Advances in Mathematics 427 (2023) 109114

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

journal homepage: www.elsevier.com/locate/aim

Monotone Lagrangians in cotangent bundles of
spheres

L))

Check for
Updates

Mohammed Abouzaid *", Luis Diogo

? Department of Mathematics, Columbia University, 2990 Broadway, MC 4406,
New York, NY 10027, USA

Y Department of Mathematics, Stanford University, Building 880, Stanford, CA
94305, USA

¢ Department of Mathematics, Uppsala University, Box 480, 751 06 Uppsala,

Sweden

ARTICLE INFO ABSTRACT

Article history: We study the compact monotone Fukaya category of T*S™,
Received 25 May 2021 for n > 2, and show that it is split-generated by two

Accepted 30 June 2022
Available online 29 May 2023
Communicated by the Managing

classes of objects: the zero-section S™ (equipped with suitable
bounding cochains) and a l-parameter family of monotone
Lagrangian tori (S' x S™~1),, with monotonicity constants

Editors

7 > 0 (equipped with rank 1 unitary local systems). As a
Keywords: consequence, any closed orientable spin monotone Lagrangian
Lagrangian submanifolds (possibly equipped with auxiliary data) with non-trivial Floer
Monotone Lagrangians cohomology is non-displaceable from either S™ or one of the
Fukaya category (St x Sm~1),. In the case of T*S3, the monotone Lagrangians
Floer cohomology (S* x S2); can be replaced by a family of monotone tori 73.
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

Contents
1. Introduction . .. ... ... . ... 2
2. Monotone Lagrangians in T*S™ . .. . ... ... e 6
2.1.  Lagrangians in T*S™ . . ... .. 6

E-mail addresses: abouzaid@math.columbia.edu, abouzaid@stanford.edu (M. Abouzaid),
luis.diogo@math.uu.se (L. Diogo).

https://doi.org/10.1016/j.aim.2023.109114
0001-8708/© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.aim.2023.109114
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2023.109114&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:abouzaid@math.columbia.edu
mailto:abouzaid@stanford.edu
mailto:luis.diogo@math.uu.se
https://doi.org/10.1016/j.aim.2023.109114
http://creativecommons.org/licenses/by/4.0/

2 M. Abouzaid, L. Diogo / Advances in Mathematics 427 (2023) 109114

2.2.  More Lagrangians in T*S3 . . . . . . ... 11

3. Wrapped Fukaya categories . . . . .. ... ... 13
3.1, Coefficients . ... ... ... 13

3.2. Morse-Bott Floer cohomology for clean intersections . ..................... 14

3.3.  Wrapped Floer cohomology . ... ...... ... . . . ... . . . 16

3.4. Wrapped Fukaya categories . ... ... ... .. .. ... 17

3.5, Yoneda functors . ... ... 19

4.  Floer cohomology computations . . . . ... ... ... 21
4.1. The Lagrangians F and N . . ... .. ... 21

4.2.  Computations in T*S™ . . ... .. 26

4.3.  Computations in T*S3 . . . ... 33

5. Intrinsic formality of algebras and modules . ... ...... ... ... ... ... . .. . . . 36
6. Generation of categories of modules . ... ... ... ... . ... ... . o o 40
6.1. Whennisodd ... ....... . ... . . . 40

6.2. Whenmniseven ........ ... . ... ... .. 42
References . . . .. .. 43

1. Introduction

An embedded Lagrangian L in a cotangent bundle (T*Q, d(pdq)), is ezact if pdq|;, = df
for some function f : L — R. Arnold’s nearby Lagrangian conjecture predicts that if
Q@ and L are closed, then L is Hamiltonian-isotopic to the zero-section () C T*Q. This
result is currently known to hold only for a limited list of examples, including Q = 52
[20] and T [12]. The work of many authors has also led to a proof that the composition
L — T*Q — @ (where the first map is the embedding and the second is projection to
the zero-section) is a simple homotopy equivalence [4].

Very little is known if one drops the requirement of L being exact. We will consider
the case of L monotone, by which we mean that there is a constant 7 > 0 such that, for
every smooth map u : (D?,0D?) — (T*Q, L),

[uwo=rntw

D2

where p(u) is the Maslov index of u. Note that we allow the case 7 = 0, which happens,
for instance when L is exact. For some results about monotone Lagrangians in cotangent
bundles, see for instance [17].

Remark 1.1. Under suitable conditions, 7 = 0 implies that L is exact. This is the case,
for example, if the following conditions are both satisfied:

(1) the map h*: Hom(H2(T*Q, L),R) — Hom(my(T*Q, L), R) is injective (h* is the dual
of the relative Hurewicz homomorphism, see for example [11, Section 6.17]);
(2) the map H(T*Q;R) — H*(L;R) induced by inclusion is trivial.
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Recall that there is an isomorphism U: H?(T*Q, L; R) — Hom(H>(T*Q, L), R) given by
the universal coefficients theorem. Note that if (1) holds, then h* oU: H?(T*Q, L;R) —
Hom(m2(T*Q, L), R) is also injective. This is useful when showing that L is exact.

Condition (2) above holds if @ = S™ with n > 2. The fact that R is an injective
Z-module implies that condition (1) holds if @ = S™ with n > 1, using the five-lemma
(see for example [19, page 129]). Hence, if @ = S™ with n > 2, a monotone Lagrangian
L C T*S™ is exact iff 7 = 0.

The focus of this paper is on closed monotone Lagrangians in cotangent bundles
of spheres S™ (with the standard smooth structure), from the point of view of Floer
theory, more specifically using wrapped Floer cohomology. Unless otherwise specified,
we will always assume that n > 2. Given closed Lagrangians L, L’ (possibly equipped
with additional data like bounding cochains or local systems) in a symplectic mani-
fold, one can sometimes define their Floer cohomology HF™*(L,L’), which is invariant
under Hamiltonian perturbations of either L or L'. If HF*(L,L’) # 0, then L is not
Hamiltonian-displaceable from L’ (which means that (L) N L' # () for every Hamilto-
nian diffeomorphism ¢) [13]. Unless we say otherwise, we will take Floer cohomology
with coefficients in the Novikov field over C, which is denoted by K and defined in
Section 3.1.

There is a 1-parameter family of disjoint monotone Lagrangians (S x S"~1), c T*S",
of different monotonicity constants 7 > 0, whose construction will be reviewed below.
These Lagrangians can be equipped with local systems such that their Floer cohomologies
are non-trivial. In 7*S3, the same holds for a 1-parameter family of disjoint monotone
Lagrangian tori T2, see [10]. We will review the construction of these tori below as well.
We will prove the following result.

Theorem 1.2. Take n > 2 and let L C T*S™ be a closed orientable spin monotone

Lagrangian with a unitary local system of rank 1 for which HF*(L,L;K) # 0. Then,

either HF* (L, S™;K) # 0 (where the zero-section S™ is equipped with a suitable bounding

cochain) or there is a T > 0 for which HF*(L,(S* x S"71);K) # 0 (where (S x

Sn=1) . is equipped with a suitable unitary local system of rank 1). In particular, L is not

Hamiltonian-displaceable from either S™ or from (S' x S"~1),, for some T > 0.
Furthermore, in T*S3 we can replace the (S' x S?), with the tori T3.

Our work towards the proof of Theorem 1.2 will also imply the following.

Theorem 1.3. Let 7,7/ > 0. Then 7 = 7’ iff the Lagrangians (S' x S?), and T3
can be equipped with unitary local systems of rank 1 with respect to which HF*((S* x
S$2),,T3;K) # 0. In particular, (S* x S?), is not Hamiltonian-displaceable from T?3.

We now describe the structure of the proof of Theorem 1.2. The Lagrangians L in
the statement give objects in a monotone wrapped Fukaya category of T*S™, which
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also includes a cotangent fiber F' = T7S™ (for some g € S™). This is an A.-category
(with only a Z/27Z-grading, since we allow monotone Lagrangians), which we denote
temporarily by W (and will refer to it as WgéﬁZ(Y; K) in Section 3.4).

The category W is split-generated by the cotangent fiber F', as can be proven by
adapting a result in [2] (which in its original form was for the wrapped Fukaya category of
exact Lagrangians). Let us consider some algebraic consequences of this split-generation
result. Let Ag := HW*(F, F'; K) be the wrapped Floer cohomology algebra of F. The
graded algebra Ak is isomorphic to H_,(€,5™;K), where ¢ € S™ is a basepoint and
Q, denotes the based loop space, see [3]. Hence, since n > 2, Ak is isomorphic to a
polynomial algebra K[u], where deg(u) = 1 — n. There is a Yoneda functor

Y:W— HlOd(A]K)
L HF*(F,L;K)

where mod(Ax) is the category of Z/2Z-graded right Agx-modules., with the morphism
space between two objects M, M’ in mod(Ak) being Ext} (M, M’).

The split-generation result mentioned above, together with formality results for A..-
modules over Ag that we prove in Section 5, imply that Y is a cohomologically full and
faithful functor, which means that it induces isomorphisms on cohomology

HW*(L,L';K) = Ext}y (Y/(L),Y (L))

for any pair of objects L, L’. See Proposition 3.8 below for more details. Take the sub-
category F C W (denoted as FﬁéﬁZ(Y;K) in Section 3.4) that does not include the
object F', but only compact monotone Lagrangians. Given an object L of this subcat-
egory (where we suppress the additional data of local systems or bounding cochains),
HW*(F,L;K) = HF*(F, L;K) is a finite dimensional K-vector space, so Y restricts to
a cohomologically full and faithful embedding

Y. : F = mod,, (Ak) (1.1)

into the subcategory mod,,(Ax) C mod(Axk) of proper Ax-modules M (those which are
finite dimensional over Ak ). The approach of this paper will be to study the category F
by analyzing the algebraic category mod,, (Ak).

Corollaries 6.5 and 6.8 below give generators for mod,, (A ), and imply the following
result (which will appear below as Corollaries 4.16 and 4.20).

Theorem 1.4. Given n > 2, the functor Y. in (1.1), when extended to the split-closure of
F (which is the monotone Fukaya category of T*S™), is a quasi-equivalence of categories.
The category F is split-generated by the uncountable collection of objects consisting of S™
(equipped with suitable bounding cochains) and the (S* x S"~1), (equipped with unitary
local systems of rank 1). In the case of T*S3, we can replace the (S* x S?), with the tori
T3.



M. Abouzaid, L. Diogo / Advances in Mathematics 427 (2023) 109114 5

Proof of Theorem 1.2. Given L such that HF*(L,L;K) # 0, L is a non-trivial object
in F. Theorem 1.4 then implies that HF*(L,L’;K) # 0, where L’ is one of the split-
generators. O

Remark 1.5 (Relation to mirror symmetry). As mentioned, the tori T3 were studied in
[10]. They are fibers of an SYZ fibration in the complement of an anticanonical divisor
H in T*S® (H is anticanonical in the sense that the Lagrangian tori in the SYZ fibra-
tion have vanishing Maslov class in the complement of H). In this setting, the authors
compute the disk potentials associated to SYZ-fibers by studying wall-crossing for pseu-
doholomorphic disks. This information is used to construct a Landau—-Ginzburg model
that is mirror to 7%S3. The critical locus of the Landau-Ginzburg potential is an affine
line. If the mirror is constructed over the Novikov field, then the points in this critical line
with negative valuation correspond to (split summands of) the monotone Lagrangians
T3, equipped with suitable unitary local systems of rank 1. The points with non-negative
valuation correspond to bounding cochains on the zero section S3.

Remark 1.6 (Relation to abstract flux).

The monotone Lagrangians (S! x S™~!), can be obtained geometrically as follows.
Let f : S™ — R be a Morse function with exactly two critical points. The graph of
df intersects the zero section of T*S™ transversely in the two critical points, and one
can perform surgery on this transverse intersection to produce the family (S x S*~1),.
Similarly, the tori 72 can be obtained by taking a Morse-Bott function g : S* — R whose
critical locus is a Hopf link, and performing surgery in 7%S? on the clean intersection of
the zero section and the graph of dg.

Recall that given a compact manifold Q and a class o € H*(Q;R), one can take the
flux deformation of the zero-section of T*Q in the direction of «, by flowing Q) along a
symplectic vector field X such that [w(., X)] = i*« (where i : Q — T*Q is the inclusion).
Using the Weinstein tubular neighborhood theorem, one can similarly deform a compact
Lagrangian L in a symplectic manifold (M,w) along a class o € H*(L; R). Motivated by
[33], one can think of the family of Lagrangians (S x S"~ 1), (respectively, T?) as an
abstract flur deformation of two copies of the zero section S™ (respectively, S?) in the
direction of a class B € H"(S™;R) (respectively, H3(S3;R)), if n is odd. The case of n
even is more subtle, as we will see.

This paper is organized as follows. In Section 2, we present the construction of the
monotone Lagrangians (S x S"71), in T*S™ and T2 in T*S3. In Section 3, we recall
the definitions of several versions of Fukaya categories of T*S™, including a monotone
wrapped Fukaya category where Lagrangians are allowed to intersect cleanly. In Sec-
tion 4, we perform several Floer cohomology computations, with a view towards proving
Theorem 1.4. The remaining sections have a more algebraic nature, and are about A..-
algebras and A..-modules. In Section 5, we establish formality results for a category of
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modules associated to a cotangent fiber in T*S™. In Section 6, we obtain generators for
that category of modules.
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2. Monotone Lagrangians in T*S™
2.1. Lagrangians in T*S™
Recall that T*S™ is symplectomorphic to the complex affine quadric
Xp={(20,.--,20) €EC™"T |22+ ... + 22 =1},

equipped with the Kéahler form w obtained from the restriction of % Z?:o dz; N\ dzj on
Cn™+1 [25, Exercise 6.20]. Assume that n > 2. The projection to the first coordinate
defines a Lefschetz fibration

Tt Xp — C

(204 -y 2n) = 20

-1

with critical values £1. For every regular value p # %1, the fiber 7

(p) is symplecto-
morphic to T*S™ !, and contains the Lagrangian sphere

Vp = {(p7 VI—p?z,...,V1-p*x,) € Xp | (21,...,20) ESnil}’

where S”~! C R”™ is the unit sphere and /1 — p? is one of the two square roots of 1 — p?.
Write also Vi1 = {(£1,0,...,0)}.

We will be interested in the following types of Lagrangians that project to curves
under 7,. See Fig. 1 for relevant examples of such curves.

Definition 2.1. Given a curve C C C \ {—1,1} that is the image of an embedding of S?,
let

Lo = U V..

zeC

Given an embedding 7 : [0,00) — C such that
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Fig. 1. Some curves in C \ {£1}.

« 7(0) € {-1,1},
« 7((0,00)) € C\ {-1,1} and
o n(t) = at + b for some a € C*, b € C and t large enough, let

F, = U Vn(t)

t>0

Lemma 2.2. The subsets Lo and F, of X, in Definition 2.1 are Lagrangian submani-
folds. If C encloses both points £1, then L¢ is diffeomorphic to S* x S™', while F,, is
Hamiltonian-isotopic to a cotangent fiber in T*S™.

Proof. The Lo and F;, are Lagrangians because parallel transport with respect to the
connection induced by the symplectic fibration 7, preserves the spheres V,, (they are
vanishing cycles for arbitrary vanishing paths in the base), see [32, Lemma 16.3].

Since there are only two types of S™!-bundles over S!, and the closed curve C
encircles two critical values which have the same monodromy (a Dehn twist), it follows
that Lo is the trivial bundle.

We now consider the Lagrangians F;. Take n4 such that ny(t) = £(t + 1) for all
t > 0. Then, F,, is mapped to T'f;S™ by the symplectomorphism X,, — T*S™ in [25,
Exercise 6.20]. For any other 7, one can construct an isotopy to one of the ny that lifts
to a Hamiltonian isotopy by applying Moser’s trick. O

Remark 2.3. The Floer cohomology of the Lagrangian submanifolds Lo = S' x S7~!
in T*S™ in the previous lemma was studied in [7]. These are a particular case of the
generalized Polterovich Lagrangians in [26].

Remark 2.4. In this Lefschetz fibration description m, : X,, — C of T*S", the zero
section S™ is the Lagrangian lift of the interval [—-1,1] C C.
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Let us continue with our study of the Lagrangians L¢, where C' encloses {£1}. Much of
what follows in this section is an adaptation of results in [24, Section 2.2]. The homology
long exact sequence of the pair (T*S"™, L) implies that

Ho(T"S™, Ly Z) = Ho (T S™ Z) ® H1(Lc; Z)

if n > 2. The group Ho(T*S™;Z) vanishes unless n = 2, in which case both w and
c1(T*S?) vanish on Hy(T*S? Z). For n > 3, the group Hi(Lc;Z) has rank 1 and
Hy(T*S™, Le; Z) =2 Z is generated by a class § such that m,, 0 8 covers C once. For n = 2,
Hi(L¢; Z) has rank 2 and we can pick a, 3 € Ho(T*S?, Lc; 7Z) such that their boundaries
give a basis for Hy(Lc;Z) = 7.2, with the following properties: « is a Lefschetz thimble
for some vanishing cycle V,, (hence it has vanishing Maslov index and symplectic area),
while the boundary of w5 o 5 covers C' once. We will now study the w-area and Maslov
index of the disks §.

We need some auxiliary notation. Denote by 044 := %dz AdZ = rdr A df the standard
area form in C. Define, on the set C \ {£1} of regular values of the Lefschetz fibration
T, the 2-form

7
0= idzo Ndzg + [ osta,

where f: C\{£1} — C\{0} is given by f(z) = \/21‘%222‘ The function f can be thought

of as the composition of the two maps

CA{#1} = C\{0}  C\{0} = C\ {0}

. ro.
re’? — Eew

21— 22

The first map is holomorphic and the second is smooth and orientation-preserving, so
o defines a positive measure on C \ {£1}. It extends to all of C, as a measure that is
absolutely continuous with respect to the Lebesgue measure.

Lemma 2.5. Given a disk 3 : (D? 0D?) — (X, Lc) such that 7, o 3 covers C once, we

have
/w:/a.

B Tn (B)

Proof. Take f as in the lemma. We can assume the boundary of S to be given by
c(t) = ('y(t), V1 —7(t)? s(t)), where 7 : [0,1] — C \ {£1} is a degree 1 parametrization
of C and s(t) = (s1(t),...,snt1(t)) € S"~'. Here, \/- is the analytic continuation of a
branch of the square root along the path 1 —~2. Write g(t) := /1 — y(t)2. We have
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1

/w— —dzg N dzg = /Z —Z;jdzj) = i/g —g4'dt, (2.1)

B e J=1 0

i
4
primitive of $dz; A dZ;. A calculation shows that the right side of (2.1) can be written

[ Grm)=[ ()

where f is the function defined before the lemma. Identifying C' with the boundary of

using on the first identity Stokes’ theorem and the fact that %(z;dz; — Zjdz;) is a

as

7 (B) and using Stokes’ theorem, the integral on the right equals

/ f*ostdv

T (B)
which finishes the proof. O
Remark 2.6. The previous argument also goes through if C' is a piecewise smooth curve.

This will be helpful in Section 4, when computing operations p* involving several La-
grangians that fiber over paths in C.

Corollary 2.7. Suppose that the simple curves C and C' in C \ {—1,1} both enclose
{=1,1}. Then, they bound the same c-area if and only if Lc and Lo are Hamiltonian-
isotopic.

Proof. The proof is similar to that of [24, Corollary 2.5]. O

Lemma 2.8. The Maslov index of an oriented disk in X, with boundary in Lo, whose
boundary projects to a degree 1 cover of C, is 2(n—1). The Lagrangians Lo are monotone

with monotonicity constant Tc = 2&70_;, where Q¢ C C is the region bounded by C in
the plane.

Proof. We begin by considering the Lagrangian lift Ly of the unit circle in the model
Lefschetz fibration 7 : C™ — C, where 7(21,...,2,) = 22 +...+ 22. The vanishing cycle
over p € C \ {0} of a vanishing path through p is

Vy = A{Vp@1,. .., xp) [ (z1,...,20) € Sy,
see [32, Example 16.5]. We can use the holomorphic volume form

Q=dz A... Adzy, (2.2)
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on C" to compute the Maslov index of a disk with boundary in Lg. Let u be such a disk,
of positive symplectic area and with boundary projecting to a simple cover of the unit
circle. Let v : S — L be a parametrization of this boundary loop such that w(y(t)) = €.
The imaginary part of (e‘i("t*‘”)/2 Q) |1, vanishes, hence the Maslov index of u is n (see
[35] for similar computations).

To compute the Maslov class of L in the statement of the lemma, we observe that
C is Lagrangian-isotopic to a connected sum C_;#C7, where Cy; is a small simple
loop around +1 (this argument is inspired by [31]). By picking a local trivialization
of the Lefschetz fibration m, near +1, we see that the Maslov class of Lc,, can be
identified with that of Ly above. This implies that one can think of a disk in X,, with
positive symplectic area, and with boundary in L¢ projecting to a simple cover of C, as
a connected sum of two disks as in the previous paragraph. Hence, the Maslov index of
the disk with boundary in L¢ is 2n — 2, as wanted.

The monotonicity of Lo and the value of 7¢ now follow from Lemma 2.5. O

Recall that, given a monotone Lagrangian L in a symplectic manifold (M,w) and a
choice of basis hy,..., ., for the free part of Hy(L;Z), we can define the disk potential
W : (C*)™ — C as

We(1,. .. am) = Y 2%, (2.3)
ueM

where M is the moduli space of J-holomorphic maps v : (D?,0D?) — (M, L) of Maslov
index 2, such that u(1) = p, for a generic choice of point p € L and compatible almost
complex structure J on (M,w). The sign associated to u depends on the spin structure
of L. If we write (Ju, h;) for the h;-component of [Ju] in the free part of Hy(L;Z), then

(Owhi) o (Ouh

z9% stands for the product x ™) The disk potential does not depend on

the choices of generic p and J.

Lemma 2.9. For n = 2, the disk potential of Lo is Wi, = x1(1 + 22)%, in a basis
hi,he € Hi (Lo, Z) = 7?2 where hy is a loop projecting to C in degree 1 and hy is a fiber
of the projection ma|L.. The disk potential is zero if n > 2.

Proof. For n = 2, the disk potential is computed in [24, Lemma 2.19], using a degenera-
tion argument from [31]. In the proof of [8, Corollary 5.13], the relevant Maslov index 2
disks are also computed explicitly, using the integrable complex structure in the target.
The case n > 2 follows from Lemma 2.8. O

Fix 7 > 0 and a smooth embedded loop C, C C\ {—1,1} that winds once around —1
and 1 and bounds o-area 2(n — 1)7. Denote by L., or (S x S"1), the corresponding
Lagrangian L¢_ . By Lemma 2.8, L, is monotone with monotonicity constant 7. Observe
that we can exhaust C \ [—1,1] by a collection of disjoint simple curves C, such that the
corresponding monotonicity constants 7o cover R~y without repetitions. The matching
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sphere over the interval [—1,1] C C is the zero section S™ C T*S™. Assume that C-
is the curve C in Fig. 1, and denote by F; the lifts of the paths 7; in the same figure.
Similarly, denote by F’ the lift of the path 7'.

Recall that two Lagrangian submanifolds L, L’ C (X, w) intersect cleanly if K := LNL'
is a manifold and for every x € K we have T, K =T,L N T,L' Cc T, X.

Lemma 2.10. For every i > 0, F; and L, intersect cleanly. For every i,j > 0, F; and F}
intersect cleanly. Also, all these Lagrangians intersect F' cleanly.

Proof. This follows from the fact that the Lagrangians project under the map =, : X,, —
C to curves that intersect transversely. 0O

2.2. More Lagrangians in T*S3

It will be useful to also consider an alternative description of the complex affine quadric
3-fold, which is symplectomorphic to 7*S3. We borrow some notation from [10]. Write

X ={(z,u1,v1,u3,v2) € C?® |ugvy = 2z + 1,ugvg = 2 — 1}.
Consider the Lefschetz fibrations

7. C? = C

(ui, vi) = ugv; + (=1),
where i € {1,2}. The map 7’ has a unique critical value at (—1)* and, given p € C \
{(—=1)%}, the vanishing circle in (7*)~1(p) of a vanishing path through p is

Vip = {(ui,v;) € C? |7Ti(uiavi) = p, lug| = v}

Write also V; (_1)i = {(0,0)}. For more details, see [10] and [32, Example 16.5]. The
affine quadric X is the fiber product of these two fibrations:

The map z : X — C is not a Lefschetz fibration, but it can be thought of as a Morse—
Bott analogue, with critical values +1 and such that the critical locus over +1 is a copy
of C*. We will consider the following analogues of the Lagrangians Lo and F;, from the
previous section. It will again be useful to have Fig. 1 in mind.
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Definition 2.11. Given a curve C' C C \ {£1} that is the image of an embedding of S!,
let

= U Vvl,z X VY2,Z~
zeC

Given an embedding 7 : [0,00) — C such that

« 7(0)=1,
o n(( 0,00)C(C\{:H} and
)=

e n(t) = at 4+ b for some a € C*, b € C and t large enough,

3

let

= U Vimw X Vam:
t>0

Several arguments in the previous section can be adapted to this setting. This time,
if C' encloses {—1,1}, then T¢ is diffeomorphic to a torus 7% and we have

Hy(T*S®,Tei Z) = Hy(Tes Z) = Z°.

We can pick a basis aj, ag, § for this relative homology group, such that a; is a fiber
product of a Lefschetz thimble for 7! by a point, and as is a fiber product of a point
by a Lefschetz thimble for 2. We choose /3 so that its boundary projects to a degree 1
cover of C. The fact that the a; come from Lefschetz thimbles for the 7% implies that
they have vanishing area and Maslov index. We are left with determining the area and
index of .

As before, there is a positive measure ¢’ on C, absolutely continuous with respect to
the Lebesgue measure and smooth in C \ {1}, such that the following result holds.

Lemma 2.12. T¢ and N, are Lagrangian submanifolds of X. The Lagrangian Tc is dif-
feomorphic to T3. Given 3 as above, its w-area is fQC o', where Q¢ C C is the region
bounded by C, and its Maslov index is 2. Therefore, Tc is monotone with monotonicity
constant T¢ = fQC 0'/2. The N,, are Hamiltonian-isotopic to the conormal Lagrangian
of the unknot in S3. In particular, they are diffeomorphic to S' x R? and are exact.

Proof. The proof uses arguments similar to the ones in the previous section, so we omit
them. See [10] for the proofs of some of these statements. O

We can also write the disk potential of T¢.
Lemma 2.13. The disk potential of T is

WTC = $1(1 + .132)(1 + 333),
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in a basis hy,ha,hy € Hi(To; Z) = Z3 such that hy is a loop projecting to C in degree
1, hg = V1, x {p2} for some z € C and ps € Va, and hy = {p1} X Vo, for some z € C
and p1 € V1.

Proof. This is computed in [10]. O

We can again exhaust C \ [—1, 1] by disjoint simple closed curves C, such that the
collection of monotonicity constants 7¢ of the T covers R+ injectively. Fix 7 > 0 and
denote by T2 the Lagrangian torus with monotonicity 7 in this family. Assume that 7
is the lift of the curve C in Fig. 1. Denote also by N;, resp. N’ the lifts of the paths 7;,
resp. 7', in Fig. 1.

Lemma 2.14. For every i > 0, N; and T2 intersect cleanly. For every i,j > 0, N; and
Nj intersect cleanly. All these Lagrangians intersect N' cleanly.

Proof. As in Lemma 2.10, this result follows from the fact that the Lagrangians project
to curves in the plane that intersect transversely. O

3. Wrapped Fukaya categories

The wrapped Fukaya category of a Liouville domain M was introduced in [5]. In the
original definition, its objects are exact Lagrangians in the completed Liouville manifold
M. The Lagrangians are either compact or agree outside of a compact set with the prod-
uct of R with a Legendrian submanifold of the contact manifold M. We will consider
various versions of the wrapped Fukaya category, possibly allowing for closed monotone
Lagrangians, as in [29]. For Lagrangians intersecting cleanly, we will use a Morse-Bott
formalism similar to that of [33] to compute the associated A.-maps p*.

Remark 3.1. The monotone wrapped Fukaya category is defined in [29], for a non-
compact monotone symplectic manifold (E, w) that is convex at infinity. In that reference,
the monotonicity constant of E is assumed to be strictly positive. Since the first Chern
class of T*S™ vanishes, we are interested in the case of vanishing monotonicity constant.
The main results in [29] still hold in this case, in particular Theorem 1.1 and equation
(9.1), which we will make use of in this article.

3.1. Coefficients
Some of the Floer cohomology groups we will study are defined over Z, and some over

a Novikov field. Given a commutative ring R, which for us will always be either Z or C,
write

Kg = {i a; T

a; € By A € Ry A < Ay, lim Ay = OO} .
=0 i—00
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We will be mostly interested in K¢, which will be denoted simply by K. We could replace
C with any algebraically closed field of characteristic zero, so that the Novikov field is
algebraically closed. See Section 6 for more on this point.

There is a valuation map

val: Kr — (—o0, 00]

Z a; T +— min{\; | a; # 0}
i=0

where val(0) = oco. Say that a € Kpg is unitary if val(a) = 0. Denote by Ug =
{a € Kg| val(a)) = 0 and « is invertible} the group of invertible unitary elements in K
(if R is a field, val(«) = 0 implies that « is invertible), by Kg ¢ := {o € Kg | val(a) > 0}
the Novikov ring and by Kg 4 := {a € Kg | val(«) > 0} the maximal ideal in Kp .

3.2. Morse—Bott Floer cohomology for clean intersections

We will use a Morse—Bott version of the Fukaya category, where Lagrangians are al-
lowed to intersect cleanly, as in [33, Section 3.2]. For more details on a construction of
the Fukaya category with a Morse-Bott definition of the A,.-algebra of endomorphisms
of a Lagrangian submanifold, see [36, Section 4]. These references assume that the La-
grangians are exact, which precludes disk bubbling. Lemma 3.6 below guarantees that
if (L,€) is a Lagrangian with a rank 1 unitary local system giving a non-trivial object
in the Fukaya category, then £ corresponds to a zero of the disk potential of L. This
is useful when considering 2-parameter families of pearly trees of holomorphic disks (to
prove the As-relations, for instance), since the vanishing of the disk potentials implies
the cancellation of configurations with disk bubbles. Therefore, we can assume for many
purposes that the relevant Lagrangians bound no holomorphic disks. For more on the
Floer cohomology of cleanly intersecting Lagrangians, see for example [28], [14], [15], [9],
and [30].

Let us briefly define the relevant Floer complexes. Let L, L1 be two Lagrangians such
that each L; is equipped with:

e an orientation and a spin structure;

e alocal system £ on a trivial Kg-bundle E; = @, E; i, where the direct sum is finite
and the summand E; ;, of grading k is a finite rank trivial vector bundle over L;, in
degree k. If the rank of E; is 1, then the local system can be unitary (with holonomy
taking values in UﬁR)' If the rank of F; is bigger than 1, then the local system has
trivial holonomy.

Remark 3.2. In this article, the zero section in T%S™, with n > 1 even, is the only class
of Lagrangians that we will equip with local systems of rank greater than 1.
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Remark 3.3. The choices of spin structures on the Lagrangians are necessary to orient
moduli spaces of holomorphic curves. Nevertheless, in our computations we will not
be very careful in specifying spin structures on the Lagrangians. This is because the
effect of changing the spin structure on a Lagrangian is a change in signs associated to
holomorphic curves, and this change can be compensated by the choice of a different
local system £ on the Lagrangian.

The categories of exact Lagrangians we will consider are Z-graded, so we will need
additional choices of gradings for their objects (as in [32, Section 12a]). The categories of
monotone Lagrangians will only be Z/2Z-graded, so we will not need to choose gradings
in that case.

Let Lg, L1 be Lagrangians as above, with local systems &; on Kg-bundles E; over L.
Write £; := (L;,&;). Assume that the Lagrangians intersect cleanly and let f : LoNL; —
R be a Morse function. In accordance with [33, Equation (3.9)], we define the cochain
complex

CF*(Lo. L1) = P P  (Homk, ((Eo)p, (Er)p) @z oc)[— deg(p)]

CCLoNnLy peCrit(f|c)

where the C' C LoNL; are connected components of the intersection, o¢ is the orientation
line of C' (a rank 1 local system over Z depending on the spin structures of the L;), and
Homp ,, denotes Kg-linear maps. The Floer degree associated to the critical point p is
deg(p) = dim(C) — ind(p) + deg(C), where ind(p) is the Morse index of p as a critical
point of f|o and deg(C) is an absolute Maslov index, which depends on the gradings of
the L;." Recall that according to the cohomological convention that we use, [—k] adds k
to the degree.

The operations p* are defined on tensor products of these chain complexes, via counts
of pearly trees. We give a very brief description of these, referring the reader to [33, Section
3.2] for more details. Given a collection Ly, ..., L) of Lagrangians with local systems, a
pearly tree contributing to

Mk : CF*<£]C,1,£]€) ®...Q0 CF*<£Q,£1) — CF*(£0,£k>

is a collection of perturbed pseudoholomorphic disks (with respect to auxiliary almost
complex structures and perturbing 1-forms) with boundary punctures and Lagrangian
boundary conditions, connected by gradient flow lines of auxiliary Morse functions and
metrics on the clean intersections of the L;. This collection of disks and flow lines can be
concatenated into a continuous map from a disk with n + 1 boundary punctures to the
symplectic manifold, with boundary components of the disk mapping to the Lagrangians
Lo, ..., Ly, see Fig. 2. The contribution of a rigid configuration of disks and flow lines

L With this choice of grading, the graded vector space CF* (Lo, £1) can be identified with CF*(o(Lo), £1),
for a Hamiltonian isotopy ¢ supported near Lo N L; and constructed from f.
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Fig. 2. A pearly tree contributing to MLA

to u* is determined by the areas of the pseudoholomorphic disks (which are encoded
in the exponents of the variable T in the Novikov field), by signs specified by the spin
structures on the L;, and by parallel transport with respect to the local systems &; on the
E; along the boundary components of the concatenated disk (with the input elements of
Homg ,,(E;, E; 1) applied at the boundary punctures). The p* satisfy the A.-relations,
which can be written in abbreviated form as po u = 0.

We will also consider Fukaya categories containing additional objects. A bounding
cochain on an object £ in a Z /27Z-graded Fukaya category is b € CF°4(L, L) satisfying
the Maurer—Cartan equation

iu’“(b,...,b) =0, (3.1)

k=1

see [15] (to ensure that all the A -operations converge, we assume that b has strictly
positive valuation). We can enlarge our category by allowing objects of the form (£, b), for
such b. The object £ can be identified with (£,0). Given objects Lo = (Lo, bo), . .., Lr =
(L, bg) in the enlarged category, the A,.-maps

ﬂk : CF*(ﬁkfl,ﬁk) ®...Q CF*(ﬁo,ﬁ1) — CF*(Eo,ﬁk)

are given by

ﬂk<xk>"'7x1) = Z M(k+2'ili)<bk,...,bk“’llk,bk,l,...,bl,l‘l,bo,...,bo).
—— N——

lo,.. sl >0 Ly I
The fact that the b; satisfy the Maurer—Cartan equation (3.1) implies the A, .-equations
fiofi = 0. Since i* agrees with x* when all b; = 0, we will continue to write ;¥ instead
of fi.

3.3. Wrapped Floer cohomology

We will use a model for wrapped Floer cohomology from [6], presented in [18] and
[38]. Let Ly be a non-compact Lagrangian, which in this paper will be either a cotangent
fiber F or a conormal Lagrangian of the unknot N C T*S3. We pick a family L; of
Lagrangians that are lifts of paths 7; in the base of the Lefschetz fibration 7, from
Section 2.1 (in the case of F'), or in the base of the fiber product of Lefschetz fibrations
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7 from Section 2.2 (in the case of N), where the path 7; wraps i times around the two
critical values, see Fig. 1. Then, given another Lagrangian L', we have

HW*(Lo, L") :== lim HF*(L;,L’),
71— 00
with the limit taken with respect to the continuation maps relating L; and L; ;. For the
equivalence of this model with the usual definitions involving fast growing Hamiltonians,
see [18, Lemma 3.37] and [38, Proposition 2.6]. In these references, the wrapped Fukaya
category is defined by localizing the Fukaya category on the continuation maps that
were just mentioned. We will combine this approach to wrapped Floer cohomology with
the definition of Morse-Bott Floer cohomology above, where the Lagrangians intersect
cleanly and are possibly equipped with local systems and bounding cochains.

3.4. Wrapped Fukaya categories

We will consider several versions of the Fukaya A..-category of T*S™. Recall that R
is either Z or C.

o WE(T*S";7) is a category whose objects are either the [, from Definition 2.1 or
compact oriented exact Lagrangians. When n = 3, we also include the objects NN,
from Definition 2.11. Objects are equipped with Z-gradings and spin structures.
Morphism spaces are wrapped Floer cochain complexes with coefficients in Z. The
differential and higher A..-operations count rigid pearly trees, without keeping track
of areas (which can be thought of as setting T'= 1 in the Novikov field Kz).

o WZ(T*S";Kpr) has the same objects as WZ(T*S"; Z). The difference is that the
morphism spaces are now wrapped Floer cochain complexes with coefficients in Kg,
to keep track of the symplectic areas of the disks in the pearly trees that contribute
to the A, operations.

o WZPL(T*S" Kp) is obtained from W% (T*S™;Kz) by collapsing the Z-gradings
to Z/2Z-gradings. If n is odd, allow also objects of the form (S™,b,), where S™ is
the zero section and b, = a[pt] is a bounding cochain with a € Kgo and [pt] €
H"(S™;Kpg). See Remark 3.4 below for why we impose o € Ky ¢. We have implicitly
chosen a perfect Morse function on S™, and [pt] is given by the minimum of that
function (the maximum yields the unit in the A-algebra of S™). Since S™ bounds
no disks, it is clear that all the summands in (3.1) vanish for b = b,. If n is even,
we want to allow instead objects corresponding to bounding cochains in S™ @& S™[1]
(summing and shifting objects are allowed in the additive enlargement of the Fukaya
category). We implement this by equipping S™ with the trivial graded K g-bundle
E :=Kg ® Kg[1], and bounding cochains b, 5 € H°%(S™; End(E)) of the form

(0 B
i <O‘ O)M’
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where o, 8 € Kr o and the matrix represents an endomorphism of the fiber of E at
the minimum of the auxiliary perfect Morse function on S™.

. WE[ (T*S™;Kg) is an extension of WZ/?2(T*S"; K g), including closed monotone
Lagrangians. The objects are equipped with orientations and spin structures, and
are Z/27-graded. We also equip monotone Lagrangians with unitary rank 1 local
systems over Kg. The construction of the monotone wrapped Fukaya category is
given in [29]. See also [37] for a definition of the monotone Fukaya category in a
closed setting.

. ﬁéﬁZ(T* S™:Kpg) is the full subcategory of WEL2E (T*5™;KR) containing only those
objects whose underlying Lagrangians are closed.

It is an important fact that in all these categories the isomorphism class of objects
is preserved by Hamiltonian isotopies; in the presence of bounding cochains, this means
that if b is a bounding cochain on L, and L’ is Hamiltonian-isotopic to L, then there is a
bounding cochain b on L’ so that the two corresponding objects of the Fukaya category
are isomorphic.

Remark 3.4. If we equip Lagrangians with bounding cochains valued in the maximal ideal
Kpg, 4+ of Kg,, then we are guaranteed convergence of all the A -operations deformed
by such bounding cochains. In our case, since the degree of [pt] € H*(S™;Z) is n > 1,
we could in fact allow bounding cochains «[pt] for arbitrary a € Kg in the category
of exact Lagrangians WZ/2Z (T*S™;Kg). Nevertheless, for bounding cochains a[pt] with
val(a) < 0, we could run into convergence issues when taking morphisms with monotone
Lagrangians in Wr%éﬁz (T*S™;Kg), which is why we restrict to bounding cochains with
coefficients in K. With minor modifications to our arguments, we could also have
equipped all objects in WgéﬁZ(T*S";K r) with finite rank unitary local systems and
suitable bounding cochains.

Observe that we can define several functors between these categories:

o Gi: WE(T*S™ Z) — WZ(T*S™;Kp) is the identity on objects. Fix a primitive fr,
for every exact Lagrangian L. Given exact Lagrangians Lo, Ly in W% (T*S™; Z), map
x € CW*(Lo, L1;7Z) to TH®~fo@g ¢ CW*(Lgy, L1;Kg), where f; := fr,. If u is
a pearly tree contributing to p* in W% (T*S™;Z), then the contribution of u to u*
in WZ(T*S™; Kpg) is weighted by the factor TJp2 "« where the integral is over all
the holomorphic disks in the pearly tree. The functor G; depends on the choices
of primitives fr,, but different choices yield isomorphic functors (we could eliminate
this choice by incorporating the primitives in the definition of objects of the exact
Fukaya category).

o Go: WE(T*S™; Kg) — W2L/?Z(T*S™; Kp) is given by collapsing the Z-grading to a
7 /2Z-grading, followed by inclusion of objects.
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o G3: WZPZ(T*S" KR) — WééﬁZ(T*S";KR) is given by inclusion of objects,
as are Gy: WEIZE(T*S™Kz) — WEZE(T*S"K) (recall that K = K¢) and
Gs: Finn (TS Kz) — Wil (T*S™K).

Remark 3.5. Let L be a monotone Lagrangian. A unitary rank 1 local system £ on the
trivial K g-bundle over L can be specified by a homomorphism (the holonomy)

hole : Hy(L; Z) — Ug, .

If, in the definition (2.3) of the disk potential W, we replace 2% with hol¢(du), then
we get an element of Kr that we denote by W7, (€).

When defining the monotone category WﬁéﬁZ(T*S”;K Rr), one can only take mor-
phisms between objects (L1,&1) and (Lo, &2) if Wi, (&) = W, (&), see [27]. This does
not impose an additional constraint in our case, due to the following result. It can be

interpreted as saying that the monotone Fukaya category of T*S™ is unobstructed.

Lemma 3.6. Let L C T*S™ be a compact monotone Lagrangian with a unitary local system
& on a trivial line bundle. Write L = (L,§). If HF*(L, L;KRg) # 0, then Wr(§) = 0.

Proof. This follows from [29, equation (9.1)] (see [29, Section 3.17] for a discussion of
Lagrangians with local systems). According to that equation, if HF*(L, £;Kg) # 0 then
mo(L) = Wr(§) can be computed by applying the open-closed map to the first Chern
class of the total space of T*S™. The lemma follows from the vanishing of this class. O

Remark 3.7. Let L™ be a monotone Lagrangian torus with disk potential W,. The crit-
ical points of W, in (UHER)" correspond to the rank 1 unitary local systems £ on the
trivial Kg-line bundle over L for which HF*(L,L;Kg) # 0, where £ = (L,§), see [37,
Proposition 4.2]. Recall that HF*(L,L£;Kg) # 0 is equivalent to the non-triviality of
L in fﬁéﬁz (T*S™; Kg). By Lemma 2.9, the Lagrangian tori Lo C T*S? have disk po-
tential W1 = x1(1 + 22)%. The critical locus of this potential is given by the condition
x9 = —1. Recall also that Lemma 2.13 says that the disk potential of a Lagrangian torus
Te C T*S? is Wy = x1(1 + 22)(1 + x3), whose critical locus is given by xo = x3 = —1.
Observe that, for both tori Lo € T*S? and T C T*S?, the disk potentials vanish on
their critical points, which is compatible with Lemma 3.6.

3.5. Yoneda functors

In this section we will be working over the field K¢ = K, since we will use some formal-
ity results from Section 5. Let Ak := CW*(F, F;K) be the A.-algebra of a cotangent
fiber in T*S", with n > 2, and let mod“=(Ag) be the differential Z/2Z-graded cate-
gory of right As-modules over Ag. Given two objects M and M’ in mod?> (Ak), the
morphism space hom,, g1 (a5 ) (M, M’) is a chain complex computing Ext’y, (M, M’),
see [32, Remark 2.15].
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There is a Yoneda functor

Y WE/2Z(7* g7 K) — mod ™ (Ak)

mon

L= CW*(F, L)
which restricts to a functor

Vet FEZZ(T*S™ K) — mod ) (Ak),

mon

where modﬁroo (Ag) € mod”=(Ag) is the subcategory of proper modules M, such that
H*(M) is finite dimensional over K (the subscript in ), stands for ‘compact’).

Now, let Ag := H*(Ak) be the cohomology algebra of Ak. Let mod(Axk) be the Z /27Z.-
graded category of right Ag-modules, such that morphism spaces are Ext’y  groups
(respecting the Z /2Z-gradings). There is a functor

H : mod®>(Ak) — mod(Ak)
M — H*(M)
which restricts to
Hc N modﬁrm (AK) — mOdp’r(AK)

where mod,,(Ax) C mod(Ak) is the subcategory of finite dimensional Z/2Z-graded
modules over Ak.

Proposition 4.1 below implies that the functor ) (hence also ).) is cohomologically full
and faithful. According to Corollary 5.5 below, H (hence also H.) is a quasi-equivalence
of categories. We conclude the following.

Proposition 3.8. The composition

Y :=HoY: WE?L(T*§™. K) — mod(Ak)

mon

L= HW*(F, L)
and its restriction

Y.:=H.oY, : FE?Z(T*S";K) — mod,,(Ak)

mon

are cohomologically full and faithful embeddings. O
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4. Floer cohomology computations
4.1. The Lagrangians F' and N

Recall from Section 2 that the Lagrangian lifts F,, C T*S™ and N, C T*S? are
Hamiltonian-isotopic to, respectively, a cotangent fiber (which we denote by F') and the
conormal Lagrangian of an unknot in S* (which we denote by N).

Proposition 4.1. The cotangent fiber F generates WZ(T*S™;Z) and W% (T*S™; Kg),
and it split-generates Wﬁéiz (T*S™;Kg). When n = 3, the Lagrangian N split-generates

WZ(T*$3 7), WE(T*S% K ) and WELZE(T*S3; Kp).

Proof. The fact that a cotangent fiber generates WZ%(T*S™; Z) is proven in [2], and the
result follows for WZ(T*S™;Kp). Let us recall the argument: it is first shown that a
cotangent fiber split-generates, and this is then extended to a proof of generation. The
fact that a cotangent fiber split-generates follows from combining the split-generation
criterion of [1] with results about cotangent bundles and loop spaces in [3]. The split-
generation criterion of [1] is extended to the monotone wrapped Fukaya category in [29,
Theorem 1.1], and can again be combined with results in [3] to conclude that a cotangent
fiber split-generates WELE (T*S™; KRg).
The previous paragraph and Lemma 4.6 below imply the result for N. O

Remark 4.2. It would be interesting to determine if a cotangent fiber generates
Wﬁéﬁz (T*S™;KR), but this is not necessary to prove the results in this article about

compact monotone Lagrangians.

Recall that under our assumption that n > 2 we have HW*(F, F;Z) = Z[u], where
deg(u) = 1—n, as follows from [3]. Denote this ring by Az. Also denote by Fy a cotangent
fiber corresponding to a lift of a path 79 through the critical value 1 of 7,,, and by F’ one
that is a lift of a path i’ through —1, see Fig. 1. Since Fy and F’ are Hamiltonian-isotopic,
we have

HW*(Fy, F';Z) & Ag. (4.1)
On the other hand,

HW*(Fy,F';Z) = lim HF*(F;, F';7),

1—00

where the F; are lifts of the paths n; illustrated in Fig. 1. In our Morse-Bott model, the
cochain complex for CF*(F;, F';Z) is described, as a graded abelian group, as

@ H*+(n71)(1+2k) (Snfl; Z)
k=0
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Lemma 4.3. The chain level continuation maps
OF*(FZ,F/,Z) — OF*(FZ‘+1,F,;Z)
are inclusions, and the differentials vanish on these chain complezes.

Proof. There is a compactly supported isotopy of C \ {£1} taking the path n;41 to a
path 7;4+1 such that:

e 741 intersects i’ transversely at precisely i + 1 points (just like 7,11) and
e 7;11 coincides with n; in a connected portion of the path starting at 1 € C and
containing all the intersections of 7; with 7.

This isotopy of the base can be lifted to a compactly-supported Hamiltonian isotopy of
T*S™, taking Fj,1 to a Lagrangian lift £, of the path ;1. The continuation map

CF*(F;,F';Z) — CF*(Fyy 1, F'; )

is clearly an inclusion, and so must be the map in the statement.
As for the vanishing of the differentials, notice that for degree reasons this is only a
non-trivial statement when n = 2. The fact that

71— 00
and that the continuation maps are inclusions implies that there can be no non-trivial
differentials in the chain complexes CF*(F;, F';Z). This is because the direct limit would
not have the correct rank in the degrees related by a non-trivial contribution to the
differential. O

The previous result implies the following.
Lemma 4.4. Up to a factor £1, the unit e, resp. the generator u, in Ay is represented
by the minimum, resp. mazimum, of the auxiliary Morse function on Fy N F/ = S7~1,
thought of as a class in HF°(Fy, F';Z), resp. HF'*="(Fy, F'; Z).

We now consider the Lagrangian N.

Remark 4.5. In the following, we use the cohomological degree shift notation, where [k]
corresponds to a shift by —k.

Proposition 4.6. The Lagrangian N € T*S® is quasi-isomorphic to F & F[1] in
WE(T*S3;Z). In particular, HW*(N,N;Z) is isomorphic to the graded matriz alge-
bra
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Bz = <A;[21] AAZE}) :

Hence, HW*(N, N;KR) is isomorphic to Bz ®z Kg for any commutative ring R.
Proof. Recall the construction, in [3], of a cohomologically fully faithful A, -functor
FWHT"Q:Z) — Tw(P(Q)),

where the target is a category of twisted complexes on a Pontryagin category P(Q) of
a closed spin manifold Q. Objects in P(Q) are points in @, with homp)(q1,q2) =
C_.(Qyq, 4,(Q); Z) (cubical chains) and composition defined via concatenation of paths.
Here, Qg, 4,(Q) is the space of Moore paths in () that start at ¢; and end at g;. Write also
Q, for Q, ,. Given an object in WZ(T*Q; Z), which is a Z-graded exact spin Lagrangian L
in T*@Q, we can assume (up to a Hamiltonian isotopy) that L intersects the zero-section
transversely at the points q1,...,¢y. The image of L under F is a twisted complex
supported on a direct sum of grading shifts of the ¢;. The differential in the twisted
complex is constructed from moduli spaces of Floer strips between ) and L.

Let us use this functor in our setting. The Lagrangian N intersects S® cleanly along
a copy of S'. One can deform N by a Hamiltonian isotopy so that it intersects S°
transversely at exactly two points ¢; and g2, with consecutive indices. Hence, F(N) is
a twisted complex supported on the sum of shifts of ¢; and of g2. The differential on
this twisted complex is given by a cycle in Cp(Qq, .4, (S3); Z). Homologous cycles yield
quasi-isomorphic twisted complexes, so the differential on F(N) is determined by an
element © € Ho(Qq, 4,(S?);2) 2 Z.

Given ¢ € S? and identifying H_.(Q,(S3);Z) with HW*(F,, F;;Z), we can say
that N is quasi-isomorphic to Cone(F, 5 F,) in a category of twisted complexes over
WZ(T*Q;Z), where x is now thought of as a class in HW(F,, F,; Z) = Z. In particular,
up to a degree shift,

I

HF*(N, $%7Z)~ H* (Cone(HF*(Fq,S3;Z) = HF*(F,, 53;2)))

ZN®Z ifzx=0

= i (Cone(Z 5 7)) = .
(Z/xZ)  otherwise

On the other hand, one can adapt [28, Proposition 3.4.6] to Floer cohomology with
Z-coefficients (instead of Z/27Z), and conclude that

HF*(N,S%7)= H*(S";7),

up to a degree shift. Therefore, we conclude that = = 0, the differential in the twisted
complex F(N) is trivial, and N is quasi-isomorphic to F' @ F[1], as wanted. O
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Remark 4.7. Strictly speaking, the argument above only implies that N = F & F|[1]
up to a global degree shift. However, this will be enough for our purposes, since the
main application of the previous proposition will be in Lemma 4.17, which is about the
7 /27Z-graded monotone Fukaya category.

The ring Byz of endomorphisms of F' @ F[1] can be represented pictorially as follows:

(5 5)

Define

Note that
ler] = 0= [ez], lean| =1, |erz| = —1.
As a graded free abelian group, By has generators in low degrees given by

degree|1|0|—1|—2| -3
generator‘egl ‘617 €9 ‘612, U€21 ‘uel, ues ‘uel% u2€21

In a manner similar to what we did above for F', let us give a more explicit description
of the Morse—Bott wrapped Floer cohomology of N. Denote by N’ the lift of a path 7’
through —1 and by the N; lift of a path 7; through 1 that winds ¢ times around the
critical values of the Morse-Bott Lefschetz fibration, see Figs. 1 and 3.

By Proposition 4.6, we know that,

By = HW*(Ny, N';Z) = lim HF*(N;,N';Z).
71— 00

The Morse-Bott Floer cochain complex for CF*(N;, N';Z) with ¢ > 0 is given, as a
graded abelian group, by

@ H*+2k+1(T2, Z)
k=0

Similarly to what is stated in Lemma 4.3 for F', the continuation maps
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Fig. 3. No and Nj.

CF*(Ni,N';Z) — CF*(Ni41, N'; Z)

are inclusions and the differentials vanish on these chain complexes.
We also have

Bz =2 HW*(Ny, No; Z) = lim HF*(N;, No; Z).

71— 00

For i > 0, the Morse-Bott Floer cochain complex for CF*(N;, Ny; Z) is

H*(SH @ @ H*T2(T%,7) (4.2)
k=1

and we have again that the continuation maps are inclusions and the differentials vanish.
As we saw after Proposition 4.6, the free abelian group HW*(N, N;Z) has two gen-
erators in degree —2, denoted by we; and wes.

Remark 4.8. At several points in this paper, including the proof of the next result, we will
explicitly compute certain products p? via counts of holomorphic curves. Since we will
always be in a position where we can compute the product on cohomology, and since
the relevant holomorphic curves will always project to triangles in C over which the
Lefschetz fibrations of interest are trivial, it will suffice to make all the calculations using
a product complex structure, for which the relevant holomorphic curves are regular.

Lemma 4.9.

(1) The fundamental class of S in (4.2), with i = 1, represents the class +e = +(e; +
e2) € HWO(Ny, Ny, Z), where e is the unit.

(2) The fundamental class of T? in (4.2), with i = 1, represents the class +ue; + uey €
HW_Q(Nl,No;Z).
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Proof. The statement in (1) follows from the fact that the canonical map H*(S') —
HW?*(Ny, No; Z) is a ring map, so it preserves units.

For (2), it is convenient to also consider the Lagrangian N’. The product u? gives a
map

HF°(Nyg, N';Z) ® HF ~%(Ny,No,Z) — HF ~*(Ny,N'; 7).
Fig. 3 will be useful to understand the map
HF°(Ny,N';Z) — HF (N, N'; Z) (4.3)

given by right multiplication with the fundamental class of T? in HF~%(Ny, Ny, Z),
which lies over the intersection point y in Fig. 3. Note that HF°(Ng, N';Z) =
HWO(Ny, N';Z) = 72 is generated by classes that lie over the point = in the Figure,
and that HF~2(Ny,N';Z) = HW~2(Ny, N';Z) = Z? is generated by classes that lie
over the point z. The product can now be computed by lifting the shaded triangle. Since
the fibration is trivial over this triangle, there is a T2-family of such lifts. Inserting the
fundamental class of T2 over y does not impose any constraint on this family of disks,
which implies that the map (4.3) is an isomorphism. Since we are working over Z, this
means that the fundamental class of T2 represents +ue; & ues, as wanted. O

Remark 4.10. We are not specifying if the two signs in part (2) above are the same,
since that is not necessary where this result is applied later in the paper. Nevertheless,
a surgery argument related to Lemma 4.13 below should imply that the signs are equal,
hence +ue; = ues = tue.

4.2. Computations in T*S™

We begin by assuming that n is odd. The wrapped Fukaya category W2/?Z(T*S™; K )
contains objects of the form (S™, a[pt]), were o € Kpo and [pt] € H"(S™;Kpg) is the
class of a point. We want to understand how a cotangent fiber F' acts on such an object.

Let F; and F’ be as in the previous section. Given a € HF*(F;, F';Kg) and X €
WE/2L(T*S™: K ), define a map

VX HF*(F',X;Kg) —» HF*H4s@)(F X KpR)
z (2, a)
Lemma 4.11.

(1) There is an isomorphism

HF*(F,(S", a[pt]); Kgr) = Kg.
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Fig. 4. The chain complexes CF*(Fy, (S™, a[pt])) and CF*(F’, (S™, a[pt])).

(2) Using the identification in Lemma 4./ of e € HF(Fy, F'; Z) with the class of a point
in S, and of u € HF*~"(Fy, F'; 7Z) with the fundamental class of S, we have

DS 0P — o (S elt]),

Proof. As we saw, in the Lefschetz fibration description 7, : X,, = C of T*S™ the zero
section S™ is the Lagrangian lift of the interval [—1,1] C C.

For part (1), we can replace a cotangent fiber F' with its Hamiltonian-isotopic La-
grangians Fy and F’, as in the previous section. Recall that these are lifts of paths out
of the critical values that intersect the interval [—1,1] C C transversely and only at one
of the endpoints of the interval. Then, CF*(Fy, (S™, a[pt]); Kg) has a single generator
in degree 0, and the result follows. The same is true replacing Fy with F”.

Let us give an alternative argument, with an eye towards part (2). This time, let Fj
and F” be lifts of paths that intersect the interior of [—1, 1], as in Fig. 4. We start with
Fy. The chain complex CF*(Fy, (S™, alpt]); Kr) now has generators z,y, z in degrees
—n, 1 —n and 0, respectively (y is the maximum and z the minimum of an auxiliary
Morse function on the component of S™ N Fy that is diffeomorphic to S*~1), see Fig. 4.
The fact that Oz is of the form +7y, where A is the g-area of the lightly shaded bigon
(recall the definition of ¢ in Section 2), follows from the fact that the algebraic count of
lifts of the shaded strip is +1. That can be seen using the invariance under compactly
supported Hamiltonian isotopies in C™ of HF*(R™,iR™), which is of rank 1. It follows
that the cohomology is of rank 1, generated by z. There is a similar argument for F’
instead of Fy, with 2z’ now being the maximum of an auxiliary Morse function on S™~1!.

To prove (2), we use again the representation of Fy and F” in Fig. 4. The dark triangle
in Fig. 4 does not contain critical values of 7, so the restriction of the Lefschetz fibration
to that triangle is trivial. The triangle hence lifts to an S”~!-family of holomorphic
triangles with the appropriate Lagrangian boundary conditions. This family can be made
rigid by using e € CF*(Fy, F';KRr) (represented by a minimum) as an input in

Y () = 12 ) = 2Tz,

where B is the o-area of the dark triangle. Similarly, the family of lifted triangles can
be rigidified by using the bounding cochain a[pt] as an input in
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9" (1) = B alpt], ', u) = £TPaz.
The result now follows. O

Consider now the case of even n. Recall that we equip S™ with the trivial rank 2
vector bundle of mixed degree £ = Kr @ Kg[1], and with bounding cochains of the form

bag = (g g) , such that o, 8 € Kgo and [pt] € H™"(S™;Z) is represented by the
[pt]

minimum of a perfect Morse function on S™. Let Fy, F’ be as before.
Lemma 4.12.
(1) There is an isomorphism

HF*(F,(5",ba,5); Kgr) = Kr ®Kg[1].

(2) Using the identification in Lemma J./ of e € HF°(Fy, F'; Z) with the class of a point
in S"1, and of u € HF'~"(Fy, F'; Z) with the fundamental class of S"~*, we have

P8 s 4 (0 g) MR
ue o € *

Proof. The proof of (1) is similar to Lemma 4.11. One can again replace F' with either Fj
or F’ as in Fig. 4. We obtain a K g-basis vy, v1 for HF*(Fp, (5™, ba,p); Kr), where vg, v
is the standard basis for the fiber of £ = Kg & Kg[1] at z (the fiber minimum) indicated
in Fig. 4. Similarly, we denote by vy, v} the analogous basis for HF*(F’, (5", ba.5); Kr),
with z replaced by 2z’ (the fiber maximum) in Fig. 4.

The result in (2) follows again from the study of lifts of the dark triangle in Fig. 4.
Once more, the lifts of the triangle can be rigidified either by taking e as an input in p?
or by inputing the bounding cochain b, g in p3. Taking bases v; and v} above, we get

P @) = () = TP,

for i = 0,1, where B is the o-area of the dark triangle. We also get
¢7(15"L’b“’5)(v6) = 13 (ba,vh, u) = TP av,
and
G @0]) = 5 bas, v ) = TP o,

as wanted. O
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Fig. 5. L, as a cone on morphisms between Fy and Fj.

We now consider the Lagrangians L., which are diffeomorphic to S* x S"~1. Let U €
Uk ,, be an invertible unitary element in the Novikov field and take o := T20=Dry=1 ¢
Kr \ Kgyo. If n > 2, write L, for the Lagrangian L. equipped with the unitary local
system £ in the trivial rank 1 K z-bundle over L., such that U is the holonomy of £ along
a loop that projects in degree 1 to the curve C; (recall that we think of C. as the curve
C'in Fig. 1). If n = 2, recall that we picked a basis hq, hs for H;(L;;Z) in Lemma 2.9, to
write the disk potential of L. The curve hy projects in degree 1 to C; and hs is a fiber
of 7|, . In Remark 3.7, we observed that the Floer cohomology of (L, &) is non-trivial
precisely when ¢ is a local system with holonomy —1 around he. Write L, for (L.,§),
such that the holonomy of ¢ is U around h; and —1 around hs.

If the o-areas of the two shaded regions in Fig. 5 are the same, then the figure suggests
that L, should be equivalent to surgery on morphisms supported on the two connected
components of the intersection Fy N Fy = {*} U S"~1. Recall that surgery on an inter-
section point of two Lagrangians corresponds in the Fukaya category to taking the cone
on the morphism given by the intersection point, see Chapter 10 of [15]. This motivates
the following result.

Lemma 4.13. For the appropriate choice of spin structure, L, is isomorphic in
WﬁéiZ(T*S”;KR) to Cone(u? — ae), where u?> — ae is thought of as a morphism in

HWever(F, F). In particular,
HF*(F,Lo;Kp) = H*(S" 1 Kpg),
as Z/27Z-graded free K g-modules.
Proof. Given a monic polynomial p(u) = u? + ag_1u?! + ... + ap in Kg[u] =
HW*(F, F;Kg), the object Cone(p(u)) is such that HF*(F,Cone(p(u)); Kg) is a free

K g-module of rank d. The right action of u on HF*(F, Cone(p(u)); Kg) is by the trans-
pose of the companion matrix to p(u):
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Fig. 6. The action of u on L.

0 1 o - 0
0 0 r .- 0
—@p —a1 —a2 - —Qd-1

Hence, we want to show that HEF*(F, L,;Kg) is a free Kg-module of rank 2, where u

<g é) (4.4)

Let us represent the Hamiltonian isotopy class of F' by Fy and by F’, as before. In

acts on the right as

Fig. 6, we see that FyN L, is diffeomorphic to S”~!. Choosing an auxiliary perfect Morse
function on this sphere, we get a chain model for CF*(Fy, L,;Kgr) whose generators
are the minimum m and the maximum M. We can similarly get generators m’, M’ for
CF*(F',Ly;Kg). We will first work with coefficients in Kz, and then argue that the
case of K¢-coefficients follows. In particular, we will begin by assuming that U € Ufgz
and then consider the more general case of U € Uk, = Uk-

Recall Lemma 4.4. The element e € CF°(Fy, F';Kz) (the minimum in its S"~! fiber)
acts on CF*(F’,L,Kz) by

'wga (M/) = /1'2(M/’ e) = :tTAmv

by taking lifts of the shaded triangle on the left in Fig. 6. We denote by A the o-area
of this triangle. Note that the Lefschetz fibration is trivial over the triangle, so it has an
5"~ 1_family of holomorphic lifts. The remaining contributions to right multiplication by
e must come from lifts of the shaded triangle on the right in Fig. 6. Since e represents
a cohomological unit in HW*(F, F;Kz), it acts by an isomorphism over Kz and we
conclude that the lifts of that triangle contribute to
YEe(m') = p?(m’,e) = +TPUM,

where B is the o-area of that right triangle in the plane. Note that these lifted triangles
pick up holonomy U. The same holomorphic triangles determine the action of e over
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K = Kc. We conclude that %« is given by the same formulas over K as over Kz, even
when we take U € Ug.

The element v € CF~"(Fy, F';Kp) is represented by the maximum in the same
S™~! fiber as e, and acts on CF*(F’, Lo;Kg) by

G (M) = (M u) = £T4 M,
and

YEe(m!y = p2(m’ u) = £T%m.

u

In both cases, this corresponds to lifting the triangle on the left in Fig. 6.
Observe that B = A + 2(n — 1), so we can write

e G (45)

To get a positive sign in « as in (4.4), we note that by changing the spin structure on L,
we can change the sign of ¢Z=(m’) (which comes from lifting the shaded triangle on the
right in Fig. 6). This has the desired has the effect of replacing a by —« in the matrix
in (4.5).

We still need to show that HF*(F, L,;Kg) # 0. We prove that HF*(F', L,; Kg) # 0.
If n is odd, then this is obvious, since the indices of the generators m’, M’ have the same
parity, so the differential is zero. Observe that the case n = 2 is addressed in Remark 3.7.
For general even n, we write

W) = M, (M) =kam,  ph) =M, (M) = R,
for some £y, ka, k), k5 € K. The Leibniz rule (and the fact that p!(u) = 0) yields

pH (P (m! ) = i (pt (m'), u) = Kip* (M u) = 65 T4M
= +pM(Tm) = £T % M = k1 = £r}

and

pH (P (m’e)) = p*(u' (m'), e) = & pP (M, €) = +1, T4m
= +p (TBUM) = £TPUkom = TP~ AUk, = +x] = £k1.

Therefore,

pt o pt (M) = kout(m) = +TB-AUKS M.
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But plou! = 0, because F and L, both have vanishing disk potential. Since T?~4U # 0,
we conclude that ko = k1 = £} = 0. A similar argument shows that x5, = 0, and implies
that HF*(F', Lo; Kg) # 0, as wanted. O

As we saw, Lemma 4.13 can be rephrased as saying that H F*(F, L,; Kg) is isomorphic
to K%, if n is odd, and to Kr ®Kg[1], if n is even, and that the action of u is represented
by the matrix (4.4). To relate this with the generation results for modules that will
be discussed below, it is convenient to restrict our attention to K = K¢, which is an
algebraically closed field. Since the eigenvalues of the matrix (4.4) are ++/a (the two
square roots of a in K), we conclude the following.

Corollary 4.14. Ifn is odd, then HF*(F', Ly;K) and HF*(Fy, Lo; K) have bases in which
Lo — <\/a 0 > wLa
ue 0 7\/& e

We are now ready to prove the following result, up to Corollary 6.5 below.

Theorem 4.15. The category mod,, (Ak) is split-generated by the collection of right Ak -
modules

o {HF*(F,(S™, alpt]); K)}o<val(a)<oo U {HEF*(F, Lo; K) }val(a)<o, if 1 is odd;
i {HF*(Fa Sn’K)} U {HF*(Fa (Sn7 ba,l);K)}Ogval(a)<oc U {HF*(F7 La;K)}val(oc)<O7 Zf

n s even.
Proof. In the n odd case, if val(«) > 0, then Lemma 4.11 implies that
HEF* (Fy, (5", alpt])i K) 2 S

as right Ag-modules, where S, is the 1-dimensional (over K) right Ax-module on which
u € Ak acts as multiplication by « (as in Lemma 6.4 below).
If val(a) < 0, Lemma 4.13 and Corollary 4.14 imply that

HF*(F,Ly;K) 2 S s ®S_ 15

as right Agx-modules.

Corollary 6.5 below now implies the result when n is odd. The case of n even is anal-
ogous, where this time we apply Lemma 4.12 instead of Lemma 4.11 and Corollary 6.8
instead of Corollary 6.5. O

The following is a version of Theorem 1.4 from the Introduction.

Corollary 4.16. The category ]-Z,%é%Z(T*S";]K) is split-generated by the collection of ob-
jects
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Fig. 7. The action of u on T;"

® {(Snu a[pt])}ogval(a)goo U {La}val(a)<07 when n is odd;
o {S"FU{(8",ba,1)}o<val(a)<oo U {La tval(a)<0, when n is even.

Proof. This follows from Theorem 4.15 and Proposition 3.8. O
4.3. Computations in T*S>

We now want to study how v € HW*(F, F;Kg) & Kg[u] = Ak, acts on the tori
T3. Recall from Lemma 2.13 that the disk potential of T3 can be computed in a basis
hi,ha, hs of H(T2;Z), where h; is a loop projecting bijectively to the curve C, C
C \ {£1} (that T2 covers), while hy and h3 are vanishing circles that project to points
under the fibration. As observed in Remark 3.7, the critical points of the disk potential
that belong to (UH’QR)?’ correspond to unitary local systems on T2, whose holonomy
around h; is arbitrary, and whose holonomy around each of hy and hg is —1.

Given U € Ug _, let o := T=27U~! € Kg \ Kg, and denote by T, the Lagrangian 7°>
equipped with a unitary local system ¢ in the trivial rank 1 K z-bundle, whose holonomy
around hi is U, and whose holonomies around hy and hgz are —1.

Given a € HF*(N1, No;Kg) and X € WﬁéﬁZ(T*S?’;KR), define a map

¢X : HF*(No, L;KRg) — HF*(N1,L; KR)
x> p?(x,a)
Lemma 4.17. For the appropriate choice of spin structure on T,
(1) there is an isomorphism
HF*(N,T,;K) = H*(T*K),

possibly with a degree shift;
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(2) using the identification in Lemma /.9 of e € HF°(Ny, No; Z) with the fundamental
class of S', and of +ue; £ ues € HF2(Ny, No; Z) with the fundamental class of
T2, we can pick bases so that

+a
T, o 0 +a T
¢:|:’U.61:|:’LL62 - 0 0 +a ¢e
* 0 0 Za

where the 4 X 4 matriz above is lower triangular.

Proof. We begin with (1). By Remark 3.7, T, corresponds to a critical point of the
disk potential of the torus T'3. Hence, HF*(T,, Ty; K) & H*(T3;K) has rank 8. Observe
that for the Lagrangian lifts N; of the paths 7; in Fig. 1, each of the graded K-vector
spaces CF*(N;,Ty;K) is isomorphic to H*(T?;K). This has rank 4, so the rank of
HF*(N;,T,;K) can only be 0, 2 or 4.

On the other hand, by Proposition 4.6,

HF*(N;,To,K) = HF*(F, To:K) & HF*(F, To; K)[1].

Since I split-generates the monotone wrapped Fukaya category and Ty, is a non-trivial
object, we conclude that the rank of HF*(F,T,;K) is 1 or 2. Denote by M this K[u]-
module. The fully faithfulness of the Yoneda embedding implies that

HF* (T, Ta; K) 22 Extigp, (M, M)

and the rank of the right side cannot be 8 if M has rank 1, since the space of endomor-
phisms of a skyscraper sheaf in the derived category of a smooth curve has rank 2 (see
Lemma 6.3 below). We conclude that M has rank 2.> Hence, HF*(N;,T,;K) has rank
4 and the differential on CF*(N;,T,;K) vanishes. This implies the statement in (1).
To prove (2), we use Fig. 7. First, we need to determine the image of +e and +ue; +
ues under the functor Gy : WZ(T*5%,Z) — WZ(T*S%;Kg) defined in Section 3.4. By
Lemma, 4.9, if we pick a perfect Morse function on Ny N N; = S' UT?, we know that +e
is given by the maximum (which we denote by x) on the component S*, and +ue; + uez
is given by the maximum (which we denote by y) on the component T2. Pick primitives
fi for the restriction of the Liouville form X on T*S? to the N;, i € {0,1}. Assume that
fo and f; both vanish at z. Then, G;(+e) = ThHhE@)—fol@)y = 2 € CF°(Ny, No; KR).
Similarly, G; (Fue; +ueqg) = T/ W)=fow)y CF~2(Ny, No; Kg). Under our assumptions,

2 The referee suggested the following alternative argument for calculating that the rank of M =
HF™(F,Tq;K) is 2, avoiding the computation of Ext. If one thinks of the Lagrangian Tf as coming from
surgery on two cleanly intersecting Lagrangian spheres, as explained in Remark 1.6, then it is clear that
Tf intersects a cotangent fiber Tp* S3 transversely in two points, for all p contained in a non-empty open
subset of S2. Since F is Hamiltonian-isotopic to a cotangent fiber, this implies that the rank of M is 0 or
2. But since T, has non-trivial Floer cohomology, the rank of M cannot vanish.



M. Abouzaid, L. Diogo / Advances in Mathematics 427 (2023) 109114 35

f1(y)—fo(y) is the negative of the symplectic area of a strip between N7 and Ny, obtained
from lifting the union of the darkly shaded and the white triangles in Fig. 7. We denote
this area by A 4 C in the figure. We can conclude that +ue; & uey is represented by
T_A_Cy in C'_F_Q(]\fl7 No; KR)

The intersections N; NT2 are 2-tori, and we can pick perfect Morse functions on these
2-tori to specify bases for HF*(N;, T,;K). Denote the basis elements pj, pt, pb, p}, with
Morse indices 0, 1, 1 and 2, respectively. Each of the shaded triangles in the figure lifts
to a T?-family of holomorphic triangles with suitable boundary conditions. Using the
fundamental classes of S' and T2 as inputs in 2 does not constrain the T2-families of
holomorphic triangles. Therefore, for a suitable labeling of the generators, the contribu-

tion of p; to ¢£“§wliue2 (p?) is
+7A7CT4 = +aTPU, (4.6)

since the sum of the o-areas of the lightly shaded and white triangles in the figure is
B + C = 27. Similarly, the contribution of p} to ¢X=(p?) is £TBU. This justifies the
diagonal terms in the 4 x 4 matrix in (2). The possibly non-zero off-diagonal term in
that matrix is given by the lifts of a large triangle in the base, given by the union of the
white triangle and the two shaded triangles. Such lifts come in 4-dimensional families,
which is why they contribute to an off-diagonal corner in the matrix. 0O

Remark 4.18. The fibration is trivial over the darkly shaded triangle in Fig. 7, which
is why it has a T2-family of lifts. The fibration is not trivial over the lightly shaded
triangle, because one of its vertices is a critical value. Nevertheless, this triangle still has
a T2-family of lifts. Note that one could also modify Ny slightly, in a manner similar to
what is done in Fig. 4 for the proof of Lemma 4.11, so that the analogue of the lightly
shaded triangle now includes no critical points, even at the corners.

We can now prove the following analogue of Theorem 4.15.
Theorem 4.19. The collection of Ag-modules
{HF*(F, (5%, a[pt]); K) }o<val(a)<oo U {HF*(F, Ta; K) }val(a)<0
split-generates the category mod,,(Axk).

Proof. We just have to show that we can replace the objects supported on the collection
of Lagrangians {(S* x S2),},~0 by the objects supported on the collection {T2},~¢.
By Proposition 4.6, N = F @ F[1]. In the proof of Lemma 4.17, it is shown that the
right Agx-module HF*(F, T,;K) is of rank 2. It follows from (2) in Lemma 4.17 that this
module must be isomorphic (up to degree shifts) to S, @ Sa, S—a ® S_a, Sa B S—q O
M3, (in the notation of Section 6.1 below). Lemma 6.3 below implies that only the first
two options (possibly with degree shifts is each of the summands) are compatible with
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the fact that HF*(T,, Ta; K) = Extg, (M, M) has rank 8. The result now follows from
Corollary 6.5. O

Corollary 4.20. The category f,%éiZ(T*S?’;K) is split-generated by the collection of ob-
jects {(537 a[pt])}ogval(a)goo U {Ta}val(a)<0'

Proof. This follows from Theorem 4.19 and Proposition 3.8. O

Now that we understand the F-modules associated to the Lagrangians (S* x $?), and
T3 in T*S3, we can also prove Theorem 1.3.

Proof of Theorem 1.3. We wish to show that, if we fix 7,7/ > 0, then 7 = 7/ iff (S* x $2),
and T3, can be equipped with local systems such that their Floer cohomology is non-
trivial. Let U € Ug and write a = T—47U~!. Recall that the minimal Maslov number
of (S x §?), is 4, and that (S! x S?), denotes (S! x S?), equipped with a rank 1
unitary local system with holonomy specified by U. The proof of Theorem 4.15 implies
that HF*(F,(S' x 5%)a;K) = S 5 ® S_ /5, where /o = T-27(\/U)~* for some square
root VU € K of U. Write also o = T~4"U~" and vo/ = T~2" (v/U)~!. The minimal
Maslov number of T3 is 2, and T, Vo denotes T3, with a rank 1 unitary local system of
holonomy specified by v/U. The proof of Theorem 4.19 implies that HF*(F, T/ K) is
isomorphic either to S 47 @ S 47 or to S_ /57 ® S_ /57 (possibly with degree shifts in
the summands).
The result now follows from Proposition 3.8 and Lemma 6.3 below. 0O

5. Intrinsic formality of algebras and modules

Recall that Ax = HW*(F, F;K) is isomorphic to the polynomial algebra K[u], where
deg(u) = 1 —n and n > 2. From this point on, we will always work over K, and write
A instead of Ag to make the notation lighter. We want to show that A is intrinsically
formal, and will later prove an analogous result for certain types of A-modules. Intrin-
sic formality of A means that if B is any A,-algebra such that the algebra H*(B) is
isomorphic to A, then B is quasi-isomorphic to A as A,.-algebras.

Denoting by |A| the algebra A where we forget the grading, we can define the
Hochschild cohomology HH"(|A|,|A|) as the homology of CCT"(|A|,|A]) =
Homg (|A|®", |A]), for r > 0, with respect to the Hochschild differential, see for instance
[39).

To keep track of the grading on A, one can define

CC7 (A, Als)) := Homi (A®", A),

which consists of graded homomorphisms that increase the degree by s € Z (we continue
to use the cohomological convention under which A[s] is obtained by subtracting s from
all degrees in A), see [35, Section 4b]. The Hochschild differential preserves s, so the
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CC" (A, Als]) are subcomplexes of CC"(|A],|A|). For each s we have a direct sum of
chain complexes

CC* (A}, |A]) = CC*(A, Als]) © Q™°

where Q™* C CC*(|A|, |A]) consists of those homomorphisms that have no term of degree
s. One can identify Q™° with the quotient CC"(|A|,|A|)/CC" (A, A[s]). We can conclude
that there are inclusions on cohomology

HH" (A, Als]) ¢ HH"(|A],|A]).
Remark 5.1. Since A is supported in infinitely many degrees, none of the inclusions

P o4, Als) c oAl Al ¢ [T ccr(A, Als)

SEZ sSEZ

is the identity.

By [39, Corollary 9.1.5], HH*(|Al,|A[) = Ext[4. (|A], |A]), where |A|® = |A| @k |A[P
(this is isomorphic to |A| ®k |Al, since |A] is commutative). Note that Ext)4-(|A[,|A])
can be computed using any projective resolution of |A| as an |A|*-module. We use the
Koszul resolution

0— [A]° L |A]° % 14| > o, (5.1)

where f(a(u) @ b(u)) = a(u)u @ b(u) — a(u) @ ub(u) and g(p(u), g(u)) = p(u)g(u).

The existence of this 2-step resolution implies that HH"(|A|,|A]) = 0 if r > 2. Since
HH" (A, A[s]) C HH"(]A],|A]), this implies that HH" (A, A[s]) = 0 for all s and for all
r> 2.

It is known that A is intrinsically formal if HH" (A, A[2 — r]) = 0 for all r > 3, see
[21, Corollary 4], [34, Section 3] and [35, Theorem 4.7]. We can thus conclude that the
Z-graded algebra A is intrinsically formal. The vanishing for » = 2 means that it is also
not possible to deform the product structure on A.

The previous argument can be adapted to show that, if we collapse the Z-grading of A
to a Z /2Z-grading, A is still intrinsically formal. More specifically, let CC" (A, Aleven]) C
CC™(|A],|A]) be the subcomplex of homomorphisms with no odd degree components,
and let CC"(A, AJodd]) € CC"(]A],|A]) be the subcomplex of homomorphisms with no
even degree components. We get a decomposition

HH"(|A],|A]) = HH"(A, Aleven]) ® HH" (A, Alodd)).

In the Z /2Z-graded case, intrinsic formality of A follows from the simultaneous vanishing
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HH"(A, Aleven]) = 0, for all r > 3 even
HH"(A, Alodd]) = 0, for all > 3 odd

which is again a consequence of the fact that HH"(|A|, |A]) =0 if r ¢ {0,1}.
We can conclude the following.

Proposition 5.2. A = KJu] is intrinsically formal as a Z-graded algebra and as a Z/27-
graded algebra.

We now discuss right modules over the graded algebra A. In a manner similar to the
previous discussion, let |A|, | M| and |N| be the result of forgetting the Z-gradings of the
algebra A and of right A-modules M and N. Then, Homg (| M|, |N]) is an A-bimodule
and its Hochschild cochain complex is, for r > 0,

CC"(|A|, Homg (|M], |N|)) := Homg (| A|*", Homg (|M], |N1))
= Homg (|M| @k |A[®",|N]).

Remembering the Z-gradings, we can denote as before the homomorphisms of degree
s € Z by

CC"(A,Homg (M, N)[s]) := Homj (A®", Homg (M, N)) = Homg (M @k A®", N).
The Hochschild differential preserves s and we get inclusions on cohomology
HH' (A, Homg (M, N)[s]) C HH?(|A], Homg (|M],|N])).
Using again [39, Corollary 9.1.5], we get that HH*(JA|,Homg(|M],|N]|)) =
Ext|aje (|Al, Homg (|M], |N])). The 2-step Koszul resolution (5.1) can be used to show

that HH"(|A|, Homg (|M|,|N])) = 0 for » > 2 and for every M, N. Consequently, we get
HH"(A,Homg (M, N)[s]) =0 for » > 2 and for all s € Z.

Remark 5.3. It is worth pointing out that HH*(]A|, Homg (|M|, |N|)) is also isomorphic
to Ext|s k (|M], |N]), the relative Ext, see [39, Lemma 9.1.9].

Say that a Z-graded right A-module M is intrinsically formal if, for every Z-graded
right A.-module M over A such that the A-module H*M is isomorphic to M, we have
that M is quasi-isomorphic to M (as A-modules over A). In an analogous manner to
the Hochschild cohomology criterion for intrinsic formality of graded algebras discussed
earlier, it can be shown that if

HH"(A,Homg (M,M)[1—7r]) =0

for all » > 2, then M is intrinsically formal, see [23, Theorem 3.2]. What we saw above
implies that every Z-graded right A-module is intrinsically formal.
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The same argument could again be adapted to the case of Z/2Z-graded modules over

A (with the grading of A collapsed to Z/2Z). If M and N are Z/2Z-graded right A-
modules, we can define cohomology groups HH" (A, Homg (M, N)[s]) with s € {0,1}.
This time, we have a decomposition

H (| A|, Homg (|M], |N1)) = HH" (A, Homg (M, N)) @& HH" (A, Homg (M, N)[1]).

The sufficient condition for intrinsic formality of M is now given by the simultaneous
vanishing

HH"(A,Homg (M, N)[1]) =0, for all » > 2 even
HH"(A,Homg (M, N)) =0, for all r > 2 odd

and this criterion is again met by the discussion above. We can conclude the following.

Proposition 5.4. All Z-graded and all 7Z./2Z-graded right A-modules are intrinsically for-
mal.

As in Section 3.5, denote by mod(A) a category whose objects are right A-modules
(we do not mean Ay-modules). These modules are Z- or Z/27Z-graded, depending on
the context. Given two modules M, N, define their morphism space to be

homy, g4 (M, N) = Ext’ (M, N)

mod

(instead of usual A-module homomorphisms). The following is a consequence of the
results of this section. To make the notation more uniform, we denote the A..-algebra
Ag = CW*(F, F;K) by A.

Corollary 5.5. Passing to cohomology gives a functor

H : mod®=(A) — mod(A)
M= H*(M)

which is a quasi-equivalence (meaning that it induces an equivalence of categories on co-
homology). The category mod(A) is equivalent to the cohomology category ofmodA°o (A).

Proof. The fact that morphisms on the cohomology category of mod“= (A) are given by

Ext groups is explained in [32, Remark 2.15]. There is a composition of quasi-equivalences
of dg-categories

mod(A) — mod”?=(A4) — mod”*=(A).
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The fact that A is formal (by Proposition 5.2) implies that the functor on the right is a
quasi-equivalence, see [32, Section 2f]. The functor on the left is given by inclusion (think-
ing of mod(A) as a dg-category with trivial differentials), and it is a quasi-equivalence
by Proposition 5.4. The functor H in the statement is a quasi-inverse for this composi-
tion. 0O

6. Generation of categories of modules

Definition 6.1. Let mod,,(A) be the subcategory of mod(A), whose objets are finite
dimensional right A-modules (the subscript stands for proper).

The fact that C is algebraically closed of characteristic zero implies that K is also
algebraically closed, see [16, Appendix A].> This will enable us to study the category
mod,, (A) using Jordan normal forms.

Remark 6.2. One should be able to work over the Novikov field Ky for a general commu-
tative ring R, by allowing as objects monotone Lagrangians equipped with higher rank
local systems. In that setting, one would expect to be able to prove analogues of Corol-
laries 4.16 and 4.20, showing that every compact Lagrangian object is split-generated by
objects supported on S™ and (S* x S"~1), (with the latter being replaceable by T2, if
n = 3), without appealing to the Jordan normal form.

Recall that A = K[u], where deg(u) = 1 — n. Since the monotone Fukaya category is
Z/2Z-graded, we will consider two cases, depending on the parity of n.

6.1. When n is odd

Take an object M & N of mod,,(A), where M is in degree 0 and N is in degree 1.
Since K is algebraically closed, if M # 0 then it has a splitting

m
M = @ M
=1

where a; € K, k; € Z, and MF is the vector space K* with a right action of u by the
k x k transposed Jordan block

("= (6.1)

3 In characteristic p > 0, the polynomial zP — z — T~ does not have roots in the Novikov field. See [22]
for a discussion of the algebraic closure of the power series field in positive characteristic.
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If the module NV is non-trivial, then it also has a splitting

N =@My
j=1

for certain f; € K and I; € Z..

Denote the 1-dimensional module M} by S,. The following result was used above in
study of the Lagrangian tori T C T*S3. For the calculation with S, one can use the
resolution

Klu] "= K[u] = K,

and a similar argument works for M?2.

Lemma 6.3. Given a,a’ € K, we have

KaK[l] ifa=d

0 otherwise

Ext}, (Sa,Sar) = {

and

K2aK?[1] ifa=d
Ext}y (M2, MZ2)= R :

0 otherwise
Lemma 6.4. For every k € Z, MF is in the triangulated closure of S,.
Proof. Observe that there are A-module homomorphisms

@I;: M5—>Sa

obtained by projecting onto the last coordinate. We can think of an A-module homo-
morphism as a homomorphism of A.-modules, and take its cone. Recall that Cone (¥ )
is the right Ao,-module over A given by the chain complex

(ME] @ Sa, ' = ok),

with p? = (:“?\/[k[l] , %, ) and trivial higher Ao-maps, see [32, Section (3e)]. We have that
H* Cone(pF) = ME=1[1] and so Cone(¢¥) is quasi-isomorphic to MF~1[1].
We can now argue by induction on k to prove the statement in the lemma. In detail,

since there is a distinguished triangle

MP = S, — MF1) — MF[1,
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axiom TR2 for triangulated categories (see for instance [39, Definition 10.2.1]) implies
that there is also a distinguished triangle

S — METI[1] = MF[1] — S, [1],
and by induction on k we get that M? is in the triangulated closure of S, forallk > 1. O
We can now conclude the following.
Corollary 6.5. The category mod,, (A) is generated by the collection of modules {Sq }aeck -
6.2. When n is even

This case is more subtle, because now u acts on A-modules as an operator of odd
degree. Take again an object M & N in mod,,(A), where M is a finite dimensional K-
vector space in degree 0 and N is finite dimensional in degree 1. We begin by defining
some relevant examples. Given o € K and k > 1, let M ¥ be the right A-module consisting

of the K-vector space K* @ K¥[1], with u acting on the right on row vectors by the block

matrix ((JQ)T %), where (JF)T is as in (6.1) and I is the identity. Denote by S,

the module ML. This consists of the K-vector space K @ K[1], with a right u-action by

the matrix (0 1
a 0

For a = 0, we need to consider another type of right A-module, where the dimensions
of the even and odd summands are different. Given & > 1, let Né‘ be the right A-
module consisting of the K-vector space K* @ K*¥~1[1], on which u acts by the following
(2k — 1) x (2k — 1)-matrix, where all the empty blocks are understood to be filled with
Zeros:

1y,

1y,

Denote by Sy the module N&. This is the K-vector space K, on which u acts as multi-
plication by zero. Note that in the previous section (when n was assumed odd), Sy was
also defined as a 1-dimensional module in even degree with trivial u-action.

Let us now go back to the general case of a right A-module M & N, where M and N
are finite dimensional, M is in degree 0 and N is in degree 1. Since we will be interested
in split-generation of mod,,(A4), we can assume that dimg M = dimg N, by taking a
direct sum of M or N with a K-vector space with trivial u-action, if necessary. Since
u has odd degree, by picking bases for M and N, the u-action is given by a matrix of

the form <g ](32 , where R and S are square matrices. Since u? has even degree, it
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acts by endomorphisms of both M and N. As we saw in the case of n odd, we can pick
bases for M and N so that the right action of u? is represented by the transpose of a
Jordan matrix. This means that we can assume that RS and SR consist of finitely many
transposed Jordan blocks along the diagonal.

Lemma 6.6. A suitable choice of bases for M and N induces and isomorphism between
M @ N and a direct sum of modules of the form MF, MF[1], NF or NE[1].

Proof. If a € K is a non-zero eigenvalue of the action of u? on M, and if v1,..., vy is
a Jordan basis for a Jordan block associated to this u?-action, then Span(vy, ..., v, v1 -
U, ...,V - w) is a u-invariant subspace of M @ N, and it is isomorphic to Mgf as a right

A-module. The Jordan blocks associated to @ = 0 are not invertible matrices, which is
why we need to also allow summands of the form M§[1], N or Nf[1]. O

Lemma 6.7. For every k € Z and every o € K, M;f is in the triangulated closure of S,.
Also, M¥ and N§ are in the triangulated closure of Sy.

Proof. The fact that the M, k can be generated by S, follows inductively from the short
exact sequences

0— MY 5 MF - S, —0,
in a manner analogous to the proof of Lemma 6.4. The short exact sequences
0= Nyt Ny —=5—-0

can be used to show that the Né“ can be generated by Sy and Sy. Finally, the short exact
sequence

0— So— Sy — Sp[1] = 0
implies that Sy is in the triangulated closure of Sy. O
We can now conclude the following.

Corollary 6.8. The category mod,,(A) is split-generated by the collection of modules
{SO} U {SQ}O(EK\O'

References

[1] M. Abouzaid, A geometric criterion for generating the Fukaya category, Publ. Math. IHES 112 (1)
(2010) 191-240.

[2] M. Abouzaid, A cotangent fibre generates the Fukaya category, Adv. Math. 228 (2) (2011) 894-939.

[3] M. Abouzaid, On the wrapped Fukaya category and based loops, J. Symplectic Geom. 10 (1) (2012)
27-79.


http://refhub.elsevier.com/S0001-8708(23)00257-8/bib5E8F6AE343D36223FC5E76A311A695ABs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib5E8F6AE343D36223FC5E76A311A695ABs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib06A47885E72544C60A31AE0FF8051AAAs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibAABEF28D2B2B9DA27D03BE27FA1A26FFs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibAABEF28D2B2B9DA27D03BE27FA1A26FFs1

44 M. Abouzaid, L. Diogo / Advances in Mathematics 427 (2023) 109114

[4] M. Abouzaid, T. Kragh, Simple homotopy equivalence of nearby Lagrangians, Acta Math. 220 (2)
(2018) 207-237.

[5] M. Abouzaid, P. Seidel, An open string analogue of Viterbo functoriality, Geom. Topol. 14 (2)
(2010) 627-718.

[6] M. Abouzaid, P. Seidel, Lefschetz fibration techniques in wrapped Floer cohomology, In preparation.

[7] P. Albers, U. Frauenfelder, A nondisplaceable Lagrangian torus in 7*S2?, Commun. Pure Appl.
Math. 61 (8) (2008) 1046-1051.

[8] D. Auroux, Mirror symmetry and T-duality in the complement of an anticanonical divisor, J. Goékova
Geom. Topol. 1 (2007) 51-91.

[9] P. Biran, O. Cornea, Rigidity and uniruling for Lagrangian submanifolds, Geom. Topol. 13 (5)
(2009) 2881-2989.

[10] K. Chan, D. Pomerleano, K. Ueda, Lagrangian torus fibrations and homological mirror symmetry
for the conifold, Commun. Math. Phys. 341 (1) (2016) 135-178.

[11] J.F. Davis, P. Kirk, Lecture notes in algebraic topology, Graduate Studies in Mathematics, vol. 35,
American Mathematical Society, Providence, RI, 2001.

[12] G. Dimitroglou Rizell, E. Goodman, A. Ivrii, Lagrangian isotopy of tori in S? x S? and C P2, Geom.
Funct. Anal. 26 (5) (2016) 1297-1358.

[13] A. Floer, Morse theory for Lagrangian intersections, J. Differ. Geom. 28 (3) (1988) 513-547.

[14] U. Frauenfelder, Floer homology of symplectic quotients and the Arnold—Givental conjecture, Ph.D.
Thesis, 2003.

[15] K. Fukaya, Y.-G. Oh, H. Ohta, K. Ono, Lagrangian intersection Floer theory: anomaly and
obstruction, AMS/IP Studies in Advanced Mathematics, vol. 46, American Mathematical Soci-
ety /International Press, 2009, Chapter 10 available at https://www.math.kyoto-u.ac.jp/~fukaya/
Chapter10071117.pdf.

[16] K. Fukaya, Y.-G. Oh, H. Ohta, K. Ono, Lagrangian Floer theory on compact toric manifolds. I,
Duke Math. J. 151 (1) (2010) 23-174.

[17] A. Gadbled, Obstructions to the existence of monotone Lagrangian embeddings into cotangent
bundles of manifolds fibered over the circle, Ann. Inst. Fourier (Grenoble) 59 (3) (2009) 1135-1175.

[18] S. Ganatra, J. Pardon, V. Shende, Covariantly functorial wrapped Floer theory on Liouville sectors,
Publ. Math. Inst. Hautes Etudes Sci. 131 (2020) 73-200.

[19] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002. MR1867354.

[20] R. Hind, Lagrangian isotopies in Stein manifolds, arXiv:math/0311093, 2003.

[21] T.V. Kadeishvili, The structure of the A(oo)-algebra, and the Hochschild and Harrison cohomologies,
Tr. Thil. Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR 91 (1988) 19-27.

[22] K. Kedlaya, The algebraic closure of the power series field in positive characteristic, Proc. Am.
Math. Soc. 129 (2001) 3461-3470.

[23] M.V. Ladoshkin, A.-modules over A..-algebras and the Hochschild cohomology complex for mod-
ules over algebras, Mat. Zametki 79 (5) (2006) 717-728.

[24] Y. Lekili, M. Maydanskiy, The symplectic topology of some rational homology balls, Comment.
Math. Helv. 89 (3) (2014) 571-596.

[25] D. McDuff, D. Salamon, Introduction to symplectic topology, second edition, Oxford Mathematical
Monographs, Oxford University Press, New York, 1998.

[26] J. Oakley, M. Usher, On certain Lagrangian submanifolds of S? x S? and CP", Algebraic Geom.
Topol. 16 (1) (2016) 149-209.

[27] Y .-G. Oh, Floer cohomology of Lagrangian intersections and pseudo-holomorphic disks. I, Commun.
Pure Appl. Math. 46 (7) (1993) 949-993.

[28] M. Pozniak, Floer homology, Novikov rings and clean intersections, Ph.D. Thesis, 1994.

[29] A.F. Ritter, I. Smith, The monotone wrapped Fukaya category and the open-closed string map, Sel.
Math. New Ser. 23 (1) (2017) 533-642.

[30] F. Schmaéschke, Floer homology of Lagrangians in clean intersection, arXiv:1606.05327, 2016.

[31] P. Seidel, A long exact sequence for symplectic Floer cohomology, Topology 42 (5) (2003) 1003-1063.

[32] P. Seidel, Fukaya categories and Picard-Lefschetz theory, Zurich Lectures in Advanced Mathematics,
European Mathematical Society (EMS), Ziirich, 2008.

[33] P. Seidel, Abstract analogues of flux as symplectic invariants, Mém. Soc. Math. Fr. 137 (2014) 135.

[34] P. Seidel, Homological mirror symmetry for the quartic surface, Mem. Am. Math. Soc. 236 (1116)
(2015), vi4129.

[35] P. Seidel, R. Thomas, Braid group actions on derived categories of coherent sheaves, Duke Math.
J. 108 (1) (2001) 37-108.


http://refhub.elsevier.com/S0001-8708(23)00257-8/bibA0DA54320CAD69AE5D94F42A3D6BE881s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibA0DA54320CAD69AE5D94F42A3D6BE881s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib61CC3EABF6EEB9BE6807DC80E9A99277s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib61CC3EABF6EEB9BE6807DC80E9A99277s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib1D04D45B9BD74564D96422B7477E69FBs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib1D04D45B9BD74564D96422B7477E69FBs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibA71EA1DFC3F4B972BAE3260B5444BB35s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibA71EA1DFC3F4B972BAE3260B5444BB35s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib474221BA76695FC8E9400C27A6C034C0s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib474221BA76695FC8E9400C27A6C034C0s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0881722575EFE4B7866F2FBCE29CD045s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0881722575EFE4B7866F2FBCE29CD045s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibDC1DB84D9E0D3AAACBB07FA7E2D8BC1Ds1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibDC1DB84D9E0D3AAACBB07FA7E2D8BC1Ds1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0D75B649C7E14750F2A5ABA3A7D4E8D5s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0D75B649C7E14750F2A5ABA3A7D4E8D5s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0A6F6D9D32952F3FC92E23FBE5515A24s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibBCDE0F941CB96BB9F5422354CEA8EEB2s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibBCDE0F941CB96BB9F5422354CEA8EEB2s1
https://www.math.kyoto-u.ac.jp/~fukaya/Chapter10071117.pdf
https://www.math.kyoto-u.ac.jp/~fukaya/Chapter10071117.pdf
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibAF6350DA1C90A5B55ABAE5CF302762D8s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibAF6350DA1C90A5B55ABAE5CF302762D8s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib793596E9F25EC1C3F77A5DF578D4543As1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib793596E9F25EC1C3F77A5DF578D4543As1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0CD17F4841E616C52BA76E8AFB2B6446s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib0CD17F4841E616C52BA76E8AFB2B6446s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibFE80997DA8FFAA6F81D770C5043D1AB4s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibCBE1B6088EC74CC742B37ABFE56941C4s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib11F58C7899BDF061D2B114AC2C0CFE70s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib11F58C7899BDF061D2B114AC2C0CFE70s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibC29709C44DFAE102BC2B4041EFCB1A29s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibC29709C44DFAE102BC2B4041EFCB1A29s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibD11067108405019E89C652484DE684A9s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibD11067108405019E89C652484DE684A9s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib148C2E9EB1656964F9C7A27000ED2FFBs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib148C2E9EB1656964F9C7A27000ED2FFBs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib3277A638C9F926938E29A842CB995729s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib3277A638C9F926938E29A842CB995729s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib7C8A90753AE5388A5B1FE168601E25BDs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib7C8A90753AE5388A5B1FE168601E25BDs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib26D61C6AA90F216422826E5507D6C6BDs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib26D61C6AA90F216422826E5507D6C6BDs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib7E6FDB63ADE3B0844BD1AB67BE8F0A82s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE843C3C32FD26701BC3B9F00A4FD5B0Cs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE843C3C32FD26701BC3B9F00A4FD5B0Cs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE6F12FF9751F6410F9B6A057AB328CBEs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibBDDCB581A022F8C74A9202CFC6B9EFE3s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE427A7A0997C8B775DCE6736BACD5152s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE427A7A0997C8B775DCE6736BACD5152s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibA4A2F066AD59452B64323B59871442B4s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib636FDB2EF932C7B9565E60F317170A45s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib636FDB2EF932C7B9565E60F317170A45s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib1CC8A7C1CD73E56EFCD99C6F098894CAs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib1CC8A7C1CD73E56EFCD99C6F098894CAs1

M. Abouzaid, L. Diogo / Advances in Mathematics 427 (2023) 109114 45

[36] N. Sheridan, On the homological mirror symmetry conjecture for pairs of pants, J. Differ. Geom.
89 (2) (2011) 271-367.

[37] N. Sheridan, On the Fukaya category of a Fano hypersurface in projective space, Publ. Math. Inst.
Hautes Etudes Sci. 124 (2016) 165-317.

[38] Z. Sylvan, Orlov and Viterbo functors in partially wrapped Fukaya categories, arXiv:1908.02317,
2019.

[39] C.A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics,
vol. 38, Cambridge University Press, Cambridge, 1994.


http://refhub.elsevier.com/S0001-8708(23)00257-8/bib1DEEBBEA42FE918ECBC77DD54C41CE42s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib1DEEBBEA42FE918ECBC77DD54C41CE42s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib685F1976D06ACEFED70C258521D7FBAEs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bib685F1976D06ACEFED70C258521D7FBAEs1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibB856DAD66333A11E78E2E040948E4649s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibB856DAD66333A11E78E2E040948E4649s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE754B5C827ECF80E4E95BF6826DF6326s1
http://refhub.elsevier.com/S0001-8708(23)00257-8/bibE754B5C827ECF80E4E95BF6826DF6326s1

	Monotone Lagrangians in cotangent bundles of spheres
	1 Introduction
	2 Monotone Lagrangians in T∗Sn
	2.1 Lagrangians in T∗Sn
	2.2 More Lagrangians in T∗S3

	3 Wrapped Fukaya categories
	3.1 Coefficients
	3.2 Morse--Bott Floer cohomology for clean intersections
	3.3 Wrapped Floer cohomology
	3.4 Wrapped Fukaya categories
	3.5 Yoneda functors

	4 Floer cohomology computations
	4.1 The Lagrangians F and N
	4.2 Computations in T∗Sn
	4.3 Computations in T∗S3

	5 Intrinsic formality of algebras and modules
	6 Generation of categories of modules
	6.1 When n is odd
	6.2 When n is even

	References


