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Introduction

In modern times, commercial and research reactors are subjected to high standards from
regulatory entities. One function of these standards is to ensure that nuclear material is
not diverted for non-peaceful use. With this in mind, as many countries are explor-
ing the opportunities of constructing Small Modular Reactors (SMR) it is paramount to
guarantee that operations are subject to nuclear safeguards. Safeguards is a regulation
imposed on states by inspecting bodies (e.g. the IAEA) which seeks to ensure that the
nuclear material in reactors are not used in nuclear-weapons purposes. Given that the
geographical location of SMR’s could be remote (when compared to ordinary power
reactors) most of the conventional methods for monitoring reactors are sufficient but the
new operational methods may present problems. To combat this issue, a method for
monitoring SMR’s was presented by B.M. van der Ende et al[1] in which neutron detec-
tors placed outside the reactor containment structure can be used in order to determine
if the reactor is operating under normal conditions. This report is meant to investigate
the applicability of this method for light water SMR’s.

However one of the main questions when applying this method would be the choice
of neutron detector. Neutron detectors for reactors are usually divided into three cat-
egories which optimizes the detector for a given power range (which corresponds to a
certain neutron flux range)[2]. Hence it is of interest to simulate what type of neutrons
fluxes one can expect at different parts of the reactor.The reactor used in this project
will focus on The NuScale integral pressurized water reactor (iPWR) design[3] which
is a SMR version of the PWR design that is commonly used throughout the world and
applying this design in SMR’s is of interest.

1.1 Scope of Work
In this project the iPWR proposed by NuScale will be modelled in the neutron transport
code Serpent [4] and the thermal and fast neutron flux in different areas outside the
reactor containment vessel will be determined, with the aim of generating a picture of
the neutron field outside the SMR. A central part of the objective of the project has
been to investigate the possibility of using variance reduction techniques in Serpent to
accurately determine the neutron field around the reactor.
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Theory and Background

2.1 Reactor Design & Technical Information
The reactor in this project is based on the design of the NuScale SMR concept. For
the purposes of this project only the actual core seen in the botoom part of figure 2.1
is included in the current analysis. The reactor is a PWR module integrated in a single
containment vessel where the core contains 37 fuel assemblies (17x17 fuel pins each)
and can generate up to 160MW of thermal energy. The length of the fuel rods are 2m
and some of the active fuel contains parts of gadolinium to act as a neutron absorber
during the startup period of the reactor’s power production phase.

Figure 2.1: Schematic axial cross section of the NuScale small reactor.
Available from: https://www.researchgate.net/figure/Schematic-of-a-NuScale-power-
module_fig1_289665894 [accessed 27 Dec, 2022].

The core is approximately 188cm in diameter. Outside of the core there is the barrel
which holds the core as well as the coolant tunnels. The barrel[3] is made of a steel
which is suitable for the thermal and radiation conditions close to the core. Between the
barrel and the pressure vessel there is a layer of water which is heated and pressurized
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2.1. REACTOR DESIGN & TECHNICAL INFORMATION CONTENTS

during operation. A small amount of boron is mixed into the pressurized water to absorb
the excess neutrons (since boron has a very large neutron capture cross section) neutrons
during startup and early production in order to keep the reactor running according to
design parameters. The pressure vessel that houses the pressurized part of the reactor
module is made of a steel which is similar to the barrel steel but it is designed for
lower temperatures and lower radiation dose. The pressure vessel has an approximate
thickness of 10cm. Outside the pressure vessel is the containment vessel (CNV) which
is usually kept under vacuum conditions when running the reactor.The CNV steel also
contains a large percentage of molybdenum in order to increase corrosion resistance [5]
but no neutron absorbers are present in this type of steel. Outside the CNV a pool of
water which contains a higher concentration of boron than the water inside the pressure
vessel. This water is illustrated in figure 2.2.

Figure 2.2: Schematic cut away of the reactor building for the NuScale power
plant. Available from: https://www.researchgate.net/figure/Cut-away-view-of-reactor-
building-for-12-module-NuScale-plant_fig2_289665894 [accessed 27 Dec, 2022].
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2.2. NEUTRON DIFFUSION EQUATION CONTENTS

2.2 Neutron Diffusion Equation
The neutron diffusion equation is a central part in reactor dynamics and it is extensively
applied throughout many areas in computational reactor physics. For the purposes of
this project the neutron diffusion equation is used purely for a "theoretical context on
how the neutron flux changes throughout the geometry, to motivate the results in later
sections. In this work purely Monte Carlo methods were used (not deterministic) and
this was done using Serpent. In order to apply the variance reduction method the code
requires the input of a neutron source and to get a realistic representation of this source,
one needs to preform a neutron transport simulation. The neutron diffusion equations
has its origin from the general diffusion equation (Fick’s Law) which is shown below.

J(r, t) =−D∇φ(r, t) (2.2.1)

Where J is the neutron current, D is the diffusion coefficient which can be expressed
in more general terms which will be shown below. φ(r, t) is the neutron flux from the
source term. In conclusion Fick’s Law says that there is a flow between high concentra-
tions to low concentrations hence this represents the loss term in a continuity equation.
The continuity equation used in reactor dynamics is given by.

∂n
∂ t

= s(r, t)−Σaφ(r, t)−∇ ·J(r, t) (2.2.2)

The continuity equation states that the change of neutron density with respect to time
∂n/∂ t is equal to the production rate s(r, t) minus the absorption Σaφ(r, t) minus the
neutron leakage ∇ · J. Using equation 2.2.1 in equation 2.2.2 the following expression
is acquired.

∂n
∂ t

= s(r, t)+∇ ·D(r,E)∇φ(r, t)−Σa(r,E)φ(r, t) (2.2.3)

The change in neutron density can naturally be expressed as:

∂n
∂ t

=
1
v

∂φ(r, t)
∂ t

(2.2.4)

Where v is the neutron speed and φ(r, t) is the neutron flux. Inserting this into equation
2.2.3 yields.

1
v

∂φ(r, t)
∂ t

= s(r, t)+∇ ·D(r,E)∇φ(r, t)−Σa(r,E)φ(r, t) (2.2.5)

Given that D and Σa are dependent on the energy of the neutrons and the spatial com-
ponent the neutron diffusion equation becomes rather involved for non-homogenous
geometries. In such situations, Monte Carlo codes can be used to sample e.g. cross sec-
tions to get parameters such as distance between collisions. Serpent does not solve the
neutron diffusion equation, but determines the flux and other parameters of interest. by
tracking neutrons through the geometry. The term Σa is determined from nuclear data
on microscopic reaction cross sections.

D(r,E) =
1

3[Σa(r,E)+Σs(r,E) · (1− µ̄0)]
(2.2.6)

Where Σa(r,E) is the absorption cross section, Σs(r,E) is the scattering cross section
and µ̄0 is the average value of the cosine of the angle in the LAB frame of reference.

4



2.3. VARIANCE REDUCTION METHOD CONTENTS

Note that in reference [6] the expression differs slightly since the author chose to express
the denominator in terms of the total macroscopic cross section Σt(r,E) = Σa(r,E)+
Σs(r,E). Now, we finally arrive at the general neutron diffusion equation.

1
v

∂φ(r, t)
∂ t

= s(r, t)+∇ · ∇φ(r, t)
3[Σa(r,E)+Σs(r,E) · (1− µ̄0)]

−Σa(r,E)φ(r, t) (2.2.7)

The purpose of this section was to show the explicit dependence on the material type
when calculating the neutron flux, the implications of this material dependence can be
seen in the plots of the thermal and fast neutron flux in the results section.

Figure 2.3: This figure shows the resulting neutron flux (right) in the reactor geometry
used for this project (left).

2.3 Variance Reduction Method
Variance reduction is a method used to decrease the uncertainty in computational pre-
dictions. Serpent offers two options for performing a variance reduction [7], the op-
tion chosen in this report relies on the built in lightweight response-matrix solver. The
response-matrix first requires a coupling-matrix Am to determine how strongly a partic-
ular mesh cell m couple and this matrix is defined as a 6×6 matrix [7]. The matrix is
6×6, since a cell in the mesh an be described by a column vector with 6 rows represent-
ing each of the surfaces of the cell.

Am =


αm,1,1 αm,1,2 . . . αm,1,6
αm,2,1 αm,2,2 . . . αm,2,6

...
... . . . ...

αm,6,1 αm,6,2 . . . αm,6,6

 (2.3.1)

Where

αm,i, j =
J+m,i, j

J−m, j
(2.3.2)

Where J+m,i, j is the outward current passing through the cell in the weight window mesh
from neighbor j to neighbor i and J−m, j is the inward current that is passed into the
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2.3. VARIANCE REDUCTION METHOD CONTENTS

cell from j. Using this coupling-matrix one can construct a response value using the
following equation.

R[k] = FJ−[k] (2.3.3)

Where F is the response vector Fm = (Fm,1,Fm,2, . . . ,Fm,6) with the vector elements
Fm, j = fm, j/J−m, j. fm, j is the contribution of particles that entered the cell from neighbor j
to the given response which is the weight associated with the cell. J−[k] can be generated
through iteration using the following equation.

J+[k+1] = AJ−[k] (2.3.4)

Where A is the coupling-matrix and k is the iteration number which is given by the
number of weight window iterations. The response contributions can then be summed
to generate a total response.

R = Rs +∑
k

R[k] (2.3.5)

Where Rs is the contribution from the source particles and R[k] is the contribution from
iteration k. This is then converted into a weight for that cell in the weight window
mesh. Given this, once the initial weighing is complete, Serpent can play "Russian
roulette"(randomly removing neutron passing into a low weight cell in the mesh), for
more information see [8], with the neutrons passing through the mesh and eliminate
neutrons which are unlikely to provide a significant contribution of the specified detector
response.

Figure 2.4: This figure shows the neutron flux before the variance reduction method is
applied (left) and the resulting flux values after (right). The detector which was being
optimised for is located at the outer edge of the geometry.

From figure 2.4 before the variance reduction method is applied the edges of the CNV
has poor statistics which will lead to poor results in the calculated uncertainties but once
the variance reduction method is applied a substantially larger portion of neutrons are
measured further out in the geometry which directly leads to lower uncertainties. The
diffusion of neutrons, and the reaction cross sections, result in the flux changing as it
interacts with different materials in the geometry, hence the variance reduction method
can decrease the statistical uncertainty in the flux outside the CNV, which is a region of
poorer statistics.
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Method

Given that the main aim of this project is to analyze the thermal and fast neutron flux at
different parts of the reactor with the area of interest being the region outside the CNV
and to reduce any statistical variances in these areas the computational program Serpent
is used due to an intuitive way to define reactor geometries and employ the variance
reduction method. The reactor model in this project will be an axially infinite 2D model
of the reactor core.

3.1 Reactor Geometry
As mentioned in section 2.1 the reactor model is based on the NuScale SMR concept.
For this work, the reactor can be divided into three distinct parts; the core, pressure
vessel (PV) and containment vessel (CNV). The core was previously modelled in pre-
liminary work and consists of 37 fuel assemblies (17x17 fuel pins each). The linear
power was normalized to 0.8 MW/cm, corresponding to a full-core power of 160 MW.
The important dimensions used to define the geometry are presented in table 3.1 below.

Component/Region Radius (Inner : Outer) [cm] Thickness [cm]
Core 0 : 75.3 75.3

Reflector 75.3 : 93.98 18.68
Barrel 93.98 : 99.06 5.08

Water (Pressurized) 99.06 : 122.56 23.5
Pressure Vessel 122.56 : 133.35 10.79

Vacuum 133.35 : 171.45 38.1
Containment Vessel 171.45 : 179.07 7.62
Water (Reactor pool) 179.07 : 300 120.93

Table 3.1: This table shows the dimensions of the different reactor components used to
model the reactor geometry.
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3.1. REACTOR GEOMETRY CONTENTS

Furthermore, the following table will show the different materials used in the simulation.

Component Material Temperature [K]
Fuel Cladding M5 steel 610
Guide Tubes Zircaloy-4 alloy 557

Reflector Stainless Steel 304 557
Barrel Stainless Steel 304 557

Water (Pressurized) Water (1200 ppm Boron) 557
Pressure Vessel Stainless Steel 304 557

Containment Vessel Stainless Steel 304 (SA-956) 296
Water (Surround) Water (1800 ppm Boron) 296

Table 3.2: This table shows the materials for different reactor components used to model
the reactor. Materials were taken from the NuScale technical document [3].

The fuel materials in the core consist of two distinct fuel types with several different
enrichment levels[9]: Gadolinium infused fuel ("brunable absorber rods") and normal
fuel.

Figure 3.1: This figure shows the resulting reactor geometry generated by Serpent.
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3.2. VARIANCE REDUCTION METHOD CONTENTS

3.2 Variance Reduction Method
To perform variance reduction in Serpent, when using a criticality source (such as in a
reactor simulation) one needs to divide the process into two parts:

• Source generation:
A criticality calculation is performed for the geometry defined above. The fission
sites are stored. This can easily be done in Serpent and the generated source file
can then be used in later runs. The amount of neutrons simulated in the source file
were 100 batches, with each batch containing 100000 neutrons, which results in a
neutron source which consist of 10 000 000 possible neutron paths. This process
is fairly simple but time consuming (∼ 3.5h).

• Weight window (WW) analysis:
Once the source has been generated the WW analysis process can begin. The
approach selected in this project was to use the built in weight window function
in Serpent [10] and see section 2.3. The WW analysis process can be divided into
three sub-steps.

– The first part takes a weight window with a generic mesh which covers the
entire geometry, the purpose of this step is to fill a large part of the mesh
with neutrons sampled from the source to give good statistics throughout
the mesh hence this step is called the transport step.

– The second part is to create WWs with updated parameters which takes the
same mesh input as the WW mesh but in this step a detector is added to
give weights to neutrons and to promote neutrons reaching the detector. The
(surface) detector was positioned at the outer edge of the geometry (R =
300cm) to encourage good statistics in the water region of the geometry and
thus this step is called the detector step.

– The third and final part of the process is to iterate through the the two win-
dows to reduce the variance in the final result. For this project two paths
where chosen when regarding the amount of neutrons used and the amount
of WW iterations. The first path was to fix the number of neutrons per vari-
ance reduction process to 1 000 000 and to change the number of transport
and detector steps respectively. The second path was to fix the number of
transport and detector steps but to increase the number of neutrons simulated
gradually. This was done to evaluate the accuracy of the different approaches
and the time consumption. Since the mesh used is a cylindrical mesh the an-
gular parts of the flux has been integrated over and normalized with respect
to the reactor power output to give a purely radial dependence of the flux.

This way of approach is favourable since it uses only built in function within Serpent,
hence minimizing complexity and streamlining the computational process as there is no
need to read external files from different programs.
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Results

4.1 Thermal & Fast Neutron Flux
When calculating neutron flux, typically one is interested in the energy spectrum of the
neutrons. In reactor physics a continuous energy spectrum is important but the energy
spectrum can also be divided into groups to simplify calculations, in this project a two
group approach is chosen, the first group is called the thermal energy group and it is ≤
0.625eV and the second group is called the fast energy group is > 0.625eV. In figure 4.1
the fluxes for the two groups are plotted as a function of the distance from the reactor
center.

Figure 4.1: This figure shows the thermal and fast neutron flux as a function of the
distance from the reactor center. The number of neutrons simulated where 10 000 000.
The relative error of the thermal neutron flux is plotted as error bars in the top plot and
the relative error of the fast neutron flux is plotted as error bars in the bottom plot.
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4.1. THERMAL & FAST NEUTRON FLUX CONTENTS

The thermal and fast neutron flux values presented in the figure above agree well with
what is to be expected when analyzing the geometry using the neutron diffusion equa-
tion. The neutron flux for both groups are the largest in the reactor since this is where
the source is located and the neutron flux decreases the further out in accordance with
the results of equation 2.2.7. Note that when the fast neutron flux reaches the moderat-
ing parts of the geometry one can see a small peak in the thermal neutron flux as the fast
neutrons are moderated to thermal energies. The flat part of both plot in the radial range
130cm≤ R≤ 180cm are due to the fact that the vacuum between the pressure vessel and
containment vessel are modelled as a vacuum and hence no particle interactions occur
in this region of the geometry. Since the relative error is rather small they are not easily
shown in the logarithmic plot in figure 4.1 and thus the relative error as a function of
radius for both groups are plotted in figure 4.2.

Figure 4.2: This figure shows the relative error in percent as a function of the reactor
radius for the thermal and fast energy groups. The number of neutrons in the plot to the
left was 1 000 000 and the right was 10 000 000.

As is evident from figure 4.2 the uncertainty is small in the regions which are of interest
in this project (outside the CNV, R ≥ 180cm). In the figure the relative error close
to the center of the core (R ≤ 30cm) the error is very large this is due to the way the
variance reduction method adds weights to the mesh and given that the area which is
weighted heavily is far out in the reactor one can reasonably expect that the areas which
are not weighted to the same degree will experience a larger relative error. Note that this
does not impact the reactor simulation used to obtain the fission sites (which was done
without WWs, in the initial step).
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4.2. RELATIVE ERROR DEPENDENCE ON THE VARIANCE
REDUCTION METHOD CONTENTS

4.2 Relative Error Dependence on the Variance
Reduction Method

The intention with using the variance reduction method is to generate WWs which can
be used in later calculations to improve the statistics of calculations. There are two
parameters which can be chosen freely in the variance reduction method, number of
transport and detector steps.

• Transport steps:
Used to populate the mesh with neutrons in order to ensure that there will be
sufficient neutrons or "statistics" available for the next step. This decreases the
overall uncertainty in the mesh.

• Detector steps:
Weighs the neutrons towards a detector, artificially increasing the number of
neutrons which reach the detector. This decreases the uncertainty in the detector.

The impact of using different combinations of transport and detector steps in the vari-
ance reduction method are shown in greater detail in figure 4.3.

Figure 4.3: This figure shows the impact on the uncertainty in the thermal neutron flux at
a radius of 180 cm (just outside the CNV) when using a certain combination of transport
steps. Note that the WWs were optimized for a detector placed at R = 300 cm, the outer
edge of the geometry. This example used 1000000 neutrons in the simulation. The
transport steps are named WWin and the detector steps are named WWdet.

The results in figure 4.3 can be explained by studying the impact of the two parame-
ters on the neutron population. The transport step will gradually fill the entire geometry
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4.2. RELATIVE ERROR DEPENDENCE ON THE VARIANCE
REDUCTION METHOD CONTENTS

with neutrons according to the source term created before starting the variance reduction
method. The detector step will "pull" neutrons towards the detector in order to decrease
the uncertainty in the detector. This artificial "pulling" of neutrons will have the side
effect that other parts of the mesh will be experiencing an increase in the uncertainty.
For example in figure 4.3 the combination of 4 transport step iterations (WWin) and 4
detector step iterations (WWdet) does not provide a sufficient number of neutrons at R
= 180cm to resist the increase in the uncertainty when the detector steps pull neutrons
towards the edge of the geometry. This is counteracted by introducing more transport
steps as can be seen when the number of transport step iterations increase from 4 to 5
while maintaining 4 detector step iteration the uncertainty at R = 180cm decreases since
there is a sufficient amount of neutrons already from the transport step to resist the in-
crease in uncertainty from the detector steps. This means that these results are in some
sense sub-optimal for the plotted detector (at 180 cm), since this was not the detector
that was optimized for.

Furthermore, the convergence of the response-matrix is relatively fast which results
in that the number of detector steps required decreases if significant neutron statistics
is built up in the mesh through additional transport steps, hence the"best configuration
evaluated here is: 5 WWin and 3 WWdet.
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4.3. RUNNING TIME & PERFORMANCE CONTENTS

4.3 Running Time & Performance
When applying the variance reduction method it is interesting to analyze the time inten-
sity of the calculation when one want to use these method to generate weight windows
for larger and more extensive calculation which realistic detectors for this type of ge-
ometry. Therefore the table below illustrates the running time and the memory usage of
the calculation performed in this project. Note that the computer used was the Galactica
computer cluster at the Applied Nuclear Physics section at Uppsala University.

# Neutrons Transport steps Detector steps Run time [min] Uncertainty (Thermal | Fast) [%]
1·106 5 4 66.5927 0.4057 | 0.2798
1·106 5 3 69.8712 0.1819 | 0.1366
1·106 5 2 55.0830 0.2281 | 0.1648
1·106 4 4 53.7888 0.5579 | 0.5795
1·106 4 3 70.8765 0.3115 | 0.2345
1·106 4 2 48.1057 0.1960 | 0.1510
1·106 3 4 97.0020 0.3840 | 0.2825
1·106 3 3 49.4802 0.5337 | 0.3457
1·106 3 2 71.9437 0.1852 | 0.1316

1.5·106 3 2 83.0535 0.1684 | 0.1309
2·106 3 2 97.1978 0.1313 | 0.1012

2.5·106 3 2 113.136 0.1280 | 0.0945
3·106 3 2 116.809 0.0871 | 0.0666

3.5·106 3 2 142.965 0.0906 | 0.0728
4·106 3 2 147.038 0.0974 | 0.0759

4.5·106 3 2 146.367 0.0951 | 0.0731
5·106 3 2 158.386 0.0743 | 0.0571

5.5·106 3 2 166.186 0.0659 | 0.0500
6·106 3 2 183.374 0.0674 | 0.0503

6.5·106 3 2 127.387 0.0635 | 0.0481
7·106 3 2 161.128 0.0648 | 0.0495

7.5·106 3 2 184.151 0.0810 | 0.0620
8·106 3 2 199.005 0.0742 | 0.0587

8.5·106 3 2 160.554 0.0712 | 0.0541
9·106 3 2 166.663 0.0542 | 0.0419

9.5·106 3 2 177.810 0.0531 | 0.0407
10·106 3 2 185.976 0.0745 | 0.0567

Table 4.3: This table shows the running time and the allocated memory for every cal-
culation perfomed on the Galactica computer cluster at Uppsala Univeristy. The uncer-
tainty shown in the table above are for R = 180cm.
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Discussion

The results for the thermal and fast neutron flux presented in figure 4.1 are as expected
when compared to how the flux would change using the neutron diffusion equation.
The largest portion of the neutron flux both thermal and fast originate from the center
of the geometry (the core). In this plot one can also see that the neutron flux for both
the energy groups trend down from the peak at around 30cm, this is due to the variance
reduction method which weighs the inner part of the reactors less that the parts further
out and thus a neutron created at the center of the core are removed as they are unlikely
to reach far out into the geometry and thus there is a decrease in the flux in this region.
This is decrease in neutron population also causes an increase in the relative uncertainty
in the core region, this is illustrated in figure 4.2 where as is evident from the figure
the relative uncertainty in the core part is drastically larger that the relative error in the
region further from the core (this does not impact the results of the criticality calcula-
tions, which were done before the WWs were implemented). This is also caused by
the variance reduction method which removes neutrons in the core and thus promotes
the poor statistics It is worth noting that the large relative error in the core are to little
concern given that in this project the majority of the interest lies in the region outside of
the containment vessel (R ≥ 180cm) which is where a detector could be placed.

From figure 4.1 if one where to choose a detector type to monitor the core, a detec-
tor optimized for power producing reactor level fluxes (2.5 ·1010−107 cm−2s−1) would
be to best choice given the large neutron fluxes [2]. In figure 4.3 the most optimal way
(of the evaluated combinations) of structuring the variance reduction method is to use
5 transport steps and 3 detector steps, this would result in the lowest uncertainty at the
containment vessel region. From table 4.3 the running time for this combination is ap-
proximately 69.9 minutes which is approximately 21.8 minutes (∼45%) slower than the
second best combination of 4 transport steps and 2 detector steps which has a running
time of approximately 48.1 minutes. This could prove to be a determining factor if the
increase in error is acceptable when considering the faster running time. Note, this sim-
ulation used a weight detector positioned at the far edge of the geometry to promote
neutrons to travel far outside the containment vessel in order to see the radial relative
error in this region but one could instead choose to weigh against a detector position
closer to the containment vessel in practical applications and thus could use a faster but
more in accurate combination of transport and detector steps given that the difference
in the uncertainty would be negligible.

15



Conclusion

The results of this project imply that the approach of applying the Serpent variance re-
duction method is viable to assure good statistics when calculating the thermal and fast
neutron flux outside an iPWR module located in borated water. The calculated neutron
flux in both energy groups outside the containment vessel suggest that using detector
to monitoring the reactor core for nonproliferation purposes could be possible using
conventional neutron detector in the nuclear power industry and computational mod-
els would have an error within acceptable margins when using the variance reduction
method. Furthermore the computational resources required also fall within reasonable
limits for both run time requirements but also for memory usage. The optimal way to
structure the variance reduction method in this approach would be to use 5 transport
steps and 3 detector steps in order to ensure the lowest possible error while keeping the
running time of the calculation relatively short when comparing to the other calcula-
tions presented in table 4.3. Ultimately, in order to achieve the best results for a given
detector, it should be the detector which is optimised against.
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