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1. Introduction

1.1 The concept of a division algebra
A fundamental problem in modern algebra is to determine all structures
that satisfy a certain set of axioms. The characteristics of the structures
naturally vary with the choice of axioms. The axioms of a group may for
example be suitable for someone interested in transformations of sets,
rings satisfy axioms which make them share important properties with
the integers, etc.
The present thesis is mainly devoted to the classification theory of

division algebras. Division algebras are classical objects, which have
been studied since the construction of the quaternions and octonions
by Hamilton and Graves/Cayley respectively, in the middle of the 19th
century. The basic problem here is to construct all division algebras over
a given field, determine when two division algebras are isomorphic and
ultimately, find a set of division algebras such that every other division
algebra over the ground field is isomorphic to precisely one in this set.
An algebra over a field k is a vector space A over k endowed with a

bilinear map
A×A→ A, (x, y) 7→ xy

usually referred to as the multiplication, or the algebra structure of A.
Thus, neither associativity, nor existence of a unity is assumed. A non-
zero algebra A is said to be a division algebra if the linear maps La : A→
A, x 7→ ax and Ra : A→ A, x 7→ xa are invertible for all non-zero a ∈ A.
In finite dimension, this condition is equivalent to the non-existence of
zero-divisors, i.e., xy = 0 only if x = 0 or y = 0.
The focus in the present thesis, as well as in most articles written on

the subject, is on the case of k being the real number field. Division
algebras over R are naturally viewed as extensions of the ordinary, real
number system, and are sometimes referred to as “hypercomplex num-
bers”. A theorem by Segre [44] implies, any real division algebra of finite
dimension contains a copy of the field R, justifying this viewpoint.
From a different perspective, division algebras are the most fundamen-

tal simple algebras in the non-associative setting, and their exploration
is vital for any attempt to gain a holistic view of general algebras. When-
ever an n-dimensional division algebra exists for n > 1, the set of division
algebra structures is dense in the set of all algebra structures on kn, in
the Zariski topology as well as the Euclidean topology when k = R. In
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this respect, the “generic” algebra is a division algebra. Shafarevich [45]
pointed at the structure of real division algebras as a test problem for a
unified understanding of algebras of various types in the future.

1.2 Survey of the classification problem for division
algebras
The construction of the quaternions H in 1843 is usually taken as the
starting point for the study of division algebras. Even though their
founding father, Sir William Rowan Hamilton, perceived the quaternions
as the number system, which would lay the foundation for a new era in
mathematics and physics, his discovery actually paved the way for the
modern view, that H, as well as R and C, is only an example (although
a particularly important one) in a large variety of number systems that
could be considered.
In Hamilton’s construction, H is the four-dimensional real vector space

spanned by vectors 1, i, j and k, with multiplication determined by
bilinearity and Table 1.1.

· 1 i j k

1 1 i j k

i i −1 k −j
j j −k −1 i

k k j −i −1

Table 1.1: Quaternion multiplication

Another approach to the quaternions is via the so called doubling, or
Cayley-Dickson process. One defines a real algebra structure on C × C
by setting

(x1, x2)(y1, y2) = (x1y1 − ȳ2x2 , x2ȳ1 + y2x1) (1.1)

for all x1, x2, y1, y2 ∈ C. The map

C× C→ H, (a+ bi, c+ di) 7→ (a+ bi+ cj + dk)

defines an isomorphism between the two models.
The algebra H is equipped with an involution1 x 7→ x̄, given by

α1 + x0 = α1 − x0 for α ∈ R, x0 ∈ span{i, j, k}, or, in the second

1That is, an anti-automorphism of order two.
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model, (x1, x2) = (x̄1,−x2) for x1, x2 ∈ C. The bilinear form2

〈x, y〉 =
1
2

(xȳ + yx̄) (1.2)

is a scalar product on H, with respect to which the basis (1, i, j, k) is
orthonormal. The corresponding norm is given by

‖x‖ =
√
〈x, x〉 =

√
xx̄ .

With the involution x 7→ x̄ on H given above, Equation (1.1) may be
used again to define an R-linear multiplication on H × H. In this way,
the octonion algebra O, also called the Cayley algebra, is obtained. An
involution and a scalar product on O is defined in the same way as for the
quaternions. The octonions were independently constructed by Graves
in 1843 and Cayley in 1845.
Both H and O (as well as R and C) are absolute valued, which means

that the norm satisfies the identity ‖xy‖ = ‖x‖‖y‖ for all elements x
and y. We shall return to the concept of absolute valued algebras in
Section 1.3.
While the commutative law is sacrificed when one passes from complex

numbers to quaternions, associativity still holds in H. This is no longer
the case for O. For example,

((i, 0)(j, 0))(0, i) = (k, 0)(0, i) = (0, ik) = −(0, j), but
(i, 0)((j, 0)(0, i)) = (i, 0)(0, ij) = (i, 0)(0, k) = (0, ki) = (0, j).

However, the octonions still satisfy the weaker condition of alternativ-
ity, which means that every subalgebra generated by two elements is
associative. Classical theorems establish that R, C and H are, up to iso-
morphism, the only associative finite-dimensional real division algebras
(Frobenius [26] 1878), and that every alternative real division algebra of
finite dimension is either associative or isomorphic to O (Zorn [47] 1931).

The years 1940 – 1958 saw a development in which several important
results on real division algebras and related topics were proved by topo-
logical methods. Most notable are the one by Hopf [27], stating that
every finite-dimensional commutative real division algebra has dimen-
sion one or two, and the famous (1,2,4,8)-theorem [27, 10, 35], according
to which every finite-dimensional real division algebra has dimension 1,
2, 4 or 8.
Attempts to develop a general theory of non-associative algebras were

made by Dickson [17], Jacobson [30], Albert [1, 2, 4], Bruck [12] and
others in the thirties and forties. Among the concepts studied, the notion

2The values of 〈 〉 are in the subspace R1 ⊂ H, which is identified with R in the
canonical way.

3



of isotopy is of particular significance for the theory of division algebras
and composition algebras. It was introduced by Albert in [1]. Two
algebras A, B over a field k are said to be isotopic if there exist linear
bijections S, T, U : A → B such that xy = U−1((Sx)(Ty)) for all x, y ∈
A.3 The algebra A is then called the isotope of B determined by S, T
and U . If A and B have the same underlying vector space, say V , and
U = IV , then A is said to be a principal isotope of B. We denote by BST
the principal isotope of B given by the maps S and T . Every isotope of
an algebra B is isomorphic to some principal isotope of B.
The class of division algebras over a field k is closed under isotopy.

Moreover, any algebra A containing an element u such that Lu is in-
vertible and an element v such that Rv is invertible (in particular, every
division algebra) is isotopic to a unital algebra. Namely, the principal
isotope B = (A, ◦) with multiplication given by x ◦ y = (R−1

v x)(L−1
u y),

has identity element uv ∈ B. Albert proved [1, Theorem 12], that a
unital algebra A is associative if and only if every isotope of A that is
unital again is isomorphic to A.
Over any field k, the only one-dimensional division algebra is the field

itself. In dimension two, every division algebra can be constructed by
isotopy from a quadratic field extension of k. This is since every unital
two-dimensional division algebra is associative and commutative, thus
a field. In the case k = R, this approach has been used to classify all
division algebras of dimension two [38, 28, 21].
In the article [37] from 1962, Osborn developed a theory of quadratic

division algebras over fields of characteristic different from two. His main
result is recapitulated in Proposition 1.2 below. An algebra A over a field
k is said to be quadratic if it is unital and 1, x, x2 are linearly dependent
for all x ∈ A. By convention, morphisms of quadratic algebras respect
the identity elements. We denote by Q the category of finite-dimensional
quadratic division algebras over k.
Let A be a quadratic algebra over a field k of characteristic not two.

The elements in the set

ImA = {x ∈ Ar k1 | x2 ∈ k1} ∪ {0}

are called the purely imaginary elements in A.

Lemma 1.1 ([26, 17]). In any quadratic algebra A over k, the set ImA ⊂
A is a subspace supplementary to k1, i.e.,

A = k1⊕ ImA.

3This definition deviates slightly from the standard one, according to which the alge-
bras A and B are assumed to have the same underlying vector space (making S, T and
U linear automorphisms). The present definition has the advantage that isomorphism
becomes a special case of isotopy.
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A quadratic space V = (V, q) over k is a linear space V equipped
with a quadratic form q : V → k. It is called regular if the associated
bilinear form 〈u, v〉 = 1

2(q(u + v) − q(u) − q(v)) is non-degenerate, and
anisotropic if it contains no isotropic vectors, that is if q−1(0) = {0}.
A quadratic space (V, q) shall be called strongly anisotropic if the form
〈1〉 ⊥ q : k × V → k, (α, v) 7→ α2 + q(v) is anisotropic. A linear map
between two quadratic spaces that respects the quadratic forms is called
an orthogonal map, a bijective orthogonal map is called an isometry.
By a dissident triple we mean a triple (V, ξ, η), where V = (V, q) is a

finite-dimensional strongly anisotropic quadratic space, ξ : V ⊗V → k an
anti-symmetric bilinear form and η : V ⊗ V → V an anti-commutative
algebra structure (in general not associative) on V with the property
that the vectors u, v, η(u ⊗ v) ∈ V are linearly independent whenever
u, v ∈ V are. A map η of this type is called a dissident map on V .
A morphism (V, ξ, η) → (V ′, ξ′, η′) of dissident triples is an orthogonal
algebra morphism σ : (V, η) → (V ′, η′) such that ξ′σ = ξ. The category
of dissident triples over k is denoted by D.
We proceed to define a functor H : D → Q. Let H(V, ξ, η) = k × V ,

with multiplication

(α, u)(β, v) = (αβ − 〈u, v〉+ ξ(u⊗ v) , αv + βu+ η(u⊗ v)).

For morphisms σ : (V, ξ, η)→ (V ′, ξ′, η′), set H(σ) = Ik × σ.

Proposition 1.2. The functor H : D → Q is an equivalence of cate-
gories.

This is in essence Osborn’s [37] result, though the categorical formu-
lation is due to Dieterich [20].
A two-dimensional quadratic division algebra is a quadratic field ex-

tension of the ground field. No quadratic division algebra of dimension
three exists over any ground field of characteristic different from two,
since there are no dissident maps in dimension two. In dimension four,
a classification of all quadratic division algebras has been given by Die-
terich4 [18] in the case k = R. By Proposition 1.2, this amounts to a
classification of all real dissident triples of dimension three. A strongly
anisotropic quadratic space over R is just a Euclidean space. Any dissi-
dent map η on a three-dimensional Euclidean space V can be uniquely
decomposed as η = δπ, where δ is a positive definite linear endomorphism
and π a vector product5 on V . The anti-symmetric form ξ determines
an anti-symmetric endomorphism ε of V such that ξ(u⊗ v) = 〈ε(u), v〉.

4Osborn claims in [37] to have classified all four-dimensional quadratic division alge-
bras over any field k of characteristic not two, up to the theory of quadratic forms
over k. This, however, is not entirely correct, as explained in [20].
5A vector product π on a Euclidean space V is a dissident map with the property
that u, v, π(u⊗ v) ∈ V are orthonormal whenever u, v ∈ V are orthonormal.
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Thus one can show that the problem of classifying all dissident triples
of dimension three over R is equivalent to finding normal forms for pairs
(δ, ε) consisting of a positive definite and an anti-symmetric linear endo-
morphism of R3 under conjugation by SO(R3) (see e.g. [19]).
It may be remarked that a finite-dimensional real division algebra

is quadratic if and only if it is power-associative, i.e., if any subalge-
bra generated by a single element is associative. This follows from the
fact that every finite-dimensional real power-associative division algebra
has an identity element [43, Lemma 3.5]. Every quadratic algebra is
clearly power-associative. Conversely, if A is a finite-dimensional power-
associative real division algebra, then the subalgebra R〈1, x〉 generated
by the elements 1 and x is commutative and associative, and thus iso-
morphic to either R or C. This means that A is quadratic.
An algebra A is called flexible if the identity x(yx) = (xy)x is satisfied

for all x, y ∈ A. One of the main contributions of the present thesis
is the completion of the classification of all real finite-dimensional flex-
ible division algebras. The work was initiated by Benkart, Britten and
Osborn [7] in 1982. They separated these algebras into three disjoint
subclasses:

1. Commutative division algebras (thus of dimension one or two),
2. scalar isotopes of quadratic flexible division algebras of dimen-

sion four or eight,
3. generalised pseudo-octonion algebras (dimension eight).

The scalar isotope λA given by λ ∈ Rr{0} of a quadratic algebra A is the
principal isotope of A given by S = T = fλ, where fλ(α1+v) = α1+λv,
for α ∈ R, v ∈ ImA. On the real, eight-dimensional Lie algebra su3 C of
complex anti-hermitean 3×3-matrices with trace zero, a multiplication
is defined by

x ∗ y = δ[x, y] +
i

2

(
xy + yx− 2

3
tr(xy)I3

)
, (1.3)

for any δ ∈ Rr{0}. The algebra obtained is denoted by Oδ = (su3 C, ∗).
A generalised pseudo-octonion algebra is an algebra isomorphic to Oδ
for some δ ∈ R r {0}.
Considering real flexible division algebras which are quadratic, these

can be studied through their corresponding dissident triples. Given a
dissident triple (V, ξ, η) ∈ D, the algebra H(V, ξ, η) is flexible if and only
if ξ = 0 and 〈η(u⊗ v), v〉 = 0 for all u, v ∈ V [37, p. 203]. We call these
triples flexible dissident triples, and the maps η flexible dissident maps.
A flexible dissident map on a three-dimensional Euclidean space V is of
the form λπ, where λ > 0 and π is a vector product. The number λ is
an invariant for the isomorphism class of (V, 0, λπ).
As for the seven-dimensional case, every flexible dissident triple is

isomorphic to (R7, 0, δπ(δ⊗ δ)), where δ is a positive definite symmetric

6



linear endomorphism of R7, and π : R7⊗R7 → R7 a fixed vector product.
Moreover, (R7, 0, δπ(δ⊗δ)) and (R7, 0, δ′π(δ′⊗δ′)) are isomorphic if and
only if there exists an automorphism σ of (R7, 0, π) such that δ = σ−1δ′σ.
This is the principal result in the article [16] by Cuenca Mira, Kaidi,
Rochdi and De Los Santos Villodres. Thus, in order to classify all finite-
dimensional real quadratic flexible division algebras it remains to find a
cross-section for the orbits of the action

Pds(R7)×Aut(π)→ Pds(R7), (δ, σ) 7→ σ−1δσ (1.4)

of the automorphism group Aut(π) = Aut(V, 0, π) on the set Pds(R7) of
positive definite symmetric linear endomorphisms of R7.
One approach to the classification problem for general division alge-

bras is via their algebras of derivations. A derivation δ of a k-algebra A
is a k-linear map A→ A satisfying δ(xy) = δ(x)y+xδ(y) for all x, y ∈ A.
The set of derivations of A forms a Lie algebra Der(A), the derivation
algebra of A. The automorphism group of a real finite-dimensional di-
vision algebra A is a Lie group, the Lie algebra of which is isomorphic
to Der(A). Benkart and Osborn [8] have classified the derivation alge-
bras arising from real finite-dimensional division algebras as being the
following ones:

1. The abelian Lie algebra Rn, with n ∈ {0, 1, 2},
2. su2 ⊕N , where N is an abelian ideal of dimension zero or one,
3. su2 ⊕ su2,
4. su3, and
5. compact g2.

Given this information, one may ask for a classification of all finite-
dimensional real division algebras with derivation algebra of a fixed iso-
morphism type. This approach has been pursued by Benkart and Osborn
in [9] and Djoković and Zhao in [22], attaining far-reaching results for
algebras with derivation types g2, su3, su2 ⊕ su2 and su2.
A ternary derivation is a triple (d1, d2, d3) of linear endomorphisms of

an algebra A satisfying d1(xy) = d2(x)y + xd3(y) for all x, y ∈ A. This
generalises the ordinary concept of a derivation, which is just a ternary
derivation with d1 = d2 = d3. The Lie algebra of ternary derivations of
A is denoted Tder(A). Let A be a finite-dimensional real algebra. If A′

is an isotope of A, then Tder(A′) is isomorphic to Tder(A). Similarly,
the isomorphism type of the algebra of ternary derivations is preserved
when passing from A to Aop, the opposite algebra, and to the algebra
A∗ = (A, ◦) whose algebra structure is determined by x ◦ y = L∗x(y),
where L∗x is the adjoint of Lx with respect to some inner product on A.
In the article [32], Jiménez Gestal and Pérez Izquierdo use ternary

derivations to investigate real division algebras. They show that large
classes of real division algebras are obtained from a few well known alge-
bras by iteration of the above constructions. Thus every four-dimensional
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real division algebra A for which Tder(A) is not abelian can be con-
structed in this way, as can every eight-dimensional real division algebra
whose algebra of ternary derivations contains a simple subalgebra of toral
rank at least two.

1.3 Composition and absolute valued algebras
In 1898, Adolf Hurwitz posed, and solved, the following problem: For
which positive integers n do bilinear forms

ζr = ζr(ξ, η) =
n∑

i,j=1

a
(r)
ij ξiηj , a

(r)
ij ∈ C, r ∈ {1, . . . , n} (1.5)

exist, satisfying

ζ2
1 + · · ·+ ζ2

n = (ξ21 + · · · ξ2n)(η2
1 + · · ·+ η2

n) (1.6)

for all ξ1, . . . , ξn, η1, . . . , ηn ∈ C ? Hurwitz proved that such forms exist
precisely for n ∈ {1, 2, 4, 8} [29]. The problem can certainly be gener-
alised, replacing C with an arbitrary field k, and the sums of squares
by any non-degenerate quadratic form q on kn, so that instead of Equa-
tion (1.6),

q(ζ1, . . . , ζn) = q(ξ1, . . . , ξn)q(η1, . . . , ηn) (1.7)

holds.
Interpreting the numbers a(r)

ij as structure constants of an algebra
structure on kn, Equation (1.7) gives precisely the condition of being
a composition algebra. A composition algebra is by definition an alge-
bra A 6= 0 endowed with a non-degenerate quadratic form q : A → k
satisfying q(xy) = q(x)q(y) for all x, y ∈ A. Morphisms of composition
algebras are algebra morphisms that are orthogonal with respect to the
quadratic forms. Given bilinear forms ζr as in (1.5), the algebra defined
from kn by setting

(x1, . . . , xn)(y1, . . . , yn) = (ζ1(x, y), . . . , ζn(x, y))

is a composition algebra with quadratic form q if and only if (1.7) holds.
Albert [3] proved that also in this, more general setting, only the dimen-
sions n = 1, 2, 4, 8 occur, if char k 6= 2.
Suppose A is a finite-dimensional composition algebra over a field

k, and q : A → k its associated quadratic form. Let a ∈ A be any
anisotropic element, and define u = 1

q(a)a
2. Now q(u) = 1

q(a)2
q(a2) = 1,

and thus the linear maps Lu and Ru : A→ A are orthogonal with respect
to q. The principal isotope AST of A given by the maps S = R−1

u and
T = L−1

u is a composition algebra with quadratic form q, and identity
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element u2. Hence, every finite-dimensional composition algebra can be
constructed from a unital one via isotopy.
Unital composition algebras have been extensively studied, e.g. in [1,

34, 31]. In characteristic different from two, they are constructed from
the ground field through a process analogue to the doubling described in
the beginning of Section 1.2, and determined up to isomorphism by their
quadratic forms. The latter are precisely the zero- one-, two- and three-
fold Pfister forms over k (see e.g. [36, Proposition 33.18]). The presence of
a unit quantity in a composition algebra over a field of characteristic not
two implies finite dimension. However, there exist composition algebras
without identity element that are infinite-dimensional (some examples
are given in [46, 15, 42, 25]).
A finite-dimensional composition algebra A is a division algebra if and

only if its quadratic form q is anisotropic. Namely, if x is isotropic,
then Lx(A) ⊂ A is an isotropic subspace, and since q is non-degenerate,
Lx(A) 6= A. So Lx is not surjective. Conversely, if xy = 0, then either
q(x) or q(y) is zero.
If the ground field is specified to the real numbers, it appears natural

to talk about norms rather than quadratic forms. A non-zero real algebra
A is called absolute valued if it possesses a norm ‖ · ‖ such that ‖xy‖ =
‖x‖‖y‖ for all x, y ∈ A. Clearly absolute valued algebras have no zero
divisors, so in finite dimension they are division algebras. Employing
a similar trick as in the case with composition algebras, one sees that
every finite-dimensional absolute valued algebra is isotopic to a unital
one, sharing the same norm.
The norm of an absolute valued algebra may or may not come from

an inner product. If it does, the algebra is a composition algebra with
respect to the quadratic form given by the inner product. An inflection
point in the theory of absolute valued algebras is the article [46] by
Urbanik and Wright from 1960. There is established, that every unital
absolute valued algebra is isomorphic to one of R, C, H and O, and that
every commutative absolute valued algebra has dimension at most two.
The first of these two results is a generalisation of a theorem by Albert
[5], stating that every algebraic6 absolute valued algebra with identity
element is isomorphic to one of the four above-mentioned ones.
A consequence of Albert’s result is that the norm of any finite-dimen-

sional absolute valued algebra comes from an inner product, and hence
such algebras are composition algebras, with anisotropic quadratic forms.
On the other hand, the quadratic form q of a finite-dimensional real
composition algebra A is anisotropic if and only if it is positive definite,
in which case its bilinear form is an inner product, and ‖x‖ =

√
q(x)

6An algebra is said to be algebraic if any subalgebra generated by a single element is
finite-dimensional.
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defines a norm on A. Hence a finite-dimensional absolute valued algebra
is just the same as a real finite-dimensional composition algebra with
anisotropic quadratic form.
Infinite-dimensional composition algebras and absolute valued alge-

bras are somewhat pathological, in the sense that most of the usual
regularity conditions imply finite dimension for these types of algebras.
For example, any absolute valued algebra which is either commutative
(as already noted above), power-associative, flexible or algebraic must be
of finite dimension ([46], [23], [24] and [33] respectively). As for composi-
tion algebras, power-associativity implies finite dimension [14], whereas
commutativity and flexibility do not [25]. The question of whether al-
gebraicity implies finite dimension for composition algebras appears still
to be open.

1.4 Directions of research
The articles in this thesis treat various aspects of the classification prob-
lem for simple algebras, with main focus on division algebras. Before
entering into a more detailed description of the results in the next chap-
ter, we shall here sketch the main lines, and comment upon the basic
ideas of the thesis.
The papers II and IV complete the classification of all finite-dimension-

al real flexible division algebras. In Paper II, starting from the results in
Benkart, Britten and Osborn’s article [7], the classification problem for
these algebras is reduced to the classification problem of those algebras
that in addition are quadratic. It may be worthwhile to note that in
the classification of the generalised pseudo-octonions, a key tool is the
complexification of the real Lie algebra su3C. Complexification returns
as a crucial ingredient in Paper VI.
The normal form problem for the group action (1.4) is solved in Pa-

per IV. This, together with Paper II and the articles [7] and [16], com-
pletes the classification of all finite-dimensional real flexible division al-
gebras. The main idea here is the concept of Cayley triples, which are
used to describe the automorphism group Aut(π). Cayley triples corre-
spond bijectively to elements in the automorphism group, and give rise
to certain types of orthonormal bases that are compatible with the vector
product. Thereby, the problem turns into choosing, for each δ ∈ Pds(R7),
a Cayley triple c in R7 such that the matrix of δ with respect to the basis
determined by c attains some canonical form.
Paper VII treats the normal form problem for the group action

O(R7)×Aut(π)→ O(R7), (T, σ) 7→ T · σ = σ−1Tσ, (1.8)
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where π is a vector product on R7. The method is similar to the one in
Paper IV, with the choice of Cayley triples as the main ingredient. Some
interesting new features are added in this case, due to the difference in
structure between orthogonal and symmetric operators. The solution
of this normal form problem gives rise to a classification of all finite-
dimensional absolute valued algebras having either a non-zero central
idempotent or a one-sided unity.
Paper V concerns the classification of vector product algebras. The

concept of a Cayley triple is developed into the notion of a multiplica-
tively independent set, which is used to give an elementary proof of the
classification theorem for vector product algebras.
Albert’s notion of isotopy plays a central role in the papers III and VII.

It is readily shown that every commutative, finite-dimensional division
algebra is isotopic to R or C (Paper III). Similarly, the composition and
absolute valued algebras considered in Paper VII are certain kinds of
isotopes of unital composition algebras. In both cases, the determination
of cross-sections for the isomorphism classes of algebras of the respective
types turn into normal form problems with a strong geometric taste. For
absolute valued algebras with non-zero central idempotent or one-sided
unity, this is precisely the normal form problem for (1.8).
As mentioned above, one theme in the present thesis is extension of

scalars. The fundamental idea is to pass to the algebraic closure, prove
a desired isomorphism, and then show that isomorphism holds also in
the original, non-algebraically closed situation. This method has proved
fruitful in Paper II and VI, and could perhaps be of use also in other
situations. One approach to the investigation of finite-dimensional real
division algebras could be to study which complex algebras arise as com-
plexifications of real division algebras, and use this categorisation to
obtain further information about the real division algebras in question.
Paper I treats the problem of describing the dimensions in which di-

vision algebras over a ground field k can appear. A crucial point is the
extension of the (1, 2, 4, 8)-theorem for real division algebras to arbitrary
real closed fields; that is, to prove the result that the dimension of a
division algebra over a real closed field, if finite, is either one, two, four
or eight. This is shown by using the fact, that every real closed field k
is elementary equivalent to R in the language of rings, reformulating the
statement “there exists a division algebra of dimension n over k ” as a
first order sentence in this language.
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2. Summary of results

2.1 The dimension of a division algebra over a field
(Paper I)
A field k is said to be real closed if it is ordered by its set of squares, and
every polynomial of odd degree in k[X] has a root in k. LetM(k) be the
set of all degrees of irreducible polynomials in k[X]. The Artin-Schreier
theorem provides alternative criteria for a field k to be real closed.

Proposition 2.1 (Artin, Schreier 1927). For every field k which is not
algebraically closed, the following statements are equivalent.
1. [k : k] is finite.
2. M(k) is bounded.
3. k is real closed.

The principal result in Paper I is Theorem 2.2 below. Denote by N (k)
the set of all natural numbers n such that there exists a division algebra
of dimension n over the field k.

Theorem 2.2. Let k be a field. Then

N (k) =


{1} if k is algebraically closed,
{1, 2, 4, 8} if k is real closed,
unbounded if k is non-closed.

Here non-closed means neither algebraically closed nor real closed.
The fact that every finite-dimensional division algebra over an alge-

braically closed field has dimension one was, to the author’s knowledge,
first noticed by Gabriel in 1994. The proof relies on that if k is al-
gebraically closed, then every linear operator on a finite-dimensional
vectors space over k has an eigenvalue. So if A is a division algebra
over k and u, v ∈ A r {0}, then L−1

v Lu has an eigenvalue λ, and thus
(u − λv)x = 0 for some non-zero x ∈ A, implying that u, v are propor-
tional.
If k is non-closed then, by the Artin-Schreier theorem, M(k) is un-

bounded. Since each irreducible polynomial gives rise to a field extension
with the same degree as the polynomial, M(k) ⊂ N (k) holds. Thus
N (k) is also unbounded.
As for the real closed case, the crux is to show that Bott, Milnor and

Kervaire’s (1, 2, 4, 8)-theorem for real division algebras holds true even if
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R is replaced by any other real closed field. This is accomplished via a
model theoretic consideration. Recall that if L is a first order language,
then two L-structuresM,N are said to be elementarily equivalent if they
satisfy the same sentences in L, i.e., if M |= ϕ⇔ N |= ϕ for all ϕ ∈ L.
Proposition 2.3 (Tarski 1931). Any two real closed fields are elemen-
tarily equivalent in the language Lr = 〈+, ·,−, 0, 1〉 of rings.
For each natural number n we formulate the statement n ∈ N (k) as a

first order sentence χn in the language of rings. Thus for any real closed
field k,

n ∈ N (k) ⇔ k |= χn
Prop. 2.3⇔ R |= χn ⇔ n ∈ N (R)

and hence
N (k) = N (R) = {1, 2, 4, 8}.

This completes the proof of Theorem 2.2.

2.2 Real flexible division algebras (Paper II and IV)
In presence of the results in [7, 16], which were described in Section 1.2,
the following problems remain to be solved in order to complete the
classification of all finite-dimensional real flexible division algebras:

1. Classify all commutative division algebras,
2. find a cross-section for the orbit set of the group action (1.4)

(thereby completing the classification of all quadratic flexible
division algebras),

3. classify the scalar isotopes of quadratic flexible division algebras,
and

4. classify the generalised pseudo-octonion algebras.
The tasks 1, 3 and 4 are carried out in Paper II, while Paper IV is devoted
to the normal form problem for (1.4).
The treatment of the commutative division algebras in Paper II follows

Althoen and Kugler [6], using multiplication tables and direct compu-
tations. The approach with isotopy used in Paper III appears more
conceptual, and we shall postpone the discussion of the commutative
case to Section 2.3.
The problem of classifying the scalar isotopes is solved by the following

proposition.

Proposition 2.4. Let A and B be quadratic division algebras, and λ, µ
non-zero real numbers. Then λA ' µB if and only if λ = µ and A ' B.

Denote the product of two elements x, y in either λA or µB with x?y.
One readily verifies that R1A is the center of λA, and that

ImA = {a ∈ λAr R1A | x ? x ∈ R1A} ∪ {0}.

14



Hence, if ϕ : λA → µB is an isomorphism, then ϕ(1A) = 1B, and
ϕ(ImA) = ImB.
Let v, w ∈ ImA. Now

λϕ(v) = ϕ(1A ? v) = 1B ? ϕ(v) = µϕ(v) ⇒ λ = µ, and

ϕ(vw) =
1
λ2
ϕ(v ? w) =

1
λ2
ϕ(v) ? ϕ(w) =

µ2

λ2
ϕ(v)ϕ(w) = ϕ(v)ϕ(w)

which implies that ϕ is an isomorphism between the quadratic algebras
A and B.
Our route to the solution of the isomorphism problem for the gen-

eralised pseudo-octonions goes via complexification. We write Sδ for
the complexification C ⊗ROδ of Oδ. Note that C ⊗R su3C ' sl3C, so
Sδ = (sl3C, ∗) with the multiplication determined, as for Oδ, by Equa-
tion (1.3).
Let k be a field of characteristic different from two. Denote by A±

the category of all triples (X, •, [ ]), where X is a vector space over
k, and • and [ ] commutative and anti-commutative algebra structures
on X respectively. Morphisms in A± are linear maps respecting both
structures. The category of all k-algebras is isomorphic to A± via the
functor (·)± sending an algebra A to A± = (A, •, [ ]), and acting on
morphism identically. Here [ ] denotes the commutator and • the anti-
commutator: [x, y] = xy − yx and x • y = xy + yx. We use the symbols
•∗ and [ ]∗ for the commutator and anti-commutator with respect to the
algebra structure ∗ .
The multiplication in the algebra S+

δ = (sl3, •∗) is given by

x•∗y = i

(
xy + yx− 2

3
tr(xy)I3

)
,

and thus independent of δ. As for S−δ = (sl3C, [ ]∗), it is isomorphic
to sl3C via the homothety h2δ : S−δ → sl3C, x 7→ 2δx. Hence, any
isomorphism S−δ → S−γ has the form δ

γψ, where ψ ∈ Aut(sl3C).
If ϕ : Oδ → Oγ is an isomorphism, then it induces an isomorphism

ϕ : Sδ → Sγ , which in turn is an isomorphism S−δ → S−γ . Thus ϕ = δ
γψ

for some ψ ∈ Aut(sl3C). On the other hand, ϕ is also an isomorphism
between S+

δ and S+
γ . Inserting the possible alternatives for an automor-

phism ψ of sl3C into ϕ = δ
γψ, a simple computation yields the desired

result.

Proposition 2.5. Two generalised pseudo-octonion algebras Oδ and Oγ,
are isomorphic if and only δ = ±γ.

The “if” part of the proposition is given by the fact, that matrix trans-
position defines an isomorphism Oδ → O−δ.
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The solution of the normal form problem for (1.4) is based on a well-
suited description of Aut(π), where π is a fixed vector product on the
Euclidean space R7. We consider π as an algebra structure on R7 and
write uv = π(u ⊗ v). A Cayley triple in R7 is a triple (u, v, z) ∈ R7 ×
R7 × R7 such that u, v, uv, z are orthonormal. The set of Cayley triples
in R7 is denoted by C. Every Cayley triple c = (u, v, z) ∈ C determines
an orthonormal basis bc = (u, v, uv, z, uz, vz, (uv)z) of R7. The matrix
of an endomorphism δ of R7 with respect to bc is denoted [δ]c.
The relevance of Cayley triples here is, that they provide a way to

approach the group Aut(π), as the following lemma indicates.

Lemma 2.6. The group Aut(π) acts simply transitively on C by

σ · (u, v, z) = (σ(u), σ(v), σ(z)).

This means that fixing a Cayley triple s ∈ C, we obtain a bijection

t : Aut(π)→ C, σ 7→ σ · s .

Note that Lemma 2.6 implies, that Aut(π) acts transitively on orthonor-
mal pairs, and that the stabiliser of an orthonormal pair (u, v) acts simply
transitively on the unit sphere in {u, v, uv}⊥ ⊂ R7.
If δ ∈ Pds(R7), c ∈ C and σc = t−1(c), then [σ−1

c δσc]s = [σ]σc·s = [δ]c.
Hence, conjugation with an element σ ∈ Aut(π) may be seen as a change
of basis between different bases bc. Thus the task is, for all δ ∈ Pds(R7),
to choose a Cayley triple c in such a way that the resulting matrix [δ]c
is invariant within the orbits of (1.4). Then the normal form of δ is the
endomorphism which in the basis bs is given by the matrix [δ]c.
Since Aut(π) ⊂ O(R7), the set p(δ) = {(λ, ker(δ − λIR7)) | ker(δ −

λIR7) 6= 0} of eigenpairs is an invariant for δ under the action (1.4).
Hence the normal form problem may be solved separately for each pos-
sible set of eigenpairs. These may be further classified on basis of the
dimensions of the eigenspaces:

(dim ker(δ − λ1IR7), . . . ,dim ker(δ − λrIR7)).

There are 15 different possibilities:

(7);
(1, 6), (2, 5), (3, 4);
(1, 1, 5), (1, 2, 4), (1, 3, 3), (2, 2, 3);
(1, 1, 1, 4), (1, 1, 2, 3), (1, 2, 2, 2);
(1, 1, 1, 1, 3), (1, 1, 1, 2, 2);
(1, 1, 1, 1, 1, 2);
(1, 1, 1, 1, 1, 1, 1).
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The explicit solution of the normal form problem for (1.4) is quite tech-
nical, and not easily summarised beyond the description of the general
method given above. Normal forms are given in Paper IV, Proposi-
tions 3.1–3.14. There is a small mistake in Lemma 3.10, affecting Propo-
sition 3.12 there. A corrected version is given at the end of Paper VII.

2.3 The commutative case (Paper III)
Hopf proved that every real finite-dimensional commutative division al-
gebra has dimension one or two [27], and as we saw in Section 1.2, every
division algebra is isomorphic to a principal isotope of a unital division
algebra. Since every one-dimensional division algebra is isomorphic to
the ground field, it remains to classify the commutative division algebras
of dimension two over R.
Any unital two-dimensional division algebra is associative and com-

mutative, and thus a quadratic field extension of the ground field. In
the real case, this leaves the complex numbers as the only possibility.
Consequently, every commutative two-dimensional real division algebra
is isomorphic to a principal isotope of C. One readily shows, that the
principal isotope of C given by the linear maps S and T is commutative
if and only if S = T . We denote this isotope by CT .
We identify C with R2 in the natural way, and matrices A ∈ R2×2

with linear endomorphisms of this space. Furthermore, we set

I =

(
1
−1

)
and Rα =

(
cosα − sinα
sinα cosα

)

for α ∈ R.

Lemma 2.7. 1. For each A ∈ GL(R2), on setting B = | detA|−
1
2A,

the homothety h : CA → CB, x 7→ (detA)x is an algebra isomorph-
ism, and detB ∈ {1,−1}.
2. If (P,R) ∈ Pds(R2) × SO(R2), then the following linear maps are
algebra isomorphisms:
a) R2 : CPR → CRPR−1 , and
b) R−2

α : CPRI → CR−1
α PRαI

, where α ∈
[
0, 2π

3

[
is the unique angle

such that R = R3α.

Lemma 2.7 holds the key to an appreciable reduction of our classifi-
cation problem. Any two-dimensional commutative real division alge-
bra is isomorphic to CA for some A ∈ GL(R2), and by Lemma 2.7(1),
we may assume that detA = ±1. Polar decomposition of A yields
A = PS for unique P ∈ Pds(R2) and S = O(R2) (see e.g. [13]). Setting
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R = SI
1
2
(1−detS) gives A = PR or A = PRI, with R ∈ SO(R2). Since

detA = ±1 and detR = −det I = 1, we have detP = 1.
Let P = Pds(R2) ∩ SL(R2) and PI = {PI | P ∈ P}. Now

Lemma 2.7(2) yields the following result.

Proposition 2.8. For every commutative division algebra C of dimen-
sion two, there exists a matrix M ∈ P ∪ PI such that C ' CM .

Set J = R 2π
3

= 1
2

(
−1 −

√
3√

3 −1

)
. Denote by 〈I〉 and 〈I, J〉 the subgroups

of O(R2) generated by I and I, J respectively, and by Iso(C,D) the
set of algebra isomorphisms between two division algebras C and D.
Moreover, for F ∈ 〈I, J〉, set F = IFI. A further scrutiny of the isotopes
CM , M ∈ P ∪PI leads to the following description of the isomorphisms
between them.

Proposition 2.9. For all P,Q ∈ P, the following identities hold
true:
1. Iso(CP ,CQ) = {F ∈ 〈I〉 | FPF−1 = Q},
2. Iso(CPI ,CQI) = {F ∈ 〈I, J〉 | FPF−1 = Q},
3. Iso(CP ,CQI) = ∅.

Hereby, the problem of classifying all two-dimensional real division
algebras splits into two subproblems:
1. Determine a cross-section for the orbit set of the group action

〈I〉 × P → P, (F, P ) 7→ FPF−1. (2.1)

An action of 〈I〉 is defined on the open right half plane H = R>0 × R
in the natural way: F · x = Fx. One verifies that ϕ : H → P, ( ab ) 7→(
a b

b 1+b2

a

)
is an 〈I〉-equivariant bijection. Since I ( ab ) = ( a

−b ), it follows
that ϕ(R>0 × R>0) is a cross-section for the orbit set of (2.1).
2. Determine a cross-section for the orbit set of the group action

〈I, J〉 × P → P, (F, P ) 7→ FPF
−1
. (2.2)

This problem can be reformulated in a somewhat more accessible way.
Define another group action

〈I, J〉 × P → P, (F, P ) 7→ FPF−1. (2.3)

For the sake of distinction, we use P̂ to denote P under this action, as
opposed to the action (2.2). The two actions are related via the 〈I, J〉-
equivariant bijection P̂ → P, P 7→ IP .
The set P is identified, via P 7→ {x ∈ R2 | xtPx = 1}, with the set

of ellipses in R2 with reciprocal axis lengths, on which 〈I, J〉 acts in the
natural way. With this picture in mind, one can prove that the set

N =
{
Rα

(
λ 0
0 1/λ

)
R−1
α | (α, λ) ∈

[
0,
π

6

]
× ] 0, 1[

}
∪ {I2}
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is a cross-section for the orbit set of (2.3). Consequently,

IN = {IN | N ∈ N}

is a cross-section for the orbit set of (2.2).

2.4 Vector products (Paper V)
Let k be a field of characteristic different from two. A vector product al-
gebra over k is a vector space V over k, equipped with an anti-symmetric
bilinear multiplication map

V × V → V, (u, v) 7→ uv

and a non-degenerate symmetric bilinear form 〈 〉 : V × V → k such
that

1. 〈uv,w〉 = 〈u, vw〉, and
2. 〈uv, uv〉 = 〈u, u〉〈v, v〉 − 〈u, v〉2

for all u, v, w ∈ V . The corresponding quadratic form N(u) = 〈u, u〉 is
usually called the norm on V . A morphism of vector product algebras
is, by definition, an algebra morphism which is orthogonal with respect
to the bilinear forms.
Generalising on one hand the usual cross product in R3, vector prod-

uct algebras on the other hand offer an alternative approach to unital
composition algebras. Given a vector product algebra V , the algebra
A = k × V with multiplication

(α, u)(β, v) = (αβ − 〈u, v〉 , αv + βu+ uv) (2.4)

and symmetric bilinear form 〈(α, u), (β, v)〉 = αβ+〈u, v〉 is a composition
algebra with identity element (1, 0). This assignment actually gives rise
to an equivalence between the respective categories of vector products
algebras and unital composition algebras over k (cf. [11]). If f : V →
W is a morphism of vector product algebras, then the corresponding
morphism of composition algebras is Ik×f : k × V → k ×W .
The following theorem is a consequence of fundamental results on the

structure for unital composition algebras, described in Section 1.3.

Theorem 2.10. 1. The dimension of any vector product algebra is ei-
ther 0, 1, 3 or 7.
2. Two vector product algebras are isomorphic if and only if their re-
spective bilinear forms are equivalent.

In Paper V, a direct proof of this result is given, not using the corre-
spondence with composition algebras. Let V be a vector product algebra.
The following lemma sets the foundation for the further investigation.
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Lemma 2.11. For all u, v, w ∈ V , the following identities hold:
1. 〈u, uv〉 = 0,
2. 〈uv, uw〉 = N(u)〈v, w〉 − 〈u, v〉〈u,w〉,
3. u(vu) = N(u)v − 〈u, v〉u.

If u, v, w are pairwise orthogonal with respect to 〈 〉, then
1. u(vw) = −(uv)w.

A finite subset E ⊂ V is called multiplicatively independent if any
vector e ∈ E is anisotropic and orthogonal to the subalgebra 〈Ee〉 ⊂ V
generated by Ee = E r {e}. Clearly, any subset of a multiplicatively
independent set is multiplicatively independent. From Lemma 2.11 fol-
lows, that if E is a multiplicatively independent set and x, y ∈ V are
products of elements in E in which every e ∈ E occurs precisely once,
then x = ±y.
Given a finite ordered set A = {a1, . . . , an} ⊂ V , set

Π(A) =

{
a1 if n = 1,
(Π(Ar{an}))an if n > 1.

Using Lemma 2.11, one can now prove the following proposition.

Proposition 2.12. Let E ⊂ V be a multiplicatively independent set and
let I be the set of non-empty subsets of E, each subset equipped with some
fixed order. Then the following hold.
1. The set {Π(A)}A∈I is an orthogonal basis of the vector space 〈E〉.
2. If e ∈ E, then 〈E〉 = 〈Ee〉 ⊥ 〈e〉 ⊥ 〈Ee〉e.
3. If f ∈ V is anisotropic and orthogonal to 〈E〉, then E ∪ {f} is a
multiplicatively independent set.

The first statement above implies that dim〈E〉 = 2m − 1, if m is
the number of elements in E. On the other hand, by statement 3, a
multiplicatively independent set E ⊂ V can be successively extended
until it generates V , if V is finite-dimensional, and to arbitrary large
finite cardinality otherwise.
Now suppose that E = {u, v, w, z} ⊂ V is a muliplicatively indepen-

dent set. Evaluating u (v(wz)) one gets

u(v(wz)) = u((wv)z) = ((wv)u)z = −((vw)u)z

but also

u(v(wz)) = (vu)(wz) = (w(vu))z = ((vw)u)z.

This means that u (v(wz)) = 0, which contradicts the multiplicative
independence of E, in view of Proposition 2.12(1). Hence every multi-
plicatively independent set has at most three elements, and consequently
dimV ∈ {2m − 1}3m=0 = {0, 1, 3, 7}.
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The second part of Theorem 2.10 also follows from Proposition 2.12.
Namely, let V andW be vector product algebras with equivalent bilinear
forms, E ⊂ V and F ⊂ W multiplicatively independent sets and σ :
〈E〉 → 〈F 〉 an isomorphism of vector product algebras. Then σ is in
particular an isometry between 〈E〉 and 〈F 〉, and by Witt’s theorem,
the orthogonal complements 〈E〉⊥ ⊂ V and 〈F 〉⊥ ⊂ W of 〈E〉 and 〈F 〉
respectively are isometric. Thus there exist f ∈ 〈E〉⊥ and f ′ ∈ 〈F 〉⊥ with
N(f) = N(f ′) 6= 0. By Proposition 2.12(3), the sets E∪{f} and F∪{f ′}
are multiplicatively independent. It is now straightforward to verify,
that σ : 〈E〉 → 〈F 〉 extends uniquely to an isomorphism 〈E ∪ {f}〉 →
〈F ∪ {f ′}〉 that sends f to f ′. By induction, this gives an isomorphism
between V and W (the initial case being E = {0}, F = {0}).

2.5 Pairs of rotations (Paper VI)
Paper VI originates in a technical problem from Paper VII, the solution
of which turned out to be interesting enough in its own right. It concerns
pairs of rotations in finite-dimensional Euclidean space.
For every orthogonal operator σ on a finite-dimensional Euclidean

space V , there exists an orthonormal basis e in V such that the ma-
trix of σ with respect to e has the form

[σ]e = Rα1 ⊕ · · · ⊕Rαk ⊕ Il ⊕−Im,

where αi ∈]0, π[ and k, l,m ∈ N. Here In denotes the identity matrix of
size n× n, and

Rα =

(
cosα − sinα
sinα cosα

)
∈ O(R2), A⊕B =

(
A

B

)
.

A rotation is an orthogonal map σ satisfying either σ = ±IV or [σ]e =
Rα ⊕ · · · ⊕ Rα for some α ∈ ]0, π[ and some orthonormal basis e of V .
The number α is called the angle of the rotation σ; IV and −IV are said
to have angles 0 and π respectively. In Paper VI, pairs of rotations are
classified up to simultaneous conjugation with orthogonal maps. The
principal result can be stated as follows:

Theorem 2.13. Let δ and ε be rotations with angles α and β respectively,
in a finite-dimensional Euclidean space V .
1. There exists an orthonormal basis e of V with respect to which the
matrices of δ and ε take the following form:
a) [δ]e = ±In, [ε]e = ±In if α, β ∈ {0, π},
b) [δ]e = ±In, [ε]e = Rβ ⊕ · · · ⊕Rβ if α ∈ {0, π}, β ∈ ]0, π[,
c) [δ]e = Rα ⊕ · · · ⊕Rα, [ε]e = ±In if α ∈ ]0, π[, β ∈ {0, π},
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d) [δ]e = A1 ⊕ · · · ⊕Al, [ε]e = B1 ⊕ · · · ⊕Bl where

(Ai, Bi) =

{
(Rα, Rriβ) , or
(Rα ⊕Rα , Tθi(Rβ ⊕Rβ)T−θi) ,

where ri = ±1, θi ∈ ]0, π[ and Tθi =
(

1
Rθi

1

)
, if α, β ∈ ]0, π[.

1. The decomposition given above is uniquely determined by δ and ε,
up to simultaneous permutation of the direct summands Ai and Bi in
(1).

The second statement in the theorem can be expressed by saying that
the Krull-Schmidt theorem holds for pairs of rotations in finite-dimen-
sional Euclidean space. This is a consequence, although not immediate,
of the Krull-Schmidt theorem for finite-dimensional modules.
Theorem 2.13 implies that V can be decomposed into an orthogonal

direct sum, in which each summand is invariant under δ and ε, and has
dimension at most four. To show this turns out to be the crucial part
of the proof of the theorem. The argument relies on complexification of
the space V .
It is not difficult to see that Theorem 2.13 holds true whenever β

or α belongs to {0, π}. Suppose that α, β ∈ ]0, π[. The complexified
operators δC and εC on V C = C⊗RV are diagonalisable, and give rise to
decompositions V C = A⊕B and V C = C ⊕D, where

A = ker(δC − eiαIV C) C = ker(εC − eiβIV C)

B = ker(δC − e−iαIV C) D = ker(εC − e−iβIV C)
(2.5)

and the summands in each decomposition are mutually orthogonal.
Complex conjugation κ(λ ⊗ v) = λ̄ ⊗ v is an antilinear operator on
V C, that is, it is additive and κ(λw) = λ̄κ(w) for all λ ∈ C, w ∈ V C.
Note that κ(A) = B and κ(C) = D. The following lemma gives a
characterisation of the subspaces of V C that arise as complexifications
of (δ, ε)-invariant subspaces of V .

Lemma 2.14. If U ⊂ V C is a κ-invariant subspace such that

U = (A ∩ U)⊕ (B ∩ U) = (C ∩ U)⊕ (D ∩ U) (2.6)

then U ∩ V ⊂ V is invariant under δ and ε, and (U ∩ V )C = U . Con-
versely, if W ⊂ V is an invariant subspace for δ and ε, then its complex-
ification U = WC is a κ-invariant subspace satisfying (2.6).

Hereby, the problem of finding subspaces of V that are invariant under
δ and ε is transformed into finding subspaces U ⊂ V C with the properties
indicated in the lemma. Our aim is to show, that there always exists
such a subspace of dimension at most four.
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If A ∩ C 6= 0, then for any non-zero vector v ∈ A ∩ C, the subspace
U = spanC{v, κ(v)} of V C satisfies the conditions in Lemma 2.14. Hence,
U ∩V ⊂ V is a two-dimensional subspace which is invariant under δ and
ε. An analogous argument shows that there exists a two-dimensional
(δ, ε)-invariant subspace of V if A ∩D 6= 0.

Suppose instead that the eigenspaces A, B, C and D have no non-
trivial intersections. The orthogonal projection map PA : V → A of V
onto A has kernel B, and since B ∩C = 0, the restriction PA|C : C → A
is bijective. The same is true for the restriction PB|C : C → B of
the orthogonal projection PB of V onto B. As noted above, complex
conjugation κ : V C → V C induces a map B → A, which we also denote
by κ.

Let T : A→ A be the map given by composition of the chain of maps

A
(PA|C)−1

→ C
PB |C→ B

κ→ A (2.7)

that is, T = κ ◦ PB|C ◦ (PA|C)−1. Being the composition of two lin-
ear and one antilinear map, T itself is antilinear. Clearly, T is bijec-
tive. Consequently, T 2 is a bijective linear operator on the complex
vector space A. As such, it has an eigenvalue λ ∈ C r {0}. Let
u ∈ A be a corresponding eigenvector. One verifies that the subspace
U = spanC{u, Tu, κ(u), κ(Tu)} of V C satisfies (2.6). Since U is invariant
under κ, Lemma 2.14 implies that U ∩ V ⊂ V is invariant under δ and
ε, and (U ∩ V )C = U . The dimension of U ∩ V is two if u and Tu are
linearly dependent, and four otherwise.

2.6 Absolute valued algebras (Paper VII)
In Paper VII, all finite-dimensional absolute valued algebras having ei-
ther a non-zero central idempotent or a left or right unity are classified.
The bulk of the work lies in the solution of the normal form problem for
the group action (1.8). The basic idea is the same as for the solution of
the corresponding problem for (1.4), which was sketched in Section 2.2.
The reduction to the normal form problem for (1.8) was made by

Rochdi in [40, 41]. In Paper VII, we recover his result from a more
general correspondence between composition algebras having an LR-
bijective idempotent and pairs of orthogonal, unity fixing linear oper-
ators on unital composition algebras. An element u in an algebra A is
called LR-bijective if the linear maps Lu and Ru on A are bijective.
Absolute valued algebras are classified in dimension one and two,

and in dimension four, a comprehensive description has been given by
Ramírez Álvarez [39]. Thus the main interest in Paper VII lies in what
it tells about the eight-dimensional situation. The orbits of the action
(1.8) correspond bijectively to isomorphism classes of eight-dimensional
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absolute valued algebras having a left unity, a right unity, and a non-zero
central idempotent respectively.
Let A = (A, q) be a composition algebra with an LR-bijective idem-

potent e, over a field k of characteristic different from two. Clearly,
q(e) = 1, thus Le and Re are orthogonal, and Le(e) = Re(e) = e. More-
over, the isotope B = (A, ◦) with x ◦ y = R−1

e (x) L−1
e (y) is a unital

composition algebra, and 1B = e. Reversing this construction, one sees
that every composition algebra having an LR-bijective idempotent is iso-
morphic to Bαβ for some unital composition algebra B and α, β ∈ O1(B).
Here O1(B) denotes the group of all orthogonal linear endomorphisms
of B that fix the identity element. Conversely, whenever B is a unital
composition algebra and α, β ∈ O1(B), the element 1B is an LR-bijective
idempotent in Bαβ .
For a unital composition algebra A over k, the orthogonal complement

V ⊂ A of 1A is a vector product algebra, with multiplication defined by
u × v = PV (uv) and bilinear form induced from A. The multiplication
in A is recaptured from V by the identity (2.4) in Section 2.4.
Let B be another unital composition algebras over k, let W ⊂ B be

the orthogonal complement of 1B and α, β ∈ O1(A), γ, δ ∈ O1(B). Note
that since α and β fix 1A, they commute with PV , and similarly, γ and
δ commute with PW . Denote the algebra structures in Aαβ and Bγδ by
(x, y) 7→ x◦ y. Suppose now that ϕ : Aαβ → Bγδ is an isomorphism, and
ϕ(1A) = 1B. For any x = µ1A + v ∈ k1A ⊕ V ,

ϕPV (x) = ϕ(x− µ1A) = ϕ(x)− µ1B = PWϕ(x).

Applied on a product x ◦ y, this yields

ϕPV (x ◦ y) = PW (ϕ(x) ◦ ϕ(y)).

Computing the left and right hand sides of this identity for x = µ1A+v,
y = ν1A + w, where µ, ν ∈ k and v, w ∈ V , one arrives at the equation

µϕβ(w)+νϕα(v)+ϕ(α(v)×β(w)) = µδϕ(w)+νγϕ(v)+(γϕ(v)×δϕ(w)).

Specifying in turn y = 1A and x = 1A gives ϕα = γϕ and ϕβ = δϕ.
Thus the above equation reduces to

ϕ(α(v)× β(w)) = γϕ(v)× δϕ(w) = ϕα(v)× ϕβ(w)

which implies ϕ(v×w) = ϕ(v)×ϕ(w) for all v, w ∈ V . This means that
ϕ induces an isomorphism of vector product algebras V →W . From the
equivalence between unital composition algebras and vector product al-
gebras described in Section 2.4 follows that ϕ is an isomorphism between
A and B.
The above shows, that if ϕ : Aαβ → Bγδ is an isomorphism satisfying

ϕ(1A) = 1B, then ϕ is also an isomorphism between A and B, and
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(ϕα,ϕβ) = (γϕ, δϕ). The converse is immediate. To summarise, let
I K bi

• be the category of all pairs (K, e) consisting of a composition
algebra K and an LR-bijective idempotent e ∈ K. A morphism ϕ :
(K, e)→ (L, f) in I K bi

• is an isomorphism K → L such that ϕ(e) = f .
Moreover, let T be the category of triples (A,α, β) where A is a unital
composition algebra and α, β ∈ O1(A). Morphisms (A,α, β)→ (B, γ, δ)
in T are isomorphisms ϕ : A→ B satisfying (ϕα,ϕβ) = (γϕ, δϕ).

Proposition 2.15. The functor H : T → I K bi
• defined on objects

by H (A,α, β) = (Aαβ, 1A) and on morphisms by H (ϕ) = ϕ is an
equivalence of categories.

To classify the category T , and thereby the category I K bi
• , one needs

to do two things: Firstly, classify all unital composition algebras over k,
and secondly, find a cross-section for the orbit set of the group action

Aut(A)×O1(A)2 → O1(A)2, (ϕ, (α, β)) 7→ (ϕαϕ−1 , ϕβϕ−1)

of Aut(A) on O1(A)2 by simultaneous conjugation, for every unital com-
position algebra A over k. However, apart from being very difficult, this
does not suffice to classify all composition algebras with an LR-bijective
idempotent. The forgetful functor from I K bi

• to K bi — the category
of composition algebras with an LR-bijective idempotent is not full, and
the isomorphism classes in I K bi

• may be much smaller than the iso-
morphism classes in K bi.
Notwithstanding, Proposition 2.15 can be used to classify important

subcategories of K bi. The obstacle of the non-fullness of the functor
H can be removed or reduced by imposing additional conditions on the
algebras in question, such as the existence of a left or right unity, or a
non-zero central idempotent. To reduce the complexity of the problem
further, we consider only anisotropic real composition algebras with an
LR-bijective idempotent or, in other words, finite-dimensional absolute
valued algebras. Denote by A l

n, A r
n and and A c

n the categories of ab-
solute valued algebras of dimension n ∈ {1, 2, 4, 8} having a left unity,
a right unity and a non-zero central idempotent respectively. Moreover,
let T l

n , T r
n and T c

n be the full subcategories of T consisting of ob-
jects (A,α, β) where A is an n-dimensional absolute valued algebra and,
respectively, β = IA, α = IA and α = β.

Proposition 2.16. The functor H : T → I K bi
• induces equivalences

of categories T l
n → A l

n and T r
n → A r

n for n ∈ {1, 2, 4, 8}, and T c
n → A c

n

for n ∈ {1, 4, 8}.

The fact that A c
2 is missing in the proposition above is of minor impor-

tance, as two-dimensional absolute valued algebras are easily classified
anyhow. The one-dimensional case, of course, is trivial. Hence Proposi-
tion 2.16 reduces the classification problem for absolute valued algebras
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with one-sided unity or a non-zero central idempotent to the problem of
finding a cross-section for the orbit set of the group action

Aut(A)×O1(A)→ O1(A), (σ, α) 7→ σασ−1 (2.8)

in the cases A ∈ {H,O}. For A = H, the automorphism group Aut(H)
is isomorphic to SO(R3), and O1(H) is isomorphic to O(R3). It is easy
to show, that the set of orthogonal maps α whose matrices with respect
to the standard basis (1, i, j, k) are 1

ε

Rθ

 with ε = ±1, θ ∈ [0, π],

constitute a cross-section for the orbit set of (2.8).
As for the case A = O, the normal form problem for (2.8) is equiva-

lent to the normal form problem for the action (1.8). This problem is,
as already mentioned, in many aspects analogous to the corresponding
problem for the action (1.4) of Aut(π) on Pds(R7) by conjugation. The
role played by the eigenspaces of the symmetric linear endomorphisms
there is in the present case taken by the subspaces

Sθ(α) = {v ∈ R7 | α2(v) ∈ span{v, α(v)}, 〈α(v), v〉 = ‖v‖2 cos θ} ⊂ R7

where θ ∈ [0, π], determined by any α ∈ O(R7). The subspace Sθ(α) of
R7 is the largest one on which α acts as a rotation with angle θ. Although
the internal structure of the spaces Sθ(α) provides an additional aspect
to the normal form problem, basically the same programme as in the
situation with symmetric linear operators goes through here.
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Sammanfattning på svenska

Ett grundläggande problem i modern algebra är att bestämma alla struk-
turer som uppfyller en given uppsättning axiom. Strukturerna skiljer sig
naturligtvis mycket åt beroende på de axiom som definierar dem. Grup-
per kan till exempel vara intressanta för någon som studerar bijektioner
på mängder, ringar styrs av axiom som gör att de delar många viktiga
egenskaper med heltalen, och så vidare.
De strukturer som står i centrum i denna avhandling är divisionsalge-

bror och vissa andra, relaterade typer av algebror. En algebra definieras
som ett vektorrum A över en kropp k, utrustat med en bilinjär multip-
likationsavbildning

A×A→ A, (x, y) 7→ xy .

Till skillnad från vad som ofta är fallet krävs i denna definition inte att
multiplikationen är associativ, eller att det finns ett identitetselement.
En divisionsalgebra är en algebra A 6= 0 med egenskapen att de linjära
avbildningarna La : A→ A, x 7→ ax och Ra : A→ A, x 7→ xa är invert-
erbara för alla nollskilda element a ∈ A. Divisionsalgebror generaliserar
det vanliga, reella talsystemet i den meningen, att de fyra räknesätten
alltid är definierade på ett entydigt sätt. Varje ändligtdimensionell di-
visionsalgebra över R innehåller dessutom en kopia av R [44], så dessa
algebror kan på ett naturligt sätt ses som utvidgningar av de reella talen.
De mest kända reella divisionsalgebrorna är de reella talen, de kom-

plexa talen, kvaternionerna och oktonionerna, betecknade med R, C,
H respektive O. De två senare konstruerades av Hamilton respektive
Graves och Cayley i mitten av artonhundratalet. Till de klassiska resul-
taten inom teorin för reella divisionsalgebror hör, att R, C och H upp
till isomorfi är de enda ändligtdimensionella associativa reella division-
salgebrorna [26], att varje alternativ1 ändligtdimensionell reell division-
salgebra är associativ eller isomorf med O [47], samt att varje ändligtdi-
mensionell divisionsalgebra över R har dimension ett, två, fyra eller åtta
[27, 10, 35]. Vidare gäller, att varje kommutativ ändligtdimensionell reell
divisionsalgebra har dimension ett eller två [27].
Ett av huvudresultaten i denna avhandling är klassifikationen av alla

ändligtdimensionella flexibla divisionsalgebror. En algebra A kallas flex-

1En algebra kallas alternativ om varje underalgebra som generaras av två element är
associativ.

27



ibel om den uppfyller identiteten x(yx) = (xy)x för alla x, y ∈ A. I
synnerhet är varje kommutativ algebra flexibel, liksom varje associativ
algebra. Lösningen baseras på en artikel av Benkart, Britten och Osborn
[7], där klassen av ändligtdimensionella flexibla reella divisionsalgebror
delas in i tre disjunkta underklasser. I artikel II används deras resul-
tat för att reducera klassifikationsproblemet för dessa algebror till att
klassificera de ändligtdimensionella flexibla reella divisionsalgebror som
dessutom är kvadratiska. En algebra A sägs vara kvadratisk om den
har etta och 1, x, x2 är linjärt beroende för alla x ∈ A. Eftersom reella
kvadratiska divisionsalgebror av dimension fyra eller mindre är klassifi-
cerade (se [18]), så återstår enbart det åttadimensionella fallet.
Kvadratiska flexibla divisionsalgebror över R har behandlats i [16].

Där visas, att isomorfiklasserna av dessa algebror i dimension åtta
parametriseras av banorna för gruppverkan

Pds(R7)×Aut(π)→ Pds(R7), (δ, σ) 7→ σ−1δσ .

Här betecknar Pds(R7) mängden av positivt definita symmetriska linjära
endomorfismer på R7, och Aut(π) automorfismgruppen av den sjudimen-
sionella vektorprodukten. För att klassificera alla kvadratiska flexibla
reella divisionsalgebror av dimension åtta måste man alltså lösa nor-
malformsproblemet för ovanstående gruppverkan, det vill säga hitta ett
tvärsnitt för mängden av dess banor. Detta görs i artikel IV.
Ett centralt koncept i teorin för divisionsalgebror är begreppet isotopi.

Två algebror A och B är isotopa om det finns bijektiva linjära avbild-
ningar S, T, U : A → B så att xy = U−1((Sx)(Ty)) för alla x, y ∈ A.
Algebran A kallas då för isotopen av B som bestäms av S, T och U . Om
A och B har samma underliggande vektorrum V , och U = IV , så sägs A
vara en principalisotop av B, och vi skriver A = BST . Isotopi definierar
en ekvivalensrelation på mängden av algebrastrukturer på V .
Om en algebra A innehåller element u och v sådana att Lu och Rv är

bijektiva, så är isotopen B = (A, ◦) av A, med multiplikation x ◦ y =
(R−1

v x)(L−1
u y) en algebra med etta. Detta innebär att i synnerhet varje

ändligtdimensionell divisionsalgebra är isotop med en divisionsalgebra
med etta.
En tvådimensionell divisionsalgebra med etta är en kvadratisk kropp-

sutvidgning av grundkroppen. Således är varje reell divisionsalgebra i
dimension två isomorf med någon isotop av C. I artikel III används
detta för att klassificera alla kommutativa reella divisionsalgebror av
ändlig dimension. Samma ansats har använts för att klassificera alla
tvådimensionella reella divisionsalgebror [38, 28, 21].
Artikel I behandlar frågan om i vilka (ändliga) dimensioner det finns

divisionsalgebror över en given kropp k. Låt N (k) beteckna mängden av
positiva heltal n sådana att det existerar en divisionsalgebra av dimen-
sion n över k. Huvudresultatet är, att N (k) = {1} om k är algebraiskt
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sluten, N (k) = {1, 2, 4, 8} om k är reellt sluten, och att N (k) är obe-
gränsad om k varken är algebraiskt sluten eller reellt sluten.
Låt k vara en kropp av karaktäristik skild från två. En sammansätt-

ningsalgebra över k är en algebra A utrustad med en icke-degenererad
kvadratisk form q : A → k med egenskapen att q(xy) = q(x)q(y) för
alla x, y ∈ A. Varje ändligtdimensionell sammansättningsalgebra har
dimension ett, två, fyra eller åtta, och är isomorf med Bστ för någon
sammansättningsalgebra B med etta, och σ, τ ∈ O(B). Den kvadratiska
formen på Bστ är densamma som på B. Alla sammansättningsalgebror
med etta kan konstrueras från grundkroppen k genom en dubblingspro-
cess liknande den som utgående från de reella talen ger algebrorna C,
H och O. Isomorfitypen för en sammansättningsalgebra med etta är
entydigt bestämd av dess kvadratiska form.
Låt A vara en sammansättningsalgebra med etta, och V ⊂ A det

ortogonala komplementet till 1A med avseende på q. En multiplikation
på V definieras enligt

u× v =
1
2

(uv − vu) = PV (uv),

där PV betecknar den ortogonala projektionen av A på V . Den struktur
som erhålls på detta sätt kallas för en vektorproduktalgebra, och upp-
fyller axiom liknande dem för den vanliga vektorprodukten i R3. Kat-
egorin av vektorproduktalgebror över k är ekvivalent med kategorin av
sammansättningsalgebror med etta över k. I artikel V visar vi att varje
vektorproduktalgebra har dimension noll, ett, tre eller sju, och att dess
isomorfityp är entydigt bestämd av dess kvadratiska form. Detta ger ett
alternativt bevis till det motsvarande resultat för sammansättningsalge-
bror som refererats ovan.
En rotation med vinkeln α ∈ [0, π] i ett euklidiskt rum V är en or-

togonal avbildning som uppfyller δ2(v) ∈ span{v, δ(v)} och 〈δ(v), v〉 =
‖v‖2 cosα för alla v ∈ V . I artikel VI klassificeras alla par av rotationer
i ändligtdimensionella euklidiska rum under samtidig konjugation med
ortogonala operatorer. Det visar sig att om δ och ε är rotationer i ett
euklidiskt rum V av ändlig dimension, så kan V delas upp i delrum av
dimension mindre än eller lika med fyra, som vart och ett är invariant
under δ och ε. Detta problem, i specialfallet dimV = 6, kom först upp
som ett tekniskt delproblem i artikel VII.
Trots att varje ändligtdimensionell sammansättningsalgebra kan kon-

strueras från en sammansättningsalgebra med etta genom isotopi, är
denna beskrivning långt från tillräcklig för att kunna närma sig klassi-
fikationsproblemet för dessa algebror på ett tillfredsställande sätt. An-
norlunda förhåller det sig med de sammansättningsalgebror, som har
en nollskild central idempotent, eller ett vänster- eller högeridentitetse-
lement. För dessa algebror kan klassifikationsproblemet reduceras på
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följande sätt: Låt B vara en sammansättningsalgebra med etta och
dimB 6= 2, och låt O1(B) beteckna gruppen av ortogonala endomor-
fismer på B som fixerar identitetselementet. Banorna för gruppverkan

Aut(B)×O1(B)→ O1(B), (σ, α) 7→ σασ−1 (2.9)

parametriserar nu isomorfiklasserna av de sammansättningsalgebror
med nollskild central idempotent, respektive vänsteridentitetselement
och högeridentitetselement, som har samma kvadratiska form som B.
Tvärsnitt för isomorfiklasserna i de respektive fallen är mängderna
{Bαα}α∈S , {BαI}α∈S respektive {BIα}α∈S , där S ⊂ O1(B) betecknar
ett tvärsnitt för mängden av banor av (2.9).
Ovanstående konstruktion beskrivs i artikel VII. Där löses också prob-

lemet att finna ett explicit tvärsnitt för mängden av banorna av (2.9) i
fallet k = R och B = O. Detta ger en klassifikation av alla ändligtdimen-
sionella reella sammansättningsalgebror med anisotrop kvadratisk form
som har en nollskild central idempotent eller ett vänster- eller högeri-
dentitetselement. Klassen av ändligtdimensionella reella sammansät-
tningsalgebror med anisotrop kvadratisk form sammanfaller med klassen
av ändligtdimensionella absolutbeloppsalgebror.
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