to Al while the higher band is formed by H–H and Al–H interactions. For
lower pressure values (Fig. 6.6b), it can be clearly seen that the lowest X
mode becomes soft and eventually turns imaginary, which can be regarded as
the precursor of a phase transition. The plot of the X mode as a function of
pressure shown in Fig. 6.6c illustrates that the cubic phase of AlH3 can only
exist in the pressure range from about 72 to 106 GPa. Our prediction for the
lower pressure limit is in excellent agreement with the result (73 GPa) from a
previous theoretical work [85].
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Figure 6.6: The phonon dispersion relation is shown for a pressure of 93 GPa (a) and
for 70 GPa (b). The complete evolution of the phonon mode softening is shown in
(c) where it becomes apparent that for pressure values below 77 GPa and above 100
GPa, the frequency becomes negative (imaginary) indicating the onset of dynamic
instability and structural transition to different phases.

As it was recently suggested by Igor Goncharenko and his co-workers [86],
the Fermi surface nesting is dominant at 110 GPa with a significant nesting
vector in the R–M direction, whose transferred momentum is X ≡ ( 1

200) at
this pressure. The mechanism driving the softening of the X mode phonon
is closely related with the electronic momentum transfer from M (0 1

2
1
2 ) to R

( 12
1
2
1
2 ) (and vice versa) as shown in Fig. 6.7. At the edges of the stability island

in Fig. 6.6c, the acoustic transverse (TA) mode at the X point transferring mo-
mentum betweenM and R becomes softened. The minimum of the conduction
band lies at the R point and the highest point of the valence bands lies at M.
This momentum transfer corresponds to an electron–phonon coupling which
is responsible for the structural instability in this phase.

We find that the imaginary frequencies at special k-points X and M disap-
pear when the electronic temperature Te is raised to 0.025 Ha (Fig. 6.7). At this
electronic temperature value, the entire phonon dispersion relation was calcu-
lated by us and it was found that the AlH3 is stabilized dynamically. Thus,
we can conclude that a finite temperature could indeed lead to the desired
stabilization effect in the cubic phase of AlH3 at ambient pressure.

One can see from the electronic band structure that at the k-pointM, there is
a crossing of the Fermi energy level, and at (0.1607, 0.1607, 0) and at (0.1607,
0.1607, 0.1607), we observe a near-crossing of the Fermi energy for zero tem-
perature (Fig. 6.7a). When finite-temperature effects are considered, the Fermi
level rises, which results in an effective downwards-shift for the energy levels,
away from the Fermi level. This trend will eventually remove the crossing of
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the Fermi energy level and lead to a stabilization of the cubic phase. Fig. 6.7b
highlights the stabilized behavior at the special symmetry pointsM and X with
respect to electronic temperature introduced through Fermi–Dirac (FD) statis-
tics. It is worth to note that the pressure raises up to 8 GPa from the ambient
pressure, as it would be expected when the electronic temperature is increased
at constant volume.

Once the phase has been stabilized, the frequencies at special k-points M
and X remain virtually constant with increasing electronic temperature (Fig.
6.7b), implying that the ion-ion interaction stays mostly unaffected by the
elevation of the electronic temperature Te. This behavior is expected, since
an increase in Te entails an almost rigid down-shift in the electronic band
structure without any new crossings of the Fermi energy occurring and the
phase instability that arises from Fermi surface nesting thus no longer prevails.
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Figure 6.7: (a) Electronic band structure for zero temperature (solid line) and for
0.040 Ha (dots). (b) The frequency of the phonon mode at special k-points X and
M is plotted as a function of the electronic temperature as realized by the smearing
parameter. For Tsmear > 0.025 Hatree the frequency is found to become positive (real).

To estimate physical interpretation of electronic temperature effect, molec-
ular dynamics can be used as a calibration tool. For example, in fig. 6.8 we
plot the respective temperatures against the calculated corresponding pressure
in the system. As we find, the electronic temperature introduced into the cu-
bic AlH3 system by the smearing scheme fits with the MD simulation results
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Figure 6.8: Electronic temperature and MD simulation comparison in cubic AlH3

when the electronic temperature is re-scaled by a factor of about 1/17. There-
fore, the seemingly high electronic temperature of 0.025 Ha (≈ 7900 K) is
equivalent to a physical temperature (in the sense of average kinetic energy of
the ions) of only 465 K.

6.3 Superconductivity in Y and YH3
YH3 has received great attention due to its insulator-metal transition [87]
as well as being one of the candidates to possess high-Tc superconductivity
among hydrogen-dense materials [90]. Pure yttrium becomes superconduct-
ing under pressure and the Tc increases monotonically with pressure up to
115 GPa (with Tc = 19.5 K) [99]. Few theoretical calculations using linear re-
sponse theory [100, 101] to estimate Tc have found qualitative agreement with
the experiment [99].

Yttrium can uptake hydrogen up to about 300 mol %, known to form hcp-
structured YHx at ambient pressure, which shows a metal-insulator transition
depending on hydrogen concentration near x = 2.86 [87]. Experimentalists,
pressurizing YH3 with diamond anvil cell (DAC) technique at ambient tem-
perature have reported that hcp-YH3 transforms sluggishly into fcc-YH3 near
10 GPa [88, 89] and becomes a metal at round 25 GPa [88]. Our infrared
calculations for fcc-YH3 are in good agreement with experiments, which is
shown in the supplementary information of paper I. It implies that there is
the possibility to study high-Tc superconductivity in hydrogen-dense materi-
als with fcc-YH3 under pressure.

First, we check the validity of our method for the pure yttrium case. Fcc-Y
is destabilized dynamically above around 35 GPa in both our calculation and
another theoretical work [101], even though its enthalpy comparison shows
that it should be the ground state among the suggested phases up to 500 GPa
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[102]. Therefore, we can compare our calculations with others from ambient
pressure, where the fcc phase is a meta-stable one, up to around 31 GPa.

We report that fcc-Y has a Tc = 1.05 K at 5 GPa and a Tc= 9.25 K at 31 GPa
(for more values, see fig. 6.9, which shows a monotonic increase of Tc which is
in excellent agreement with Refs. (quasi-hydrostatic experiments) [103] and
[104], and comparable with a recent experimental work (nearly hydrostatic
environment) [99].
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Figure 6.9: Superconductivity transition temperature Tc of fcc Y with pressure. Our
calculated transition temperatures (solid squares) follow an equivalent line with two
earlier experiments (Wittig exp. [104] with solid line and Probst exp. [103] with
dashed line) and are compared with another experimental data (solid triangles) [99]
and a theoretical work (solid circles) [101].

For the choice of the effective Coulomb potential μ ∗, we used μ∗ = 0.15
as suggested in ref. [101]. Another theoretical work found a good agreement
with experiments with μ∗ = 0.04 [100], with which our estimated Tc becomes
higher and therefore not valid. For the best fit with experiments at lower pres-
sure (< 10 GPa), μ ∗ = 0.18 (even higher) should be used, which means that
Coulomb interaction between electrons near Fermi level N(EF)Uc would be
stronger than calculated values with LDA-DFT for transition metals [105].

Figure 6.10 shows our calculated spectral function of pure fcc-Y at two
pressures, 5 GPa and 31 GPa, respectively, with the inset exhibiting its Fermi-
surface plot at 31 GPa (compare with Ref. [101]) . At the lowest pressure
(5 GPa), we find actual coupling begins around 2 THz where the coupling λ
increases substantially, which means there is little contribution to the spectral
functions from lower frequencies than 2 THz. At 31 GPa, lower frequency
regime (< 2 THz) contributes to the spectral function and therefore enhance
electron-phonon coupling.
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Figure 6.10: Plot of α2F(ω) versus ω at pressure of 5 and 31 GPa. The inset shows a
Fermi surface plot of fcc-Y at 31 GPa. The surface is isomorphic to that of Cu, except
for the tubes through the W point vertices that connect Fermi surfaces in neighboring
Brillouin zones.

Figure 6.11a displays a schematic of the fcc-YH3 crystal structure at 17.7
GPa combined with the electron localization function (ELF). As it can be seen,
there exist one type of yttrium atom occupying the fcc site and two types of
hydrogen: H(1) and H(2), tetrahedrally and octahedrally coordinated, respec-
tively. As nearest neighbor of Y, H(1) forms a bond with Y (Fig. 6.11a). In
contrast, H(2) participates only weakly in the bonding network and is essen-
tially isolated. The strongly localized electron of H(2) results in a virtually
dispersion-less narrow band. Y and H(1) thus form a “cage”, effectively trap-
ping H(2) inside. As a consequence, H(2) can essentially be removed from the
YH3 crystal without strongly affecting the cage structure

This view regarding the role played by H(2) is further supported by the
electronic density of states (DOS). At lower pressure, the electron belonging
to H(2) is responsible for a peak near the Fermi level (Fig. 6.11, b–e), strongly
affecting conductance properties of YH3. With increasing pressure, this peak
shifts towards higher energy values, leading to a reduction in conductivity.
The total DOS exhibits an equivalent behavior with that of Y (Fig. 6.11, b and
c), due to the d-state of Y being concentrated near EF , while the s-state of
H possesses a wider bandwidth. However, when we compare the density of
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Figure 6.11: Electronic structure of cubic YH3. (a) Crystal structure and electron
localization function plot at 17.7 GPa. Blue spheres represent yttrium, while white
small spheres represent hydrogen, with H(1) at tetragonal sites and H(2) at octahedral
sites. Electron density of states plot in fcc-YH3. (b) Total DOS and projected DOS
onto (c) Y, (d) H(1), and (e) H(2) near EF for three different pressure values. The
vertical dashed line indicates the position of the Fermi level and the shaded regions
exhibit the peak-shift with pressure.

s-states between H(1) and H(2), it becomes clear that the contribution from
H(2) to the conductivity of the system is much higher than that of H(1). In
Fig. 6.11, b–e, we compare the DOS for each element at three pressure values
(15, 30, and 45 GPa); the peak shift of Y starts from 0.10 eV above EF to 0.15
eV, while the peak shift of H density ranges from 0.02 eV to 0.10 eV. Since
phonon energies of interest are typically within 0.10 eV, the change in the
H(2)-associated DOS is of critical importance for electron-phonon coupling,
as we discuss in greater detail below.

Based on our first-principles calculations, assessing the electron-phonon
coupling strength λ , we predict high-temperature superconductivity in fcc-
YH3. As it can be seen in Fig. 6.12a, the trend of Tc in YH3 with increasing
pressure is different from that in pure Y, while the change of the d-state in pure
Y (governing the superconducting nature) is the same as in fcc-YH3 [101], es-
tablishing different origins of superconductivity in Y and YH3.

The Tc at the lowest possible pressure at which fcc-YH3 is still dynamically
stabilized is remarkably high, namely around 40 K, based on our calculations
(Fig. 6.12a). In our estimation for Tc, we have tested two different values of the
Coulomb pseudopotential μ∗, 0.10 and 0.13, the latter having been proposed
by Ashcroft for hydrogen-dense materials [60]. We find a steep drop in Tc at
a pressure of around 25 GPa (Fig. 6.12a), which is a precursor for a transition
from superconducting to normal metallic state, and fcc-YH3 remains in the
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Figure 6.12: (a) Pressure dependency of Tc and ωlog. The inset shows the evolution of
the electron-phonon coupling constant λ with pressure. (b) shows the spectral func-
tion α2F (red shaded area), integrated λ (red line), and phonon DOS (blue curves) as
a function of frequency at P = 17.7, 36, and 73 GPa, respectively. (c) Hybridization
between d-state of Y (lower panel of the inset) and s-state of H(2) (upper panel of the
inset) at the Fermi level under pressure.

metallic state until 45 GPa, where the superconducting behavior reemerges as
the pressure is raised to higher value.

Superconductor-metallic-superconductor transition can be understood as
follows. At lower pressure, the high Tc is made possible by the atomic-like
s-band from H(2) at the Fermi level (upper panel of Fig. 6.12b). In this pres-
sure regime, the peak of DOS near the Fermi level of H(2) locates within ≈5
THz (Fig. 6.11e), which corresponds to the range of Y vibrational frequen-
cies (Fig. 6.12b). Half of the electron-phonon coupling λ results from this
frequency range, while the remainder is due to the higher frequency regime
Y-H(2). In the intermittent metallic region (25–45 GPa), the spectral function
is essentially zero (middle panel of Fig. 6.12b), and the superconducting state
ceases to exist. The peak in the lower panel of Fig. 6.12b shifts to frequencies
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above the Y-vibration mode regime (≈10 THz) and strong electron-phonon
coupling can no longer be expected (also, the Y-H(2) vibration regime is lo-
cated around 20 THz). However, above 50 GPa, H(2) can form bonds with the
d-state of Y, thus gaining again the chance to become superconducting. The
DOS peak in Fig. 6.11e at 45 GPa matches with the second regime in the lower
panel of Fig. 6.12b: Y is no longer contributing to electron-phonon coupling,
but Y-H(2) hybridization becomes important. Tc is expected to be lower than in
the first region, because the phonon frequencies shift towards higher energies,
reducing the amplitude of the normalized weighting function in Eliashberg
theory [106]. Also shown in Fig. 6.12b, there are the phonon DOS contain-
ing three major regions: the lower-frequencies region is dominated by Y; the
medium-frequencies region corresponds to Y-H(2) interactions; and the high-
frequencies region is a result of H(1) vibrations. Here again, H(2) plays a key
role, in the sense that increasing pressure induces hybridization of its s-state
with the d-state of Y, forming stronger bonds.

Such a behavior becomes even more apparent from the V-shaped curve in
Fig. 6.12c. In the first region (below 25 GPa), where the s-state of H(2) at
the Fermi level is decreasing, H(2) exists as an atomic-like hydrogen in the
system, and as described above, can easily move through the system without
significantly affecting the surrounding host structure. The octahedrally coor-
dinated H(2) atoms can thus be removed easily without affecting the crys-
tal structure. Once the minimum in the s-state density at the Fermi level is
reached, the s-state has been transformed from a narrow atomic band to a
much broader band, thus contributing to the metallic state. Eventually, as the
pressure is increased further, the s-state at the Fermi level (EF ) starts to rise
again, due to the hybridization of the H(2) s-state with the d-state of Y. The
product of the respective densities at EF of the H(2) s-state and the Y d-state
(Fig. 6.12c) mirrors in fact the pressure-dependence of Tc in fcc-YH3. There-
fore, we are predicting that above 25 GPa, strong bonds are formed between
Y and H(2).
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7. GW Calculations for Metal-
Insulator Transition

7.1 Quasiparticle Calculations in Solids
Despite good agreement between experiments and many DFT calculations
for ground state properties, it is well known that band gap calculations with
standard DFT tends to be underestimated [107, 108] already in sp systems
and they become worse in d and f systems. A successful approximation for
the determination of excited states to solids, molecules, and atoms is based
on the quasiparticle concept and the Green’s function method [109]. A quasi-
particle consists of an electron plus its screening cloud due to electron-electron
repulsion and its subsequent positive charge screening around an electron, in
which the response of many body bare Coulomb interactions are transformed
into weak interacting quasi-particles. The success of this approach relies on
the knowledge on the self-energy (Σ), a non Hermitian, energy-dependent, and
non-local operator that describes exchange and correlation effects between
electrons.

[T +Vext(r)+VH(r)]ψkn(r)+
∫
dr

′
Σ(r,r

′
,En(k))ψkn(r

′
) = En(k)ψkn(r),

(7.1)
where T is the free-electron kinetic energy operator, Vext is the ions poten-
tial, VH is the Hartree potential, and En(k) is the energy of the quasi-particle,
associated with a band index n and a wave vector k.

A simple approach to approximately determine Σ is to expand it linearly in
terms of screened interactionW with Green’s function G, such as Σ = iGW ,
which is the so-called GW approximation, defined as

Σ(r,r
′
,ω) = (i/2π)

∫
eiδ ω

′
G(r,r

′
,ω +ω

′
)W (r,r

′
,ω

′
)dω

′
. (7.2)

For the screened interaction W , we defined W = ε−1v, a multiplication of
dielectric function and bare Coulomb potential. The dielectric function ε is
approximated with plasmon-pole approximation model [107, 110, 111, 112],
substituting the frequency dependence of the imaginary part of the dielectric
matrix with a Dirac peak . This model gives a good description of the low-
frequency behavior of the dynamically-screened interaction and allows the
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determination of an analytic expression for the frequency integral appearing
in the Σ formula [113].

Standard DFT outputs, specifically wave-function ψGGA
kn and eigenvalues

εn(k), are a good guess to calculate Σ because the many body Hamiltonian
is similar to that of DFT and actually equivalent if one substitute Σ with the
exchange-correlation function, Σ(r,r′) =Vxc[n]δ (r−r′). Thus, we can expand
the quasi-particle energy En(k):

En(k) = εn(k)+ 〈ψGGAkn (r)|Σ(En(k))−VGGAxc |ψGGAkn (r)〉 (7.3)
= εn(k)+ 〈Σ(En(k)〉−〈VGGAxc 〉. (7.4)

The above averaged self energy 〈Σ(En(k)〉 can be expanded with respect to
quasi-particle energy En(k) around KS eigenstates εn(k),

〈Σ(En(k)〉−〈Σ(εn(k)〉 ∼ (En(k)− εn(k)

〈
∂Σ(ω)

∂ω

∣∣∣∣
ω=εn(k

〉
(7.5)

Based on the two above equations, GW quasiparticle energy exhibits

En(k)− εn(k) = Zkn [〈Σ(εn(k)〉−〈Vxc〉] , (7.6)

Zkn =

[
1−
〈

∂Σ(ω)
∂ω

∣∣∣∣
ω=εn(k)

〉]−1

, (7.7)

where Zkn is a renormalization factor.
This GW with plasmon-pole approximation is valid for sp type materials.

Since
〈

∂ Σ(ω)
∂ ω |ω = εn(k)

〉
< 0, we have 0 < Zkn < 1 and typically Zkn ∼ 0.8

for some tested materials such as Si, GaAl, AlAs, InP, and Mg2Si [113].
Specifically, for silicon, it was reported that

〈
ψLDA|ψQP〉> 0.999 [107, 114],

which means KS wavefunctions are equivalent with quasi-particle wavefunc-
tions.

7.2 Metal-insulator Transition in Solid Oxygen
In 5.3, we showed that the ε and ζ phases of molecular solid oxygen are
iso-structural and a slight discontinuity in the O2 vibron mode is due to de-
localization of electrons in the metallic ζ phase. To investigate whether the
structural transition is accompanied by the IM transition, we have performed
several GW calculations for various pressures. In Figure 7.1 (a), we show our
calculated GGA (black full lines) and GW (red lines with dots) band struc-
tures at the pressure of 7 GPa. The correction appears to be crucial, since for
example the minimum (indirect) band gap (between Γ and Z) has a value of
2.3 eV when using GW whereas it has only a value of 0.6 eV when using
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DFT-GGA. In Figure 7.1 (b), the GGA and GW band structures are presented
for a pressure of 51.0 GPa, which correspond to the ε-phase right before the
structural phase transition. It is observed that although the GGA band struc-
ture is already fully metallic, the overlap between the bands is very weak with
GW , therefore an electronic conductivity close to zero (owing to the precision
of the GW approximation for ’sp’ materials, it could be also possible that a
small band gap still exists). This is opposite with the band structure of the ζ -
phase at 57 GPa (see Figure (7.1 c)), which is clearly metallic, even with GW .
Therefore, one can see that the structural transition is accompanied by the IM
transition. To conform further this effect, we have calculated the band struc-
ture of the ε–phase at 60 GPa at which the ζ–phase is already stabilized (see
Figure 7.1 (d)). We kept the shape constant and allowed only the changes of
internal parameters of an ε-phase. Clearly, the correspondingGW band struc-
ture still display a poorly metallic behavior, contrary to the GW band structure
of the ζ -phase at 57 GPa, which is fully metallic. This confirms that the IM
transition is strongly linked with the structural phase transformation.
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Figure 7.1: The band structures at two ε phases, (a) and (b) , and one ζ phase (c) of
solid oxygen. The corresponding band-gap and pressure relations are plotted in (e). At
the pressure pointed by an arrow (51.7 GPa), the indirect gap is closed but direct gap
still remains (semi metallic). For higher pressures, the direct gap is also closed. The
solid star points out the pressure of an artificial structure, which exists as an ε-phase
in ζ -phase regime, and its band structure is shown in (d).
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Figure 7.1 (e) shows the closure of the band gap with pressure using both
GGA and GW methods. The band gap with GGA is estimated to be 0.6 eV
in the ε–phase under lower pressure and is closed at 40 GPa, which was
also shown in the previous theoretical work [82]. However, the GW band
gap is closed at 51.7 GPa exactly where the structural transformation takes
place. Thus, GW corrections not only improve the quantitative estimations of
bandgap energies but also reveal that the IM transition is accomplished by the
structural phase transition in solid oxygen.

7.3 Metallic Nature of Hydrogen-dense Materials
Metallization in hydrogen-dense materials, as introduced in the chapter 6 ex-
tensively, is an important issue in applications as hydrogen storage materials,
also is regarded as a route to study metallization of pure hydrogen. Therefore,
it would be essential to check the validity of our studies for hydrogen-dense
materials within DFT formalism with GW calculations. To determine the cor-
rect nature (insulator vs. metal) of the P4/nbm phase for SiH4, we calculated
the corresponding bandstructure using the GW approximation.

Figure 7.2: (Left) Band structure along high symmetry lines for SiH4 in the P4/nbm
structure at 60 GPa. The full line represents results from DFT-GGA calculations,
while the dots correspond to the GW correction. (Right) Fermi surface plot exhibiting
two dimensional nature of the surface, which means that only hydrogen layers possess
metallic nature.

Since the experimental results indicate that a metallic behavior sets in at
60 GPa [91], we performed a GW calculation at this pressure for the P4/nbm
phase and found that indeed this phase has a finite density of state at the Fermi
level, as shown by the corresponding bandstructure displayed in the left panel
of Fig. 7.2. The GW correction (dots) for the self energy, compared with DFT-
GGA calculations (solid lines) is small and the large number of bands crossing
the Fermi level are typical of a good metal and the dispersion of the bands are
found to be quite large. The right panel in Fig. 7.2 exhibits two dimensional
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Figure 7.3: Band structure for cubic AlH3 at high pressure (top panel) and at ambient
pressure (bottom panel) calculated with GW (dots) and for comparison with DFT
(solid lines). The Fermi level coincides with zero energy.

Fermi surface of the P4/nbm phase, which consist of layered structure of hy-
drogen and silicon, respectively. It is clear in the Fig. 7.2 that only hydrogen
layers become conducting and therefore, silicon does not participate in the
conduction but gives extra pressure on hydrogen layers. Therefore, we can
conclude that P4/nbm is indeed the most promising candidate for the metallic
phase of silane reported in Ref. [91] where they found Drude-type metallic
phase around 60 GPa.

Last, to test the reliability of our DFT findings regarding the metallic nature
of the ground state in metallic AlH3, we additionally performed GW calcula-
tions. The band dispersion for cubic AlH3 at both high pressure (69 GPa) and
at ambient pressure are shown in Fig. 7.3, confirming our conclusion based on
DFT that the ground state is indeed metallic.
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8. Svensk sammanfattning

Beräkningsfysik har kommit att bli ett fundamental hjälpmedel inommaterial-
forskning, inte enbart för att experiment kräver teoretisk tolkning i många fall,
utan också för att dagens experimentella tekniker inte kan återskapa speciella
förutsättningar såsom extremt högt tryck och/eller temperatur. Förstaprincip-
beräkningar, kan därför, till skillnad från empirisk modellering, potentiellt sett
utgöra en oberoende datakälla för forskning inom materialfysik. Täthetsfunk-
tionalteori (DFT) har gjort det möjligt att simulera material på kvantmekanisk
nivå mycket exaktare än tidigare approximativa teorier. Med ett ökande in-
tresse för teoretiska förutsägelse på denna nivå, vilka alltid rigoröst jämförs
med experimentella data, har det för många studerade system blivit allt vikti-
gare att producera särskilt noggranna result.

Höga tryck ses idag som en ny dimension in materialfysik. Utvecklingen
inom diamantstädstekniken har gjort det enkelt att kontrollera trycket i
studerande system över en spännvidd på flera megabar, och på det sättet
gjort det möjligt att observera drastiska förändringar av materiens fysiska
egenskaper, som t.ex. fasomvandlingar. Detta är dock oftast något som
observeras indirekt, genom t.ex. Ramanspektroskopi eller vibrationsspektra
i infrarött, och det har visat sig vara mycket svårt att i experiment exakt
bestämma atomstrukturen i materialen. I synnerhet väteatomer är nästan
osynliga i neutron- och röntgendiffraktionsexperiment på grund det mycket
lilla tvärsnittet med avseende på neutroner och röntgenstrålning. Med detta
som bakgrund är det tydligt att teoretisk modellering spelar en nyckelroll i
forskning om högtrycksfenomen.

Översiktligt behandlar ab initio gitterdynamik behandlar atomers vibra-
tioner inuti en kristall med hjälp av DFT-beräkningar, vilket gör att man kan
förutsäga dynamisk stabilitet hos material. Hellmann-Feynmans kraftteorem
beräknas från en Born-Oppenheimer-yta och dess derivator helt inom DFT-
formalismen. Resultaten är därför genuina teoretiska förutsägelser (ab ini-
tio) eftersom beräkningarna inte innehåller några fria parametrar som måste
justeras. Genom att studera den erhållna dispersionsrelationen för fonerna får
man information om dynamiska stabilitet samt Raman/infraröda frekvenser
hos systemet.

I denna avhandling presenteras beräkningar av α- och γ-faser hos cerium
som ett viktigt exempel på precisionen i ab initio gitterdynamik. De kan
jämföras med resultat från icke-elastiska röntgenspridningsexperiment. Fa-
somvandling från α till γ -cerium är isostrukturell, med en volymsminskning
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på 14-17%. Mekanismen har dock inte entydigt kunnat bestämmas. Våra ab
initio-beräkningar av gitterdynamiken har visat god överensstämmelse med
de experimentella mätningarna, och vi har kunnat förklara den observerade
fasomvandlingen. Ett annat fall som visat god överensstämmelse är våra
beräkningar av TiO2 i cotunnitfas, samt två olika kubiska faser. Vi fann att
den dynamiska stabiliteten hos cotunnitfasen av TiO2 under lågt tryck kunde
förklara fenomen som experimentellt uppträdde vid snabb dekompression.
Våra beräkningar visar att TiO2 under högt tryck och hög temperatur borde
ha en flouritstruktur, till skillnad från den tidigare antagna pyritstrukturen.
Ytterligare ett exempel är molekylärt syre i kristallform. Det uppvisar en
strukturell fasomvandling under högt tryck, samtidigt som det övergår från att
vara isolator till att bli metalliskt. Våra beräknade vibronmoder sammanfaller
med experimentella data för båda ε- och ζ -faserna hos molekylärt
syre, vilket stöder till hypotesen att de två faserna är isostrukturella. I
ovanstående exempel har vi särskilt fokuserat på att jämföra vår teoretiska
angreppsvinkel med experimentella resultat, och vi har stor tilltro till att ab
initio gitterdynamik, givet en kristallstruktur, ger tillförlitliga resultat.

Väte–i sin egenskap av att vara det mest förekommande och lättaste
grundämnet i universum–är inom fysiken föremål för både grundforskning
(metall-till-isolatoromvandlingar och supraledning) och mer praktiskt
tillämpad forskning (inom området vätelagring). Det har antagits i flera
årtionden att rent väte under mycket högt tryck bör metalliseras och uppvisa
supraledning, men dagens experimentella utrustning kommer fortfarande till
korta mot det enorma tryck på ca. 400 GPa som krävs. I detta sammanhang
har det föreslagits att förkompression av vätet via s.k. kemisk tryck från
andra intilliggande atomer i väterika material kan möjliggöra studier av
metallisationsfenom (supraledning) i väte. T.ex. har det förutsagts att GeH4
bör ha en kritisk temperatur (Tc) på 64 K under 220 GPa tryck, samt att SnH4
kan uppvisa en Tc på 80 K vid 120 GPa. Vidare har supraledande egenskaper
förväntats uppkomma i skiktad SiH4 och AlH3.

I denna avhandling har vi undersökt tre väterika material, AlH3, SiH4 och
YH3. Det är i dessa material närmast omöjligt att bestämma väteatomernas
positioner experimentellt, och man kan därför inte förvänta sig att erhålla den
korresponderande kristallstrukturen. Det blir därför nödvändigt att göra teo-
retiska strukturförutsägelser, och tillsammans med det verifera dynamisk sta-
bilitet.

AlH3 har fått en ökande uppmärksamhet inom forskarsamhället framförallt
genom att vara ett lovande vätelagringsmaterial tack vare den höga
(gravimetriska) densiteten av väte, 10%. Men AlH3 är även intressant som ett
material att studera fenomen associerade med väte i fast fas under extremt
höga tryck. För tillämpningar inom vätelagring är det viktigt att reducera
styrkan i den kemisk bindingen mellan Al och H jämfört med situationen
i isolatorfasen av AlH3. Våra fononberäkningar vid nollpunktstemperatur
visar uppmjukning av en speciell vibrationsmod med minskande tryck,
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vilket indikerar dynamisk instabilitet, som finns kvar ned till atmosfärstryck.
Denna instabilitet försvinner när man tar hänsyn till elektrontemperatur i
beräkningarna. Vi har uppskattat den nödvändiga temperaturen till omkring
470 K.

Alldeles nyligen rapporterades det om två experimentella observationer av
metallisering av SiH4 (silan). Från infraröda reflektionsmätningar observer-
ade Chen et al. en Drude-liknande metallisering av silan vid 60 GPa, och i
efterföljande experiment av Eremets et al. upptäcktes metalliskt silan från 50
GPa och uppåt. Vi har systematiskt testat ett urval av kristallstrukturer i olika
rymdgrupper med målet att identifiera den metalliska fas av silan som är stabil
under 100 GPa. Baserat på uppskattningar av bandgap och entalpiberäkningar
från DFT bekräftade vi att P4/nbm-strukturen blir grundtillståndet vid 97
GPa, om man tar hänsyn till bidrag från nollpunktsenergin. GW -beräkningar
av bandstrukturen visar också att P4/nbm-strukturen är av metallisk natur
för tryck större än 60 GPa. Fononberäkningar i tryckintervallet 30-100 GPa
demonstrerar vidare att P4/nbm-strukturen är dynamiskt stabil när trycket
överstiger 43 GPa.

YH3, särskilt i form av tunnfilm, har uppmärksammats på grund av att det,
beroende på väteinnehåll, kan växla mellan att vara isolator och ledare och
därmed fungera som en växlingsbar spegel. Detta speciella fenomen upptäck-
tes i ett försök att hitta högtemperaturssupraledning i väterika material. Vi
har visat att fcc-YH3 är grundtillståndstrukturen vid tryck högre än 20 GPa
och att dynamisk stabilitetet inträffar när trycket nått 17.7 GPa. Denna fas
av YH3 förutsägs vara supraledande, med en Tc på 40 K vid 17.7 GPa, och
materialet övergår till att bli en vanlig metall (dvs ej supraledande) nära 25
GPa. Övergången kan förstås från olika grader av s-d-hybridisering beroende
på trycket. Metallisk YH3 återfår de supraledande egenskaperna när trycket
uppgår till 45 GPa (även om Tc då är lägre).
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