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Abstract

Numerical Simulation of Flame Propagation

Per Uddholm

The effects of the temperature and length, of the preheat zone, on the deflagration to
detonation transition are investigated through numerical simulation. The
Navier-Stokes equations, with a reaction term, are solved in one dimension. The time
integration is a one-dimensional adaptation of an existing two-dimensional finite
volume method code. An iterative scheme, based on an overlap integral, is developed
for the determination of the deflagration to detonation transition. The code is tested
in a number of cases, where the analytical solution (to the Euler equations) is known.
The location of the deflagration to detonation transition is displayed graphically
through the preheat zone temperature as a function of the fuel mixture temperature,
for fixed exhaust gas temperature and with the preheat zone length as a parameter.
The evolution of the deflagration to detonation transition is investigated for an initial
state well within the regime where the deflagration to detonation transition occurs.
Graphs displaying the temporal evolution of pressure, temperature, reaction rate, and
fuel mass fraction are presented. Finally, a method for estimating the flame velocity
during the deflagration and detonation phases, as well as the flame acceleration during
the intermediate phase, is developed.
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Svensk sammanfattning

Effekterna av temperatur and längd, hos “preheat zonen”, på deflagration-
detonationtransitionen undersöks med numerisk simulering. Navier-Stokes
ekvationer, kompletterade med en reaktionsterm, löses i en dimension. Tidsin-
tegrationen är en en-dimensionell förenkling av en existerande två-dimensionell
finit volymkod. En iterativ metod, baserad på en överlappningsintegral,
utvecklas for att bestämma variabelvärden då deflagration-detonationtransitionen
kan uppstå. Programmet testas på en mängd fall, där de analytiska lös-
ningarna (till Eulers ekvationer) är kända. Lokaliseringen av deflagration-
detonationtransitionen i parameterrymden visas grafiskt genom “preheat zon”-
temperaturen som funktion bränsleblandningens temperatur, för fix förbrän-
ningsprodukttemperatur och med “preheat zonens” längd som parameter.
Evolutionen hos deflagration-detonationtransitionen undersöks för ett initialt
tillsånd väl inom regimen där deflagration-detonationtransitionen uppträder.
Tidsberoendet hos trycket, temperaturen, reaktionhastigheten, och bränslets
relativa massandel presenteras grafiskt. Slutligen utvecklas en metod för att
uppskatta flammans hastighet under deflagration- och detonationfaserna, lik-
som flammans acceleration under accelerationsfasen.
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Chapter 1

Introduction

1.1 Motivation

A major part of the world’s energy production is based on combustion. To-
day, climatic effects as well as pollution are causes of major concern. Re-
duction of these effects is one of the most important tasks for science and
technology in the 21st century. One way of improving the understanding of
combustion processes is numerical simulation. The equations involved model
turbulent flow and highly non-linear chemistry, and are accordingly difficult
to handle numerically. In order to simplify the computations, but still treat
a problem of physical interest, the equations are solved in time and one space
dimension.

An existing code [1] for the solution of the flow equations with pre-
mixed combustion in two-dimensional (2D) channels is rewritten for one-
dimensional (1D) problems. The code will be simplified as much as possible
for efficient calculations.

Various important properties of the flame, such as the flame speed and
acceleration, the intensity of the pressure waves, and possible transition from
deflagration to detonation, depend on the rate of compression as well as the
properties of the preheat zone. The latter is a zone ahead of the flame of
certain length and increased temperature, compared to the temperature far
ahead of the flame. The purpose of this work is to study the dependence of
the transition from deflagration to detonation on various physical conditions
in the unburned part of the channel.
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1.2 Disposition of thesis

The remainder of this Chapter will be devoted to a brief description of the
geometry (Section 1.3) and the Navier-Stokes equations with chemical terms
(Section 1.4).

The finite volume method and its reduction to 1D are covered in Chapter
2. This chapter also introduces the numerical criterion (2.6) for the defla-
gration to detonation transition (DDT) in terms of an overlap integral (eq.
(2.5)). Such a criterion turns out to be necessary in iterative schemes for
determining the conditions for the DDT. Here the structure of the input text
file is also described.

In Chapter 3 simple tests of the code are reported, viz. a comparison
with the 2D code, the Riemann problem, a study of the shock associated
with a sudden acceleration of the piston (into the gas), an investigation of
the effect of a non-uniform grid, the Chapman-Jouguet point, and the effect
of the smoothness of the input data, in particular on the cell size needed for
reliable results.

The results are presented in Chapter 4. Here the minimum fuel and pre-
heat zone temperatures for DDT are determined as functions of the preheat
zone length at fixed exhaust gas temperature. The results also include a
study of the temporal evolution of the DDT, as well as a determination of
the initial (deflagration) and final (detonation) flame speeds and the accel-
eration in the intermediate acceleration phase.

Appendix A provides descriptions of the global variables and the functions
used in the programme. The chemical terms in Navier-Stokes equations are
discussed in Appendix B. Shocks generated by a piston instantaneously accel-
erated into a non-reacting gas are considered in Appendix C. The Chapman-
Jouguet point is briefly reviewed in Appendix D. A weighted least square
method to determine the flame velocities before and after the DDT, as well
as the acceleration in the acceleration phase, is presented in Appendix E.

1.3 Geometry

The deflagration to detonation transition is an intrinsically many-dimensional
phenomenon. A 1D model is accordingly inadequate to describe the entire
process. Thus the preheat zone may be caused by many-dimensional pro-
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cesses, such as the Darrieus-Landau instability [2], interaction with turbulent
eddies, or hydraulic resistance, e.g. obstacles or wall friction. These effects
cannot be treated by 1D models. This report therefore considers the preheat
zone as fully developed, and performs 1D investigations of the DDT for var-
ious preheat zone lengths and temperatures.

The reacting gas is thus assumed to be enclosed within a 1D channel of
infinite or semi-infinite extent in the x-direction. The former case may cor-
respond to a flame propagating through an unbounded fuel mixture. Then
non-reflecting (absorbing) boundary conditions are appropriate at both ends.
The latter case arises for semi-infinite channels, including situations when the
fuel mixture is compressed, and therefore bounded to the left, by a piston
moving from left to right, and thus occupies the region x > xmin in the pis-
ton’s system of reference (with the piston at x = xmin). Then solid wall
boundary conditions are assumed on the left (x ≤ xmin), while on the right
(x = xmax) absorbing boundary conditions are adopted.

In preliminary studies, the spatial step length, or “cell volume”, ∆xi =
xi+1 − xi was a constant. This, however, meant that considerable computa-
tional work was done near x = xmin and x = xmax as well as in other regions
of slow variation. In order to improve performance in later versions of the
programme, the cell volume is chosen in such a way that the finest spatial
resolution is obtained in an interval, where regions of rapid variation could be
expected and including the preheat zone, where ∆xi is constant, and xi is the
co-ordinate of the ith cell wall. Outside this central interval the cell volume
increases geometrically (∆xi−1/∆xi = q− on the left and ∆xi+1/∆xi = q+

on the right), where q− and q+ are constants selected in such a way that,
on each side, the ratio between the volumes of the cells nearest and farthest
away from the preheat zone approximates some prescribed expansion factor
E .

The constant cell volume in the central interval will be referred to as the
central cell volume and denoted by ∆xC .

In Eriksson’s 2D code [1] separate indexing is applied to cells (KC1 etc)
and grid points (KP1 etc), with the convention that each grid cell index equals
the smallest of its four corner point indices. Since there are more grid points
than cells, some grid cell indices will be unoccupied. In 1D, on the other
hand, separate indexing is unnecessary: cell number k, located between xk

and xk+1, is identified by the index of its left grid point (or cell-wall) xk.
The number of cells NC is thus always one less than the number of cell walls

3



NW = NC + 1.

This 1D investigation, considers the temporal development of non-linear
waves in a gas initially consisting of three separate zones:

i. The region of burned gases occupying the left part of the channel,
usually x < 0.

ii. The preheat zone, with length L and consisting of preheated un-
burned gas.

iii. The region of unburned and not preheated fuel occupying the right
hand part of the channel, usually x > L.

These three regions are denoted by subscripts “L”, “I”, and “R”, respectively.
Between the three domains, transition zones with scale lengths κ−1 are per-
mitted.

1.4 The Navier-Stokes equations for a reacting

gas

The Navier-Stokes equations for a reacting gas may be written as (e.g., [2]
for a two component reacting gas)

∂ρ

∂t
+

∂

∂xi

(ρvi) = 0, (1.1)

∂

∂t
(ρvi) +

∂

∂xj

(ρvivj + δi,jp − τi,j) = 0, (1.2)

∂

∂t

(

ρe +
1

2
ρvivi

)

+
∂

∂xi

(

ρvih +
1

2
ρvivjvj + qi − vjτi,j

)

= 0, (1.3)

and

∂

∂t
(ρYα) +

∂

∂xi

(

ρviYα −
κ

Cp Le

∂Yα

∂xi

)

= ω̇α (1.4)

where external forces have been ignored, and tensor notation, i.e. summation
over repeated indices, is understood. Here ρ is the (total) gas density, vi is
the velocity component in the xi-direction (x1 = x, x2 = y, x3 = z), δi,j is
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the Kronecker delta (the element at position (i, j) in the identity matrix), p
is pressure, τi,j is the viscosity tensor component

τi,j = η

(

∂vi

∂xj

+
∂vj

∂xi

−
2

3

∂

∂xk

vkδi,j

)

, (1.5)

η is the viscosity, which may be obtained through Sutherland’s formula [5]

η = η0

T0 + S1

T + S1

(

T

T0

)3/2

, (1.6)

where η0 is the reference viscosity at the reference temperature T0 and S1 is a
constant, Cp and Cv are the specific heats (at constant pressure and volume),

e =
∑

α

QαYα + CvT (1.7)

and

h =
∑

α

QαYα + CpT (1.8)

are the linear approximations for the internal energy and enthalpy,

qi = −κ
∂T

∂xi

−
∑

α

κQα

Cp Le

∂Yα

∂xi

, (1.9)

is the energy flux (in direction i), κ = ηCp/Pr is the coefficient of thermal
conduction, Pr is the Prandtl number, T is the temperature, Le is the Lewis
number, and Yα and Qα are the mass fraction and the enthalpy of formation
of species α. The quantity eT ≡ ρe+ 1

2
ρvivi in the energy equation (1.3) will,

henceforth, be referred to as the total energy density.

In the following, the quantities ρ, ρvi, eT , and ρYα given by eqs. (1.1)
through (1.4) will be referred to as primary variables. Other quantities, like
the temperature T and the pressure p, which may be obtained from these
variables, will be referred to as secondary variables.

The RHS ω̇α in eq. (1.4) is the mass reaction rate for species α, with
reversed sign, and due to conservation of mass

∑

α

ω̇α = 0. (1.10)

This term is discussed further in Appendix B. It is generally derived from
the Arrhenius law, and often appears in simplified forms like
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ω̇α = −
ρnY n

α

ρn−1
R τR

exp
(

−
E

R0T

)

, (1.11)

where R0 ≈ 8.314 J(mole K)−1 is the universal gas constant, n is the order
of the reaction, ρR and τR are a reference density and a reference time, and
E is the activation energy. Clearly, subscript R in this formula, must not
be confused with the same subscript denoting initial variable values in the
unburned gas.

Equation (1.11) is appropriate for those species consumed in the reaction.
For other species, viz. the reaction products, different expressions must be
used. In particular, eq. (1.10) must be satisfied. In a two species, fuel-
reaction product, mixture only eq. (1.11) is necessary, as eq. (1.10) renders
the reaction term for one species redundant.

Since
∑

α Yα = 1 one of the mass fractions Yα and one of eqs. (1.4) are
redundant. For an m-component gas eqs. (1.4) thus only contribute with
m − 1 equations.

In the system (1.1) through (1.4), eq. (1.1) involves the 1 + N unknowns
ρ and vi, i = 1, · · · , N , where N is the number of space dimensions. The N
equations (1.2) introduce the additional two unknowns p and T (through the
viscous terms τi,j). The m − 1 independent equations (1.4) add the m − 1
unknowns Yα. Finally, the energy equation (1.3) introduces the variables
e, h, and ∇ · q, which may be expressed in variables Yα and T , and thus
do not introduce any additional unknown entity. Hence, eqs. (1.1) through
(1.4) constitute a system of 1 + N + m equations for 2 + N + m unknowns.
An additional equation, the equation of state, must accordingly be found in
order to close the system.

The equation of state is derived by writing the total pressure as the sum
of the partial pressures

p =
∑

α

pα, (1.12)

where the partial pressure of species α is

pα =
Yα

Wα

ρR0T, (1.13)

where Wα is the molecular weight of species α. The equation of state is thus
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p = ρRT, (1.14)

where the gas constant is

R = R0

∑

α

Yα

Wα

=
R0

W
(1.15)

and W is the average molecular weight

1

W
=
∑

α

Yα

Wα

. (1.16)

Thus, in a reacting gas, the gas constant R and the mean molecular weight
W are generally functions of time and space.

This result may be combined with the expressions

e =
∑

α

Yαeα(T ) (1.17)

and

h =
∑

α

Yαhα(T ), (1.18)

where ρe and ρh are the internal energy and enthalpy densities, and for
constant heat capacities Cv,α and Cp,α

eα(T ) = Qα + Cv,αT (1.19)

and

hα(T ) = Qα + Cp,αT = Qα + (Cv,α + Rα) T (1.20)

give the internal energy and enthalpy densities ραeα(T ) and ραhα(T ) for
species α. The total enthalpy of formation and heat capacities are accordingly

Q =
∑

α

YαQα, (1.21)

Cv =
∑

α

YαCv,α, (1.22)

and

Cp =
∑

α

YαCp,α. (1.23)
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Thus, defining γ = Cp/Cv, a set of equivalent equations of state may be
obtained

p = (γ − 1)(e − Q)ρ = (γ − 1)CvρT = (Cp − Cv)ρT. (1.24)

In the particular case when γα = Cp,α/Cv,α is independent of species α,
γ is a constant. This is not generally the case, however. Similarly, the total
heat capacities, Cp and Cv, are weighted averages of the species heat capac-
ities, Cp,α and Cv,α, and thus generally depend on time and space through
the weights Yα. Thus, the heat capacities must be continually recalculated
(Eriksson [1]).
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Chapter 2

Method

2.1 The finite volume method

2.1.1 Mathematical basis of method

Equations (1.1) through (1.4) may be cast in conservation form

∂Q

∂t
+

∂

∂xi

Fi = H, (2.1)

where

Q =



























ρ

(ρvk)
N
k=1

ρ
(

e + 1

2
vjvj

)

(ρYα)αm−1

α=α1



























, H =



























0

(0)N
k=1

0

(ω̇α)αm−1

α=α1



























,

and

Fi =





























ρvi

(ρvivk + δi,kp − τi,k)
N
k=1

ρvi

(

h + 1

2
vjvj

)

+ qi − vjτi,j

(

ρviYα − κ
CpLe

)αm−1

α=α1





























,

(2.2)
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with previously introduced notation, except that (ck)
N
k=0

denotes a column
vector with (dummy) element ck at position k (0 ≤ k ≤ N) and, of course, Q
now denotes a column vector of densities, mass-fluxes, and energy (and not
enthalpy of formation).

By dividing the domain of integration Ω in sub-domains (or cells) Ωk and
introducing the averages

Qk = 1

Vk

∫

Ωk
QdV and Hk = 1

Vk

∫

Ωk
HdV, (2.3)

where Vk is the volume of sub-domain Ωk and the sub-domains are disjoint,
except for the boundaries ∂Ωk, the relation

∂Qk

∂t
+

1

Vk

∫

∂Ωk

Fin̂idS = Hk, (2.4)

where n̂ = (n̂1, ..., n̂N ) is the unit outward normal, is obtained through Gauss’
formula. The finite volume method may now be separated in two different
parts, viz. the computation of the fluxes Fin̂i through the sub-domain bound-
aries, i.e. the evaluation of the surface integrals, and the time integration,
e.g. through some Runge-Kutta method.

2.1.2 Implementation

In Eriksson’s [1] original 2D Fortran programme, the time integration runs
as a DO-loop over a user-defined number of Runge-Kutta steps in the main
programme. Since the Runge-Kutta time step length depends on the cell vol-
ume, this complicates comparisons of results for different spatial resolutions.
In the current 1D C-version, the time integration is moved to novel function
RUN, where it is run up to, and stopped at, a user-defined termination time.
This is demonstrated graphically in Appendix A, where also the (majority
of the) functions and global variables in this code are listed.

In order to record the temporal development of a wave, intermediate times
may also be specified. The solutions at the intermediate times as well as the
termination time are computed and written to file. Each time step is per-
formed in function step (or STEP in 2D), which in addition to a number of
standard operations, such as calculating auxiliary variables from the primary
ones (function auxVr, or AUXVR in 2D) and the maximum linear time step
length from the CFL-condition (function ltsp), computes the fluxes Fi in
eq. (2.2) through the cell walls (function flux, or FLUX in 2D). To avoid
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unnecessary repetition, from this point on, the capitalised (Fortran 77-style)
2D function names, will only be used in explicit discussions of the 2D code.
Elsewhere only the not necessarily capitalised 1D function names (C-style)
will be used.

Function flux treats convective and diffusive fluxes separately. Those
fluxes are computed for each cell wall individually. Figure 2.1 thus illus-
trates the 1×4 and 4×1 arrays used by Eriksson’s 2D code [1] for convective
flux calculations, as well as the 2 × 3 and 3 × 2 arrays for diffusive fluxes.
Convective fluxes are accordingly calculated as the flux from cell KC2 to cell
KC3, while diffusive fluxes are calculated as the flux from cell KC3 to cell KC4.

Since the cell wall is located between the contributing and receiving cells,
the computation involves cells on both sides of it. In general, the arrays may
be accommodated entirely within the integration domain Ω. Then the cal-
culation is performed in functions conv1 and diff1. Near the boundary of
the integration domain ∂Ω these arrays may, however, partially fall outside
the domain Ω. The arrays then involve fictitious (or ghost) cells, where the
values of the physical variables are computed by extrapolation. The details
of the extrapolation are dictated by the boundary conditions. For example,
functions conv3 and diff3 are devised for solid wall boundary conditions,
while function conv4 is used for inflow/outflow boundaries with prescribed
density ρ, velocity v, pressure p, and species mass fractions Yα. In the 1D
code, the boundary conditions are greatly simplified, in particular for the
diffusive fluxes. Function flux finally converts the fluxes to differentials, to
be used in the Runge-Kutta step, of the density ρ, mass flux ρvi, total energy
density ρ

(

e + 1

2
vjvj

)

, and mass fractions Yα by multiplying the flux by the
time step length and dividing by the cell volume.

In Eriksson’s original 2D code [1] function CONV4 treats a variety of in-
flow/outflow boundary conditions. These include absorbing boundary con-
ditions, for which the implementation involves extrapolation to two adjacent
ghost cells. This method appears to be incapable of dealing with shocks,
however. If the spatial resolution is insufficient, non-physical conditions,
such as negative pressure, appear in the ghost cells as the shocks propa-
gate through the absorbing boundary. Even if the grid fineness is sufficiently
high to avoid such non-physical effects, a reflected wave is observed. Sev-
eral alternative extrapolation methods for the ghost cells were tested. Thus
zero’th ([3] p. 134f) order extrapolation yields a significant reflected wave. A
third approach, consisting of linear extrapolation, replaced by zero’th order
extrapolation when negative pressures arise, was also tested. This is even
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Figure 2.1: 1× 4-, 4× 1-, 3× 2-, and 2× 3-arrays in [1] in the calculation of
convective and diffusive fluxes. For clarity only cell indices are shown while
grid point indices are omitted.

worse than zero’th order extrapolation.

Hence, lacking good methods to incorporate absorbing boundaries, func-
tion conv6 was introduced. This function simply sets the differentials of the
primary variables to zero in the cells directly affected by the ghost cells. Since
the primary variables remain constant at the boundaries, the latter must be
located sufficiently far out that they are never reached by the wave during
the simulation.

The convective fluxes are obtained by running through all cell walls. The
1 × 4 or 4 × 1 arrays are positioned with cells KC2 and KC3 on either side of
the cell wall. Fluxes are then computed by calling CFLUX1 for the four cells
KC1, KC2, KC3, and KC4 and the two cell wall end points KP1 and KP2. The
latter are selected so an observer standing at KP1 facing KP2 would see cell
KC2 on the left.

For each cell wall, the flux thus obtained is subtracted from the total con-
vective flux into cell KC2 and added to the total convective flux into cell KC3.
In order to compute the partial flux Fi the primitive variable wall values, i.e.
the values at the boundary between cells KC2 and KC3, are needed. Those
entities are obtained in a number of steps. First the wall values of the den-
sity ρ, velocity v, and pressure p are approximated. Both the upwind linear
average of the values in cells KC1, KC2, KC3, and KC4, as well as the arithmetic
averages of cells KC2 and KC3 are calculated. These averages are then used
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to derive the wall values of the characteristic variables for the entropy- and
acoustic waves. The primitive variable wall values are eventually obtained
from the characteristic variables. The wall values of the mass fraction Yα are
also computed as upwind linear averages with optional TV-limiting (total
variation limiting).

In 1D the convective flux calculation is in principle the same, except that
only the 1×4 arrays are used and that a number of variables associated with
the transverse dimension are omitted. Also, since the 2D calculation allows
for grid walls at arbitrary angles to the x-axis, a number of unit vectors used
to define their orientation may also be discarded.

In 2D diffusive fluxes are also calculated by running through all cell walls.
Away from the boundaries, this calculation is performed by function DFLUX1,
through an argument list containing six grid point indices KP1, KP2, KP3, KP4,
KP5, and KP6 (KP2 and KP5 being the cell wall end points) in addition to the
six cell indices KC1, KC2, KC3, KC4, KC5, and KC6. In 1D, however, substantial
simplifications are possible, since it is sufficient to consider only the 3 × 2
array, assuming that all physical variables are constant in the transverse di-
rection. This array may thus be reduced to a 2 × 1 array. Only two input
arguments, identifying the cells on either side of the cell wall, are therefore
necessary.

It is, however, worth noticing that the 2 × 3 arrays do give finite fluxes
in the transverse direction, specifically through τyy = −2/3η∂vx/∂x to ρvy.
These non-vanishing transverse fluxes do not contribute, because as the 2×3
array in fig. 2.1 is shifted one step upwards, say, cell KC4 becomes cell KC3
in the shifted array. Since in 1D the fluxes must be independent of the y-co-
ordinate, the inward and outward transverse fluxes cancel each other. This
explains why the transverse velocity does not vanish identically, but remains
as round off errors, if the 2D code is used to solve a 1D problem. Apart from
this consideration, function dFlux1 is a straight forward implementation of
the formulæ in Section 1.4, and will not be commented on further.

The implementation of functions related to boundary value conditions,
such as conv3, diff3, dFlux2, and conv6, is straight forward, and will not
be discussed here.

Data are first read from file in function readData, which takes the input
file name as a text string. Following Eriksson [1], the input file consists of
a number of keywords, followed by numerical data. As function readData
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encounters a keyword, the appropriate data are read and stored in the cor-
responding variables. Further details are provided in Section 2.4.

2.2 Reduction of code to 1D

In a first approach a direct translation of the 2D code to the 1D case was
attempted. The resulting code was able to deal with the Riemann and pis-
ton problems for sharp discontinuities (the conditions in Sections 3.2 and
3.3). However, when applied to test data (provided by Uppsala University
and henceforth referred to as the Uppsala test data) representing a steep but
gradual transition, unacceptable results, e.g. negative temperatures, were
obtained. The reasons for this was never understood.

Hence a gradual, and therefore more time consuming, three step method
was chosen. In the first step, which was concerned with the reduction of
the convective and diffusive flux calculations to 1D, considerable effort was
invested in making sure that, as far as possible, the same computations were
performed in both the 1D and 2D codes. Thus, a quasi-1D code was de-
veloped, where the transverse convection and diffusion were suppressed and
the 2D grid was replaced with a 1D grid. Specifically, by simplifying the
2 × 3 and 3 × 2 arrays discussed in Section 2.1.2. Still, for reasons given
in the following paragraph, in this step the transverse cell dimension ∆y
(∆y = ∆y0 = 9.270071905917811 × 10−4 m for the Uppsala test data) was
kept as a parameter in the calculation of the time step, of the eigenvalues,
and of the fluxes; the cell dimension in the x-direction will be denoted by
∆x suppressing the cell index. After this step, maximum relative deviations
between the codes, when applied to the test data, reduced to approximately
1× 10−13 after 1,000 time steps, except for the mass flux where it was of the
order 1×10−11. Those differences are comparable to the transverse variation
of the solutions obtained by means of Eriksson’s [1] 2D code.

In the original 2D code [1], the transverse cell dimension ∆y enters the
computations through diffusion as well as through array TSF, where TSF(K)

is the (largest theoretically linearly stable) time step for cell K. The time step
computations are performed in subroutine LTSP through instructions such as

SMAX1=(ABS(SIX*U(K)+SIY*V(K))

. +ABS(SJX*U(K)+SJY*V(K)))

. +C(K)*SQRT(SIX**2+SIY**2
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. +2.*ABS(SIX*SJX+SIY*SJY)

. +SJX**2+SJY**2))*VOLI(K)

where, in the particular geometry used here, SIX=±∆y, SIY=0, SJX=0, and
SJY=±∆x. Also, C(K) is the speed of sound and VOLI(K)=1/(∆x∆y) is the
inverse cell volume. Thus, even in the limit of vanishing transverse velocity,
V(K)=0, SMAX1=(ABS(U(K))+C(K)*SQRT(1+(∆x/∆y)2)/∆x. The particular
choice of ∆y accordingly has some effect on the time step and thus on the
entire calculation. In order to compare the 1D code with the original 2D
code, the transverse cell dimension ∆y was kept in the first step.

The quantity SMAX1 is used to compute the largest time step allowed by
convection. Similar arguments apply for a quantity SMAX2, which is used to
calculate the largest time step allowed by diffusion. Those arguments will
not be given here, however.

In the 1D code ∆y is, of course, meaningless, and should accordingly not
affect the results. In the second step, therefore, the quasi-1D code of step 1
was further modified by removing the transverse cell dimension ∆y entirely,
except in the time step calculation, i.e. in quantities SMAX1 and SMAX2. This
is equivalent to setting ∆y = 1 m, wherever removed from the code. The
relative deviations from the 2D code results were of the same order of mag-
nitude and only slightly larger than in step 1.

In the third step, ∆y was removed entirely from the 1D code, for example
by replacing SMAX1=(ABS(U(K))+C(K)*SQRT(1+(∆x/∆y)2)/∆x above with
SMAX1=(ABS(U(K))+C(K))/∆x. This modifies the time step, so slightly
fewer steps are required in order to reach the stop time after 1,000 steps
by the 2D code. In order to achieve at least the same average time step
length, the 1D CFL-number was reduced until the 1D code required exactly
1,000 time steps to arrive at the same stopping time as the 2D code. Even
so, the maximum relative deviation for density and total energy density were
increased to just below and above 1 × 10−9 and 6 × 10−6 for the mass flux.

All numerical results quoted in this Section apply to the case when the
TV-limiter (Total Variation-limiter) is on. By turning off the TV-limiter,
slightly larger deviations were observed.

Also, Eriksson’s original code was amended by setting negative species
mass fractions Yα to zero at the end of each Runge-Kutta step.
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2.3 Iteration for deflagration detonation tran-

sition

2.3.1 The detonation criterion

The deflagration detonation transition is characterised by the coalescence of
the forward pressure shock and the combustion front. Since a shock does not
affect the gas ahead of it, p(x)− pR must vanish in front of the shock, where
pR is the initial pressure in the unburned gas. Behind the combustion wave
the fuel mixture (in the following also often referred to as the unburned gas)
mass fraction Y (x) should vanish, assuming complete combustion. In the
limit of an infinitely narrow combustion zone, therefore (p(x)− pR)Y (x) = 0
after the onset of detonation. Under such conditions the integral

I =
1

x2 − x1

∫ x2

x1

p(x) − pR

pmax − pR

Y (x)dx, (2.5)

where x1 and x2 are suitably selected points on the left and right sides of the
pressure maximum, equals zero. In reality a finite width combustion zone is
always present, however, resulting in a small but finite value of the integral
I, even for a fully developed detonation. In the case of deflagration, on the
other hand, the pressure shock propagates in the unburned fuel, ahead of
the combustion zone. Then there is considerable overlap, so the integral is a
significant fraction of unity.

The Riemann sum used to approximate integral (2.5) is quite sensitive
to the cell size. Figure 2.2 thus plots this entity for different cell sizes and
integration times. Here x1 and x2 are taken 5 mm on the left and right of the
pressure maximum. The initial conditions are defined by uL = uI = uR = 0
ms−1, pL = pI = pR = 1 × 105 Pa, YL = 1, and YI = YR = 1. Gas data are
as in Section 2.4 below.

For central cell volume ∆xC = 5 × 10−5 m and integration time tmax =
2.8 × 10−5 s (dotted curve), several quite abrupt transitions are observed.
The onset of the DDT is a gradual process, in the sense that it does not
occur immediately but after a finite time; see Section 3.5. Longer integration
times were, therefore, tested to exclude the (faint) possibility that the mul-
tiple transitions were the result of the DDT having insufficient time to fully
develop. It is apparent from fig. 2.2 that the longer integration time has
virtually no effect on the jumps in I. A reduction of the central cell volume
to ∆xC = 2 × 10−5 m, on the other hand, results in the much smoother
solid curve, with a smaller number of transitions concentrated to a much
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Figure 2.2: DDT test integral I (2.5) as function of initial temperature T in
initially uniform temperature gas (T = TR = TI = TL). Solid curve: ∆xC =
2 × 10−5 m and tmax = 2.8 × 10−5 s. Dotted curve: ∆xC = 5 × 10−5 m and
tmax = 2.8× 10−5 s. Broken curve: ∆xC = 1× 10−5 m and tmax = 2.8× 10−5

s. Crosses: ∆xC = 5 × 10−5 m and tmax = 4.0 × 10−5 s.
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narrower region. Longer integration times were tested for this cell size as
well, and were found to have no effect on the jumps. Finally, the dashed
curve was obtained with the cell volume ∆xC = 1 × 10−5 m. This curve
appears to have a unique abrupt transition from I ≈ 0.4 to I ≈ 0.0035,
representing the DDT. However, the computations for this cell size become
prohibitively time demanding, so computations in this report will only use
∆xC = 2× 10−5 m, unless otherwise specified. It may also be noted that the
precise location of the DDT is a rather irregular function of cell volume ∆xC .

The spurious transitions were confirmed to represent coalescence and de-
coalescence in the corresponding numerical solution. The multiple transi-
tions, therefore, are not due to any particularity of the integral (2.5), but
derive from the numerical solution.

A criterion for detonation may thus be formulated by computing values
I = Imax ≤ 1 and I = Imin ≥ 0 well into the deflagration and detonation
regimes and requiring that

I < Ic ≡ Imin + ǫ(Imax − Imin) (2.6)

for detonation, where ǫ > 0 is a small positive number. Owing to the abrupt-
ness of the transition, the result should be quite insensitive to ǫ. However, as
will be seen below, fig. 4.8, “false” transitions may appear if ǫ is chosen too
small. Some investigation of I ensuring that the transition is unique would
accordingly be necessary.

These multiple transitions may well be responsible for the spiky curves
which plagued earlier stages of this project.

2.3.2 Iteration for the DDT

In order to determine the DDT an iterative process in one or several variables
is employed. In this report only temperatures are used as iteration variables.
The iteration is initiated by identifying two sets of temperatures, one well
within the deflagration regime (I ≈ Imax) and one well within the detonation
(I ≈ Imin) regime. The mid state, i.e. the state defined by the arithmetic
mean of the iteration variables in the two states, is tested. For instance,
if the iteration variables are temperatures TI and TR, say {TI,1, TR,1} and
{TI,2, TR,2} for the deflagration and detonation states, respectively, then the
mid state is defined as {(TI,1 + TI,2)/2, (TR,1 + TR,2)/2}. If it is within the
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Figure 2.3: Minimum fuel temperature TR vs. exhaust temperature TL DDT
in absence of preheat zone (L = 0). Dashed curve (TL = TR) cuts out region
TR < TL since exhausts should not be cooler than fuel.

deflagration regime (I > Ic), it replaces the current set of iteration variables
within that regime. Otherwise, if (I < Ic), it is substituted in place of the
state within the detonation regime. By indefinitely repeating the procedure,
the two states, on either side of the DDT, may be brought arbitrarily close
to the DDT. The iteration is thus continued until a detonation state (i.e.
satisfying eq. (2.6)), yet in some sense sufficiently near the DDT, is found.
This process is admittedly quite slow, but faster converging schemes may
be difficult to devise, because of the abrupt transition and rather oscillatory
behaviour of test integral I. On the other hand, since ǫ in eq. (2.6)) must
be selected rather arbitrarily, excessive accuracy is pointless.

The DDT was first localised in a gas mixture with initially uniform tem-
perature T = TL = TI = TR, i.e. with iteration variables {TL, TI , TR} . This
is represented by the left most point on the solid curve in fig. 2.3. Then
the DDT was determined as a function TI = TR = T (TL), i.e. with iteration
variables {TI , TR}, of the exhaust gas temperature TL, in a gas where the
preheat zone temperature was identical to the fuel temperature TI = TR.
This is the solid curve in fig. 2.3. The broken line simply represents the
requirement that TL ≥ TI(≥ TR); combustion is only expected to heat the
gas. The solid curve depicts two equivalent limits, viz. (i) TI = TR and
preheat zone length L is arbitrary and (ii) TI is arbitrary and L = 0.

Somewhat surprisingly, the fuel temperature TR initially falls with in-
creasing combustion product temperature TL. Intuitively, the fuel tempera-
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ture should perhaps increase in order to raise the temperature of the reaction
products. This point has not been investigated, however. Yet it may be worth
while to observe that the lower temperature corresponds to a higher higher
density, at fixed pressure, and thus to a larger density of available energy to
drive the flame. At some point TR reaches a minimum, and then becomes
an increasing function of TL. An increment of 100 K in the exhaust gas tem-
perature, however, only corresponds to a variation of about 10 K in the fuel
temperature. Moreover, the initial temperatures TL and TR are just initial
values, given by the particular mechanism that creates the initial state. The
actual temperature of the reaction products exiting the combustion zone is
quite quite different from TL, and the transition to the latter temperature
goes through a rarefaction wave.

A closer investigation of fig. 2.3 reveals that the computed data points
seem to involve a small random component. It remains to check whether this
is related to the multiple transitions of the test integral I.

2.4 Input of data

All data used in the programme are provided through a text file, e.g.

GRID

chemRiemann

gridRiemann.txt

METRICS

GASES

2

2.10725514e+06 7.16753448e+02 2.86701379e+02

0.00000000e+00 7.16753448e+02 2.86701379e+02

1.70000000e-03 0.00000000e+00 0.00000000e+00 5.00000000e-01 5.00000000e-01

CHEM3

9.90000000e-01 7.38252941e+08 1.39680912e+05 8.31434000e+00

TIMES

2 1

0.0 5.0e-005
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IOFLOW

2 2 4

COEFS

-0.093750000 0.614583333 0.552083333 -0.072916667

CFSPS

-0.093750000 0.614583333 0.552083333 -0.072916667 1

CFL

0.95

TACCR

GETSOL

chemRiemannSolInput.txt

RUN

STOP

The structure of this file is essentially the same as that of Eriksson [1], i.e. a
sequence of text string commands and associated data. Thus command GRID

is followed by a text string (here chemRiemann) identifying the particular
type of problem to be considered and the name of the data file defining the
grid (here gridRiemann.txt). There are applications when the entire grid is
read from file as well as those when it is computed from only a small number
of parameters. Care must thus be taken to use only text files compatible
with the problem at hand. The core functions, e.g. RUN and step, only take
a number of arrays and other data in certain forms. It is accordingly the
user’s responsibility to define the problem that is to be solved and provide
the appropriate input files and functions that convert the input data used by
the core functions.

Command METRICS is for the computation of the inverted cell volumes.
The number of gases and their thermodynamic properties (i.e. enthalpy of
formation, specific heat Cv, and the gas constant R in eqs. (1.19) and (1.20))
are listed after command GASES. This group of data is concluded by η0, T0,
and S1 in eq. (1.6) and the Prandtl and Schmidt numbers. Several chemical
models are possible. Here command CHEM3 indicates model (1.11) for first
order (n = 1) reactions, with the data YACT3 (representing a fuel mass frac-
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tion threshold value for the reaction), AKIN3=1/(ρRτR) for the coefficient in
the Arrhenius expression, the activation energy EACT3, and the the universal
gas constant RUNIV3. Other chemical models are invoked through e.g. CHEM1
and CHEM2, which all have their characteristic parameters. This programme
does not take the number of Runge-Kutta steps but the times at which the
solutions will be saved. These data are provided after command TIMES as
the number of such times, a spatial down sampling factor, and the times
themselves. The solutions at a set of preselected times may thus be included
in one output file. If the down sampling factor is say ten, only every tenth
cell will be written to file.

In particular, the boundary conditions have been greatly simplified. Thus
absorbing and solid wall boundary conditions are invoked through OPEN and
WALLS. Since most of the data, defining the directions of the 2D-boundaries,
are meaningless in 1D, only the number of such boundaries and integers
identifying the directions of the outward normals (same as in [1]) have been
retained.

Commands COEFS and CFSPS are for the coefficients in the upwind av-
erages and for MTVDSP which controls the TV-limiter for the mass fractions
Yα. Command CFL is for the CFL-number and TACCR guarantees equal up-
dates of the time variable in all cells. The name of the input file (here
chemRiemannSolInput.txt) defining the initial state is given after command
GETSOL. Here as well, for some problems the entire initial state is read from
file, while in other cases it is constructed from a few parameters. It is thus
important to use the appropriate file for each problem. Finally, command
RUN and STOP, respectively, starts the time integration and stops execution.
Command RUN performs one time integration up to the largest specified time
under TIMES. Commands ITERATE and ITERATEPREHEAT, respectively, iterate
for TR for given TL in the absence of a preheat zone, and for TI for given TL,
TR, and preheat zone length L.

Unlike Eriksson [1] there is no particular command for writing the solution
to file. Instead, the solutions are written to file solOutput.txt automati-
cally at the times specified under TIMES. While the value of being able to
prescribe the output file name is acknowledged, it is also possible to save
data by changing the output file name to the desired name, once it has been
written. Such an option was thus considered unnecessary and thus omitted.
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Chapter 3

Preliminary studies

3.1 Comparison with 2D code and effect of CFL-

number

Figure 3.1 illustrates the relative deviation ηρv = 1− (ρv)1D/(ρv)2D between
mass fluxes ρv obtained through the 1D and 2D codes. Specifically the
2D code [1] was run for 1,000 time steps, using the Uppsala test data with
CFL=0.95. The value of the time variable t was then recorded, and the 1D
code was then run up to that time. In both cases the TV-limiter was on.

The root mean square (rms) relative deviation could only be marginally
diminished by reducing the time step, i.e. the CFL-number. A reduction of
the CFL-number to 0.015625, i.e. by an approximate factor of 60 from 0.95,
only reduced the rms relative deviation of ρv by approximately 30 per cent.
This indicates that the small, yet finite, discrepancy between the codes is
not due to the different time step calculation. Any deviation due to the time
step must, of course, tend to zero with the time step or CFL-number. This
is somewhat surprising, as the differences appeared when changing the time
step calculation from the 2D formula involving the transverse cell dimension
∆y to the purely 1D formula. This issue has currently not been resolved.

While the minute disagreement between the methods does not seem to
disappear in the limit of small time steps, the convergence rate of the 1D
code was tested, and found to possess second order accuracy in the time step.
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Figure 3.1: Relative deviation ηρv = 1 − (ρv)1D/(ρv)2D between 1D and 2D
mass fluxes vs. distance x (m) for test data.

3.2 Euler-Riemann problem for one component

gas

The 1D code was first applied to the Riemann problem for a one component
gas, with the initial state







ρ(x, 0)
v(x, 0)
p(x, 0)





 =







1.2 m−3

0 ms−1

6.0 × 105 Nm−2





 for x < 0

and






ρ(x, 0)
v(x, 0)
p(x, 0)





 =







0.2 m−3

0 ms−1

1.0 × 105 Nm−2





 for x > 0

(3.1)

and absorbing boundary conditions.

Figure 3.2 shows the initial state, the numerical solution at t = 0.1 ms
(solid and dotted), and the exact Riemann solution at the same time, for a
grid with 100 cells of equal volume.

Figure 3.3 shows the initial state, the numerical solution at t = 0.1 ms,
and the exact Riemann solution at the same time, for a grid with 1,000 cells
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Figure 3.2: Pressure p (Nm−2) vs. distance x (m) for Riemann problem with
coarse grid (100 cells).

of equal volume.

For low resolution the intermediate region, between the shock and rarefac-
tion waves, is subject to considerable ripple. For sufficiently high resolution,
the numerical solutions approximate the exact ones well. The numerical so-
lution in fig. 3.3 still has some ripple near the shock and rarefaction wave
end points. This ripple may be reduced further by increasing the resolu-
tion. This does, however, imply an extra cost in execution time. This is
particularly important for combustion, due to the stiffness introduced by the
rapidly varying fields in the flame. These issues will be further investigated
in Sections 3.4 and 3.6.

It should be noted that the “exact” solutions are the exact solutions to
the Euler equations, while the numerical ones are numerical solutions to the
Navier-Stokes equations. The solutions will accordingly be considerably dif-
ferent if a substantial amount of viscosity is introduced.
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Figure 3.3: Pressure p (Nm−2) vs. distance x (m) for Riemann problem with
finer grid, (1,000 cells).

3.3 Moving piston problem for one component

gas

The solid wall boundary condition was checked by considering the shock wave
generated by a piston momentarily accelerated from rest at x = 0 to velocity
vP = 200 ms−1 at time t = 0 in a one component gas filling the half space
x > 0 with







ρ(x, 0)
v(x, 0)
p(x, 0)





 =







0.2 m−3

0 m−2s−1

1.0 × 105 Nm−2





 . (3.2)

Here only the graphical results are presented, while the theoretical inves-
tigation is relegated to Appendix C. Figure 3.4 shows the pressure profiles
in the piston frame, i.e. the initial state, the numerical solution, and the
exact Euler solution. The dots represent individual points in the numerical
solution near the shock.

A small number of cells NC was chosen to illustrate the effect of the
resolution. With a larger number of cells, the ripple near the discontinuity
diminishes as the computed wave front sharpens until, eventually, the calcu-
lated and theoretical curves become indistinguishable.
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Figure 3.4: Pressure p vs. distance x for moving piston problem in 200 cells
grid.

3.4 Non-uniform spatial resolution

It is a well known fact that the accuracy of the solutions strongly depends on
the spatial resolution, cf. figs. 3.2 and 3.3. On the other hand, excessively
high resolution results in unnecessarily slow execution and large memory
consumption. In general, the investigated effects are localised far within the
integration domain Ω, while the physical variables remain constant near the
boundaries. For this reason, the possibility is offered to specify the grid, not

only through the interval end points xmin and xmax and a uniform cell size
∆x, but also (as mentioned in Section 1.3) through an interior high resolu-
tion grid with end points x′

min ≥ xmin and x′

max ≤ xmax. Only within the
interior grid is the cell size ∆x uniform, but outside it the cell volumes grow
geometrically in such a way that the ratio between the cell volumes immedi-
ately to the right of xmin and x′

min equals some user defined expansion factor
E−. Similarly, the ratio between the cell volumes immediately to the left of
xmax and x′

max equals the user defined expansion factor E+.

Figure 3.5 thus shows the estimated local relative error, η = ρNC
/ρNC=72,900−

1 (in dB), at t = 5 × 10−5 s, for the input data in eq. (3.3)

27



0.1 0.105 0.11 0.115 0.12 0.125
−160

−140

−120

−100

−80

−60

−40

−20

0

20

x (m)

10
 lo

g 10
( 

  ) η

Figure 3.5: Estimated relative deviation η in dB for several uniform cell
volumes with NC = 2, 700 (dotted and most irregular curve), NC = 8, 100,
and NC = 24, 300 (solid and smoothest curve).
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, (3.3)

for uniform cell volume and NC = 2, 700, NC = 8, 100, and NC = 24, 300.
The reference solution ρNC=72,900 took about 19 hours on an Acer Aspire 5000
machine.

The highest resolution corresponds to the smoothest curve, and the most
jagged curve to the lowest resolution. In order to compare the solutions, each
cell in the coarsest grid was covered by groups of 3, 9, and 27 cells in the
finer grids. This way the mid points in the groups coincided, and could be
naturally associated with the averages over the covering groups.

While the solution was obtained for −0.2 m ≤ x ≤ 0.2 m , only the re-
gion 0.1 m ≤ x ≤ 0.125 m is shown, in order to highlight the region near
the flame, where the largest errors occur. The occurrence of relative devi-
ation of about 100 % is restricted to the region between the reference and
computed shocks, and is thus due to erroneous computed shock velocity.
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Figure 3.6: Estimated relative error η in dB for variable cell volumes with
NC = 889 (dotted and most irregular curve), NC = 3, 109, and NC = 9, 332
(solid and smoothest curve).

For comparison, a variable cell volume was used in fig. 3.6. Here the
estimated relative error η = ρNC

/ρNC=28,004 − 1 (in dB), at t = 5 × 10−5 s,
for the input data in eq. (3.3) for NC = 889, NC = 3, 109, and NC = 9, 332.
The reference solution ρNC=28,004 took about 5 hours on an Acer Aspire 5000
machine. Here, the uniform cell sizes 5×10−6 m, 1.5×10−5 m, 4.5×10−5 m,
and 1.35 × 10−4 m were used between x = 0 and x = 0.12 m, in conjunction
with E− = 100 and E+ = 25.

For fixed resolution, the introduction of the extra stiffness associated with
combustion thus results in considerably poorer accuracy. In order to achieve
the same accuracy as in the absence of chemical reactions, much higher reso-
lution and longer execution times are required. Significant reductions of the
time consumption may, however, be obtained by using a variable cell volume.

3.5 Chemical Euler-Riemann problem for two

component gas

The 1D code was also applied to the Riemann problem for a reacting two
component gas, with the initial state
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, (3.4)

absorbing boundary conditions, and the reaction rate (1.11) with n = 1. The
geometry is as in Section 2.3 and with physical data as in Section 2.4.

Under certain conditions an analytical solution to the Euler equations is
possible in this case, viz. if the combustion zone has zero width, if the DDT
develops in negligibly short time, and if the burned gas leaves the zone in a
state near the Chapman-Jouguet point (point B in fig. 3.7). The first and
last conditions are generally satisfied to a high degree. Since the analytical
solution assumes that the DDT occurs instantaneously, while the numerical
solution generally requires a finite time, to complete the DDT, the former
solution will precede the numerical one by a constant distance, essentially
depending on the shock speed, and the time and position when and where
the DDT occurs.

According to the Zeldovich-von Neumann-Döring model (Liberman [2])
the gas is compressed by a leading shock wave. This is represented by the
chord between points A and C on the shock adiabatic in fig. 3.7. The slope
of this chord is given by (the square root of) the mass flux through the shock
front. If this flux is sufficiently large, the chord will intersect the detona-
tion adiabatic, i.e. the upper curve in fig. 3.7, and detonation takes place.
The Chapman-Jouguet point thus corresponds to the limiting case, when
the chord is tangent to the detonation adiabatic. Since the combustion zone
is supposed to be infinitely narrow, analytical expressions may be found for
both the shock and detonation adiabatics, by equating the mass, momentum,
and energy fluxes on either side of the zone; e.g. Appendix D. These expres-
sions yield three equations for four unknowns. For instance, if the density,
velocity, and pressure of the unburned gas are known, the four unknown are
the density, velocity, and pressure of the burned gas exiting the combustion
zone plus the shock velocity.
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Figure 3.7: Shock (lower curve) and detonation (upper curve) adiabatics
(burned gas pressure p vs. specific volume V = 1/ρ). A is the initial state
and B is the Chapman-Jouguet point. Combustion commences at point
C. The asterisk represents the state of the burned gas released from the
combustion zone.

If the detonation is due to the combustion process, and not excited by
any external source, it occurs at the Chapman-Jouguet point; see Appendix
D for a short discussion and Liberman [2] for a comprehensive treatment.
This is the most important kind of detonation and the only kind considered
in this report. Hence, in this Section it will be assumed that the state of
the burned gas is given by the Chapman-Jouguet point. This provides the
fourth condition necessary to obtain the analytical solution, by solving the
resulting Riemann problem for the burned gas.

The solid and dashed curves, respectively, in fig. 3.8 represent the nu-
merical and approximate analytical solutions for the fluid velocity v, for the
initial conditions (3.4) at t = 2.8 × 10−5 s. The rarefaction wave following
the combustion zone is clearly discernible. In agreement with theory, the
state of the burned gases (the asterisk in fig. 3.7) approximates the the
Chapman-Jouguet point quite well. Perfect agreement cannot be expected,
as the theory assumes an infinitely narrow combustion zone. The constancy
of the distance between the analytical and numerical fronts was confirmed
by checks at several times t.

Although the analytical solution fails to predict the positions of the dis-
continuities, it does approximate their speeds and characteristic levels of the
numerical solution. Also, in this particular case, the DDT occurs at time
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Figure 3.8: Numerical (solid curve) and analytical (dashed curve) fluid ve-
locities v (kg m−3) vs. distance x (m) for Riemann problem with combustion
zone at t = 2.8 × 10−5 s.

tDDT ≈ 11.8× 10−6 s at position xDDT ≈ 8× 10−3 m while the forward front
propagates at speed s ≈ 2.3×103 ms−1. The separation between the analyti-
cal and numerical fronts may therefore be estimated to stDDT −xDDT ≈ 0.019
m in agreement with fig. 3.8.

For deflagration the above method is completely inadequate. In the limit
of zero combustion rate, the system is well described by the Riemann prob-
lem, with the fuel and exhaust gases separated by the contact discontinuity.
This is to be expected, since no mass transport occurs through this disconti-
nuity. For finite reaction rates the leading backward and forward wave fronts,
which propagate through non-reacting gases, are still well approximated by
the Riemann solutions. In the intermediate region, however, between the
leading shock and/or rarefaction waves, the velocity and pressure are no
longer constant, as in the Riemann problem, but develop rather complex
structures, with jumps at the flame. In particular, before the DDT, the
flame thus has to “catch up” with the preceding shock wave. This requires a
finite amount of time, but when the combustion and pressure waves merge,
the DDT is almost instantaneous.

The rapid transition from deflagration to detonation may also be under-
stood from fig. 3.7. Either the chord AC is tangent to (or intersects) the
detonation adiabatic or it is not. In the former case detonation occurs. In
the latter it does not. There is no case in between.
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3.6 Effects of smoothness of input data

Effects of considerable interest are those associated with the regularity of the
initial data, i.e. the presence of sharp transition regions and discontinuities.
This Section is concerned with such effects. Absorbing boundary conditions
are used at both ends of the simulation interval, thereby avoiding the addi-
tional complications arising from waves reflected at the ends.

The primary variables are assumed to be initially
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for x ≥ 0, where κ−1 is the scale length of the transition zone between the
burned and unburned gases (not to be confused with the coefficient of ther-
mal conduction), and ρ = ρL, ρv = ρLvL, eT = eTL

, and ρY = ρLYL for x < 0.

Here eT and ρY are quite arbitrarily selected to be similar initially, i.e.

eT (x, 0) − eT L

eT R − eT L

=
ρ(x, 0)Y (x, 0) − ρLYL

ρRYR − ρLYL

. (3.6)

However, if the enthalpy is constant across the transition region, it may be
shown, [2], that under certain circumstances, the temperature T and fuel
mass ratio Y are similar. The extent to which this has any effect on the
results has not been investigated.

Table 3.1 lists the fuel temperature TR at which DDT occurs for κ = 100
m−1 and
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2, 000K
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 . (3.7)

The initial state is given in terms of secondary variables in order to avoid
negative temperatures, in case too low total energy densities eT are given.
The primary variables are then obtained from the secondary ones before com-
puting the initial state.
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Table 3.1: TR in 103 K at DDT for initial transition zone steepnesses κ = 100
m−1 and central cell volumes ∆xC .

∆xC (m)
tmax (s) 1 × 10−5 3 × 10−5 1 × 10−4

0.2 × 10−4 1.176932 1.174473 1.172014
0.3 × 10−4 1.154595 1.154442 1.154207
0.4 × 10−4 1.148509 1.148419 1.148224
0.5 × 10−4 1.144710 1.144576 1.144313
0.6 × 10−4 1.144181 1.143680 1.142332

For smooth initial profiles, e.g. κ < 100 m−1, the test integral (2.5) does
not display the multiple transitions in Section 2.3, but a single transition is
observed at the DDT. However, as an amount of noise (of unknown origin) is
superimposed on the curve, the exact DDT transition is slightly ambiguous.
It is thus necessary to select a sufficiently high threshold Ic in eq. (2.6) in
order to get a unique (and not unreasonable high) TR. Moreover, the execu-
tion times depend very strongly on the grid resolution; one entry in Table 3.1
requires hours if ∆xC = 1 × 10−5, minutes if ∆xC = 3 × 10−5, and seconds
if ∆xC = 1 × 10−4. Table 3.1 also indicates that TR is a decreasing function
of the simulation time tmax, which tends to a limiting value as tmax → ∞.
The former is, of course, due to the fact that higher fuel temperatures favour
the DDT, so it develops faster for high TR. Fuel temperatures TR, for which
the DDT does not develop fully during the time tmax, are thus erroneously
excluded. It is thus necessary to first determine a sufficiently long simulation
time. This can be done on a coarse grid in order to save time.

A similar investigation was also carried out for a steep gradient κ =
10, 000 m−1. Multiple transitions were then observed for ∆xC = 3 × 10−5 m
over about 2K (between 1,540 K and 1,542 K), but not for ∆xC = 1 × 10−4

m (a single transition near 1,534 K). This is the opposite situation to that
in fig. 2.2, where the transition is abrupt and the finest grid yields the most
regular test integral I. Hence, in contrast to the above, when ∆xC ∼ κ−1 a
variation of the cell size thus has a noticeable effect. As before, TR tends to
a limiting value as tmax → ∞.

A strong dependence of TR on κ thus exists, where the former grows to
some value near 1.54×103 K as κ → ∞. This phenomenon is due to the fact
that the transition zone is, in fact, a preheat zone.
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Chapter 4

Results

4.1 Disposition of the presentation of the re-

sults

The investigation of the effect of a preheat zone on the DDT falls naturally
into two parts:

i. The localisation, in parameter space, of the DDT in the presence of
a preheat zone.

ii. The study of various processes before and during the onset of the
DDT.

The first topic will be considered in the following Section. The second
one will be considered in Section 4.3, where the temporal evolution of, e.g.,
pressure, temperature, and reaction rate are investigated, and in Section 4.4,
which is concerned with the flame acceleration and velocity during the vari-
ous stages of the wave.

Throughout this Chapter the central cell volume is ∆xC = 2.0× 10−5 m.

4.2 Effect of preheat zone on location of defla-

gration to detonation transition

The effect of the preheat zone length L and temperature TI were studied, by
specifying the initial velocity v(x, 0), temperature T (x, 0), pressure p(x, 0),
and relative fuel concentration Y (x, 0) in terms of vL, vI , vR, ... , YL, YI ,
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and YR. These parameters were then used to compute the levels ρL, ρI , ρR,
... , ρLYL, ρIYI , and ρRYR of the initial profiles of the primary variables
ρ(x, 0), ρ(x, 0)v(x, 0), eT (x, 0), and ρ(x, 0)Y (x, 0). The calculation of the
initial state was eventually completed by including exponential factors like
that in eq. (3.5) in order to model the spatial dependence in the transition
regions, i.e.,
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(4.1)

where H(x) is the Heaviside unit step function. This rather complicated
procedure was chosen in order to avoid negative temperatures and undesired
discontinuities in the pressure.

Figure 4.1 presents TI as a function of TR for various preheat zone lengths
L, with TL = 1, 600 K, κ = 1, 000 m−1, and initial conditions vL = vI = vR =
0 ms−1, pL = pI = pR = 1 × 105 Pa, YL = 0, and YI = YR = 1.

In the following T0 = T0(TL) will denote the fuel mixture temperature
TR at which the DDT occurs in the absence of preheating, i.e. L = 0, given
the combustion product temperature TL. In fig. 4.1 this is represented by
the vertical dashed line AB. As a finite length preheat zone (L > 0) with
temperature TI (TR ≤ T0 ≤ TI ≤ TL) is introduced, the DDT is excited at
lower fuel temperatures TR. As noted in Section 3.5, some time must elapse
before the pressure and combustion waves merge. During this time the com-
bustion zone must be heated to sufficiently high temperatures to generate a
self-supporting combustion shock. This process is favoured by higher preheat
zone temperatures, so by elevating the preheat zone temperature the preheat
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Figure 4.1: Minimum preheat zone temperature TI , at DDT onset, vs. fuel
mixture temperature TR for several preheat zone lengths L.
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zone may be shortened, and vice versa.

In the limit of a very long preheat zone, the wave’s development is entirely
located to that zone. No events therefore occur in the unheated zone, which
thus may be replaced by the preheat zone and loses all importance. For long
preheat zones the DDT accordingly occurs for TI = T0. This corresponds
to horizontal dashed curve AC in fig. 4.1. Thus, as observed in Section 2.3
the DDT with no preheat zone (i.e. L = 0, TR = T0, and TI arbitrary) is
essentially similar to the DDT with a very long preheat zone (L = ∞, TR

arbitrary, and TI = T0).

For TR < 1, 050 K the curves in fig. 4.1 degenerate. The reason for this is
unknown, and remains to be determined. However, in the following Section,
it will also be observed that as the flame exits from the preheat zone, into the
cooler fuel mixture (at TR), the maximum temperature Tmax drops by at least
TI −TR. This may reduce the reaction rate considerably, possibly sufficiently
to quench the combustion wave and thus the detonation. The fact that the
approach of the limit TR ≈ 1, 050 K is accompanied by a rapid increase in
the preheat temperature TI to TL = 1, 600 K, might therefore be interpreted
as a last attempt to raise the flame temperature to such levels that it will
not be quenched. Nevertheless, in the left part of fig. 4.1 the behaviour of
overlap integral I, eq. (2.5), is at best erratic. This region should thus be
regarded with a fair amount of skepticism.

The preheat zone temperature increment TI − T0, required by the DDT,
depends on preheat zone length L through an approximate combined inverse
power and exponential law

TI − T0 ≈ C(TR)
exp (−k(TR)L)

L
, (4.2)

where C(1, 100 K ) ≈ 4.735 Km , k(1, 100 K ) ≈ 465.1 m−1, C(1, 300 K ) ≈
5.095 Km , k(1, 300 K ) ≈ 604.2 m−1. This is demonstrated in fig. 4.2. Pure
inverse power and exponential laws were also tested. Inverse power laws were
found to be inadequate to describe the rapid decay of TI − T0 for large L.
Exponential laws, on the other hand, tend to under-estimate TI − T0 in the
interval 0.005 m < L < 0.010 m .

While fig. 12.3.7 in Ref. [2] is related to fig. 4.2, it displays Tmax as
functions of L with the incipient flame Mach number M and the reaction
order n as parameters. Figure 4.2, on the other hand presents TI − T0 with
TR as parameter for n = 1.
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4.3 Evolution of DDT

The temporal evolution of the DDT was investigated for L = 0.006 m,
κ = 1.0 × 109 m−1, TL = 2, 000 K, TI = 1, 800 K, and TR = 1, 300 K,
and with initially v = 0 and p = 1.0× 105 Pa everywhere. For these fuel and
exhaust temperatures, TR and TL, the DDT occurs for preheat zone temper-
atures TI ≈ 1, 562 K (and higher). These conditions are thus well within the
DDT regime.

Figures 4.3 through 4.6 thus represent the pressure, temperature, reaction
rate, and fuel concentration mass fractions as functions of time and space.
Figures 4.3 through 4.5 clearly indicate the expected increases in pressure,
temperature, and reaction rate associated with the DDT. Figure 4.6, on the
other hand, shows that the largest modifications of the fuel mass fraction
profile Y , e.g. steepening and acceleration, appear during the phases preced-
ing the DDT. This is also expected.

Figure 4.7 demonstrates the positions of various extrema associated with
the flame, viz. maximum pressure (solid line), maximum temperature (dashed
line), steepest pressure gradient (dotted line), and the steepest fuel concentra-
tion gradient (dash-dotted line). The DDT occurs at (x, t) ≈ (3 mm , 3.95 µs),
i.e. well within the preheat zone.

After the DDT the pressure, temperature, and reaction rate extrema (i.e.
maxima and points with steepest gradients) almost merge and move with
constant velocity. As demonstrated in fig. 4.7, Tmax is an exception, when it
exits the preheat zone.

The initial transition region width κ−1 was chosen somewhat arbitrarily
and rather small. As a consequence, in the first microsecond fuel diffuses
approximately one tenth of a millimeter into the burned gas region. Due
to combustion and heat conduction, the temperature is therefore elevated
approximately one millimeter into both the burned and unburned gases. As
may be inferred from fig. 4.6, during the first few microseconds, when tran-
sients due to the initial state are damped out, the profiles possess to much
structure for the planar approximation to apply. As a further consequence
Tmax occurs in the reaction products, i.e. for negative x. The first µs was
therefore omitted in fig. 4.7.
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After approximately 2µs the acceleration phase begins, and ends at 4µs
with the coalescence of the extrema or the DDT (denoted by the asterisk).
Since the process takes place well within the DDT region, the DDT occurs
well within the preheat zone; in this case near x = 3.0 mm.

The temperature maximum always lags behind the pressure maximum.
This is a consequence of the fact that the DDT is triggered by an increase
in the reaction rate due to the rapid compression in the shock. The heat
released through the chemical reactions then increases the temperature fur-
ther. The chemical reaction rate is, however, also proportional to the fuel
density (raised to the reaction order n). The reaction rate maximum thus
lags the pressure maximum but precedes the temperature maximum. Since
the temperature profile lacks the sharp peak of the pressure and density pro-
files, the reaction rate maximum may actually follow the pressure maximum
more closely than the temperature maximum.

As the temperature maximum moves out of the preheat zone, it appears
to temporarily halt at the end of that zone. As shown in fig. 4.6 the tem-
perature profile front continues to propagate, however, resulting in a gradual
deformation of the temperature profile during this time. In the process,
the maximum temperature decreases by slightly less than 1,000 K, which,
in turn, causes a small increment in the overlap integral I above the DDT
threshold. Moreover, while TI −TR = 500 K, the drop in Tmax is considerably
higher (5,683 K - 4,734 K = 949 K). After a short while, Tmax catches up
with the other extrema, and the DDT recovers. This is why fig. 4.7 indi-
cates DDT twice. With a somewhat higher threshold, only the first asterisk
would be present. The temporary reduction of the maximum temperature
is a real effect, and may have significant effects on the reaction rate. This
is manifested in fig. 4.5 as a temporary depression of the reaction rate. In
particular, since the temperature increment due to the chemical reactions is
added to the original temperature, a maximal temperature reduction well
in excess of TI − TR may be expected as the detonation continues into the
low temperature fuel. Thus if TR is sufficiently low, the detonation may not
propagate beyond the preheat zone.

Diffusion also smoothens the preheat zone - unheated fuel transition at
x = L. This may explain why Tmax seems to halt before it has exited the
preheat zone.

Figure 4.8 displays the evolution of the overlap integral I for the same
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conditions as in fig. 4.7. One may note that the hump in the tail (between
5.2 µs and 6.2 µs) coincides with the time when Tmax is stationary.

4.4 Determination of flame velocity and accel-

eration

In the initial stages, when the combustion zone is forming, the pressure, den-
sity, reaction rate, and fuel mass fraction profiles are quite different. Each
extremum thus moves with its own velocity, complicating the definition of
the flame position, velocity, or acceleration. A natural choice for the flame
position is the position of the maximum reaction rate, and this choice will
be adopted in the following. Moreover, at some points, the positions of the
steepest pressure and fuel concentration gradients change fairly abruptly.
This is due to continuous changes in the corresponding profiles, and are
probably not important. That is, as the leading hump in the initially double
humped profile, in fig. 4.6, steadily increases at the expense of the trailing
and initially larger hump, the former will eventually become larger than the
latter. The result is seen as a jump in the position of the maximum fuel mass
fraction Y , from the lagging hump to the leading one, while the underlying
processes are all gradual.

A number of different definitions of the flame position x(t) were investi-
gated. The most regular curve seems to be obtained by choosing the flame
position at the maximum reaction rate. This definition is accordingly selected
here. As shown in fig. 4.9, a simple approximation seems to be adequate

x(t) =











x1 + v1t if τ1 ≤ t < τ2

x2 + v2t + a2t
2/2 if τ2 ≤ t < τ3

x3 + v3t if τ3 ≤ t,
(4.3)

under the restriction that x(t) is continuously differentiable. Here τ1 rep-
resents the time when the flame enters the deflagration state with constant
velocity v1, and τ2 and τ3 represent the time when it enters and leaves the
acceleration phase before the DDT. The details of the weighted least squares
fit are presented in Appendix E.

This fit depends on τ1, τ2, and τ3. By selecting τ1 = 0.20 µs, to avoid
the initial non-linear phase, and optimising with respect to τ2 and τ3, v1 ≈
101 ms−1, a2 ≈ 1.01× 109 ms−2, and v3 ≈ 2.19× 103 ms−1 were obtained for
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Figure 4.8: Evolution of overlap integral I, eq. (2.5), before and during DDT.
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Figure 4.9: Flame position vs. time. Dots - computed position (down sam-
pled). Solid curve - weighted least squares fit.
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τ2 ≈ 1.73 µs and τ3 ≈ 3.80 µs. The final velocity v3 was also approximated
through the Rankine-Hugoniot condition, by considering the limit of the ratio

ρu − ρRuR

ρ − ρR

(4.4)

from the left. Due to the finite with of the combustion zone, the region im-
mediately after the shock must be omitted, so the limit thus obtained does
not quite correspond to the discontinuity, but to some surface slightly behind
it. The value thus calculated is v3 ≈ 2.26 × 103 ms−1.

A closer inspection of fig. 4.9 suggests a slight periodic oscillation of the
flame position about the fitted curve, during the detonation phase. Whether
this is a real effect and its possible origins are unknown to the author.

It should be noted that while fig. 4.8, with the particular choice of the
parameter ǫ, indicates that the DDT occurs at (x, t) ≈ (3 mm , 3.95 µs), the
weighted least squares method indicates at (x, t) ≈ (2.7 mm , τ3 = 3.80 µs).
Better agreement might be obtained by choosing a slightly larger ǫ. Perfect
agreement must not be expected, however, since eq. (4.3) only represents a
first approximation.

The flame may be considered as an accelerating piston emitting pressure
waves (Liberman [2], p. 263ff). During the DDT these pressure waves steepen
into a shock. This process may be modeled by applying the theory of simple
waves to the gas in front of the piston (Liberman [2], p. 130ff). Thus
assuming that the piston is accelerated from rest with constant acceleration
a, and denoting the initial speed of sound in the preheat zone by csI0, it is
possible to derive

xsh = csI0tsh and xsh =
2c2

sI0

(γ + 1)a
, (4.5)

where xsh and tsh are the position and time at which the shock forms. This
can be tested numerically through

csI0 = xsh/tsh ≈ 701 ms−1 and a =
2c2

sI0

(γ + 1)xsh

≈ 2.26 × 108 ms−2. (4.6)

The first approximation is some 20 percent off the true speed of sound
csI0 ≈ 850 ms−1, while the piston acceleration a is an approximate factor
of four smaller than the estimated flame acceleration a2. The additional esti-
mate a = 2xsh/t

2
sh ≈ 3.69× 108 ms−2 only yields a third value quite different
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from the previous ones. The numerical results obtained here thus appear to
be incompatible with the approximation of constant acceleration.

The above concurs with the fact that the flame only propagates with con-
stant acceleration in the beginning. This is the process modeled by Liberman
[2] by means of simple waves. The approximation (4.3) models the entire pro-
cess, however, and thus includes later stages in the acceleration process a well.
The assumption of constant acceleration throughout the DDT in eq. (4.3) is
thus not quite adequate. Moreover, the fact that the acceleration obtained
here is larger than in eq. (4.6) is quite discomforting, as the acceleration in
the later stages is assumed to be smaller than in the beginning.

Furthermore, this model predicts that shock formation, and thus also the
DDT, always occurs. This is not in agreement with the numerical simula-
tions here.
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Chapter 5

Discussion

5.1 Conclusions

In this thesis a 2D code is reduced to 1D, in order to study the effect of
certain properties of the preheat zone on the DDT.

As reported in Section 3.1, the discrepancy between the 1D- and 2D-codes
does not tend to zero with the time step. A considerable effort was done to
investigate the origins of this discrepancy. It was noted that if the simulation
is only run for a small number of time steps, the relative error remains at
levels around 10−14, i.e. the round-off level. The considerably higher level
(6 × 10−6) after 1,000 time steps only occurs in the third step, when dif-
ferent ∆y were used in the time step computation. Since the discrepancy
was negligible when the same time step was used in both codes, different
numerical error propagation on the different computers used for the 1D- and
2D-simulations, therefore, cannot explain the discrepancy.

The DDT was investigated by computing the preheat zone temperature
TI , required in order to generate the DDT, as a function of the fuel tem-
perature TR, with constant reaction product temperature TR and preheat
zone length L as a parameter. As expected, an increase in TI corresponds to
decreases in TR and L.

The evolution of the DDT was investigated well within the parameter
range, where the DDT is excited. The theoretically predicted scenario with
a (constant flame speed) deflagration phase, followed by an (approximately
constant) acceleration phase and eventually a (constant flame speed) det-
onation phase could, at best, only be qualitatively confirmed. Numerical
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agreement between analytical theory and computation is quite poor.

5.2 Suggestions for further work

Accurate computations require fine grids in the reaction zone, for the res-
olution of the flow features and the chemistry, as well as in the vicinity of
the shock waves. On the other hand, excessively high resolution would be
both wasteful and slow in regions with slow variations. The code presented
here, therefore, uses a grid with uniform resolution in a region embedding
the preheat zone. Outside this region the grid gradually grows coarser with
distance to its end points. A uniform grid also remains as an option, how-
ever. Since the reaction zone only occupies a minute fraction of the high
resolution region, the fine mesh outside the reaction zone is a misuse of re-
sources. Further improvements of the code might thus include a many grid
approach, with a low resolution grid covering the entire domain of integration
and a set of high resolution ones covering only regions with high resolution, a
moving grid method, or an adaptive mesh refinement method (e.g. [6]). For
instance, fig. 2.2 illustrates the sensitivity of the results to the grid fineness.
In order to produce more reliable results, such methods may have to be used.

This work only considers gases initially at rest and reactions of order
n = 1. These are significant restrictions. The code should, however, be ap-
plicable to a much wider range of initial states than those considered here.
Such investigations also need to be made.

The preheat zone is assumed to possess an essentially box-like shape, with
constant parameter values within the box, except for Gaussian round-off at
the edges (eq. (4.1)). The results in Section 3.6 support the conclusion that
a shorter preheat zone requires a higher fuel temperature in order to excite
the DDT. No systematic study was performed of the assertion, in Ref. [2],
that the details in the shape of the preheat zone are fairly unimportant.

A major weakness of the present code is its rudimentary treatment of
absorbing boundary conditions. In its present form the boundaries must be
placed sufficiently far out that they are not reached by the waves. Even if the
code allows very coarse grids near the boundaries, this is a waste of resources.
However, as mentioned in Section 2.1.2, all attempts to implement absorbing
boundary conditions, by extrapolating variables to ghost cells beyond the
boundaries were, unsuccessful. This is an important problem that arises in
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simulations of all sorts of wave propagation. For example, in FD-TD (Finite
Difference-Time Domain) simulations of electromagnetic wave propagation
a so called perfectly matching layer may be added to simulate absorbing
boundary conditions. In such a layer the dielectric number and magnetic
permeability are tuned, to those of the simulation domain Ω, is such a way
that the coefficient of reflection vanishes. While this approach cannot be
applied to combustion, accurate implementation of absorbing boundary con-
ditions deserves further attention.

The initial conditions in this investigation were inspired by the Riemann
problem, with somewhat arbitrarily selected variable values. Thus, the re-
sults are rather unphysical, as pointed out by Prof. M. Liberman. Results
more relevant to experiment would have been obtained by selecting the initial
state in better accordance with actual experimental situations. This may be
achieved by solving the Navier-Stokes equations to obtain all primary vari-
ables in the initial deflagration phase. Such a procedure would also avoid the
initial transient behaviour observed in e.g. fig. 4.6.
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Appendix A Programme structure

Table A.1 lists the (majority of) the global variables used in the time in-
tegration. Although the meaning of most of the variable names should be
obvious, quite a few are explained further below.

Thus, the string inDataAlt may assume a variety of user-defined val-
ues, e.g. "test", "Riemann", and "PreheatZone". This string identifies
the problem under investigation and specifies how the cell structure and ini-
tial data are obtained by means of functions written by the user. It is thus
equally possible to guide the programme either to read the entire geometry
and initial data from file, or to generate these data from a restricted set
of parameters obtained from file. As noted in Section 2.4 it is the author’s
responsibility to provide the appropriate code and value of string inDataAlt.

Arrays *rho, *rhoU, *eT contain the mass density ρ, mass flux ρv, and
total energy density eT . **rhoSp is the two dimensional array representing
the mass density fraction ραYα of NSPEC-1 species α; one species is redun-
dant as

∑

α ραYα = ρ.

Arrays *dRho, *dRhoU, *dET, and **dRhoSp are the mass, momentum,
total energy, and mass fraction density time-differentials.

Auxiliary arrays *u, *T, *p, *c, *visc, *cp, and *h0 represent the cell
averaged fluid velocity v, temperature T , pressure p, acoustic velocity cs,
dynamic viscosity η, heat capacity at constant pressure Cp, and enthalpy h,
respectively. **spmf is the species mass fraction ratio Y .

For species iSpec, HFRM[iSpec] is the enthalpy of formation, CV[iSpec]
is the heat capacity at constant volume, and RGAS[iSpec] is the gas constant.
T0, VISC0, and S1 represent the reference temperature T0 and viscosity η0,
and Sutherland’s constant C in Sutherland’s formula (1.6). PRND and SCHM

are the Prandtl and Schmidt numbers Pr and Sc, i.e. the viscous to thermal
diffusion and the viscosity to mass diffusivity ratios.

iChem=3 denotes the premixed two-component reaction considered here,
which is described by the chemical reaction parameters YACT3, AKIN3, EACT3,
and RUNIV3 in Section 2.4.

NC and NW are the number of cells and cell walls (NW-NC=1), NWALL is the
number of solid wall boundaries, *I0WALL is the grid point index of the point
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Table A.1: Global variables used in time integration of eqs.
(1.1) through (1.4).

Variable Description
char inDataAlt[15] Input data alternative specifier
int NSPEC Number of species
int NTIMES Number of times at which output is saved
int NSPACE Print-out down sampling factor
double sg_tim Time variable t
double *rho,*rhoU,*eT,**rhoSp Primary variables
double *dRho,*dRhoU,*dET,**dRhoSp Primary variable differentials
double *u,**spmf,*T,*p,*c,

*visc,*cp,*h0 Derived variables
double *HFRM,*CV,*RGAS

VISC0,T0,S1,PRND,SCHM Gas parameters
int iChem Chemical reaction specifier
double YACT3,AKIN3,EACT3,RUNIV3 Chemical reaction parameters (iChem=3)
int NC,NW Number of cells and walls
int NOPEN,*I0OPEN,*IDOPEN Absorbing boundary parameters
int NWALL,*I0WALL,*IDWALL Solid wall parameters
double COEF1,COEF2,COEF3,COEF4 Upstream derivative coefficients
double CFSP1,CFSP2,CFSP3,CFSP4 Upstream derivative coefficients
double *SFM Mass species fraction (for TV-limiter)
int MTVDSP TV-limiter (ON/OFF)
int MODE Uniform time update (must be =1)
double *x,*voli Cell wall co-ordinate, inverse volume
double cfl CFL-number
double *tsf Time steps allowed by linear CFL-condition
double dt,*times Time step, times for recording solution
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representing the position of the (solid) wall, and *IDWALL= ±1 is the direc-
tion of the outward normal. NOPEN is the number of absorbing boundaries,
*I0OPEN is the grid point index of the point representing the position of the
boundary, and *IDOPEN= ±1 is the direction of the outward normal.

Coefficients COEF1, COEF2, COEF3, and COEF4 are used to interpolate den-
sity *rho, velocity *u, and pressure *p at cell walls from their values in
adjacent cells. Coefficients CFSP1, CFSP2, CFSP3, and CFSP4 are used to in-
terpolate species mass fraction **spmf to *SFM cell per cell.

Array *tsf contains the (according to linear CFL-theory) theoretically
largest time steps for each cell, tsf[iCell] for cell iCell, according to a
an estimate based on both convective and diffusive terms. The time step
actually used is cfl*tsf[iCell]. Integer MODE determines whether local
(MODE==0) or global (MODE==1) time stepping is used. In the case of global
time stepping, all elements in *tsf are set to its smallest element and the
global time sg_tim is updated through sg_tim=sg_tim+cfl*tsf[0].

Table A.2 lists the global variables used in Chapter 4 to define the pre-
heat zone. uL,TL,pL,ySpL, uI,TI,pI,ySpI, and uR,TR,pR,ySpR are the
input variables used to compute the variables ρL, vL, eTL

, YL, ρI , vI , eTI
, YI ,

and ρR, vR, eTR
, YR in eq. (4.1).

Table A.2: Global variables specifying preheat zone.

Variable Description
double xL,L Left end point and length of preheat zone
double kappa2 Inverse square of transition region scale length κ2

double uL,TL,pL,ySpL u, T, p, and ySpL left of preheat zone (κ2 → ∞)
double uI,TI,pI,ySpI u, T, p, and ySpL within preheat zone (κ2 → ∞)
double uR,TR,pR,ySpR u, T, p, and ySpL right of preheat zone (κ2 → ∞)

Figure A.1 presents a graphical survey of the functions employed to con-
struct (or simply read) the geometry and initial state, performing the time
integration, and saving the results. Functions are called top-down and left-
to-right. In order to conserve horizontal space, functions which are called
by only one function and do not call other functions, are stacked collec-
tively in common boxes. Separate boxes are assigned to the user-written and
problem-dependent functions responsible for the construction of the geom-
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etry and the initial state. Function void chemX() represents the function
among void chem1(), void chem2(), void chem3(),... , which describes
the chemical reaction at hand.

main

readData tidyUp

Functions

for initiating

the geometry

MTR

GASES

TIMES

readChemX

openBnd

solidWallBnd

getSol

Functions

for initiating

the solution

auxVr

RUN iteratePreheat

calcErrTestPreheat

PreheatZone RUN

clearDiffs

auxVr

ltsp

step saveSol Functions

for exact

solutions

(if known)

auxVr flux chemX

conv1 conv3 conv6 diff1 diff3 scale

cFlux1 dFlux1 dFlux3

Figure A.1: Survey of functions in Tables A.3 through A.5.

The dashed boxes show the programme structure in Chapter 4. Here the
solid box RUN should thus be excluded and replaced with the dashed boxes.

Lists of the functions in fig. A.1 are provided in Tables A.3 to A.5.

Function iteratePreheat() takes an initial state, defined by the in-
put variables discussed before eq. (4.1), and computes the test integral I
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Table A.3: Functions concerned with initiating the solution of eqs. (1.1)
through (1.4).

Function Purpose
void readData(char* fileName) Read input data
void MTR() Compute inverse volume voli

void GASES(FILE* fPtr) Read gas parameters
void TIMES(FILE* fPtr) Read times and NTIMES

void readChem3() Read chemical reaction parameters
for chemical reaction #3 (iChem=3)

void openBnd(FILE* fPtr) Read absorbing boundary conditions
void solidWallBnd(FILE* fPtr) Read solid wall boundary conditions
void getSol(char* fileName) Read/construct initial 1D solution

depending on string inDataAlt

(2.5). Depending on whether the result is smaller than or larger than some
user-defined threshold, TI is then either saved as TI,max and reduced by a
small fraction, or saved as TI,min and increased by a small fraction. Eventu-
ally, I(TI) becomes smaller than the threshold while TI is in some interval,
[TI,min, TI,max], of length shorter than some user-defined tolerance. The first
TI encountered with this property is accepted as the TI for which the DDT
occurs.

Obviously, there is no a priori reason to iterate in TI . Thus, for example,
in Section 2.3.2 the DDT is first determined in a uniform temperature gas
by iterating in T ≡ TL = TI = TR.
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Table A.4: Functions concerned with solving eqs. (1.1) through (1.4)
and saving the solution.

Function Purpose
void RUN() Runs one time integration
void clearDiffs() Clear primary variable differentials
void saveSol(FILE* fPtr, Save solution at time times[iTime]

int iTime) to file
void tidyUp() Free dynamically allocated variables
void ltsp() Compute vector tsf
void auxVr() Compute secondary variables
void step() Advance solution one time step
void flux() Compute fluxes
void conv1() Interior point convection
void diff1() Interior point diffusion
void conv3() Convection at solid wall
void diff3() Diffusion at solid wall
void conv6() Convection at absorbing boundary
void scale() Rescale fluxes
void cFlux1(int k1,int k2,

int k3,int k4) Convective flux from cell k2 to k3

void dFlux1(int k1,int k2,int k3) Diffusive flux from cell k1 to k2

void dFlux2(int k) Diffusive flux to cell k (near solid
wall)

void chem3() Simulation of chemical reaction #3

Table A.5: Functions devised for initiating and performing the iterations in
Chapter 4.

Function Purpose
void PreheatZone() Calculate primary variables for given

uL, ..., ySpL, uI, ..., ySpI, uR, ..., ySpR,
and kappa2

double calcErrTestPreheat() Compute test integral I (2.5)
void iteratePreheat() Find TI∈ [TIMin,TIMax ] such that TIMax-

TIMin is smaller than some tolerance and
I(TIMax), I(TI)<threshold<I(TIMin)

62



Appendix B Reactive terms

In a flame a considerable number of chemical reactions occur simultaneously,

∑

α

ν ′

α,jα ⇀↽
∑

α

ν ′′

α,jα (B.1)

where α are the reacting species and j is the reaction number 1 ≤ j ≤ M , M
being the number of reactions. Denoting the rate of progress of reaction j by
Qj, the number of moles per unit time and volume consumed and produced
in the jth reaction are respectively ν ′

α,jQj and ν ′′

α,jQj. The mass reaction
rate ω̇α,j in the jth reaction is accordingly

ω̇α,j = Wα(ν ′′

α,j − ν ′

α,j)Qj, (B.2)

where Wα is the molecular weight as in eq. (1.13). The progress rate Qj

consists of two parts, one describing the reaction going from left to right and
one describing the reverse reaction

Qj = Kf,j

∏

α

(ρYα)ν′

α,j − Kr,j

∏

α

(ρYα)ν′′

α,j , (B.3)

where constants Kf,j and Kr,j determine the forward and reverse reaction
rates. These constants are related through an equation which will not be
cited here; see eq. (1.26) in Ref. [4].

Hence, detailed chemical models tend to be quite complicated, and often
the reactions involved are not well known. For this reason, only simplified
models, where the temperature enters through the Arrhenius law

Kf,j = Af,jT
βj exp

(

−
Ej

R0T

)

, (B.4)

where βj is a constant, will be used here.

63



Appendix C Shock due to moving piston

In order to check that the solid wall boundary conditions are treated correctly,
a test case was considered, where a piston, originally at rest at x = 0 for t < 0,
is momentarily accelerated to constant velocity vp > 0 at t = 0. Neglecting
viscosity and heat conduction, eqs. (1.1) - (1.3) reduce to the 1D Euler
equations

∂ρ

∂t
+

∂

∂x
(ρv) = 0, (C.1)

∂

∂t
(ρv) +

∂

∂x

(

ρv2 + p
)

= 0, (C.2)

and

∂

∂t

(

ρe +
1

2
ρv2

)

+
∂

∂x

(

ρvh +
1

2
ρv3

)

= 0, (C.3)

for a one-component non-reacting gas. Neglecting the enthalpy of formation,
the relations

p = (γ − 1)ρe and h = γe (C.4)

are obtained from eq. (1.24).

A shock solution, constant on both sides of the shock,







ρ
ρv

ρe + 1

2
ρv2





 =







ρ1

ρ1vp

ρe1 + 1

2
ρv2

p





H(st − x) +







ρ0

0
ρ0e0





H(x − st), (C.5)

is assumed, where s is the shock velocity, H(x) is the Heaviside unit step
function, index 1 refers to the region vpt < x < st behind the shock front
(v1 = vp) and index 0 refers to the region not yet overtaken by the shock, i.e.
to the initial state (v0 = 0).

Insertion in eqs. (C.1) through (C.3) yields

s2 −
γ + 1

2
vps − γ

p0

ρ0

= 0, (C.6)
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where the positive root should be selected. Also

ρ1 =
ρ0s

s − vp

(C.7)

and

p1 = p0 + sρ0vp. (C.8)
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Appendix D The Chapman-Jouguet point

Conservation of mass, momentum, and energy at a discontinuity, i.e. a shock
or rarefaction wave, may be formulated as

j = vI/VI = vR/VR, (D.1)

pI + j2VI = pR + j2VR, (D.2)

hI ≡ QI +
γI

γI − 1
VIpI +

j2

2
V 2

I = hR ≡ QR +
γR

γR − 1
VRpR +

j2

2
V 2

R, (D.3)

where a reference system co-moving with the discontinuity is assumed, no-
tation is as in Section 1.4, j ≡ ρv is the mass flux through the discontinuity,
V ≡ 1/ρ is the specific volume, and subscripts I and R denote the regions im-
mediately behind and before the discontinuity. In this form these equations
yield the detonation adiabatic. No chemical reactions can, however, take
place until the gas has been heated by the shock. The shock adiabatic must
therefore come before the reaction wave, and does not involve any chemical
reactions. It is thus obtained by replacing QI and γI with QR and γR, re-
spectively, in eq. (D.3).

In particular, eq. (D.2) may be cast in the form j2 = −(pI−pR)/(VI−VR),
so j2 is the slope of the chord between points A and C on the shock adiabatic
in fig. 3.7. As seen from this figure, j has a minimum at the Chapman-
Jouguet point. Thus, considering VI and pI as fixed so dj = dVR = dpR = 0,
differentiation of eqs. (D.2) and (D.3) at this point yields j = cs,I/VI or

vI = cs,I and vR = jVR = cs,IVR/VI , (D.4)

where cs,I is the speed of sound immediately after the discontinuity. At the
Chapman-Jouguet point, the discontinuity moves with the speed of sound
cs,I relative to the burned gases.

Moreover, the ratio uI/cs,I ∝
√

VI/pI is a decreasing function of pI . Since
discontinuities cannot propagate at velocities below the speed of sound, only
the part of the detonation-adiabatic below the Chapman-Jouguet point can
correspond to discontinuities.
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However, in a reality discontinuities do not exist. Thus, according to the
Zeldovich-von Neumann-Döring model (Liberman [2]), the discontinuity is a
mathematical abstraction of a narrow zone, where a proper shock wave pre-
cedes the combustion wave. The shock is necessary, in order to compresses
the gas to such density and temperature, that combustion is can occur. If the
combustion does not take place at the Chapman-Jouguet point, the chord
AC in fig. 3.7 must pass to the right of the Chapman-Jouguet point B, and
thus intersect the detonation-adiabatic twice. At this stage no combustion
occurs, since the heating is insufficient to ignite the gas. Only at point C
will the gas be sufficiently hot to excite the combustion. Then as combustion
proceeds the gas will follow the chord CA toward the detonation adiabatic.
The latter cannot be reached before the combustion is completed, since this
was tacitly assumed in eq. (D.3). Moreover, since the fuel is completely
consumed at this point, the lower intersection between the chord and the
detonation adiabatic cannot be reached. The combustion wave, therefore,
only corresponds to the transition from point C to the upper intersection
between the chord and the detonation adiabatic. Accordingly, any detona-
tion due to the combustion process must correspond to some point on the
upper part (i.e. above and including the Chapman-Jouguet point) of the
detonation adiabatic.

Hence, the combustion can only correspond to the Chapman-Jouguet
point. The discontinuity thus moves with the speed of sound cs,I relative to
the burned gases, and is the front of a rarefaction wave in the burned gas.
In the unburned gas, however, it propagates as a shock.
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Appendix E Weighted least square fit of the flame posi-

tion

Fitting the data in fig. 4.9 to the analytical approximation (4.3), subject to
the regularity conditions following it, is equivalent to minimising the quantity

ǫ =
A1

2

∑

i

′

(x1 + v1ti − x(ti))
2 +

A2

2

∑

i

′′

(

x2 + v2ti +
a2

2
t2i − x(ti)

)2

+
A3

2

∑

i

′′′

(x3 + v3ti − x(ti))
2 − (E.1)

λ1

(

x1 + v1τ2 − x2 − v2τ2 −
a2

2
τ 2
2

)

− λ2 (v1 − v2 − a2τ2)−

λ3

(

x2 + v2τ3 +
a2

2
τ 2
3 − x3 − v3τ3

)

− λ2 (v2 + a2τ3 − v3) ,

where the primed sum goes over those i satisfying τ1 ≤ ti < τ2, the double
primed sum goes over the i where τ2 ≤ ti < τ3, and the triply primed
sum goes over the i where τ3 ≤ ti, A1. The purpose of weights A1, A2,
and A3 is to increase the weights of the smaller singly and doubly primed
sums. Otherwise large relative errors in those sums may only make small
contributions to ǫ, and thus result in poor approximations in the intervals
τ1 ≤ ti < τ2 and τ2 ≤ ti < τ3. Entities λ1 through λ4 are the Lagrange
multipliers. Differentiation with respect to x1, v1, ..., v3, yields the matrix
equation

∇ǫ = Sq − Gλ − b, (E.2)

where
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, (E.3)

and 7-by-7 and 7-by-4 matrices S and G are readily computed and therefore
not listed here. The constraint, that x(t) and its first derivative be continu-
ous, may be cast in the form Cq = 0, where 4-by-7 matrix C is also readily
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computed and therefore not listed here.

The matrix equation may be solved for q = Aλ + q0, where SA = G and
Sq0 = b. Application of the constraint then leads to an equation for λ, with
the solution λ = −(CA)−1(Cq0). The sought model parameters are then
obtained as the components in q = Aλ + q0.
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