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Abstract

Efficient Harmonic Simulations of Trabecular Bone
Micro Finite Element Models

Guanwen Ying

The background problem is the disease of osteoporosis, which is caused by loss of
bone mineral density and deterioration of bone micro-architecture. There are several
problems of interest, related to the osteoporosis disease. One straightforward
question to answer is whether a given bone tissue can withstood a particular load.
Another question of big importance for a physician is what is the effect of a particular
medical treatment, whether the medication has lead to increase of bone mass and
where. Of no less importance is to study and compare the efficiency of various
methods to improve the strength of the bone tissue with respect to load. According
to recent research, there is evidence that applying a harmonic force with very small
magnitude and proper frequency to human bone tissue can prevent or even reverse
the disease. Thus, it is important to examine how bone responds to harmonic forces.

Practice has shown that in order to study a phenomenon such as the behaviour of
human bone tissue under load, we have to use numerical simulations, performed on a
computer. Numerical simulations, in turn require,

1. a good mathematical model to describe the underlying physical process,
2. accurate numerical discretization techniques,
3. efficient and reliable numerical solution methods to solve the algebraic systems of
equations which arise after discretization,
4. adequate program implementation to enable fast and scalable execution of the
tasks, defined by the numerical solution.

This thesis includes a description of mathematical modeling and finite element
discretization. Suitable numerical algorithms to solve the arising linear systems are
described and analysed, and numerical results for various benchmark problems are
presented, compared and analysed.

Tryckt av: Reprocentralen ITC
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1 Introduction

1.1 Background

Osteoporosis is a disease of the bone tissue that leads to an increased risk of fracture.
For patients with osteoporosis, the bone mineral density is reduced, the bone micro
architecture is disrupted. Osteoporosis may occur in anyone’s bone tissue at presence
of particular hormonal disorders and other chronic diseases or as a result of med-
ications. Osteoporosis is inevitable and irreversible when people get older, typical
treatment including medication of hormone replacement, nutrition of Calcium and
Vitamin D can ease or prevent the disease, but is never able to reverse it.

Osteoporosis is treated in most cases via medication. Recent research has pre-
sented increasing evidence, that bone tissue responds to dynamic loads (see [1]). It
has been shown that application of high-frequency, low magnitude strains to a bone
can prevent bone loss due to osteoporosis and can even result in increased bone
strength in bones that are already osteoporotic (see [2]). Before such a treatment
could be applied to patients, a thorough study has to be done. Due to the complex
physical setting , the study is done via numerical simulations on a computer. Below
we describe how those numerical simulations are done, as well as the difficulties which
arise and some possibilities to solve those.

1.2 Micro Finite Element analysis

The behavior of bone tissue under the action of surface forces is usually modeled by
the equations of linear elasticity. The model contains a system of partial differential
equations which connects forces and displacements or stresses. A typical scenario
is to apply certain mechanical load to a given bone tissue and see what are the
corresponding displacements and how the stresses are distributed.

The bone tissue is scanned by a Computer Tomography (CT) device and detailed
information is stored in a computer, the bone geometry is then extracted by 3D re-
construction techniques. This allows us to develop very detailed finite element models
which represent the porous bone tissue very accurately. This is called micro finite
element analysis since the element size is very small. Figure 1 sketches the micro
finite element analysis. A 3D high-resolution image of bone tissue is obtained by em-
ploying a Micro Computer Tomography (CT). Then the image is directly transformed
into a finite element model by using 8-node cube elements of equal size. This results
in a finite element model with huge number of elements (up to tens or hundreds of
millions). It allows us to perform simulations such as compression test of stationary
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force and behaviour under harmonic forces.

Figure 1: Micro-Finite Element analysis (see [2])

1.3 Numerical Methods

Due to the high-resolution, the obtained micro finite element model contains huge
number of elements which leads to a very high dimensional problem with up to millions
of unknowns. With this concern, direct solution methods are ruled out due to their
high consumption of memory. Iterative solution methods are usually employed to
solve such problem, and parallel computer clusters are always used to speed up the
computation, which in all requires numerical methods to be of high efficiency and
well parallelizable.

1.4 Aim of the Study

This work can be seen as a continuation of the work of S. Mahmoudi (see [3]) where
numerical simulations of bone tissue were performed for a static load. In this study,
various iterative solvers and preconditioners are tested on a parallel computer cluster
for different scenarios (different bone tissues and different harmonic frequencies).

The purpose of this study is to develop an efficient numerical solution method to
solve the very large linear systems arising after discretization of the math model. Such
solution method should work for various bone tissues as well as all harmonic forces,
which is applied on the bone tissue, with frequencies ranging from 0Hz to 100Hz. One
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very important task is to examine the scalability of the numerical solution method,
i.e. how iteration counts and total simulation time varies with the problem size,
frequency, various values of the problem parameters and total number of processors.
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2 Mathematical Model

The basic mathematical model used when simulating the behaviour of bone tissue
under load is the linear elasticity. It is assumed that the elastic material is in equilib-
rium state and deformation is smooth within the solid. The body force is related to
stress for linear elastic behavior, stress is related to strain via Hooke’s law. Thus, one
can compute the displacements resulting from applying surface loads which is done
by solving linear elasticity equations. A deeper understanding of linear elasticity is
very important for developing an efficient solution method for this problem and it is
summarized below.

2.1 Equilibrium State

Consider a infinitesimal body of volume V in Cartesian coordinate, having body forces
f = [fx, fy, fz] per unit volume within the whole body as shown in Figure 2.

Figure 2: Equilibrium state of a infinite small volume

By definition, the stress σ is the distribution of internal forces (see [18]), which can
be written as total force divided by the cross-sectional area.

σ =
F

S
= lim

dS→0

dF

dS
(1)
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Thus, if the body is in equilibrium state, the integral of the stress tensor over cross-
sectional area should be equal to the total force in every point of the body.∫

S

σ · dS −
∫
dF =

∫
S

σ · dS −
∫
V

fdV = 0 (2)

This results in a system of equilibrium equations in integral form.∫
σxxdydz +

∫
σxydxdz +

∫
σxzdxdy −

∫
fxdxdydz = 0 (3)∫

σyxdydz +

∫
σyydxdz +

∫
σyzdxdy −

∫
fydxdydz = 0 (4)∫

σzxdydz +

∫
σzydxdz +

∫
σzzdxdy −

∫
fzdxdydz = 0 (5)

Next, we divide both sides of Equations 3, 4 and 5 by dxdydz and since equilibrium
requires that the sum of moments with respect to an arbitrary point is zero, which
leads to the conclusion that the stress tensor is symmetric, i.e. σij = σji (see [18]), a
simplified set of equations in differential form is obtained.

∂σxx
∂x

+
∂σxy
∂y

+
∂σxz
∂z
− fx = 0 (6)

∂σxy
∂x

+
∂σyy
∂y

+
∂σyz
∂z
− fy = 0 (7)

∂σxz
∂x

+
∂σyz
∂y

+
∂σzz
∂z
− fz = 0 (8)

By writting Equations 6, 7 and 8 into matrix format, we express the body force vector
as a function of the stress vector.

 ∂
∂x

0 0 ∂
∂y

0 ∂
∂z

0 ∂
∂y

0 ∂
∂x

∂
∂z

0

0 0 ∂
∂z

0 ∂
∂y

∂
∂x



σxx
σyy
σzz
σxy
σyz
σxz

−
 fx
fy
fz

 = 0 (9)

2.2 Linear Elastic Behavior

The linear elastic behavior is related to how elastic material deforms and becomes
stressed due to a prescribed surface force load and it assumes that strain is propor-
tional to stress. This assumption explains how deformations appear when stress is
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applied and how they disappear when stress is removed (see [17]). Hooke’s Law (see
[19]), which mathematically expresses this linear relationship, allows us to express
the stress σ as a function of the strain ε.

εxx =
1

E
· (σxx − v · σyy − v · σzz), εxy =

2(1 + v)σxy
E

(10)

εyy =
1

E
· (σyy − v · σxx − v · σzz), εyz =

2(1 + v)σyz
E

(11)

εzz =
1

E
· (σzz − v · σxx − v · σyy), εxz =

2(1 + v)σxz
E

(12)

where E is Young Modulus and v is Poisson’s ratio. Detailed derivation of Hooke’s
law in 3D (see [19]) is omitted here. When an elastic material is expanded in one
direction, it tends to compress in the other two directions, this is so called Poisson
Effect. such effect is measured by Poisson’s ratio which ranges between 0 and 1

2
. An

incompressible material such as rubber has a Poisson’s ratio of 1
2
. Poisson’s ratio of

bone tissue is around 0.3.
Using the relations in Equations 10,11 and 12, Hooke’s law is expressed in matrix

form,
σxx
σyy
σzz
σxy
σyz
σxz

 =



E·(1−v)
1−v−2v2

v
1−v−2v2

v
1−v−2v2

0 0 0
v

1−v−2v2
E·(1−v)
1−v−2v2

v
1−v−2v2

0 0 0
v

1−v−2v2
v

1−v−2v2
E·(1−v)
1−v−2v2

0 0 0

0 0 0 E
2(1+v)

0 0

0 0 0 0 E
2(1+v)

0

0 0 0 0 0 E
2(1+v)




εxx
εyy
εzz
εxy
εyz
εxz

 (13)

2.3 Strain and Displacement

Since we assume that deformation within an elastic material is smooth, strain can
be related to displacements as explained below. Axial strain εii is the ratio of the
amount of displacement of the side of a body to the length of the same side (see [17]).
Figure 3 illustrates the axial strain in 2D case, where δux, δuy and δx, δy denote
displacements and length of the body in X, Y axises.

Thus, axial strain components are only related to displacements of cooresponding
directions according to definition, which results in εxx = δux

δx
and εyy = δuy

δy
. Then we

extend this 2D example into 3D, and write the equations in a differential form,

εxx =
∂ux
∂x

, εyy =
∂uy
∂y

, εzz =
∂uz
∂z

(14)
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Figure 3: 2D example of axial strain

Shear strain εij is the ratio of the displacement in orthogonal direction to the initial
length (see [17]). Figure 4 illustrates a 2D example of shear strain,

Figure 4: 2D example of shear strain

According to the definition, δux

δy
is the ratio of the displacement in X axis with

respect to Y, and δuy

δx
vise versa, Shear strain is the sum of them, i.e. εxy = δux

δy
+

δuy

δx
. Therefore, the following relationships between shear strain and displacements in

differential form are obtained for 2D (and similarly for 3D in Equation 15).

εxy =
∂ux
∂y

+
∂uy
∂x

, εyz =
∂uy
∂z

+
∂uz
∂y

, εxz =
∂ux
∂z

+
∂uz
∂x

(15)

In order to obtain a mathematical model in terms of displacements, one uses the
relationship in Equation 14 and 15 between strain and displacement and obtains the
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following expression in matrix notation.
εxx
εyy
εzz
εxy
εyz
εxz

 =



∂
∂x

0 0
0 ∂

∂y
0

0 0 ∂
∂z

∂
∂y

∂
∂x

0

0 ∂
∂z

∂
∂y

∂
∂z

0 ∂
∂x


 ux
uy
uz

 (16)

2.4 Governing equation

Equation 9 relates body force to stress, while Equation 13 describes how stress is
related to strain, Equation 16 express the strain and displacement relation. Therefore,
a linear system of PDEs which describes the body forces in terms of displacements is
obtained by combining Equations 9, 13 and 16. α ∂2

∂x2 + γ ∂2

∂y2
+ γ ∂2

∂z2
β ∂2

∂x∂y
+ γ ∂2

∂x∂y
β ∂2

∂x∂z
+ γ ∂2

∂x∂z

β ∂2

∂x∂y
+ γ ∂2

∂x∂y
γ ∂2

∂x2 + α ∂2

∂y2
+ γ ∂2

∂z2
β ∂2

∂y∂z
+ γ ∂2

∂y∂z

β ∂2

∂x∂z
+ γ ∂2

∂x∂z
β ∂2

∂y∂z
+ γ ∂2

∂y∂z
γ ∂2

∂x2 + γ ∂2

∂y2
+ α ∂2

∂z2


 ux
uy
uz


−

 fx
fy
fz

 =

 0
0
0

 (17)

where α, β, γ are constant coefficients as follows, E and v are Young’s modulus and
Poisson’s ratio respectively.

α =
E(1− v)

1− v − 2v2
, β =

v

1− v − 2v2
, γ =

E

2(1 + v)
(18)

Denote the so arising linear operator by L, namely,

L =

 α ∂2

∂x2 + γ ∂2

∂y2
+ γ ∂2

∂z2
β ∂2

∂x∂y
+ γ ∂2

∂x∂y
β ∂2

∂x∂z
+ γ ∂2

∂x∂z

β ∂2

∂x∂y
+ γ ∂2

∂x∂y
γ ∂2

∂x2 + α ∂2

∂y2
+ γ ∂2

∂z2
β ∂2

∂y∂z
+ γ ∂2

∂y∂z

β ∂2

∂x∂z
+ γ ∂2

∂x∂z
β ∂2

∂y∂z
+ γ ∂2

∂y∂z
γ ∂2

∂x2 + γ ∂2

∂y2
+ α ∂2

∂z2

 (19)

We can then write Equation 17 in a simplified form, and a static mathematical model
which assumes stationary body forces is obtained, namely,

Lu− f = 0 (20)
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Define L̃ to be the diagonal part of L in Equation 19.

L̃ =

 α ∂2

∂x2 + γ ∂2

∂y2
+ γ ∂2

∂z2

γ ∂2

∂x2 + α ∂2

∂y2
+ γ ∂2

∂z2

γ ∂2

∂x2 + γ ∂2

∂y2
+ α ∂2

∂z2

 (21)

Due to so called Korn’s inequality (see [3]and [4]) we have the following property that
the condition number κ(L̃−1L) is bounded by a constant, which does not depend on
the discretization, and thus on the problem size.

κ(L̃−1L) ≤ 2C
1− v
1− 2v

(22)

C is so called Korn’s constant, depending only on the shape of the domain and
the boundary conditions. This means that if we are trying to solve a static model
described by Equation 20 with an iterative solver, a preconditioner based on L̃ will
be very efficient. The later observation has been already used in previous work (see
[3]).

In this work, however, we consider a dynamic load acting on an elastic body, which
leads to changes in the math model. By introducing Newton’s second law without
damping factor into Equation 20, the displacements and body forces becomes time
dependent, the governing equation of mathematical model is then obtained as follows.

m
∂2u(t)

∂t2
+ Lu(t)− f(t) = 0 0 < t < +∞ (23)

where u(t) = [ux(t) uy(t) uz(t)]
T and f(t) = [fx(t) fy(t) fz(t)]

T denote time dependent
displacements and body forces respectively, m is a matrix of mass coefficient which
depends on elastic material properties.
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3 Discretization of the problem

This section describes the techniques that are used to discretize Equation 23. The
problem is described by a time-dependent system of partial differential equations
and in general we need both space and time discretization techniques. The space
discretization is done by the Finite Element Method (FEM), a Fourier Transform
technique is then applied to obtain the final linear system which then has to be
solved by some numerical solution method.

3.1 Discretization in space using Finite Element Method

In order to discretize Equation 23, we have to somewhat change mathematical nota-
tion. Define a differential operator D, a normal component matrix N and a coefficient
matrix E , such that,

DT =

 ∂
∂x

0 0 ∂
∂y

0 ∂
∂z

0 ∂
∂y

0 ∂
∂x

∂
∂z

0

0 0 ∂
∂z

0 ∂
∂y

∂
∂x

 ,N =

 nx 0 0 ny 0 nz
0 ny 0 nx nz 0
0 0 nz 0 ny nx

 (24)

E =



E·(1−v)
1−v−2v2

v
1−v−2v2

v
1−v−2v2

0 0 0
v

1−v−2v2
E·(1−v)
1−v−2v2

v
1−v−2v2

0 0 0
v

1−v−2v2
v

1−v−2v2
E·(1−v)
1−v−2v2

0 0 0

0 0 0 E
2(1+v)

0 0

0 0 0 0 E
2(1+v)

0

0 0 0 0 0 E
2(1+v)


(25)

It can be easily shown that DTED = L, whereas L is defined in Equation 19. Thus,
Equation 23 can be written as Equation 26, together with boundary conditions.

m
∂2u(t)

∂t2
+DTEDu(t)− f(t) = 0, u(t) ∈ Ω, 0 < t < +∞ (26)

u(t) = 0, u(t) ∈ ∂Ω1, 0 < t < +∞ (27)

NEDu(t) = 0, u(t) ∈ ∂Ω2, 0 < t < +∞ (28)

where Ω ⊂ R3 is the problem domain, ∂Ω1 is part of the boundary where Dirichlet
boundary conditions are applied and ∂Ω2 is the part of the boundary where Neumann
boundary conditions are applied, satisfying ∂Ω1

⋃
∂Ω2 = ∂Ω.
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The variational form(see [5]) of the problem is obtained by multiplying an arbitrary
displacement vector function v(t) on both sides of Equation 26 and then integrating
over the whole domain.∫

Ω

vT (t)m
∂2u(t)

∂t2
dxdydz+

∫
Ω

vT (t)(DTEDu(t))dxdydz−
∫

Ω

vT (t)fdxdydz = 0 (29)

The term
∫

Ω
vT (t)(DTEDu(t))dxdydz in Equation 29 is then integrated by parts,

using the divergence theorem. This yields,∫
Ω

vT (t)m
∂2u(t)

∂t2
dxdydz +

∫
Ω

vT (t)DTEDu(t)dxdydz

=

∫
Ω

vT (t)f(t)dxdydz +

∫
∂Ω2

vT (t)0ds (30)

The right hand side in Equation 30 contains a term depending on the given vector of
body forces and also a term depending on the Neumman boundary conditions. We
want to find a displacement vector uT (t) = [ux(t) uy(t) uz(t)] for Equation 30, such
that ux(t), uy(t), uz(t), vx(t), vy(t), vz(t) ∈ H1(Ω) and u(t) = 0 on ∂Ω1, for all vector
valued functions vT (t) = [vx(t) vy(t) vz(t)]. Here H1 denotes a function space whose
derivatives of order 1 are square-integrable over Ω (see [5]).

For a typical cube element Ωe shown in Figure 5, a finite element approximation
of Equation 30 is obtained.∫

Ωe

ve(t)
Tm

∂2ũe(t)

∂t2
dxdydz +

∫
Ωe

ve(t)
TDTEDũe(t)dxdydz =

∫
Ωe

ve(t)
T fe(t)dxdydz

(31)
where

ũe(t) = Φeue(t) (32)

There are two general ways to order the degrees of freedom (three per node point). In
the first one, referred to as the Node Displacement Ordering, Φe and ue(t) in Equation
32 are written as,

Φe =

 Φ1
e 0 0 Φ2

e 0 0 ..... Φ8
e 0 0

0 Φ1
e 0 0 Φ2

e 0 ..... 0 Φ8
e 0

0 0 Φ1
e 0 0 Φ2

e ..... 0 0 Φ8
e

 (33)

ue(t)
T = [ux1(t) uy1(t) uz1(t) ..... ux8(t) uy8(t) uz8(t)] (34)
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Figure 5: Finite element approximation for a typical cube element Ωe

In the second one, called the Separate Displacement Ordering, we have,

Φe =

 Φ1
e Φ2

e ..... Φ8
e 0 0 ..... 0 0 0 ..... 0

0 0 ..... 0 Φ1
e Φ2

e ..... Φ8
e 0 0 ..... 0

0 0 ..... 0 0 0 ..... 0 Φ1
e Φ2

e ..... Φ8
e

 (35)

ue(t)
T = [ux1(t) ..... ux8(t) uy1(t)..... uy8(t) uz1(t)..... uz8(t)] (36)

Here uxi(t), uyi(t), uzi(t) stand for displacements of ith numbered node of discretized
mesh as shown in Figure 5. Φi

e are the basis functions for element Ωe, i.e. piecewise
linear functions (see [5]). Thus, a linear system of equations that governs a typical
element is written as,

∂

∂t2
Meue(t) + Keue(t) = fe(t), 0 < t < +∞ (37)
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where

Me =

∫
Ωe

ΦT
e mΦedxdydz (38)

Ke =

∫
Ωe

ΦT
eDTEDΦedxdydz (39)

fe(t) =

∫
Ωe

ΦT
e f(t)dxdydz (40)

It has to be stressed that Me and Ke are the element mass and stiffness matrices
respectively, both are of size 24 by 24. Having computed Me and Ke, we are then
able to assemble the global mass and stiffness matrices for the whole problem.
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3.2 Assembling the global matrix

Once we have obtained the element mass and stiffness matrices, together with the
information about element node connectivity, we are ready to assemble the global
mass and stiffness matrices for the whole domain. It has to be mentioned that we
assume the elastic material to be isotropic, i.e. we have constant Poisson’s ratio and
Young’s modulus over the whole domain. This means that all elements in the domain
Ω share the same element mass and stiffness matrices.

Suppose we have two cube elements as shown in Figure 5, nodes 1 to 8 belongs
to element Ωe1, while nodes 5 to 12 belongs to element Ωe2. Thus, the element node
list can be written as follows.

nodeΩe1 = [1 2 3 4 5 6 7 8] (41)

nodeΩe1 = [5 6 7 8 9 10 11 12] (42)

We suppose that the solution vector is in Node Displacement Ordering, the finite ele-
ment approximation of Ωe1 yields a linear system of equations according to Equation
37.

(
∂

∂t2


Me1,1 Me1,2 Me1,3 ..... Me1,22 Me1,23 Me1,24

Me2,1 Me2,2 Me2,3 ..... Me2,22 Me2,23 Me2,24

.. .. .. .. .. .. ..
Me24,1 Me24,2 Me24,3 ..... Me24,22 Me24,23 Me24,24

+


Ke1,1 Ke1,2 Ke1,3 ..... Ke1,22 Ke1,23 Ke1,24

Ke2,1 Ke2,2 Ke2,3 ..... Ke2,22 Ke2,23 Ke2,24

.. .. .. .. .. .. ..
Ke24,1 Ke24,2 Ke24,3 ..... Ke24,22 Ke24,23 Ke24,24

)


ux1(t)
uy1(t)
...

uy8(t)
uz8(t)

 =


f 1

1 (t)
f 1

2 (t)
...

f 1
23(t)
f 1

24(t)

(43)

A linear system of equations for element Ωe2 can be obtained analogously.

(
∂

∂t2


Me1,1 Me1,2 Me1,3 ..... Me1,22 Me1,23 Me1,24

Me2,1 Me2,2 Me2,3 ..... Me2,22 Me2,23 Me2,24

.. .. .. .. .. .. ..
Me24,1 Me24,2 Me24,3 ..... Me24,22 Me24,23 Me24,24

+


Ke1,1 Ke1,2 Ke1,3 ..... Ke1,22 Ke1,23 Ke1,24

Ke2,1 Ke2,2 Ke2,3 ..... Ke2,22 Ke2,23 Ke2,24

.. .. .. .. .. .. ..
Ke24,1 Ke24,2 Ke24,3 ..... Ke24,22 Ke24,23 Ke24,24

)


ux5(t)
uy5(t)
...

uy12(t)
uz12(t)

 =


f 2

1 (t)
f 2

2 (t)
...

f 2
23(t)
f 2

24(t)

(44)
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We begin assembling the global mass and stiffness matrices from element Ωe1. The
linear system of equations described in Equation 43, is added into the first 24 rows
of the global matrices, we next go to element Ωe2, since it contains nodes from 5 to
12, its contributions, calculated by Equation 44, are added from row 13 to 36 of the
global matrices. Since two elements of 12 nodes with 36 degrees of freedom in total
are assembled, we now have a linear system of 36 equations.

(
∂

∂t2



Me1,1 ... Me1,12 Me1,13 ... Me1,24

... ... ... ... ... ...
Me12,1 ... Me12,12 Me12,13 ... Me12,24

Me13,1 ... Me13,12 Me13,13 + Me1,1 ... Me13,24 + Me1,12 Me1,13 ... Me1,24

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...
Me24,1 ... Me24,12 Me24,13 + Me12,1 ... Me24,24 + Me12,12 Me12,13 ... Me12,24

Me13,1 ... Me13,12 Me13,13 ... Me13,24

... ... ... ... ... ...
Me24,1 ... Me24,12 Me24,13 ... Me24,24



+



Ke1,1 ... Ke1,12 Ke1,13 ... Ke1,24

... ... ... ... ... ...
Ke12,1 ... Ke12,12 Ke12,13 ... Ke12,24

Ke13,1 ... Ke13,12 Ke13,13 + Ke1,1 ... Ke13,24 + Ke1,12 Ke1,13 ... Ke1,24

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...
Ke24,1 ... Ke24,12 Ke24,13 + Ke12,1 ... Ke24,24 + Ke12,12 Ke12,13 ... Ke12,24

Ke13,1 ... Ke13,12 Ke13,13 ... Ke13,24

... ... ... ... ... ...
Ke24,1 ... Ke24,12 Ke24,13 ... Ke24,24


)

·



ux1(t)
uy1(t)
uz1(t)
..
..
..
..

ux12(t)
uy12(t)
uz12(t)


=



f 1
1 (t)
..

f 1
12(t)

f 1
13(t) + f 2

1 (t)
..

f 1
24(t) + f 2

12(t)
f 2

13(t)
..

f 2
24(t)


(45)

By repeating this procedure for all elements, we obtain the global mass matrix M and
stiffness matrix K. For simplicity, M and K can be expressed in terms of element
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mass and stiffness matrices respectively.

M =
n∑
i=1

RiTMeR
i (46)

K =
n∑
i=1

RiTKeR
i (47)

After the discretization in space, the global linear system of equations can then be
written in terms of M and K,

∂

∂t2
Mu(t) + Ku(t) = f(t), 0 < t < +∞ (48)

Here, we assume that there are n elements with N nodes (3N degrees of freedom) in
problem domain Ω, Ri are boolean matrices of size 24 by 3N which map the local
nodes ordering to the global nodes ordering. If the element node list of ith element
in domain Ω is nodeij = [nodei1 node

i
2 ..... node

i
8], Ri can then be written as follows,

Ri
x,y =

{
1 x = 3 · (j − 1) + k , y = 3 · (nodeij − 1) + 3 , 1 ≤ j ≤ 8 , 1 ≤ k ≤ 3

0 otherwise

(49)
with properties,

(RiTRi)x,y =

{
1 x = y = 3 · (nodeij − 1) + 3 , 1 ≤ j ≤ 8 , 1 ≤ k ≤ 3

0 otherwise
(50)

The resulting global matrices are in Node Displacement Ordering, and the corre-
sponding global displacement vector is ordered as uT = [ux1, uy1, uz1........uyN , uzN ].
To assemble global matrices in Separate Displacement Ordering, one should first as-
semble element mass and stiffness matrix by using Equation 35, and then use boolean
matrices as follows,

Ri
x,y =

{
1 x = 3 · (j − 1) + k , y = nodei1 +N · (j − 1) , 1 ≤ j ≤ 3 , 1 ≤ k ≤ 8

0 otherwise

(51)
with properties,

(RiTRi)x,y =

{
1 x = y = nodei1 +N · (j − 1) , 1 ≤ j ≤ 3 , 1 ≤ k ≤ 8

0 otherwise
(52)
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The resulting global mass and stiffness matrices are then in Separate Displacement Or-
dering, and the global displacement vector is uT = [ux1, ux2......uxN , uy1, uy2......uyN ,
uz1, uz2......uzN ].

For example, the element Ωe1 with node list described in Equation 41, uses boolean
matrix to assemble the global matrices in Node Displacement Ordering,

Re1 =
[
I24 .. .. ..

]︸ ︷︷ ︸
3N

(53)

or in Separate Displacement Ordering

Re1 =


I8 .. ...... ......
...... I8 .. ......
......︸︷︷︸
N

......︸︷︷︸
N

I8 ..︸︷︷︸
N

 (54)

where I24 and I8 stands for a 24 by 24 and 8 by 8 identity matrices.
Both M and K are 3N by 3N symmetric positive definite matrices regardless of

displacement ordering. Neither of them is well-conditioned, which makes the linear
system arising from the mathematical model very difficult to solve. Typically K has
a condition number larger than 108.

3.3 Handling Boundary Conditions in Space

The boundary conditions described in Equation 27 and 28 are imposed separately.
Neumman boundary conditions were already imposed in Equation 30. To simplify the
numerical tests, Dirichlet boundary conditions are applied by truncating the global
stiffness and mass matrices by a number of rows and columns.

Suppose that last ND nodes are fixed to zero Dirichlet boundary conditions and
displacements are in Node Displacement Ordering. This leads to setting the last
3ND degrees of freedom ux(N−ND+1)(t) = uy(N−ND+1)(t) = ..... = uxN(t) = uyN(t) =
uzN(t) ≡ 0. Thus, there are only 3N − 3ND degrees of freedom remaining in the
linear system, and one has to truncate last 3N − 3ND rows and columns for both
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global mass and stiffness matrices.
M1,1 M1,2 ... M1,3N−3ND

..........
... ... ... ..... ..........
... ... ... ..... ..........

M3N−3ND,1 M3N−3ND,2 ... M3N−3ND,3N−3ND
..........

...... ...... ...... ...... ..........

 (55)


K1,1 K1,2 ... K1,3N−3ND

..........
... ... ... ..... ..........
... ... ... ..... ..........

K3N−3ND,1 K3N−3ND,2 ... K3N−3ND,3N−3ND
..........

...... ...... ...... ...... ..........

 (56)

The reduced global matrices are nonsingular, so that a somewhat smaller linear system
of equations can be solved according to Equation 48. Optionally, one can preserve
the last 3ND degrees of freedom by adding identity matrix IND

of size 3ND by 3ND

to truncated global matrices.
M1,1 M1,2 ... M1,3N−3ND

... ... ... .....

... ... ... .....
M3N−3ND,1 M3N−3ND,2 ... M3N−3ND,3N−3ND

IND

 (57)


K1,1 K1,2 ... K1,3N−3ND

... ... ... .....

... ... ... .....
K3N−3ND,1 K3N−3ND,2 ... K3N−3ND,3N−3ND

IND

 (58)

3.4 Handling the Time Derivative in the Model

We notice that there is a second order time derivative in Equation 48, furthermore,
both displacement and body force vectors depend on time. One of the efficient ways
to handle the time derivative is to apply Fourier Transform.

Since we perform harmonic simulation of bone tissue, it is assumed that displace-
ments and body force vectors are periodic in time, i.e.

u(t) = u(t+ T ) 0 < t < +∞ (59)

f(t) = f(t+ T ) 0 < t < +∞ (60)
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We then apply Fourier Transform on both sides of Equation 48,

M

∫ +∞

0

∂u(t)

∂t2
e−2iπftdt+ K

∫ +∞

0

u(t)e−2iπftdt =

∫ +∞

0

f(t)e−2iπftdt (61)

Define displacement and body force vectors in terms of frequencies, such that,

u(f) =

∫ +∞

0

u(t)e−2iπftdt (62)

f(f) =

∫ +∞

0

f(t)e−2iπftdt (63)

According to the differential property of Fourier Transform F(f̃(t)), that,

F(
∂f̃(t)

∂t2
) = (2iπf)2F(f̃(t)) (64)

We can easily derive from Equation 61,

(2iπf)2Mu(f) + Ku(f) = f(f) (65)

or
(K− (2πf)2M)u(f) = f(f) (66)

Thus, the linear system to be solved to obtain the displacements due to applying a
dynamic force with a given frequency f is written as follows.

Au(f) ≡ (K− (2πf)2M)u(f) = f(f) (67)

Here we call A the global system matrix. Since A is a combination of two symmetric
positive definite matrices, it is also a symmetric matrix of the same size as K and M.
However, it may become indefinite for a certain range of frequencies.
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4 Numerical methods to solve the arising Linear

System of Equations

We obtain a very accurate finite element model with up to millions of elements by
scanning bone tissue with a very high-resolution CT scanner. This implies that the
linear system arising from the mathematical model becomes huge in size. i.e. a typical
model contains several million elements with hundred millions of degrees of freedom.
Thus, due to their less demanding memory requirements, iterative solution methods
become the methods of choice to solve the system Au(f) = f(f).

It is well-known that to make the iterative methods robust with respect to various
problem parameters, such as E, v, f and discretization parameters(problem size), we
have to use preconditioners. We next describe some possible preconditioners and
illustrate their numerical efficiency on a number of benchmark problems.

4.1 Preconditioning techniques

Preconditioner is in general a matrix P which transform the original linear system
into an equivalent one,

P−1Au(f) = P−1f(f) (68)

with the following properties,

1. The matrix P−1A should be better conditioned than A.

2. Systems with P should be solved much easier than those with A.

3. P should be cheap to construct.

4. The construction and the solution of systems with P should be well paralleliz-
able.

Below we shortly describe the preconditioning techniques which are used for the
numerical experiments.

4.1.1 Jacobi Preconditioner

Jacobi preconditioner or point Jacobi preconditioner is the cheapest preconditioning
method, however, not very numerically efficient for the linear system arising from the
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bone model. It consists of just the diagonal of the matrix.

Pi,j =

{
Ai,i if i = j

0 otherwise
(69)

It is cheap because it does not require additional computational work and one can
apply this preconditioner without extra memory by using only diagonal part of matrix
A itself. Its numerical efficiency, however, is not sufficient as some early work has
shown (see [3]).

4.1.2 SOR Preconditioner

SOR preconditioner can be derived from the coefficient matrix without additional
work. For a symmetric matrix A, one can decompose it into three components,

A = D + L + LT (70)

which represent its diagonal, lower triangular and upper triangular parts. Then the
SOR preconditioner is defined as

P = (D + L)D−1(D + L)T (71)

It can also be written with a parameter ω as,

P(ω) =
1

2− ω
(

1

ω
D + L)(

1

ω
D)−1(

1

ω
D + L)T (72)

The available theory shows how to determine the optimal value of ω which will result
in fewer iterations (see [16]). However, since A is huge in size, the spectral information
of A needed to calculate the optimal ω is very expensive to compute. Thus, we use
the unparameterized form of SOR preconditioner (or parameterized form with ω = 1)
in the numerical experiments.

4.1.3 An Element-by-Element Approximate Inverse Preconditioner

The Element-by-Element approximate inverse preconditioner is constructed by first
extracting sub-matrices from the global matrix A, computing inverse of extracted
matrices, and then assembling the global preconditioner. Extracting sub-matrices
from the global matrix can be regarded as a reverse process of assembling global
matrices. Define a sub-matrix that,

Ae = Ke − (2πf)2Me (73)
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The global matrix A can then be written as follows before applying Dirichlet boundary
conditions,

A = K− (2πf)2M =
n∑
i=1

RiT (Ke − (2πf)2Me)R
i =

n∑
i=1

RiTAeR
i (74)

Assembling the matrix A by using sub-matrix Ae can be performed in the same way
as described in Section 3.2.

For example, suppose we have two elements Ωe2 and Ωe2 with nodes informa-
tion described in Equation 41 and 42, the global matrix is then assembled in Node
Displacement Ordering as follows,

Ae1,1 ... Ae1,12 Ae1,13 ... Ae1,24

... ... ... ... ... ...
Ae12,1 ... Ae12,12 Ae12,13 ... Ae12,24

Ae13,1 ... Ae13,12 Ae13,13 + Ae1,1 ... Ae13,24 + Ae1,12 Ae1,13 ... Ae1,24

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...
Ae24,1 ... Ae24,12 Ae24,13 + Ae12,1 ... Ae24,24 + Ae12,12 Ae12,13 ... Ae12,24

Ae13,1 ... Ae13,12 Ae13,13 ... Ae13,24

... ... ... ... ... ...
Ae24,1 ... Ae24,12 Ae24,13 ... Ae24,24



·



ux1(t)
uy1(t)
uz1(t)
..
..
..
..

ux12(t)
uy12(t)
uz12(t)


=



f 1
1 (t)
..

f 1
12(t)

f 1
13(t) + f 2

1 (t)
..

f 1
24(t) + f 2

12(t)
f 2

13(t)
..

f 2
24(t)


(75)

Extracting sub-matrix for element Ωe1 takes the first 24 rows and columns from the
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global matrix, this leads to,

Ãe1 =



Ae1,1 ... Ae1,12 Ae1,13 ... Ae1,24

... ... ... ... ... ...
Ae12,1 ... Ae12,12 Ae12,13 ... Ae12,24

Ae13,1 ... Ae13,12 Ae13,13 + Ae1,1 ... Ae13,24 + Ae1,12

... ... ... ... ... ...

... ... ... ... ... ...
Ae24,1 ... Ae24,12 Ae24,13 + Ae12,1 ... Ae24,24 + Ae12,12


(76)

Extracting for element Ωe2 yields,

Ãe2 =



Ae13,13 + Ae1,1 ... Ae13,24 + Ae1,12 Ae1,13 ... Ae1,24

... ... ... ... ... ...

... ... ... ... ... ...
Ae24,13 + Ae12,1 ... Ae24,24 + Ae12,12 Ae12,13 ... Ae12,24

Ae13,1 ... Ae13,12 Ae13,13 ... Ae13,24

... ... ... ... ... ...
Ae24,1 ... Ae24,12 Ae24,13 ... Ae24,24


(77)

Note that the extracted matrices differs from the element matrix, i.e. Ãei 6= Ae.
The matrices Ãei contain data not only from one finite element, but also from its
neighbouring elements. One can also extract larger sub-matrices with a group of
neighbouring elements to improve the numerical efficiency of preconditioner. This
however, will increase the number of non-zeros in the precondition matrix and the
cost to construct it.

After computing the inverse of the extracted matrices, one assembles the precon-
dition matrix P−1 as in the usual FEM way.

P−1 =



Ã−1
e11,1 ... Ã−1

e11,12 Ã−1
e11,13 ... Ã−1

e11,24

... ... ... ... ... ...

Ã−1
e112,1 ... Ã−1

e112,12 Ã−1
e112,13 ... Ã−1

e112,24

Ã−1
e113,1 ... Ã−1

e113,12 Ã−1
e113,13 + Ã−1

e21,1 ... Ã−1
e113,24 + Ã−1

e21,12 Ã−1
e21,13 ... Ã−1

e21,24

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...

Ã−1
e124,1 ... Ã−1

e124,12 Ã−1
e124,13 + Ã−1

e212,1 ... Ã−1
e124,24 + Ã−1

e212,12 Ã−1
e212,13 ... Ã−1

e212,24

Ã−1
e213,1 ... Ã−1

e213,12 Ã−1
e213,13 ... Ã−1

e213,24

... ... ... ... ... ...

Ã−1
e224,1 ... Ã−1

e224,12 Ã−1
e224,13 ... Ã−1

e224,24


(78)

23



By continuing this process repetitively for all elements, one can obtain the element by
element approximate inverse preconditioner, expressed in short notation as follows.

P−1 =
n∑
i=1

RiT Ã−1
ei

Ri =
n∑
i=1

RiT (Ri(Ke − (2πf)2Me)R
iT )−1Ri (79)

In order to use this preconditioner, one should multiply vector with P−1 instead of
solving a linear system with P. One should also make sure that both extracted sub-
matrices and assembling the preconditioner must share the same Displacement Or-
dering as assembling global mass and stiffness matrices. i.e. all of them are performed
in Node Displacement Ordering. One should also construct the preconditioner before
imposing Dirichlet boundary conditions, since the preconditioning method needs to
access data of all elements in global system matrix even they are in Dirichlet boundary
conditions.

It is possible to apply an Element-by-Element Approximate Inverse preconditioner
since inverting sub-matrices is cheap, the resulting precondition matrix is sparse, i.e.
the same sparse type as A, and the computational work to obtain the preconditioner
is fully parallelizable. Unfortunately, however, the results prove it to be numerically
inefficient.

4.1.4 Algebraic Multigrid

Algebraic Multigrid is a general robust linear system solver and preconditioner. Tests
have been performed to apply algebraic multigrid method on very large linear systems
of Laplace equations with homogeneous Dirichlet boundary conditions, i.e.

∆u = f (80)

The result (see [13]) is quite impressive showing that algebraic multigrid method has a
good behavior on Laplace equations with very large problem sizes. S.Mahmoudi have
used a Block Jacobi preconditioned PCG method with 3 diagonal blocks for static
model in Separate Displacement Ordering, and the sub-blocks are solved by algebraic
multigrid (see [3]). Static models in Node Displacement Ordering treating the three
displacements per node as sub-blocks has also been solved by PCG preconditioned
by algebraic multigrid (see [14]).

4.1.5 Block Jacobi Preconditioner based on Separate Displacement Or-
dering

We notice that the linear operator defined in Equation 19 has an anisotropic Laplacian
operator on diagonal part. Define an anisotropic Laplacian operator and three mixed
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differential operator,

∆(a, b, c) = a
∂2

∂x2
+ b

∂2

∂y2
+ c

∂2

∂z2
(81)

Γ = β
∂2

∂x∂y
+ γ

∂2

∂x∂y
(82)

Θ = β
∂2

∂x∂z
+ γ

∂2

∂x∂z
(83)

Υ = β
∂2

∂y∂z
+ γ

∂2

∂y∂z
(84)

Thus, Equation 19 can be written as

L =

 ∆ Γ Θ
Γ ∆ Υ
Θ Υ ∆

 (85)

In order to use block Jacobi preconditioner, one first assemble element mass and
stiffness matrices in Separate Displacement Ordering by applying base function matrix
in Equation 35 to Equation 39, this yields,

KeSDO =



∆Φ1
eΦ

1
e .... ∆Φ1

eΦ
8
e ΓΦ1

eΦ
1
e .... ΓΦ1

eΦ
8
e ΘΦ1

eΦ
1
e .... ΘΦ1

eΦ
8
e

.... .... .... .... .... .... .... .... ....
∆Φ8

eΦ
1
e .... ∆Φ8

eΦ
8
e ΓΦ8

eΦ
1
e .... ΓΦ8

eΦ
8
e ΘΦ8

eΦ
1
e .... ΘΦ8

eΦ
8
e

ΓΦ1
eΦ

1
e .... ΓΦ1

eΦ
8
e ∆Φ1

eΦ
1
e .... ∆Φ1

eΦ
8
e ΥΦ1

eΦ
1
e .... ΥΦ1

eΦ
8
e

.... .... .... .... .... .... .... .... ....
ΓΦ8

eΦ
1
e .... ΓΦ8

eΦ
8
e ∆Φ8

eΦ
1
e .... ∆Φ8

eΦ
8
e ΥΦ8

eΦ
1
e .... ΥΦ8

eΦ
8
e

ΘΦ1
eΦ

1
e .... ΘΦ1

eΦ
8
e ΥΦ1

eΦ
1
e .... ΥΦ1

eΦ
8
e ∆Φ1

eΦ
1
e .... ∆Φ1

eΦ
8
e

.... .... .... .... .... .... .... .... ....
ΘΦ8

eΦ
1
e .... ΘΦ8

eΦ
8
e ΥΦ8

eΦ
1
e .... ΥΦ8

eΦ
8
e ∆Φ8

eΦ
1
e .... ∆Φ8

eΦ
8
e


(86)

Note that the diagonal blocks of the obtained element stiffness matrix correspond to
antisotropic Laplace operators. Next one uses boolean matrices in Equation 51 to
assemble the global stiffness matrix briefly described as follows,

KSDO =

 Kxx Kxy Kxz

Kxy Kyy Kyz

Kxz Kyz Kzz

 (87)
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Where Kxx, Kyy and Kzz are N by N sub-matrices only containing Laplacian op-
erators which are very easy to be solved by algebraic multigrid method. Also the
corresponding global mass matrix and displacement vector is written as,

MSDO =

 Mxx Mxy Mxz

Mxy Myy Myz

Mxz Myz Mzz

 (88)

uT = [ux1 ux2......uxN uy1 uy2......uyN uz1 uz2......uzN ] (89)

Thus, the block Jacobi preconditioner for the system ASDOu(f) = f(f) has the form,

PSDO =

 Kxx − (2πf)2Mxx

Kyy − (2πf)2Myy

Kzz − (2πf)2Mzz

 (90)

Systems with the blocks in PSDO are solved using algebraic multigrid method. How-
ever, Korn’s inequality only holds in the static case (f = 0). When the frequency
begins to increase, the global mass matrix MSDO would gradually start dominating
ASDO, and ASDO may become indefinite. Still, we have tested PSDO numerically
without a rigorous theory, to see whether it can be recommended in practice. Details
about the Block Jacobi preconditioner based on Korn’s inequality can be found, for
example, in [15] and the references therein.

4.2 Linear System Solvers

The solvers tested here are PCG, MINRES and GMRES. PCG works only for posi-
tive definite matrices. When the frequency increases, the global matrix A becomes
indefinite, so that PCG does not converge. MINRES handles symmetric indefinite
matrices, but one can not use an indefinite preconditioner for MINRES as well as
PCG. GMRES is used both with symmetric indefinite and nonsymmetric precondi-
tioners, but on the other hand, it requires more computation during each iteration
and requires more memory. In order to keep the memory consumption limited, a
restarted version of GMRES must be used. However, for a small restart value, the
convergence may slow down or even the method may stagnate. The features of the
solvers are summarized in Table 1.
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Solver CG MINRES GMRES
Memory Requirement Low Low High

Handles Indefinite Matrix No Yes Yes
Handles Indefinite Preconditioner No No Yes

Computational Complexity Low Low High

Table 1: Comparison of different solvers
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5 Numerical Experiments

In this section, we first summarize some numerical methods and experiment results
from others, then summarize, illustrate and discuss the results from this study.

5.1 Available Results from previous studies

Similar elastic models in the static case as in Equation 20 have been considered
for decades. Such models have been solved with element-by-element (EBE) precon-
ditioned conjugate gradient method. While the EBE-PCG solver is very memory
efficient, and the work per iteration, per degree of freedom, is constant, the number
of iterations required to reduce the residual by a constant fraction rises dramatically
as the problem size increases. (see [7] [8] [11] [12]). For example, tests have been
reported, performed on SGI Origin 3800 using a model of size 300 million, requiring
37150 iterations with 3 weeks wall-clock time to converge (see [7]).

Algebraic multigrid methods are well known to be theoretically optimal for both
scalar problems like Poisson’s equation and systems of PDEs arising from elastic-
ity. It has been demonstrated that a mathematically optimized algebraic multi-
grid method is computationally efficient for elasticity problems (see [9]). People use
PROMETHEUS software toolkit and it takes 420s to solve 115 million sized problem
on 4088 IBM Power3 CPUs. Results of TRILINOS algebraic multigrid method from
Zurich researchers are also available (see [14]).

Block Jacobi preconditioned conjugate gradient method based on Separate Dis-
placement Ordering is known to be theoretically efficient for the static model due to
Korn’s inequality. HYPRE’s BoomerAMG is then applied on three diagonal blocks.
It has been shown that such method has an excellent numerical efficiency and wall-
clock time for both smaller and larger static models (see [3]). PETSC is used to write
the scientific program and it took 798s for a 127224 sized system to converge on single
900MHz Ultra-Sparc III CPU (see [3]).

Harmonic cases described in Equation 67, however, has recently been solved by
direct solution method together with some model reduction techniques. The direct
solver has been shown to be efficient for model reduction algorithm provided that
there is enough memory on a high performance computing system (see [10]). The
direct solver in UMFPACK is used and it takes 650s to solve a 127224 sized problem
on Sun Ultra-80 450MHz CPU (see [10]).
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5.2 Computational Resources in Experiments

The numerical software PETSC (see [20]) is the basic toolkit in the experiment.
PETSC stands for portable extensible toolkit for scientific computation, which pro-
vides various Krylov subspace methods as well as lots of interfaces to other numerical
software packages. HYPRE (see [21]) however, which is also a toolkit for scientific
computation optimized for large scale systems of linear equations, can be utilized
through PETSC’s interfaces. Since PETSC only supports Message Passing Interface
(MPI), it only works on distributed memory systems. In this work, PETSC’s Krylov
subspace methods and HYPRE’s algebraic multigrid method are used in experiments.

The hardware used for the numerical experiments is the parallel cluster at UPP-
MAX named Grad, whose characteristics are summarized in Table 2.

Computer Name Uppmax Grad
CPU type 2.54GHz Intel Quad core E5430

Memory for Serial environment Max 16G
Memory for Parallel environment Max 2G/processor

Table 2: Grad hardware description

5.3 Description of the test Matrices

The test matrices as well as the corresponding boundary conditions are summarized
in Table 3. It has to be stressed that these matrices are obtained from different
bone structures, and therefore they scale differently, i.e. BS10 is more difficult to
solve because it is obtained from a sicker bone tissue. The goal of the study is to
find a numerical solution method that can perform harmonic response analysis in the
frequency range 0-100Hz.

5.4 Numerical Results

All experiments in this study are performed with a relative solver tolerance of 10−5,
and Dirichlet boundary conditions described in Table 3. Frequencies tested in exper-
iments are 0Hz, 50Hz, 100Hz.

The first set of experiments consists of serial runs by using SOR preconditioned
conjugate gradient method. The matrix A is indefinite for frequencies at 50Hz and
100Hz, and thus, solution diverged. The results for 0Hz are given in Table 4.
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Problem name hvl10 BS01 BS10 B010 B025
Number of elements 263 20098 192539 278259 606253
Number of Nodes 723 42508 305066 329001 719987

Number of Degree of Freedom 2169 127524 915198 987003 2159961
Number of Non zeros in A 101799 6732378 55485288 71687547 156447315
Number Dirichlet Nodes 10 300 300 300 300

Table 3: Summary of Bone Finite Element Matrices

Problem name hvl10 BS01 BS10 B010 B025
Number of Degree of freedom 2169 127524 915198 987003 2159961

Number of Nonzeros in A 101799 6732378 55485288 71687547 156447315
Iterations 190 452 7019 2203 5616
Time (s) 0.2 53.8 6738.1 2619.3 14808.9

Table 4: Serial execution of CG with SOR preconditioner for 0Hz

The experiments of second set are performed serially by SOR preconditioned MIN-
RES method, MINRES handles indefinite A for frequencies other than 0Hz. The
results summarized in Table 5 shows MINRES has similar performance as CG at
0Hz. Handling indefinite matrices makes MINRES fully capable of solving harmonic
response problems ranging from 0Hz to 100Hz.

Problem name hvl10 BS01 BS10 B010 B025
Number of Degree of freedom 2169 127524 915198 987003 2159961

Number of Non zeros in A 101799 6732378 55485288 71687547 156447315

0Hz
Iterations 190 447 5756 2195 4775
Time (s) 0.2 54.5 5770.7 2718.9 13103.6

50Hz
Iterations 193 465 13082 1696 4781
Time (s) 0.2 54.6 13048.8 2091.2 13081.3

100Hz
Iterations 191 452 16611 2096 3931
Time (s) 0.2 54.9 16488.4 2583.8 10728.3

Table 5: Serial execution of MINRES with SOR preconditioner

In the third set of serial experiments, we use MINRES preconditioned by Element-
by-Element Approximate Inverse method described in Section 4.1.3 for all three fre-
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quencies. The results in Table 6 show that EBE approximate inverse preconditioner
is very cheap to construct, it only consumes about 1% of the solution time, but it is
numerically inefficienct since iteration numbers are large.

Problem name hvl10 BS01 BS10 B010 B025
Number of Degree of freedom 2169 127524 915198 987003 2159961

Number of Non zeros in A 101799 6732378 55485288 71687547 156447315
Time to get P−1 (s) 0.1 5.7 54.3 78.2 170.6

0Hz
Iterations 751 1972 28671 9107 20991
Time (s) 0.7 166.1 20067.2 8046.9 41112.5

50Hz
Iterations 768 2060 71947 7399 21527
Time (s) 0.7 171.5 50507.3 6545.5 41640.6

100Hz
Iterations 759 2002 99548 9048 18359
Time (s) 0.7 167.1 69438.9 7970.7 35532.2

Table 6: Serial execution of MINRES with Element-by-Element Approximate Inverse
preconditioner

In the fourth set of serial tests, we perform a Block Jacobi preconditioned MINRES
method. The Block Jacobi preconditioner is described in Section 4.1.5. To solve
the diagonal sub-blocks, we perform one iteration of HYPRES’s BoomerAMG. The
results in Table 7 shows that the matrix A containing both global mass and stiffness
matrices may result in an indefinite preconditioner for some problems and harmonic
frequencies. Therefore, the last three cases in Table 7 diverge for 50Hz and 100Hz.

Problem name hvl10 BS01 BS10 B010 B025
Number of Degree of freedom 2169 127524 915198 987003 2159961

Number of Non zeros in A 101799 6732378 55485288 71687547 156447315

0Hz
Iterations 121 75 501 173 415
Time (s) 0.4 30.9 1621.9 814.2 4179.0

50Hz
Iterations 124 84 diverged1 diverged1 diverged1

Time (s) 0.4 34.1 N/A N/A N/A

100Hz
Iterations 121 78 diverged1 diverged1 diverged1

Time (s) 0.4 31.8 N/A N/A N/A
1. Message from PETSC: Linear solve diverged due to DIVERGED INDEFINITE PC

Table 7: Serial execution of MINRES with Block Jacobi preconditioner
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In the next serial experiments, GMRES solver is introduced to handle indefinite
preconditioner arising from the block Jacobi method. Due to memory limitation, a
restarted version of GMRES of value 500 is used in experiments. The results in Table
8 show that a restart value of 500 is far from enough to provide numerical efficiency
especially for BS10 at 50Hz and 100Hz, but fine for others, the solver diverges due
to reaching the maximum iteration of 10000. By comparing the 4th and 5th rows of
Table 7 with corresponding rows of Table 8, one can conclude that GMRES consumes
more computational time in total even though it converges with less iterations than
MINRES.

Problem name hvl10 BS01 BS10 B010 B025
Number of Degree of freedom 2169 127524 915198 987003 2159961

Number of Non zeros in A 101799 6732378 55485288 71687547 156447315

0Hz
Iterations 110 66 382 160 327
Time (s) 0.5 31.3 1947.9 889.2 4604.5

50Hz
Iterations 117 75 diverged1 126 404
Time (s) 0.5 35.3 N/A 682.4 6014.8

100Hz
Iterations 113 66 diverged1 192 230
Time (s) 0.5 31.2 N/A 1078.7 2967.6

1. Message from PETSC: Linear solve diverged due to DIVERGED ITS

Table 8: Serial execution of GMRES with Block Jacobi preconditioner
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It has to be stressed again that matrices are obtained from different bone struc-
tures, therefore they have different computational complexity for different frequencies.
Figure 6a shows that for hvl10, the condition number of A is not monotone in terms
of frequency for the same matrix. Thus it is easy to understand that iteration number
is not monotone in terms of frequency either. Figure 6b shows that Block Jacobi pre-
conditioned GMRES iteration in terms of frequency for hvl10 is generally consistent
with Figure 6a.

(a) Test example hvl10: Condition number
in terms of frequencies

(b) Test example hvl10: Iteration in terms of
frequencies

(c) Test example BS01: Iteration in terms of
frequencies

Figure 6: Non-monotone behavior of hvl10 in terms of frequencies

Note such curve may be different for other matrices, since the matrices are ob-
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tained from different bone structures, e.g. the iteration in terms of frequency for
BS01 as shown in Figure 6c is absolutely different from hvl10.

We summarize here the three strategies that handle harmonic simulation of 0-
100Hz.

1. MINRES with SOR preconditioner

2. MINRES with Element-by-Element Approximate Inverse (EBE SPAI) precon-
ditioner

3. GMRES with Block Jacobi preconditioner

By comparing the execution time for the three strategies in Figure 7, we conclude
that Block Jacobi preconditioned GMRES method is a method to recommend for
harmonic simulation even though the Korn’s inequality does not hold any more.

Figure 7: Comparison of working strategies for harmonic simulation at 50Hz
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We perform then parallel executions with Block Jacobi preconditioned GMRES
on 8, 16 and 24 processors respectively for matrix B010 at 50Hz, so that we can see
the parallel speedup of the numerical method. The results are summarized in Table
9, and parallel speedup in term of processors is plotted in Figure 8.

Number of Processors 1 8 16 24
Iterations 126 127 126 128
Time (s) 682.4 445.2 276.3 185.6

Speedup t1/ti 1 1.53 2.46 3.67

Table 9: Parallel execution of GMRES with Block Jacobi preconditioner on matrix
B010 at 50Hz

Figure 8: Parallel Speedup for B010 at 50Hz

As Table 9 and Figure 8 show, we don’t obtain a good speedup. The reason
for this is that we do not have software toolkit to optimize PETSC on our parallel
environment, and network condition is much lower than what PETSC requires. It
has been experienced that an Ethernet connection of 10Mbyte is far from enough to
provide good speedup (see [20]). Moreover, the numerical algorithm itself will also
be disturbed by the parallel environment.
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6 Conclusions

It is clear that Block Jacobi preconditioner is still an efficient numerical method
for harmonic simulation. By using the knowledge about linear elasticity, we can
assemble the global mass and stiffness matrices in Separate Displacement Ordering,
followed by Fourier Transform, and then obtain the global matrix A. Extracting the
diagonal blocks of A still provide structures similar to Laplacian type even though
that Korn’s inequality does not hold. We are then able to apply an algebraic multigrid
method on those diagonal blocks to obtain enough numerical efficiency. However, this
may lead to a symmetirc indefinite preconditioner which can be handled by neither
PCG nor MINRES. An easy way to solve symmetric indefinite linear system with
symetric indefinite preconditioner is to use GMRES. Results obtained in this study
show that GMRES is very much resource consuming in terms of both memory and
computational complexity per iteration and is better to be avoided. Further work can
be done to find a numerical method that handles both symmetric indefinite matrix and
preconditioner other than GMRES. On the other hand, Block Jacobi preconditioned
GMRES method is still a good solution method with enough numerical efficiency for
harmonic simulation of bone tissue, and thus to be recommended.
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